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1. Introduction?

This paper considers instrumental variables (IV) estimators for linear time series models.
Efficient estimation in this framework has been studied by Hayashi and Sims (1983), Stoica,
Soderstrom and Friedlander (1985; 1987a,b) and Hansen and Singleton (1991, 1996). In
these papers efficient estimation of autoregressive roots under the presence of moving
average errors has been analyzed. The moving average part of the model is not estimated
but rather treated as a nuisance parameter. The class of instruments is restricted to linear
functions of past observations. It is also assumed in this literature that the innovations
are conditionally homoskedastic. Instrumental variables methods using overidentifying
restrictions have also been applied to autoregressive (AR) models in the context of missing
observations by Chen and Zadrozny (1998).

Here it is shown that the same type of IV estimators based on linear functions of
past observations can be used to improve efficiency of estimators for linear time series
models in the presence of unmodelled conditional heteroskedasticity. A consequence of
the results of this paper is that standard estimators of linear process models based on

Gaussian pseudo maximum likelihood (PML) functions are inefficient generalized method
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of moments (GMM) estimators if the innovations are conditionally heteroskedastic. This
means in particular that ordinary least squares (OLS) estimators for autoregressive models
of order p (AR(p)) are inefficient GMM estimators if the innovations are heteroskedastic.

In Kuersteiner (1999) a feasible efficient IV estimator for the AR(p) model with martin-
gale innovations satisfying some additional moment restrictions is developed. In this paper
we extend the previous results in two directions. First, the form of the optimal instrument
is analyzed under more general assumptions about the innovation process, relaxing some
of the restrictions on the fourth moments of the innovations that were previously main-
tained. Second, the class of models is extended to include general ARMA (p,q) processes
that require minimization of a nonlinear criterion function. While Kuersteiner (1999) is
mainly concerned with the semiparametric implementation of the IV procedure we focus
on identification issues which are the most important aspect in extending the previous
results to nonlinear models.

In addition, the paper extends the current literature in two directions. First, IV esti-
mation is extended to general autoregressive-moving average (ARMA) models when the
innovations are conditionally heteroskedastic. Second, for the class of IV estimators with
linear instruments the paper derives exact functional forms of optimal filters of the type
developed in Hansen and Singleton (1991) for a simpler estimation problem. It is shown
how the filters depend on fourth order cumulants of the innovation distribution and the
impulse response function of the underlying process. This formulation allows to give exact
conditions on the distribution of the error process under which optimal instrumental vari-

ables estimators are feasible. A detailed analysis of the properties of the optimal weight



matrix is provided.

The results in this paper are presented for the case of martingale difference innovations
driving the linear process. Alternatively similar formulas with the same efficiency implica-
tions could be obtained under the weaker assumption of white noise innovations. In this
case the space of permissible instruments is generated by all linear combinations of past
observations and the efficiency bounds would be identical to the bounds of Hansen (1985)
and Hansen, Heaton and Ogaki (1988). In the case of martingale difference innovations
Hansen’s bounds are based on a larger class of instruments and are therefore tighter than
the bounds obtained here.

The main technical difficulty in extending previous procedures to the estimation of
the moving average case lies in the consistency proof. We give a general characterization
of instrument processes that lead to consistent estimators. We then establish that the
optimal instrument satisfies these criteria.

In this paper we do not focus on implementation issues. For most parts of the analysis
it is assumed that the optimal instrument is known a priori. It is clear that in practice a
procedure for estimating the weight matrix is needed. In Kuersteiner (1997) such a feasible
procedure is developed under stronger assumptions on the martingale difference innova-
tions. If these assumptions are satisfied then the procedures developed in Kuersteiner
(1997) can be directly applied to the present context. Explicit formulas are provided for
this case. We also discuss feasible versions of the optimal procedure under the more gen-
eral conditions analyzed in this paper without giving proofs of feasibility. In this case the

feasible estimator depends on a bandwidth parameter. Monte Carlo simulations for this



case are reported to give some guidance in the choice of the bandwidth parameter.

The paper is organized as follows. Section 2 introduces the assumptions about the
innovation sequence and specifies the inference problem. Section 3 develops an instru-
mental variables estimator for estimation of linear process models and proves consistency
and asymptotic normality of estimators for the ARMA class. In Section 4 it is shown
how to factorize the asymptotic covariance matrix of this class of instrumental variables
estimators in a way to obtain a lower bound. Section 5 uses the lowerbound to derive an
explicit formulation of the optimal IV estimator depending on the data periodogram and
an optimal frequency domain filter. Numerical Examples for the ARMA(1,1) model and
some Monte Carlo simulations are reported in Section 6. Proofs of some important lemmas
are contained in Appendix A while the proofs of the results in the paper are contained in

Appendix B.

2. Model Specification

The econometrician observes a finite stretch of data {y;};"; from a univariate process

which is generated by the following mechanism

ye=>_c(B,j)e (1)
i=0

for a given 8 = B, € R? and ¢(3,j) : R? x N — R. The parameter 3, is unknown but the
functions c(., j) are known. We define the lag polynomial C(8, L) = »>72, (8, §)L7 where
L is the lag operator and impose the identifying restriction c¢(3,0) = 1.

The innovations €; are assumed to be a univariate martingale difference sequence. The



martingale difference property imposes restrictions on the fourth order cumulants. These
restrictions can be conveniently summarized by defining the following function

E (efesjsjcrpr) ifr#s
o(s,r)= for r,s € {0, £1,4+2,...} (2)

E (efef ) — ot ifr=s
where ot = (Es?)2. It should be emphasized that o (s,7) is equal to the fourth order
cumulant for s, > 0. We assume that we have a probability space (2, F, P) with a
filtration JF; of increasing o-fields such that F; C Fiy1 C F Vi. The doubly infinite sequence
of random variables {e;},> __ generates the filtration F; such that F; = o(et,e4-1,...). The

assumptions on {e;};° _ are summarized as follows:

Assumption Al. (i) ¢ is strictly stationary and ergodic, (i) E (e | Fi—1) = 0 almost
surely, (iii) E (e7) = 0® > 0, (iv) 300, 22 |o (s,r)] = B < 00, (v) E (e7¢}_,) >a some

a> 0 for all s.

Remark 1. Assumption Al(ii) could be relaxed to Eeics = 0 for t # s at the cost of
slightly more complicated expressions for the optimal instruments. Assumption (iii) guar-
antees that e; has a nondegenerate distribution. Assumption (iv) limits the dependence
in higher moments by imposing a summability condition on the fourth cumulants. The
assumption is needed to prove invertibility of the infinite dimensional weight matrix of the
optimal GMM estimator. Assumption (v) together with (iii) rules out degenerate joint

distributions of ; and e;_s.

Remark 2. It can be checked that processes in the autoregressive conditionally het-



eroskedastic family such as ARCH, GARCH, EGARCH as well as stochastic volatility
models satisfy the assumptions, provided that Eag1 < oo. It is well known from Milhoj
(1985) or Nelson (1990) that this condition is satisfied only if additional restrictions lim-
iting the temporal dependence of conditional variances and/or the innovation distribution

are imposed.

Assumption (A1) implies that 7 is strictly stationary and ergodic and therefore co-
variance stationary. It should be emphasized that no assumptions about third moments
are made. In particular this allows for skewness in the error process.

For the special case of an ARMA(p,q) process, the lag polynomial has the familiar

rational form
0 (2)
¢ (2)

C(p,2) = (3)

with 0 (2) = 1—612—...—0,29 and ¢ (2) = 1—¢yz—...—¢,2P and B = (¢y, ..., by, 01, ... ).
Let gy, (8, ) = |C (8, ei’\)]2 where |z| = (22*)Y2 for z € C and 2* is the complex conjugate
of z. Under Assumption (A1), the spectrum of y; is given by fy, (3, ) = %gyy(ﬂ, A).

Further restrictions on C(f3, ¢*) are needed to insure identification of the model and for
consistency and asymptotic normality of the estimators. The necessary assumptions are
discussed in Hannan (1973), Dunsmuir and Hannan (1976), and Deistler, Dunsmuir and
Hannan (1978). As shown in these articles, a careful distinction between convergence of
the parameters in ¢(f, j) and the structural form parameters is needed. Consistency proofs
typically establish convergence in the pointwise topology. An identification condition is
then needed to obtain convergence in the quotient topology.

Some of the results of this paper are presented for the general formulation C(f, z).



At some points however a specialization to the ARMA case is made in order to obtain
sharper results. This is especially the case for the consistency proof. In that case abstract
high level assumptions can be made precise for the specific functional form of the ARMA
model.

In the general case the functions ¢(8,j) € C([R? x N] ,R) are restricted to satisfy the

following additional constraints.

Assumption B1. Let C(3,z) = Z;io c(B3,j)#’. The parameter space © is a closed subset
of © defined by © = {3 € R*||C(8,2)| "2 #0 for |z <1, |C(B,2)|* # 0 for |2| < 1}
where we assume that ©' is open in R% and has a compact closure denoted by ©. Assume

Bo € ©. The coefficients c(3, j) are twice continuously differentiable in § € © for all j and

c(3,0) = 1. We require for § € © that 322 |j| |e(B, )| < oo and 3772 || ’a%c(ﬂ,j)} < 0.

Assumption B2. For all 3,5, € ©, gyy(89;\) # gyy(B8, ) whenever 3 # (3, for some

subsets L C [—m, 7| with nonzero Lebesgue measure.

Assumption B3. For a neighborhood U of 3y, U C ©q, 9*gy,(3, /\)/aﬁaﬁl is continuous

in\ € [—m,n| and g € U.

Remark 3. Assumption (B1) implies that the functions gy, (3, \) and 0gy,(8,\)/00 are
Lipschitz continuous. The Lipschitz condition also implies that g;yl(ﬁ, A) is Lipschitz

continuous on © and therefore that % In gyy (6, A) is Lipschitz continuous on ©.

Remark 4. Assumption (B1) is stronger than C2.2 in Dunsmuir (1979) where on the other
hand conditional homoskedasticity is assumed. The stronger summability restrictions are

needed to justify approximations of the instruments based on the innovation sequence.



Remark 5. Assuming © to be compact is of little practical importance and is commonly
done in the time series literature. See for example Hosoya and Taniguchi (1982), Kabaila

(1980), Taniguchi (1983).

The assumptions specified here are sufficient to identify the parameters 3 in C(3, e™).
For specific functional forms of C(f3, ™) the assumptions can be made more explicit. A
leading example is the ARMA model where the identifiable subset of R? can be described
more accurately. The following Assumption is equivalent to the previous assumptions for

the case of an ARMA model.

Assumption B4. Let C(3,z) = 0 (z) /¢(z). The parameter space © is a closed subset of
©' defined by ©' = {3 € R¥|¢(2) # 0 for |z| <1, 6(2) # 0 for |2| < 1,0(2),¢(2) have no

common zeros, 0, # 0 or ¢, # 0}. Assume 3, € ©.

Remark 6. Deistler, Dunsmuir and Hannan (1978) show that © defined in Assumption
(B4) satisfies the conditions of Assumption (B1). It is easy to show that all ARMA models

in © satisfy the summability and differentiability requirements of (B1).

In the following analysis of the IV estimator results will first be obtained for the general
linear process case. It will then be shown that high level assumptions needed for these

results are satisfied for the case when Assumptions (B1-B3) are specialized to (B4).

3. Instrumental Variables Estimators

In this section a class of instrumental variables estimators is introduced. The instruments

are constructed from linear filters of lagged innovations €;. An alternative, equivalent for-



mulation would be to allow for linear filters of the observable process y;. Estimators of
this form have been proposed by Hayashi and Sims (1983), Stoica, Stderstrém and Fried-
lander (1985, 1987a,b) and Hansen and Singleton (1991). Efficiency of these procedures
is achieved by exploiting all the moment conditions of the form FEeies = 0 for ¢t # s.
The innovations ¢; are functions of the observable data g(y¢, yi—1, ..., Bg) = 9t(By) = &t
If we stack a finite number m of innovations in €}* = [e;_1,...,6—m)  then a standard
GMM estimator minimizes the population equivalent of E (g(3)e/*) Q- 1E (g(8)) where

O, is a suitable weight matrix. The first order conditions of this problem are given by

E (agg@) €T>,Q;11E (g(B)ef*) = 0. We will later use the notation P,, = E (aggg) 52”) where
P,, is a m x d dimensional matrix. In the context of linear instrumental variables esti-
mators P, corresponds to the matrix of covariances between regressors and instruments.
Using this notation we can now set up an equivalent problem which is to solve the set of
equations E (g(8)P,,Q;,'ei") = 0. Letting 2z, = P;,Q; ' be the d dimensional vector of
instruments then leads to the formulation of an equivalent, exactly identified IV estimator
that solves the population equivalent of E (g(83)z:) = 0. Clearly, the two formulations of
the problem are equivalent as far as their first order asymptotic efficiency properties are
concerned.

The advantage of this transformation lies in the fact that in our context of ARMA
models the matrix P, can be estimated /n consistently irrespective of the size of m. It is
shown in Kuersteiner (1997, 1999) that under additional restrictions on the weight matrix

Q, it is possible to set m = n or in other words to let the number of moment conditions

grow at the same rate as the sample size. This is not the case for the usual implementation

10



of GMM where E (g(5)e}") is replaced by a sample average.
We now discuss the estimation problem for a general class of linear instruments. In-
troduce the space of absolutely summable sequences ! such that z € I* if 3~ |z;] < oo for

x = {z; };’;1 . Define the set A of sequences of vectors a; € R? such that
A= {a ={a;};2, a5 € R, {[aj]k}]oil cllforall 1 <k< d}

where [.], denotes the k-th element of a vector. We define z(w) :  — R for all ¢ as

oo
Zt = E ARE¢—k a.s.
k=1

for a € A, a fixed. The instruments satisfy the orthogonality condition

E [(0_1(50» L)yy) z) =0 (4)

since C~1(By, L)y = &; from (1). The estimator based on this condition is constructed
in the time domain. If C~1(3,, L) is of infinite order, as is the case for M A(q) models,
a sample analog to (4) needs to be based on an approximation. Such an approximation
can be conveniently analyzed in the frequency domain. It should be stressed however that
the estimator is set up in time domain. Let the expansion of the polynomial C~1(3, L) be

C~YB,L) = > %0 E? L7. The sample analog of the moment restriction is then given by

(B == 32> Ey ;=0 (5)

11



for a € A. The criterion function is indexed by a to emphasize the fact that each choice
of an instrument results in a different estimator. From (4) we see that z; has to be
approximated as well. Discussion of this issue will be delayed until Section 5 where an
optimal instrument is considered. For the time being it is therefore assumed that z; is
known.

In the frequency domain the analog of (4) is

i C71 (B e™™) fyz(N)dA =0

—T

where f,.(\) = Z;’;foo 'yyz(j)e*“‘j and ’yyz(j) = FEyz—j. We set

G(3,a) = 2" [ CBe M) (N

—Tr

Note that f,.()) typically is a complex vector valued function f,.(\) : [~m, 7] — C% Also
note that [™ C71(B,e~*) f,.(A)dA is real valued.
We introduce discrete Fourier transforms of the data defined as wp, y(A) = ﬁ S yre A

and for the instrument as wy, »(\) = ﬁ S ze” . The cross periodogram is I, . (\) =

Why(ANwn z(—A). It is easy to check that G, (5, a) defined in (5) is identical to

Gn(3,0) = (2m) ! i OB, e ™) Iy (N)dA.

—Tr

We follow Hansen (1982) in defining the estimator 3,,. Unless otherwise stated all

conditions are for a € A, a fixed

12



Assumption C1. The sequence of estimators (3, € R is defined by

B3, =argmin ||Gy (8, a)||*. (6)
BEO

Assumption C2. Let the sets By,(8,) for k = 1,2, ... form a countable local base® around
Bo. The sets By(5,) can be taken as the set of balls with rational radius centered at [3,.
Let z; = Y po | axet—k a.s. where gy, satisfies Assumption (Al). Let A* C A be the set

of all sequences {ay}7, such that

A*:{aGA

inf G(B,,a)|| >0 for k=1,2,...
ol G5, }

where By,(8,)¢ are the complements of By(3,). Assume that A* # .

Remark 7. Assumption (C1) is the definition of the estimator. We show in the consis-
tency proof that ||Gn(8,,,a)||> = 0 almost surely is implied by the assumptions on G,. (C2)
is a familiar identification condition for global identification. Assumption (C2) specializes
(B2) to the case of IV estimators. The difference is that identification of an entire class of
estimators indexed by a needs to be guaranteed. Identification depends on the choice of
the instrument or a € A and does not hold for all a € A (see Remark 10 for an example).

We therefore define the subset A* of instruments that satisfy the identification condition.

3 A collection of open subsets B of a space X is called a base if for each open set O C X and each x € O
there is a set B € B such that x € B C O. A collection B, of open sets containing a point x is called a
local base at x if for each open set O containing x there is a B € B, such that x € B C O. Every metric

space has a countable base at each point (see Royden (1988), p. 175).
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This imposes restrictions on z; or a. A complete description of the set A* is possible for a

given parametric class C((, z). A characterization will be given for the ARMA case.

Lemma 3.1. Assume (Al), (BI-B3), (C1-C2). Let z = limy, .00 A,,€7* a.s. with A, =

lat,...,am], {ar}32, € A" and ef* = [g4_1, . .. ,Et_m]l . Then 3,, — B, almost surely.

Consistency of the IV estimator depends both on restrictions on the parameter space
and the instruments z;. Assumption (C2) restricts the class of allowable instruments. The
conditions given are necessarily high level without further knowledge regarding the func-
tion C'(8,L). For practical purposes it is however important to characterize the set of
instruments A* leading to consistent estimators. In the case of an ARMA (p,q) model it is

possible to give conditions on the sequences a € A*. This is done in the next proposition.

Proposition 3.2. Assume C(3,L) = 6o(L)/¢po(L) is an ARMA(p,q) lag operator and the

parameter space © satisfies Assumption (B4). Let
S = {x = [x1,..] €17 : ¢po(L)x =0 for xj,§ > d, [x1, ..., 2] = K,k € ]Rd}

be the set of solutions to the difference equation ¢y(L)x = 0 with d initial conditions
k. Define ker A" = {x €>: Az =0} for A = [a1,..] and a € A. Let a € A with
Aq = lay,...,aq) where d = p+ q. If p = 0 and Ay is nonsingular then a € A*. If0 < p,

A = [ay,....]" is of full column rank and ker A’ NS =0 then a € A*.

Remark 8. Proposition (3.2) shows that ARMA models can be consistently estimated
by instrumental variables techniques provided that the instruments satisfy the specified

restrictions.
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Remark 9. The usual conditions for consistency in IV estimation are Fe;zz = 0 and
E a%—fgm z; is of full rank. For linear models these two conditions are equivalent to Assump-
tion (C2). In our context C2 may hold even if E a%—fgmzt is of reduced rank. An example
is an ARMA(1,1) model with instruments z defined by a1 = [1,0]', a2 = [—961, 1]/ and
a3 = [0, —961]/ with a; = 0 for j > 3. Then A is of full row rank, ker A'N S = 0 but
Eaas—?zt is of reduced rank. On the other hand Eaas—?zt being full rank implies A’ to be
of full row rank and A+ NS = 0. In other words the identification conditions given here

are weaker than standard conditions would imply.

Remark 10. If the instruments are replaced by a; = [1,0]/, as = [—¢a L 1] and az =
0, -y 1] in the ARMA(1,1) example then ker A’ NS # 0 which shows that A’ being full

row rank is not sufficient for identification and clearly A* # A.

We now state additional assumptions that are sufficient to establish a result for the
limiting distribution of \/n(3,, — By). Introduce the notation 7(3,\) = d1n C(B,e~*) /03
and by, = (2m)7! [)(By, A)e*AdA. Tt follows immediately that b_y = 0 and by = 0. Let

la(N) =>"02, ape ™ and define the matrices P,’n = [b1, ..., bm), AL, = [a1, ..., am] and

a1l ot Qlm
Om,1 o Omym
where
o(s,m) if s#r
Qgp = . (8)

o(r,r)+ot ifs=r

15



It is easy to check that lim,, P}, A, = (27)7 [1)(B89, M\)la(—))'d). Also note that using
our earlier notation lim,, azPélAm = Ea"g—éﬂ)zt. The following additional conditions are

needed to prove the existence of a limiting distribution of j3,,.

Assumption D1. Define A C A as A* = {a € Aldet [7)(Bg, A)la(=A)dX#0} . As-

sume that A* N A** #£ ().

Remark 11. Assumption (D1) guarantees that there is an instrument a C A that satisfies
both the identification condition C2 and det [ 7)(8y, \)la(—A)'d\ # 0. Assumption (D1)
corresponds to Assumption 3.4 in Hansen (1982). Note that for linear models there is no
difference between the identification assumptions and Assumption (D1) while this is not

true for nonlinear models. In general C2 does not imply D1.

The next lemma shows that for the ARMA model D1 does indeed imply C2 while we

have seen in Remark 9 that the reverse is not true.

Lemma 3.3. Assume C(8,L) = 0o(L)/¢o(L) is an ARMA(p,q) lag operator and the

parameter space © satisfies Assumption (B4) and that a € A. Then a € A** = a € A*.

The limiting distribution of the instrumental variables estimator is stated in the next
theorem. For notational efficiency define limy, oo 0 4(Pl Am) YA QmAm (A, Pp)~! =
o~4(P'A)~1A'QA(A P)~'. This notation will be justified in the next section in terms of

operators on infinite dimensional spaces.

Theorem 3.4. Assume (A1), (BI-B3), (C1, C2) and (D1). Let z = lim, .00 A,,e* with

A = a1,y am], {ap}2, € A* N A and e = [€t—1,.-.,E1—m] . Then the estimator

16



defined by 3, = argmin ||Gy(8,,, a)||* has a limiting distribution given by

VB, — Bo) 5 N(0,0 (P A)1A'QAA' P) )

Remark 12. If 3, is obtained from minimizing a Gaussian PML criterion function then
the asymptotic covariance matrix is o—*(P'P)~'P'QP(P'P)~'. Such an estimator there-
fore corresponds to an IV estimator where A = P. This shows that Gaussian estimators
have the interpretation of inefficient IV or GMM estimators when the innovations are

conditionally heteroskedastic.

The main result of the paper will now be developed in two steps. We first obtain a

lower bound for the covariance matrix

o P ATTAQAA P)? (9)

in the next section. This lower bound is then used to construct an optimal instrumental

variables estimator.

4. Covariance Matrix Lowerbound

Finding a lower bound for (9) poses certain technical difficulties having to do with the
infinite dimensional nature of the instrument space. We investigate the properties of the
fourth order cumulant matrix €2,,, first by holding m fixed and then by looking at a re-
lated infinite dimensional problem. In particular we establish that the infinite dimensional

operator (), associated with {2, in a way to be defined, has a well behaved inverse.
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Invertibility of €2, for all m is not enough to show that €2 is invertible. We briefly
review the theory of invertible operators (see Gohberg and Goldberg, 1980), p.65. For
two Banach spaces B; and Bs denote the set of bounded linear operators mapping B
into By by L(B1, Ba). Then A € L(B1, Bs) is invertible if there exists an operator A~! €
L(By, By) such that A~'Az = z for all € By and AA™'y = y for all y € By. Let
kerA={r € B;: Ar =0} and ImA = {Ax : = € B;}. Then A is invertible if ker A = {0}
and Im A = Bs.

Following Hanani, Netanyahu and Reichaw (1968) we now choose Bi, Bz as linear
spaces whose points are sequences of real numbers denoted by x = {x1,22,...} and y =
{y1,92, ...} . Define the norm ||z||, = (3, |x:/*)*/2. Then B is the space of all sequences
that are bounded under the ||.||, norm and is denoted by /2. An operator A : [? — % is
defined by the infinite dimensional matrix A = (a;;),4,j = 1,2,.... such that y = Ax € [
for all = € I2. The operator A can be defined element by element as 1; = Z]oo a; jx; for
all i. The operator A is invertible if the only solution to Az = 0 is z = {0,0,....} and
Im A = [2. Note that [? is a Hilbert space with inner product (z,y) = >_7 xjyj. From
Theorem 11.4 in Gohberg and Goldberg (1980) it follows KerA® = Im A for a self adjoint
operator A. It is thus enough to show KerA =0 for A : %> — 2, A selfadjoint.

Consider now the following infinite dimensional operator associated with €),,. Define
the operator {2 component-wise by its image for all z € [? by b; = lim,, oo Z;" QT
where «; ; is defined in (8). In other words €2 is the infinite dimensional matrix such that

any left upper corner sub matrix of dimension m x m has the same elements as §2,,.

Lemma 4.1. Let Q,,, be defined as in (7). Then ! exists for all m, Q € L(I?,1?) and

18



O~1 exists.

Proof. See Appendix B H

Remark 13. The fact that the image of ) is square summable, i.e. Qx € [, depends
on the summability properties of o(k,l). The interpretation of the summability condition
is that the instruments €; become unrelated in their fourth cumulants as the time spread

between them increases.

By the Closed Graph Theorem (Gohberg and Goldberg (1980), Theorem X.4.2) it also

follows that Q! is bounded, i.e.,

|Q*1H = SUP [y, <1 ‘|Q*1$‘|2 < oc. Thus sup; ; |w;j| < o0
where [Qfl]i’j = Wj,j.
Next, we need to establish properties of the matrix Q! as m tends to infinity. In

particular we want to establish that the inverse (! approximates 27! as m — oo.

Lemma 4.2. Let €, be as defined in (7). Define Q! such that Q.,'€, = I,, and

QL = I, Ym. Let

Q= (10)

where I stands for an infinite dimensional identity matrix. Then Q%! exists and HQ;‘;I -0t H —

0 as m — oo.
Proof. See Appendix B H

Remark 14. A consequence of the convergence of 25! to Q=1 in the operator norm is

that ||P'(Q5 1 — Q71)||, — 0 in the I* norm. In other words Var(z{" — z) — 0 as m — oo
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where 2" = P'Q} 12 and 2z = P'Q~1e$°. In this sense Lemma (4.2) provides an algorithm
to approximate the infinite dimensional inverse Q1. For m fixed, the finite dimensional
inverse of ), is computed and used to construct QF!. The resulting instrument then

converges in a mean squared sense.

We define the d dimensional product of sequence spaces l?i = 2 x ... x [?. Define the
infinite dimensional matrix P = [by, ...]" by stacking elements of the sequence {by}7>, € 2.
Introduce notation for the reverse operation of extracting a sequence from the rows of a
matrix by defining b(P) := {bx}72; . Define the matrix = = (P'Q~1P)~L.

Using this notation we can state our next theorem which establishes a lower bound for

the covariance matrix (9).
Theorem 4.3. For any a € A let A’ = [ay,...] and P and §Q as previously defined. If
a(A) € A** then the matrix (P'A) 1 A'QA(A'P)~! satisfies

(PPA)TAQAA P —(PQ Pyt >0

where > 0 stands for positive semi-definite.
Proof. See Appendix B H

Remark 15. If a € A* N A** then (P'A)~'A'QA(A'P)~! is the asymptotic covariance
matrix of an estimator based on a. However, it is important to point out that the lower-
bound is for IV estimators in the class of all instruments which are linear functions of the

innovation process and have an innovation filter in A**. The construction of the lower
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bound does not involve consistency restrictions for the instruments. In order to construct
an efficient estimator in practice it has to be established that the optimal instrument does

in fact satisfy consistency restrictions.

5. Optimal Instrumental Variables Estimators

Theorem (4.3) immediately leads to the construction of an efficient IV estimator. The
optimal instrument is determined by the linear filter A’ = P’QQ~!. It is not a priori true
that the optimal filter also results in a consistent estimator. However, for important

parametric examples such as the ARMA class this is indeed the case.

Theorem 5.1. Assume C(3,L) = 6(L)/¢(L) and the parameter space O satisfies As-
sumption (B4). If A" = P'Q! then the sequence a = a(P'Q1~") defined by the rows of A

satisfies a € A* N A**.

Theorem (5.1) together with Theorem (3.4) and Theorem (4.3) establish that the IV es-
timator for the ARMA model constructed with instruments based on A’ = P'Q~! achieves
a lowerbound of the same type as in Hansen and Singleton (1991) but under the weaker
martingale difference sequence assumptions on &; detailed in Assumption (A1). This result

is summarized in the following Corollary.

Corollary 5.2. Assume (A1), C(B,L) = 0o(L)/¢o(L) is an ARMA(p,q) lag operator, the

parameter space © satisfies Assumption (B4) and z; = limy, oo P, Q. ™. Then
d 4 (po-1p) "
VB, — Bo) 5 N (0,074 (P2 P)
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Feasible versions of the optimal IV procedure have to be based on approximations of
the optimal instrument z;. Such approximations proceed in two steps. First, the infinite
number of unobserved innovations is replaced by a finite number of proxies based on
the observed sample and constructed from & = y; — Z 1¢(Bos J)ye—j for t = 1,.
where &1 = y;. This leads to a pseudo feasible estimator B based on the instruments
Z = Zi;ll ajéi—j. A fully feasible estimator denoted by B(a) is obtained by substituting
B, for a first stage consistent estimator 3 in the construction of &, and by replacing the
weights a; by estimated quantities a;. Gaussian PMLE procedures which are consistent
but inefficient in our context can be used to generate first stage estimators B

The empirical analog of the moment restriction for the pseudo feasible estimator be-

comes
t—1

Zn: 5y & =0. (11)

t=1

§I>—*
[ |
o

It is shown in the proof of Corollary (5.4) that supgce ’éﬁ(ﬁ,a) — Gn(B,a)| = Op(n~1)
where

GE(B.a) = @m) 0 [ (B e (B, Mgy (VA (12)

Here I, ,,()) is the data periodogram and the filter h(\) : [~m, 7] — C? is defined as

h(Bo, A) = Ly(=A)C 1 (8o, €”) with

o
A) = Z aje N
i=1
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The coefficients of the optimal instrument are given by

o0
aj = E brwi;
k=1

where by, is the Fourier coefficient of the derivative of the log spectral density of y; and wy;
is the kj-th entry of the inverse Q~'. The b, coefficients have simple interpretations in
special parametric models. In the case of an AR(p) model for example they are equivalent
to the impulse response function and can therefore be computed easily. It can also be
noted that the Gaussian estimators are obtained by setting a; = b,.

It is shown in Kuersteiner (1997) that a sufficient condition for the validity of the

approximation Z; for z; is that the coefficients of the instruments satisfy

Zj‘[aj]k‘ <oofork=1,..,4d. (13)
j=1

The following lemma shows that under strengthened summability restrictions on the
fourth order cumulants Condition (13) is satisfied for the optimal instrumental variables
estimator of the ARM A(p,q) model. The Corollary summarizes the result that based
on Theorem (5.3) the instruments can be approximated without affecting the first order

asymptotic distribution.

Theorem 5.3. Assume C(3,L) = 6(L)/¢(L) and the parameter space O satisfies As-
sumption (B4). Strengthen Assumption (Alv) to Y 22> 2 s|o(s,r)] = B < oo0. By
symmetry this implies 3.0 "2 r|o (s,7)| = B < oo. If A" = P'Q"! then a = a(P'Q™")

satisfies (13).
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Proof. See Appendix Bl

Corollary 5.4. Assume that the conditions of Theorem 5.3 hold together with Assump-

tion Al. Let 3 € © satisfy Gn(f,a) = 0p(n~1/2). Then V(B —B,) = op(1).

Proof. See Appendix Bl

Feasible versions of the optimal estimator are then obtained by replacing én(ﬂ, a) by
G (B, @) where in Gy, (8, @) we replace h(3g, A) by lAw()\)C’*1 (3, €e™) and Bis a consistent first
stage estimate. The challenging part is to estimate Zw(/\) consistently. Here we only discuss
a special case where 2, is diagonal. This case with the additional restrictions a; = 0
for j # k on the moments of &; has been analyzed in Kuersteiner (1997) in the context
of estimating an AR(p) model. The restriction o, = 0 is satisfied for GARCH processes
with symmetric innovation distributions and stochastic volatility models. Under these
circumstances it is possible to estimate Z¢(A) consistently without the need to introduce
bandwidth parameters controlling the number of instruments. The simplification comes
from the fact that in that particular case Q7! is diagonal such that a; = b;/a; ;. An

estimate of the optimal instrument is obtained from
t—1
G=) bj/dj e (14)
j=1

where b; = (27) ! N (3, \)eNdX. To define é&; ; introduce a truncation sequence d,, =

en™ Y2+ for some 0 < v < 1/2 and some constant ¢ > 0. Then define &;; = aj; if

> Ao : sk 1N 2222 - - -
& ; > dn and & ; = d;, otherwise where &7 ; = = > /", €/&;_;. In simulation experiments

this truncation parameter does not affect the outcome and in practice d,, = 1 works well. In
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order to prove the result formally we need to require that additional higher order moments

exists.

Assumption E1. Let c. . (t1,...,tx_1) be the k-th order cumulant of the error process

g; and assume that

S (Lt ) feene (1, tho1)] < oo, forall j=1,...k—1and k =2,3,..,8.
t1

te—1

Theorem 5.5. Assume (Al), aj, =0 for j # k and (E1), C(8,L) = 0o(L)/¢(L) is an
ARMA (p,q) lag operator, the parameter space © satisfies Assumption (B4). Let 8 (a) € ©

satisfy Gy (83,a) = 0,(n~'/2) with 2, defined in (14). Then \/n(B3(a) — 3,) = op(1).

Proof. See Appendix Bl

In the more general case where ajj # 0 for j # k the elements wy; can be es-
timated from a sample analog of the approximation matrix 2%, defined in (10). De-
note by wy; the k,j-th element of the inverse ;! and let z; = Y071 Y707 brwiéij
be the instrument based on the approximation and denote by Gy (83,a*(m)) the corre-
sponding criterion function where a*(m) indicates that instruments depend on m. Let

~ %

. 2
[ = argmin HGn(ﬁ,a*(m))H

JAY ~AD A ~ /
From Q, =n Y0 E7EET we form the n X n ma-

trix

and obtain estimates d}”,;j of wy; where d}”,;j is the k, j-th element of Qj;;l Here I,,_,, is an

n —m dimensional identity matrix and 6% = (% Sy é?)z. We then form the truncated
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estimate of the a; coefficients by setting a;j(m) = > p_; Bkcsz The feasible estimator

~ 2 ~ %
resulting from minimizing (|G, (0, d(m))” is denoted by 5 (a(m)). In the next section we

use Monte Carlo experiments to evaluate some selection rules for m.

6. Numerical Examples

In this section we take the case of an ARMA(1,1) model and analyze its asymptotic
efficiency properties for the case when ¢; is an ARCH(1) process. We also show plots
of the likelihood contour. We finally conduct a small Monte Carlo experiment to explore
the performance of the IV procedures in finite samples.

The model we investigate is a univariate process y; defined as the stationary solution

to

Yt = Y1 + ¢ — Op1. (15)

The innovations e; are an ARCH(1) process generated by e = uth, /2 and hiy1 = Yo+7167
where u;"N(0, 1) is an iid sequence of random variables. We assume that v, > 0 and set it
to .1 for all numerical calculations. In this case 3 = [¢,0]" and ©' = {]|¢| < 1,]0| < 1}.
The parameter o satisfies 0 < v; < 1/1/3 which guarantees that Ee} < oo. It is shown
in Milhoj (1985) that o* = (7o/1 — 71)?, Cov(ef,ef ;) = 2v§71/[(1 — 71)*(1 = 377)] for
7> 0 and E(sfst_kst_j) = 0 for j # k. It follows that Q,, = diag(ai,1,...., um,m) Where
agr = Cov(e?,e? ) + ol

The polynomial C(3,L) = (1 —0L) /(1 — ¢L) has log derivative (3, \) = [e~*/(1 —
ge=), —e= /(1 — ge=™))'. It follows that b; = [¢/ 1, —93'*1],.

For v, = 0 it follows that Cov(e?,2 ,) = 0 and ayx = o for k > 0 since &, = youy is
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iid in this case. The optimal instrument then is z; = lim, o P),ef* a.s. and the limiting
distribution of 8, is (8, — By) — N(0,(P'P)™") which is the same as the limiting
distribution of the maximum likelihood estimator. Figure 1 shows a contour plot of the
function — arctan ||G(6, a)||* which has the shape of a long flat valley with a unique global

minimum at (3, where — arctan |G(8, a)||* = 0.

Figure 1

When v, > 0 the optimal instrument is given by

/

o o
k-1 k-1
=Y b S akksi ok — Y05 fokrerok
k=1 k=1

In Figure 2 we plot the asymptotic relative efficiency 02(¢pyrr)/0%(¢y) of the PML
estimator which reaches .7 around ¢ = —.9 and improves as ¢ gets closer to zero. The
overall shape and magnitude of the efficiency improvement of IV over PML is very similar
to the pure AR(1) model analyzed in Kuersteiner (1999). In Figure 3 we plot the same
efficiency gains for the parameter § when ¢ is varied over [—1, 1] . Note that here the shape

of the efficiency curve is much less symmetric.
Figure 2,3

We now report a Monte Carlo experiment to investigate how well the asymptotic effi-

ciency properties of the IV procedure hold in finite samples. We generate samples of size
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n =2k for k = 7,8, ...,10 from Model (15) with ARCH(1) innovations.

Starting values are yg = 0, hg = 0 and ¢y = 0. In each sample the first 500 observations
are discarded to eliminate dependence on initial conditions. Small sample properties are
evaluated for different values of (3, v; € [0,1). For GARCH processes it was shown in
Milhoj (1985) and Bollerslev (1986) that asymptotic normality established in previous
chapters only obtains for a subset of values for ;. Nevertheless, simulation results are
reported for parametrizations outside this range in order to analyze the robustness of the
proposed IV procedure to departures from the assumptions.

The parameter [ is estimated in several different ways. The PML estimator based
on a Gaussian likelihood is denoted by (g and was computed using the NAG Fortran
routine G13AFF, Mark 18. This routine forces the parameters to be in ©. The opti-
mal instrumental variables estimator is obtained from the consistent first stage estimator

R - - 2
Bors as f(a) = argmin HGn(ﬁ,d)H . We also compute the more general IV estimator

~ 2
Bla(m)) = argmin [ Ga(8, a(m))|

where m is set to 5,10, /n, n2/5. Both problems are
solved numerically with the constrained nonlinear optimization routine nag nlp sol of
the NAG f190 (release 3) library of Fortran 90 subroutines using oy as a starting value.

We can compare the asymptotic gains reported in Figure 1 with the empirical efficiency
of the estimators 3(a) and 3(a(m)) based on 1,000 replications for sample sizes ranging
from 128 to 1024. The results are summarized in Tables 1-16. The results for v; = .5 in
Tables 1-8 can be directly compared to the theoretical efficiency gain calculations. For the

estimator 3(@) based on the diagonal weight matrix, reported in Tables 1-4, the sample

sizes needed to achieve efficiency gains are relatively large with 1024 observations. As
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expected, the strongest gains are achieved for |¢| > .5. The moving average parameter
0 is generally less well estimated by this method than the autoregressive parameter ¢.
For parameter values near the point of non-identification where 8 = ¢ the IV procedure
performs relatively poorly compared to Gaussian pseudo likelihood estimators. Overall
the performance of the IV estimator is superior for large sample sizes and at well chosen
points in the parameter space. For smaller sample sizes and at less favorable points in the
parameter space the Gaussian estimators tend to dominate but IV performs reasonable
even under these circumstances.

In Tables 5-8 we report the performance of the unrestricted IV procedures 3(a(m)).
These procedures perform better than B (a) and achieve gains over the Gaussian estimator
at favorable points in the parameter space even in small samples of 128 observations. In
larger samples they almost uniformly dominate Gaussian estimators, with the exception
of points very close to 6 = ¢. As has to be expected from the theoretical calculations the
estimators for 6 again fare slightly worse than for ¢. The overall preferred choice for m is
m=mn

In Tables 9-16 we report results for v; = .9. Strictly speaking these experiments are not
covered by the theoretical results because vy; > \/1/73 implies that Ee} does not exist. The
IV estimators nevertheless perform well and in fact achieve even larger efficiency gains.
This is especially true for G(a(m)) which achieves variance reductions of up to 60% in
large samples. There is however an outlier problem for this estimator. This is particularly
evident from Table 14 where the mean absolute error for 3(a(m)) is improved over 8prg

while the same is not always true for the variance measure. Looking at the inter quantile
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range however shows that the distribution of 3(a(m)) is more concentrated than for 357 g
at least as long as |¢| > .5.

The simulations show that even if the true weight matrix  is diagonal it is better
not to impose this restriction and to estimate the full non-diagonal weight matrix. The
recommendation that can be given based on the simulation results is to use 3(a(m)) with
m = n2/5. The choice of m reported here is clearly limited by the small scale of the Monte
Carlo experiment and no claim is made that this choice is optimal from a theoretical point
of view. The simulations however also seem to indicate that the performance of 3(a(m))

is not very sensitive to the choice of m at least in the cases considered.

7. Conclusions

In this paper we have analyzed the instrumental variables estimator for stationary linear
process models and ARMA models in particular. It was shown that a GMM estima-
tor based on the infinite number of moment conditions Feies can be constructed. The
maintained hypothesis in this paper is that the innovations ¢; are martingale difference
sequences. The overidentified GMM estimator can be conveniently represented in the form
of an exactly identified IV estimator. It is shown that under the additional restrictions used
in Kuersteiner (1999) a feasible version of the GMM estimator is available even when the
number of moment conditions used in estimation is the same as the number of observations.

The procedures proposed in this paper are optimal in the class of GMM estimators
based on instruments that are linear in the observed data. While inclusion of nonlinear

instruments is possible in principle and would improve asymptotic efficiency it creates
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difficult issues of implementation. Linear instruments have the advantage of being approx-
imately ordered by their time lag in terms of their importance. This ordering is lost when
nonlinear instruments are included and a more sophisticated selection procedure has to be
implemented to make any such procedure feasible.

The proposed procedures are developed for univariate time series models. Extensions to
the class of vector ARMA models could be proved along similar lines. If ho(L)y; = go(L)es
in the notation of Dunsmuir and Hannan (1976) then IV procedures would be constructed
based on the moment conditions Fe; ® €5. Consistent estimates then have to be based on
instruments that are not orthogonal to any process g~ *(L)h(L)y; in the VARMA class.

Simulation evidence for a univariate ARMA(1,1) model shows that the procedures do
achieve, sometimes significant, efficiency gains in finite samples. This is especially true
when the model is well identified and the autoregressive parameter is larger than .5 in

absolute value.
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A. Appendix - Lemmas

Lemma A.1. Under Assumption (A1) for each m € {1,2...} , m fixed, the vector

n

1
—— [Stf‘:t—ly ceey 5t5t—m] = N(O, Qm)

t=1

3

with Qy, defined in (7).

Proof. We note that individually all the terms e4&;_j with k > 1 are martingale difference
sequences (mds). Now define Y/ = [eie4-1, ..., €¢€¢—m] . Then it is enough to show that for
all ¢ € R™ such that ¢'¢ = 1 we have ﬁ Z(’fft = N(0,1) where now Y, = 9%1/21/} and
Q,, = EY;Y/. Note that ('Y, is a mds and a martingale CLT (see Hall and Heyde , 1980,

Theorem 3.2, p.52) can be applied to the sum >, ¥, = ﬁ » Y,.

Lemma A.2. Let ¢, satisfy Assumption (A1). Then o € 12, o # 0 such that Yooy Qii—i =

0 a.s.

Proof. If 3a € 2, a # 0 such that > e = 0 a.s assume without loss of generality
a1 #0. If oy =0 for all i = 2,3,... then Y a;et—; = 0 a.s. is trivially contradicted. Now
assume «; # 0 for at least one i = 2,3, .... such that ;1 = —ozl_l Y o2y aier—; a.s. But then
E(et-1|Fi—2) = —al_l Y25 iet—; a.s. so that E(ey—1|Fi—2) # 0 with positive probability.

This contradicts the martingale difference assumption. l
Lemma A.3. Let Iy, (A\) = wny(AN)wn,2(—A). Inee () is the periodogram of {1, ... ,en}.
Assume ¢ satisty Assumption (A1) and that y, = > 22 ;ei—; with Yp(A) = 3222, e N
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such that 322 |j] |1;] < o0. Also et z; = > i ajer—j witha € A. Let < (.) be a function
on [—m,m] — C with absolutely summable Fourier coefficients {ci, —0o < k < oo} such

that ¢ (\) = S22 cje”™. Then for any n,e > 0

j=—00

as n — oQ.

Proof. First an expression for Ry, (A) = I, y. (A) — L. (M) ¥()) is obtained. Using

Wiy (A) = P(Nwne (V) + 072 " 4hie N Up5 (N) (16)
§=0

where Upj () = Y 12]_jere™ = 371 e leads to

R, (A) = In,yz (>‘) - ¢(>‘)In,52 ()‘) =Wz (*A) n_1/2 Z'@Z)je_i)\jUnj (>‘)
=0

Note that (27)~! [ R, AN dd=n"1322 30, ZT LD oo OV 1CmErtjtm—k (Er—1 — En—i4r) -

Then using the Markov inequality it is enough to consider

n (27r)1/ Ry, (N)s(N) d)\‘ < 2supa,1€/2n*1/222 Z lagiem| 1] — 0
k

- k=1 =0 m=—o0
since the last term is bounded from ) 72, |ax| < oo and Y ;2 |I] || < co. W

Lemma A.4. Let I, .. (\) = wp(AN)wn (—A). Assume g; satisfy Assumption (Al) and
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let z = Z;‘io ajer—; with a € A. Then for any £ € R? such that (/¢ =1,

i =1 k=1

nt/?(2m) 7t Clpes (N)dA 4N ( Z Zak 74 akal€>

Proof. First note that (27)~! ffﬂ Ine: (N)dA = n-1 > €42 such that En1/2 2m)~ f Ine: (
0. It also follows that ;2 is a martingale difference sequence. However z; = ZZL ALEt—k
such that a direct application of Lemma (A.1) is not possible.

For a fixed m we introduce 2{" = > ;| ages— such that wy, (A) = n Y250k pme—irk
and I}, (A) = wn e (Awy, (—=A). From Billingsley (1968, Theorem 4.2) it is enough to show

that for all € > 0,

w2 [T P ) = L) 2 f =0

—Tr

lim limsup P {
m—0o0 n—oo

where

n'/2(2m) e’(fggz (A) = Inez(N) dx—nﬂﬂZZeakem k

- t=1 k>m

Since Fageier_p, = 0 it is enough to consider

n o0 2 n o0 o0
n'E (Z Z Elaketst_k> =n"! Z Z Z Cagalay; — 0 as m — oo.

t=1 k>m t=1 j>mk>m

Applying Lemma (A.1) then gives the result. B

Lemma A.5. Assumption (B1) implies that &(3,j) = (2m)~! [ C71(B, \)ePMd satisfies

> JlE(B,5)| < oo forall B €O.
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Proof. Since C~1(3,m) = C~1(B, —m) it follows from integration by parts that

8, ) =3

(2m)! / AC1(B, \)/Ore™N d)| (17)

From dC~1(8,\)/OX = C~2(8,\)0C(B3, \)/O) and the fact that C(3, \) satisfies >_ j [e(3, 5)| <
oo it follows that dC~1(3, \) /O has absolutely summable Fourier coefficients. Rearrang-

ing (17) and summing over j then gives the result.

Lemma A.6. Assume (Al), (BI-B3), (C1-C2). Let z = lim,, .o A, e with A, =
[a1, ... am], {ax}?2, € A* and €™ = [e,1,...,&,_m| . Then for any convergent sequence
B, € © with 3, — [ € © there exists an event E with probability one such that for all

outcomes in E, Gy (6,,,a) — G(5,a).

Proof. Without loss of generality assume that z; takes values in R. Let Eyz, =
Yy (t — 8), and cum(yt, zs, Yg, 2r) = Cyyz2(t — 8, — ¢, — r). Then, from Assumption (A1)
and the proof of Theorem 2.8.1 in Brillinger (1981) it follows that hyz (])‘ < oo and
Y sqr|Cyyz2(8,q,7)| < oo. For each € > 0 there exists an ng < oo and é > 0 such that
18, = BIl < 6 and

sup  sup |[CTH(B,A) — CTH(B, )| <e
g -pl<s >

for n > ng by continuity of C~1(3, \) at 8 € ©. For 3’ such that Hﬁ' — ﬁH < 6 the lag poly-
nomial C~1(#, 2) has an expansion with coefficients &(3, j) such that Z;’;lj }E(ﬁ’,j)’ <
0o. We will use the short hand notation & = ¢(, j). Let X,,(3) = Gn(8,a)—EGn(5, a) and

define X,, = sup (8| Since EGn(#',a) — G(3',a) and |G(3',a) — G(3,a)| <

8 —5||<s |Xn

€ [ | fy=(A)| dX uniformly for all 3’ such that ||3" — || < & it is enough to show that X, — 0
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almost surely. Thus letting X,,(j) = Z?:_f YeZirj — Vy=(—J)

1/2
Xp< sup 'Y |G 1Xa()] < Kon ™t [ D572 [ Xn()
ﬂ/*ﬂH<5 j=0 =0
where Ko = sup ﬂ'—BH<6 (Z;’;O ’5;’]) We consider
EXZ < Kin™Y i (EXa(j)?).
j=0
Since
EXn(j)2 S n Z }Vyy(k)ﬂ}/zz(k) + ’sz(k)’sz(k)} +n Z |ny22(j7 k? l)’
k=—o0 J,k,l=—00

for all j there is a Kjsuch that EX2? < Kon~! where Ky = 7rTleKg. For n/2 <mnj <n

consider X, ,, = sup o —p<s | X,,(8) — X, (8')] such that

1/2
ny
Xnmy < Ko(n—n1) (nna) ™ D 57 X, ()
=0
. 2\ 1/2
n n—j
+Eon Y i Do waeg — (=)
j=0 t=max(ni—j,1)
Now
ni
Kg(n—m1)® (nn1) 2B 72X, () < Ka(n —ny)n >
=0
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and

: 2
n n—j
Kgn™Y j°E S wm = Y= | <K P(n—m)
j=0 t=max(ni—j,1)

1/2

together with E (Y + Z)? < EY?242 (EY?EZ?)'"+EZ?implies that EX2 < Koyn™?(n—

n1). It now follows from Lemma 3 in Gaposhkin (1980) that X,, — 0 almost surely. Let

this event be E. From |Gy (5, a) — Gn(B,a)| < X, for all n > ng the result follows. B
B. Appendix - Proofs
Proof of Lemma 3.1 From the definition of (3,, it follows that
0 <liminf |G (6,,a)]” <lim sup 1G (s @)l <lim sup 1G (8o, a)lI* (18)
From Lemma (A.6) it follows that G, (0, a) — G(5y, a) = 0 almost surely. Thus
limnsup IGn(B,,,a)|* = lirrln |G (B,,,a)||> = 0 almost surely. (19)

Let E be the probability one event in Lemma (A.6). Now consider the sequence (3,, € ©. If
f3,, does not converge to 3, then by compactness of © there exists a subsequence 3, such
that 3, — 8 € ©. By Lemma (A.6) and Assumption (C2) liminfy, |G, (ﬁnk,a)H2 >0

a.s. contradicting (19). Therefore 3, — 5,. B

Proof of Proposition 3.2 We only prove that Assumption (C2) holds. We first note
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that f,.(\) = C(By, e ™)lo(—A) where [,(A) = Y 52, age” ¥ such that
G(3,0) = 2m) ™ [ 9(8, e Hla(~2)a

with (3,e”?) = C~1(B3,e ") O(By, e ™). It is clear that 1(3y, e~*) = 1 so that G(3,, a)

0.
We need to show that for C(8,e ™) = 0(e=*)/¢p(e™*) there is no other 3 € © such

that G(,a) = 0. The orthogonality conditions can be written as

(2m)! / " @(B. ) — Dla(—A)dA = 0. (20)

—Tr

We want to show that the only function ¢(8,e™*) — 1 : [~7, 7] — C satisfying this

condition is

P(B,e?)—1=0. (21)

If the assumptions of Proposition (3.2) hold then the only value 3 for which ¥(3,e™*)—1 =
0 is By.

Now showing that 1(3, e ~**)—1 = 0 is equivalent to showing ¢(e =)0y (e ) /¢y (e ) —
6(e~*) = 0 since the polynomial §(e~*) is not zero for any \ € [—m, 7] for 8 € ©. It is

more convenient to rewrite this equation as
¢e™™) = dole™)) C(Bg, e — (0(e™) = bo(e™)) =0
(& o\€ 0y € e ole = U.
Here C(By, ™) = p(e™™)/po (e~ ) is the lag polynomial of an ARM A(p, q) with a one

38



sided Fourier expansion ) 22, cje” ™M,

For j > max(p,q + 1) — p the coefficients ¢; satisfy the well known restriction

Cj — (]50710]‘_1 e T (bO,pCj—p = 0. (22)

We define the infinite dimensional matrix C with p rows as C' = [c, [0, ¢ 1,02, ¢,y [Op—1, € ]/]
with ¢ = [cp, c1, ...] and O, is the k-dimensional column vector of zeros then Condition (20)

has a matrix representation

AT — dy) — A,(0 — o) = 0. (23)

which can be written as RS = 0 where R is the d X d matrix R = A’D where

with 0 an oo X ¢ dimensional matrix of zeros and 6 = 3 — ;. We need to show that
ker R = 0 which follows if R is of full rank. We can distinguish two cases. If p = 0 then
R = A} and § = (€ — 0p) such that 6 = 0 if A, is of full rank. If p > 0 then C' contains p
linearly independent vectors in /2 which are also linearly independent of [~1,0] . So D has
full column rank. It is a finite rank operator mapping R? into the d-dimensional subspace
Im D of (. Since [? is a Hilbert space this subspace is closed and has an orthogonal
complement (Im D)* (see Gohberg and Goldberg, p.205). The finite rank operator A’

maps 2 into R If Im D Nker A’ = 0 then Im D = (ker A')" since 12 = ker A’ & (ker A')*
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where @ is the direct sum. Then, by theorem II.11.4 in Gohberg and Goldberg (1980),
Im A" = (ker A)J‘ = R? where the last equality is due to ker A = 0 since A is of full column
rank. It follows that {A’z|x € Im D} = R? and A’z = 0 for € Im D if and only if x = 0.
But this means that Im R = R¢ showing that R is of full rank.

Finally, we show that Im D is the space of all the solutions x = [z1,...] to ¢¢(L)x =0
for x;, 7 > d with d = p + ¢ initial conditions determining x1,...,24. To see this note
that ¢ = {cj};io is the solution to ¢g(L)c = 0 for ¢j, j > max(p,q + 1) — p which has
general form ¢; = Zle S /-;mjng;j where &,,7 = 1,...,k are the distinct zeros of
¢o(L) with multiplicity ;. The first max(p, g+ 1) — p coefficients c¢; are determined by the
max(p, g+ 1) boundary conditions implied by C(8,, L). The I? sequence D¢ then has j-th
element ¢; = Y P | 6;¢j_; with ¢j_p, = Zle S o> (1) ijlm”*lfi_j_m such that the
p coefficients &;y, of ¢; can be set arbitrarily to satisfy p initial conditions. The remaining

¢ initial conditions can be set by appropriately choosing 6p41,...,04. B

Remark 16. For finite dimensional matrices it is known from Corollary 6.2 in Marsaglia
and Styan (1974) that rank(A'D) = rank(D) — dim(ker A’ N Im D). Our proof extends
this result to finite rank operators on Hilbert spaces when A and D are of identical and

full column rank.

Proof of Lemma 3.3: Remember that [™_#7(8q, A)lo(—A)dA = A'P with P = [by, by, ...]'
where by = (2m) 7! [T _0InC(By, e=™)/0Be* dN. For C(By,e™*) = 0(N)/do(A) we have

e—iA e~ =i e—iAa /

om0 = (5T ) B Y
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Define the expansions of ¢y (z) = > 2oV, ;27 and 0y L2) =32, ¥g ;7. The coefficients
in the expansion satisfy the difference equation v, ;—@g 1% j_1—-.—@g ¥ ;—, = 0 which
has p linearly independent solutions. A similar expression holds for ¢ ;. Set ¥, ; = 1y ; =
0 for j < 0. Then by = [wd)’k,l,---,@b¢,k,p,w9,k,1,~-,ngyk,q}/. Any set of d = p + ¢

vectors by, , bk, , ..., g, is linearly independent because of the linear independence of the

d
solutions to ¢y(L)r = 0 and 6y(L)xr = 0 together with the requirement that ¢ (L) and
¢ (L) have no common zeros and that ¢, # 0 or 0, # 0. Thus P has full column rank.
When p > 0 we distinguish two cases. For the case where ¢ = 0, Im P = Im D where
D was defined in the proof of Proposition (3.2). This implies that ker P’ N Im D = 0 since

Im P = (ker P')*.

When ¢ > 0 then Im P = .S; where
S1 = {l‘ = [21,...] € 1*: ¢o(L)0o(L)x = 0 for zj,j > d, [x1, ..., 2q) = K,k € ]Rd}

while Im D = S. Since ¢g(L)x = 0 = ¢o(L)0o(L)x = 0 it follows that ImP O Im D.
But Im P = (ker P')*" and ker P’ N (ker P')™ = 0 which implies that Im D N ker P’ = 0.
To see that Im P = S) note that the j-th element ¢; in Im P is ¢; = Y7 6ithy ;; +
oL Sprithg iy for 6 € RL Since thy ;= S0y ST S () Kinglm eSS from the
general solution with a similar expression for ¢ ;_, it follows that 6my ;i +0ptwie j_w
is the general solution of a difference equation with roots £, ; and £, ; which is the same as
¢o(L)0o(L)x = 0. Since there are d free parameters 6;, ¢; can be made to satisfy d initial
conditions.

We now show that A** C A*. First let p = 0. Then a € A** implies rank(A'P) = q.
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Assume that rankA < q. Then dim(Im A’) < ¢ because ker A # 0. This contradicts A'P
to be of full rank. Thus A, is of full rank and a € A*.

For p > 0 it follows by the same argument that the row rank of A’ has to be full. To
show that ker A’ NS = 0 assume that ker A’ NS # 0. We have shown that S = Im D
and Im D C Im P. This implies ker A’ N Im P # 0. But then 3z € R?, z # 0 such that

Pz € ker A’ thus A’Px = 0. This contradicts A’P being full rank. B

Proof of Theorem 3.4: Let M,(8,a) = Gn(B,a) — G(B,a). We use a mean value

expansion for My,(8,a) = Mu(Bg,a) = 55 Mn (5%, a) (8 — Bo) with ||37 — Bo|| < 116 — Boll-

Then
g+t 0 . .
sup |[Myn(B,a) = M(Bg,a)|| < — 53 n()
18—Boll<8
=
where the second term is O(n~'). Note that 8%0_1(5, ) = C72(p, ) C(B,\) such
that j H 55C; || is summable by Assumption (B1). It then follows from arguments similar

to the proof of Lemma (A.6) that E'supz_g,|<s [|[Mn(8;a) — M(By,a)|| < K6//n for
some constant K. For any sequence 6§, — 0 the Markov inequality then implies that
SUP||g—g, <5 VT | Mn(B3,a) — M(Bg,a)|| = op(1). From Theorem 3.2.5 in van der Vaart
and Wellner (1996) it follows that ||3 — 3|l = O,(n~'/2). Following the proof of Theorem

3.3 in Pakes and Pollard (1989) we now consider

0

|65~ Gutin) - | 55

ann)’} (B — o)
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0
9B

< IMa(Gnr) = M0, )+ |6(5) ~ |53 | 5 = o)

Pick a sequence 6, such that P(||3,, — Bol| > 6n) — 0. Then for any €, > 0 there exists

an n such that

P(Vn||Mn(B,a) = M(Bg,a)| > €) < P(||ﬂ—SﬂuIH)<6 V| M (B, a) = M(By, a)l| > €)

P(1Bn = Boll = 6n) <n

The term HG(BH) - [a%iGn(ﬂfl)’} (B,, — ﬂO)H = 0,(n~/2) by a mean value expansion ar-
gument of G(,,) around [, and the fact that convergence of [%Gn(ﬂ%)’ } can be shown
by the same arguments as convergence of G, (3, a) noting that both y; and z; are strictly
stationary and d1n C(3, e~*) /03 is uniformly continuous on [—7, 7| x U for U C ©, U com-
pact, By € ©. A set U with these properties exists by local compactness of the parameter
space. The details are omitted.
We have thus established that
0 [ 0

LggCn(8 BuIVnGn(B,,) = (M + 0p(1))[VnGn(Bo) + a—ﬁiGn(ﬁZ)'] V(B = Bo)l + op(1)

where M = o2(2m)~ [T 0In C(By, e=*)/0Bla(N)dA. Next, turn to
VnGa(Bo) = vn(2m)™t [ O By, ™) g (A)d.

—Tr

From Lemma (A.3) it follows that \/n [ C~1(Bg, e ™) Ly (N)dX — /0 [T I e (A)dA =
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0p(1). Using Lemma (A.4) then shows that v/nGp(8p) <, N(0,>272 > 52 agaka;) where
it should be noted that >;°, Y% | ayaka) = lim A QA The result now follows from
Ol C(By,e ™) /0B = S 32, be™™* such that (2m)~1 [T 9InC(By, =) /0Bla(N)d\ =

o /
k=1 bray. W

Proof of Lemma 4.1 From Assumption (A1) it is clear that Qz € (2 for all x € [%.
It remains to show that ker Q = 0. Assume there is x € [2 such that x # {0,0,...} and
Qz = 0. Then also ' Qz = 0 which can be written as E(E, zigses—;)? = 0. But this is
only possible if > x;e16,—; = 0 with probability one. Now Y w64 =0 a.s. if 46, =0
a.s. or the functions e;_; are linearly dependent a.s. which is ruled out by Lemma (A.2).

On the other hand if e,6;—; = 0 a.s. for all i then e2e? ;, = 0 a.s. But then F(e?e? ;) =0
for all ¢ which contradicts Assumption (Al). Therefore Qx = 0 can only hold if z = 0.
Thus ker Q = 0. Symmetry of  now implies that Im Q = [? therefore Q! exists and is
bounded on /2.

Finally, it follows at once from before that .I‘,lQO.I'm = E(3. ximeter—i)? > 0 where

the inequality is strict by Assumption (A1). So €, is positive definite such that AT >0

V4, m. This shows that €, has full rank. l

Proof of Lemma 4.2 By Assumption (Al) we know that > > |o(k,l)|] < B thus
Y plo(k,1)] < B for any l. Therefore for any fixed I, o (k,l) — 0 as k — oo. This holds
also if the roles of k and [ are reversed. Also ), |o (k,k)| < B such that o (k,k) — 0

as k — oo. Define the infinite dimensional matrices S73, S5} and S35 according to the
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following partition

Qm ST5
S5t S5
Then tr(S3S73) = 37,41 e lo (K, DI* — 0, tr(S51S5) — 0 and tr(S5 — o*1)(Sg3 —

o*I )’ — 0 as m — 00. Define the infinite dimensional approximation matrix

Clearly Q! exists Vm by Lemma (4.1) and the partitioned inverse formula. We now have

@' - =@ - a0

such that

l7t —n | < e e - Qql e

where ||.|| is the matrix norm defined by [|A| = SUP)|4,<1 | Az||,, . First show that |||

is bounded. By the partitioned inverse formula

such that ||| < ||2,!||+0~*. We have shown in Lemma (4.1) that 0 < ming,—y 'Qx
which together with ming,—; 2'Qr < ming o, —1 2] Q2 Vm implies that the smallest

eigenvalue A7 of €1, is bounded away from zero uniformly in m. Then by a familiar
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inequality for all z € R™ 2'Q;lz/2'z < 1/\* < oo Vm such that HQ;LIH < oo since for

finite m all norms are equivalent. Also HQAH < 00 by Lemma (4.1) and

10—l = sup (DD octkla + D Dok Da
IzlI<T \ k=1 |1=m+1 k=m+1 | =1
< supzz lo (k, )| |z;| + sup Z Z]ak’l |7y
[£215S S —— lel<1 g=mi1 =1
< 2 Z Z]a(k,l)]%OasmHoo.
l=m+1 k=1

Thus }|Q*1—Q;';;1H —0asm—ooll

Proof of Theorem 4.3 For all m fixed it follows from standard results that
(P Am) (A1 QA ) (A, Prn) ™t = (PR Pr) ™ > 0.

But since for any sequence {z,,} such that x,, > 0 for all m it follows that lim inf,, z,, > 0
the above inequality also holds in the limit. Since both b(P) € ! and a(A) € I* it follows
from a bounded convergence argument that lim,, P} A,, exists and is finite. If a € A** then
the inverse exists as well. The same arguments can be used to show that lim,, A/ Q,, A,
exists and is finite.

Finally note that

lim P, Q-'P, = P'Q™'P
m

by Lemma (4.2) since Py, € (*. R

Proof of Theorem 5.1 We first show that a(A) € A for A’ = P'Q~1. From Assumption
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(A1) it follows that  maps I! into I'. To see this write Q = ¥ 4 0*I where the matrix %
consists of elements o(k, ). For x € I' we have Qx = Yo + oz with Xz € [ because of the
summability restrictions on o (k,[). From Lemma 4.1 we know that for z € I C [? we have
Q 'z € 2. Assume Q7 'z ¢ [*. Then v = QQ 'z = Q" 1z + 0*Q 71z, But 3Q 1z € [L
Thus ||o*Q ||, = ||z —2Q 2|, < [zl + ||EQ 2|, and [lz[|; becomes unbounded
because of Ha"‘Q_lxﬂl. But this contradicts the assumption that « € ['. It follows that
the image of I* under Q7! is also in {* which in turn implies that > 70 ; |wik| < oo for all [.
This can be seen by considering the image under Q! of the [-th unit vector. Since P € A
it now follows that P'Q~! € A.

In light of Lemma (3.3) we only need to show that a(A) € A** which implies a(A4) € A*.
The optimal instrument is defined by A’ = P'Q! or A’Q = P'. The row rank of A’ is
therefore the same as the column rank of P which has full column rank, thus establishing
that Ay = [a1, ..., aq] is nonsingular.

Next, [#(B,\)la(—N)'d\ = P'Q7'P and P'Q7'P = E(c}22;). Now, det P’Q™1P =
0 = 3¢ € R ¢ # 0 such that ('E(e?22,) = 0 = ('E(c?22,)¢ = 0. Then for z; := 'z,
0 = E(c}x}) = Ex}E [e} |Fi1] = E[e}|Fi—1] = 0 as. or 27 = 0 as. Now, clearly
FE [5? |,7-"t,1] = 0 a.s. is ruled out by Assumption (A1). Then z? = 0 a.s. implies z; =
0l'zz = 0 a.s. From Lemma (A.2) it follows that z; = 0 a.s. is impossible and we have

shown before that the column rank of A is full so that £z, = 0 a.s. is also impossible. B

Proof of Theorem 5.3: We need to show that Y 7- , |k| Mak]j} for j =1,...,d is bounded.

Since P € A we can write P’ = P'Q~1Q = P'Q~(¢*I + X). Define the vector £} = key,
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where ey, is the k-th unit vector. Then
Pl = P QYo + 24y (24)

Now, the sequence {Plﬂk}

:1 € A and X¢, € 1! for all k. Therefore, by the fact that

o

a(P'Q~ 1) € A and by the summability assumption of Lemma (5.3), {P'Q_lEﬁk} . € A

From (24) we have

)P’Q—leka‘*‘ - ’P'ﬁka'Q_lEﬁk‘

VAN

)P’ek) v ‘P’Q—lzek‘ .

where |.| is a vector norm on RY. Without loss of generality we use |x| = sup, |z;| for
z € RY. Summing over k gives 0% > 52, ’P/Qflﬁk’ <>y (’Plfk’ + ’P/Q*IZ&C}) < 0o0.

Note that ’P/Qflﬂk’ = k|[> 72, biwik| . This establishes the result l

Proof of Corollary 5.4: We first need to establish consistency. For this we show that

uniformly in O,

Gn(B,a) — Gn(ﬁ,a)H %, 0. Note that z; — 2 = 22;11 aj(e—j — &—j) +
dieiajer—j and ey — &j = 372, i c(Bo, )yt—j—1. Without loss of generality assume

a; € R. Then

n t—1 00

t—1
Gn(ﬁva) - Gn(ﬁ: a)} S n_l Zza] Z C(ﬂ07l)yt7jflzégytfr
r=0

t=1j=1 I=t—j

n t—1

+n 1 Z ajat_jZEEyt_r
r=0

t=1 j=t =

NE

where, using ¢ < 2|7 |!| on the relevant range of summation, the first term can be bounded
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n t—1 t—1
122j|a]| Zt 1l| 507 |Z Yi— i— 1Yt—r Wyy(j‘|‘l*7")‘
t=1j=1 I=t—j r=0

n t—1 t—1

207ty > gl Zt e(Bo, DI Y |&F | [y + 1= 7))

t=1 j=1 l=t—j r=0

Note that E ‘yt_j_lyt,,« — VG +1— T)} is uniformly bounded in ¢, j, [, 7 and the remaining

terms in the expression are summable in ©. We can therefore bound the sum by

n n
Kn_l Zt—l < Kn—1+V Zt—(l-‘ru) _ O(n—l-i-u)
t=1 t=1

for v € (0,1/2) and some constant K. Thus by the Markov inequality the first term is

Op(n~1). The second term can be bounded by

(r — )’

n o
nIY ety |Yi—r€i—j — Yye(r — 4)|+n~ lzt 123
t=1  j=t j=

where again E |y;—re¢—j — v, (r — j)| is uniformly bounded and n=* };; t7! = O(n~11)

for v € (0,1/2). This establishes supgcg ’Gn(ﬁ, a) — Gn(B, a)’ %, 0 and thus 8 2 §,. Next

we show that supgeg ’Gn(ﬁ, a) — GE (B, a)’ = Op(n~1). Note that

min(n+k+l,n+j)

GG = XSS ada Y wmer

§=0 k=1 1=0 t=max(k+1,j)
min(n+k+l,n+j)

= GBS afa fmaxG kD <n} [ S vk

§=0 k=1 (=0 t=n
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min(n+k+l,n+j)

ZZZcﬁfak {max(j,k+1) > n} Z Yt iYt—k1

7=0 k=1 [=0 t=max(k+1l,j)+1

+

Sl

where the second term is uniformly bounded in expectation by

n n

1 - Ny _
- sup E |yys| sup Z]lk’ |c1] ’cﬂ lag| = O(n™1)
t,s ﬂ §=0 k=1 1=0

where we can exchange sup and E by a dominated convergence argument since j |¢

uniformly summable on ©. The third term can be uniformly bounded in expectation by

oo oo k+l

—SupE|ytyslsupZZZ (k+1) \clw ﬁ’|ak|{k‘+l>n}
k=1 I= 0] 0
—supE!ytyslsupZZZJ!Czl }Cﬂ’ |ak|
k=11=0 j=n

which is also O(n™!). It then follows that Esupg ‘én(ﬂ,a) — GF(B,a)| = O(n~1). The

result follows by the Markov inequality. For the limiting distribution expand (12) as

VB~ Bo) = [0GE(5*.0)/08] " VRGE (B,a) + 0p(1)

where Hﬁ+ — ﬂOH < HB — ﬁOH where 3" varies across different rows in 8@5(ﬁ+, a) by the
mean value theorem. From Lemma A.2 and A.3 in Kuersteiner (1999) it follows that

VnGE(By,a) 5 N(0, P’Q~'P) and by standard arguments

OGE (", a)/08 2 / (B0, Mlu(—AYdA = PP m
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p
=

Proof of Theorem 5.5: For consistency we establish that supgcg ‘éff(ﬂ, a) — GE(3,a)

0. Here

wp [G(3.0) — G5, < o 3 15 sup 480 ) = BN [ LN
€[-mm

where sup, ’h(ﬂo,)\) — (B, )\)‘ = 0p(1) by Theorem 5.1 in Kuersteiner (1999) such that

consistency follows by standard arguments. The same arguments also lead to

9 AF _ 9 AR -
Egg aﬁGn(ﬁ,a) aﬁGn(ﬁ,a)

2.0

The limit theory is established by showing that \/n <C~¥5(ﬁ0, a) — GE(B,, d)) = 0p(1). The
proof is essentially identical to the proof of Theorem 5.2 in Kuersteiner (1999) and is

omitted. Il

o1



Brillinger, D. R., 1981. Time Series, Data Analysis and Theory, Expanded Edition.

Holden-Day, Inc.

Brockwell, P. J. and R. A. Davis, 1987. Time Series: Theory and Methods. Springer

Verlag-New York, Inc.

Chen, B. and P.A. Zadrozny, 1998. An Extended Yule-Walker Method for Estimating
a Vector Autoregressive Model with Mixed Frequency Data.In: Advances in Econo-

metrics, vol 13, T. Fomby and R.C. Hill, eds., JAI Press, 47-73.

Deistler, M., W. Dunsmuir, and E.J. Hannan, 1978. Vector Linear Time Series Models:

Corrections and Extensions. Adv. Appl. Prob., 10:360-372.

Dunsmuir, W.;1979. A Central Limit Theorem for Parameter Estimation in Stationary
Vector Time Series and its Application to Models for a Signal Observed with Noise.

The Annals of Statistics, 490-506.

Dunsmuir, W. and E.J. Hannan, 1976. Vector Linear Time Series Models. Adv. Appl.

Prob., 8:339-364.

Gaposhkin, V.F., 1980. Almost Sure Convergence of Estimates for the Spectral Density

of a Stationary Process. Theory of Probability and its Applications, 169-176.

Gohberg, I. and S. Goldberg, 1991. Basic Operator Theory. Birkhauser.

Hanani, H., E. Netanyahu, and M. Reichaw, 1968. Eigenvalues of Infinite Matrices.

Colloquium Mathematicum 19, 89-101.

52



Hannan, E.J., 1973. The Asymptotic Theory of Linear Time Series Models. Journal of

Applied Probability 10, 130-145.

Hansen, L.P., 1982. Large Sample Properties of Generalized Method of Moments Esti-

mators. Econometrica 50, 1029-1053.

Hansen, L.P., 1985. A Method for Calculating Bounds on the Asymptotic Covariance
Matrices of Generalized Method of Moments Estimators. Journal of Econometrics

30, 203-238.

Hansen, L. P., J. C. Heaton, and M. Ogaki, 1988. Efficiency Bounds Implied by Multi-
period Conditional Moment Restrictions. Journal of the American Statistical Asso-

ciation 83, 863-871.

Hansen, L.P. and K. J. Singleton, 1991. Computing Semiparametric Efficiency Bounds
for Linear Time Series Models. In William A. Barnett, James Powell, and George
Tauchen, editors, Nonparametric and Semiparametric Methods in Econometrics and

Statistics (Cambridge University Press), 387-412.

Hansen, L.P. and K. J. Singleton, 1996. Efficient Estimation of Linear Asset-Pricing
Models with Moving Average Errors. Journal of Business and Economic Statistics,

53-68.

Hayashi, F. and C. Sims, 1983. Nearly Efficient Estimation of Time Series Models with

Predetermined, but not Exogenous, Instruments. Econometrica, 51, 783-798.

Hosoya, Y. and M. Taniguchi, 1982. A Central Limit Theorem for Stationary Processes

53



and the Parameter Estimation of Linear Processes. The Annals of Statistics 10,

132-153.

Kabaila, P.V., 1980. An Optimality Property of the Least Squares Estimate of the
Parameter of the Spectrum of a Purely Nondeterministic Time Series. The Annals

of Statistics 8, 1082—-1092.

Kuersteiner, G.M., 1997. Efficient Inference in Time Series Models with Conditional

Heterogeneity. Ph.D. Dissertation, Yale University.

Kuersteiner, G.M., 1999. Efficient IV Estimation for Autoregressive Models with Con-

ditional Heterogeneity. MIT Department of Economics Working Paper No. 99-08.

Magnus, J.R. and H. Neudecker, 1988. Matrix Differential Calculus with Applications

in Statistics and Econometrics. John Wiley and Sons.

Marsaglia, G. and G. P. H. Styan, 1974. Equalities and Inequalities for Ranks of Matrices.

Linear and Multilinear Algebra, 2, 269-292.

Milhoj, A., 1985. The Moment Structure of ARCH Processes. Scandinavian Journal of

Statistics 12, 281-292.

Nelson, D.B. (1990): Stationarity and Persistence in the GARCH(1,1) model. Econo-

metric Theory 6, 318-334.

Nelson, D.B. (1991): Conditional Heteroskedasticity in Asset Returns: A New Approach.

Econometrica 59, 347-370.

o4



Pakes, A. and D. Pollard (1989): Simulation and the Asymptotics of Optimization Es-

timators. Econometrica 57, 1027-1057.

Royden, H.L., 1988. Real Analysis. Macmillan Publishing Company.

Stoica, P., T. Soderstrom, and B. Friedlander, 1985. Optimal Instrumental Variable Esti-
mates of the AR Parameters of an ARMA process. IEEE Transactions on Automatic

Control 30, 1066-1074.

Stoica, P., T. Soderstrom, and B. Friedlander, 1987a. Optimal Instrumental Variable
Multistep Algorithms for Estimation of the AR parameters of an ARMA Process.

International Journal of Control, vol 45, 2083-2107.

Stoica, P., T. Soderstrom, and B. Friedlander, 1987b. Instrumental Variable Methods
for ARMA models. In: Control and Dynamic Systems-Advances in Theory and
Applications, vol. 25: System Identification and Adaptive Control (C.T. Leondes,

Ed.), 79-150, New York, Academic Press.

Taniguchi, M., 1983. On the Second Order Asymptotic Efficiency of Estimators of

Gaussian ARMA Processes. The Annals of Statistics 11, 157-169.

95



