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Abstract

Pfanzagl and Wefelmeyer (1978) show that bias corrected ML estimators are higher order efficient.

Their procedure however is computationally complicated because it requires integrating complicated

functions over the distribution of the MLE estimator. The purpose of this paper is to show that

these integrals can be replaced by sample averages without affecting the higher-order variance. We

focus on bootstrap and jackknife based bias correction as a way to implement bias corrections in a

nonparametric way. We find that our bootstrap and jackknife bias corrected ML estimators have the

same higher order variance as the efficient estimator of Pfanzagl and Wefelmeyer. Bias corrected ML

estimators are therefore higher order efficient even if the bias function is estimated from the data

rather than computed analytically.
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1 Introduction

Optimality properties of otherwise asymptotically efficient estimators are often distorted by small sample

biases. Pfanzagl and Wefelmeyer show that bias corrected maximum likelihood (ML) estimators are higher

order asymptotically efficient. Their bias correction involves analytical computation of often complicated

integrals involving the true data density. From an applied point of view this procedure is therefore

unattractive if not often infeasible. As a result the statistical and econometric literature has seen a variety

of alternative bias correction techniques that achieve unbiasedness up to stochastic orders of n−1 in iid

settings, where n is the sample size.

Andrews (1993) considers median unbiased estimation of an autoregressive model with normal errors.

His procedure is based on the inversion of the quantile function that is in principle known or can be

numerically evaluated. Since this procedure depends on complicated functions of the underlying density

generalizations are not straight forward.

Taylor series expansions of the estimator can be used to obtain approximate formulae for the bias.

These formulas then need to be estimated, often by means of nonparametric techniques requiring the

choice of further nuisance parameters such as bandwidth selections.

In the context of simultaneous equations models Nagar (1959) proposed a similar correction based on

higher order expansions of the two stage least squares estimator.

A more generally applicable, and less parametric procedure is the Jackknife procedure and more general

resampling algorithms. The Jackknife bias estimator goes back to Quenouille (1949). Bootstrap bias

estimation was discussed by Parr (1983), Shao (1988a,b) and Horowitz (1998) in the context of nonlinear

transformations of OLS estimators of linear models and nonlinear functions of the mean. Bootstrap bias

correction is also mentioned in Hall (1992).

We extend the literature on the bootstrap and jackknife bias corrected estimator in two directions.

First, we analyze genuinely nonlinear estimators rather than nonlinear transformations of linear estimators

as in Shao. This requires a careful treatment of the potential nonexistence of moments of the actual

estimator. We address this problem by introducing truncating parameters that become less restrictive as

the sample expands. Secondly, the literature on bootstrap bias corrected estimators has been focused on

analyzing bias properties without investigating the effects of bias correction on the higher order variance.

We are instead working with third rather than second order expansions of the bias corrected estimators.

This allows us to analyze the effect bias correction has on the higher order variance of the estimator.

We are carrying out our analysis in a likelihood framework. This allows us to analyze higher order

efficiency properties of bias corrected estimators. We show that the bias correction, even though based

on sample averages, does not increase the higher order variance of the estimator compared to the bias

corrected estimators of Pfanzagl andWefelmeyer (1978) and thus leads to a higher order efficient procedure.
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2 Higher Order Comparison of Bootstrap and Jackknife Bias

Corrected MLE

In this section, we first consider a simple parametric model, and derive higher order expansions of the

maximum likelihood estimator (MLE). We then derive higher order expansions of the bootstrap and

jackknife bias corrected MLE, and argue that they are higher order equivalent. We argue that such bias

corrected estimators should have the same higher order variance as the bias corrected MLE developed by

Pfanzagl and Wefelmeyer (1978), which was shown to be third order optimal.

2.1 Higher Order Expansion of MLE

Consider a standard parametric model Zi ∼ f (z, θ0), which satisfies sufficient smoothness conditions. For
simplicity, it is assumed that dim (θ0) = 1. We consider properties of the MLE bθ where

bθ ≡ max
θ
n−1

nX
i=1

log f (Zi, θ) .

We later impose conditions that guarantee that the MLE can be understood as a solution to

0 = n−1
nX
i=1

∂ log f
³
Zi,bθ´

∂θ
≡ n−1

nX
i=1

`
³
Zi,bθ´ .

This condition is certainly satisfied for parametric models that have analytical solutions for bθ, at least
with probability tending to one if the true parameter is in the interior of a compact parameter space.

More generally, this condition could also be satisfied, at least up to an error that vanishes at a sufficiently

fast rate if the model does not posses an analytical solution but the maximum of the log likelihood lies

within the interior of the parameter space with probability tending to one. We are abstracting from

these technical details to keep the exposition of our main results as clear as possible. It is convenient to

understand bθ ≡ bθ ³ 1√
n

´
, where θ (²) denotes the solution to the estimating equation

0 =

Z
` (·, θ) dF² (z) .

Here,

F² ≡ F + ²∆ ≡ F + ²
√
n
³ bF − F´ , ² ∈

·
0,

1√
n

¸
and F and bF denote the underlying cumulative distribution function and the empirical distribution func-
tion bF (z) ≡ n−1Pn

i=1 1 {Zi ≤ z} .
We obtain bootstrapped estimates bθ∗ by sampling Z∗1 , ..., Z∗n identically and independently from the

empirical distribution bF . We denote the distribution of Z∗1 , ..., Z∗n by bF ∗ (z) = n−1
Pn
i=1 1 {Z∗i ≤ z}.
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Using previous notation it therefore follows that bθ∗ ≡ bθ∗ ³ 1√
n

´
is the solution to

0 =

Z
` (·, θ) d bF² (z) ,

where

bF² ≡ bF + ²b∆ ≡ bF + ²√n³ bF ∗ − bF´ , ² ∈
·
0,

1√
n

¸
.

Here, b∆ is the bootstrap empirical process b∆ ≡ √n
³ bF ∗ − bF´. We are imposing the following technical

conditions to guarantee the validity of our stochastic expansions.

Condition 1 (i) The function log f (·, θ,α) is continuous in θ ∈ Υ; (ii) The parameter space Υ is a

compact, separable metric space, θ0 ∈ int (Υ); (iii) There exists a function M (z) such that¯̄̄̄
∂m log f (z, θ)

∂θm

¯̄̄̄
≤M (z) 0 ≤ m ≤ 7

and E
h
M (Zi)

Q
i
< ∞ for some Q > 16; (iv) Letting G (θ) ≡ E [log f (Zi, θ)], we have G (θ0) −

sup{θ:|θ−θ0|>η}G (θ) > 0 for each η > 0.

Condition 2 Let φ (F, θ) ≡ R ` (·, θ (²)) dF (z) be a functional of F indexed by θ ∈ Υ, and let φ0 (F, θ) ≡R ∂`(·,θ(²))
∂θ dF (z). For all h ∈ D [−∞,∞] with khk ≤ 1 and limz→−∞ h (z) = limz→∞ h (z) = 0 and all

² ∈ [0, 1/√n] fixed, there exist bθ (²) ,bθ∗ (²) ∈ Υ such that φ
³
F + ²h,bθ (²)´ = 0 and φ³ bF + ²h,bθ∗ (²)´ = 0

except for some bF with probability zero. Also, assume φ0
³
F + ²h,bθ (²)´ 6= 0 and φ0 ³ bF + ²h,bθ∗ (²)´ 6= 0

except for some bF with probability zero.

Condition 3 For each θ ∈ Υ and for m ≤ 7 let ∂m log f (z, θ) /∂θm be a F -measurable function of z.

Condition 4 Let F be the class of functions ∂m log f (z, θ) /∂θm indexed by θ ∈ Υ with envelope M (z).

The envelope function M (z) satisfies Pollard’s entropy condition

Z 1

0

sup
Q∈P

vuutlogN ÃεµZ M2dQ

¶1/2
,F, L2(Q)

!
dε <∞, (1)

where P is the class of probability measures on R that concentrate on a finite set and N is the cover

number defined in van der Vaart and Wellner (1996, p.90).

Condition 1 is a standard condition guaranteeing identification of the model and imposing sufficient

smoothness conditions as well as existence of higher moments to allow for a higher order stochastic

expansion of the estimator. Condition 2 formalizes the fact that the first order conditions are satisfied

exactly at the maximum for observations that are generated from distributions that are contained within

a
√
n neighborhood of the true data density. This latter requirement is important for bootstrap based
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samples that are not derived directly from the original data density. Condition 3 together with separability

of the parameter space guarantees measurability of suprema of our empirical processes. As is well known

from the probability literature, measurability conditions could be relaxed somewhat at the expense of

more refined convergence arguments. We are abstracting from such refinements for the purpose of this

paper.

The idea behind using the bootstrap is roughly speaking that under certain regularity conditions it

can be shown that bθ∗ − bθ has the same properties as bθ − θ0 and can therefore be used to obtain bias
approximations and other corrections to the small sample distribution.

From Gine and Zinn (1990, Theorem 2.4) and Conditions 1,2,3 and 4 it follows that, almost surely,

n1/2
³
F̂ ∗ − F̂

´
→ T weakly in l∞ (F). We use the result on the convergence of the empirical processes to

obtain an expansion of the estimators bθ and bθ∗.
Let ` (·, θ) ≡ ∂ log f (·, θ)/∂θ, `θ (·, θ) ≡ ∂2 log f (·, θ)± ∂θ2, `θθ (·, θ) ≡ ∂3 log f (·, θ)± ∂θ3, etc. Define

I ≡ −E £`θ(Zi, θ0)¤ ,Q1 (θ) ≡ E £`θθ(Zi, θ)¤ and Q2 (θ) ≡ E £`θθθ(Zi, θ)¤ . It is convenient to express the
resulting expansion in terms of U and V-statistics. We define Ui (θ) ≡ ` (Zi, θ), Vi (θ) ≡ `θ (Zi, θ) −
E
£
`θ (Zi, θ)

¤
, Wi ≡ `θθ (Zi)− E

£
`θθ (Zi)

¤
and let U (θ) ≡ n−1/2Pn

i=1 Ui (θ), V (θ) ≡ n−1/2
Pn
i=1 Vi (θ),

and W (θ) ≡ n−1/2Pn
i=1Wi (θ) .

Proposition 1 Assume that dim (θ) = 1. Under Condition 1, there exists some ²̃ ∈
h
0, 1√

n

i
such that bθ

satisfies the expansion

√
n
³bθ − θ0´ = θ² (0) +

1

2

1√
n
θ²² (0) +

1

6

1

n
θ²²² (0) (2)

+
1

24

1

n
√
n
θ²²²² (0) +

1

120

1

n2
θ²²²²² (0) +

1

720

1

n2
√
n
θ²²²²²² (e²) (3)

where

θ² (0) = I−1U (θ0) , (4)

θ²² (0) = I−3Q1 (θ0)U (θ0)2 + 2I−2U (θ0)V (θ0) (5)

and

θ²²² (0) = I−4Q2 (θ0)U (θ0)3 + 3I−5Q1 (θ0)2 U (θ0)3 + 9I−4Q1 (θ)U (θ0)2 V (θ0) (6)

+3I−3U (θ0)2W (θ0) + 6I−3U (θ0)V (θ0)2 .

Moreover, θ² (0) = Op(1), θ
²² (0) = Op(1), θ

²²² (0) = Op(1) and max²∈
h
0, 1√

n

i θ²²²² (²) = Op(1).
Proof. See Appendix A.4.

Using expansion (2), we define the approximate estimator eθ ≡ θ0 + n
−1/2θ² (0) + 1

2n
−1θ²² (0) +

1
6n

−3/2θ²²² (0). We can now define the expected value of this approximate estimate as

Eθ

heθi = θ+ b (θ)
n

+
c (θ)

n3/2
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where

b (θ) ≡ 1

2
E [θ²²] =

1

2I2E
£
`θθ
¤
+
1

I2E
£
``θ
¤
.

If E
hbθi exists, then Eθ heθi will be approximately equal to E hbθi at least up to order 1/n except possibly

for some pathological cases. Therefore, we can understand b(θ)
n as the higher order bias of bθ. Likewise, we

have

E

"
√
n

µeθ − b (θ)
n

− θ0
¶2#

≈ 1

I +
υ

n

where

υ ≡ 1

4
Var (θ²²) +

1

3
E [θ²²²θ²]

Therefore, we can understand 1
I +

υ
n as the higher order variance of

bθ. Finally, we can define the higher
order MSE as

E

·³√
n
³eθ − θ0´´2¸ ≈ 1

I +
υ

n
+
b (θ)2

n
.

In order to approximate the bias of the bootstrapped estimate bθ∗ we need a similar higher order expansion
as in the case of the ML estimator. Here, however, the reference point around which we develop our

approximation is the empirical distribution bF rather than the original distribution F. The convergence ofbF to F then guarantees that bootstrapped statistics are close to the original statistics.
We replace I,Q1 andQ2 with bI=−n−1Pn

i=1 `
θ(Zi,bθ), bQ1 = n−1Pn

i=1 `
θθ(Zi,bθ) and bQ2 = n−1Pn

i=1 `
θθθ(Zi,bθ)

and define bootstrapped U and V-statistics as U∗i (θ) ≡ ` (Z∗i , θ), V ∗i (θ) ≡ `θ (Z∗i , θ)−n−1
Pn
i=1 `

θ (Zi, θ),

W ∗
i ≡ `θθ (Z∗i )−n−1

Pn
i=1 `

θθ (Zi, θ) and let U∗ (θ) = n−1/2
Pn
i=1 U

∗
i (θ), V

∗ (θ) = n−1/2
Pn
i=1 V

∗
i (θ) and

W ∗ (θ) = n−1/2
Pn
i=1W

∗
i (θ) we obtain for the following result for the bootstraped estimate bθ∗.

Proposition 2 Assume that dim (θ) = 1. Under Conditions 1,2,3 and 4 ∃²̃ ∈ £0, n−1/2¤ such that bθ∗
satisfies the expansion

√
n
³bθ∗ − bθ´ = bθ² (0) + 1

2

1√
n
bθ²² (0) + 1

6

1

n
bθ²²² (0)

+
1

24

1

n
√
n
bθ²²²² (0) + 1

120

1

n2
bθ²²²²² (²̃) a.s.

where bθ² (0) = bI−1U∗ ³bθ´ , bθ²² (0) = bI−3 bQ1 ³bθ´U∗ ³bθ´2 + 2bI−2U∗ ³bθ´V ∗ ³bθ´ etc. Moreover, bθ² (0) =
Op(1), bθ²² (0) = Op(1), bθ²²² (0) = Op(1), bθ²²²² (0) = Op(1) and max²∈[0,n−1/2] bθ²²²²² (²) = Op(1) where all
orders of probability hold PNa.s., where PN is defined in Proposition 6 in the Appendix.

2.2 Bootstrap Bias Correction

Bootstrap Bias estimation and Bias correction was analyzed in the context of linear models by Shao

(1988a,b). Let E∗ be the expectation operator with respect to bF. The idea behind the Bootstrap bias
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correction is to estimate E
hbθi − θ0, if it exists, by E∗ hbθ∗i − bθ. Since in our case we can not guarantee

existence of E
hbθi we show instead that E∗ hbθ∗i is close to b (θ) . This in turn will allow us to construct

the bias corrected estimate 2bθ −E∗ hbθ∗i.
Since θ is a potentially highly nonlinear function of the underlying density we introduce a truncated

version of the bootstrap bias estimator. A similar form of truncation was suggested by Shao (1988b).

However, Shao required that the truncation point was bounded in probability as the sample size grows.

We allow for growing truncation points in order to guarantee the asymptotically higher order unbiasedness

of our procedure.

We introduce the statistic C (Z), where C (Z) = Op(1) and Z ≡ {Z1, ..., Zn}. The truncated bootstrap
bias estimate is then defined as

b∗ ≡ E∗
h
hn

³bθ∗ − bθ´i
where

hn (x) =


−nαC (Z) if x < −nαC (Z)

x if |x| < nαC (Z)
nαC (Z) if x > nαC (Z)

(7)

Possible choices for C (Z) are estimates such as the standard deviation of bθ. We first establish that
E∗
h
hn

³bθ∗ − bθ´i estimates the higher order bias b (θ) consistently.
Proposition 3 Assume that dim (θ) = 1. Also assume Conditions 1,2,3 and 4 hold. Let hn be defined in

7 with α ∈ ¡0, 4130¢. Then
b∗ =

b (θ0)

n
+ op

¡
n−1

¢
.

Proof. See Appendix A.4.

Note that the restrictions imposed on α depend on the smoothness of the underlying model and could

be relaxed at the cost of additional restrictions on the densities f(z, θ). While this result establishes that

we can consistently estimate the higher order bias it is not sufficient to guarantee good higher order

properties of the bias corrected estimator. For this reason we establish the next result.

Proposition 4 Assume that dim (θ) = 1. Let hn be defined as in 7. Then

√
n
³bθ −E∗ hhn ³θ∗ − bθ´i− θ0´ =

1

IU(θ0) +
1√
n

µ
1

2
θ²² (0)− b(θ0)

¶
+
1

6n
θ²²² (0)− 1

2n
B+ op

µ
1

n

¶
,

where B is defined in (44) in the Appendix.

7



Proof. See Appendix A.4.

Because

E

·
θ²² (0)

2
− b(θ0)

¸
= 0,

we can see that the bootstrap successfully removes bias. It therefore follows that

E

·³√
n
³eθ −E∗hn ³θ∗ − bθ´− θ0´´2¸ ≈ Var³√n³eθ − θ0´´− 1

2n
E [Bθ²] .

2.3 Jackknife Bias Correction

An alternative to the bootstrap is a jackknife bias corrected estimator. We develop the higher order

theory for such an estimator in this section and compare its higher order properties to the properties of

the bootstrap bias corrected procedure. Let bθ(i) denote the MLE based on delete-i sample. The jackknife
bias corrected estimator is given by

θJ = nbθ− n− 1
n

nX
i=1

bθ(i)
The following proposition establishes the higher order properties of the Jackknife bias corrected ML

estimator.

Proposition 5 Assume that dim (θ) = 1. Also assume Condition 1 holds. Then the jackknife bias

corrected ML estimator has a higher order expansion as in

√
n (θJ − θ0) = θ² +

1√
n

µ
1

2
θ²² (0)− b(θ0)

¶
+
1

6

1

n
θ²²² − 1

2

1

n
J+ op

µ
1

n

¶
where J is defined in (52) in the Appendix.

Proof. See Appendix A.4.

It follows at once that

J = B, (8)

which means that the Jackknife and Bootstrap bias corrected versions of the ML estimator are higher

order equivalent. They do not only have the same higher order variance but agree more generally in

terms of their higher order distribution at least as far as the stochastic approximation allows to make such

comparisons.
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3 Higher Order Efficiency

In this section we obtain the higher order asymptotic properties of the bias corrected estimator of Pfanzagl

and Wefelmeyer (1978). Since that estimator was shown to be higher order efficient we will conclude that

our bias corrected estimator is higher order efficient if it has the same higher order variance as the Pfanzagl

and Wefelmeyer estimator.

In general, when dim (θ) ≥ 1, we still have an expansion similar to Proposition 2:
√
n
³bθ − θ0´ = θ² (0) + 1

2

1√
n
θ²² (0) +

1

6

1

n
θ²²² (0) +Op

µ
1

n
√
n

¶
,

The asymptotic bias of MLE is then equal to

b (θ0)

n
= E

·
θ²² (0)

2n

¸
Suppose1 that there is some vector of functions m (z, θ) and another vector of functions τ (m) with

b (θ) ≡ τ
µZ

m (z, θ) f (z, θ) dz

¶
.

This leads to a bias corrected estimator

bθc ≡ bθ − b
³bθ´
n

Implementation of the Pfanzagl and Wefelmeyer procedure is potentially complicated if the integralR
m (z, θ) f (z, θ) dz is difficult to compute. An alternative is therefore to replace the integral by sam-

ple averages. For

bb (θ) ≡ τ Ãn−1X
i

m (Zi, θ)

!
,

an alternative bias correction is then

bθa ≡ bθ− bb
³bθ´
n

We can show that bθa and bθc have the same mean squared error up to order O ¡n−1¢ by analyzing their
higher order variance. Let

m (θ) ≡ E [m (Zi, θ)] =
Z
m (z, θ) f (z, θ0) dz (9)

with j-th elementmj (θ) and writem = m (θ0), τm ≡ ∂τ (m̄) /∂m0,M ≡ E
h
∂m(Zi,θ0)

∂θ0

i
=
R ∂m(z,θ0)

∂θ0 f (z, θ0) dz,

and Λ ≡ E £m (Zi, θ0) ` (Zi, θ0)0¤.
1When dim(θ) = 1, we have seen that b (θ) = 1

2I2
θ

Eθ
£
`θθ
¤
+ 1

I2
θ

Eθ
£
``θ
¤
. Therefore, we have b (θ) ≡

τ
¡R
m (z, θ) f (z, θ) dz

¢
, where τ (t1, t2, t3) ≡ 1

2t21
t2 +

1
t21
t3, t1 ≡ R

` (z, θ)2 f (z, θ) dz, t2 ≡ R
`θθ (z, θ) f (z, θ) dz, t3 ≡R

` (z, θ) `θ (z, θ) f (z, θ) dz, and m (z, θ) ≡
³
` (z, θ)2 , `θθ (z, θ) , ` (z, θ) `θ (z, θ)

´0
.
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Theorem 1 Assume Conditions 1,3 and 4 hold. Let hn be defined in 7 with α ∈
¡
0, 4130

¢
. Then,

√
n
³bθc − θ0´ = θ² (0) +

1√
n

µ
1

2
θ²² (0)− b (θ0)

¶
+
1

n

µ
1

6
θ²²² (0)−Cn

¶
+ op

¡
n−1

¢
,

√
n
³bθa − θ0´ = θ² (0) +

1√
n

µ
1

2
θ²² (0)− b (θ0)

¶
+
1

n

µ
1

6
θ²²² (0)−An

¶
+ op

¡
n−1

¢
where An = τm

¡
M
¡I−1U (θ0)¢+ n−1/2Pi (m (zi, θ0)−m)

¢
, Cn = τm (M + Λ)

¡I−1U (θ0)¢, and
E
£
Cnθ

² (0)0
¤
= E

£
Anθ

² (0)0
¤
= τm (M + Λ)I−1.

Proof. See Appendix A.4.

This result implies that the four bias corrected estimators all have the same higher order variance

term. Assume for simplicity that dim (θ) = 1. Because

√
n
³bθc − θ0´ = θ² (0) + 1√

n

µ
1

2
θ²² (0)− b (θ0)

¶
+
1

n

µ
1

6
θ²²² (0)−Cn

¶
+ op

¡
n−1

¢
,

we can define the approximate MSE of
√
n
³bθc − θ0´ to be the mean square of the RHS ignoring the

op
¡
n−1

¢
. It is easy to see that the approximate MSE of

√
n
³bθc − θ0´ is equal to

E
h
(θ² (0))2

i
+
1

n
E

"µ
1

2
θ²² (0)− b (θ0)

¶2#
+E

·
1

n

µ
1

6
θ²²² (0)−Cn

¶
· θ² (0)

¸
= Var (θ² (0)) +

1

n
Var

µ
1

2
θ²² (0)

¶
+
1

n
Cov

µ
1

6
θ²²² (0) , θ² (0)

¶
− 1

n
Cov (Cn, θ

² (0))

Likewise, we can see that the approximate MSE of
√
n
³bθa − θ0´ is equal to

Var (θ² (0)) +
1

n
Var

µ
1

2
θ²² (0)

¶
+
1

n
Cov

µ
1

6
θ²²² (0) , θ² (0)

¶
− 1

n
Cov (An, θ

² (0))

Theorem 1 indicates that Cov (Cn, θ
² (0)) = Cov (An, θ

² (0)), and therefore, the approximate MSEs are

identical.

In order to understand the intuition behind this result, it is useful to understand b
³bθ´ as an efficient

estimator of b (θ0). This is because bθ is an efficient estimator of θ0. Assume that√n³b³bθ´− b (θ0)´ is
asymptotically a nonsingular linear combination of

√
n
³bθ − θ0´, i.e.,√n³b³bθ´− b (θ0)´ = Υn−1/2Pn

i=1 ψ (Zi, θ0)+

op (1) for some nonsingularΥ. Here, ψ (Zi, θ0) ≡ I−1` (Zi, θ0) denotes the efficient influence function. Sup-
pose that bn is any other regular2 estimator of b (θ0) such that

√
n (bn − b (θ0)) = n−1/2

Pn
i=1 % (Zi, θ0)+

op (1) for some % (Zi, θ0) such that E [% (Zi, θ0)] = 0. Asymptotic covariance between
√
n
³bθ − θ0´ and

√
n
³
bn − b

³bθ´´ is then equal to
Cov (% (Zi, θ0)−Υψ (Zi, θ0) ,ψ (Zi, θ0)) = ΥCov

¡
Υ−1% (Zi, θ0)− ψ (Zi, θ0) ,ψ (Zi, θ0)

¢
.

2 See, e.g., Bickle, Klaassen, Ritov, and Wellner (1993, p. 21).
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Because Cov
¡
Υ−1% (Zi, θ0)− ψ (Zi, θ0) ,ψ (Zi, θ0)

¢
= 0 by the intuition underlying Hausman-test, we

obtain the conclusion that the asymptotic covariance is zero. In other words, we have

Cov (% (Zi, θ0) ,ψ (Zi, θ0)) = Cov (Υψ (Zi, θ0) ,ψ (Zi, θ0)) (10)

Now, note that we have the expansions

√
n

bθ − b
³bθ´
n

− θ0
 = θ² (0) +

1√
n

µ
1

2
θ²² (0)− b (θ0)

¶
+
1

n

Ã
1

6
θ²²² (0)−Υn−1/2

nX
i=1

ψ (Zi, θ0)

!
+Op

µ
1

n
√
n

¶

and

√
n

µbθ − bn
n
− θ0

¶
= θ² (0) +

1√
n

µ
1

2
θ²² (0)− b (θ0)

¶
+
1

n

Ã
1

6
θ²²² (0)− n−1/2

nX
i=1

% (Zi, θ0)

!
+Op

µ
1

n
√
n

¶

Because θ² (0) = n−1/2
Pn
i=1 ψ (Zi, θ0), equation (10) implies that covariances of the “adjustment terms”

of order n−1 with θ² (0) are equal to each other. It therefore follows that the approximate MSE of the bias

corrected MLE is invariant to the method of bias correction. Theorem 1 turns out to be just a special

case.

Given the preceding discussion, it is perhaps not surprising that the Bootstrap and Jackknife bias

corrected Maximum Likelihood estimators have the same approximate MSE as bθc:
Theorem 2 Assume that dim (θ) = 1. Assume Conditions 1,3 and 4 hold. Let hn be defined in 7 with

α ∈ ¡0, 4130¢. Then,
1

2
E [Bθ² (0)] = 1

2
E [Jθ² (0)] = τm (M + Λ) I−1.

Proof. See Appendix A.4.

Remark 1 Theorems 1 and 2 are irrelevant when relevant loss function is not approximate MSE. On

the other hand, equation (8) indicates that the higher order equivalence of Bootstrap and Jackknife goes

beyond the MSE comparison.

4 Conclusions

We have shown that nonparametric bootstrap and jackknife procedures can be used to remove bias terms

of stochastic order n−1 from a ML estimator. The bootstrap bias corrected ML estimator achieves the

same higher order variance as the efficient estimators of Pfanzagl and Wefelmeyer (1978). This indicates

that there is no need to derive the analytic bias formula. Estimated versions of the bias corrections do

not increase the higher order variance and are therefore higher order efficient in a mean squared sense.

11



A Proofs

A.1 Some Preliminary Lemmas

Lemma 1 Assume that Wi are iid with E [Wi] = 0 and E
£
W 2k
i

¤
<∞. Then,

E
h
(
Pn
i=1Wi)

2k
i
= C(k)nk + o(nk)

for some constant C(k).

Proof. By adopting an argument in the proof of Lemma 5.1 in Lahiri (1992), we have

E
h
(
Pn
i=1Wi)

2k
i
=

2kP
j=1

P
α
C(α1, ...,αj)

P
I
E

·
jQ
s=1

Wαs
is

¸
, (11)

where for each fixed j ∈ {1, ..., 2k} ,Pα extends over all j-tuples of positive integers (α1, ...,αj) such that

α1 + ... + αj = 2k and
P
I extends over all ordered j-tuples (i1, ..., ij) of integers such that 1 ≤ ij ≤ n.

Also, C(α1, ...,αj) stands for a bounded constant. Note, that if j > k then at least one of the indices

αj = 1. By independence and the fact that EWi = 0 it follows that E
Qj
s=1W

αs
is
= 0 whenever j > k.

This shows that E (
Pn
i=1Wi)

2k
= C(k)nk + o(nk) for some constant C(k).

Lemma 2 Suppose that {ξi, i = 1, 2, . . . } is a sequence of zero mean i.i.d. random variables. We also

assume that E
h
|ξi|16

i
<∞. We then have

Pr

"¯̄̄̄
¯ 1n

nX
i=1

ξi

¯̄̄̄
¯ > η

#
= O

¡
n−8

¢
for every η > 0.

Proof. Using Lemma 1, we obtain

E

¯̄̄̄¯
nX
i=1

ξi

¯̄̄̄
¯
16
 ≤ Cn8 + o(n8),

where C > 0 is a constant. Therefore, we have

n8 Pr

"¯̄̄̄
¯ 1n

nX
i=1

ξi

¯̄̄̄
¯ > η

#
≤ O(n8 Cn

8

n16η16
) = O (1) .

Lemma 3 Suppose that, for each i, {ξi (φ) , i = 1, 2, . . . } is a sequence of zero mean i.i.d. random

variables indexed by some parameter φ ∈ Φ. We also assume that supφ∈Φ |ξi (φ)| ≤ Bi for some sequence
of random variables Bi that is i.i.d. Finally, we assume that E

h
|Bi|16

i
<∞. We then have

Pr

"¯̄̄̄
¯ 1√n

nX
i=1

ξi (φn)

¯̄̄̄
¯ > n 1

12−υ
#
= o

¡
n−1+16v

¢

12



for every υ such that υ < 1
16 . For υ <

1
48 we have

Pr

"¯̄̄̄
¯ 1√n

nX
i=1

ξi (φn)

¯̄̄̄
¯ > n 1

12−υ
#
= o(n−1).

Here, φn is an arbitrary sequence in Φ.

Proof. By Markov’s inequality, we have

Pr

"
sup
φ∈Φ

¯̄̄̄
¯ 1√n

nX
i=1

ξi (φ)

¯̄̄̄
¯ > n 1

12−υ
#

= Pr

"
sup
φ∈Φ

¯̄̄̄
¯
nX
i=1

ξi (φn)

¯̄̄̄
¯ > n 7

12−υ
#

≤
E
h
supφ∈Φ (

Pn
i=1 ξi (φ))

16
i

n
28
3 −16υη16

=
supφ∈ΦE

h
(
Pn
i=1 ξi (φ))

16
i

n
28
3 −16υη16

,

where the last equality is based on dominated convergence. By Lemma 1, we have

E

Ã nX
i=1

ξi (φ)

!16 ≤ Cn8,
where C > 0 is a constant. Therefore, we have

Pr

"
sup
φ∈Φ

¯̄̄̄
¯ 1√n

nX
i=1

ξi (φ)

¯̄̄̄
¯ > n 1

12−υ
#
≤ Cn8

n28/3−16υη16
= O

³
n−4/3+16υ

´
.

Lemma 4 Let bG (θ) ≡ 1
n

Pn
i=1 log f (Zi, θ). Suppose that Condition 1 hold. We then have for all η > 0

that

Pr

·
sup
θ

¯̄̄ bG (θ)−G (θ)¯̄̄ ≥ η¸ = o³n− 23
3

´
Proof. Note that

Pr

·
sup
θ

¯̄̄ bG (θ)−G (θ)¯̄̄ ≥ η¸ = Pr·sup
θ

√
n
¯̄̄ bG (θ)−G (θ)¯̄̄ ≥ ηn 1

12−υ
¸

where υ = − 5
12 . Then the result follows by Lemma 3.

Lemma 5 Under Condition 1, we have

Pr

"
max

0≤²≤ 1√
n

|θ (²)− θ0| ≥ η
#
= o

³
n−

23
3

´
for every η > 0.

Proof. Let η be given, and let ε ≡ G (θ0) − sup{θ:|θ−θ0|>η}G (θ) > 0. Letting g (z, θ) ≡ log f (z, θ),
we haveZ

g (z, θ) dF² (z) =
¡
1− ²√n¢G (θ) + ²√n bG (θ)

13



and ¯̄̄̄Z
g (z, θ) dF² (z)−G (θ)

¯̄̄̄
≤ ¡1− ²√n¢ ¯̄̄ bG (θ)−G (θ)¯̄̄ ≤ ¯̄̄ bG (θ)−G (θ)¯̄̄ .

Here, the last inequality is based on the fact that 0 ≤ ² ≤ 1√
n
. By Lemma 4, we have

Pr

"
max

0≤²≤ 1√
n

sup
θ

¯̄̄̄Z
g (z, θ) dF² (z)−G (θ)

¯̄̄̄
≥ η

#
= o

³
n−

23
3

´
Therefore, for every 0 ≤ ² ≤ 1√

n
with probability equal to 1− o

³
n−

23
3

´
, we have

max
|θ−θ0|>η

Z
g (z, θ) dF² (z) ≤ max

|θ−θ0|>η
G (θ) +

1

3
ε

< G (θ0)− 2
3
ε

<

Z
g (z, θ0) dF² (z)− 1

3
ε.

We also have

max
θ

Z
g (z, θ) dF² (z) ≥

Z
g (z, θ0) dF² (z)

by definition. It follows that

max
|θ−θ0|>η

Z
g (z, θ) dF² (z) < max

θ

Z
g (z, θ) dF² (z)− 1

3
ε

for every 0 ≤ ² ≤ 1√
n
. We therefore obtain that Pr

h
max0≤²≤ 1√

n
|θ (²)− θ0| ≥ η

i
= o

³
n−

23
3

´
.

Lemma 6 Assume that Condition 1 holds. Suppose that K (z; θ (²)) is equal to

∂m log f (z; θ (²))

∂θm

for some m ≤ 6. Then, for any η > 0, we have

Pr

"
max

0≤²≤ 1√
n

¯̄̄̄Z
K (z; θ (²)) dF² (z)−E [K (Zi; θ0)]

¯̄̄̄
> η

#
= o

³
n−

23
3

´
.

Also,

Pr

"
max

0≤²≤ 1√
n

¯̄̄̄Z
K (·; θ (²)) d∆

¯̄̄̄
> Cn

1
12−υ

#
= o

¡
n−1+16υ

¢
for some constant C > 0 and for every υ such that υ < 1

16 . If υ <
1
48 then the above order is o

¡
n−1

¢
.

Proof. Note that we may writeZ
K (z; θ (²)) dF² (z)−E [K (Zi; θ0)]

=

Z
K (z; θ (²)) dF² (z)−

Z
K (z; θ0) dF (z)

=

Z
K (z; θ (²)) dF² (z)−

Z
K (z; θ0) dF² (z) +

Z
K (z; θ0) dF² (z)−

Z
K (z; θ (²)) dF (z)

=

Z
∂K (z; θ∗)

∂θ
(θ (²)− θ0) dF² (z) + ²

√
n

Z
K (z; θ0) d

³ bF − F´ (z)
14



where θ∗ is between θ0 and θ (²). Therefore, we have¯̄̄̄Z
K (z; θ (²)) dF² (z)−E [K (Zi; θ0)]

¯̄̄̄
≤ |θ (²)− θ0| ·

Ã
E [M (Zi)] +

1

n

nX
i=1

M (Zi)

!

+

¯̄̄̄
¯ 1n

nX
i=1

(M (Zi)−E [M (Zi)])

¯̄̄̄
¯

where M (·) is defined in Condition 1. Using Lemma 5, we can bound

max
0≤²≤ 1√

T

¯̄̄̄Z
K (z; θ (²)) dF² (z)− E [K (Zi; θ0)]

¯̄̄̄

in absolute value by some η > 0 with probability 1− o
³
n−

23
3

´
.

Using Condition 1 and Lemmas 3, we can also show that
¯̄R
K (·; θ (²)) d∆¯̄ can be bounded by Cn 1

12−υ

for some constant C > 0 and υ such that υ < 1
16 with probability 1− o

¡
n−1+16υ

¢
. Similarly, if υ < 1

48 ,

then the statement holds with probability o(n−1).

Lemma 7 Suppose that Condition 1 holds. Then, we have

Pr

"
max

0≤²≤ 1√
n

|θ² (²)| > Cn 1
12−υ

#
= o

¡
n−1+16υ

¢
Pr

"
max

0≤²≤ 1√
n

|θ²² (²)| > C
³
n

1
12−υ

´2#
= o

¡
n−1+16υ

¢
...

Pr

"
max

0≤²≤ 1√
n

|θ²²²²²² (²)| > C
³
n

1
12−υ

´6#
= o

¡
n−1+16υ

¢
for some constant C > 0 and for every υ such that υ < 1

16 . If υ <
1
48 then the above orders are o

¡
n−1

¢
.

Proof. From (30), we have

θ² (²) = −
·Z

`θ (z, ²) dF² (z)

¸−1 ·Z
` (·, ²) d∆

¸
Using Lemma 6, we can bound the denominator by some C > 0, and the numerator by some Cn

1
12−υ

with probability 1 − o ¡n−1+16υ¢, from which the first conclusion follows. As for the second conclusion,

we note from (31) that we have

0 = E²
£
`θθ (Zi, ²)

¤
(θ² (²))2 +E²

£
`θ (Zi, ²)

¤
θ²² (²) + 2

µZ
`θ (z, ²) d∆ (z)

¶
θ² (²)

The second conclusion follows by using Lemmas 6 along with the first conclusion. The rest of the Lemmas

can be established similarly. Note that if υ < 1
48 then we can apply the specialized result of Lemma 6 in

the same way as before.
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Lemma 8 Suppose that Condition 1 holds. Let m̄j (θ) .be as defined in 9. Then

√
n
³bI − I´ = −V (θ0)−Q1 (θ0)I−1U (θ0) + op (1) ,

√
n
³ bQ1 ³bθ´−Q1 (θ0)´ =W (θ0) +Q2 (θ0)I−1U (θ0) + op (1) ,

√
n
³
m1

³bθ´−m1 (θ0)
´
= 2E [Ui (θ0)Vi (θ0)]I−1U (θ0) + op (1) ,

√
n
³
m3

³bθ´−m3 (θ0)
´
=
³
E
h
Vi (θ0)

2
i
+
¡
E
£
`θ (Zi, θ0)

¤¢2
+E [Ui (θ0)Wi (θ0)]

´
I−1U (θ0)

Proof. Let m0 (θ) ≡
R
`θ (z, θ) f (z, θ0) dz. Note that

bI − I = −n−1
nP
i=1
`θ
³
Zi,bθ´+E £`θ (Zi, θ0)¤

= −n−1
nP
i=1

¡
`θ (Zi, θ0)−m0 (θ0)

¢
+ op

³
n−1/2

´
−
³
m0

³bθ´−m0 (θ0)
´
,

where the last equality is based on the usual stochastic equicontinuity. Also note that ∂m0 (θ)/∂θ =R
`θθ (z, θ) f (z, θ0) dz by dominated convergence. We therefore obtain

√
n
³bI − I´ = −n−1/2

nP
i=1

¡
`θ (Zi, θ0)−E

£
`θ (Zi, θ0)

¤¢−E £`θθ (Zi, θ0)¤√n³bθ − θ0´+ op (1)
= −V (θ0)−Q1 (θ0)I−1U (θ0) + op (1) ,

Likewise, we obtain

√
n
³ bQ1 ³bθ´−Q1 (θ0)´ = n−1/2

nP
i=1

¡
`θθ (Zi, θ0)− E

£
`θθ (Zi, θ0)

¤¢
+E

£
`θθθ (Zi, θ0)

¤√
n
³bθ − θ0´+ op (1)

= W (θ0) +Q2 (θ0)I−1U (θ0) + op (1) ,

√
n
³
m1

³bθ´−m1 (θ0)
´

= 2E
£
` (Zi, θ0) `

θ (Zi, θ0)
¤√
n
³bθ − θ0´+ op (1)

= 2E [Ui (θ0)Vi (θ0)]I−1U (θ0) + op (1) ,

√
n
³
m3

³bθ´−m3 (θ0)
´

=
³
E
h
`θ (Zi, θ0)

2
i
+E

£
` (Zi, θ0) `

θθ (Zi, θ0)
¤´√

n
³bθ − θ0´+ op (1)

=
³
E
h
Vi (θ0)

2
i
+
¡
E
£
`θ (Zi, θ0)

¤¢2
+E [Ui (θ0)Wi (θ0)]

´
I−1U (θ0)

A.2 Lemmas for Bootstrapped Statistics

Proposition 6 Assume that Conditions 1,2,3 and 4 hold. Let F be the class of measurable functions

defined in Condition 4. Let Ã denote weak convergence. Let (Ω,F , P ) be a probability space such that
Zi :

¡
ΩN,FN, PN¢→ (Ω,F , P ) are coordinate projections. Then, for f ∈ F , √n

³ bF − F´ f Ã Tf where

16



T is a tight Brownian bridge with variance covariance function F (t ∧ s)−F (s)F (t). Let BL1 be the set
of all function h : l∞ (F) 7→ [0, 1] such that |h(z1)− h(z2)| ≤ kz1 − z2kF for every z1and z2 where l∞ (F)
is the set of uniformly bounded real functions on F and k.kF is the uniform norm for maps from F to R.

Then suph∈BL1
¯̄̄
E∗h

h√
n
³ bF ∗ − bF´ fi−Eh [Tf ]¯̄̄→ 0, PN-a.s.

Proof. We first show that for f ∈ F , √n
³ bF − F´ f Ã Tf or in other words that F is a Donsker class.

Define Fδ =
n
f − g : f, g ∈ F,E

h
kf − gk2

i
< δ

o
, F∞ = {f − g : f, g ∈ F} and F2∞ =

©
f2 : f ∈ F∞

ª
. In

light of van der Vaart and Wellner (1996, Theorem 2.5.2), it is enough to show that Fδ and F2∞ are F

measurable classes for every δ > 0 and E
h
M (z)2

i
<∞. The second requirement is satisfied by Condition

1. Since Fδ ⊂ F∞ the first condition holds if for f ∈ F2∞ and any vector a ∈ Rn and any n the function
s(Z1, ..., Zn) = supθ1,θ2∈Υ

¯̄̄Pn
i ai

¡
`(k)(Zi, θ1)− `(k)(Zi, θ2)

¢2 ¯̄̄
is measurable. Let Υk be an increasing

sequence of countable subsets of Υ whose limit is dense in Υ. Then

sk(Z1, ..., Zn) = sup
θ1,θ2∈Υk

¯̄̄̄
¯
nX
i

ai
³
`(k)(Zi, θ1)− `(k)(Zi, θ2)

´2 ¯̄̄̄¯
is measurable by Condition 3. By continuity of `(k)(Zi, θ) in θ it follows that lim infk sk(Z1, ..., Zn) =

s(Z1, ..., Zn) such that measurability of s follows from Royden (1988, Theorem 20, p.68). Conditional

weak convergence of b∆ follows from Gine and Zinn (1990, Theorem 2.4). Note that by measurability of
√
n
³
F̂ − F

´
f and Gine and Zinn (1990, p861) the convergence of suph∈BL1

¯̄̄
E∗h

h√
n
³ bF ∗ − bF´ fi−Eh [Tf ]¯̄̄

is a.s.

Lemma 9 Assume that Condition 1 is satisfied. Suppose that, for each i, ξ∗i (φ) = τ (Z∗i ,φ)− 1
n

Pn
i=1 τ (Zi,φ),

i = {1, 2, . . . } is a sequence of bootstrapped transformations of random variables indexed by some parame-

ter φ ∈ Φ with E∗ [ξ∗i (φ)] = 0. We also assume that supφ∈Φ |τ (Zi,φ)| ≤ Bi for some sequence of random
variables Bi that is i.i.d. Finally, we assume that E

h
|Bi|16

i
<∞. We then have

P∗
"¯̄̄̄
¯ 1√n

nX
i=1

ξ∗i (φn)

¯̄̄̄
¯ > n 1

12−υ
#
= op

¡
n−1+16υ

¢
for every υ such that υ < 1

16 . Moreover,

P∗
"¯̄̄̄
¯ 1n

nX
i=1

ξ∗i (φn)

¯̄̄̄
¯ > n 1

12−υ
#
= op

³
n−

23
3

´
.

Here, φn is an arbitrary sequence in Φ and P
∗ is the conditional probability measure of Z∗i given Zi.

Proof. Note that
Pn
i=1 ξ

∗
i (φ) =

Pn
i=1 (Nni − 1) τ(Zi,φ) where Nn1, ..., Nnn is multinomially dis-

tributed with parameters (n, 1/n, ..., 1/n) = (k, p1, ..., pn) and independent of Zi such that Pr (∩ni=1 {Nni = ni}) =
n!/ (

Q
i ni!)

Q
i n

−ni where
Pn
i ni = n, ni ≥ 0. Let κr1r2....rn be the mixed higher order cumulant of

Nn1, ..., Nnn of order r = r1+ ...+rn for ri ≥ 0, ri integer. Mixed higher order cumulants can be obtained

17



from Guldberg’s (1935) recurrence relation κr1r2..ri+1...rn = ai∂ (κr1r2..ri...rn) /∂ai where ai = pi/p1. Let

b be the number of non zero indices ri. The arguments in Wishart (1949) imply that for pi = n−1 we have

κr1r2....rn ≤ cn−b+1 for some constant c. For notational convenience we will represent cumulants with zero
indices as lower order cumulants of the variables with non-zero indices, i.e. write κ...ri6=j .. = κr1r2....rn

where rj = 0.

Consider

P∗
"
sup
φ∈Φ

¯̄̄̄
¯ 1√n

nX
i=1

ξ∗i (φ)

¯̄̄̄
¯ > n 1

12−υ
#

= P ∗
"
sup
φ∈Φ

¯̄̄̄
¯
nX
i=1

ξ∗i (φn)

¯̄̄̄
¯ > n 7

12−υ
#

≤
E∗
h
supφ∈Φ (

Pn
i=1 ξ

∗
i (φ))

16
i

n
28
3 −16υη16

=
supφ∈ΦE∗

h
(
Pn
i=1 ξ

∗
i (φ))

16
i

n
28
3 −16υη16

,

where the last equality uses the fact that supφ∈Φ does not involve Nn1, ..., Nnn. By adopting an argument

in the proof of Lemma 5.1 in Lahiri (1992), we have

E∗ (
Pn
i=1 ξ

∗
i (φ))

2k
=

2kP
j=1

P
α
C(α1, ...,αj)

P
I

jQ
t=1
τ(Zit ,φ)

αtE∗
jQ
s=1

(Nnis − 1)αs , (12)

where for each fixed j ∈ {1, ...,2k} , Pα extends over all j-tuples of positive integers (α1, ...,αj) such

that α1 + ... + αj = 2k and
P
I extends over all ordered j-tuples (i1, ..., ij) of integers such that 1 ≤

ij ≤ n. Also, C(α1, ...,αj) stands for a bounded constant. Next we consider the mixed central moments
µ(α1, ...,αj) = E

∗Qj
s=1 (Nnis − 1)αs . From Shiryaev (1989, Theorem 6, p.290) we obtain a relationship

between cumulants and mixed moments. Let α = (α1, ...,αj)
0
, r(p) =

³
r
(p)
1 , ..., r

(p)
j

´
,
¯̄
r(p)

¯̄
= r

(p)
1 +...+r

(p)
j

and r(p)! = r(p)1 !...r
(p)
j ! such that

µ(α1, ...,αj) =
X

r(1)+...+r(q)=α

1

q!

α!

r(1)!...r(q)!

qY
p=1

κ
r
(p)
1 r

(p)
2 ....r

(p)
j

where
P
r(1)+...+r(q)=α indicates the sum over all ordered sets of nonnegative integral vectors r(p),

¯̄
r(p)

¯̄
>

0,whose sum is α. Since the order of 12 depends both on the number of nonzero terms in
P
I and the size

of µ(α1, ...,αj) for each j, we analyze the term

S(n, j) =
X
I

jY
t=1

τ(Zit ,φ)
αsE∗

jY
s=1

(Nnis − 1)αs

for each j. Note that
¯̄̄Qj

t=1 τ(Zit ,φ)
αs
¯̄̄
is bounded almost surely and therefore does not affect the analysis.

Also,
P
I is a sum over nj terms and thus is O(nj) if all these terms are nonzero. The crucial factor in

determining the overall order is therefore E∗
Qj
s=1 (Nnis − 1)αs . We start with j = 1. Then α1 = 2k,

q = 1...2k and r(p) are scalars. Consequently, κ
r
(p)
1

= c1 where c1 is some constant and S(n, 1) ≤
c2
Pn
i=1 |τ(Zit ,φ)|2k for some other constant c2. If j ≤ k then for q = 1...2q, r(p) are vectors with possibly

18



only one element different from zero. Again, S(n, j) ≤ c2
P
I

Qj
t=1 |τ(Zit ,φ)|αs for j ≤ k. If j ≥ k then

α contains at least 2(j − k) elements αi = 1. Now assume that for some p, r(p)i = 1 and r(p)j = 0 for

i 6= j. Then κ
r
(p)
i
= E (Nnis − 1) = 0 and thus

Qq
p=1 κr(p)1 r

(p)
2 ....r

(p)
j
= 0. On the other hand if r(p)i = 1

and r(p)j 6= 0 for at least one j 6= i then κ
r
(p)
1 r

(p)
2 ....r

(p)
n
≤ c1n−1. Since there must exists p0 corresponding

to the other αi0 = 1 such that either r(p
0)

i0 = 1 and r(p
0)

j = 0 for i0 6= j or r(p
0)

i0 = 1 and r(p
0)

j 6= 0

for at least one j 6= i0, it follows that
Qq
p=1 κr(p)1 r

(p)
2 ....r

(p)
j
= c3n

−2(j−k), at most. It now follows that

S(n, j) ≤ c2n−2(j−k)
P
I

Qj
t=1 |τ(Zit ,φ)|αs for all j > k. Then,

E |S(n, j)| ≤ c2
X
I

E

Ã
jY
t=1

|τ(Zit ,φ)|αs
!
≤ c2njE |τ(Zit ,φ)|2k

for j ≤ k and

E |S(n, j)| ≤ c2n−2(j−k)
X
I

E

Ã
jY
t=1

|τ(Zit ,φ)|αs
!
≤ c2n2k−jE |τ(Zit ,φ)|2k ≤ c2nkE |τ(Zit ,φ)|2k

for j > k. Together these results imply that

E
¯̄̄
E∗ (

Pn
i=1 ξ

∗
i (φ))

2k
¯̄̄
≤ C(k)nkE |τ(Zit ,φ)|2k

where C(k) is a constant that depends on k. By the Markov inequality it follows that E∗ (
Pn
i=1 ξ

∗
i (φ))

2k
=

Op(nk). We conclude that

P∗
"¯̄̄̄
¯ 1√n

nX
i=1

ξi (φn)

¯̄̄̄
¯ > n 1

12−υ
#
≤ Op(n

8)

n
28
3 −16υη16

= Op
³
n−

4
3+16υ

´
.

The second result follows immediately from

P∗
"¯̄̄̄
¯ 1n

nX
i=1

ξi (φn)

¯̄̄̄
¯ > η

#
= P ∗

"¯̄̄̄
¯ 1√n

nX
i=1

ξi (φn)

¯̄̄̄
¯ > ηn1/2

#
≤ op

³
n−

23
3

´
by the previous result.

Lemma 10 Under Condition 1, we have

P∗
"
max

0≤²≤ 1√
n

¯̄̄bθ∗ (²)− bθ¯̄̄ ≥ η# = op ³n− 23
3

´
.

Proof. For any η > 0, there exists some δ > 0 such that |θ − θ0| > η/2 implies |G (θ)−G (θ0)| > δ.
Let bG∗ (θ) ≡ R g(z, θ)d bF∗ (z) and bG∗² (θ) ≡ R g (z, θ) d bF² (z). Then,

P∗
"
max

0≤²≤ 1√
n

¯̄̄bθ∗ (²)− bθ¯̄̄ ≥ η# ≤ P ∗ " max
0≤²≤ 1√

n

¯̄̄
G(bθ∗(²))−G³bθ´¯̄̄ > δ# .

Because

G
³bθ∗ (²)´−G³bθ´ =

³
G
³bθ∗ (²)´− bG³bθ∗ (²)´´+ ³ bG³bθ∗ (²)´− bG∗² ³bθ∗ (²)´´

+
³ bG∗² ³bθ∗ (²)´− bG∗² ³bθ´´+ ³ bG∗² ³bθ´−G³bθ´´
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and ¯̄̄ bG∗² (θ)− bG (θ)¯̄̄ ≤ ¯̄̄ bG∗ (θ)− bG (θ)¯̄̄ ,
we obtain

max
0≤²≤ 1√

n

¯̄̄
G
³bθ∗ (²)´−G³bθ´¯̄̄

≤ sup
θ∈Υ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄+ sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄
+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ∗ (²)´− bG∗² ³bθ´¯̄̄+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ´−G³bθ´¯̄̄
≤ sup

θ∈Υ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄+ sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄
+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ∗ (²)´− bG∗² ³bθ´¯̄̄+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ´− bG³bθ´¯̄̄+ ¯̄̄ bG³bθ´−G³bθ´¯̄̄
≤ sup

θ∈Υ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄+ sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄
+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ∗ (²)´− bG∗² ³bθ´¯̄̄+ ¯̄̄ bG∗ ³bθ´− bG³bθ´¯̄̄+ ¯̄̄ bG³bθ´−G³bθ´¯̄̄
≤ 2 sup

θ∈Υ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄+ 2 sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ∗ (²)´− bG∗² ³bθ´¯̄̄ (13)

By Lemma 9, we have

P∗
·
sup
θ∈Υ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄ > δ

6

¸
= op

³
n−

23
3

´
(14)

Conditional on data, supθ∈Υ
¯̄̄ bG (θ)−G (θ)¯̄̄ > δ is a non-stochastic event. Therefore, we can write

P∗
·
sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄ > δ¸ = 1½sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄ > δ¾ ,
where 1 {·} denotes an indicator function. For every σ > 0, we have

Pr

·
P ∗
·
sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄ > δ

6

¸
> σn−

23
3

¸
= Pr

·
1

½
sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄ > δ

6

¾
> 0

¸
(15)

= Pr

·
sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄ > δ

6

¸
= o(1)

where the last equality is implied by Lemma 4. It therefore follows that

P∗
·
sup
θ∈Υ

¯̄̄ bG (θ)−G (θ)¯̄̄ > δ

6

¸
= op

³
n−

23
3

´
. (16)
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Finally,

max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ∗ (²)´− bG∗² ³bθ´¯̄̄ ≤ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ∗ (²)´− bG³bθ´¯̄̄+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ´− bG³bθ´¯̄̄
= max

0≤²≤ 1√
n

¯̄̄̄
sup
θ

bG∗² (θ)− sup
θ

bG (θ)¯̄̄̄+ max
0≤²≤ 1√

n

¯̄̄ bG∗² ³bθ´− bG³bθ´¯̄̄
≤ max

0≤²≤ 1√
n

¯̄̄̄
sup
θ

bG∗² (θ)− sup
θ

bG (θ)¯̄̄̄+ ¯̄̄ bG∗ ³bθ´− bG³bθ´¯̄̄
≤ max

0≤²≤ 1√
n

sup
θ

¯̄̄ bG∗² (θ)− bG (θ)¯̄̄+ sup
θ

¯̄̄ bG∗(θ)− bG (θ)¯̄̄
≤ max

0≤²≤ 1√
n

sup
θ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄+ sup
θ

¯̄̄ bG∗(θ)− bG (θ)¯̄̄
≤ sup

θ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄+ sup
θ

¯̄̄ bG∗(θ)− bG (θ)¯̄̄
= 2sup

θ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄
Here, the first equality is based on the definitions of bθ∗ (²) and bθ. Because

P∗
·
sup
θ∈Υ

¯̄̄ bG∗ (θ)− bG (θ)¯̄̄ > δ¸ = op ³n− 23
3

´
we can conclude that

P∗
"
max

0≤²≤ 1√
n

¯̄̄ bG∗² ³bθ∗ (²)´− bG∗² ³bθ´¯̄̄ > δ

3

#
= op

³
n−

23
3

´
. (17)

The conclusion follows by combining (13) - (17).

Lemma 11 Assume that Condition 1 is satisfied. Let K (·; θ (²)) be defined as in Lemma 6. Then, for
any η > 0, we have

P∗
"
max

0≤²≤ 1√
n

¯̄̄̄Z
K (z; θ∗ (²)) d bF² (z)−E [K (z; θ0)]¯̄̄̄ > η# = op ³n− 23

3

´
.

Also,

P∗
"
max

0≤²≤ 1√
n

¯̄̄̄Z
K
³
·;bθ∗ (²)´ db∆¯̄̄̄ > Cn 1

12−υ
#
= op

³
max

³
n−

23
3 , n−1+16υ

´´
for some constant C > 0 and for every υ such that υ < 1

16 .

Proof. In the same way as in the proof of Lemma 6Z
K
³
z;bθ∗ (²)´d bF² (z)− Z K (z; θ0) d bF (z)

=

Z
∂K (z; θ∗)

∂θ

³bθ∗ (²)− θ0´ d bF² (z) + ²√nZ K (z; θ0) d
³ bF ∗ − bF´ (z)
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where θ∗ is between θ0 and bθ∗ (²). Therefore, we have¯̄̄̄Z
K (z; θ (²)) dF² (z)−

Z
K (z; θ0) d bF (z)¯̄̄̄ ≤

¯̄̄bθ∗ (²)− θ0 ¯̄̄ ·Ã 1
n

nX
i=1

M (Zi) +
1

n

nX
i=1

M (Z∗i )

!

+

¯̄̄̄
¯ 1n

nX
i=1

M (Z∗i )−
1

n

nX
i=1

M (Zi)

¯̄̄̄
¯

where M (·) is defined in Condition 1. Let M̄ = 1
n

Pn
i=1M (Zi) and M̄∗ = 1

n

Pn
i=1M (Z∗i ). Then, for any

η and some c

P∗
h¯̄̄bθ∗ (²)− θ0 ¯̄̄ M̄ > η

i
≤ P ∗

h¯̄̄bθ∗ (²)− θ0 ¯̄̄ > η/ci+ P ∗ £¯̄M̄ −E [M (Zi)]
¯̄
> c
¤
= op

³
n−

23
3

´
since P ∗

£¯̄
M̄ − E [M (Zi)]

¯̄
> c
¤
= 1 with probability equal to P

£¯̄
M̄ −E [M (Zi)]

¯̄
> c
¤
= o

³
n−

23
3

´
by

Lemma 2 and zero otherwise for some c. Then, P ∗
£¯̄
M̄ −E [M (Zi)]

¯̄
> c
¤
= op

³
n−

23
3

´
by the same

argument as in 15 Moreover,

P∗
h¯̄̄bθ∗ (²)− θ0 ¯̄̄ ¯̄M̄∗ − M̄ ¯̄ > ηi ≤ P ∗ h¯̄̄bθ∗ (²)− θ0 ¯̄̄ > η/ci+ P ∗ £¯̄M̄∗ − M̄ ¯̄ > c¤ = op ³n−23

3

´

by Lemmas 9 and 10. It thus follows that for any η > 0,

P∗
µ¯̄̄̄Z

K (z; θ (²)) dF² (z)−
Z
K (z; θ0) d bF (z)¯̄̄̄ > η¶ = op ³n− 23

3

´
.

Finally note that P ∗
³¯̄̄R

K (z; θ0) d bF (z)−EK (z; θ0)¯̄̄ > η´ = 1 with probability
P

µ¯̄̄̄Z
K (z; θ0) d bF (z)−E [K (z; θ0)]¯̄̄̄ > η¶ = o(n− 23

3 )

by Lemma 2. Thus, by the same argument as in 15 P ∗
³¯̄̄R

K (z; θ0) d bF (z)−EK (z; θ0)¯̄̄ > η´ = op ³n− 23
3

´
.

For the second result fix δ > 0 arbitrary. Then

P∗
"
max

0≤²≤ 1√
n

¯̄̄̄Z
K
³
·;bθ∗ (²)´ db∆¯̄̄̄ > Cn 1

12−υ
#

≤ P ∗

 sup
|θ−bθ|<δ

¯̄̄̄Z
K (·; θ) db∆¯̄̄̄ > Cn 1

12−υ


+P ∗

"
max

0≤²≤ 1√
n

¯̄̄bθ∗ (²)− bθ¯̄̄ ≥ δ#
where

P∗

 sup
|θ−bθ|<δ

¯̄̄̄Z
K (·; θ) db∆¯̄̄̄ > Cn 1

12−υ

 = op ¡n−1+16υ¢
follows directly from Lemma 9 and

P∗
"
max

0≤²≤ 1√
n

¯̄̄bθ∗ (²)− bθ¯̄̄ ≥ δ# = op ³n−23
3

´
follows from Lemma 10.
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Lemma 12 Suppose that Condition 1 holds. Then, we have

P ∗
"
max

0≤²≤ 1√
n

¯̄̄bθ² (²)¯̄̄ > Cn 1
12−υ

#
= op

³
maxn−

23
3 , n−1+16υ

´
P ∗
"
max

0≤²≤ 1√
n

¯̄̄bθ²² (²)¯̄̄ > C ³n 1
12−υ

´2#
= op

³
maxn−

23
3 , n−1+16υ

´
...

P∗
"
max

0≤²≤ 1√
n

¯̄̄bθ²²²²²² (²)¯̄̄ > C ³n 1
12−υ

´6#
= op

³
maxn−

23
3 , n−1+16υ

´
for some constant C > 0 and for every υ such that υ < 1

16 .

Proof. Let M̄² =
R
`θ (z, ²) d bF² (z) such that

bθ² (²) = −M̄−1
²

Z
` (·, ²) db∆

and for any δ > 0 some C > 0 and for every υ such that υ < 1
16

P∗
h¯̄̄bθ² (²)¯̄̄ > Cn 1

12−υ
i
≤ P ∗

·
sup
²

¯̄̄̄Z
` (·, ²) db∆¯̄̄̄ > δCn 1

12−υ
¸
+ P ∗

·
sup
²

¯̄
M̄² −E

£
`θ (z, θ0)

¤¯̄ ≥ δ¸
= op

³
maxn−

23
3 , n−1+16υ

´
by Lemma 11. The rest of the Lemma can be established similarly.

Lemma 13 Let X∗
i = τ

³
Z∗i ,bθ´ be some transformation of Z∗i , where τ possibly depends on the sample

{Zi}ni=1 through bθ. Then
E∗
·
1√
n

nP
i=1
X∗
i

¸
= 1√

n

nP
i=1
Xi

where Xi = τ
³
Zi,bθ´.

Proof. Note that

E∗ [X∗
i ] =

1
n

nP
j=1

Xj

which in turn implies

E∗
µ

1√
n

nP
i=1
X∗
i

¶
= 1√

n

nP
i=1

Ã
1
n

nP
j=1

Xj

!
= 1

n

nP
j=1

Xj .

Lemma 14 Let X∗
k,i = τk

³
Z∗i ,bθ´ for k = 1, 2 be some transformation of Z∗i , where τk possibly depends

on the sample {Zi}ni=1 through bθ. Then
E∗
·µ

1√
n

nP
i=1
X∗
1,i

¶µ
1√
n

nP
i=1
X∗
2,i

¶¸
= 1

n

nP
i=1
X1,iX2,i +

n− 1
n

µ
1√
n

nP
i=1
X1,i

¶µ
1√
n

nP
i=1
X2,i

¶
where Xk,i = τk(Zi,bθ).
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Proof. This is because

E∗
£
X∗
1,iX

∗
2,i

¤
= 1

n

nP
j=1

X1,jX2,j ,

which in turn implies that

E∗
·µ

1√
n

nP
i=1
X∗
1,i

¶µ
1√
n

nP
i=1
X∗
2,i

¶¸
= 1

n

nP
i=1
E∗
£
X∗
1,iX

∗
2,i

¤
+ 1

n

nP
i 6=i0

E∗
£
X∗
1,i

¤
E
£
X∗
2,i0
¤

= 1
n

nP
i=1

Ã
1
n

nP
j=1

X1,jX2,j

!
+ 1

n

nP
i6=i0

Ã
1
n

nP
j=1

X1,j

!Ã
1
n

nP
j=1

X2,j

!

= 1
n

nP
j=1

X1,jX2,j +
n (n− 1)

n

Ã
1
n

nP
j=1

X1,j

!Ã
1
n

nP
j=1

X2,j

!

= 1
n

nP
j=1

X1,jX2,j +
n− 1
n

Ã
1√
n

nP
j=1

X1,j

!Ã
1√
n

nP
j=1

X2,j

!
.

The conclusion follows easily from this result.

Lemma 15 Let X∗
k,i = τk

³
Z∗i ,bθ´ for k = 1, 2 be some transformation of Z∗i , where τk possibly depends

on the sample {Zi}ni=1 through bθ. Then
E∗
·µ

1√
n

nP
i=1
X∗
1,i

¶µ
1√
n

nP
i=1
X∗
2,i

¶µ
1√
n

nP
i=1
X∗
3,i

¶¸
= 1√

n
1
n

nP
j=1

X1,jX2,jX3,j +
n− 1
n

Ã
1
n

nP
j=1

X1,jX2,j

!Ã
1√
n

nP
j=1

X3,j

!

+
n− 1
n

Ã
1
n

nP
j=1

X3,jX1,j

!Ã
1√
n

nP
j=1

X2,j

!
+
n− 1
n

Ã
1
n

nP
j=1

X2,jX3,j

!Ã
1√
n

nP
j=1

X1,j

!

+
n2 − 3n+ 2

n2

Ã
1√
n

nP
j=1

X1,j

!Ã
1√
n

nP
j=1

X2,j

!Ã
1√
n

nP
j=1

X3,j

!
.

Proof. Note thatµ
nP
i=1
X∗
1,i

¶µ
nP
i=1
X∗
2,i

¶µ
nP
i=1
X∗
3,i

¶
=

nP
i=1
X∗
1,iX

∗
2,iX

∗
3,i

+
P
i6=i0

X∗
1,iX

∗
2,iX

∗
3,i0 +

P
i 6=i0

X∗
1,iX

∗
2,i0X

∗
3,i +

P
i 6=i0

X∗
1,i0X

∗
2,iX

∗
3,i

+
P

i6=i0 6=i00 6=i
X∗
1,iX

∗
2,i0X

∗
3,i00

Therefore, we have

nP
i=1
E∗
£
X∗
1,iX

∗
2,iX

∗
3,i

¤
=

Pn
i=1

Ã
1
n

nP
j=1

X1,jX2,jX3,j

!
=

nP
j=1

X1,jX2,jX3,j
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P
i6=i0

E∗
£
X∗
1,iX

∗
2,iX

∗
3,i0
¤
=

P
i6=i0

E∗
£
X∗
1,iX

∗
2,i

¤
E∗
£
X∗
3,i0
¤

=
P
i6=i0

Ã
1
n

nP
j=1

X1,jX2,j

!Ã
1
n

nP
j=1

X3,j

!

=
n− 1
n

Ã
nP
j=1

X1,jX2,j

!Ã
nP
j=1

X3,j

!

P
i6=i0

E∗
£
X∗
1,iX

∗
2,i0X

∗
3,i

¤
=

n− 1
n

Ã
nP
j=1

X3,jX1,j

!Ã
nP
j=1

X2,j

!
P
i6=i0

E∗
£
X∗
1,i0X

∗
2,iX

∗
3,i

¤
=

n− 1
n

Ã
nP
j=1

X2,jX3,j

!Ã
nP
j=1

X1,j

!
and P

i6=i0 6=i00 6=i
E∗
£
X∗
1,iX

∗
2,i0X

∗
3,i00
¤
=

P
i 6=i0 6=i00 6=i

E∗
£
X∗
1,i

¤
E∗
£
X∗
2,i0
¤
E∗
£
X∗
3,i00
¤

=
P

i 6=i0 6=i00 6=i

Ã
1
n

nP
j=1

X1,j

!Ã
1
n

nP
j=1

X2,j

!Ã
1
n

nP
j=1

X3,j

!

=
n2 − 3n+ 2

n2

Ã
nP
j=1

X1,j

!Ã
nP
j=1

X2,j

!Ã
nP
j=1

X3,j

!
from which we obtain

E∗
·µ

nP
i=1
X∗
1,i

¶µ
nP
i=1
X∗
2,i

¶µ
nP
i=1
X∗
3,i

¶¸
=

nP
j=1

X1,jX2,jX3,j +
n− 1
n

Ã
nP
j=1

X1,jX2,j

!Ã
nP
j=1

X3,j

!

+
n− 1
n

Ã
nP
j=1

X3,jX1,j

!Ã
nP
j=1

X2,j

!
+
n− 1
n

Ã
nP
j=1

X2,jX3,j

!Ã
nP
j=1

X1,j

!

+
n2 − 3n+ 2

n2

Ã
nP
j=1

X1,j

!Ã
nP
j=1

X2,j

!Ã
nP
j=1

X3,j

!
.

Lemma 16 Let U∗i (θ) ≡ ` (Z∗i , θ), V ∗i (θ) ≡ `θ (Z∗i , θ) − `θ (·, θ) ≡ `θ (Z∗i , θ) − n−1
Pn
i=1 `

θ (Zi, θ),

W ∗
i (θ) ≡ `θθ (Z∗i ) − `θθ (·, θ) ≡ `θθ (Z∗i ) − n−1

Pn
i=1 `

θθ (Zi, θ) and let U∗ (θ) = n−1/2
Pn
i=1 U

∗
i (θ),

V ∗ (θ) = n−1/2
Pn
i=1 V

∗
i (θ) and W

∗ (θ) = n−1/2
Pn
i=1W

∗
i (θ). Then (a)

E∗
h
U∗
³bθ´i = 0,

E∗
h
V ∗
³bθ´i = 0,

E∗
h
W ∗

³bθ´i = 0,

(b)

E∗
·
U∗
³bθ´2¸ = 1

n

nP
i=1
`
³
Zi,bθ´2

E∗
h
U∗
³bθ´V ∗ ³bθ´i = 1

n

nP
i=1
`
³
Zi,bθ´ `θ ³Zi,bθ´
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(c)

E∗
h
U∗ (θ)3

i
= 1√

n
1
n

nP
j=1

`
³
Zi,bθ´3 ,

E∗
·
U∗
³bθ´2 V ∗ ³bθ´¸ = 1√

n
1
n

nP
j=1

`
³
Zi,bθ´2µ`θ ³Zi,bθ´− `θ ³·,bθ´¶

E∗
·
U∗
³bθ´2W ∗

³bθ´¸ = 1√
n
1
n

nP
j=1

`
³
Zi,bθ´2µ`θθ ³Zi,bθ´− `θθ ³·,bθ´¶

E∗
·
U∗
³bθ´V ∗ ³bθ´2¸ = 1√

n
1
n

nP
j=1

`
³
Zi,bθ´µ`θ ³Zi,bθ´− `θ ³·,bθ´¶2

Proof. For part (a) it follows from Lemma 13 that

E∗
h
U∗i
³bθ´i = n−1 nP

i=1
`
³
Zi,bθ´ = 0,

where the last inequality follows from the definition of bθ. The remaining results can be established in the
same way. For part (b) we note that it follows from Lemma 14 that

E∗
·
U∗
³bθ´2¸ = 1

n

nP
i=1
`
³
Zi,bθ´2 + n− 1

n

µ
1√
n

nP
i=1
`
³
Zi,bθ´¶2

= 1
n

nP
i=1
`
³
Zi,bθ´2 ,

where the last equality is based on
Pn
i=1 `

³
Zi,bθ´ = 0. For the second part we use

E∗
h
U∗
³bθ´V ∗ ³bθ´i = 1

n

nP
i=1
`
³
Zi,bθ´µ`θ ³Zi,bθ´−µ 1

n

nP
i=1
`θ
³
Zi,bθ´¶¶

+
n− 1
n

µ
1√
n

nP
i=1
`
³
Zi,bθ´¶µ 1√

n

nP
i=1

µ
`θ
³
Zi,bθ´−µ 1

n

nP
i=1
`θ
³
Zj ,bθ´¶¶¶

= 1
n

nP
i=1
`
³
Zi,bθ´ `θ ³Zi,bθ´ .

For part (c) we use Lemma 15 to obtain

E∗
·
U∗
³bθ´3¸ = 1√

n
1
n

nP
j=1

`
³
Zi,bθ´3 + 3n− 1

n

Ã
1
n

nP
j=1

`
³
Zi,bθ´2!Ã 1√

n

nP
j=1

`
³
Zi,bθ´!

+
n2 − 3n+ 2

n2

µ
1√
n

nP
i=1
`
³
Zi,bθ´¶3 ,

E∗
·
U∗
³bθ´2 V ∗ ³bθ´¸ = 1√

n
1
n

nP
j=1

Uj
³bθ´2 Vj ³bθ´+ n− 1

n

Ã
1
n

nP
j=1

Uj
³bθ´2!Ã 1√

n

nP
j=1

Vj
³bθ´!

+2
n− 1
n

Ã
1
n

nP
j=1

Uj

³bθ´Vj ³bθ´!Ã 1√
n

nP
j=1

Uj

³bθ´!

+
n2 − 3n+ 2

n2

Ã
1√
n

nP
j=1

Uj

³bθ´!2Ã 1√
n

nP
j=1

Vj

³bθ´! ,
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E∗
·
U∗
³bθ´2W ∗

³bθ´¸ = 1√
n
1
n

nP
j=1

Uj

³bθ´2Wj

³bθ´+ n− 1
n

Ã
1
n

nP
j=1

Uj

³bθ´2!Ã 1√
n

nP
j=1

Wj

³bθ´!

+2
n− 1
n

Ã
1
n

nP
j=1

Uj

³bθ´Wj

³bθ´!Ã 1√
n

nP
j=1

Uj

³bθ´!

+
n2 − 3n+ 2

n2

Ã
1√
n

nP
j=1

Uj
³bθ´!2Ã 1√

n

nP
j=1

Wj

³bθ´! ,
and

E∗
·
U∗
³bθ´V ∗ ³bθ´2¸ = 1√

n
1
n

nP
j=1

Uj

³bθ´Vj ³bθ´2 + n− 1
n

Ã
1
n

nP
j=1

Vj

³bθ´2!Ã 1√
n

nP
j=1

Uj

³bθ´!

+2
n− 1
n

Ã
1
n

nP
j=1

Uj

³bθ´Vj ³bθ´!Ã 1√
n

nP
j=1

Vj

³bθ´!

+
n2 − 3n+ 2

n2

Ã
1√
n

nP
j=1

Uj

³bθ´!Ã 1√
n

nP
j=1

Vj

³bθ´!2
such that the result follows.

A.3 Lemmas for Jackknifed Statistics

Lemma 17 Let

W =
1√
n

nX
i=1

Xi, W(j) =
1√
n− 1

X
i6=j
Xi

Then, we have

nW −√n√n− 1 1
n

nX
j=1

W(j) =W

Proof. Note that

1

n

nX
j=1

W(j) =
1

n
√
n− 1

nX
j=1

X
i6=j
Xi =

n− 1
n
√
n− 1

nX
i=1

Xi =

√
n− 1√
n

W

It therefore follows that

nW −√n√n− 1 1
n

nX
j=1

W(j) = nW −√n√n− 1
√
n− 1√
n

W =W

Lemma 18 Let

W =

Ã
1√
n

nX
i=1

X1,i

!Ã
1√
n

nX
i=1

X2,i

!
, W(j) =

 1√
n− 1

X
i6=j
X1,i

 1√
n− 1

X
i 6=j

X2,i


Then,

nW −
nX
j=1

W(j) =
1

n− 1
X
i 6=j

X1,iX2,j

27



Proof. We first prove that

1

n

jX
j=1

W(j) =
n− 2
n− 1W +

1

n (n− 1)
nX
i=1

X1,iX2,i

For this purpose, note that

1

n− 1
1

n

nX
j=1

W(j) =
1

n

nX
j=1

 1

n− 1
X
i 6=j

X1,i

 1

n− 1
X
i 6=j

X2,i


=

1

n

nX
j=1

µ
nX1 −X1,j
n− 1

¶µ
nX2 −X2,j
n− 1

¶

=
1

n

n3X1X2 − 2n2X1X2 +
Pn
i=1X1,iX2,i

(n− 1)2

=
n2 − 2n
(n− 1)2X1X2 +

1

n (n− 1)2
nX
i=1

X1,iX2,i

=
n− 2
(n− 1)2W +

1

n (n− 1)2
nX
i=1

X1,iX2,i,

where X1 denotes the sample average of X1,i. Therefore, we have

1

n

nX
j=1

W(j) =
n− 2
n− 1W +

1

n (n− 1)
nX
i=1

X1,iX2,i

and

nW −
nX
j=1

W(j) =

µ
n− n (n− 2)

n− 1
¶
W − 1

n− 1
nX
i=1

X1,iX2,i

=
n

n− 1W − 1

n− 1
nX
i=1

X1,iX2,i

=
1

n− 1

Ã
nX
i=1

X1,i

!Ã
nX
i=1

X2,i

!
− 1

n− 1
nX
i=1

X1,iX2,i

=
1

n− 1
X
i 6=j

X1,iX2,j

Lemma 19 Let

W =

Ã
1√
n

nX
i=1

X1,i

!Ã
1√
n

nX
i=1

X2,i

!Ã
1√
n

nX
i=1

X3,i

!
,

W(j) =

 1√
n− 1

X
i 6=j

X1,i

 1√
n− 1

X
i 6=j
X2,i

 1√
n− 1

X
i6=j
X3,i
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Then,

nW −
r

n

n− 1
nX
j=1

W(j)

=
n2 + n

(n− 1)2W

− n2

(n− 1)2
¡√
nX1

¢Ã1
n

nX
i=1

X2,iX3,i

!
− n2

(n− 1)2
¡√
nX2

¢Ã 1
n

nX
i=1

X3,iX1,i

!

− n2

(n− 1)2
¡√
nX3

¢Ã1
n

nX
i=1

X1,iX2,i

!
+

n
√
n

(n− 1)2
Ã
1

n

TX
t=1

X1,iX2,iX3,i

!
Proof. Observe that

1

n

nX
j=1

 1

n− 1
X
i 6=j

X1,i

 1

n− 1
X
i6=j

X2,i

 1

n− 1
X
i 6=j

X3,i


=

1

n

nX
j=1

µ
nX1 −X1,j
n− 1

¶µ
nX2 −X2,j
n− 1

¶µ
nX3 −X3,j
n− 1

¶
=

n3 − 3n2
(n− 1)3 X1X2X3

+
1

(n− 1)3X1

nX
i=1

X2,iX3,i +
1

(n− 1)3X2

TX
t=1

X3,iX1,i

+
1

(n− 1)3X3

TX
t=1

X1,iX2,i − 1

n (n− 1)3
TX
t=1

X1,iX2,iX3,i

It therefore follows that

1

n

nX
j=1

W(j) =
n− 3

(n− 1)3/2
√
n
¡√
nX1

¢ ¡√
nX2

¢ ¡√
nX3

¢
+

√
n

(n− 1)3/2
¡√
nX1

¢Ã 1
n

nX
i=1

X2,iX3,i

!
+

√
n

(n− 1)3/2
¡√
nX2

¢Ã 1
n

nX
i=1

X3,iX1,i

!

+

√
n

(n− 1)3/2
¡√
nX3

¢Ã 1
n

nX
i=1

X1,iX2,i

!
− 1

(n− 1)3/2
Ã
1

n

TX
t=1

X1,iX2,iX3,i

!
and therefore,

nW −
r

n

n− 1
nX
j=1

W(j)

=
n2 + n

(n− 1)2W

− n2

(n− 1)2
¡√
nX1

¢Ã1
n

nX
i=1

X2,iX3,i

!
− n2

(n− 1)2
¡√
nX2

¢Ã 1
n

nX
i=1

X3,iX1,i

!

− n2

(n− 1)2
¡√
nX3

¢Ã1
n

nX
i=1

X1,iX2,i

!
+

n
√
n

(n− 1)2
Ã
1

n

TX
t=1

X1,iX2,iX3,i

!
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Lemma 20 Let

W =

Ã
1√
n

nX
i=1

X1,i

!Ã
1√
n

nX
i=1

X2,i

!Ã
1√
n

nX
i=1

X3,i

!Ã
1√
n

nX
i=1

X4,i

!
,

W(j) =

 1√
n− 1

X
i 6=j

X1,i

 1√
n− 1

X
i 6=j
X2,i

 1√
n− 1

X
i6=j
X3,i

 1√
n− 1

X
i6=j
X4,i


Then,

nW − n2

n− 1
1

n

nX
j=1

W(j)

=
n
¡
n2 + 3n− 1¢
(n− 1)3 W

− n3

(n− 1)3
¡√
nX1

¢ ¡√
nX2

¢Ã 1
n

nX
i=1

X3,iX4,i

!
− n3

(n− 1)3
¡√
nX1

¢ ¡√
nX3

¢Ã 1
n

nX
i=1

X2,iX4,i

!

− n3

(n− 1)3
¡√
nX1

¢ ¡√
nX4

¢Ã 1
n

nX
i=1

X2,iX3,i

!
− n3

(n− 1)3
¡√
nX2

¢ ¡√
nX3

¢Ã 1
n

nX
i=1

X1,iX4,i

!

− n3

(n− 1)3
¡√
nX2

¢ ¡√
nX4

¢Ã 1
n
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i=1

X1,iX3,i

!
− n3

(n− 1)3
¡√
nX3
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nX4
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n
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X1,iX2,i

!

+
n3√

n (n− 1)3
¡√
nX1

¢Ã 1
n

nX
i=1

X2,iX3,iX4,i

!
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n (n− 1)3

¡√
nX2

¢Ã 1
n

nX
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X1,iX3,iX4,i

!
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n (n− 1)3
¡√
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¢Ã 1
n
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X1,iX2,iX4,i

!
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n (n− 1)3

¡√
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n
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i=1

X1,iX2,iX3,i

!
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(n− 1)3
Ã
1

n

nX
i=1

X1,iX2,iX3,iX4,i

!
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Proof. Observe that

1

n

nX
j=1

 1

n− 1
X
i 6=j

X1,i

 1

n− 1
X
i6=j

X2,i

 1

n− 1
X
i 6=j
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n− 1
X
i 6=j
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=

1

n

nX
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µ
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n− 1
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¶
=
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(n− 1)4 X1X2X3X4
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n
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n
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n
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n
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(n− 1)4X4

nX
i=1

X1,iX2,iX3,i

+
1

n (n− 1)4
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It therefore follows that
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from which the conclusion follows.
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Lemma 21 Let
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1√
n

nX
i=1

X1,i

!Ã
1√
n

nX
i=1

X2,i

!Ã
1√
n

nX
i=1

X3,i

!Ã
1√
n

nX
i=1

X4,i

!Ã
1√
n

nX
i=1

X5,i

!
,

W(j) =

 1√
n− 1

X
i 6=j

X1,i

 1√
n− 1

X
i 6=j
X2,i

 1√
n− 1

X
i6=j
X3,i

 1√
n− 1

X
i6=j
X4,i

Ã 1√
n

nX
i=1

X5,i

!

Then,

W − n
√
n

(n− 1)√n− 1
1

n

nX
j=1

W(j)

=
n3 + 6n2 − 4n+ 1

(n− 1)4
¡√
nX1

¢ ¡√
nX2

¢ ¡√
nX3

¢ ¡√
nX4

¢ ¡√
nX5

¢
− n2

(n− 1)4
¡√
nX1

¢ ¡√
nX2

¢ ¡√
nX5

¢1
n

nX
j=1

X3,jX4,j


− n2

(n− 1)4
¡√
nX1

¢ ¡√
nX2

¢ ¡√
nX3

¢1
n

nX
j=1

X4,jX5,j


− n2

(n− 1)4
¡√
nX1

¢ ¡√
nX3

¢ ¡√
nX5

¢1
n

nX
j=1

X2,jX4,j


− n2

(n− 1)4
¡√
nX1

¢ ¡√
nX4

¢ ¡√
nX5

¢1
n

nX
j=1

X2,jX3,j


− n2

(n− 1)4
¡√
nX1

¢ ¡√
nX3

¢ ¡√
nX4

¢1
n

nX
j=1

X2,jX5,j


− n2

(n− 1)4
¡√
nX3

¢ ¡√
nX4

¢ ¡√
nX5

¢1
n

nX
j=1

X1,jX2,j


− n2

(n− 1)4
¡√
nX2

¢ ¡√
nX3

¢ ¡√
nX5

¢1
n

nX
j=1

X1,jX4,j


− n2

(n− 1)4
¡√
nX2

¢ ¡√
nX4

¢ ¡√
nX5

¢1
n

nX
j=1

X1,jX3,j


− n2

(n− 1)4
¡√
nX2

¢ ¡√
nX3

¢ ¡√
nX4

¢1
n

nX
j=1

X1,jX5,j


− n2

(n− 1)4
¡√
nX1

¢ ¡√
nX2

¢ ¡√
nX4

¢1
n

nX
j=1

X3,jX5,j



32



(continued)
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Proof. Observe that
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=
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Therefore, we have
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(continued.)
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from which the conclusion follows.

A.4 Proofs of Main Results

Proof of Proposition 1. Consider the function G (², θ) ≡ R ` (·, θ) dF² (z) . Note that G(., .) : R×Υ→ R

and is continuously differentiable on R2. By Condition 2 there exists θ(²) ∈ Υ such that G(², θ(²)) = 0 for
all ² ∈ [0, 1/√n]. Since ∂G(², θ)/∂θ 6= 0 almost surely by assumption it follows by the implicit function
theorem that there exists a continuously differentiable function θ(²) : U → R such that G (², θ (²)) = 0

a.s. Since G(², θ) is in fact m times continuously differentiable θ(²) inherits this property. Measurability

of θ(²) follows from continuity of f(z, θ) and separability of Υ.

By Taylor’s theorem there exists some ²̃ ∈ [0, 1/√n] such that bθ ¡n−1/2¢ = θ(0)+Pm−1
k=1

1
k!nk/2

θ(k) (0)+

1
m!nm/2 θ

(m) (²̃). By Lemmas 5 and 6 it follows that max0≤²≤n−1/2 θ
(k) (²) = Op(1) such that the remainder

term 1
m!nm/2 θ

(m) (²̃) = Op
¡
n−m/2

¢
for m ≤ 6. To find the derivatives θ(k), let

h (z, ²) ≡ ` (z, θ (²)) ,

and rewrite the first order condition as

0 =

Z
h (z, ²) dF² (z)

Differentiating repeatedly with respect to ², we obtain

0 =

Z
dh (z, ²)

d²
dF² (z) +

Z
h (z, ²) d∆ (z) (18)
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Z
d2h (z, ²)

d²2
dF² (z) + 2

Z
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Z
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Z
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d∆ (z) (23)

Note that

dh (²)

d²
= `θθ² (24)

d2h (²)

d²2
= `θθ (θ²)

2
+ `θθ²² (25)

d3h (²)

d²3
= `θθθ (θ²)3 + 3`θθθ²θ²² + `θθ²²² (26)
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d4h (²)

d²4
= `θθθθ (θ²)4 + 6`θθθ (θ²)2 θ²² + 3`θθ (θ²²)2 + 4`θθθ²θ²²² + `θθ²²²² (27)

d5h (²)

d²5
= `θθθθθ (θ²)5 + 10`θθθθ (θ²)3 θ²² + 15`θθθθ² (θ²²)2 (28)
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+15`θθθ (θ²)2 θ²²²² + 10`θθ (θ²²²)2 + 15`θθθ²²θ²²²² + 6`θθθ²θ²²²²²

+`θθ²²²²²²

Here, θ² denotes the derivative of θ with respect to ². Combining (18) - (21) with (24) - (27), we obtain
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and
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Here, E² [·] is defined such that

E² [g (Zi, ²)] ≡
Z
g (z, ²) dF² (z)

Evaluating expressions (30) - (33) at ² = 0, we obtain
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`d∆

¶2µZ
`θd∆
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−E [`θ]θ
²²²

µZ
`θd∆

¶
(39)
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θ²²²²² =
E
£
`θθθθθ

¤
−E [`θ] (θ

²)
5
+ 10

E
£
`θθθθ

¤
−E [`θ] (θ

²)
3
θ²² + 15

E
£
`θθθ

¤
−E [`θ] θ

² (θ²²)
2

+10
E
£
`θθθ

¤
−E [`θ] (θ

²)2 θ²²² + 10
E
£
`θθ
¤

−E [`θ]θ
²²θ²²²

+5
E
£
`θθ
¤

−E [`θ]θ
²θ²²²² + 5

1

−E [`θ] (θ
²)4
µZ

`θθθθd∆

¶
+30

1

−E [`θ] (θ
²)2 θ²²

µZ
`θθθd∆

¶
+ 15

1

−E [`θ] (θ
²²)2

µZ
`θθd∆

¶
+20

1

−E [`θ]θ
²θ²²²

µZ
`θθd∆

¶
+ 5

1

−E [`θ]θ
²²²²

µZ
`θd∆

¶
(40)

Proof of Proposition 2. By the same arguments as in the proof of proposition 1 it follows that

there exists some ²̃ ∈ £0, n−1/2¤ such that √n³bθ∗ − bθ´ = bθ² (0) +Pm−1
k=1

1
k!nk/2

bθ(k) (0) + 1
m!nm/2

bθ(m) (²̃)
a.s., where bθ² (0) is obtained from evaluating

R dh(z,²)
d² d bF² (z) + R h (z, ²) db∆ (z) at ² = 0. We obtain

0 =

Z
`θ(z,bθ)d bF (z)bθ²(0) + Z `

³
z,bθ´ db∆ (z) ,

where
R
`θ(z,bθ)d bF (z) ≡ n−1

Pn
i=1 `

θ(Zi,bθ) and b∆ (z) ≡ √
n
³ bF ∗ (z)− bF (z)´. Similar expressions can

be found for higher order derivatives of bθ(²). These expressions depend on n−1Pn
i=1 `

(k)
³
Zi,bθ´ andR

`(k)
³
z,bθ´ db∆ (z) for k = 0, 1, ..., 6. By Condition 1 and Lemma 5, it follows that n−1Pn

i=1 `
(k)
³
Zi,bθ´ p→

E
£
`(k) (Zi, θ0)

¤
by a uniform law of large numbers. By Proposition 6 the class F is Donsker. By the proof

of Theorem 2.4 in Gine and Zinn (1990) it follows that the following conditional stochastic equicontinuity

property

PNa.s., lim
δ↓0
lim sup
n→∞

P ∗
Ã
sup

|t−s|<δ

¯̄̄̄Z ³
`(k) (z, t)− `(k)(z, s)

´
db∆ (z)¯̄̄̄ > η! = 0

holds. Then

P∗
µ¯̄̄̄Z ³

`(k)
³
z,bθ´− `(k) (z, θ0)´ db∆ (z)¯̄̄̄ > η¶

≤ P ∗
Ã

sup
|θ−θ0|<δ

¯̄̄̄Z ³
`(k) (z, t)− `(k)(z, s)

´
db∆ (z)¯̄̄̄ > η/2!+ P ∗ ³¯̄̄bθ − θ0 ¯̄̄ ≥ η/2´ (41)

or Z
`(k)

³
z,bθ´db∆ (z) = Z `(k) (z, θ0) db∆ (z) + op(1) PNa.s.

It now follows from Proposition 6 and Theorem 2.4 of Gine and Zinn (1990) that
R
`(k) (z, θ0) db∆ (z) ÃR

`(k) (z, θ0) dT (z) almost surely, where T (z) is a Brownian Bridge process. We finally have to analyze

the term bθ(m) (²̃) which contains expressions of the form R `(k)(z,bθ∗(²))d bF² (z) and R `(k) ³z,bθ∗(²)´db∆ (z) .
For

R
`(k)

³
z,bθ∗(²)´db∆ (z) we use the same inequality as in (41) together with Lemma 10 to show thatZ

`(k)
³
z,bθ∗(²)´db∆ (z) = Z `(k) (z, θ0) db∆ (z) + op(1) PNa.s.
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Next consider¯̄̄̄Z
`(k)(z,bθ∗(²))d bF² (z)− `(k)(z, θ0)dF (z)¯̄̄̄

≤ |²|
¯̄̄̄Z
`(k)(z,bθ∗(²))db∆ (z)¯̄̄̄+ ¯̄̄̄Z `(k)(z, θ0)d

³
F (z)− bF (z)´¯̄̄̄

+

¯̄̄̄Z h
`(k)(z,bθ∗(²))− `(k)(z, θ0)i d bF (z)¯̄̄̄

where
R
`(k)(z,bθ∗(²))db∆ (z) = Op(1) PNa.s. by Proposition 6 and sup |²| = O(n−1/2). The second term is

op(1) by a law of large numbers. Finally,

P ∗
µ
sup
²

¯̄̄̄Z h
`(k)(z,bθ∗(²))− `(k)(z, θ0)i d bF (z)¯̄̄̄ > η¶

≤ P∗
Ã

sup
|θ−θ0|<δ

¯̄̄̄Z h
`(k)(z, θ)− `(k)(z, θ0)

i
d bF (z)¯̄̄̄ > η!+ P ∗Ã sup

0≤²≤1/√n

¯̄̄bθ∗(²)− θ0 ¯̄̄ ≥ δ!

where the first probability goes to zero because for any ε > 0,∃δ > 0 such that

E sup
|θ−θ0|<δ

¯̄̄̄Z h
`(k)(z, θ)− `(k)(z, θ0)

i
d bF (z)¯̄̄̄ = sup

|θ−θ0|<δ

³
E`(k)(Zi, θ)−E`(k)(Zi, θ0)

´
≤ ε

and the second probability goes to zero by Lemma 10. It follows that
R
`(k)(z,bθ∗(²))d bF² (z) p→ E`(k)(z, θ0)

PNa.s. Together, these results imply that sup²

¯̄̄̄bθ(k)(²)¯̄̄̄ = Op(1) PNa.s. for k ≤ 6. This establishes the

validity of the expansion.

Proof of Theorem 3. Let

bθ∗a ≡ n−1/2bθ² (0) + 12 1nbθ²² (0) + 16 1

n3/2
bθ²²² (0) + 1

24

1

n2
bθ²²²² (0) .

Because |hn(x)− hn(y)| ≤ 2nαC (Z) ∧ kx− yk, we have¯̄̄
hn
³bθ∗ − bθ´− hn ³bθ∗a´¯̄̄ ≤ min

Ã
2nαC (Z) ,

1

96n5/2
sup

0≤²≤1/√n

°°°bθ²²²²² (²)°°°! .
Fix ε > 0 and 7

96 < δ <
1
2 arbitrary. Taking expectations with respect to the measure

bF leads to
¯̄̄
E∗
h
hn

³bθ∗ − bθ´i−E∗ hhn ³bθ∗a´i¯̄̄ ≤ ε/n2−δ + 2nαC (Z) · P∗
"

1

96n5/2
sup

0≤²≤1/√n

°°°bθ²²²²² (²)°°° > ε/n2−δ# .

Use the fact that P ∗
h

1
24n5/2

sup0≤²≤1/√n
°°°bθ²²²²² (²)°°° > ε/n2−δi = op

¡
n−76/60−(16/5)δ

¢
by setting −v =

1/60 + δ/5 in Lemma 12. Choose δ ∈ (7/96 + (5/16)α, 1/2) . It follows that¯̄̄
E∗
h
hn
³bθ∗ − bθ´i−E∗ hhn ³bθ∗a´i¯̄̄ ≤ ε/n2−δ + 2op

³
n−76/60−(16/5)δ+α

´
C (Z)

= Op(n
δ−2) = op(n−3/2)
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Next, we need to show that E∗
h
hn

³bθ∗a´i−E∗ hbθ∗ai = op ¡n3/2¢ . Note that¯̄̄
E∗
h
hn

³bθ∗a´i−E∗ hbθ∗ai¯̄̄ ≤ E∗
h¯̄̄
nαC (Z)− bθ∗a ¯̄̄1n¯̄̄bθ∗a ¯̄̄ ≥ nαC (Z)oi

≤ E∗
h¯̄̄bθ∗a ¯̄̄1n¯̄̄bθ∗a ¯̄̄ ≥ nαC (Z)oi+ nαC (Z)E∗ h1n¯̄̄bθ∗a ¯̄̄ ≥ nαC (Z)oi

≤ 2E∗


¯̄̄bθ∗a ¯̄̄4

(nαC (Z))
3

 .
Let a ≡ bθ² (0), b ≡ 1

2
bθ²² (0), c ≡ 1

6
bθ²²² (0), and d ≡ 1

24
bθ²²²² (0) . We haveµ

1

n1/2
a+

1

n
b+

1

n3/2
c+

1

n2
d

¶4
=

1

n2
a4 +

1

n4
b4 +

1

n6
c4 +

1

n8
d4 +

4

(
√
n)
7 ab

3

+
4

n5
ac3 +

4

(
√
n)
13 ad

3 +
4

(
√
n)
5 a

3b+
4

n3
a3c

+
4

(
√
n)
7 a

3d+
6

n3
a2b2 +

6

n4
a2c2 +

6

n5
a2d2

+
4

(
√
n)
11 bc

3 +
4

n7
bd3 +

4

(
√
n)
9 b
3c+

4

n5
b3d

+
6

n5
b2c2 +

6

n6
b2d2 +

4

(
√
n)
15 cd

3 +
4

(
√
n)
13 c

3d

+
6

n7
c2d2 +

12

(
√
n)
7 a

2bc+
12

n4
ab2c+

12

(
√
n)
9 ab

2d

+
12

(
√
n)
9 abc

2 +
12

(
√
n)
11 abd

2 +
12

(
√
n)
11 ac

2d

+
12

n6
acd2 +

12

n4
a2bd+

12

(
√
n)
9 a

2cd+
24

n5
abcd

+
12

n6
bc2d+

12

(
√
n)
13 bcd

2 +
12

(
√
n)
11 b

2cd.

Expectations of all terms of the from E∗
£
aibjckdl

¤
where i, j, k, l ∈ {0, 1, 2, 3, 4} and i+ j + k+ l = 4 are

bounded in probability E∗
£
aibjckdl

¤
= Op(1) such thatE∗

£
1
n2 a

4
¤
= Op(n

−2) is the largest term. It follows

that
¯̄̄
E∗
h
hn

³bθ∗a´i−E∗ hbθ∗ai¯̄̄ = Op ¡n−2−3α¢ = op ¡n−3/2¢. Because E∗ h 1
24n2

bθ²²²² (0)i = Op ¡n−2¢, we
have

E∗
hbθ∗ai = E∗ hbθ∗aai+ op(n−3/2)

where

bθ∗aa ≡ 1

n1/2
bθ² (0) + 1

2

1

n
bθ²² (0) + 1

6

1

n3/2
bθ²²² (0) .

In order to evaluate E∗
hbθ∗aai we use Proposition 2 by which bθ² (0) = bI−1U∗ ³bθ´ , bθ²² (0) = bI−3 bQ1 ³bθ´U∗ ³bθ´2+

2bI−2U∗ ³bθ´V ∗ ³bθ´ and
bθ²²² (0) = bI−4 bQ2 ³bθ´U∗ ³bθ´3 + 3bI−5 bQ1 ³bθ´2 U∗ ³bθ´3 + 9bI−4 bQ1 ³bθ´U∗ ³bθ´2 V ∗ ³bθ´

+3bI−3U∗ ³bθ´2W ∗
³bθ´+ 6bI−3U∗ ³bθ´V ∗ ³bθ´2 .
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Note that bI, bQ1 and bQ2 are constants with respect to E∗. It thus follows that
E∗
hbθ² (0)i = bI−1E∗ hU ³bθ´i = 0

by Lemma 16(a). We consider E∗
·
U
³bθ´2¸ = 1

n

Pn
i=1 `

³
Zi,bθ´2. By Proposition 6 and van der Waart

and Wellner (1996, Theorem 1.5.7) it follows that

lim sup
n→∞

P

Ã
sup

|θ−θ0|<δ

¯̄̄̄
1
n

nP
i=1
`
³
Zi,bθ´2 − 1

n

nP
i=1
` (Zi, θ0)

2

¯̄̄̄
> ε

!
= 0

such that by Lemma 5 it follows that

E∗
·
U
³bθ´2¸ = 1

n

nP
i=1
` (Zi, θ0)

2 + op(1).

Similar results can be established for the other expressions of Lemma 16. It therefore follows that

E∗
hbθ²² (0)i = I−3Q1 (θ0) 1n

nP
i=1

` (Zi, θ0)
2 + 2I−2 1n

nP
i=1

` (Zi, θ0) `
θ (Zi, θ0) + op (1)

= I−2Q1 (θ0) + 2I−2E
£
``θ
¤
+ op (1)

= 2b (θ0) .

It also follows that E∗
hbθ²²² (0)i = Op ¡n−1/2¢ by the same arguments. Therefore

E∗
hbθ∗aai = b (θ0)

n
+ op

¡
n−1

¢
,

which establishes the result.

Proof of Proposition 4. First note that E∗
h
hn

³bθ∗ − bθ´i = E∗ hbθ∗aai+ op ¡n−3/2¢ by Theorem 3.

It follows that

√
n
³bθ −E∗ hhn ³bθ∗ − bθ´i− θ0´ =

√
n
³bθ −E∗ [θ∗aa]− θ0´+√n³E∗ [θ∗aa]−E∗ hhn ³bθ∗ − bθ´i´

=
√
n
³bθ −E∗ [θ∗aa]− θ0´+ op(n−1).

We have shown that

E∗
hbθ² (0)i = 0,

E∗
hbθ²² (0)i = bI−3 bQ1 ³bθ´ 1

n

nP
i=1
`
³
Zi,bθ´2 + 2bI−2 1n nP

i=1
`
³
Zi,bθ´ `θ ³Zi,bθ´

≡ I−2Q1 (θ0) + 2I−2E
£
` (Zi, θ0) `

θ (Zi, θ0)
¤
+Bn + op

³
n−1/2

´
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and

E∗
hbθ²²² (0)i = bI−4 bQ2 ³bθ´Ã 1√

n
1
n

nP
j=1

`
³
Zi,bθ´3!+ 3bI−5 bQ1 ³bθ´2Ã 1√

n
1
n

nP
j=1

`
³
Zi,bθ´3!

+9bI−4 bQ1 ³bθ´Ã 1√
n
1
n

nP
j=1

`
³
Zi,bθ´2µ`θ ³Zi,bθ´− `θ ³·,bθ´¶!

+3bI−3Ã 1√
n
1
n

nP
j=1

`
³
Zi,bθ´2µ`θθ ³Zi,bθ´− `θθ ³·,bθ´¶!

+6bI−3Ã 1√
n
1
n

nP
j=1

`
³
Zi,bθ´µ`θ ³Zi,bθ´− `θ ³·,bθ´¶2!

= Op
³
n−1/2

´
.

Here,

√
nBn ≡ −3I−3√n

³bI − I´Q1 (θ0)
+I−2√n

³ bQ1 ³bθ´−Q (θ0)´
+I−3Q1 (θ0)

µ
1√
n

nP
i=1

h
` (Zi, θ0)

2 −E
h
` (Zi, θ0)

2
ii
+
√
n
h
m̄1

³bθ´− m̄1 (θ0)
i¶

−4I−3√n
³bI − I´E £` (Zi, θ0) `θ (Zi, θ)¤

+2I−2
³√
n
h
m̄3

³bθ´− m̄3 (θ0)
i

+
√
n

·
n−1

nP
i=1
` (Zi, θ0) `

θ (Zi, θ0)−E
£
` (Zi, θ0) `

θ (Zi, θ0)
¤¸¶

It follows that

E∗
hbθ∗aai =

1

2

1

n

¡I−2Q1 (θ0) + 2I−2E £` (Zi, θ0) `θ (Zi, θ0)¤¢
+
1

2

1

n3/2
¡√
nBn

¢
+Op

¡
n−2

¢
. (42)

Using Lemma 8, we obtain

√
nBn = B+ op (1) , (43)

where

B ≡ 3I−4Q1 (θ0)2 U (θ0) + I−3Q2 (θ0)U (θ0) + 6I−4Q1 (θ0)E [Ui (θ0)Vi (θ0)]U (θ0)
+2I−3E [Ui (θ0)Wi (θ0)]U (θ0) + 2I−3E

h
`θ (Zi, θ0)

2
i
U (θ0)

+3I−3Q1 (θ0)V (θ0) + 4I−3E [Ui (θ0)Vi (θ0)]V (θ0)
+I−2W (θ0)

+2I−2n−1/2
µ

nP
i=1
` (Zi, θ0) `

θ (Zi, θ0)−E
£
` (Zi, θ0) `

θ (Zi, θ0)
¤¶

+I−3Q1 (θ0)n−1/2
µ

nP
i=1

h
` (Zi, θ0)

2 −E
h
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2
ii¶
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Combining (42) and (43), we obtain³bθ− E∗ hhn ³bθ∗ − bθ´i− θ0´
= bθ − θ0

−1
2

1

n

¡I−2Q1 (θ0) + 2I−2E £` (Zi, θ0) `θ (Zi, θ0)¤¢
−1
2

1

n3/2
B+ op

µ
1

n3/2

¶
,

from which the conclusion follows.

Proof of Proposition 5. Write θ² = θ² (0), etc, for notational simplicity. Because

bθ = θ0 + θ
² +

1

2

1

n
θ²² +

1

6

1

n
√
n
θ²²²

+
1
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1

n2
θ²²²² +

1
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1
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√
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1

720

1
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we should have
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1
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Therefore,
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√
n

nbθ − n− 1
n

nX
j=1
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n
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√
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√
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r
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√
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n
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1

n
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1
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1
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1
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!
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√
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or

√
n
³eθ − θ0´
=

nθ² −√n√n− 1 1
n

nX
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θ²(j)

+ 1
2

1√
n
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6
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n
√
n
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1

n
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1
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n
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√
n
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1
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√
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1
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From Lemma 7, we have

Pr

·¯̄̄̄
1

n
1
2−6υ

θ²²²²²² (e²)¯̄̄̄ > C¸ ≤ Pr" max
0≤²≤ 1√

n

|θ²²²²²² (²)| > Cn 1
2−6υ

#
= o (1)

for every υ such that υ < 1
48 . In particular, we have

1√
n
θ²²²²²² (e²) = op (1) (46)

By Lemma 7 again, we obtain
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n
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1

n
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¯̄̄̄
¯̄ > C

 ≤
nX
j=1
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n
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#
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Here, the first equality is based on the fact that Zi are i.i.d., so that θ
²²²²²²
(j) (²) are identically distributed

for j = 1, . . . , n. In particular, we have

1

(n− 1)√n
nX
j=1

θ²²²²²²(j)

¡e²(j)¢ = op (1) (47)

Combining (46) and (47), we obtain

1

720

1

n
√
n
θ²²²²²² (e²)− 1

720

1

(n− 1)2√n
nX
i=1

θ²²²²²²(j)

¡e²(j)¢ = opµ 1n
¶

(48)

Note that θ²²²² is a sum of V-statistic of order 4 as considered in Lemma 20. Likewise, θ²²²²² is a sum of

V-statistic of order 5 as considered in Lemma 21. Therefore, combining (39) and (40) with Lemmas 20
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and 21, we obtain

nθ²²²² − n2

n− 1
1

n

nX
j=1

θ²²²²(j) = Op (1)

n

θ²²²²² − n
√
n

(n− 1)√n− 1
1

n

nX
j=1

θ²²²²²(j)

 = Op (1)

from which we further obtain

1

24

1

n
√
n

nθ²²²² − n2

n− 1
1

n

nX
j=1

θ²²²²(j)

 = op

µ
1

n

¶
(49)

1

120

1

n2
n

θ²²²²² − n
√
n

(n− 1)√n− 1
1

n

nX
j=1

θ²²²²²(j)

 = op

µ
1

n

¶
(50)

Combining (4), (5), (6) with Lemmas 17, 18, 19, we obtainnθ² −√n√n− 1 1
n

nX
j=1

θ²(j)

+ 1
2

1√
n

nθ²² − nX
j=1

θ²²(j)

+ 1
6

1

n

nθ²²² −r n

n− 1
nX
j=1

θ²²²(j)


= θ² +

1

2

1√
n

½
I−3E £`θθ¤ ³U(θ0)2 −E hUi (θ0)2i´+ 2

I2 (U (θ0)V (θ0)−E [Ui (θ0)Vi (θ0)])
¾
(51)

+
1

6

1

n
θ²²² − 1

2

1

n
J+ op

µ
1

n

¶
Combining (45) with (48), (50), (49), and (51), we obtain

√
n
³eθ − θ0´ = θ² +

1

2

1√
n

½
I−3E £`θθ¤ ³U(θ0)2 −E hUi (θ0)2i´+ 2

I2 (U (θ0)V (θ0)−E [Ui (θ0)Vi (θ0)])
¾

+
1

6

1

n
θ²²² − 1

2

1

n
J+ op

µ
1

n

¶
where

J =
³
I−3E £`θθθ¤+ 3I−4E £`θθ¤2´U (θ0) + 6I−4E £`θθ¤E [UiVi]U (θ0)
+
3

I3E
£
`θθ
¤
V (θ0) +

2

I3E [UiWi]U (θ0) +
1

I2W (θ0)

+
2

I3E
h
`θ (Zi, θ0)

2
i
U (θ0) +

4

I3E [UiVi]V (θ0)

+I−3E £`θθ¤n−1/2µ nP
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h
` (Zi, θ0)

2 −E
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` (Zi, θ0)

2
ii¶

+2I−2n−1/2
µ

nP
i=1
` (Zi, θ0) `

θ (Zi, θ0)−E
£
` (Zi, θ0) `

θ (Zi, θ0)
¤¶

(52)

Proof of Theorem 1. An expansion of b
³bθ´ gives

b
³bθ´− b (θ0) = τm

Ã
∂
¡R
m (z, θ) f (z, θ) dz

¢
∂θ0

¯̄̄̄
¯
θ=θ0

!
I−1U (θ0) +Op

¡
n−1

¢
= τm (M + Λ)I−1U (θ0) +Op

¡
n−1

¢
.
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A similar expansion for bb³bθ´ gives
bb³bθ´− b (θ0) = bb³bθ´−bb (θ0) +bb (θ0)− b (θ0)

= τm

Ã
1

n

X
i

m
³
zi,bθ´− 1

n

X
i

m (zi, θ0)

!

+τm

Ã
1

n

X
i

m (zi, θ0)−E [m (zi, θ0)]
!
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¡
n−1

¢
= τmMI−1U (θ0) + τm

¡
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P
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¢
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¢
.

Plugging these expansions into that for bθ gives
√
n
³bθc − θ0´ =

√
n
³bθ− θ0´− 1√

n
b
³bθ´

= I−1U (θ0) + 1√
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θ²²²(0)− τm (M + Λ)I−1U (θ0)

¶
+Op

µ
1

n3/2

¶
and

√
n
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√
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¶
Also,

E

·µ
MI−1U (θ0) + n−1/2

P
i
(m (zi, θ0)−m)

¶
· ¡I−1U (θ0)¢0¸

= MI−1E £U (θ0)U (θ0)0¤ I−1 +E ·µn−1/2P
i
(m (zi, θ0)−m)

¶
U (θ0)

0
¸
I−1

= (M + Λ)I−1.

Proof of Theorem 2. The asymptotic bias of the MLE is equal to

b (θ0)

n

where

b (θ) =
1

2
E [θ²²] =

1

2I2θ
Eθ
£
`θθ
¤
+
1

I2θ
Eθ
£
``θ
¤

To show that 1
2E [Bθ

² (0)] = τm (M + Λ)I−1, it suffices to prove that E [BU (θ0)] = 2τm (M + Λ). We
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first note that
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where the last equality is based on
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It follows that
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