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D Some Lemmas

We first provide a different version of Lahiri’s (1992) Lemma 5.1, which is stated for bounded zero mean

random variables.

Lemma 7 Assume that {Wt, t = 1, 2, . . .} is a stationary, mixing sequence with E [Wt] = 0 and E
h
|Wt|2r+δ

i
<

∞ for any positive integer r, some δ > 0 and all t. Let At = σ (Wt,Wt−1,Wt−2, ...), Bt = σ (Wt,Wt+1,Wt+2, ...)

and α (m) = supt supA∈At,B∈Bt+m |P (A ∩B)− P (A)P (B)|. Then, for any m such that 1 ≤ m < C(r)n,

E
h
(
Pn

i=1Wi)
2r
i
≤ C (r)E

h
|Wi|2r+δ

i h
nrm2r + n2rα (m)

δ
2r+δ

i
where C (r) is a constant that depends on r.

Proof. The proof is exactly identical to the proof of Lahiri (1992, p.198-200) except that, instead of using

the mixing inequality in Lemma 27.2 of Billingsley (1986), we are using the mixing inequality in Corollary

A.2 of Hall and Heyde (1980). For notation used here, we refer the reader to Lahiri (1992). All statements in

Lahiri (1990) on p. 198 are unchanged and we pick up the proof starting on p. 199. We need to consider the

term
¯̄̄P

3E
hQj

t=1W
γt
it

i¯̄̄
, where

¡
γ1, .., γj

¢
is a j-tuple such that 2r =

Pj
i=1 γi, j > r . Let A = {t : γt = 1}

and let β0 be the number of elements in A. Lahiri (1992) shows that 2 (j − r) ≤ β0 ≤ 2r which shows

that A is non-empty when j > r. The sum
P

3 is as defined in Lahiri and extends over all indices in the

set Bm = {(i1, ..., ij) : 1 ≤ i1 ≤ ... ≤ ij ≤ n, |it−1 − it| > m, |it − it+1| > m for some t ∈ A}. Now consider

E
hQj

t=1W
γt
it

i
when j > r. Fix τ ∈ A. Then, if 1 < τ < j define Wa =

Qτ−1
t=1 W

γt
it
, Wb = Wiτ and

Wc =
Qj

t=τ+1W
γt
it
as well as b1 =

Pτ−1
t=1 γt and b2 =

Pj
t=τ γt such that¯̄̄

E
hQj

t=1W
γt
it

i¯̄̄
≤ |E [WaWbWc]−E [WaWb]E [Wc]|+ |E [WaWb]| |E [Wc]|

≤ 8
³
E
h
|WaWb|

2r+δ
b1+1

i´ b1+1
2r+δ

³
E
h
|Wc|

2r+δ
b2

i´ b2+1
2r+δ

α (m)
δ

2r+δ

+8 |E [Wc]|
³
E
h
|Wa|

2r+δ
b1

i
E
h
|Wb|2r+δ

i´ b1+1
2r+δ

α (m)
δ+b2
4r+δ

≤ 8E
h
|Wi|2r+δ

i
α (m)

δ
2r+δ + 8E

h
|Wi|2r+δ

i
α (m)

δ+b2
4r+δ , (25)

where the second line follows from Corollary A.2 of Hall and Heyde (1980), and the last line is based on a

repeated application of Hölder’s inequality and makes use of stationarity. If τ = 1, then define Wa = Wi1

and Wb =
Qj

t=τ+1W
γt
it
such that¯̄̄

E
hQj

t=1W
γt
it

i¯̄̄
= |E [WaWb]|

≤ 8
³
E
h
|Wa|2r+δ

i´ 1
2r+δ

³
E
h
|Wb|

2r+δ
2r−1

i´ 2r−1
2r+δ

α (m)
δ

2r+δ

≤ 8E
h
|Wi|2r+δ

i
α (m)

δ
2r+δ

by the mixing inequality from Corollary A.2 of Hall and Heyde (1980). A similar argument holds for the case

when τ = j. Since α (m)
δ+b2
4r+δ = o

³
α (m)

δ
4r+δ

´
the second term in (25) can be subsumed into the constant

C(r). The remaining part of Lahiris proof is not affected by the changes made here because it does not

involve mixing arguments.
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Lemma 8 Suppose that, for each i, {ξit, t = 1, 2, . . .} is a mixing sequence with E [ξit] = 0 for all i, t. Let

Ai
t = σ

¡
ξit, ξit−1, ξit−2, ...

¢
, Bit = σ

¡
ξit, ξit+1, ξit+2, ...

¢
and αi (m) = supt supA∈Ai

t,B∈Bit+k |P (A ∩B)− P (A)P (B)|.
Assume that supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some 0 < C < ∞. We assume
that {ξit, t = 1, 2, 3, ...} are independent across i. We also assume that n = O (T ). Finally, assume that

E
h
|ξit|6+δ

i
<∞ for some δ > 0. We then have

Pr

·
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 ξit

¯̄̄̄
> η

¸
= o

¡
T−1

¢
for every η > 0. Now assume that E

h
|ξit|10q+12+δ

i
<∞ for some δ > 0 and some integer q ≥ 1. Then,

Pr

·
max
1≤i≤n

¯̄̄̄
1√
T

PT
t=1 ξit

¯̄̄̄
> ηT

1
10−υ

¸
= o

¡
T−q

¢
for every η > 0 and 0 < υ < (100q + 120)

−1.

Proof. By the Markov inequality

Pr

·
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 ξit

¯̄̄̄
> η

¸
= Pr

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄6
> η6T 6

¸
≤ T−6η−6E

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄6¸
and by a an inequality for the Orlicz norm of a maximum of random variables (van der Vaart and Wellner,

1996, p.96) one obtains

E

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄6¸
≤ nmax

i
E

·¯̄̄PT
t=1 ξit

¯̄̄6¸
.

From Lemma (7) it follows that

E

·¯̄̄PT
t=1 ξit

¯̄̄6¸
≤ CE

h
|ξit|6+δ

i ³
T 3m6 + T 6αi (m)

δ
6+δ

´
for any m such that 1 ≤ m ≤ CT . Choose m = T γ and some γ such that 0 < γ ≤ 1. Then, for γ < 1

4 ,

Pr

·
max
1≤i≤n

¯̄̄̄
1

T

PT
t=1 ξit

¯̄̄̄
> η

¸
≤ nT−6η−6C

³
T 3+6γ + T 6a

δ
6+δT

γ
´

= O(T−2+6γ + TaT
γ

) = o
¡
T−1

¢
.

For the second part of the Lemma, note that by previous arguments

T q Pr

·
max
1≤i≤n

¯̄̄̄
1√
T

PT
t=1 ξit

¯̄̄̄
> ηT

1
10−υ

¸
= T q Pr

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄
> ηT

3
5−υ

¸
= T q Pr

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄10q+12
> η(10q+12)T (

3
5−υ)(10q+12)

¸
≤ T qT−(

3
5−υ)(10q+12)η−(10p+12)E

·
max
1≤i≤n

¯̄̄PT
t=1 ξit

¯̄̄10q+12¸
= O

h
T−5q−

36
5 +10υq+12υn · C

³
T 5q+6+γ(10q+12) + T (10q+12)a

δ
10q+12+δT

γ
´i

= O
³
T−

1
5+10υq+12υ+10γq+12γ

´
= o (1)

for γ > 0 sufficiently small.
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E Consistency

Recall that

bG(i) (θ, γ) ≡ 1

T

TX
t=1

ψ (xit; θ, γ) , G(i) (θ, γ) ≡ E [ψ (xit; θ, γ)]

We restate Lemma 1 below for convenience:

Lemma 9 For all η > 0 that

Pr

"
max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
≥ η

#
= o

¡
T−1

¢
Proof. Let η > 0 be given. We note that

Pr

"
max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
≥ η

#
≤

nX
i=1

Pr

"
sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
≥ η

#
. (26)

Let ε > 0 be chosen such that 2εmaxiE [M (xit)] <
η
3 . Divide Υ into subsets Υ1,Υ2, . . . ,ΥM(ε) such that¯̄

(θ, γ)− ¡θ0, γ0¢¯̄ < ε whenever (θ, γ) and
¡
θ0, γ0

¢
are in the same subset. Let

¡
θj , γj

¢
denote some point in

Υj for each j. Then,

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
= max

j
sup
Υj

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
,

and therefore

Pr

"
sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
> η

#
≤

M(ε)X
j=1

Pr

"
sup
Υj

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
> η

#
(27)

For (θ, γ) ∈ Υj , we have
¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)

¯̄̄
≤
¯̄̄ bG(i) ¡θj , γj¢−G(i)

¡
θj , γj

¢¯̄̄
+

ε

T

¯̄̄̄
¯
TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯+2εE [M (xit)]

Then,

Pr

"
sup
Υj

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
> η

#
≤ Pr

h¯̄̄ bG(i) ¡θj , γj¢−G(i)
¡
θj , γj

¢¯̄̄
>

η

3

i
+Pr

"
1

T

¯̄̄̄
¯
TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯ > η

3ε

#
= o

¡
T−2

¢
(28)

by Lemma 8. Combining (26), (27), (28), and n = O (T ), we obtain the desired conclusion.

Equations (4) and (5) are formally established by the two Theorems below:

Theorem 3 Pr
h¯̄̄bθ − θ0

¯̄̄
≥ η

i
= o

¡
T−1

¢
for every η > 0.
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Proof. Let η be given, and let ε ≡ infi
h
G(i) (θ0, γi0)− sup{(θ,γ):|(θ,γ)−(θ0,γi0)|>η}G(i) (θ, γ)

i
> 0. With

probability equal to 1− o
¡
1
T

¢
, we have

max
|θ−θ0|>η,γ1,...,γn

n−1
nX
i=1

bG(i) (θ, γi) ≤ max
|(θ,γi)−(θ0,γi0)|>η

n−1
nX
i=1

bG(i) (θ, γi)
< max

|(θ,γi)−(θ0,γi0)|>η
n−1

nX
i=1

G(i) (θ, γi) +
1

3
ε

< n−1
nX
i=1

G(i) (θ0, γi0)−
2

3
ε

< n−1
nX
i=1

bG(i) (θ0, γi0)− 13ε,
where the second and fourth inequalities are based on Lemma 1. Because

max
θ,γ1,...,γn

n−1
nX
i=1

bG(i) (θ, γi) ≥ n−1
nX
i=1

bG(i) (θ0, γi0)
by definition, we can conclude that Pr

h¯̄̄bθ − θ0

¯̄̄
≥ η

i
= o

¡
T−1

¢
.

Theorem 4 Pr [max1≤i≤n |bγi − γi0| ≥ η] = o
¡
T−1

¢
Proof. We first prove that

T Pr

·
max
1≤i≤n

sup
γ

¯̄̄ bG(i) ³bθ, γ´−G(i) (θ0, γ)
¯̄̄
≥ η

¸
= o (1) (29)

for every η > 0. Note that

max
1≤i≤n

sup
γ

¯̄̄ bG(i) ³bθ, γ´−G(i) (θ0, γ)
¯̄̄

≤ max
1≤i≤n

sup
γ

¯̄̄ bG(i) ³bθ, γ´−G(i)

³bθ, γ´¯̄̄+ max
1≤i≤n

sup
γ

¯̄̄
G(i)

³bθ, γ´−G(i) (θ0, γ)
¯̄̄

≤ max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
+ max
1≤i≤n

E [M (xit)] ·
¯̄̄bθ − θ0

¯̄̄
.

Therefore,

T Pr

·
max
1≤i≤n

sup
γ

¯̄̄ bG(i) ³bθ, γ´−G(i) (θ0, γ)
¯̄̄
≥ η

¸
≤ T Pr

"
max
1≤i≤n

sup
(θ,γ)

¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)
¯̄̄
≥ η

2

#

+T Pr

·¯̄̄bθ − θ0

¯̄̄
≥ η

2 (1 +max1≤i≤nE [M (xit)])

¸
= o (1)

by Lemma 1 and Theorem 4.

We now get back to the proof of Theorem 5. It suffices to prove that

T Pr

·
max
1≤i≤n

|bγi − γi0| ≥ η

¸
= o (1)

for every η > 0. Let η be given, and let ε ≡ infi
h
G(i) (θ0, γi0)− sup{γi:|γi−γi0|>η}G(i) (θ0, γi)

i
> 0. Condi-

tion on the event
n
max1≤i≤n supγ

¯̄̄ bG(i) ³bθ, γ´−G(i) (θ0, γ)
¯̄̄
≤ 1

3ε
o
, which has a probability equal to 1−o ¡ 1T ¢
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by (29). We then have

max
|γi−γi0|>η

bG(i) ³bθ, γi´ < max
|γi−γi0|>η

G(i) (θ0, γi) +
1

3
ε < G(i) (θ0, γi0)−

2

3
ε < bG(i) ³bθ, γi0´− 13ε

This is inconsistent with bG(i) ³bθ, bγi´ ≥ bG(i) ³bθ, γi0´, and therefore, |bγi − γi0| ≤ η for every i.

F Proof of Lemma 3

First note that by Condition 3 and the fact that the mixing property is preserved by measurable trans-

formations of finitely many elements xit, ξ (xit, φi) is mixing with exponentially decaying mixing coeffi-

cients. Let p0 ≡ dim (ξ). By the Cramer-Wold theorem it is enough to consider vi,n,T = 0Σ−1/2nT ZiT =
0Σ−1/2nT

1√
T

PT
t=1 ξ (xit, φi) for all ∈ Rp

0
, k k = 1 whereΣnT =

Pn
i=1 Σ

ξξ
iT withΣ

ξξ
iT = Var

³
1√
T

PT
t=1 ξ (xit, φi)

´
.

The Lindeberg-Feller condition requires that for any ε > 0

nX
i=1

E
£
v2i,n,T1 {|vi,n,T | > ε}¤→ 0.

In order to verify this condition, let ξit ≡ ξ (xit, φi), and note that

E
£
v2i,n,T1 {|vi,n,T | > ε}¤ = E

h
kvi,n,T k2 1 {|vi,n,T | > ε}

i
≤ °° 0Σ−1nT

°°2E hkZiT k2 1 {|vi,n,T | > ε}
i

≤ ε−2
°° 0Σ−1nT

°°4E hkZiT k4i = ε−2
°° 0Σ−1nT

°°4 T−2 X
t1,..,t4

E
£
ξ0it1ξit2ξ

0
it3ξit4

¤
,

where 1 {|vi,n,T | > ε} ≤ 1
n
kZiT k2 > ε2/

°° 0Σ−1nT
°°2o. Observe that (i) 0Σ−1nT ≤ maxk λ−1k = 1/mink λk

with λk eigenvalues of ΣnT ; and (ii) mink λk ≥ n infi infT λξiT . It follows that
°° 0Σ−1nT

°°4 ≤ c2n
−2 for some

constant c2 <∞.
We now take care of E

£
ξ0it1ξit2ξ

0
it3ξit4

¤
. For this purpose, let the j-th element of ξit be denoted by ξj,it.

We then have

E
£
ξ0it1ξit2ξ

0
it3ξit4

¤
=

pX
j1,j2

E
£
ξj1,it1ξj1,it2ξj2,it3ξj2,it4

¤
=

pX
j1,j2

©
E
£
ξj1,it1ξj1,it2

¤
E
£
ξj2,it3ξj2,it4

¤
+E

£
ξj2,it3ξj1,it2

¤
E
£
ξj1,it1ξj2,it4

¤
+ E

£
ξj2,it3ξj1,it1

¤
E
£
ξj1,it2ξj2,it4

¤
+Cum

¡
ξj1,it1 , ξj1,it2 , ξj2,it3 , ξj2,it4

¢ª
,

where Cum
¡
ξj1,it1 , ξj1,it2 , ξj2,it3 , ξj2,it4

¢
is a fourth order cumulant term. The terms on the right side can

be bounded by making following observations. First, from Andrews (1991, Lemma 1), it follows thatP
t2,..,t4

supt1 Cum
¡
ξj1,it1 , ξj1,it2 , ξj2,it3 , ξj2,it4

¢
< ∞. Second, from Hall and Heyde (1980, Corollary A.2),

we have E
£
ξj1,it1ξj1,it2

¤ ≤ 8E h¯̄ξj1,it1 ¯̄4iE h¯̄ξj1,it2 ¯̄4iα (t1 − t2)
1/2 such that T−1

P
t1,t2

E(
£
ξj1,it1ξj1,it2

¤ ≤
c1
PT

l=0 (1− l/T ) (
√
a)

l
<∞ for all T and some constant c1 <∞.

These arguments show that

E
£
v2i,n,T1 {|vi,n,T | > ε}¤ ≤ cn−2
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uniformly in i, T for some constant c <∞. Therefore, the Lindeberg-Feller condition is satisfied. The result
then follows from the fact that

sup
i

°°°ΣξξiT − fξξi

°°° ≤ |l|
T

TX
l=−T

sup
i

°°Cov ¡ξit, ξ0it−l¢°°+ X
|l|≥T+1

sup
i

°°Cov ¡ξit, ξ0it−l¢°°
≤ 1

T

∞X
l=−∞

|l| sup
i

°°Cov ¡ξit, ξ0it−l¢°°+ c1

∞X
|l|≥T+1

(1− |l| /T ) ¡√a¢l
→ 0 as T →∞. (30)

such that iterated and joint limits are the same and ΣnT → fξξ.

G Proof of Lemma 4

Note that we have

T Pr

"
max
i

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit, φi)

¯̄̄̄
¯ > T

1
10−υ

#
≤ T

nX
i=1

Pr

"¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit, φi)

¯̄̄̄
¯ > T

1
10−υ

#

Adapting an argument in Hall and Horowitz (1996) we chose ε > 0 and divide Φ into subsets Φ1,Φ2, ...ΦM(ε)

such that kφ1 − φ2k < ε√
T
whenever φ1, φ2 are in the same subset Φi. Then

Pr

"
sup
φ∈Φ

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit, φ)

¯̄̄̄
¯ > T

1
10−υ

#
≤

M(ε)X
j=1

Pr

"
sup
φ∈Φj

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit, φ)

¯̄̄̄
¯ > T

1
10−υ

#

Then, for some φj ∈ Φj and any φ ∈ Φj¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit, φ)

¯̄̄̄
¯ ≤

¯̄̄̄
¯ 1√T

TX
t=1

ξ
¡
xit, φj

¢¯̄̄̄¯+ 1√
T

TX
t=1

¯̄
ξ (xit, φ)− ξ

¡
xit, φj

¢¯̄
≤

¯̄̄̄
¯ 1√T

TX
t=1

ξ
¡
xit, φj

¢¯̄̄̄¯+
¯̄̄̄
¯ εT

TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯+ 2εE [M (xit)]

such that

Pr

"
sup
φ∈Φj

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit, φ)

¯̄̄̄
¯ > T

1
10−υ

#
≤ Pr

"¯̄̄̄
¯ 1√T

TX
t=1

ξ
¡
xit, φj

¢¯̄̄̄¯ > T
1
10−υ

3

#

+Pr

"
1

T

¯̄̄̄
¯
TX
t=1

(M (xit)−E [M (xit)])

¯̄̄̄
¯ > T

1
10−υ

3

#
.

By Lemma (8), it follows that both terms on the right are of order o (T−q), where the orders are uniform in

i. Since M (ε) = O
¡
T p/2

¢
it follows that

T Pr

"
max
i

¯̄̄̄
¯ 1√T

TX
t=1

ξ (xit, φi)

¯̄̄̄
¯ > T

1
10−υ

#
= nT · o ¡T−q¢ ·O ³T p/2

´
= o

³
T 2−q+p/2

´
= o (1) .
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H Proof of Lemma 5

Note that the last claim follows as a consequence of the first three claims. In order to prove the first claim,

we note that

Pr

 sup
∈[0,1/

√
T ]
kθ ( )k ≥ T

1
10−υ

 = o
¡
T−1

¢
from Lemma (13). By Lemma (11), we also have

Pr

max
i

sup
∈[0,1/

√
T ]

°°°°Z µ
∂vi (·, )
∂θ0

¶
dFi ( )−E

·
∂vi (·, )
∂θ0

¸°°°° > η

 = o
¡
T−1

¢
,

Pr

max
i

sup
∈[0,1/

√
T ]

¯̄̄̄Z
∂vi (·, )
∂γi

dFi ( )−E

·
∂vi (·, )
∂γi

¸¯̄̄̄
> η

 = o
¡
T−1

¢
.

By Lemma (11) again, it follows that

Pr

max
i

sup
∈[0,1/

√
T ]

¯̄̄̄Z
vi (·, ) d∆iT

¯̄̄̄
> T 1/10−υ

 = o
¡
T−1

¢
.

This proves the result for bγi ( ). For bγi(0) the result follows directly from (22) and Lemmas (11) and (13).

For bγi ( ), the result follows from representation (24) as well as Lemmas (11), (13), and (15).

I Proof of Lemma 6

Let r1 = max(1, l) and r2 = min(T, T + l) and define Ki,m = 1
T

Pm
l=−m

Pr2
t=r1

kitk
0
it−l. We first show that

1
n

Pn
i=1AiKi,m − fkk = op(1). This follows if 1n

Pn
i=1AiE (Ki,m)− fkk = o(1) and Var

¡
1
n

Pn
i=1AiKi,m

¢
=

o(1). Since fkk − n−1
Pn

i=1Aif
kk
i = o(1) by definition, we first consider°°E [Ki,m]− fkki

°°
≤ Pm

l=−m

¯̄̄̄
r2 − r1

T
− 1
¯̄̄̄ °°E £kitk0it−l¤°°+P|l|>m

°°E £kitk0it−l¤°°
≤ Pm

l=−m
2 |l|
T

°°E £kitk0it−l¤°°+P|l|>m
°°E £kitk0it−l¤°°

≤ Pm
l=−m

c1 |l|
T

³
a

δ
2+δ

´|l|
+
³
a

δ
2+δ

´m
c2
P

l=1

³
a

δ
2+δ

´l
→ 0 as m,T →∞

where the last inequality follows from Condition 3 and the fact that for any two elements kit,j1and kit−l,j2
of kit and kit−l it follows from Corollary A.2 of Hall and Heyde (1980) that

|E [kit,j1kit−l,j2 ]| ≤ 8
³
E
h
|kit,j1 |2+δ

i´ 1
2+δ

³
E
h
|kit−l,j2 |2+δ

i´ 1
2+δ

³
a

δ
2+δ

´|l|
for some δ > 0. Since the bound on kAik

°°E [Ki,m]− fkki
°° is uniform it therefore follows that 1nPn

i=1AiE [Ki,m]−
fkk = o(1). Next we show that°°°°Varµ 1nPn

i=1AiKi,m

¶°°°° ≤ 1

n2
Pn

i=1 kAik2 kVar (Ki,m)k

≤ sup kAik 1
n2
Pn

i=1 kVar (Ki,m)k = o(1).

7



To show this we may assume without loss of generality that kit is scalar. The variance can then be evaluated

as

Var (Ki,m)

=
1

T 2
Pm

l1,l2=−m
Pr2

t1,t2=r1
(E [kit1kit−l1kit2kit2−l2 ]−E [kit1kit−l1Ekit2kit2−l2 ])

=
1

T 2
Pm

l1,l2=−m
Pr2

t1,t2=r1
(E [kit1kit2Ekit−l1kit2−l2 ] +E [kit1kit2−l2Ekit2kit−l1 ])

+
1

T 2
Pm

l1,l2=−m
Pr2

t1,t2=r1
Cum(kit1kit−l1kit2kit2−l2)

= O(1)

where the last equality follows from the same arguments as in the proof of Lemma (3) such that Var (Ki,m)

is uniformly bounded in i. It now follows that 1
n

Pn
i=1Ki,m − fkk = op(1) by Markov’s inequality.

Next we turn to showing that

1

n

Pn
i=1Ai

1

T

Pm
l=−m

Pr2
t=r1

³bkitbk0it−l − kitk
0
it−l

´
= op(1).

We use the decomposition

1

T

Pm
l=−m

Pr2
t=r1

³bkitbk0it−l − kitk
0
it−l

´
=

1

T

Pm
l=−m

Pr2
t=r1

³bkit − kit

´³bkit−l − kit−l
´0

+
1

T

Pm
l=−m

Pr2
t=r1

kit

³bkit−l − kit−l
´0
+
1

T

Pm
l=−m

Pr2
t=r1

³bkit − kit

´
k0it−l

and consider the term 1
T

Pm
l=−m

Pr2
t=r1

³bkit − kit

´
k0is. Use a first order Taylor approximation to

bkit − kit = kθit

³bθ − θ
´
+ kγit (bγi − γi0)

where kθit = ∂k
³
xit; θ̃, γ̃i

´
/∂θ0 and kγit = ∂k

³
xit; θ̃

0
, γ̃0i
´
/∂γ with θ̃, γ̃i, θ̃

0
, γ̃0i such that

°°°θ̃ − θ0

°°° ≤ °°°bθ − θ0

°°° ,°°°θ̃0 − θ0

°°° ≤ °°°bθ − θ0

°°° , etc. by the multivariate version of the mean value theorem. Note that each row of
∂k
³
xit; θ̃, γ̃i

´
/∂θ0 needs to be evaluated at a different θ̃ but in slight abuse of notation we do not make this

explicit. Then

1

T

Pm
l=−m

Pr2
t=r1

vec
h
Ai

³bkit − kit

´
k0it−1

i
=

1

T

Pm
l=−m

Pr2
t=r1

(I ⊗Ai)
¡
kit−l ⊗ kθit

¢ ³bθ − θ
´

+
(bγi − γi0)

T

Pm
l=−m

Pr2
t=r1

(I ⊗Ai) vec
£
kγitk

0
it−l

¤
(31)

and consider 1
T

Pm
l=−m

Pr2
t=r1

¡
kit−l ⊗ kθit

¢
. Without loss of generality assume that

¡
kit−l ⊗ kθit

¢
is a scalar.

Then by the Cauchy-Schwartz inequality¯̄̄̄
1

T

Pr2
t=r1

kit−lkθit

¯̄̄̄
≤

µ
1

T

PT
t=1 k

2
it−l

¶1/2Ã
1

T

PT
t=1 sup

θ,γ

¡
∂k (xit; θ, γ) /∂θ

0¢2!1/2

≤
µ
1

T

PT
t=1M(xit−l)

2

¶1/2µ
1

T

PT
t=1M(xit)

2

¶1/2

8



such that E
¯̄
1
T

Pr2
t=r1

kit−lkθit
¯̄ ≤ ³ 1T PT

t=1E
h
M (xit−l)

2
i´1/2 ³

1
T

PT
t=1E

h
M (xit)

2
i´1/2

= O(1) uniformly

in i. It thus follows from the Markov inequality that

1

n

Pn
i=1 (I ⊗Ai)

1

T

Pm
l=−m

Pr2
t=r1

¡
kit−l ⊗ kθit

¢ ³bθ − θ
´
= Op(m/T ).

We now turn to the second term in (31) where

1

n

Pn
i=1 (I ⊗Ai)

(bγi − γi0)

T

Pm
l=−m

Pr2
t=r1

vec
£
kγitk

0
it−l

¤
(32)

=
1

n

Pn
i=1 (I ⊗Ai)

bγi (0)
T 3/2

Pm
l=−m

Pr2
t=r1

[kit−l ⊗ kγit]

+
1

n

Pn
i=1 (I ⊗Ai)

bγi (˜)
T 2

Pm
l=−m

Pr2
t=r1

[kit−l ⊗ kγit] .

Define kγit (θ, γ) = ∂k (xit; θ, γ) /∂γ and k̄γit (θ, γ) = kγit (θ, γ)−E [kγit (θ, γ)] and consider°°°° 1nPn
i=1 (I ⊗Ai)

bγi (0)
T 3/2

Pm
l=−m

Pr2
t=r1

[kit−l ⊗ kγit]

°°°°
≤ 1

n

Pn
i=1

Pm
l=−m

°°°° 1

T 3/2
Pr2

t=r1

h
kit−l ⊗ k̄γit

³
θ̃
0
, γ̃0
´i°°°° |bγi (0)| kI ⊗Aik

+

°°°° 1nPn
i=1 (I ⊗Ai)

bγi (0)
T 3/2

PT
t=1 (m+min(min(t,m),min(T − t,m))

h
kit−l ⊗E

h
kγit

³
θ̃
0
, γ̃0
´ii°°°° .

For the first term we assume without loss of generality that kit−l ⊗ k̄γit

³
θ̃
0
, γ̃0
´
is scalar such that

¯̄̄̄
1

T

Pr2
t=r1

kit−lk̄
γ
it

³
θ̃
0
, γ̃0
´¯̄̄̄
≤ 1

T

Pr2
t=r1

|kit−l|
¯̄̄
k̄γit

³
θ̃
0
, γ̃0
´¯̄̄
≤
µ
1

T

Pr2
t=r1

|kit−l|2
¶1/2µ

1

T

Pr2
t=r1

¯̄̄
k̄γit

³
θ̃
0
, γ̃0
´¯̄̄2¶1/2

by the Hölder inequality. Then

E

"¯̄̄̄
1

T

Pr2
t=r1

kit−lk̄
γ
it

³
θ̃
0
, γ̃0
´¯̄̄̄2#

≤
Ã
E

"µ
1

T

Pr2
t=r1

k2it−l

¶2#!1/2Ã
E

"µ
1

T

Pr2
t=r1

k̄γit

³
θ̃
0
, γ̃0
´2¶2#!1/2

≤
Ã
E

"µ
1

T

Pr2
t=r1

M(xit−l)2
¶2#!1/2Ã

E

"µ
1

T

Pr2
t=r1

M(xit)
2

¶2#!1/2

which is uniformly bounded in i.By (22) it follows that E
h
|bγi (0)|2i is bounded uniformly in i. From the

Markov inequality it then follows that

1

n

Pn
i=1

Pm
l=−m

°°°° 1

T 3/2
Pr2

t=r1

h
kit−l ⊗ k̄γit

³
θ̃
0
, γ̃0
´i°°°° |bγi (0)| kI ⊗Aik = Op

³
m/T 1/2

´
.

For the second term let mt = (m+min(min(t,m),min(T − t,m)) and again assume that kit−l⊗kγit is scalar.
Then

E

¯̄̄̄
1

T 3/2
PT

t=1mt

h
kit−lE

h
kγit

³
θ̃
0
, γ̃0
´ii¯̄̄̄2

≤ 1

T 3
PT

s,t=1mtms

¯̄̄
E
h
kγit

³
θ̃
0
, γ̃0
´i¯̄̄ ¯̄̄

E
h
kγis

³
θ̃
0
, γ̃0
´i¯̄̄

|E [kitkis]| = O(m2/T 2)

by the mixing inequality in Hall and Heyde (1980). This establishes that°°°° 1nPn
i=1 (I ⊗Ai)

bγi (0)
T 3/2

Pm
l=−m

Pr2
t=r1

[kit−l ⊗ kγit]

°°°° = Op(m/T 1/2).
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For the second term in (32) use the bound°°°° 1nPn
i=1 (I ⊗Ai)

bγi (˜)
T 2

Pm
l=−m

Pr2
t=r1

[kit−l ⊗ kγit]

°°°°
≤ sup

i
kI ⊗Aikmax

i
sup

∈[0,1/
√
T ]

¯̄̄̄ bγi (˜)
T 1/5−2υ

¯̄̄̄
1

nT 4/5+2v
Pn

i=1

Pm
l=−m

°°°° 1T Pr2
t=r1

[kit−l ⊗ kγit]

°°°°
where E

°° 1
T

Pr2
t=r1

[kit−l ⊗ kγit]
°° = O(1) by previous arguments and maxi sup ∈[0,1/

√
T ]

¯̄̄ bγi (˜)
T1/5−2υ

¯̄̄
= op(1) by

Lemma (5). It follows that°°°° 1nPn
i=1 (I ⊗Ai)

bγi (˜)
T 2

Pm
l=−m

Pr2
t=r1

[kit−l ⊗ kγit]

°°°° = op(m/T 1/2).

We now turn to

1

T

Pm
l=−m

Pr2
t=r1

vec
³bkit − kit

´³bkit−l − kit−l
´0

=
1

T

Pm
l=−m

Pr2
t=r1

¡
kθit−l ⊗ kθit

¢
vec

³bθ − θ
´³bθ − θ

´0
+
1

T

Pm
l=−m

Pr2
t=r1

¡
kθit−l ⊗ kγit

¢
(bγi − γi0) vec

³bθ − θ
´0

+
1

T

Pm
l=−m

Pr2
t=r1

¡
kγit−l ⊗ kθit

¢ ³bθ − θ
´
(bγi − γi0) +

1

T

Pm
l=−m

Pr2
t=r1

(bγi − γi0)
2 vec

³
kγitk

γ0
it−l

´
such that °°°° 1nPn

i=1 (I ⊗Ai)
1

T

Pm
l=−m

Pr2
t=r1

(bγi − γi0)
2 vec

³
kγitk

γ0
it−l

´°°°°
≤ sup

i
kI ⊗Aikmax

i
|bγi − γi0|

1

n

Pn
i=1 |bγi − γi0|

Pm
l=−m

°°°° 1T Pr2
t=r1

vec
³
kγitk

γ0
it−l

´°°°°
≤ sup

i
kI ⊗Aikmax

i
|bγi − γi0|

1

n

Pn
i=1

|bγi (0)|√
T

Pm
l=−m

°°°° 1T Pr2
t=r1

vec
³
kγitk

γ0
it−l

´°°°°
+sup

i
kI ⊗Aikmax

i
|bγi − γi0|max

i
sup

∈[0,1/
√
T ]
|bγi ( )| 1

2nT

Pn
i=1

Pm
l=−m

°°°° 1T Pr2
t=r1

vec
³
kγitk

γ0
it−l

´°°°°
= op(m/T 1/2)

where by the same arguments as before |bγi (0)| is uniformly bounded and °°° 1T Pr2
t=r1

vec
³
kγitk

γ0
it−l

´°°° =

O(1) uniformly in i such that the first term is op(m/T 1/2) by the Markov inequality and the fact that

maxi |bγi − γi0| = op(1). The second term is op(m/T 1/2) because maxi sup ∈[0,1/
√
T ] |bγi ( )| = Op(T

1
5−2υ) by

Lemma (5) and 1
nT

Pn
i=1

Pm
l=−m

°°° 1T Pr2
t=r1

vec
³
kγitk

γ0
it−l

´°°° = Op(mT−1) by the Markov inequality. All the

remaining terms in 1
T

Pm
l=−m

Pr2
t=r1

vec
³bkit − kit

´³bkit−l − kit−l
´0
are op

¡
m/T 1/2

¢
by similar arguments.

J Proof of (7)

Recall that

√
nT
³
θ
³ bF´− θ (F )

´
=
√
nT

1√
T
θ (0) +

√
nT
1

2

µ
1√
T

¶2
θ (0) +

1

6

r
n

T

1√
T
θ (e)
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and θ (0), θ (0), and θ (e) are characterized by
0 =

1

n

nX
i=1

Z
dhi (·, )

d
dFi ( ) +

1

n

nX
i=1

Z
hi (·, ) d∆iT

0 =
1

n

nX
i=1

Z
d2hi (·, )

d 2
dFi ( ) + 2

1

n

nX
i=1

Z
dhi (·, )

d
d∆iT

0 =
1

n

nX
i=1

Z
d3hi (·, )

d 3
dFi ( ) + 3

1

n

nX
i=1

Z
d2hi (·, )

d 2
d∆iT

Theorem 5 below shows that

Pr

"
max

0≤ ≤ 1√
T

|θ ( )| > C
³
T

1
10−υ

´3#
= o

¡
T−1

¢
,

which proves (7). For example, θ , γθi , and γi are characterized by

0 =
1

n

nX
i=1

Z µ
∂hi (·, )

∂θ0
∂θ

∂
+

∂hi (·, )
∂γi

∂γi
∂θ0

∂θ

∂
+

∂hi (·, )
∂γi

∂γi
∂

¶
dFi ( )

+
1

n

nX
i=1

Z
hi (·, ) d∆iT

and

0 =

Z
∂Vi (·, θ, )

∂θ
dFi ( ) +

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θ
,

0 =

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂γi (θ, Fi ( ))

∂
+

Z
Vi (·, θ, ) d∆iT .

J.1 γθθi , γθi , and γi

Second order differentiation
³

∂2

∂θ2
, ∂2

∂θ∂ , ∂2

∂ 2

´
of (16) yields

0 =

Z
∂2Vi (·, θ, )

∂θ∂θ0
dFi ( ) +

∂γi (θ, Fi ( ))

∂θ

µZ
∂2Vi (·, θ, )
∂γi∂θ

0 dFi ( )

¶
+

µZ
∂2Vi (·, θ, )

∂γi∂θ
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θ0
+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θ∂θ0

+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θ

∂γi (θ, Fi ( ))

∂θ0
,

0 =

µZ
∂2Vi (·, θ, )

∂θ∂γi
dFi ( )

¶
∂γi (θ, Fi ( ))

∂
+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θ∂

+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θ

∂γi (θ, Fi ( ))

∂

+

Z
∂Vi (·, θ, )

∂θ
d∆iT +

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂γi (θ, Fi ( ))

∂θ
,

and

0 =

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂ 2
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶µ
∂γi (θ, Fi ( ))

∂

¶2
+2

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂γi (θ, Fi ( ))

∂
.

These three equalities characterizes ∂2γi(θ,Fi( ))
∂θ∂θ0 , ∂

2γi(θ,Fi( ))
∂θ∂ , and ∂2γi(θ,Fi( ))

∂ 2 .
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Lemma 10

T Pr

"
max

0≤ ≤ 1√
T

¯̄̄bθ ( )− θ0

¯̄̄
≥ η

#
= o (1)

and

T Pr

"
max
1≤i≤n

max
0≤ ≤ 1√

T

|bγi ( )− γi0| ≥ η

#
= o (1)

for every η > 0.

Proof. Only the first assertion is proved. The second assertion can be proved similarly. Let η be given,

and let ε ≡ infi
h
G(i) (θ0, γi0)− sup{(θ,γ):|(θ,γ)−(θ0,γi0)|>η}G(i) (θ, γ)

i
> 0. Recall that

F ( ) ≡ F +
√
T
³ bF − F

´
, ∈

·
0,

1√
T

¸
We haveZ

g (·; θ, γi (θ)) dFi ( ) =
³
1−

√
T
´
G(i) (θ, γi) +

√
T bG(i) (θ, γi)

and ¯̄̄̄Z
g (·; θ, γi (θ)) dFi ( )−G(i) (θ, γi)

¯̄̄̄
≤
³
1−

√
T
´ ¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)

¯̄̄
≤
¯̄̄ bG(i) (θ, γ)−G(i) (θ, γ)

¯̄̄
.

By Lemma 1, we have

Pr

"
max

0≤ ≤ 1√
T

max
1≤i≤n

sup
(θ,γ)

¯̄̄̄Z
g (·; θ, γi (θ)) dFi ( )−G(i) (θ, γ)

¯̄̄̄
≥ η

#
= o

¡
T−1

¢
Therefore, for every 0 ≤ ≤ 1√

T
with probability equal to 1− o

¡
1
T

¢
, we have

max
|θ−θ0|>η,γ1,...,γn

n−1
nX
i=1

Z
g (·; θ, γi (θ)) dFi ( ) ≤ max

|(θ,γ)−(θ0,γi0)|>η
n−1

nX
i=1

Z
g (·; θ, γi (θ)) dFi ( )

< max
|(θ,γ)−(θ0,γi0)|>η

n−1
nX
i=1

G(i) (θ, γi) +
1

3
ε

< n−1
nX
i=1

G(i) (θ0, γi0)−
2

3
ε

< n−1
nX
i=1

Z
g (·; θ0, γi0) dFi ( )−

1

3
ε.

We also have

max
θ,γ1,...,γn

n−1
nX
i=1

Z
g (·; θ, γi) dFi ( ) ≥ n−1

nX
i=1

Z
g (·; θ0, γi0) dFi ( )

by definition. It follows that

max
|θ−θ0|>η,γ1,...,γn

n−1
nX
i=1

Z
g (·; θ, γi (θ)) dFi ( ) < max

θ,γ1,...,γn
n−1

nX
i=1

Z
g (·; θ, γi) dFi ( )−

1

3
ε

for every 0 ≤ ≤ 1√
T
. We therefore obtain that Pr

h
max0≤ ≤ 1√

T

¯̄̄bθ ( )− θ0

¯̄̄
≥ η

i
= o

¡
1
T

¢
.
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Lemma 11 Suppose that Ki (·; θ ( ) , γi (θ ( ) , )) is equal to
∂m1+m2ψ (xit; θ ( ) , γi (θ ( ) , ))

∂θm1∂γm2
i

for some m1 +m2 ≤ 1, . . . , 5. Then, for any η > 0, we have

Pr

"
max

0≤ ≤ 1√
T

¯̄̄̄
¯ 1n

nX
i=1

Z
Ki (·; θ ( ) , γi (θ ( ) , )) dFi ( )−

1

n

nX
i=1

E [Ki (xit; θ0, γi0)]

¯̄̄̄
¯ > η

#
= o

¡
T−1

¢
and

Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄̄̄Z
Ki (·; θ ( ) , γi (θ ( ) , )) dFi ( )−E [Ki (xit; θ0, γi0)]

¯̄̄̄
> η

#
= o

¡
T−1

¢
.

Also,

Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄̄̄Z
Ki (·; θ ( ) , γi (θ ( ) , )) d∆iT

¯̄̄̄
> CT

1
10−υ

#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. Note that we may write°°°°Z Ki (·; θ ( ) , γi (θ ( ) , )) dFi ( )−
Z

Ki (·; θ ( ) , γi (θ ( ) , )) dFi
°°°°

≤
°°°°Z Ki (·; θ ( ) , γi (θ ( ) , )) dFi ( )−

Z
Ki (·; θ (0) , γi (θ (0) , 0)) dFi ( )

°°°°
+

°°°°Z Ki (·; θ (0) , γi (θ (0) , 0)) dFi ( )−
Z

Ki (·; θ (0) , γi (θ (0) , 0)) dFi
°°°°

≤
Z

M(xit) (kθ ( )− θk+ |γi (θ( ), )− γi|) d |Fi ( )|

+
√
T

°°°°Z Ki (·; θ (0) , γi (θ (0) , 0)) d
³ bFi − Fi

´°°°° .
Therefore, we have¯̄̄̄

¯ 1n
nX
i=1

Z
Ki (·; θ ( ) , γi (θ ( ) , )) dFi ( )−

1

n

nX
i=1

E [Ki (xit; θ0, γi0)]

¯̄̄̄
¯

≤ kθ ( )− θk · 1
n

nX
i=1

Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!

+

Ã
1

n

nX
i=1

(γi (θ ( ) , )− γi)
2

!1/2 1
n

nX
i=1

Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!21/2

+

°°°°° 1n
nX
i=1

Ã
1

T

TX
t=1

Ki (xit; θ (0) , γi (θ (0) , 0))−E [Ki (xit; θ (0) , γi (θ (0) , 0))]

!°°°°° ,
the RHS of which can be bounded by using Lemmas 8 and 10 in absolute value by some η > 0 with probability

1− o
¡
T−1

¢
.

13



Because ¯̄̄̄Z
Ki (·; θ ( ) , γi (θ ( ) , )) dFi ( )−E [Ki (xit; θ0, γi0)]

¯̄̄̄
≤ |θ ( )− θ| ·

Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!

+ |γi (θ ( ) , )− γi| ·
Ã
E [M (xit)] +

1

T

TX
t=1

M (xit)

!

+

¯̄̄̄
¯ 1T

TX
t=1

M (xit)−E [M (xit)]

¯̄̄̄
¯ ,

we can bound

max
i

max
0≤ ≤ 1√

T

¯̄̄̄Z
Ki (·; θ ( ) , γi (θ ( ) , )) dFi ( )−E [Ki (xit; θ0, γi0)]

¯̄̄̄
in absolute value by some η > 0 with probability 1− o

¡
T−1

¢
.

Using Lemmas 4, we can also show that

max
i

¯̄̄̄Z
Ki (·; θ ( ) , γi (θ ( ) , )) d∆iT

¯̄̄̄
can be bounded by in absolute value by CT

1
10−υ for some constant C > 0 and υ such that 0 ≤ υ < 1

160 with

probability 1− o
¡
T−1

¢
.

Lemma 12

Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄
γθi ( )

¯̄
> C

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤ ≤ 1√

T

|γi ( )| > CT
1
10−υ

#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. We have

∂γi (θ, Fi ( ))

∂θ
= −

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶−1µZ
∂Vi (·, θ, )

∂θ
dFi ( )

¶
,

∂γi (θ, Fi ( ))

∂
= −

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶−1µZ
Vi (·, θ, ) d∆iT

¶
.

Using Lemma 11, we can see thatµZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶−1
is uniformly bounded away from zero with probability 1 − o

¡
T−1

¢
. We can also see that, with probability

1− o
¡
T−1

¢
,Z

∂Vi (·, θ, )
∂θ

dFi ( )

14



is uniformly bounded by some constant C, andZ
Vi (·, θ, ) d∆iT

is uniformly bounded by CT
1
10−υ.

Lemma 13

Pr

"
max

0≤ ≤ 1√
T

|θ ( )| > CT
1
10−υ

#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)

−1.

Proof. We have

θ ( ) = −
"
1

n

nX
i=1

Z µ
∂hi (·, )

∂θ0
+

∂hi (·, )
∂γi

∂γi
∂θ0

¶
dFi ( )

#−1
"
1

n

nX
i=1

∂γi
∂

µZ
∂hi (·, )
∂γi

dFi ( )

¶
+
1

n

nX
i=1

Z
hi (·, ) d∆iT

#
Using Lemmas 11, and 12, we can bound the denominator of θ ( ) by some C > 0, and the numerator by

some CT
1
10−υ with probability 1− o

¡
T−1

¢
.

Lemma 14

Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄̄
γ
θrθr0
i ( )

¯̄̄
> C

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄̄
γθri ( )

¯̄̄
> CT

1
10−υ

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤ ≤ 1√

T

|γi ( )| > C
³
T

1
10−υ

´2#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)

−1. Here, γθrθr0i ≡ ∂2γi
∂θr∂θr0

. We similarly define γθri .

Proof. From Section J.1, we have

0 =

Z
∂2Vi (·, θ, )

∂θ∂θ0
dFi ( ) +

∂γi (θ, Fi ( ))

∂θ

µZ
∂2Vi (·, θ, )
∂γi∂θ

0 dFi ( )

¶
+

µZ
∂2Vi (·, θ, )

∂γi∂θ
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θ0
+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θ∂θ0

+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θ

∂γi (θ, Fi ( ))

∂θ0
,

0 =

µZ
∂2Vi (·, θ, )

∂θ∂γi
dFi ( )

¶
∂γi (θ, Fi ( ))

∂

+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θ∂
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θ

∂γi (θ, Fi ( ))

∂

+

Z
∂Vi (·, θ, )

∂θ
d∆iT +

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂γi (θ, Fi ( ))

∂θ
,

15



and

0 =

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂ 2
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶µ
∂γi (θ, Fi ( ))

∂

¶2
+2

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂γi (θ, Fi ( ))

∂
.

The result then follows by applying the same argument as in the proof of Lemma 12.

Lemma 15

Pr

"
max

0≤ ≤ 1√
T

|θ ( )| > C
³
T

1
10−υ

´2#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. The conclusion follows by using the characterization of θ ( ), and Lemmas 11, 12, 13, and 14.

Lemma 16

Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄̄
γ
θrθr0θr00
i ( )

¯̄̄
> C

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄̄
γ
θrθr0
i ( )

¯̄̄
> CT

1
10−υ

#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤ ≤ 1√

T

¯̄̄
γθri ( )

¯̄̄
> C

³
T

1
10−υ

´2#
= o

¡
T−1

¢
Pr

"
max
i

max
0≤ ≤ 1√

T

|γi ( )| > C
³
T

1
10−υ

´3#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)−1.

Proof. It was seen in Section J.1 that

0 =

µZ
∂2Vi (·, θ, )
∂θr∂γi

dFi ( )

¶
∂γi (θ, Fi ( ))

∂

+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θr∂
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂

+

Z
∂Vi (·, θ, )

∂θr
d∆iT +

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂γi (θ, Fi ( ))

∂θr
,

and

0 =

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂ 2
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶µ
∂γi (θ, Fi ( ))

∂

¶2
+2

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂γi (θ, Fi ( ))

∂
.

16



We therefore obtain

0 =

Z
∂3Vi (·, θ, )
∂θr∂θr0∂θr00

dFi ( ) +

µZ
∂3Vi (·, θ, )
∂γi∂θr∂θr0

dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr00

+
∂2γi (θ, Fi ( ))

∂θr∂θr00

µZ
∂2Vi (·, θ, )
∂γi∂θr0

dFi ( )

¶
+

∂γi (θ, Fi ( ))

∂θr

µZ
∂3Vi (·, θ, )
∂γi∂θr0∂θr00

dFi ( )

¶
+
∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂θr00

µZ
∂3Vi (·, θ, )
∂γ2i ∂θr0

dFi ( )

¶
+

µZ
∂3Vi (·, θ, )
∂γi∂θr∂θr00

dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr0
+

µZ
∂3Vi (·, θ, )
∂γ2i ∂θr

dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr0

∂γi (θ, Fi ( ))

∂θr00

+

µZ
∂2Vi (·, θ, )
∂γi∂θr

dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θr0∂θr00

+

µZ
∂2Vi (·, θ, )
∂γi∂θr00

dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θr∂θr0
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr00

∂2γi (θ, Fi ( ))

∂θr∂θr0

+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂3γi (θ, Fi ( ))

∂θr∂θr0∂θr00

+

µZ
∂3Vi (·, θ, )
∂γ2i ∂θr00

dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂θr0

+

µZ
∂3Vi (·, θ, )

∂γ3i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂θr0

∂γi (θ, Fi ( ))

∂θr00

+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θr∂θr00

∂γi (θ, Fi ( ))

∂θr0

+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

∂2γi (θ, Fi ( ))

∂θr0∂θr00
,

17



which characterizes ∂3γi(θ,Fi( ))
∂θr∂θr0∂θr00

,

0 =

µZ
∂3Vi (·, θ, )
∂θr∂θr0∂γi

dFi ( )

¶
∂γi (θ, Fi ( ))

∂
+

µZ
∂3Vi (·, θ, )
∂θr∂γ2i

dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr0

∂γi (θ, Fi ( ))

∂

+

µZ
∂2Vi (·, θ, )
∂θr∂γi

dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θr0∂

+

µZ
∂2Vi (·, θ, )
∂θr0∂γi

dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θr∂
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr0

∂2γi (θ, Fi ( ))

∂θr∂

+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂3γi (θ, Fi ( ))

∂θr∂θr0∂

+

µZ
∂3Vi (·, θ, )
∂θr0∂γ2i

dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂

+

µZ
∂3Vi (·, θ, )

∂γ3i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr0

∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂

+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂2γi (θ, Fi ( ))

∂θr∂θr0

∂γi (θ, Fi ( ))

∂

+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

∂2γi (θ, Fi ( ))

∂θr0∂

+

Z
∂2Vi (·, θ, )
∂θr∂θr0

d∆iT +

µZ
∂2Vi (·, θ, )
∂θr∂γi

d∆iT

¶
∂γi (θ, Fi ( ))

∂θr0

+

µZ
∂2Vi (·, θ, )
∂θr0∂γi

d∆iT

¶
∂γi (θ, Fi ( ))

∂θr
+

µZ
∂2Vi (·, θ, )

∂γ2i
d∆iT

¶
∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂θr0

+

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂2γi (θ, Fi ( ))

∂θr∂θr0
,

which characterizes ∂3γi(θ,Fi( ))
∂θr∂θr0∂

,

0 =

µZ
∂2Vi (·, θ, )
∂θr∂γi

dFi ( )

¶
∂2γi (θ, Fi ( ))

∂ 2
+

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

∂2γi (θ, Fi ( ))

∂ 2

+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂3γi (θ, Fi ( ))

∂θr∂ 2

+

µZ
∂3Vi (·, θ, )
∂θr∂γ2i

dFi ( )

¶µ
∂γi (θ, Fi ( ))

∂

¶2
+

µZ
∂3Vi (·, θ, )

∂γ3i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂θr

µ
∂γi (θ, Fi ( ))

∂

¶2
+2

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂

∂2γi (θ, Fi ( ))

∂θr∂

+2

µZ
∂2Vi (·, θ, )
∂θr∂γi

d∆iT

¶
∂γi (θ, Fi ( ))

∂
+ 2

µZ
∂2Vi (·, θ, )

∂γ2i
d∆iT

¶
∂γi (θ, Fi ( ))

∂θr

∂γi (θ, Fi ( ))

∂

+2

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂2γi (θ, Fi ( ))

∂θr∂
,

18



which characterizes ∂3γi(θ,Fi( ))
∂θr∂ 2 , and

0 =

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂

∂2γi (θ, Fi ( ))

∂ 2
+

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂2γi (θ, Fi ( ))

∂ 2

+

µZ
∂Vi (·, θ, )

∂γi
dFi ( )

¶
∂3γi (θ, Fi ( ))

∂ 3

+

µZ
∂3Vi (·, θ, )

∂γ3i
dFi ( )

¶µ
∂γi (θ, Fi ( ))

∂

¶3
+

µZ
∂2Vi (·, θ, )

∂γ2i
d∆iT

¶µ
∂γi (θ, Fi ( ))

∂

¶2
+2

µZ
∂2Vi (·, θ, )

∂γ2i
dFi ( )

¶
∂γi (θ, Fi ( ))

∂

∂2γi (θ, Fi ( ))

∂ 2

+2

µZ
∂2Vi (·, θ, )

∂γ2i
d∆iT

¶µ
∂γi (θ, Fi ( ))

∂

¶2
+ 2

µZ
∂Vi (·, θ, )

∂γi
d∆iT

¶
∂2γi (θ, Fi ( ))

∂ 2
,

which characterizes ∂3γi(θ,Fi( ))
∂ 3 . Inspecting these derivatives and applying Lemmas 11, 12, and 14, we obtain

the desired result.

Theorem 5

Pr

"
max

0≤ ≤ 1√
T

|θ ( )| > C
³
T

1
10−υ

´3#
= o

¡
T−1

¢
for some constant C > 0 and 0 < υ < (100q + 120)

−1.

Proof. From (14), we have

0 =
1

n

nX
i=1

Z
d3hi (·, )

d 3
dFi ( ) + 3

1

n

nX
i=1

Z
d2hi (·, )

d 2
d∆iT

Combining Lemmas 11, 12, 13, 14, and 15, we can bound 1
n

Pn
i=1

R d2hi(·, )
d 2 d∆iT by C

³
T

1
10−υ

´3
with

probability 1− o
¡
T−1

¢
. Recall that the r-th component d2h

(r)
i (·, )
d 2 of d2hi(·, )

d 2 is equal to

d2h
(r)
i (·, )
d 2

=
∂θ (·, )0

∂

∂2h
(r)
i (·, )
∂θ∂θ0

∂θ (·, )
∂

+
∂2h

(r)
i (·, )

∂θ0∂γi

µ
∂γi
∂θ0

∂θ

∂

¶
∂θ

∂
+

∂2h
(r)
i (·, )

∂θ0∂γi

∂γi
∂

∂θ

∂

+
∂h

(r)
i (·, )
∂θ0

∂2θ

∂ 2

+
∂2h

(r)
i (·, )

∂θ0∂γi

∂θ

∂

∂γi
∂θ0

∂θ

∂
+

∂2h
(r)
i (·, )
∂γ2i

µ
∂γi
∂θ0

∂θ

∂

¶2
+

∂2h
(r)
i (·, )
∂γ2i

µ
∂γi
∂θ0

∂θ

∂

¶
∂γi
∂

+
∂h

(r)
i (·, )
∂γi

µ
∂θ0

∂

∂2γi
∂θ∂θ0

¶
∂θ

∂
+

∂h
(r)
i (·, )
∂γi

∂2γi
∂θ0∂

∂θ

∂
+

∂h
(r)
i (·, )
∂γi

∂γi
∂θ0

∂2θ

∂ 2

+
∂2h

(r)
i (·, )

∂θ0∂γi

∂θ

∂

∂γi
∂

+
∂2h

(r)
i (·, )
∂γ2i

µ
∂γi
∂θ0

∂θ

∂

¶
∂γi
∂

+
∂2h

(r)
i (·, )
∂γ2i

µ
∂γi
∂

¶2
+
∂h

(r)
i (·, )
∂γi

∂2γi
∂ ∂θ0

∂θ

∂
+

∂h
(r)
i (·, )
∂γi

∂2γi
∂ 2

.

Using Lemmas 11, 12, 13, 14, and 15 again, we can conclude that 1
n

Pn
i=1

R d3hi(·, )
d 3 dFi ( ) is equal to³

1
n

Pn
i=1

R ∂hi(·, )
∂θ0 dFi ( )

´
∂3θ
∂ 3 plus terms that can all be bounded by 1

n

Pn
i=1

R d2hi(·, )
d 2 d∆iT by C

³
T

1
10−υ

´3
with probability 1− o

¡
T−1

¢
. Because

³
1
n

Pn
i=1

R ∂hi(·, )
∂θ0 dFi ( )

´−1
is bounded away from 0 by Lemma 11,

we obtain the desired conclusion.
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Definition 1 Let xit and εit be processes defined on a probability space (S,S,P ) taking values in Rp and
Rd respectively. Then the process xit is called uniformly near epoch dependent (NED) of size −q on εit if

v (m) = sup
i

³
E kxit −E (xit|εit+m, ...., εit−m)k2

´1/2
satisfies v(m) = O(m−λ) for some λ > q.

Lemma 17 Let yit = max(0, φ0yit−1 + εit) for t ≥ 1 with |φ0| < 1 and yi0 such that E |yi0|r <∞ for some

r > 2. Then yit is uniformly NED on εit with v(m) ≤ Cam for some constants 0 < C < ∞ and 0 < a < 1.

If supi suptE |εit|r <∞ and supiE |yi0|r <∞ for some r ≥ 2 then suptE |yit|r <∞.

Proof. Let g(yit−1, εit) = max(0, φ0yit−1 + εit). Then
¯̄
g(yit−1, εit)− g(y∗it−1, εit)

¯̄ ≤ |φ0| ¯̄yit−1 − y∗it−1
¯̄

and |g(ȳ, ε̄)| < ∞ for all |ȳ| < ∞, |ε̄| < ∞ such that the result follows by Pötscher and Prucha (1991,

Theorem 6.10 and Theorem 6.11).

Lemma 18 Let εit be α-mixing with uniform mixing coefficients supi |αi (m)| ≤ Cam for some a such that

0 < a < 1 and some C > 0. Let yit take values in R, supiE |yit|r < ∞ for some r ≥ 2 and be uniformly
NED on εit such that v (m) ≤ Cam. Then, for some bounded constant C0 > 0, any q with 2 < q ≤ r and

some 0 ≤ ā < 1

|Eyityis − EyitEyis| ≤ C0

³
ā|t−s|

´1−r−1−q−1
.

Proof. Let ηit = yit −Eyit such that

Eyityis −EyitEyis = Eηitηis

= E
¡
ηit −E

£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤¢ ¡
ηis −E

£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¢
+E

¡¡
ηit −E

£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤¢
E
£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¢
+E

¡
E
£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤ ¡
ηis −E

£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¢¢
+E

¡
E
£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤
E
£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¢
.

By the Cauchy-Schwartz inequality and the fact that yit is NED on εit it follows that¯̄
E
¡
ηit −E

£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤¢ ¡
ηis −E

£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¢¯̄
≤

³
E
¯̄
ηit −E

£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤¯̄2´1/2 ³
E
¯̄
ηis −E

£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¯̄2´1/2
≤ (v(|t− s| /2))2 ≤ Ca2|t−s|.

Again by the Cauchy-Schwartz inequality we find that for some constant C1¯̄
E
¡¡
ηit −E

£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤¢
E
£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¢¯̄
≤

³
E
¯̄
ηit −E

£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤¯̄2´1/2 ³
E |ηis|2

´1/2
≤

³
E |ηis|2

´1/2
(v(|t− s| /2))2 ≤ C1a

2|t−s|.

by the fact that yit is NED on εit. Finally, we note that E
£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤
is a function of a finite

number of εit and thus is mixing. Moreover, note that E
¡
E
£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤¢
= Eηit = 0 such
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that for any q with 2 < q ≤ r¯̄
E
¡
E
£
ηit|εit+|t−s|/2...εit−|t−s|/2

¤
E
£
ηis|εis+|t−s|/2...εis−|t−s|/2

¤¢¯̄ ≤ 8 (E |ηit|r)1/r (E |ηis|q)1/q
³
a|t−s|

´1−r−1−q−1
≤ 32 (E |yit|r)1/r (E |yis|q)1/q

³
a|t−s|

´1−r−1−q−1
where the first inequality follows by Corollary A.2 of Hall and Heyde (1980) and the second inequality uses

the Minkowski and Jensen inequalities. Combining the inequalities then gives the result.

Proposition 2 Let εit be iid across i and t with E |εit|r < ∞ for some r > 2 and zit is strictly sta-

tionary and mixing with supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some C > 0 and

supiE |zit|r < ∞. Then yit = max(0, φ0yit−1 + z0itβ0 + γi0 + εit) with |φ0| < 1 has a stationary solution

yit, supiE |yit|r < ∞, xit = (yit, zit) is NED with exponentially decaying coefficients v(m) and for any

function ξ(xit) such that |ξ(xit)− ξ(xmit )| ≤ C(xit, x
m
it ) kxit − xmit k where xmit = E

¡
xit|z∗it+m, ...z∗it−m

¢
with

supi supm suptE |C(xit, xmit )|2 <∞,

sup
i
sup
m
sup
t
E (C(xit, x

m
it ) kxit − xmit k)r <∞

and supiE kξ(xit)kr < ∞ for r > 2 it follows that supi |Cov (ξ(xit), ξ(xis))| ≤ C0b
|t−s| for some constants

C0 > 0 and 0 ≤ b < 1.

Proof. We note that z∗it = z0itβ0+γi0+εit is strictly stationary and mixing with mixing coefficients αi (m)

such that supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some C > 0. To show stationarity we adapt

the argument of de Jong and Woutersen (2003). Let ymit be a process that satisfies y
m
is = max(0, φ0y

m
is−1+z

∗
is)

for s = t, t−1, ..., t−m and ymis = 0 for s < t−m. Note that ymit = f(z∗it, ..., z
∗
it−m) for some measurable map

f such that ymit is stationary by construction. Assume that y
∗
it is a solution to yit = max(0, φ0yit−1 + z∗it).

Consider

|y∗it − ymit | =
¯̄
max(0, φ0y

∗
it−1 + z∗it)−max(0, φ0ymit−1 + z∗it)

¯̄
(33)

≤ |φ0|
¯̄
y∗it−1 − ymit−

¯̄ ≤ .... ≤ |φ0|m
¯̄
y∗it−m

¯̄
as well as

|y∗it| ≤ |ymit |+ |φ0|m
¯̄
y∗it−m

¯̄
such that

|y∗it| ≤ (1− |φ0|m)−1 |ymit | (34)

By Theorem 6.10 of Pötscher and Prucha (1991) it follows that supi supt≥0E |ymit |r < ∞ uniformly in m.

Then, from the previous Inequality 34 we have supi supt≥0E |y∗it| < ∞. Form Inequality (33) it follows

that supi supt≥0E |y∗it − ymit |r ≤ |φ0|rm supi supt≥0E |y∗it| → 0 as m → ∞. We have shown convergence in

r-th mean of y∗it to ymit as m → ∞ uniformly in i and t ≥ 0. This means that the solution y∗it converges

in distribution to ymit as m → ∞ where ymit is stationary by construction. Let yit be the limit of ymit
as m → ∞. Again, by Theorem 6.10 of Pötscher and Prucha (1991) this limit exists in r-th mean with

supi supt≥0E |yit|r < ∞. Then, by Lemma (17), the sequence yit is NED on z∗it with v(m) = O(b−m) for

some 0 ≤ b < 1. It follows immediately form Definition 1 that xit is NED on z∗it of the same order. By

stationarity and the moment bound xit has a tight distribution. Then, Theorem 6.7 of Pötscher and Prucha

(1991) implies that ξ(xit) is NED on z∗it and the last assertion follows by Lemma (18).
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Proposition 3 Let εit be iid across i and t with εit˜N(0, σ
2
ε) and zit is strictly stationary and mixing with

supi |αi (m)| ≤ Cam for some a such that 0 < a < 1 and some C > 0 and supiE |zit|r < ∞ for some

r > 7 + 10q + 12 + δ with q ≥ p/2 + 2 and for some δ > 0. Let yit = max(0, φ0yit−1 + z0itβ0 + γi0 + εit) and

define xit = (yit, yit−1, zit) and

ψ (xit; θ, γi) = 1 {yit = 0} logΛ
¡
(φyit−1 + z0itβ + γi) /σ

2
ε

¢
+1 {yit > 0} log λ

¡
(yit − φyit−1 − z0itβ − γi) /σ

2
ε

¢
where Λ is the cumulative distribution function of the standard normal distribution and λ is the corresponding

density. Then there exists a function M (xit) such that |Dvψ (xit, φ1)−Dvψ (xit, φ2)| ≤ M (xit) kφ1 − φ2k
for all φ1, φ2 ∈ Φ and |v| ≤ 5, supφ∈Φ kDvψ (xit, φ)k ≤ M(xit) and supiE

h
|M(xit)|10q+12+δ

i
< ∞

for some integer q ≥ p/2 + 2 and for some δ > 0. Furthermore, supφ∈Φ |Dvψ(xit, φ)−Dvψ(xmit , φ)| ≤
C(xit, x

m
it ) kxit − xmit k where xmit = E

¡
xit|z∗it+m, ...z∗it−m

¢
with z∗it = z0itβ+γi+εit and supi supm suptE |C(xit, xmit )|2 <

∞,

sup
i
sup
m
sup
t
E (C(xit, x

m
it ) kxit − xmit k)r <∞

for some r > 2.

Proof. By Proposition 2 it follows that xit can be chosen to be strictly stationary and NED with

exponentially decaying coefficients and supiE kxitkr <∞ for r > 7 + 10q + 12 + δ with q ≥ p/2 + 2 and for

some δ > 0. Consider ξ(x) = log
³R x
−∞ (2π)

−1/2 exp
¡−1/2u2¢ du´, with the first five derivatives

dξ(x)

dx
=

1

2
√
π

√
2

e−
1
2x

2

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

,

d2ξ(x)

(dx)2
= − 1

2π

e2(−
1
2x

2)¡
1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 − 1

2
√
π
x
√
2

e−
1
2x

2

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

d3ξ(x)

(dx)
3 =

1

π
x

e−x
2¡

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 + 1

2π
x

e2(−
1
2x

2)¡
1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 − 1

2
√
π

√
2

e−
1
2x

2

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

+
1

2
√
π
x2
√
2

e−
1
2x

2

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

+
1

2π
3
2

√
2e−x

2 e−
1
2x

2¡
1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢3
d4ξ(x)

(dx)
4 =

3

2π

e−x
2¡

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 − 3πx2 e−x
2¡

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 + 1

2π

e2(−
1
2x

2)¡
1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2
− 1

2π
x2

e2(−
1
2x

2)¡
1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 − 3

2π2
e−x

2 e2(−
1
2x

2)¡
1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢4
+

3

2
√
π
x
√
2

e−
1
2x

2

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

− 1

2
√
π
x3
√
2

e−
1
2x

2

1
2 erf

¡
1
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√
2
¢
+ 1

2

− 3

π
3
2

x
√
2e−x

2 e−
1
2x

2¡
1
2 erf
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1
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√
2
¢
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d5ξ(x)

(dx)5
= −11

π
x

e−x
2¡

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 + 7

π
x3

e−x
2¡

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 + 6

π2
x

e2(−x
2)¡

1
2 erf
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1
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√
2
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+ 1

2
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− 3

2π
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1
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2)¡
1
2 erf

¡
1
2x
√
2
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+ 1

2

¢2 + 1

2π
x3

e2(−
1
2x

2)¡
1
2 erf

¡
1
2x
√
2
¢
+ 1

2

¢2 + 9

π2
xe−x

2 e2(−
1
2x

2)¡
1
2 erf

¡
1
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√
2
¢
+ 1

2

¢4
+

3

2
√
π

√
2

e−
1
2x

2

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

− 3√
π
x2
√
2

e−
1
2x

2

1
2 erf

¡
1
2x
√
2
¢
+ 1

2

+
1

2
√
π
x4
√
2

e−
1
2x

2

1
2 erf

¡
1
2x
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2
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+ 1

2

− 5
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3
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2¡
1
2 erf

¡
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2

¢3 + 3

π
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2

√
2e2(−x

2) e−
1
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2¡
1
2 erf

¡
1
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√
2
¢
+ 1

2
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3
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where

1

2
erf

µ
1

2
x
√
2

¶
+
1

2
= Λ(x).

Therefore, d
|v|ξ(x)
(dx)|v|

is bounded except for x→ −∞. We note that e−x
2/2

Λ(x) = O(−x) as x→ −∞ which implies

that

d|v|ξ(x)

(dx)|v|
= O(|x||v|) as x→ −∞

and bounded elsewhere. We thus have the bound
¯̄̄
d|v|ξ(x)
(dx)|v|

¯̄̄
≤ C |x||v| for some constant C. This now implies

that

sup
φ∈Φ

kDvψ (xit, φ)k ≤ C sup
φ∈Φ

¯̄̄
x0itφ̃

¯̄̄|v|
≤ C kxitk|v| sup

φ∈Φ

¯̄̄
φ̃
¯̄̄|v|

where φ̃ =
¡
1, φ0

¢0
. The assertion the follows from supiE kxitk|v|+10q+12+δ < ∞ since supφ∈Φ

¯̄̄
φ̃
¯̄̄|v|

is

bounded when Φ is compact. By the chain rule of differentiation and the mean value theorem we have

|Dvψ (xit, φ1)−Dvψ (xit, φ2)| ≤ C
¯̄̄
x0itφ̃

∗ ¯̄̄|v|+1 kxitk kφ1 − φ2k

where
°°°φ̃∗ − φ̃1

°°° ≤ °°°φ̃1 − φ̃2

°°° and °°°φ̃∗ − φ̃2

°°° ≤ °°°φ̃1 − φ̃2

°°° such that we again need supiE kxitk|v|+2+10q+12+δ <
∞.

For the last part we note again that by the mean value theorem

|Dvψ (xit, φ)−Dvψ (xmit , φ)| ≤ sup
φ∈Φ

kφkC
¯̄̄
x∗0it φ̃

¯̄̄|v|+1
kxit − xmit k

where x∗it = xit + δ (xmit − xit) for some δ ∈ [0, 1] . The result then follows if supiE kxitk2|v|+6+δ <∞. Since

2 |v|+ 6 + δ ≤ 16 + δ < 7 + 10q + 12 + δ the assumptions imply the result.
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