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1 Bias Correction using Higher Order Expansions

In Section 2 we explain the bias of the GMM estimator as a result of the biases of the 25LS estimators. In
this appendix, we attempt eliminating the bias (i) by adopting the second order Taylor type approximation
as by Nagar (1959), and Rothenberg (1983); and (ii) by adopting a “long difference” perspective.

For this purpose we first analyze the second order bias of a general minimization estimator b of a

single parameter 5 € R defined by

b = argmin @, (¢ (1)
ceC

for some C' C R. The score for the minimization problem is denoted by Sy, (¢) = 9Q,, (¢) /Oc. The criterion
function is assumed to be of the form Q, (¢) = g(¢) G (¢) " g (c) where g(c) and G (c) are defined in
Condition 4. The criterion function depends on primitive functions & (w;, c) and 1 (w;, ¢) mapping R¥ x R
into RY for d > 1, where w; are i.i.d. observations. We assume that F [§ (w;, 3)] = 0. We impose the
following additional conditions on w;,d, and .

Condition 1 The random variables w; are i.1.d.

Condition 2 The functions § (w,c) and ) (w,c) are three times differentiable in ¢ for ¢ € C where
C C R is a compact set such that B € intC. Assume that § (w;,c) and o (w;,c) satisfy a Lipschitz
condition ||6 (wi,c1) — 0 (w;, c2)|| < My (w;) |er — ca| for some function Ms(.) : R¥ — R and ¢1,co € C
with the same statement holding for 1. The functions Ms(.) and My(.) satisfy E [Ms (w;)] < oo and
E [|My (w)] < oo.

Condition 3 Let§; (w;,c) = 076 (wi, c) /O, W (w;, ¢) = (w;, ) (wi, c) and U; (w;, ) = & (w;, ¢) /O .
Then, \j (c) = E [0 (w;, )], and A; (¢) = E [V, (w;, c)] all exist and are finite for j =0, ...,3. For sim-
plicity, we use the notation \j = X; (B), Aj = A (B), A(c) = Ao (¢) and A(c) = Ao (¢).

§

Condition 4 Let g(c) = 13" §(w;,c), gj(c) = L3065 (wise), Gle) = 130 LU (Wi, ) (wi, ¢)f
a”de()_lzzl‘I’( ,¢). Then g(c) = E 8 (wi,c)], g; (c) = E[5; (wi,c)], G(c) = E[¥ (w;,c)],
and Gj (c) 2 E[U; (w;, c)] forallcEC’



Our asymptotic approximation of the second order bias of b is based on an approximate estimator b
such that b — b = op (n‘l) . The approximate bias of b is then defined as F H — B while the original
estimator b need not necessarily possess moments of any order. In order to justify our approximation we
need to establish that b is y/n-consistent and that S, (b) = 0 with probability tending to one. For this
purpose we introduce the following additional conditions.

Condition 5 (i) There exists some finite 0 < M < oo such that the eigenvalues of E [V (w;,c)] are
contained in the compact interval [M~* M] for all ¢ € C; (ii) the vector E[§ (w;,c)] = 0 if and only if

c=B; (iii) A # 0.

Condition 6 There exists somen > 0 such that E {M(; (wi)2+n] < oo, B [M¢ (wi)2+n} < oo, E {SUPcec II6 (w;, c)||2+"} <

H4+n]

o0, and [supcec I (w;, c) < 0.

Condition 5 is an identification condition that guarantees the existence of a unique interior minimum
of the limiting criterion function. Condition 6 corresponds to Assumption B of Andrews (1994) and is
used to establish a stochastic equicontinuity property of the criterion function.

Theorem 1 Under conditions 1 - 6, b defined in (1) satisfies \/n(b— B) = O,(1) and S, (b) = 0 with
probability tending to 1.

Proof. See Section 2. m

Based on Theorem 1 the first order condition for (1) can be characterized by
0=2¢1(b) G(b) " g(b) =g () G (1) GL(H)G(H) " g(b) wp — L (2)

A second order Taylor expansion of (2) around S leads to a representation of b — 8 up to terms of order
-1
op (n1):

Definition 1

U= 3)\/1A_1/\2 — 3)\I1A_1A1A_1)\1,
L
NG
E=4(g — M) AN =2 ATH(G - A AT — AN ATIA AT g+ 2004 g,

T =20 A7)\, d=2\,A"1g,

1
vn
%F =2(g1 — M) A tg—2XATHG - A AT g — g ATIA AT g

In Section 3, it is shown that

\/ﬁ(b—ﬁ)z—%@—l—% <—%F+%¢E—%@2> + op <%> (3)

Ignoring the o, (ﬁ) term in (3), and taking expectations, we obtain the “approximate mean” of
/1 (b— ). We present the second order bias of b in the next Theorem.

Theorem 2 Under Conditions 1-6, the second order bias of b is equal to

1 11 11 .. 0 )
FE @~ ~ B[]+~ E[RE] - —o B [87]. (4)

1
n



where

E[®] =0,
(] = 2 trace <A—1E [@ Z(ED N ATE [ A8, — trace (AUA ALE [5,61])
and
E[®Z] = 8MA'E [@ gﬂ AN — ANATYE [5G N AT i AT
—8NJATTE [0;0,] AT AL ATIA + AN ATIE [5;67] AT,
and

E [®%] = 4N AT E [5;6) A1\,
Proof. See Section 3. ®m

Remark 1 For the particular case where ¥, = §;, i.e. when b is a CUE, the bias formula (4) exactly
coincides with Newey and Smith’s (2000).

We now apply these general results to the GMM estimator of the dynamic panel model. The GMM
estimator bgasar can be understood to be a solution to the minimization problem

1 n ! 1 n
. -1
min (ﬁ Zmi (c)) v, <E Zmi (c))
=1 =1
for ¢ € C where C' is some closed interval on the real line containing the true parameter value and

zin (Yi1 — ¢ ajy) Lo Zi1%41 0
mi (c) = : s Va=—>
zir (ip o — ¢ xip ) 0 ZiT-1%{ 71

We now characterize the finite sample bias of the GMM estimator EG m s of the dynamic panel model

using Theorem 2. Recall that we assume

Condition 7 &;; "~ N (0,0%) overi andt.

Condition 8 y;0|a; ~ N (1Oii/3’ 1322) and a; ~ N (0,02).

It can be shown that:

Theorem 3 Under Conditions 7-8 the second order bias ofEGMM is equal to
By + By + B 1
BitbBy+bBs <_> ,
n
where
B =Tt Zz:ll trace ((Ffz)fl Ffﬁ”)
— T—1~T—1 pza' (pzz\—1 pexzz (pzzy—1 12z
By = *2T122t:1 Zw:1 Ft (Ft ) Pt,s (Fs ) Fs
_ T— T— 2x! 22\ — z2z\— zx
By =123 N I (0F) 7 Baalt,s) ()71 T".
where I'Y* = B [zizy] , Ui" = E[zaxy] 115 = Elefwizinzy], Baa(t,s) = £ [ﬁtzitfﬁml Tz=)~! ziszgs}

and T, = Y T (T77) 7 g



Proof. See Section 4. m

Because the summand
k7 _/*1*_IA—1_I _1*1 Rt
E\E [zuxyy] Elziezy] ~ ehzin Ay 2iszisE [2iszis])  E[2is2])
in the numerator of Bs is equal to zero for s < ¢, we may also write

=717t Zz:ll trace ((Fzz)_l Famz>
By =2y L Y T (F“) tTEme ()i
By =023 L YL T (T7) 7 Baalt,s) (7)1 T3

s=t

2 Proof of Theorem 1

By Lemma 2 (a) and Theorem 1(a) of Andrews (1992) and Conditions 1-4 it follows that sup.cq |@Qn (¢) — Q (¢)| =
0,(1), where Q (¢) = A(¢)' A(¢) " A(c). Let B(f,€) be an open interval of length e centered at 3. By
Condition 5 it follows that inf.¢ (s, @ (c) > Q () = 0 for all € > 0. It then follows from standard argu-

ments that b — 5 = 0,(1). It therefore follows that Pr (S, (b)) #0) <Pr(be€ dC)=1-Pr(beintC) <
1—Pr(be B(B,¢)) — 0 for any € > 0 where dC denotes the boundary of C.

Using similar arguments as in Pakes and Pollard (1989) we write

QU = oY A®) T AW)
< o GO ) =A@ AG) TAG) - g(8) GO g(8)|
e G® g+ g3y c®) " 9(8)]
< o a® T g®) - AB GO TAB) - 9(8) G 1) g (8)

where |g (b) G (b) " g ( ’ < ’ g ‘ = 1) by the definition of b and Condition 6. We

have G( ) =0, (1) by consistency of b and the unlform law of large numbers, from which we obtain
‘9 B) G 1) g (B O, (n™1). We also have

)
= g G®) " (g(b) =g (B) = A1)+ (g (b) =g (B) = A (1) G(b) " A(b)
(

Therefore, we obtain

QI < PO GEH) T AG) ~A®) AB) AW



The terms G (8)”", and A (b)™" are O,(1) by consistency of b and the uniform law of large numbers.
Also, the terms g (b) and A (b) are o, (1) by consistency of b and the uniform law of large numbers. From
Theorems 1 and 2 in Andrews (1994) and Conditions 1-6 it follows that g (b) — A (b) — g (8) = o, (n™/2).
From a standard CLT and consistency of b it follows that (g (b) — g (8) — A (0))' G (b)) " g (B) = 0, (n™1),
and g (8) G (b)~' = O, (n=1/2). These results show that

Q (0)]

IN

6@ =a® [ INGIP+0, (n72) IN®) + o0 (n7)

= 0y (W IAG)I+0, (072 IAB) + 0y (n7).
Because |Q (b)| = ‘A (b) A (b) " )\(b)‘ > LA (B)]|%, we conclude that

(3~ o 0) INOI* =0, (72) O < 0 (a7)

or
IA®) =0y (n71/2).
which implies that b — 5 = O, (n71/2).

3 Proof of Theorem 2

Note that we have

50) =01+ Jmg2 VA=) + 5o (VA= 9) o, ().

2n
90 =g+ Sz VA=) + 5o (VA= 0) o, (1),
and
G =G %G‘lGlG‘l V(- p)

11 1
G RETGETGGT -GG (V- 5) 4o (1),

el (b):G1+%G2'\/ﬁ(b—ﬁ)+%%G3'(\/ﬁ(b_ﬁ))2+0p (%)

where g, g;, G, G; and \/n(b — f3) are O,(1) by Conditions 3 and 4 and Lemma 1. Therefore, we have
1 _ 1 1 2 1
g (B GO g0) =GiG g+ Z=hy V(b= B)+ Tha- (Vb= B8))" +op (5> ,

and

g(b) G(B) ™ G1 (1) G (b) " g(b) = ¢ GGG g+ %h A

Fhy (V- 5) 4o, (%)



where
hy = gsG~'g — giG'G1G g+ g1G g,
hy = %ggG*Ig + %gg (2GT'G1GT'GiGT = GGG g+ %g;G*gQ
—gyGIG1G g — g1GTI GG gL + 95G g
= ShGT g+ GO GG GG~ 501G GG g+ S
—9G7IG1G g — g1 GGG g,
and
hs = ¢,G 'G1G7lg — ¢GTIG1GTIG1G T g+ ¢ GT1GLG g
—gGTTGIGTIGIGT g+ GGG g
=291G71G1G g - 2¢/GTIGLGTIGIG T g + GGG Ny,

1 1
hy = 5g’zG_lGlG_lg + §g’ (267‘_161161_1(}16‘_1 — G_lGQG_l) GG g
1 1
+ 5g’G*Gg,G*g + 5g’(;*lGl (2G71G1GTIGIGT - GGG g
1
+59G7I GG g
— g\GTIGIGTI GG g+ ¢,GT GG g — ¢l G GG GG g
+9GTIGIG T g — g’ GTIGIGTI GG Yy
+ g/G_1G1G_1G1G_1G1G_1g — glG_lGlG_lGlG_lgl — g/G_lGQG_lGlG_lg
+ g'G71G2G7191 - g’G*IGlelGlelgl

We may therefore rewrite the score S, (b) as

Sn (b) = (201G g — ¢ GT1GL1G 7 g) + —= (2h1 — h3) V/n (b — B)

1
n
+ % (2hs — ha) (VA (b~ 8))* + 0 (%) .

(6)

Next note that P(|S, (b)] > €) = P(|S, (b)] > €¢/n~!) for any € > 0 because of Lemma 1. Thus
Sy, (b) = 0,(n™!) and we can subsume this error into the 0,(n™') term of 6. Using these arguments and

Lemmas 1, 2, and 3 below, we may rewrite the first order condition (6) as

0= =420+ o (T —2) VAl -5+ 20 (Va0 9) +o, (1)
’ 0=+ =Tt (T4 =2) Vil )+ =¥ (V- 5)" 4o, ().

based on which we obtain (3). Noting that

E[@] =2VnN AT Eg] =0,

E = 2nE (g1 — M) A lg] —2nNAT'E [(G—A) A g] —nE [¢AT A A g]
!
— 2trace <A‘1E [@ ?ED CONATE [A 18] — trace (AT AL AAE [5:6]])

6



E[®E] = 8nAAT'E[g(g1— M)A A —4nE [NATIgM AT (G — A) AT

—8nAN AT E [gg' AT AL AN+ 4n N AT E [gg/ ] A
99;
o
—8MATIE [6;6;] AT ALATIA AN ATIE [6:67] AT,

= SNA'E [(2 }A1A14>\’1A1E [N AT ] AN

and
E[®%] = 4N AT E [5;6;] Ay,

we obtain the desired conclusion.
Lemma 1 Under Conditions 8 and 4
hy = ;A&A‘lz\g — MATTA AT + 0, (1),
hy = NAT AL AN 40, (1)
Proof. Follows from plimg =0. =

Lemma 2 Under Conditions 8 and 4

1 1
2h1 —hs3 =Y+ —=E — .
N “’p(ﬁ)
Proof. Because

_ - 1
95G g = XA g+ o, (%>

1
GG GG g = M AT AMA g+ o, (—) ,

NG
and
1
G g =M+ (91— A1) (Al A (G -MNAT o, (ﬁ)) (A1 + (91 — A1)
1
= >\1A71>\1 +2 (g1 — )\1)l Ail)\l — /\1A71 (G — A) A71>\1 + 0p (%) ,
we obtain

hi = MA" g — N ATTA A g
1
FMATIN 2001 — M) AT - MATHG - A AT + o, (ﬁ) )
Similarly, we obtain

_ _ 1
h3 = 2/\/1A 1A1A 1g + Op <ﬁ> .
The conclusion follows. m

Lemma 3 Under Conditions 8 and 4

1 1 1
201G g — GGG g= —=®+ ~T +o, (—) )
n n n

N

(10)

(11)



Proof. We have
B _ _ _ 1
91Glg= (N + (g1 — A1) <A AN G-MNAT +0, <%>>9
1
=NA g4+ (g1 — M)Ay MATH(G AN A g +o, (E)

and .
JG GG g =g A MA T g+ 0, <E> .

from which the conclusion follows. m

4 Proof of Theorem 3

The second order bias is computed using Theorem 3. Because the “weight matrix” here does not involve
the parameter of interest, we have A; = 0. Also, because the moment restriction is linear in the parameter
of interest, we have Ao = 0. It therefore follows that

U =3\ A" — 3N ATIA AN =0,

and the second order bias is equal to

11 11
Tpx Pt e EleE
where
—1 86; /I A—1 I A—1
El] = 2trace | AT F 95 —2XNATE [0 AT
!
E[®2] = 8NA~ E[é ZZ}A "N — ANATTE [SM AT ] AT

—1 ..
Furthermore, because F [zitzétE [zit20] zitez‘t} = 0 under conditional symmetry of €%,

NATE [YA0] = = 3 Bleaahl Blaush] ™ B [zuziyBlaust] ™ zuch] =0

and therefore, we have further simplification

/
EIl = 2trace (A_IE { Zg%})
= I A—1 6(5; -1 I A—1 I A—1 / -1

the second term should be equal to zero. Because

—1 r1—1 *
A = E E| Zzt$zt Elzizy] ~ Elzixl],

!
trace <A 'E s [ 90; ]) Z trace ( Zztzz/'t]_l E [Ertxrtzitzz/‘tD )

Py T-17-1
NATIE [ 185} A = Z Z E[zual) Elzuzl) " Elehatzuzl) E [ziszl) " E [zis2l]
t=1 s=1




and

MAT'E [§M A 0l A7
T—1T-1
* -1 * * -1 -1 *
==Y > Elzua}) Elzazl)  E |e;2uE 252y B [2is21,] Zz'szis} Eziszis] B zis2]]
t=1 s=1

we now obtain
T = 2:4A71)\
T—1
* -1 *
= 2 Z E [Zitxit]/ Elzuzy]  Elzavy]
t=1

= 2T17

5"
E[ll = 2trace (A_lE {52- gé])
T-1
= -2 Z trace (E AR [sftxftzitzgt])
t=1
= -2 23:11 trace ((I‘fz)f1 Ffﬁzz) ,
= ra—1 99;] \ 1 rA—1 T A= 2171 A—1
T-1T-1
= =8> > Blaual] Bleuzt] ' Elehalzuzl] B2zl B [z
t=1 s=1
T-1T7-1
+4 3 3" Bleuwi) Elzazi) " B [ehzuB iswh) Blaiozh) ™ ziozhs| B last] " Blaisah]
t=1 s=1

T-1 T—1 zax' (pzz\—1 pexzz (pzz\—1 2z
= -8 Zt:l Z =1 Ft (Ft ) Fi,s (Ps ) Fs
4 Y T (097) 7 Baat,s) (0F) ' T3

from which we obtain the desired conclusion.
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1 Higher Order Expansion of GMM

Consider a general minimization estimator b of a single parameter 5 € R defined by

, ~\ —1
b= argming, (c) Gu (B) g (©)
ceC

where

and
~ 1 & ~ -\
G (B) = > (2:8) v (2.3)
Here, B is an initial \/n-consistent estimator for 3 such that

1

\/ﬁ(gfﬁ):Ln+%

1 1
Qn + _Sn + Op <_)

n n
where

1 n
Ln = — i
72t
fi is i.i.d. mean zero, and @, = O, (1), S, = O, (1).
Definition 1

¥, (zi,0) = Y (z,¢) [0
= E[i/)j (zi,c)]

>
<
—~

)
~—

Il

= ¢(zi70)w(zi70)l
J (Ziv C) = 8]\1} (Zia C) /8Cj
Aj(e) = E[Y;(z;0)]

—_
I
&
o

&
I



For simplicity, we use the notation

A= A(B)
Ajo= A (B)
Ale) = Ao(o)
Ale) = Ao(c)

Definition 2

gn(c) = % Zw (z,¢)
i=1
Gin (@) = =3 ()
i=1
Gule) = 3 W)= > (b (ai,c)
i=1 i=1
Gjn(c) = % Z U, (2, c)

Definition 3

J— 1 -
1 n

Wi,n = %zzzl(wl (Zlvﬁ) /\1)
1 n

Wa2n = ﬁ ; (¢2 (Zuﬁ) /\2)
1 n

W3 n = % ; W{; (Zm B) )‘3>
1 n

Wan = % ; (77[14 (Zu 6) >\4)
J— 1 .

W, = %;(\P(zzaﬁ)_/\)
Wi = - > (0 e 6) = A
WQ,n = % ; (\IJ2 (Zza /6) A2>
W3,n = % ; (\IJ?) (Zlv ﬂ) A3)

Definition 4
Kl = Wn + Aan
Ay = 2MQ, +2Wi Ly + AoL?
KZ& = 6A15n + 6W1,nQn + 3W2,nL$L + 6A2LnQn + ASLfL



Lemma 1

- 1 1
Go () = A+ =R, + —A A n/n)’
(3) LV 2+6\/_ 3+°”<Wﬁ>
Proof. Write

6. (7) = 23w (xd)
- %im(zi,ﬁ)
L (2 wen) (-
o (230w (v (5-5))
6nf< Z\pg )-(ﬁ(gﬁ))g“”(%)

Note that

n

1 /
w2t oAy B = At o,

1
+= (MQn + WinLy)
n

1

1
n\/_(A 15 +W1nQn)+0p(

)
(33w (v (3-9))

i=1

(o ) (Lt —2Qut 1S, 10, (2 2
_2n2f2'” T e

1
= %AQLQ 5 \/_ (Wz nLQ + 2A5L nQn) + 0p ( \/’I_L> s

S

and

ﬁ (%;\Ps (%5)) : (\/ﬁ (B_B))B

- o) (s v )
= = \/_A3L3 + 0p <n\1/ﬁ> :




It follows that
~ 1 1
Gn (5) = A"‘TWn‘l‘%
1
+ (M Qn + Wi nLy) + —A2L2

ML,

1

1
— (A nQn w2 +205L0,Q, Ao L3
nn15+W1Q 2\/—(W2 +2A2L,Qn) + 6n\/ﬁ3"

L
W—
1
- —A 13 A
\/—1-&- 2+6\/—3+ (nﬁ)
| |

Definition 5

H = —AT'AAT

Hy = 20 AJATAA Y — A TALAE

Hy = —6A A A A A A A + 30 TA0A A A 4 3A TA A TAGA T — ATTASA Y
Lemma 2

~\ 1 1 1 1 1

Proof. Using Lemma 1, we obtain
-1 1 ~
a1 L -1
G.(B) = A J=A A

L (2A—17\1A—17\1A—1 _ A—17\2A—1)
2n

— (6A—17\1A—1K1A—1K1A—1 —3A T AQA T A AT — 3ATTAL AT ARA T 4 A—17\3A—1)
6n/n
N 1
% ny/n
|
Lemma 3
Hy=Hyo+ L, -Hi,
where
Hiyoy = —A'W,AT?
H171 = —A_lAlA_l
Proof.
H = —AT"AMA =AW, +AL,)A!
= A 'WoAT =L, - ATTA AT
| |



Lemma 4

Hy=Hyo+ Ly - Hypy + Li “Hyo 4+ Qn - Ha3

where
Hyp = 20 'W,A'W,ATE
Hg’l = 2A_1A1A_1WHA_1 + 2A_1WnA_1A1A_1 - 2A_1W1,nA_1
H272 = 2A_1A1A_1A1A_1 — A_IAQA_I
H273 = 72A71A1A71
Proof.
Hy = 2A'"AjATAGA T — ATALA !
= 207" (W + ML) A (W + ML) A7 — A7 (2M1Qy + 2Wi Ly + Ao L2) A1
= 20 "W, AT WL AT 2L, - AW, AT A AT F 20, AT A AT W AT 202 AT A ATEA AT
—2Qu - ATTA AT =20, AW AT - L2 AT AGA T
= 20 'W, AT W,AY
+ Ly - (2ATTWL AT A AT 20T A AT, AT = 20T, AT
+L2 - (20 TA AT AT AT ALATY)
—2Qn - ATTA AT
| ]
Lemma 5

H3=Hso+ L, H31+ L% Hso+ L3 H33+Qpn-H3u+ QunLly-Hss+ Sy Hsp
where

Hs —6AT W, AT W, AT W, AT
Hyp = —6A A AW, AT W, AT — 6A W, A A AT W, AT — 6A T W, AT I, AT A AT
FOATIW AT W, AT 4+ 6ATE W, AT, AT

Hsy = —6A'AJATTA AW, AT — 6AT W, AT A AT A AT — 6ATIA AT IV, AT A AT
+3A T AQAT T, AT 4 3A TV, AT ARA T
+6A W AT A AT 6AT A AT, AT
—3A T W, AT
Hssz = —6A'AJATTA AT A AT 4 3AT A AT AQA T 4 3A T AGATIA AT — ATTAA T
Hzy = 6A A AW A+ 6A T WA A A —6A T, A
Hys = 12A7'AATTALAT —6A7TAA !
Hzs = —6A"'A; AT



Proof. We have
Hy = —6A"AjA A A A A + 3A T AGA T A AT 4+ 3ATTA AT TAGA T — AT TASA T
= 6A W4+ ML)A Y (W, + A L) A (W, 4+ Ay Ly) A7Y
+3A7" (2M1Qn + 2Wi Ly + Ao L2) A (W, + Ay L) A7
+3AN (Wy + A Ly) A1 (2M1Qy + 2Wi Ly + Ao L2) AT
—A7" (6A1S, 4+ 6W1 5, Qp, + 3Wa L2 + 6A5L,Qp + A3L2) A1

Note that the terms on the RHS can be expanded as follows:

—6AT (W, + A Ly) A7 (W + Ay L) A (W, + A Ly) AP

= —6A WL AT WL AT, AT
—6Ly - (AT A AT WL ATTWL AT+ AT AT A AT I AT AT AT, AT AT
—6L2 - (AT A AT A AT AT+ AT AT A AT A AT + AT A AT I, AT A AT
—6L% - AT A AT A AT A AT

BAT! (201 Qn + 2W1 Ly + Ao L2) A (W, + Ay Ly) A1
= 6L, AWy, AT TW,AT!

L2 - (BAT ALATT WL AT 4 6AT W AT AATY)

+3L3 AT AR AT A AT

+6Q, - ATIA AT, ATE

+6QnLn - AT ATATTALIAT?

BATT (W + ArLy) A7 (2M1Qn + 2W1 Ly + Ao L) AT
= 6L, AT'W,AT Wy AT

+L7 - (BATTWL AT AGAT + 6AT A AT AT

+3L03 - ATIA AT ALAT?

+6Q, - AT W, AT A AT

+6Qn Ly - ATIAATIA AT

—A" (6A18y + 6W1 0 Qn + 3Wa L2 + 6A2 L, Qn + AsL) A7
= 65, - ATTAMATT—6Q, - AW AT =312 AT W AT — 6Qu Ly - AT AGAT — L3 AT AGAT
|
Definition 6

ho1 = XlAflwn

— / —1 /
hoo = wi A" w, + A Hiw,

1
w) , Hywy, + 5)\'1H2wn

>

L

w
1l



hin = MNAT'N

h172 = 2>\I1A711U17n + )\IQAilwn + >\I1H1>\1
1
h1,3 = wll,nA_lwl,n + ’lUIQ’nA_l’LUn + 2/\/1H1’U)1’n + )\/2H1wn + 5)\IIH2)\1
h2’2 = 3)\I1A_1)\2
hos = 3MNA twy, + 3N AT g, 4+ AA T w, + 3N H

h3,3 = 3)\/21\_1)\2 + 4/\/1A_1/\3

Lemma 6
0 G(B) gb) = hthy i Ly (Vi 2 L me K 1
2 0) G () 90 = b V(= 8)+ ghae (VA= 8)+ gha- (VG =8 +o, (=)
where
h = %ho,rﬁ-%ho,z-i-%hos
hy = %hm-ﬁ-%hmﬁ-%hm
hy = %hm-i-n\l/ﬁhm
hg = n\l/ﬁh&g
Proof. Note that we have
9 (b)—g1+\/1—g f(b—ﬁ)Jr%gs-(x/ﬁ(b—ﬁ))2+ﬁg4~(ﬁ(b—ﬁ))3+op(%)
_A1+\/15w1n 7= (Ra T ) VG- 8+ - (e + unn ) - (VG- )

(A“} ”)'W@m)“% (Flr)

and

g VA=) + g (VA= 8) + ——mgs- (Vi (b= B)) +0p [ ——=
9(b) = —mwn g V(b= B+ 500 (Vb= 0))" + \/—gs (Vn(b=8))"+ P(wa)

o s o) -0 (s ) 0

+ ﬁ <A3+ %w3n> (Vr—8))" +o, <n\/’r_z>

By Lemma 2, we also have

1 1 1 1 1
G(,B) =A +%H1—|—2H2+6\/—H3+0p m



Lemma 7

h071 = A&Aflwn

h0’2 = U}ll’nAilwn + /\IlHL()’wn + L, - /\/1H1’1wn
1

hos = wy,Hiow, + 5)\/1H2,Own

1 1 1
+Ly - wy , Hiyw, + ELn N Ha 1wy, + ELi - N} Ha pwy, + §Qn N\ Ha 3wy,

hin = MA™'\
hio = 2N A 'wy, + MA T w, + N Hy oA + Ly - Ny Hya
hiz = w'17nA71w1,7z + wh , A wy, 4+ 20 Hy gwy  + 2L, - X Hyywi

+/\/2H1,0wn + L, - /\/2H1)1U}n
1 1 1 1
+§)\/1H2,0)\1 + §Ln ‘N Hai M + §Li ‘N H22M\1 + §Qn - NjHa 3\

hoo = 3MNAT'A
has = 3MNA 'wy, + 3N A wa, + MA T w, + 3N Hy oo + 3Ly, - N Hy 1A
hys = 3AA " g + AN AN

Proof. Follows from Lemmas 3, 4, and 5. m

Lemma 8 Let

by = argming (¢)' G (B) B g(c)

ceC
Then,
Vn(b—p8)=T +LT +LT +o0 1
" T T am et P\
where
1
n = ——h
1 hia 0,1
2 2 1 ,
T, = —Ehoz + Ehmhm — Ehmhm
T, = —iho,:z n 6h1,2h0,2;rﬁh1,3h0,1 n —6h3 5ho 1 *3’12,3?(2),1 — 6h22ho,1h0,2
hia hi, b,
Ohishsshdy +hashdy 3 .,
+ B - hTh2,2h0,1
1,1 1,1

Proof. We now solve for v/n (b — 3) by iterative substitution. Using Lemma 6, we first write the
FOC as

0= %ho,l + (%hm) Vn(b—B)+op (%) :



from which we obtain

Vb= ) = ~fhos+ 0, (1) =Ti +.0, (1)

We now write the FOC as

1 1
0=——=h —h
Jn O’1+n 0,2+<

Writing

Tehat ) (A= 9) + 5 (rhaa) - (V0= 8)" 4o, (1)

V(b= ) =~ —has + =

we can rewrite the FOC as

1 1hao o hi2 1
0==(n 2212 4 hyaw— —2h ~).
" ( 0,2 1+ 2h2 1+ N1 T 01] +op n

Solving for x, we obtain

1 2ho2h3 | + haoh3 1 — 2h1 2ho1h1 1 1
b _ 7 _ 2ho2ht, 2Ny, 2ho,1h1,
N G ( 4 +op <_ﬁ>

PRI ER

We now write the FOC as

0 = %ho,1+%ho,2+%ho,3+ (\/—h11+ hi2+ \/—hl 3) /(b —p)
1/1 1 1 3 1
+§ (EhQ,Q + n\/ﬁh2’3> ) (\/”_l(b* 6))2 + E ( )d +0p (n_\/ﬁ) :

Writing
1 1 2ho2h3  + hoohdy —2hisho1hi1  x
Vi(b—p)=——ho1— = o + =
h‘l,l 2\/77 h»171 n
we can rewrite the FOC as
h2
hiqiz — h11h02+éh4212h01+ h01+h2 ho,1ho,2 — h01+h03+%233h071 §Z§2h22h é233h3
0 = 3
nz2

()

Solving for z, we obtain

1 1 1
b— =T —T —T: —

VA=) =T+ 5=+ oo, (1)
m
Lemma 9

T = Tl

Ty = To+Ly Ty

T3 = T3+Ln'T3,1+L3L'f3,2+@n'f3,3



where

—127)\/1A71wn
)\IIA_l)\l
o=l
SATry (i)
B 2
)\&A_l/\l <>\/1H1,0wn)
2
g% _
(a7 A ) A )
+72 (A1
(AP V) (A en)
—2 (N
A i) ()
B 1
S (AT (4 )’
Tz 2
2= ey e e
ey ) )

10



— 6 3
Ts = (N A=1A) ( (M A—1A) (
12 (XlA*len) (w’lvnAflw") N 12 (XlA_lwl)n) ()\IIHLOwn)

wanHl,()wn) — )\'1H270wn)

(MA=1A)? (MA=1A)?

6 (A5A " wy,) (w'LnA*lwn) N 6 (A5A ™ wy) (M Hyowy)
(MA=1A)? (MA=1A)?

6 (XiH10M) (w5, A wa) | 6 (XiH1 o) (X H)own)
(MA-1A)” (MA-1A)”

6 (w) A wr ) (MA T w,) 6 (wh, A wy) (A A wy,)
(MA=1A)? (MA=1A)?

12 (0 H0w1) (A w,) 6 (Vi 0w,) (A~ )

(MA=1A)? (MA—TA)?

3 ()\IIHQ)Q)\]_) ()\IIA_lwn)
(MA-1A)?
24 (MA M wrn)” (VA wn) 6 (AGA T wn)” (MA )

(MA=IA)’ (MA-1A)
6 (N Hyoh)? (A Mwn) 24 (A Yy ) (MA T w,) (NA )
- (N A1) - (N A-1A)°
12 (A~ Yw,) (N Huoh) (MA " w,) 24 (N Hyoh) (MA " w1) (XA )
- (VAN - (N A1)
9 (A wn) (MA ) 9 (NA M) (MA )
B (MA-TA)° B (MA-TA)
3 (MAw,) (MA w,)® 9 (N Hiohe) (M A w,)”
- (N A1) - (VA1)
18 (WA~ 2g) (MA V) () oA V) 18 (MA~1Ag) (M A~ ) (N Hyown,)
- (N A1) - (VA1)
L BANA ) (AT (MA " w,)” 2T (%A wn) (A ) (MA~ w,)’
(MA-1A)! (MA-1A)!

27 (i Hh) (MA) (M A w,)’
(MA-IA)!

3 (AA" ) (MAw,)” 4 (NAA) (MAw,)’
(MA-1N)! (MA-1A)!
27 3

_ 2 _
N ()\/ A-1)\ )5 (>\/1A 1)\2) ()\llA lwn)
1 1

11



~ 6 , 3
Lo = ey (i) = ey (
S OLHLM) (08, A w0) 6 (N Haah) (A Hiow,)
(M A1) (N A1)
12 (A;A*1w17n) (A;Hl,lwn) 6 (XQAflwn) ()\llHLlwn) 6 (XIHLO)\l) (XlHLlwn)
i (MA=1A)? i (MA=1A)? (MA=1A)”
V12N Huwn) (A ) |6 (N Hw,) (A M) |3 (A Haah) (A w,)
(MA-1A)? (MA=1A)? (MA=1A)?
24 (N HiaA) NA  w) (VAN 12 (N Hu) (A M) (A Mw,)
(MA-1A)? (N A1)
C12(NHugh) (M Hioh) (MA w,)
(VA1)
9 (N Hyaho) (N A w,)?
(MA-1A)?
I8 (MA) (A w,) (N Hw,)
(MA-1A)°
L2701 (GA ) (MA~ w,)”
(N A1)

Xng,lwn)

_—_— 3
T372 - ()\/1A_1)\1)(
6 (\LH11A1) (A Hiaw,)
()\/1/\*1)\1)2
L3 H22M) (AT Twn)
(XlA_1/\1)2
—6 (M H1aM)" (MA  w,)
()\'1/\71)\1)3

)\/1H272U}n)

3

3 ()\IIH273/\1) (AllA_lwn)
(>\/1A71)\1)

T3 =—
3,3 (/\,1[\_1)\1)2

()\I1H273wn) +

Proof. Follows from Lemmas 7 and 8. m

Theorem 1 Let

-1

by = argming ()’ G (b1) ™" g(c)
ceC
and
by = argmin g (c) G (ba) "' g (c)
ceC
Then,

T AU U U 1
Vi (bs — B) = T1+m (T2 +T 'T2)+6—n (T3 +T1 - T35, +T7 - T30 + (T2 +T 'T2> 'T3,3>+0p (E)

12



Proof. We use Lemmas 8 and 9. With induction, we can obtain
= 1 /(= = = 1l /= = = =2 -~ — ~\ 1
Vn(by =) =Ti+5—= (T2 +T- T2)+— (Ts +T - Tsa+T, - T30+ (T2 + Ly - T2) : T3,3) +op | —
2\/n 6n n
and

e T T 1
Vn(bs —B) = T1+m (T2 + T 'Tz)+& (T3 +T1-T5:+T, - T32+ (T2 + T 'T2> 'T3,3>+0p (;)

2 Higher Order Moments
For Maple/Mathematica programming purpose, it is convenient to introduce a new set of symbols:

up = Py (z,8) - M

)

uz = Yy (2,8) — A2
uz = P3(2,8) — A3
ug = Yy (2i,06) — A
Uy = U(z,0)—A
Ur = ¥i(2,08)— M
U = VU (2,0) — Az
Us = V3(2,0) — A3
vo = Y(2,B)—A=v(2,8) i#]
v = P(2,8) - M
v2 =y (25,8) — A2
v = P3(z,8) — A3
ve = Yy(2,8) — M\
Vo = ¥(z,8)—A
Vi = Wi(z,6) M
Vo = Wy(z,8) — Az
Vi = VUs(z,0) — A3

13



2.1 Higher Order Bias

We focus on the version of GMM b3 iterated 3 times.! This is convenient because its third order properties
are invariant to the choice of initial consistent estimator. With Theorem 1, we can see that

Theorem 2

Elby — 0]

Q

1 1 o~
ﬁE [T] + %E [TQ +T4 'T2:|
1 1 — ~
= 5B+ 5 B[ T
B

n
Definition 7

Ton = Efuouy] = E [ (2,8) (¥ (2i,8) — \1)']
E [77/1 (2i, B) V1 (2, B) }
Top = Eluoub] = E [¢ (2, 8) (¥y (21, 8) — X2)']
E [ (21, 8) ¢ (20, )]
'y = Elwui]=E (¥ (2,8) — M) (1 (20, 8) — A1)’
= F [ﬂ’l (2, 8) ¥y (Zi,ﬂ)/] — AN
Yoo = E[uo)\ A~ 1Uo] At
E[ (2,8 1\11(21,5)} A1
Tio = E[wAA” 1U]A !
E [thy (2, B) NJATNW (2, B)] A™F = A A AT
Yo1 = E[uo)\/ ]A_
= E [t (2, B) N{AT1Ty (2, B)] A1
YY) = B lupApA U] AT
E[d) 2, B) NGA™ 1\11(2“6)} AL
T = Bl(MA ) 1oAY
= E[(NMAT (2,8)) - ¥ (2, 8) A7
T((f()) = E|[UA™ uo}
= E[V(z,8) A (2:,0)]

o0 = LK [XlA_onA_lUOA_l)\l]
5072 = F |:(/\/1A*1UOA—1>\1)2:|

IThis means that b3 is a four step estimator. Recall that
~\ —1
by = argmingy, (c) Gp (B) gn (¢)
ceC

[

argming (c)’ G (b1) "L g (c)
ceC

b3

argmin g (c)' G (b2) " g (c)
ceC

14



Note that

and

B

1 2
“E|——————w, A w,
2 [ NAT et

L B[ (20, 8) — M) AN (21, B)]

CNATN

1 !
TNAy trace (A™'E [¢ (21, 8) (v (2:,8) = M)'])

1 /
*m trace (AilE [’l/) (Zl', ﬂ) ’1/11 (Zi, B) ])

1 trace (A71A;
TV AL ( ) (2)
NA Ty 2

1 2,
§E *mMHLown

1
*mE [)\/1 (7A71WnA71) wn]

1 -1 1

mE [MATH (W (23, 8) = M)A (¥ (23, 8) — )]
-
A3A71A1
_ 1
NATh

E[NA™ (¥ (2, 8) ¥ (21, 8) = A) A1 (23, 8)]

E [/\/IA_L(/} (zi7 ﬁ) (0 (zi7 B)I A_1'¢} (zi7 B)}

SE m (2N A  wr,) (VA w,)
2
(MA-1A)?
2
(MA-1A)?

ﬁE [(NA™ % (23, 8)) (@1 (21, 8) = M) A7 A1)

ﬁ“_”ﬂ [ (20, 8) (W1 (20, 8) = 2) T A" A
1 1

2
mAiAflE (¥ (25, 8) ¥y (2, 8) ] A"\
1 1
2 1
(MA-1A)? 2
(/\/1/\_1/\1)2

E (A w01,0) (A w,)]

E[(MAT (¥ (2i,8) — A1) (MA (23, 8))]

(MATTAATN)

15



By

Bs

2 [ (54 e ()
1
(/\11A71>\1)2
1
(’\11/\_1/\1)2

1
TETR
1 1
1
()‘/1/\_1/\1)2

B [(MA ) (4A,)]

MATE [wpw), | AT

AyATE N

1 2

ol NAa ) (MHy o) (AA™ )
m]ﬂ [N (AT A M) (N A )]
1
nus o 3 (0647 (0B ) = A) A7) (640 (50
1 1
1

_mE [(MA (20, 8) ¥ (2, 8) AP A1) (MAT' (21, 8))]

lplo— 1
27 (na-y)?

I A—1
_ME [(A&Aflwn)ﬂ

(3N ATIN) (XIA‘lwn)Q]

_M
2 (N A-1A,)?

1 AN A w 2
- F A Tn . \NH N
2 K A’lAlAl)( NATy )}

—1 - — —
A )QE[(XlA L) (N (A AL A ) wy,)]
1 1

1
L NATAATIAATN,
(N A1)
1

_WA3A71A1A71A1
1 1

16



= () (v )|
- —ﬁff [(4A ) (XL FLaA) (VA )]
_ mE [N (A7 A7) ) (A )]
_ Aﬁ(/;/;fi_i;jlmlz\z\vl
/\’1Ai1A1A1*1/\1
(AT’

It follows that

1 trace (A71A4) 1 P P
B = - E [ NA™ 1) iy AT iy
MNATTA AN 1 _
1 LAL MATT

(MA-I)E (AN
1 3A, AN
—— _E[(NA Y (2, B AN (VAT Y (2, —ore A1
()\’A—l)\l)2 [(NA™ Y (23, 8) ¥ (24, B) 1) MA Y (2, 8))] 2(XA—1)\1)2
1 1
1
e NATIAATL, A i A
(A2 T T Ay

1 trace (A7'A1)  NATIA AN Ay A=)

SN AN 2 (NA-0)7 2(MA—1A)?

1 I A1 . ) I A—1 2
+mE[/\1A ¥ (26, 8) 0 (26, 8) A (24, B)]

]' !/ — ! — !/ —
_7(>\’1A*1/\1)2E[)\1A Y (21, B) ¥ (20, B) ATIMMNATY (24, )]

or

Theorem 3

17



where

1 trace (A1 Aq)

Br= 3, 2
B = NA—TA AN
LT Ay
AoA—IN
’ 2 (N A-TA)?
1 _ _ 1 _ _ 1 _ _
By = /\'1A—1)\1E P‘IlA Yugup A 1“0} = mE[MA YU+ M)A 1uo] = mE [)\/11\ LUoA luo]
1
= m trace (T070)
1
1 1
By = —— FE[NA Yuul AN A g = —————— S ENAT (Ug + A AN A
5 ()\,1A71)\1)2 [ 1 0Uq 171 0} (AﬁA*lAl)Q [ 1 (Uo ) 1M 0]
1 1
= ————— —F[WNATUAIN) VA )| = ———————E [(M A ug) (NATTUGATIN
()\11A71>\1)2 [( 1 0 1)( 1 0)] ()\11A71>\1)2 [( 1 0)( 1 0 1)]
1
T Tl e
1 1

Remark 1 The last equality in (2) follows from

E [0\11 (Zivﬂ) /ac] =E [¢ (Zivﬁ) TP1 (ziaﬁ)/ + wl (z“ﬁ)¢ (zwﬁ)l]
E W (ZMB> ¢1 (zlaﬂ)/] + (E ['l/] (Zlaﬂ) 7/’1 (ZMBY})I

and the lemma below.

Ay

Lemma 10 For an arbitrary k x k matrice A, and an arbitrary symmetric k X k matrice B, we have

trace (B~1A) = 1 trace (B~' (A+ A')) and trace ((A +A)! A) =4

Proof. The first claim follows from
trace (B™'A') = trace (A'B~) = trace ((A'B™")") = trace (B 4)
The second claim follows from
trace ((A Ay A’) = trace (A' (A+ A’)_l) — trace ((A’ (A+ A’)_1>/) = trace ((A Ay A)
and

trace ((A + AN A) + trace ((A + AN A') = trace ((A +AY A+ A')) = trace (Ix) = k

18



2.2 Higher Order MSE

Again, we focus on the version of GMM iterated 3 times, i.e., b3. With Theorem 1, we can see that

E|(Va(:-8)°"] ~ E[T]
1 __ — o~
v 71 (T2 + T )] (3)
1 (/1= — ~\\°
+EE (5 (T2 +1T 'Tz)) (4)
b B [Ty (Tot T Ty 4+ T4 - T 4+ o Toa 4 0 - - Ti) | )
n 1 3 1 3,1 1 3,2 2 3,3 1 2 3,3
Theorem 4
. XlAlwn)Q NATLAA"IN 1
ET|=EB|(-22—2) | = _
[ 1] ( N A1) ()\/1A—1)\1)2 N A1)

2.3 Term (3)
We now provide a detailed analysis of (3).

Theorem 5

%E [Tl‘(TQ +T1'T2>} = %iMk

where
[/ NA 1w 2
M, = E|-Z ) (- LA,
1= Vn < A3A1A1)< NATY L w)]
_ [/ AN A" w, 2 ,
My = \/HE_<_ )\/11\1)\1) <_)\/1A1>\1)\1H1’0wn)]
. [ /\/1A_1wn 2 P P
My = VB (_AQA—1A1><(A;A—1A1)2 (X ) (A7)
. [ /\/1A_1wn 2 P P
Mio = Vnk (_AQA—1A1><(A;A—1A1)2 (ah™un) (oA )
[ MA 1w 2
My, = E|(-2 i N HyoA1) (N A Y,
s = Vn ( A’lA—%) ((A’lA—lx\l)z( Hoh) (A )ﬂ
[/ N A w 1 2
M = E _ 1 n _ /A—l /Afl "
o=V ( A’lA—lAl)( (MA-TA)? (B3A72) (4 w)ﬂ
[ N A~ w, ? 2 p
M, = E|(- - N H, qw,
T ( A&A-%) ( XA “w)
My = yap | (AT e’ 2 (NHuA) (NA w,)
8= VAT (a7 e e
Lemma 11
2
M; = — trace (\111,0)
()\’1A—1)\1)

19



Proof. Note that

N A,
Ve (_ N A=A
2
= Vn

Because

We therefore have

M =

Because

E [(M A ug) (wjA )]

we have

M, =

2

Lemma 12

Mo

(M A-1A)?

E [(MA  ug) (ufA™ )]

u' l\I/ (zi,B) A~

ui AT (Ug + A) A
“1UA 1>\1]

trace (ul “LUsA

1UO

A
A
A
[

trace (Alul
(A™'UoA
trace ( )\1u1

Djhjtijbjtljhjbjbj

trace

[
[

trace (U1,0)

—— 5 trace (¥10)
(N A1)

20

1)\1u1

(ulA UO)( oA )]
1)\}

IA]

A

1)\1

)]
pl
)]

= A1) AT (W (2, B) —

D3 (2, 8) = M) AT W (zk,mm)

A)

1=1 j=1 k=1
ENAY (@ (2,8) = A) (%1 (25, 8) — M) A~ (¥ (21, 8) — A)] = 0 unless i = j = k, we have
A'lAflwn 2 , B
y [\/ﬁ ( MAI ) ' (m“’lv”A 1“’")]
T L M0G0 8) N 0 )~ A 0 ) )
. ﬁ“_l’f [ (o) = X) W (o)~ A A~ (9 z1,6) —~ X)

)

E [trace (ur A A~ 1UOA*I)]



Proof. As in the proof of Lemma 11, we can obtain

M = e P T 2 ) NA 0 )0 A) A~ )

and hence

M, = _mE[(AgA—luo) (M A~ VoA ug)]
_ (AQA—QIM)QE [N A U A Yug) (M A~ Larg) ]
_ (AiTiAl)QE (XA~ UA L) (uhA~"A1)]
_ _(MTQIAI)QE[A;AlUOAluougAlAl]
_ _ml@ [N AT UA™ (Up + A) A1\
= _mE[A’IA‘lUOA‘lUOA‘lAl]
2

= T 95<=0,0

(MA-1N)”

Lemma 13

My = —m)@\“{m/\l
Proof. As in the proof of Lemma 11, we can obtain
My = ml@ [(A’lA*WJ (2 8)) NpA™ (9 (21, 8) — M)}
_ ml@ [(NA o) (A1)
_ _mE [N A gy A=Ay ) (N A~ )]
_ _mE [(NA V) (MA™ (U + A) A1)
— _mE [(MA ) (MATTUGAT )]
_ _mA;A*TLOAl
| ]
Lemma 14
M, = —mxgwwo,m

21



Proof. As in the proof of Lemma 11, we can obtain

= el e e
_ _mE (XA o) (A1) |
_ _m]ﬂ [(NA  uguh A Ay ) (VA ag)]
_ ﬁE (A A ug) (NALUpA 1 A)]
— _(MTiAI)P,A;AlTO,OAl

Lemma 15

2 -
3‘:‘0,2

T (NAIA)

Proof. As in the proof of Lemma 11, we can obtain
2

My = ———B[(MA" (20, 8)" MA™ (¥ (24, B) 6 (20, 8) = A) A

()‘/11\_1/\1)
2
= WE (VA ) (VAT oA~ 0 ) |
1 1
2
TSNk )3E [(MA uoupA = A1) (AA T TpA ™A )]
1 1
2 — — 2
prrernid GG
1

Lemma 16

(MA~10y)

MG = 3m (AllA_ITO,O)‘l)
1
Proof. As in the proof of Lemma 11, we can obtain
3)\ A~ 1)\
1
B (3>\ A~ 1)\2) L1 \3
- (VA=A [(AlA ) }
1
= E‘g’\ AIAA;) [(MA o) (MATTUGA™ )]
1
1
_ BuATN) 2 (NA 10 00)
(MA-IA) |
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Lemma 17

2
Mr = ————— N AT A T o)
(>\1A71/\1)

Proof. As in the proof of Lemma 11, we can obtain

= g ) i
- mE [(GA"u0)” (MA A1 A )
_ ﬁE (VA A A ) (MA ™ UpA™ A )]
_ ﬁAQAlAlAlTMM

Lemma 18
2 (XlA*IAlA*U\l)

M =
* (MA-TA,)

(XlA_lTQO/\l)

Proof. As in the proof of Lemma 11, we can obtain

_ 2()\’1A_1A1A_1)\1) ’ . 3
- 2

I A—1 -1 .
_ _2()\11XI AlA 4)\1)E |:(A,1A_1u0)51|
()\1/\71)\1)
2 (N A~TA A1) - S
= — E | (AMA ug) (MATUgA™ A
g E 00 ) (A A )]
I A—1 -1
_ _2()\1A/ AA 4)\1) (VA1 To0M)
(/\1A_1/\1)

2.4 Term (4)

We now provide a detailed analysis of (4). Write

7
1 /—  — -
§(T2+T1'Tz) :;;Sk
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where
1

S= yy (A
1
52 = m ()\llAilwnAilwn)
2 _ _
53 = m(}\&[& 1U}17n) ()\/1A 1U}n)
1 1
1
54 = m (A;A*lwn) ()\IlAilwn)
1 1
1
5 = ——7" TAT nA AL Wy
S (MATTWRATIAL) (NA  wy,)
(MA=1A)?
I A—1 I A—1 -1
Se = 23>\,1A_1)\23 AlA, 1511/\ 3)\1 <>\/1A71wn)2
(AMA=TAL) (AMTA=TA)
S = g (AT w,) (AT A A )

(MA=1A)?
We then have

Theorem 6

7

1/ — \2
E (5 (T2 +T, .TQ)) =Y E[S{]+2) E[SkSk]
k=1 k<k’
Lemma 19
E [Sﬂ = Mgy + O (n_l) ,
where
Mg = ; ((trace (A_lro’l))Q -+ trace (A_1F171) -+ trace (A_1F0’1A_1F0)1))

(N A1)

Proof. As in Donald and Newey (1998), we use the fact that for a pair of double arrays, say {A%j}
and {Afj}, we have

i i Ajj i i Ay = i ARAT + i > ALAL
i=1 j=1 i=1 j=1 i=1 i=1 j£i
+iZA}jA3j +iZA3jA?i e
i=1 j#i i=1 j£i

where the omitted terms will not be needed for our calculations because they will have zero expectations
in our context. It therefore follows that
1
My = ————E[(u A uo) (v A v
e A ) G )
1
VA2
(/\1A7 )\1)
1
t
(M A-1A)

E [(uyA o) (Wi A )]

E [(u’lAflvo) (U’lAfluo)]
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Now note that

B [ o) (142 00)] = (8 [ A~ uo])” = (tnace (AT, 1))’

E [(ujA™ ) (WiA ™ vg)] = E[(WhA o) (vhA™ ur)] = E [ui A oovh A g
= F [u’lA_lul] = trace (A_lljl’l)
and
E [(ujA ) (viA T ug)] = E[WiAT E [ugv]] A ug] = trace (A E [ugu)] AT E [ugu}))
= trace (Aflfo,lAleo,l)
[

Lemma 20

£ (53] = Mo+ 0 (n™),

where
1
MlO = m (([trace (TQ,O)])Q + EO,O + trace (TQQTQQ))
1 1
Proof. As in Lemma 19, we obtain
1
MlO = mE [(AllAionAil’Udo) ()\llAilvvoAil’Uo)]
1 1
1
+WE [(}\IlAionAil’UQ) (A/lAionAilvo)}
1 1
1
+—()\/A—l)\ )2E [()\IIA_onA_l’UQ) ()\/1A_1V0A_1’LL0)]
1 1
Note that

E [N A UoA "))

E [trace ()\ AU A~ uo)])
E[trace (uo)\ A TUGA™ )])
[trace (E [ugX; A 'Up] A™)])?
[trace (Yo,0)])”

E [(A/lA_onA_1UQ) ()\/1A_1VQA_11}0)] =

2

(
(
=
(
(

E[(MATTUA o) (MAT UGA )] = E[(MAT'UoA ™ vg) (vgA™ U A A )]
= E[MAT'UoA  wgug A~ UoA™ A ]
= E[MAT'UA ' UpA™ "\
and
E [(MAT'UoA " vp) (MAT'VoA  ug)] = E[MAT'UA T E [uo N AT Vo] A M)
= E [trace (A{ AT 'UoA ™" E [uo M A™ Vo] A ) |
= [trace (UO/\ AYUATE [vo)\/ 1V0] )]
= trace( [uox\' 1UO]A IE[’U())\/lA 1VO]A )
[ug NI AT U | AT E [ugN A~ U] ATY)
= trace (Y0,0Y0,0)

= trace (
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Lemma 21
FE [Sgﬂ =M+ 0O (n_l) ,

where
4 _ _ 2 _ - -
Mll = m (2 ()\IIA 1F0)1A 1A1) + (AllA 1)\1) (AQA 1F1’1A 1A1))

Proof. As in Lemma 19, we obtain

4 - — — _
My = WE[(MA Ly ) (MATug) (MA~ o) (A Lop)]
4 I A—1 7 A —1 /A —1 /A —1
+mE[(A1A ur) (MAog) (MA ) (A A )]
4

oy LA™ ) (A7) (¥~ H0r) (A~
1 1

Now note that

E[(NA ) (A ) (MA™ o) (MA " Yo0)] = (B [(MA ) (A u0)])? = (MA™ T A1)

B (XA un) (A o) (A un) (MA )] = B [(MA u)?] B [(NA ™ v0)?]
= (AT B (A )]
(MATIA) (MATIT A )

and
E[(NA M) (A 00) (A 01) (A )] = (B [(NA ) (MA o) ])? = (WA Toa A1)
]

Lemma 22

B[$2] = My +0 (n"),

where
My = ———— (2(MA0)” + (MA~0) (WA h))
(MA-1A)
Proof. As in Lemma 19, we obtain
1 _ _ _ _

My = WE[(XQA Yug) (NJA™Mug) (ASA ™ ug) (NfA™ )]

1 7 A —1 I A —1 I A —1 7 A —1
+7()\'1A71)\1)4E[(>\2A U()) ()\1/\ ’U()) (/\2A Uo) <>\1A ’Uo)]

1

oyt L0287 0) (A7 0) (%A ) (1A~
1 1
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Now note that

and

Lemma 23

E s3]

where

E[(NA Yup) (MA ug) (MA™ 00) (NMA00)] = (B [(MA o) (N A up)])?

M13 =

(/\llA_lAl

= (MATIA)?

B [(MA ug) (MA " vg) (A~ ug) (N, A 20p)]
B[00 u0)?| B [(NA ™ 00)?] = (AT A1) - B [(MA o) ]
(N A7IA) (AGA~10)

E (XA ug) (MA ™ wg) (A o) (AJA™ ) ]

E (A uo) (MAug)] E [(MA o) (ApA " wg)]
(AA~1A)?

=M3+0 (n7"),

1
X (2 (MATo0M)" + (VAT - 5072)

Proof. As in Lemma 19, we obtain

M3

1
(MA-1A)*!
1
(N A1)
1
(N A1)

Now note that

and

£

/IA_onA_l)q) ()\/IA_1U()) ()\IIA_l‘/()A_l)\l) (/\IIA_l’U())}
A_onA_l)\l) (AQA_IUO)})2
(MA M ug) (MATTTA I N)])

(
E[(%
[

(
2
(MA™E [uo; A" Up) A= Ay)?
(MA™To 0)\1)
E
(A1

[( NATTUAT AL (NA™ wg) (MATTU0A™ L) (MA™ o) ]
) B (AT T0A )]

E [(MATTUoA™ AL) (MA  og) (MATVHATIAL) (A A o)

E[(NMATUA A ) (M A up)])?
N A T 0A)

27

E [()\llAionA71>q) (>\I1A71U0) ()\/1A71V‘()A71>\1) ()\IlAil’Uo)]

E [()\IlAionAil/\l) (/\/1A711}0) (/\/1A71U0A71)\1) (/\/1/\7

")

E [()\IIA_onA_l/\l) (/\/1A_11}0) (/\/1A_1V0A_1/\1) (/\/1A_1UQ)]



Lemma 24
B[S = M +0(n™).

where

14 =

3 <3)\/1A1>\2
(MA-1A)* 2

Proof. As in Lemma 19, we obtain

2
+ A’1A1A1A1>\1)

I A—1 I A—1 -1 2
My =a——ud A oAb AL B[ (MA o) (A o)
2 ()\1/\71)\1) ()\1A71>\1)

Now note that

B [(MA " u0)* (A e0)?] = (B [(A’lA_luo)QDQ = (MA A’

Lemma 25
E (58] = Mis+0(n).

where
-
(MA-1N)!
1 1
Proof. As in Lemma 19, we obtain
1

M5

(2(MATIAATIA)® + (NMATD) - (AT AT A AT

M15 = WE [(AllAiluO) ()\&AilAlAiluO) (AllAilv()) (AllAilAlAil’Uo)]
1 _ _ _ _ _ _
—l—mE [()\IIA 1u0) (/\/1A 1A1A 1’[)0) ()\/1A 1’LL0) ()\IIA 1A1A 1’[)0)}
1

+mE [()\/IA_1UO) (AIIA_IAlA_l’UO) ()\/1A_1’U0) ()\/1A_1A1A_1UO)}
1 1

Now note that
[()\/ A_l’LL()) ()\/A_lAlA_luO) (/\llA_l’U()) ()\IIA_lAlA_l’Uo)]
= (B[(MA "uo) (AT AN ) ])?
= (NATTA AT

E [(/\IlAil’uO) ()\&AilAlAilvo) ()\IlAiluO) (/\llAilAlAil’UQ)]
= B [(NA )| B [(MATTAA v)?]
= (MATIA) - (NATIAATIA AT

and
[(X A_luo) (XlA_lAlA_lvo) (XIA_lvo) (XIA_lAlA_luo)]
— (B [(MA o) (MATAL A g)])?
= (WA
| ]
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Lemma 26
2[515] = Mg+ O (n_l) ,

where

Mg = —% (trace (A~'T'g 1) trace (Yo,0) + trace (Y1,0) + trace (TO70F071A’1))
(AMTA=TAL)

Proof. As in Lemma 19, we obtain

Mg = mm(umluo) (N A~ VoA )]
2

(N A-1A)?
—mE (A ug) (A~ VoAup)]

B [(ujA™ o) (N AT UGA ™ wp)]

Now note that
E [(u’lA_luo) ()\’IA_lV()A_lvoﬂ = FE [u'lA_luo} E [XIA_lUOA_luO]
= trace (A_ll"o 1) E [trace ()\' A_onA_luo)}
= trace (A"'To,1) E [trace (ugA\ A~ UpA™1)]
= trace (A T 1) trace ( [uo)\/A 1UO] A )
(A™"To.1)

= trace 1F01 trace (Yo,0)

E [(ulA yo) (MATTUoA g)]
= E[(uA ) (voA~ LU0A™ 1/\1)] =F [uﬁAflvOU(’)A*lUOAflx\l]
= E[uA “TUATIN 1] = [trace (u’lA_onA_l)\l)] = E [trace ()\1u/1A_1U0A_1)]
= E [trace (A\ju}) (A™'UpA™ [trace ( 1U0A_1)/ (Alu'l)/)]

= F [trace ((Alu’l) (AU A ) )} = E [trace (wyAfAT ' UpA™Y) ]
= trace (Y1)

and
E [(u'lAflvo) (/\aAflvoAfluo)} = FE [/\ A TVoA T E [uguf ) A 1110}
= E[NAT'UA 'To 1A ]

E [trace ()\’ IUOA_lFO,lA_luO)]
= F [trace (uo)\lAfonA*lFo,lA*l)]
= trace (E [ugpA\{A™ Up] A™'To 1 A7)
= trace (T070F071A_1)

Lemma 27

2 [5153] = M17 + O (nil) ,
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where
4

M17 = —m (trace (A_lr()’l) ()\llA_lro’lA_l)\l) + )\/1A_1F171A_1)\1 + /\IIA_IFO,lA_lroJA_l/\l)
Proof. As in Lemma 19, we obtain
i 4 / —1 !/ —1 li —1
M17 = 77()\’1A—1)\1)3E [(ulA Uo) <>\1A ’U1) (>\1A ’Uo)]
4 I A—1 I A—1 I A—1
,mE [(ulA ’Uo) (/\1A U1) (>‘1A ’Uo)]
4 I A—1 I a—1 I A—1
_—<)\/1A_1)\1)3E [(ulA ’Uo) (/\1A ’Ul) (/\1A ’U,o)]
Now note that
B[ A up) (NA 0y) (NA 00)] = B [(4 A ug)] E [(NA™01) (XA vg) ]
= trace (AilFovl) ()\&AilFo’lAil)\l)
E [(u’lAflvo) ()\llA*lul) (/\llAflvo)] = F [(A;Aflul) (u/lAflvo) (véAflx\l)]
= E[NATT A wouj A A ]
= )\IIA_lrlylA_l/\l
and
E [(u’lAflvo) (A’lAflvl) (A’lAfluo)] = F [(A&Afluo) (u/lAflvo) (v’lAflx\l)]
= E[)\/lAilFOJAil’UoviAil/\l]
= MA T A To AN
|

Lemma 28
2[5154) = Mg+ O (n_l) ,

where

Mg = —;3 (trace (A™'To,1) (MAT"A2) + A5A T 1 A7 A + AT T 1 A71A)
()\/1A71)\1)

Proof. As in Lemma 19, we obtain

2
Vs = oy LA ) 47 (A )]
1 1
2
TNk )3E [(uh A~ o) (A A=) (MA™Lup)]
1 1
2
T LA ) (647 0) (A Hwo)]
1 1
Now note that
B[(shAu) (A7 e0) (MAMw0)] = B[ A o] B [(AA™ v0) (WA v0)]

= trace (AilFovl) ()\&Ail/\g)
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E [(uiA vo) (MA M ug) (MAT00)] = B [(MA o) (Wi A ) (vpA M) ]
= E XA To A wovj A A
= MA T AN
and
E [(u’lAflvo) (A;Aflvo) (A’lAfluo)] = F [(A&Afluo) (u/lAflvo) (’UéAil/\Q)]
= MA T AT,
|

Lemma 29

2 [5155] = M19 + 0] (nil) ,

where
Mg = m (trace (A" To1) XoA™ Yo.0A1 + NMA ™1 oAy + MA T To A T 0h)
Proof. As in Lemma 19, we obtain
My = ﬁE (A o) (XA VoA 1) (M A~ 00)]
+mE (A" 00) (MA VoA~ Ar) (NA )]

2
+mE [(wh A 00) (MAT VoA A) (MA M ug)]
1 1

Now note that
B [(wyA o) (A VoA A1) (WA~ wp)]
= trace( 1F0 1) E [()\ A TUGAT?Y ) (A;A_luo)]
= trace (A"'To,1) E [(MA  ug) (MAT UoA™ A1)
(A™"To1) MPAT E [ugA i A Up) A™1
= trace (A Ty 1) )\ A~ To 01

= trace

E [(WhA™ o) (MATTUAT A) (M A ) ]
= E[(MNA ) (vpA ™ ur) (MATTUGAT )]
= E[(MA " u) (MATTUATA)]
= NATE[w XA U AT N
= MATITi 0N

and

E [(uyA™ vo) (MAT VoATIAL) (M A ) ]
= E[(MA o) (wfA o) (NATTVHATIN)]
E[(NA™ Toa A vg) (NATTVHAT! )]

= E[(NA ToiA  ug) (MAT U A A)]

= NA T AT E [upA]A™ U] A1\

= MNAT'To A o0\

31



Lemma 30
2 [5156] = Myy + O (nil) ,

where
1

A (BMA™ Az — 2] AT AT AN (trace (A To,1) (MATIAL) +2 (MAT T 1A )
1 1

20 =

Proof. As in Lemma 19, we obtain
1

Map = oy (A = 2AT A B (A ) (%) ()]
1 1
+m (BN A~ Ao — 2X,ATTA AN B [(wy A o) (NS A ug) (MA ™ )]
1 1
1

+m (BNAT A — 2MATIAATIN) B [(ui A ) (WA o) (A o) ]
1 1

Now note that
B [(uiA o) (A 00) (A" v0)] = B [(uiA o) ] B [ (A o) ] = trace (A" To1) (A" A1)
E [(ufA™ vg) (MA o) (MATM0g)] = B [(MA o) (ufA o) (vHA™A)]

= F [()\/1A71F071A71’U0) (’U()Ail)\l)]
= MA o AN

and
E [(ufA™ g) (MA o) (MA T ug)] = B [(MA o) (ufA o) (vhA™ A ]
= E[(NA 'To1A ") (vhA™ A)]
= MNATTo AN
|

Lemma 31
215157 = M2 + O (nil) ,

where

My = ;3 (trace (A_lro’l) ()\IIA_lAlA_lAl) + /\/1A_1F0’1A_1A1A_1)\1 + /\/1A_1A1A_1F071A_1)\1)

()\/IA_l)q)
Proof. As in Lemma 19, we obtain
B 2 _ 1 -1 -1
M21 = mE [(’U/lA luo) ()\llA U()) ()\llA AlA ’U())}
2
t T3
(AN

2
+mE [(u A vp) (M{A™ 00) (N AT AT A )]
1 1

E [(ufA ™ vo) (AMA " ug) (AMATTALA )]
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Now note that

E [(ullAill;LO) (/\IlAil’Uo) (/\/1A71A1A71’Uo)] = F [(u’lAfluo)] E [()\llAilvo) (’U(/)AilAlAil)\l)]
= trace (A_lfoyl) (XlA_lAlA_l)\l)

B [(uy A 00) (A o) (MAT A A 00)] = B [(NA ) (A ) (vh AT A A1)
= F [)\IlA_1F0y1A_1’UQU6A_1A1A_1/\1]
= NA T ATTA AN

and
E [(ufA v0) (MA T 00) (MAT'AA M) = E[(MAT'ALA M ug) (wi A o) (vhA™ AL)]
= ENATAATTo A ogug AT A ]
= NAT'AATIT AN
|

Lemma 32
21[5253] = M3z + O (nil) ,

where
4
M22 = T ((A&A_lr()’lA_l)\l) trace (To,o) + )\llA_lTL()/\l + )\llA_lT()’()Fo’lA_l)q)
()\1A71>\1)
Proof. As in Lemma 19, we obtain
4

M = mE [(MATUoA  ug) (N A o1) (MA™ o)
# I A—1 -1 /A —1 /A —1
o [(6A7 VoA o) (GA™ ) (A o)
4

+mE [N A UA ) (M A o) (MA  ug)]
1 1

Now note that
B (XA ToA "ug) (A 0r) (MA "w0)] = B [NA~UpA~ug]
(MATTo 1 ATIN) E [NAT UpA Mg
( 11"0 1A™ 1)\) [trace ()\'A LUoA™ 1u0)]
= (MAT'To1A™'\) E [trace (ugA] A~ UpA™Y) ]
( )
( )

[(\aA™ o) (AT A)]

mmmm

/\ A~ 1F0 1A 1/\1 trace( [UO/\ A~ 1U0]A )
)\ A~ 1F() 1A 1)\1 trace To()

E[(MAT UA  vo) (NA ) (MA o)) = B [(MA ur) (NAT UoA ™ g) (vhA™IA)]
= E[(NA u) (MATTUATIN)]
= MNAT'E[u AT U] AT A
= NA TN



and
E[(MATTUoA  vg) (MA M 01) (N A ug)] = B [(NAT'UoA ) (ViATIA) (M A )]
= E[(MAT'UA ' Toa A7 A1) (MA ) ]
= B[N A ug) (N ATTUGA T 1 A7)
= MAT'E [ugM AT U] AT AN
= MA o001 AN

Lemma 33
2[S9254] = Maz + 0O (n™ 1),

where
2
3= "3 (()\IQA_I)\l) trace (T0,0) =+ )\IQA_l'rO())\l + )\/1A_1T0’0)\2)
()\1A71>\1)

Proof. As in Lemma 19, we obtain

My = ﬁE (VA UoA ) (A~ ) (M A 0p)]
1 1
2
+mE [()\IlAionAil’Uo) ()\/QAilUO) (/\llAil’Uo):I
1 1
2

+mE [(}\IlAionAil’Uo) ()\/2A71U0) ()\&Aillm)]
1 1

Now note that
E[(NAUpA " u0) (A 00) (MA " 00)] = B [NA oA uo] B [(MoA~"v0) (XA up)]
= (AMAT'\) E [MAT U A ug]
= (AAT'Ay) trace (Yo,0)

E[(MATTUoA  vg) (MA M ug) (MA T 00)] = E[(NAT'UoA ) (vhAT A1) (AGA M ug)]
= E[(NAT'UAN) (MA )]
= E[(AA ug) (MATTUGATIN)]
= MAT'E [ugN]AT U] A7 N
= MA oo\

and
B [(MA oA 00) (A 00) (A u0)] = B [(MA™ VoA~ ) (uh A~ A) (NA ™ ug)]
= F [()\/IA_onA_l/\Q) (AllA_l’u,o)]
= E[(MA  ug) (MATTUATN)]
= )\/1A71T0,0>\2
|
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Lemma 34

2[S285] = Moy + O (n7 1),

where
2
M= 7m (trace (Yo,0) MA™ o 0A1 +Eo2 + >\/1A71T0,0T0,0>\1)
1 1
Proof. As in Lemma 19, we obtain
Mat = B IO ) EA VA (A )
1 1
—ﬁE [(MAT U0 A og) (MAT U A Ap) (A A™ )]
1 1
2

_mE [(MATTUA ™ vg) (MATTVHAT L) (MA M)
1

Now note that
E (VA UoA " ug) (A VoA~ A1) (NA " g)]
MAT UA ™ ug] B [(AMAT VoA A1) (A A )]
NAT TUoA  ug] B [(NAT UoA™ A1) (AMA o) ]
trace (N,A~"UoA " up)] B [(MA " uo) (NA UpA A1)
= F [trace (uo)\lA YUoA™ )] /\QA_lE [uO/\QA_lUO} AN
= trace (Yo,0) /\llA_lTo’o)\l

E
= E|\
E

[(NAT UGA ™ vg) (NATTUGA™A,) (AJA ™ p)]
[(MATUA™ vo)( ) (MATTUATIN)]
[(MAT UGAT A) (MATTUA A

(VAT oA 0]

E[(NAT UoA  wg) (NPAT VAN (MA o) ]
= E[(MA  uo) MIAT Ug A og A ] AT VoA A |
= E[NA M AT UoAT E [ug NI AT Vo] A71A ]
= MAT'E [upNiAT U AT E [upNfAT TV AT
= MAT'E [upMi A U] AT E [ug AT U] AN
= MA Yo0Y0,0M

E
E
E
E

and

Lemma 35

2 [SQS@] = Mys + O (n_l) R

Moy = m ( 3/\/1A_1/\2 + 2)\I1A_1A1A_1)\1) (trace (Top) (/\/1A_1/\1) + 2)\I1A_1T070/\1)
1
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Proof. As in Lemma 19, we obtain
1

M = s (CONA - 2T A A B (A7 TA ) (A~ 1) (A1)
1 1
+m (=3X AT + 2N AT A ATIN) B [(MAT U0A ™ o) (M{A™ o) (MA™ o) ]
1 1
1

+m (—3)\11/\_1)\2 + 2)\/1A_1A1A_1>\1) E [(A/lA_lU()A_l’U()) ()\IlA_l’U()) (A;A_luo)]
1 1

Now note that
B [(MAUsA " ug) (NyA " v) (MA20)]
= E[NATUA ] B [(NAv0)?]
E [trace (XIA_IUOA_luo)] (/\IIA_l)\l)
= E [trace (uo)\/lAfonAfl)] ()\llAfl)\l)
= trace (Too) (MA™' )

and
E [(MAT UoA " vg) (A ug) (AT A )]
= E[(NA uo) (NAT UoA ™ vg) (vhA™ M)
= E[NA ug AT UpA™ ]
= MAT'E[ugNiAT' U AT N
= MA o0\
]

Lemma 36

2 [5257] = My + O (nil) ,

where
Mo = _ﬁ (trace (Yo,0) (AJAT ATATIAL) 4+ NAT Po oA AT AL + MATTALAT T 0\)
1 1
Proof. As in Lemma 19, we obtain
e o _ﬁE (VA T0A ) (A~ ) (MA 1A ug)]
1 1
_—()\’A—Ql)\ 5 [(4A7 00 ) (44 ) (44~ A~ )]
1 1
2

_mE [(NATI U A wg) (AT o) (MATIAIA )]
1

Now note that
B [(NAToA"ug) (VA v0) (NA~ A1 A~0g)]
B NAT0A o] B[(MA  ue) (MA~ AL A )]
E [trace (A\{A “TUGA™ 1u0)] E [(XIA_lvo) (v(')A_lAlA_l)\l)}
= E [trace (uo)\lAfonA*l)] ()\llAflAlA*l)\l)
= trace (Yo,0) (M ATTAIATIN)
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E[(MAT UoA ™ vg) (MAug) (MATTALA ™ ) ]
= E[(MA ug) (MATTUoA  0g) (vpA™ AL AT A ]
= E[NA ug AT UpA T A AT ]
= MA o oMAT N

and
E [()\IlA_lU()A_lv()) ()\/1/\_1?)0) ()\llA_lAlA_l’U,o)]
= E[(MA AN ug) (NAT U A ) (vpA M)
= F [(A'lAflAlA*luo) ()\'lAfonA*l/\l)]
= XlA_lAlA_lTO,O/\l
[ ]

Lemma 37
2 [5354] = M27 + (0] (nil) ,

where
4

T B OATToaA ™) (A7) + (%A~ Toad ") (447A)
1 1

Mar =

Proof. As in Lemma 19, we obtain
4

M27 = WE [(}\llAill,Ll) ()\/1A71U0) ()\IQAil’UQ) ()\/1A71U0):|
1 1
4
+mE [()\IIA71U/1) (AiAil’UO) (/\/zAil’LLO) ()\/11\71110)]
1 1
4

+WE [(WA™ un) (XA o) (AA ™ o) (A A o) ]
1 1

Now note that
E[(MA ur) (MA M ug) (A5A ™ ) (AfA™ ) ]
= E[(NA 'ug) (MA  ug)] B [(AA ™ ) (AMA )]
= (MAT'To AT A) (MATIN)

E[(NJA M uy) (AMA  wg) (ASA™ M ug) (AMA ™ g) ]
= F [()\QA_I’LLO) (XlA_lul)} FE [()\llA_lvo) ()\llA_lvo)]
= (AAT'To i ATIAL) (MATIA)

and
E [(MA ™ ur) (MA M g) (ASA M 0g) (AJA™ ) ]
= E[(NA uo) (NA  ug)] B [(MA  vo) (AA )]
= (MAT'ToaAT'A) (MATIN)
]
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Lemma 38

2 [5355] = Mzg + (0] (nil) ,

where
4
M ) (2 (MATTo1A™ ) (MAT oA ) + (AT TioA) (ATATA))
1 1
Proof. As in Lemma 19, we obtain
M = =g [OWA ) (5 ) (A 10A70) (454 )
1 1
) <A—IA4M o2 (447 00) (NA7!00) (VATITBAT ) (A )]
1 1
ﬁE (VA ) (NA u0) (A VoA~ A1) (MA " ug)]
1 1

Now note that
E[(NA ) (MA  ug) (NATTVRATIAL) (NfA ™ )]
= E[(MA 'up) (MA T u)] B [(MA ) (MAT VoATIA)]
= (MATTo 1A A) (NATTE [uoA]A™ Vo] A71N)
= (MAT'To AT A) (MA™ To,0M)

E [(/\11A71U1) ()\/1A71’Uo) ()\IlAionAilAl) (/\IlAil’Uo)]
= B[(NA ) (NATU0ATA)] B [(MA " v0) (M A )]
= (AIAT'Ti0M) (MATIN)

and
B [(MA ) (MA ™ u0) (A VA" A) (M A 1o
= B [(NA ) (MA  ug)] B [(MAug) (MATTVATIA)]
= (MATTo A7) (VA Yo0M)
]

Lemma 39
2 [5356] = M29 + (0] (nil) ,

where
6

m (_SAEA_l/\Q * 2X1A_1A1A_1)‘1) (X1A_1F0,1A_1)\1)
1 1

Mag =

Proof. As in Lemma 19, we obtain

o ﬁ (=BNA™Dhe 20 AT AT B [(A ) (MA o) (MA™ o) (A 00)]
1 1
o O e VAT AT B[(A™ ) (547 ) (MA™ w0) (547 )
1 1
2

+m (73)\’1/\71)\2 + 2/\/1A71A1A71/\1) FE [()\llAilul) ()\/1A71’Uo) ()\/1A71’Uo) (>\I1A71U0)}
1T A
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Now note that
E [(A&A‘lul) (XlA_luo) (/\IIA_lvo) (/\IIA_lvo)}
— B[(MA ) (A o)) E[(MAu) (A o))
= (MNAT'To AT A) (MATIA)
E[(NMA  ug) (MA 00) (N A ug) (NjA ™ wg)]
= B[(MA ") (A o)) B[(MA o) (A o))
= (MAT'To AT ) (MATIA)

and
E[(MA  ug) (MA 00) (M A vg) (AAT o)
= E[(MAMu) (NA T u)] B [(MA M 0) (N A )]
= (MAT'To A7 A) (MATIN)
]

Lemma 40
21[S557] = M3o + O (n_l) ,

where
4

(MA-1A)
Proof. As in Lemma 19, we obtain

4
Mio =yt (647 (XA 0) (XA~ o) (A1)
1 1
4
g L5 ) (A7 0) (A ) (A7 00 )]
1 1
4
Ty [O5A™ ) (547 ) (VA n) (5474140
1 1

Mo = — (2 (MAT Do A7 A) (MATTALATIA) 4+ (MATTA AT T AN (MATTA)

Now note that
E[(NA  ug) (MA  ug) (MA™ vg) (MAT AL A ) ]
= E[(NAu) (MA uo)] B [(MA vo) (AT AL A )]
= (MATTo AT A) (MATIALATIN)
E[(NMA  ug) (MA ™ v0) (M A ug) (NAT AL A ) ]
= E[(NAu) (MA uo)] B [(MA Tvo) (MATTALA )]
= (MAT'ToaA ' A) (MATITAATN)

and
B (VA ) (VA u0) (NA " 0p) (VA Ay A )]
= E[(MA u) (MA A )] B [(XA o0) (MA )]
= ()\/1A_1A1A_1F071A_1/\1) (XlA_l/\l)
|
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Lemma 41
21[5485] = M3 + O (n_l) ,

where
2
M3 = *m (2 (/\11A71>\2) (/\11A71T070>\1) + ()\/1A71>\1) ()\IQAilfr()?o)\l))
1 1
Proof. As in Lemma 19, we obtain
2
M31 = —mE [()\I2A71U/0) (AllAil’LLQ) ()\&Ail‘/QAilAl) (/\llAil’UQ):I
1 1
2
_WE [(AA  ug) (NA™ M g) (AMATTUGAT ML) (AJA™ M) ]
1 1
2
_mE [(AA M ug) (MA™0g) (MATTVoA™ A1) (MJA™ o) ]
1 1
Now note that
B [(MA o) (MA ug) (MA~ VoA~ A1) (MA~00)]
= E[(A o) (VA u0)] B [(XA ug) (A~ VoA A,)]

= (MATIA) (MATT T 0M)

FE [()\QA_LLL()) ()\llA_lvo) ()\/IA_onA_l/\l) ()\/1A_1’U())]
= E[(AA ug) (NMATTUAT M) ] E [(NA o) (NJA™ o) ]
= ()\/2A71T070>\1) ()\/1A71>\1)

and
E[(AA M ug) (AMA ™ w) (MTAT VHATIA) (NTA )]
= E[(MNA " ug) (NA  ug)] B [(MA  vo) (MATVHATIA)]
= (NJATIX) (MA"To,0M1)
u

Lemma 42

2 [5456] = M32 + 0] (nil) ,

where
3 _ 1y A -
Msy = m (=3NTAT A + 2X]ATTALATTA) (MJATIN)
Proof. As in Lemma 19, we obtain
M3 = % (=3NTAT A + 22X AT A ATIN) B [(AA M ug) (AA o) (NfA™ ) (NfA™ o) ]
(ATA-1A)
+% (=3NTAT A + 22X AT A AN B [(AA T ug) (APAT M 0g) (AJA™ M ug) (AfA™ M) ]
(AMA1N)
1

+m (73)\’1/\71)\2 + 2/\/1A71A1A71/\1) E [()\IQA71U0) ()\/1A71’Uo) ()\/1A71’Uo) (>\I1A71U0)}
1T A
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Now note that
E [(AéA‘luo) (XlA_luo) (/\IIA_lvo) (/\IIA_lvo)}
= B [(A ) (A ug)] B (A o) (A o))
= (MATIA) (MATIN)
B [(MA~ ug) (MA™0p) (XA Vg) (M A~ Lag)]
= B [(MA ) (A Mu0)] B (A ) (A~ vy)]
= (AMATIA) (MATIA)

and
B [(NA Yup) (XA o) (N A ) (M A V)]
= B [(MA ) (MA o)) B [(MA ) (NA0p)]
= (XlA_l)\g) (XlA_l/\l)

Lemma 43
21[5457] = M33+ O (n_l) ,

where
2

(N A1)
Proof. As in Lemma 19, we obtain

2
Mis = oyt (687 0) (A7 w0) (XA o) (A=A )
1 1
2
g [ 0 (VA™0) (A ) (A7 42 )]
1 1
2
Tyt 1098 0n) (5A7H0) (VA un) (547414 u0)]
1 1

(2 (VAT Ae) (MATTALATIA) 4+ (MATIA) (BATTALATIA))

M3z = —

Now note that
E[(MA  ug) (MA ™ ug) (MA vg) (MAT AL A ) ]
= E[(MNA ug) (MA uo) ] B [(MA vo) (MATTALA )]
= (AJATIA) (MATIALATN)
E[(MA  ug) (MA™ v0) (M A ug) (NAT AL A ) ]
= E[(MNA ug) (MA uo)] B [(MA vo) (AT ALA )]
= (AIAT'A) (AMATTA AT )

and
B [(MA o) (MA u0) (NA " 0p) (MA~ Ay A ug)]
= E[(MA " uo) (NA AN ug)] B [(XA Vo) (MAwp)]
= (XQA_lAlA_l)\l) (XlA_l)\l)
|
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Lemma 44
21[S556] = M34 + O (n_l) ,

where
3 _ _ _ _
Msy = fm (=3NTAT A2 + 22X AT AL AT (MAT o0 M)
Proof. As in Lemma 19, we obtain
M34 = —m (—3)\;/\71)\2 + 2/\/1A71A1A71/\1) E [(/\llAionAil)\l) ()\IlAiluO) (/\llAilvo) (/\IlAil’Uo)]
1A A
1 _ _ _ _ _ _ _ _
RITETeY (3N A g + 20 AT A A ) B [(NA T T0A AL ) (MA ™ ug) (A "aug) (XA 0p)]
1 _ _ _ _ _ _ _ _
_m (—3)\/1A 1)\2 +2)\/1A 1A1A 1)\1)E [(/\IIA 1U0A 1)\1) ()\/IA 1U0) ()\/IA 1U0) ()\/IA 1u0)]
Now note that
E [(/\11A71U0A71>\1) ()\IlAil’UJo) (/\llAil’Uo) (/\IlAil’Uo)]
= B [(NA ug) (MATTToAA)] B [(NA 0p) (MA )]

= (AIA ' To0M1) (AMTATIN)

FE [()\IIA_onA_l)q) ()\/IA_lvo) ()\/IA_1U()) ()\/1A_1’U())]
= E[(MA " ug) (MATTUAT M) E [(NA o) (NA™ ) ]
= (A£A71T070>\1) ()\/1A71>\1)

and
E [(MATUoA™ AL) (M A vg) (A A og) (AJA M ug) ]
= E[(MATTUA A1) (M A ug)] E [(NA o) (NJA™ M) ]
= (MATopM) (MATIN)
u

Lemma 45

2 [5557] = M35 + 0] (nil) ,

where
M35 = 2 4 (2 ()\/1A_1TO,O/\1) ()\/1A_1A1A_1)\1) + ()\llA_lAlA_lT()’())\l) ()\llA_lx\l))
()\/1A71>\1)
Proof. As in Lemma 19, we obtain
My = I P INATTOAT M) (A ) (A ) (A 1A )]
()\/1A71>\1)
2 _ _ _ _ _ _
+mE [()\iA 1U0A 1)\1) (/\llA 1’[10) (/\llA IUO) ()\/1/\ 1A1A 1U0)}
2

o (AT ™A (XA~ 10) (4™ 00) (A A 0)]
1 1
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Now note that
E[(MAT oA M) (MA ™ ug) (MAT wg) (AMATTAL A )
= E[(MATUATN) (MA o) ] B [(AMA  vg) (MATTATA ) ]
= (NAT"o0M) (MATIAL AT
E[(NAT UAT A) (MA ™ 00) (MA o) (NjATH AL A og)]
= E[(NATTUATA) (MA o) ] B [(MA  vg) (MATTATA ) ]
= (MA'o0r) (MATTALATN)

and
E [(MAT'UoA™ A1) (MA ™ vg) (MA ™ og) (AMATTALA )]
= E[(MAT'UA " A) (MAT A A ug) ] E[(MA  vg) (AMA™ ) ]
= (MATTALAT To0M) (AMATIA)
]

3
(MA=1x)!
Proof. As in Lemma 19, we obtain
Mse = —% (=3MAT A + 22X AT A AT B [(NA o) (MAT ug) (A wo) (ATAT AT A ) |
(MA-1A,)
S = (S3NAT A + 20 AT AL AT E (A A o) (AAT o) (NJA M ug) (AJATT AT A ) |
(MA-1A,)
*—1 5 (*3)\111\71)\2 =+ 2/\11A71A1A71/\1) E [()\llAiluO) ()\&Ail’tlo) ()\&Ail’tlo) ()\IlAilAlAiluO)}
(ALA=TA)
Now note that
E[(NA V) (NA ) (MA ™ u0) (MA™ A A )]
= B [(NMA )’ B [(MA ) (AT A1 A o))

= (NJATIA) (MATTAATN)

Mae == (=3MA™D2 + 2547 A AT ) (AT AT )

B (N A 1) (M A 00) (A~ ug) (MA™ Ay A 0p)]
= F [(A&A_l’u,o) (XlA_luo)} FE [()\llA_lvo) ()\llA_lAlA_lvo)]
= (AIAT'A) (MATTA AT )

and
E [(A&A‘luo) (XlA_lvo) (XIA_lvo) (XIA_lAlA_luo)]
= B [(NA ue) (MATTAA ug)] B [(NA0p) (NA )]
= (XlAflAlA*l/\l) (XlA*l/\l)
|
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2.5 Term (5)

We now provide a detailed analysis of (5). We need to calculate the expectation of
1—- = 1 ,=.2 ~ 1=3 = 1—- = =~ 1 -2 =~ =
=Ty T3+ (Th) - Tsa+ 5T - Tso+ 2T1-To-Tss+ = (T1) -T2 - Tss
3 3 3 3 3

We first note that

1 31
ng-TLQ,:];Ak

where
2
A1 = *m ('lU/LnAianAilwn) (A&Aflwn)
1 1
2
Ay = ————— (NAT WA WA w,) (NA R,
2 (/\/11\_1)\1)2 (M wn) (MA™ w,)
4
A3 = —m (/\/1/\_111)17”) (w/l)nA_lwn) ()\/1/\_1’11}”)
1 1
A4 = m (AllA_lwlyn) ()\llA_lwnA_l’U)n) (XIA_lwn)
1 1
2 _ _ _
A5 = —m ()\/QA lwn) (U}ll)nA 1U}n) ()\/1/\ lwn)
1 1
2
Ag = ——  (AA " w,)) VAW A w,) (N A,
6 ()\/1/\71)\1)3( 2 )( 1 )( 1 )
A = (AT?MJ (VAW A=) () A w,) (VA sy
1 1
Ay = ﬁ (VAT AAL) (VA WA M) (MA )
1A A
2
Ag = —m (w’lynAflen) (/\?LAilwn) ()\/1/\71’11}”)
1 1
2
AIO = —m (wé}nA_lwn) ()\IIA_lwn) ()\/1A_1’U)n)
1 1
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A21

A22

Ass

A24

A26

A27

A28

A9

A30

Az

L NMATTWLA ) (MA M) (MA )

m (AT WA ) (AT wn) (AT )

_ﬁ (N A= AT A A ) (VA ) (VA )

ﬁ (WA wr0) (A wn) (WA w,)

m (AeA ™ wn)” (AA ) (A )

ﬁ (MATTATIA) (A w,) (NA )

ﬁ (NA™ w1n) (A wp) (AT ) (A A )

ﬁ (A" ) (NATVRAT ) (MAT ) (MAT )

ﬁ (MATITWLATIA) (MAT ) (MAT wn) (VAT )
3

oy A ) (A )" (A )
1 1

3 )
— (NMATMwe ) (NAT w,) T (N AT w,
()‘llflfl)q)4 ( ' > ) ( ! ) ( 1 )

G (A7) (A )" (647 w,)

1 1

oy AT AT ) (A ) (A w)
1 1

6 B - - —
T (A7) (A7) (A1) (A" )
1 1

6 - - - - p—
Ty ) (M) (A ) ()
1 1
18
T 6 ) (AATAe) (547 )” ()

1 1
oy (A ) (4 10e) 064w (A~ )

1 1
9
(AA=1A)°

1 - - —
Ay P ) (8T (64 )
1 1
4
3y A7) (ATt (A )
1

9 - - —
m ()\/1A 1/\2)2 ()\IlA 1wn)3 <>\,1A 1wn)
1 1

(VAT AT (VA A) (VA ) (VA wy,)
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Lemma 47

E[A4]
_ _WQIMV (brace (Y1,0) + trace (T, A1) + XA~ 1T, A7)
+0 (1)
Proof. As in Lemma 19, we obtain
E[A] = _E;;52;55E[@4A—Q%A—%m)QMA—%mﬂ
Z;DS%XSEE[@AAH@AHM)QMA%mﬂ
2

Oy P LA VA ) (A )] +0 ()

Now note that

(uh A 1%A1WMMA4mﬂ
(ur A ] =

E|
= F| U A ™ ) (véA‘l)\ )] = E [l A" U A~ A
= [trace ( “TUA~ )] E [trace (AlulA 1U0A_1)]
= E[trace ((Au]) (A oA~ ))} = E [trace (A~ 1U0A71) (Muh))]
= F [trace ((Alul) “1UA™ /)} E [trace (u1A\{AT ' UpA™")]

= trace (T1,)

(A~ VoA ) (MA00)]
(A'lA_lvo) - trace ( VoA~ uo)]
(AJA™0g) - trace (uouj A~ VoA™Y
(/\'1/\71110) - trace (Fo TATYTVoAT )]
(A’lA_luo) - trace (FOJA YA~ )]
= F [trace (FOJA_I . (XlA_luo) . UOA_I)]
= trace (FOJA_l . Téi%)

and
E[(ufA VoA vg) (NA M ug)] = E[(MA Muo) (uh A VoA ug)]
= [/\1A 1F071A 1%A ’Uo]
= E[MA'To1 A" UgA™ ug]
= NATTo AT
]

Lemma 48
2

E[Az]zm(uoo+trace(T00T00)+)\A 1T00T )—I—O( )
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Proof. As in Lemma 19, we obtain
2
(N A1)
N

(MA-1A)?
R

(MA-1A)?

ElA)] =

Now note that

E [(A/lAionAionAilvo) ()\IlAilvo)]

E [N AT UoA VoA ug) (NfA™ o) ]

and

E [(NA U6A VoA~ ) (M A~ bug)]

Lemma 49

E [As3]
4

= ——————— (AT AT A + (MAT Do AT T AN +

(AMA1N)
+0 (nil)

Proof. As in Lemma 19, we obtain
4
(MA-1A)?
1 1
4

E[A3] =

E [N AT UpA UpA™!

v0) (YA v0)]

B [(NA VoA~ VoA ug) (XA 0p)]

E [(NAT UAT VoA g) (AJA o) ] + O ()

E[/\/lAionA 1U0A ’U()UOA 1/\1]
E N AT UAT U A A ]

) - trace (A\{ AT U A VoA ug) |
-1 ) - trace (UO/\/ AfonAflvoAfl)]
XlA_lvo) trace (TO oVoA™ )]
) trace (To oUoA™ )}
(

E [(N A ug) (MATTUGA ™ VoA ug)]
E NA (ug AT U A™) VoA g
E [NA " To0VoA o]

E [NAY0,0UsA™ o)
NAT 0071

()\llA_lrole_lAl) - trace (A_1F071))

E[(NA™ ") (WA vg) (MA™ )]

BT (A ) (MA00)]

(NMA—TA)
4
(MA-1A)°

E [(MA ™ uy) (viA g

) ()\llA_luo)] +0 (n_l)
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Now note that

E [()\aAilul) (U&Ail’Uo) (/\/1A71’Uo)] =F [)\aAilulullAilAl] = )\IlAilFLlAil)\l

E[(NA M) (A ug) (MA T g)] = B [(viA M ug) (WA L) (AJA™ )]
= E[v{A ' To A7 AN A g
= trace (Ao 1 A" AN A™ T 1)
= trace ((A_1F071A_1/\1) (/\'1A_1I‘071))
= trace ((A&A‘lfo,l) (A_lfo’lA_l)\l))
= MNAT'To A To AN

and
E[(NA M) (viA ) (M AT ug)] = B [(MA o) (WfATIAL) (vi A )]
= E[MA o A" Ar (v]A )]
= ()\IlAilroylAil/\l) - trace (Aill—‘o’l)
]

Lemma 50

4

FE [A4] D EEEE—— ()\ A~ 1T1 ())\1 + )\ A~ 1T0 OFO 1A )\1 + ()\/ AT 1].—‘0)1/\_1)\1) trace (Tovo))—l-o (TL_

(MA-1A)°

Proof. As in Lemma 19, we obtain

_ 4 7 A—1 7oA —1 -1 /o —1
E[A4] = ()\'IA—I)\l)BE[(AlA ul) (/\1A U()A Uo) ()\IA Uo)]
N 4
(MA-1A)?
. 4
(MA-1A)°

E[(NA uy) (MAT VoA ug) (MA ™ )]
E[(MA  ur) (AT VoA og) (MA  ug)] +0 (n7h)

Now note that
E [(XlA_lul) (AllA_onA_lvo) ()\/11\_11}0)] = F [()\IIA_lul) /\/1A_1U0A_1>\1]
= /\IIA_lE [ul/\llA_onA_l] )\1
= MNATIT 0N

E[(NA  ug) (MAT VoA ug) (MA T wo)] = E[(AJA  uy) (NA wg) (NATTVoA ) |
= E[(/\A ul)( ANA™ (vo)\'AflvoAfl)uo)]

E[(NA ) (MA™ Yo0u0)]

= E[(NA "To0uo) (ujATIA)]

= MNA ' To AN

48

)



and

E[(NA ) (MA VoA ) (XA o)

B [(MA o) (A" ) (MA™ VoA )]
(XlA_lFo’lA_l)\l) F [trace ()\IIA_lVOA_lvO)]
(MAT'To 1A\ E [trace (vo A\ AT VoA™)]
()\;AilFo’lAil)\l) trace (T070)

Lemma 51

2
ElAs] = - ()\/11\_1)\1)3 (AAT Do AT A + MAT T 1A A + (ASAT1A) trace (Ao 1)) 40 (n71)
Proof. As in Lemma 19, we obtain
2
El4;] = ————=E[(XNA  ug) (ufA o) (MA wo)]
(MA-TA)
1 1
2
o [(A2A7 o) (1A o) (WA w0)]
1 1
2
a0 ) (A o) (3 o) 0 ()
1 1

Now note that
FE [()\/QA_LLLO) (’U,llA_l’Uo) ()\llA_lvo)] = )\/QA_1F0’1A_1/\1
E[(MA M ug) (0iA  ug) (MA T 0o)] = B [(A5A M ug) (ugA vr) (NJA™ 0g)]

= E[(M\A o) (MA )] = E [(NA o) (vfATN0)]
= MA T AT,

and
E[(AA M ug) (0iA  g) (MA T ug)] = E[(A5A M ug) (ugA" A1) (vi A 0o)]
= E[(AAT'N) (viA )]
= (XQA_l)\l) trace (A_lfoyl)
|

Lemma 52
2
FE [A6] = m (/\/2/\71’1\0)0)\1 + A;A71T070/\2 + ()\IlAil)\g) trace (Top)) + 0 (nil)
1 1

Proof. As in Lemma 19, we obtain
2

E[AG] = WE [(XQA_1UO) ()‘llA_onA_lvo) ()\/1/\_11)0)]
1 1
JrﬁE [(ASA™ ug) (MATTVHA ug) (ATA™ Hwg) ]
1 1
2

P oia a0 o) (AATV6A T 00) (A Huo) | 40 ()
1 1
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Now note that
E [(AA ™ ug) (MAT'UoA Mg) (MA )] = E[(AA " ug) (NAT UoA ™ vg) (vhA A)]
= E[MA ug AT UpAT I\ ]
= MAT'E [ugpNi AT U AT N
= MA Yoo

E[(AA  ug) (MAT'VoA  ug) (MAT o) = B [(MA  ve) (MAT VoA ug) (ugA™"A2) ]
= E[NA oo AT VAT A
= MAT'E[upM AT TVHAT] A,
= NA TN

and
E[(MA  ug) (MAT VoA ) (MA  uo)] = E[(AA 'ug) (AMA M uo)] B [M AT VoA ]
= ()\ A~ 1/\2) [trace (/\ A VA )}
= ( 1/\2) [trace (vo)\A WA~ )}
= ( 1)\2) trace (Yo,0)
|

Lemma 53
2
E[A7] = ————— (MAT' Y100 + XA T A7 Yo 0 + trace (A7 To1) (NjAT To,0M1))+0 (n7)
()\1/\71)\1)
Proof. As in Lemma 19, we obtain
2

i mE [(MATTUGA™ A1) (wi A o) (MA™ o) ]
1 1
2
e 2 (AT U™ 0) (15 ) (¥ o)
1 1
2

A )3E [(MAT AT M) (014 o) (MA ™ o) +0 (n )
1 1

Now note that
E[(MATUoA™ L) (WiA o) (MAT )] = E[(MAT UoA™"Ay) (wi A vg) (vpA™ A) ]
E [(MAT'UA™A) (WiA A
= E[(NA "u) (MATTUATN)]
= MNA TN

E[(MATTUATIA) (0]A M ug) (MA T 00)] = E[(NAT'UoA T A1) (NA ™ vg) (v A )]
= E[(NATUA ) (MA ToaA )]
= E[(NA ToiA  ug) (MAT U AT A)]
= MNA T AT E [ugN] AT UpA ™ N
= MAT'To A Yo oM



and

E [(MAT'UoA™ A1) (VA vg) (AJA ™ ug) ]

Lemma 54
2

BlAg) = ————
(A1)

Proof. As in Lemma 19, we obtain
B 2
(MA-1A)?
2
(MA-1A)?
2
(MA-1A)?

ElAg] =

Now note that

1110) (A&Aflvo)]

E [(/\/1A71U0A71)\1) ()\IlAionAi

E [(MAT'UoA™ A1) (MAT VoA ug) (AMA™ )]

and

E[(MAT oA Ar) (MATVHA  og) (AA™ o)

Lemma 55
2

BTy

o1

B A" 0] B (YA ) (VA
trace (A™'To 1) (AJA™ " Yo,0\1)

)]

(50,2 + XlA_lTo,oTo’o)q + (XIA_lTO’O)\l) - trace (T()’o)) +0 (n_l)

E [(/\/1A71U0A71>\1) ()\llAionAil’Uo) ()\IlAil’Uo)]
B [(MA- U6~ A1) (MA~ VoA g (A~ )]

E[(N A UoA™ ) (A VoA u0) (MA ™ ug)] + 0 ()

E[(MATTUoA™ A) (MATUA™
E[(MAT'UATIA) (MAT'TOA
E [(/\/1A_1U0A 1)\1) ]

"o (vpA TN

A

(MAT VoA ug) (NPAT U AT A) (NfA™ M g) ]
(MAT VoA (woA AT UG A Ar) (AA™ )]
(MAT VAT o001 ) (M A 00) ]

(MA™ o) (MAT VoA o 0M) ]

E XA (vo N[ AT VAT Yo 0 ]

MA™ Y00 0,00

[
[
[
[

E[(MA o) (MATTUoA™ A1) ] E [N AT VoA )

E[NA™ (uoM A~ ToA ) A E [srace (XA~ VoA~ vp)]
(XlA_lTO,O)\l) -F [trace (UO/\QAAVOA_l)]
(XlA_lTO,O)\l) - trace (Yo,0)

3 (trace (AilFLl) . (/\11A71>\1) +2 ()\I1A71F071A71F671A71>\1)) + O (nil)



Proof. As in Lemma 19, we obtain

2 / —1u / —1,U0 / —1,U0
E[Ag] = —mE [(uiA™ ur) (MA™ g) (MA™ o) ]
2 / _1U / —1u / _l’UO
—mE [(urA™ 1) (M A ug) (M A o) ]
_mE [t A=01) (N, A= w0) (N A" )] + O (n1)

Now note that

E [(ufA™ ) (MA " vg) (MA™ )]

E [(ufA )] B [(AMA  vg) (NA™ )]
= trace (A_lI‘Ll) . ()\’1/\_1)\1)

E [(upA or) (MA  ug) (MA T 00)] = E[(MA  uo) (WA or) (AJA™ )]
= E[(NATo1A  vy) (vpA™ A)]
= MNA T AT A N
and
E[(,A o) (MA  00) (MA )] = B [(f A 0r) (NAA o) (MA ™ )]
= MNA T AT A N
]

Lemma 56
2

ElAy) = ————
Al =)’

(trace (A_lfo,z) . ()\'1/\_1)\1) + 2 (/\'1A_1F072A_1)\1)) +0 (n_l)

Proof. As in Lemma 19, we obtain

F [Al()] - —ﬁE [(uéAfluO) ()\IlAflvo) ()\IlAflvo)]
—ﬁf? [(uhA ™ v0) (ML A ug) (LA vg)]
ﬁE (A e0) (A~ 00) (A u0)] +0 ()

Now note that
E [(ué/\*luo) (/\llAflvo) (A&Aflvo)] = trace (A71F072) . (/\/1A71/\1)
E [(ubA™ o) (MA o) (MA T vo)] = B [(MA M ug) (ubA M vg) (vhA™ A1)]
= F [(A/lA_luo) (U/QA_l/\l)]
= MA oA\
and
E [(ubA M vo) (MAT0g) (MA T ug)] = E[(MA M ug) (uhA M vg) (vhA™ A1)]
= MNA oA\
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Lemma 57
4

E[Ay) = —
] (MA-TA)?

(trace (Y1) - (MAT A1) +2 (MA™ Yo olh A7 A1)) + O (n71)

Proof. As in Lemma 19, we obtain

4 _ _ _ _
E [All] = mE [(/\/IA 1UvOA 1u1) ()\/1A 1’[}0) ()\/1A 1’[}0)]
4

+7
(N A1)

4
+7(x o )sE [N, A UpA ™ 01) (N A ug) (MA )] + 0 (1)
1 1

E [()\/IA_onA_lvl) ()\/1A_1’LL0) (/\IIA_l’U())}

Now note that

FE [(/\IIA_onA_lul) (/\IIA_lvo) (/\IIA_IUO)} E [trace (XIA_IUOA_lul)] F [(XIA_lvo) (XIA_lvo)]

trace (T1,0) - (AJA™' A1)

E [(N AT UoA ™ vr) (NA o) (AJA o) ] E[(MA ug) (MAT UoA™ 1) (MA )]
= E[(MA™! (uoN A UoA™Y) v1) (NjA )]
E[(N{A™ Yo 0v1) (M{A ™ o))
= E[(NAYo0v1) (oA A)]

= MA Y olf, A N
and
E [(MATUoA  vr) (M AT o) (AMA ug)] = AT o000 A7 A
]

Lemma 58

2
E[Ap] = EREINE ((GA~1A) - trace (T63) +2 (MA XN ) ) + 0 (7))
1AT1A)

Proof. As in Lemma 19, we obtain

2 _ _ _ _

E[A12] = mE [(/\/2/\ 1UOA 1u0) ()\llA 1’[}0) ()\IIA 1’[}0)]
2

+ﬁ

(>\1A71)\1)
2

+7/ 3

(>\1A71>\1)

E [(MAT UoA o) (A ug) (AT A 0g)]
E[(AMA UoA ™ wg) (MA ™ vg) (MA M ug)] + O (n71)

Now note that
E [(MAT UoA  ug) (MA M 0g) (MA T 0g)] = (MATIAL) - E [MNAT UpA ™ ]
(AM{AT'Ay) - trace (T((f()))
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E [(AA UoA ™ vo) (MA  ug) (MA )] = E [(AMA  ug) (ApA™ UoA ™ vg) (vGA™"Ar) ]
= F [()\IlAil’UJo) ()\/2A71U0A71>\1)]
= F [)\IIA_l (UJO/\/ZA_lU()A_l) )\1]
= MATITHN
and
E [(MA™ oA 00) (N A 00) (NfA o) ] = MATI TN
u

Lemma 59

2 _ _ _ _ _
E[A33] :—m (Zo.0 - (VAT AL) +2 (MA ™ T 0ATh oA M) + 0 ()

Proof. As in Lemma 19, we obtain
ElAy] = ﬁ [(MATTUA A1) (WA 00) (MA 0g)]
1
2
(MA=IA)
2
(MA-IA)?

E [(MATTUA VHAT A) (NJA o) (MA )]
FE [(}\IlAionAil‘/oAil)\l) (/\llAil’Uo) (/\llAil’Uo)] + O (’I”Lil)

Now note that

E [(NATTUAT UoA ™ A) (MA M vg) (MJA™ )] E[(NATTUAT U AT A)] (MATIA)

= Ego- (MJATIA)

[(/\ A~ 1U0 1V0A 1/\1) (XlA_luo) (/\/1/\_11}0)}
[()\/A ’LL())( A~ 1U0A_1‘/()A_1)\1) (/\IIA_l’U())}
[( (’U,o)\/A onAil) V()A71>\1) ()\llAil’U())}
[(MA™ ITOOVOA "A1) (ATA™ )]

[(AA v0) (A" To0oA ™" A)']

(A ><A AT T oA A)]

= ENAT (0AMATTVRATY) AT) oA

= MAT Y oAT, AT N

E
E
E
E
E
E

and
E [(MATTUoAT VoA A) (NA T wg) (NJA  ug) | = XA o 0ATH oA A
]
Lemma 60
8

ElAy] = ——— ((A;A—lrl,lA—lAl) (AMATIA) + 2 (A’IA‘lfoylA‘l/\l)Q) +0(n")
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Proof. As in Lemma 19, we obtain

8 - - — —
E[Alzl] = WE [(/\/1/\ 1u1) ()\/1A 1u1) (/\/IA 11}0) (/\/1A 1UO)}
8 I A—1 7 A—1 7 A—1 I A—1
+ ()\/1A71)\1)4E [()\IA ul) ()‘1A vl) ()\1A UO) <)\1A Uo)]
8

+mE [(A&A_lul) ()\/1/\_1’01) ()\/1/\_1’00) (A;A_IUO)] + O (Tb_l)
1 1

Now note that

E[(NA  ug) (MA ug) (A og) (A g) ] = (MAT'T AT ) (ATATTN)

E [(A&A‘lul) (XIA_luo)} E [(XlA_lm) (XlA_lvo)]

E [(A&A_I’UQ) ()\/IA_1U1) ()\/IA_1U()) (/\/1A_1’U())}
(MA™T AN

and

E [()\&Ailul) ()\/1/\711}1) (/\/1/\711}0) (/\/1A71UQ)] = ()\IlAilroylAil/\l)2

Lemma 61

2
E[As] = A ((6A™122) (AT A) +2 (A 0)*) +0 (n7)
1 1
Proof. As in Lemma 19, we obtain
2
E [A15] = mE I:()\IQAiluo) (AéA*luO) ()\llAil’Uo) ()\llAilfUO)}
1 1
2
+—(XA—1)\ )4E [(AA  ug) (AGA™0g) (AMTA™ ug) (A ug)]
1 1
2

oyt ® LA ) (647 o) (A™0) (A7) +0 (n7)
1 1

Now note that

E [(AA M) (AA M ug) (ANfAT 0g) (MA T wg)] = (AGATTA2) (MJATTN)

E [(AA ™ ug) (MA  uo) ] E [(A5A ™ vg) (AJA™ ) ]
(ApA~1N)?

E [(A5A ™ ug) (A5A o) (MA™ M ug) (M A o) ]

and
E [(MA M) (MAMvg) (A 0g) (NA  ug)] = (MA~1A)?
]
Lemma 62
2 _ - _ 2 -
E[Als]:m ((MA~"N) B2 +2 (A Tooh)") + O (7))
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Proof. As in Lemma 19, we obtain

2 _ _ _ _ _ _
E[A16] = WE [()\llA lU()A 1)\1) (/\IIA 1U0A 1)\1) ()\llA 17}0) ()‘/IA 17}0)]
1ATA)
2
LV
(AMA1N)
2

+ﬁ
()\1/\71)\1)

E[(MAT'UA™ AL) (MAT VOATIAL) (MA ™ ug) (AJA™ ) ]
E[(MATTUoA™ A) (MATTVHAT AL (MA T wg) (MA  ug)] + 0 (n7h)

Now note that

B [(NA™ UM A1) (NATTUA A1) (A~ 00) (A e0)] = B [(MAT UM A0) 7] (A" A1)

E[(MAT oA A1) (MATTVHAT AL (MA ™ ug) (AA™ M) ]
= E[(MA 'ug) (MAT UAT M) E[(MA  vg) (MAT VA )]
= (A&A_1T0’0A1)2

and
FE [()\llA_lU()A_l)\l) (AllA_l%A_l)\l) ()\QA_lvo) (XlA_luo)] = (A;A_l’ro’()/\l)Q
u

Lemma 63
8

ElAyg]=———
[A17] A

((AAT o AN (MPATIA) +2 (WA Do ATTA) (AATM L)) +0 ()

Proof. As in Lemma 19, we obtain
8

Blan] = ot B IA™ ) G447 ) (4~ ) (44 )
1 1
8
e LA ) (947100) (VA1) (VA un)
1 1
8

+7(A’A—1>\ )4E [(MA T ug) (A 0g) (AMA™ wg) (MA M ug)] + O (n71)
1 1

Now note that
E[(NA ) (A u0) (MA 00) (MA T 00)] = B [(MA ug) (MA V)] B [(MA™ 00) (NA 0p)]
= ()\/2A71F071A71>\1) ()\/1A71>\1)

E(NA ) (A 00) (A up) (MA T 00)] = B [(MA  ur) (MA ™ u0)] B [(MA ™ 00) (XA 0p)]
= (VAT Toa AT (AT

and

E(NA ) (A 00) (A 00) (A Mug)] = B [(MA  ur) (MA ™ u0)] B [(MA ™ u) (XA 0p)]
= (A&A_IFOJA_I/\l) (/\'QA_I)\l)

| ]
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Lemma 64
4

m (A5A "o 0A1) (AMTATIAL) +2 (AATIAL) (MA™ T 0M1)) + O (n71)
1 1

A= —
Proof. As in Lemma 19, we obtain
A = —mE (A ug) (NA ™ UA " Ar) (XA~ i) (XA~ u)]
—mE (A o) (AT VAT AL) (MA™ ) (ATA ™ 00)]
g [06A10) (VAT YoM ™0) (4A710) (A 40)] +0 (™)
Now note that

E [(/\IQAil’Uo) ()\/1A71U0A71>\1) (/\llAil’Uo) (/\IlAil’Uo)]
= E[(MA  ug) (MAT U0ATA)] E [(MA " 00) (M A )]
= (AAYo0M1) (AMATIN)

E [(/\12/\71’110) ()\/1A71V0A71/\1) (/\IlAiluO) ()\IlAilvo)]
= B[(MA u0) (MA " u0)] B [(MA " 00) (A VoA™1A)]
= (MATIN) (MATITo0M)

and
E [(/\IQAil’Uo) ()\/1A71V0A71>\1) (/\llAil’Uo) (/\llAil’Uo)]
= B[(MA o) (NMA )] B [(M A 00) (NATVoA )]
= (MATIN) (MATITo0M)
|

Lemma 65
8

FlApy|l=————
[ 19] (/\/1/\_1)\1)4

((/\/1A71T170>\1) ()\/1A71>\1) +2 ()\&Ail'ro’o)\l) ()\/1A71F071A71>\1)) +0 (Tlil)

Proof. As in Lemma 19, we obtain

8 _ _ _ _ _
E [Alg] = 7mE [()\/1]\ 1UOA lAl) ()\llA 1U1) ()\llA 1’Uo) ()\llA 1U0)}
8 I A—1 -1 I A—1 I A—1 I A—1
7—<>\11A_1)\1)4E [(}\1/\ U()A /\1) (>\1A ’Ul) (>\1A UQ) ()\1A UO)}
8 7 A—1 —1 rA—1 I A—1 I A—1 —1
_—<)\11A_1)\1)4E [(AIA UpA /\1) ()\1A Ul) ()\11\ Uo) ()\11\ UO)} + 0 (’fl )

Now note that

FE [()\IIA_IUoA_l)q) (XIA_lul) ()\llA_l’U()) ()\/1A_1’U())]
E[(MA  ug) (MATTUoA™ M) ] E [(MA ™ vo) (MA™ )]
(A£A71T170>\1) ()\/1A71>\1)

o7



E[(MAT oA A1) (MA T oy) (MA ™ ug) (M A vg) ]
= E[(MA  ug) (MATTUA™ M) E [(MA 1) (WA o))
= ()\&A_l’ro’())\l) (AllA_lro’lA_l)\l)

and
E [(/\/1A_1U0A_1)\1) ()\IIA_lvl) ()\IIA_lv()) ()\/1/\_1“0)]
= F [(A&A_l’u,o) ()\llA_onA_l/\l)} FE [()\/IA_lvo) ()\/IA_1U1)]
= (MAT'"TopA1) (MAT T AT )
]

Lemma 66

9

E[Ag) = m (MA™'ToaA™ " A) + O (n71)
Proof. As in Lemma 19, we obtain
EAx] = ﬁE [(AA ™ ur) (MA ™ o) (NpA ™ 0g) (VA )]
+ﬁE (A ur) (A 0p) (M A ug) (XA 0)]
3

+mE [(}\IQAil’UJl) (/\IlAil’Uo) (/\IlAil’Uo) (/\/1A71U0)] + O (Tlil)
1 1

Now note that
E [(MA ™ ur) (MA M ug) (ATA™ ) (AA™ ) ]
= E[(NA u) (AA ug)] E [(AA ™ ) (AMJA 1) ]
= (MAT'To 1A' A) (MATIA)

FE [()\QA_I’UQ) ()\llA_lvo) ()\/IA_l’LLO) (/\IIA_I’U())}
= B[(NA u) (MA " u)] B [(MA wp) (N A )]
= ()\/1A71F071A71>\2) ()\/1A71>\1)

and
E[(MA ™ ur) (MA ™ vg) (MA ™ o) (MA ™ ug) ]
= B[(MA u) (A )] B[(MA ™ eo) (A Hep)]
= (MAT'ToaA™'A) (MATIN)
u

Lemma 67

9

ElAy]= ———
[A21] (/\/1/\‘1)\1)3

()\/1A71F072A71>\1) + O (nil)
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Proof. As in Lemma 19, we obtain

3

E [Agl] = mE [()\IlAfl’UQ) ()\&Afluo) ()\llAflvo) ()\llA*IUO)}
1 1
3
+mE [(}\IIA71U,2) (/\/1A71’UQ) (/\/1A71’U/0) ()\IlAilvo)]
1 1
3

oyt E LA ) (A7) (A7) (A7) +0 (07
1 1

Now note that

E[(NA ) (MA  up) (MA  00) (MA Y00)] = B [(MA up) (MA ™ )] B [(MA~ o) (M A w0)]

(MA™TooA" A (MA1N)

Lemma 68

3

EFlAy]l=——"—
[ 22] (/\/1/\_1)\1)3

(MA~LA) +0 (n7Y)

Proof. As in Lemma 19, we obtain

_ 1 7 A—1 /' A—1 7 A —1 7oA —1
ElA»] = —(A’lAflAl)‘lE[(/\‘gA uo) (MA ™ ug) (NjA ™ wg) (MA ™ )]
; !/ -1 !/ —1 / —1 / -1
+(>\/1A71)\1)4E[(>\3A ug) (MA™ p) (NfA M ug) (M A )]
1

+7(>\' = )4E [(ASA ™ ug) (MA™0g) (MAT ) (MA o) + O (n71)
1 1

Now note that

E[(N5A M ug) (MA ™ ug) (NfA™ o) (AM{A ™ ) ] E[(NA  ug) (MA  uo)] B [(NA™ M vg) (AJA™ ) ]

(MATIA3) (ATATTN)

Lemma 69

E[A] = —m (MA o pr2) +O (n71)
Proof. As in Lemma 19, we obtain
ElAy] = ﬁ]ﬂ (VA T0A ™ As) (MA ug) (NyAw0) (XA )]
m]ﬂ (VA" oA A2) (XyA " ug) (MA ) (MA0p)]
—mE (VA" oA A) (NyA " 00) (MA o) (MA 0] + O ()
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Now note that
E [(MATUoA™A2) (MA  ug) (ATA™ 0g) (AT A )]
= E[(MA ug) VMATTUGA X)) E [(NA ) (VA o)]
(MA™ TopA2) (AN

Lemma 70
6

E[Ay] = ————
A=

(MAT'A2) (2(M AT DoA™ A1) + (MJAT!Ay) trace (A™'To1)) + O (1)

Proof. As in Lemma 19, we obtain
6

Bl = Gy (A7) LA ) (A ) (54 w)
1 1
6
+m (MATA) B [(MA o) (v1A™ o) (AA ™ o)
1 1
6

+m ()\/1A_1/\2) FE [()\IIA_l’LLO) (U’lA_lﬂ)o) ()\llA_l’LL())] + 0 (n_l)
1 1

Now note that
B (A u0) (A 00) (A M0)] = B [(MA o) (1A 00) (054
= E[MA™ (uoul) A" (vovh) A7
= MA T AN
E [(MA " ug) (viA " ug) (M A 00)] = E[(AMA  uo) (A~ or) (vpA M) ]
= E[NA™ (woup) A" (v1vp) A1
= MNATTH, AN
= MA o AN
and
B (VA 0) (A 00) (VA w0)] = B (%A g) (WA~ o) B [(0}Av0)]
= (AMAT')\y) trace (AT 1)
]

Lemma 71

6
E [A25] = —m (/\/1A_1/\2) (2 (A/lA_lTO’O)\l) + (/\/1A_1/\1) trace (TO’O)) + O (n_l)
1 1
Proof. As in Lemma 19, we obtain
E[Ay) = —ﬁ (MATN) E[(MA ) (MAT T UgA ™ vg) (AJA™ o) ]
1 1
77@' A61A )4 (MIAT"X2) B [(M A ug) (AMAT VoA ug) (AJA™ )]
1 1
6

- (VAT )4 (AMTATIN) E[(MA  ug) (NAT VoA ) (MA M ug)] + O (n71)
1 1
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Now note that
B [(MA o) (MA VoA o) (A 00)] = B [(MA ) (A UpA0g) (uhA~ )]
= E[(NA "ug) (MATTUATN)]
= MNAT'E [uO/\'IA_lUOA_l] A1
= MNA TN

E[(NA  uo) (MAT'VoA  ug) (MA o)) = E[(AA  v0) (MAT VoA ug) (uhA™ A ]
= E[(NA ) (MATTVHATIN)]
= MA 'TooM

and

E [(A’lAfluo) (/\/1A71V0A71v0) (/\'1A71u0)] = FE [(XlAfluo) (A’lAfluo)] E [trace ()\llA*lVoAflvo)]
= (/\3/\_1)\1) trace (Yo,0)

m

Lemma 72

—7$ I A—1 I A—1 -1 1
E[Ag] = Ain)’ (MIAT" X)) (MAT T AT A) + 0 (n7h)

Proof. As in Lemma 19, we obtain

18
Pl = _m (MAT) B [(NA™ ur) (MAT ug) (MAT o) (AT o) ]
1 1
18
_m (MAT ) B [(MA™ ur) (MA ™ v0) (MAT o) (MA™ o)
1 1
o (A BLGA ) (64 ) (4 a0) (VA )] +0 ()
1 1

Now note that
E [(XlA_lul) ()\/1/\_1110) (/\/1A_11}0) (/\/1A_1’UQ)] = ()\IIA_lro)lA_l/\l) (/\/1A_1/\1)
|

Lemma 73
27

2 (NATW) O (n?
(>‘/1A71)\1)4 ( 1 2) ( )

EAy] =—

Proof. As in Lemma 19, we obtain

9
Bl = — s (A7) 008 u0) (A1) (XA~ 00) (XA~ vo)]
1 1
9
S (NAIA) (MAT) B [(AA o) (MA™ ug) (AA™ o) (MA ™ wo) ]
1 1
9
S (NAA) (MAT2) E[(AA ™ ug) (M A ug) (MA™ ) (MA™ wg)] + 0 (n71)
1 1
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Now note that
B [(NA o) (A ) (MA™0p) (A w0)] = (MA™Ag) (MAT1A,)
]

Lemma 74
27

E[Ayg] = ————
2 (N A—1A)

(MAT'A2) (MA T 0A1) +O (n71)

Proof. As in Lemma 19, we obtain

Bldn] = ooy (AT B0GA7100A ™) (44 un) (¥~ ) (4 )
1 1
o (AT E[OAT00A™0) (471 10) (YA~ 0) (44 ~)]
1 1
9

+m ()\llA_lAQ) FE [()\iA_onA_l)\l) ()\IlA_l’U()) ()\IlA_l’U()) (A;A_luo)] + O (Tb_l)
1 1

Now note that

FE [()\IIA_IUoA_l)q) ()\/IA_1U()) ()\llA_l’U()) ()\/1A_1’U())]
= E[(MA Muo) (MATTUA M) E[(MA ™ vo) (AMA ™ )]
= (A£A71T070>\1) ()\/1A71>\1)

Lemma 75
3

E[Ay] = ———"
Az (MA—TA)?

(MA~IA) + 0 ()

Proof. As in Lemma 19, we obtain

1
Bldn] = s (™) B (VA o) (44 u0) (A~ a0) (46~
1 1
_m (AATIN2) B [(NA™ o) (MAT o) (MAT o) (AJAT o) ]
1 1
oy (6 B LG an) (64 ) (44 a0) (VA a)] +0 ()
1 1

Now note that
E[(NA  uo) (N A ug) (MA ) (MA 00)] = (VAN
|

Lemma 76
4

E[As) = ————m—
] =~

(MA~)3) + 0 ()
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Proof. As in Lemma 19, we obtain

4
Bl] = ot (A7) B[04A7M0) (44700 (44~0) (4~

4
_m (MATA3) B [(MA ™ uo) (MA™ o) (MA™ ug) (MA™ M wo)]
1 1

4
AT (MLATIA3) B [(MA  ug) (MA 00) (MA00) (MA o) +O (n71)
1 1

Now note that
E[(NA  uo) (N A ug) (MA 0) (MA 00)] = (VAN
|

Lemma 77
27

A (NATN) P+ 0t
(/\/1A_1)\1)4 ( 1 2) ( )

E[Asz] =

Proof. As in Lemma 19, we obtain

9 _ _ _ _ _
Plan) = Gt A0 B 04A~10) (1A ) 04~ ) (4
A

Jrﬁ <>\11A71>\2)2 E[(MA™ ug) (MA™ o) (MA™ ug) (MA™ o)
1 1

e YA B IO ) (A1) (4120 (4~ 00)) 0 017
1 1

Now note that
B [(MA o) (MA ug) (MA o) (MA " u0)] = (VA1)

| ]
We also note that

51
()" Ton=Y A

1
3 k=32
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where

Agg = 2
(N A=A
Az = ! 1>‘1)3 (w/LnAilA A
2 -
Ay = (MA-TA) (N A~IA ) (A w,)”
- 2 N
A (XA_ W, A" w
5 = AN (AA o
_ ; W,A 1A wn)Q
ST i
Azg = )\1)3 1A w n) <>\I1A71
] ¢ 2 1,nA71'LU )( wn)z
N A- -
o (VA 1)\1)4 (A AT! 1A 1wn)2
_ ; AAT!
(N, S
o 71/\71)\1)4 (MATIA w1,nA_1w ) (
: s " L) (VAT
o A (MA .
o ) (M A0 WA w
_ 2 Ln) ()\, A_l n) ()\llA_l
Ay (ANJA=1A (A AT A w .
0o = 2 1) 2 w ) n) (XA_l
/ — n (>‘/1A71 1 w )2
Ar )4 (NAT! MA  w n
Ay = ! W, A"\ n) (NA )
_ 4 1) (VAT AAT n)
)\/ —
Ap = (A 1A1)4 (MATTAA o )2
2 . |
1
A ()\/IA_I)\ " (/\/ A* vn) (>\/1A*1
i3 = A 2 )t A AT ) ( -
N A- o |
A AT 4 MAT N
4 = 5 A1) (NATTA AT o
(NA-Th) W, A1 N
Az = AN (N A=W, o
_ 2 DATIAATE o
()\/Ai )\1) !/ w’ﬂ)Q
o : 1)\1)4 (A A (MAT
= 8 Wi nA™ wn) (X _
(VA1 nATN) -
Auz (A1)’ (AT o |
= 4 AAT! ’ (XA_I
)\1) d | w |
(/\/A_ | <)\1A*1 n)
o s i .
N S o o
e 1) (A o
Ay = 13 1)\1)5 (’\llAilA A wn) (XlAil wn)2
1ATIN o
ASO (AllA_l)\l)5 ()\Q.A_lA 1) (AI].Ailw A 1 )( 1A 17.Un)2
= — ) 5
(N, 6 1A72) (A7 .
o 1A*1)\1)5 (MATIA 1 1wn)2 (] wy) (AAT 2
3 | 2) ()\llA_lw 1A—1wn)2 wn)
(M A-1A)° (MAT! o
1 A AN . )
1) ()\/ — n ()\IIA_l
lA 1/\2) ()\/ wn)Q
AN, ) (XA
(A w,)
n)
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Lemma 78
2

ElAyp]=———
] = S

((NJATTA) - trace (Do AT ATATY) +2 (MAT T 1 AT AL ATIN)) + O (n7h)

Proof. As in Lemma 19, we obtain

2

Bldn] = o Siss B0 A ) (%) (¥ )]
1 1
+ﬁE [(ullA_lAlA_lvo) (XlA_luo) (/\/1/\_11)0)}
1 1
2

A 7 (i1 A7 A A o) (WA 00) (MA ™ )| + O (n)
1 1

Now note that

E [(u’lA_lAlA_luo) (/\IIA_IUO) (/\IIA_IUO)} = E [trace (u'lA_lAlA_luo)] E [(XIA_lvo) (XIA_lvo)]
E [trace (uoui A" AT ATY) ] - (NATT )

trace (To A7 TALATY) - (NJATTA)

B [(w,A Ar A ) (N A ug) (MA ™ 00)] = B [(N A ug) (u A" Ay A 0g) (vhA—1M)]
= NATITo ATIA AT,
and
E[(ufAT A A op) (NfAT 0g) (VA o)) = E [(MA uo) (ujAT AL A ) (vhA™IA)]
= MA o AT A AT
|

Lemma 79

2 _ _ _ _ _ _
E[Ag3] = —m ((/\/1/\ 1)\1) - trace (/\/1/\ A A 1T(()il())) —|—2()\/1A oA A 1/\1))—|—O(n 1)

Proof. As in Lemma 19, we obtain

2 _ _ _ _ _
E[Ajd] = —mE [()\/1/\ 1A1A 1U0A 1u0) ()\llA 11)0) ()\/1/\ 1’[}0)}
_ 2 /a—1 -1 -1 rA—1 I A—1
7(>\’1A71>\1)3E [()\1/\ AlA UQA Uo) (>\1A U()) ()\1/\ ’U()”
f%E [(MATT A AT U A o) (MA o) (MA ™ ug) ] + 0 (n7h)
(AMA=TAL)

Now note that
E [()\llAilAlAilU()Ail’U.o) ()\/1/\71’00) ()\/1/\71’1)0)]
= [trace (N A A AT DA ug)] B [(MA™ 0p) (XA 00)]
(MA™IA) - trace (MA™ AL A7)
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(MATT AL AT UG A vg) (NJA ) (AJA o) ]
(Nj A ug) (MATTALAT TUGA ™ vo)( )]
(N A ug) (MATTALATTUGA A
(MA o) (AT AAT DA A)']

(WA uo) (1A )
= MA oA AN

[
[
[
[
[ “1UoA" A A 1)\1]

and
FE [(A&A_lAlA_onA_l’Uo) ()\llA_l’Uo) ()\llA_l’u,o)] = /\IIA_lTO,OAlA_l)\l
|

Lemma 80
2
E [A34] = —m (()\llA_lAl) - trace (To,oAlA_l) + 2 ()\llA_ITO,OAlA_l)\l)) + O (n_l)
1 1
Proof. As in Lemma 19, we obtain
ElAs) = —ﬁE (VA oA A A ) (NA 0 (VA u0)]
1 1
_ 2
(MA—TA)?
_ 2
(MA-1A)?

E [()\/IA_onA_lAlA_lvo) ()\/IA_1U()) (/\/1A_1’U())}
E[(MATTUAT AL A 0g) (MA™ o) (MA ™ ug)] + O (1)

Now note that
[(/\ A~ 1U0 1A1A71U0) (/\/1A711}0) ()\&Ailvo)]
= [trace ()\ A" YUA™ 1A1A_1u0)] FE [()\IIA_lvo) ()\/IA_lvo)}
E [trace (uo)\lA 1U0A_1A1A_1)] ()\llA_l)\l)
= ()\;Ail)\l) - trace (To)oAlAil)
[( on 1A1A_1’U0) (/\IIA_I’U,O) ()\llA_lvo)]
[()\IA Uo) ( AilU()AilAlAil’Uo) (UéAil)\l)]
[(/\1A Uo) (>\1A71U0A71A1A71>\1)]
E [/\/1/\_1 (U())\IIA_lUQA_l) AlA_l/\l]
= MA o oA AN
and
E [()\&AionAilAlAil’UQ) (/\IlAil’UQ) (/\&Ail’u,o)] = AllAilfr()yoAlAil)\l

Lemma 81
E[Ass) = 2 ((AMJAT'AY) - trace (Yo,1) + 2 (M AT To1A1)) +O (n71)
(MA-1A)?
1 1
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Proof. As in Lemma 19, we obtain

2
E[Azs] = mE [(XlA_lUlA—luO) ()\/1/\_11)0) ()\/1/\_11)0)]
1 1
2
+mE [(A&AflUlAflfUO) (A;Ailuo) ()\llAil’U())}
1 1
2

+7<>\/ Aix )3E [(A3A71U1A71’Uo) ()\;Ail’tlo) ()\;A71U0)} + 0 (nil)
1 1

Now note that

E[(MAT U A o) (MA " 00) (NA~20)]
= E [trace (MAT'UIA " ug) | E [(AA ™ vg) (ATA M) ]
= F [trace (uo)\llA_lUlA_l)] (/\/IA_l)\l)
= (MA7'Ay) - trace (Yo,1)

E [(/\llAilUlAil’Uo) ()\iAil’UJo) (/\IlAil’Uo)]
= F [(/\IlAiluO) ()\/1A71U1A71’Uo) (U’OAil/\l)]
= E[(MA ug) (MATTTIATIN)]

— NA T

and
FE [()\aAilUlAion) (/\llAil’Uo) (/\llAil’Uo)] = )\/1A71T071/\1
|

Lemma 82
2

ElAs] = ————
[Ase] ()\/11\_1/\1)4

(MATT AL AN (VAN - trace (To 1 A7) +2 (N[ AT T 1 A"\ )40 (1)
Proof. As in Lemma 19, we obtain
ElAs) = —ﬁ (MATAATIN) B [(ui A ug) (WA 00) (A{A™ vg)]
ﬁ (MA AL AN B (a4 A w0) (VA ") (A~ 00)]
ﬁ (MA™ A AN B (A 00) (MA~"u0) (NsA " ug)] + O ()
Now note that

E[(uiA M ug) (MA T w) (M AT vo)] = E [trace (ujA™ ug) | E [(AJA ™ vg) (ATA™ )]
= E [trace (uouiA™")] (MATIN)
= (XIA_l)q) - trace (F0,1A_1)

E [(uiA vo) (MA  ug) (M A 00)] = E[(MA  uo) (Wi A ) (vpA M) ]
= MNA T AN
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and
E[(uiA o) (MAT 0g) (MA T wg)] = E[(MA M ug) (WA vg) (vhA™ AL)]
= )\IIA_lroylA_l/\l
|

Lemma 83
2
(NMA—1A)

Proof. As in Lemma 19, we obtain

E[As7] = (MATTAIATIAL) (AJATTA) - trace (Yo,0) + 2 (AMA ' Lo.0M)) + O (1)

Pl = ﬁ (MATTAATIN) E [(MATTU0A  ug) (NA ™ vg) (AA™ o)
1 1
+ﬁ (MATTALATIN) B [(MAT ToA o) (MA M) (A 0p)]
1 1
2

+7(XA*1/\ )4 (MATTALATIA) B [(AMATTU0A  vg) (A wg) (AMJA M ug)] + 0 (n7h)
1 1

Now note that
B [(MAUsA " ug) (NyA " v) (MA20)]
= F [trace (XIA_IUOA_luo)] F [(XIA_lvo) (XIA_lvo)]
= E [trace (uo)\/lAfonAfl)] ()\llAfl)\l)
= (MAT'A) - trace (Yo,0)

E[(MAT UoA ™ wg) (MA ™ ug) (A A vg) ]
= FE [(/\'1A*1uo) (XlAfonAflvo) (v{)A*l)\l)]
= E[NA™ (ug AT TUoA™) (vovh) A7 ]
= MA TN

and
E[(NJAT TUoA  vg) (MA™ M g) (AJA ) ]
= FE [(A’lA_luo) (XlA_lUOA_lvo) (v{)A_lx\l)]
= )\llA_lTo,o)\l
|

Lemma 84

E[Ass] = — 1

1
(MA-TA)
Proof. As in Lemma 19, we obtain

4 - - - — —
E[A:as] = —mE [(XlA 1u1) ()\'1/\ 1A1A 1u0) ()\/1/\ 100) (>\/1A 1@0)]
1 - - - - -1
*mE[(MA Lug) (MAT AT A 00) (MA o) (MA ™ o) ]
4 - - - - — —
,mE[(/\’lA Mug) (MATTAL A og) (NJAT0g) (MAT o) + O ()

(MA AL A" T A7) (MA™1AL) +2 (A T A1) (MALA A0 )40 (7))
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Now note that
E [(/\IlAilul) ()\aAilAlAil’UJo) ()\llAil’Uo) (/\IlAil’Uo)]
= B[NAAA u0) (A )] B [(MA o) (MA )]
= (A&A_1A1A_1F0’1A_1/\1) ()\/1A_1/\1)

E [(/\IlAilul) ()\aAilAlAion) ()\IlAil’UJo) (/\IlAil’Uo)]
B[ ) (AT A)] B [(MA- AT A o) (oA )]
= (Ao AT (MATIA AN

and
E[(NA  ur) (MAT A A g) (AJAT o) (MA M) ]
= E[(MA " u) (ufAT'A)] E [(MATTAIA o) (vhATA) ]
— (M A T A ) (MATIAL AT
u

Lemma 85
2

ElAyg]=———
] =~

((BAT AL AT AL) (MATIA) +2 (AA 1A ) (MAT A AT A)) +0 (n1)
Proof. As in Lemma 19, we obtain
ElAs] = —mE [(MA ) (NA AL A ug) (NyA T 0p) (MoA V)]
—mE (A ug) (NA A A ug) (MA ug) (MA0p)]
—mE (A g) (A A A 00) (MA " u0) (MAMug)] + O (nY)
Now note that

E [()\/QA_I’U,O) ()\llA_lAlA_li,L()) ()\/1/\_1’00) ()\/1/\_1’00)]
= E[(AA " ug) (MAT' AL A o) ] E [(NA o) (NJA™ M) ]
= (AATTAATIA) (MATIA)

FE [()\/QA_I’U,O) ()\llA_lAlA_lvo) ()\/1/\_111,0) ()\/1/\_1’1)0)]
= B [(MA ug) (MA ug)] B [(MAT AL A ) (A 0g)]
= (MATIA) (MATIA AT

and
E [(AA M ug) (AMATTATA M g) (AJAT o) (ATA o) ]
= F [(XQA_IuO) (A;A‘luo)} E [(XlA_lA1A_1vo) (XlA_lvo)]
= (AATIA) (MATTALATN)
[
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Lemma 86
2
(N A1)
Proof. As in Lemma 19, we obtain
2
E[A40} = mE [()\IIA_onA_l)\l) ()\llA_lAlA_luO) (/\IIA_I’U()) (/\IIA_I’U())}
1 1
2
(MA=IA)!
2
(MA=1x)!

FE [A40] = (()\llA_l/\l) (/\/1A_1A1A_1T0,0)\1) +2 ()\llA_lTo,o/\l) (/\IIA_IAlA_l/\l))—f—O (n_l)

E [(MAT'UA ™ A1) (MAT ALA vg) (M A ug) (AJA™ ) ]

E[(MATTUAT AL) (NATT AL A vg) (MAT wg) (MA ug)] + 0 (n7h)

Now note that
E[(NAT UA A) (MAT AL A ug) (A o) (M A op)]
= E[(MAT'AA ) (MATTUAT M) E [(MA  vg) (AMA™ ) ]
= E[MATAAT (uo AT UAT) A ] (AATTN)
= (AJAT'A) (MATTA AT Yo 00)
E[(NAT UA™ Ar) (MAT AL A og) (NjA o) (M A og)]
= E[(NAug) (MATTUATN)] B [(MATT A1 A vg) (NjA ) ]
= (MA ' Yo0r1) (MATTAATIN)

and
FE [()\llA_onA_l)q) ()\/IA_lAlA_l’Uo) (/\IIA_l’Uo) (/\IIA_l’U,o)]
= E[(MA " u) (NATTUA™'N)] E [(MAT A A o) (NJA™ ) ]
= (MAT'o0r) (NATIALATN)
]

Lemma 87
12

E[A4n] = _m (MATTAATITE AT + O (n7h)
Proof. As in Lemma 19, we obtain
ElAn] = —mE (VA A A ) (VA o) (N A u) (M A w0)]
4 /a1 1 /a1 /a1 /a1
—mm(m AA M) (VA 00) (VA u) (AyA o) ]
m]ﬂ (VA A A ur) (NA T u0) (MA o) (MA ug)] + O (nY)

Now note that
E[(NATTAA  uy) (NA M) (MA T wg) (AJA )]
= E[(NA AN u) (ugA )] E [(NA o) (NJA™ M) ]
= (MATTAATITE  ATIA) (MATIA)
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Lemma 88

6
ElAp]l=——— — (MATTAAIN) +0 (7
[ 42] (>\11A,1>\1)3 ( 2 1 1) (TL )

Proof. As in Lemma 19, we obtain

2
FE [A42] = —mE [()\IQA_lAlA_l’U,Q) ()\/1A_1’LL0) ()\IIA_lv()) ()\/IA_l’U())]
2
(N A1)
2

(A

E [()\/QA_lAlA_l’U,o) ()\llA_lvo) ()\/1A_1’LL0) ()\IIA_l’U())]
E [()\/QA_lAlA_l’U.O) ()\/1/\_1’1)0) ()\/1/\_1’1)0) (XlA_luO)] + 0] (Tb_l)

Now note that

FE [()\IQA_IAlA_l’LLO) ()\/IA_1U()) (/\llA_l’U()) ()\/1A_1’U())]

E [(MAT AT A ) (up A )] E [(ATA ™ 0g) (ALA™ ) ]
(XQAflAlA*l/\l) (XlA*l/\l)

Lemma 89
6
E[Ay] = m (N A1 oA A IN) + 0 (n71)
1 1

Proof. As in Lemma 19, we obtain

Pl = ﬁE [(MAT ALAT DA™ A ) (MA™ o) (MJA™ 00) (WA g)]
1 1
+WE [(NAT AT AT TUGA™ A ) (NA™ ) (MA ) (N, A 0p)]
1 1
2

+—()\’A—1)\ )4E [(MATTAL AT UGAT A (MPA og) (AJATog) (MA M ug)] + O (nh)
1 1

Now note that
E[(N A AL AT ToA Ay) (MA o) (N A 0p) (M A vp)]

= B [(NA u) (AT MATTUA TN | B [(MA o) (A o))
E[(MA  ug) (MAT DA AL ATIN)] (VAN

= E[MA™" (uo AT UAT) AL AT A ] (AATTN)

= (AJATIA) - (MAT Y0 0A AT )

Lemma 90
6
E[Ay] = m (N A1 oA A IN) + 0 (n71)
1 1
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Proof. As in Lemma 19, we obtain
2

i = mE [(MAT OAT AIATIA) (MAT ) (MA T o) (ATA™ M) ]
1 1
+WE (A~ ToA AL A=A ) (VA=) (VA= ag) (XA~ vp)]
1 1
2

+7()\’A71)\ )4E [()\llA_onA_lA1A_1)\1) ()\llA_l’Uo) ()\llA_lvo) (XlA_luo)] + O (n_l)
1 1

Now note that
[( 1U0 1A1A71>\1) ()\llAil’U,()) ()\IlAil’Uo) ()\/1/\71’1)0)]
[(/\ A~ Uo) ()\ A71U0A71A1A71)\1)] FE [()\IlAil’Uo) ()\IlAil’Uo)]
[/\1/\ (UO)\IAilUQAil) AlAil/\l] (/\/1/\71/\1)

(NATIA) - (VAT oA AT1N)

Lemma 91
6
E[As) = —m ()\llA_ITOJ)q) + 0 (n_l)
1 1
Proof. As in Lemma 19, we obtain
E [A45] = —ﬁE [()\/IA_lUlA_l)\l) ()\llA_luo) ()\IIA_lvo) (/\IIA_l’U())}
1 1
2
(MA—TA)!
B 2
(MA=1A)

E[(MAT'UIATA) (AMA T vg) (AJA ug) (AT A g)]
E[(MATTUATIAL) (MJA o) (MA ™ g) (NA M ug) ] + O (n7h)

Now note that

B [(NAT A A) (MA ug) (M A T00) (MA™ p)]

= B [(MA Yug) (MATLUATIA)] E (VA ) (NA )]
[)\/1A (’LL())\/IA 1U1A_1) /\1] (/\IIA_l)\l)

(MATIA) - (AAT P00 M)

Lemma 92
24
E[Ag] = m (MATIAATIN) (MAT T AT MN) + 0 (n7h)
1 1

Proof. As in Lemma 19, we obtain

8

E[As] = TEINE (NA™ A AN B [(MA™ ) (M A ) (MA™ ) (MA ™ p)]
1 1
+ﬁ (MATIAATIN) B (AT un) (M AT ) (MA™ o) (N AT wo)]
1 1
8

G AT B O ) (4~ ) (A ) (A1) 0 ™)
1 1
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Now note that

E[(NA Yy ) (XA ) (MA™ 0p) (XA 00)]
E[(NA o) (s A~ A0)] B [N A v0) (XA 0p)]
= ()\/1A71F071A71)\1) (/\/1/\71)\1)

Lemma 93

12
Aur = e (AT AT (547 0) 0 ()
1 1

Proof. As in Lemma 19, we obtain

Arr = s O B 054 un) (A~ ) (VA ) (A~ o)
1 1
N 4
(N A1)

+7()\/A41)\ )5 (/\IIA_IAlA_l/\l) FE [(/\IQA_luo) ()\llA_l’Uo) ()\llA_lvo) (XlA_luo)] + O (n_l)
1 1

(VA AL A) B [(NA ) (MA ™ 00) (NA ) (N A1)

Now note that

FE [()\QA_LLL()) ()\/1A_1’LL0) (/\IIA_l’U()) (/\IIA_l’U())}
E[(AA M ug) (MA  uo)] E [(NA vg) (AJA™ )]
= (AATIA) (MATIN)

Lemma 94

E[Ags) = —ﬁ (MATTALATIAL) (MA T 0A1) + O (n71)
Proof. As in Lemma 19, we obtain
ElAws] = ﬁ (MA" A A 0) B [(MA T ToA " Ar) (VoA g) (VA 00) (NyA " 0p)]
m (MA™ A A A) B [(MA™ DoA™ M) (VA g) (VA 00) (N A 0p)]
4

RITETeL (MATLALATIA) B [(MAU0A A ) (M A ) (WA ) (A~ Yog)] +0 (n7Y)
1 1

Now note that
E [(/\11A71U0A71>\1) ()\IlAil’UJo) (/\llAil’Uo) (/\IlAil’Uo)]
= E[(NA o) (MATTUA )] B [(MA ) (M A wo)]
(MA T To A1) (AATIN)
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Lemma 95

E [A49] =

9
TN (MATIA AT N) + 0 (n7Y)
1 1

Proof. As in Lemma 19, we obtain

E [A49} =

_|_—
(MA-1A,)

+—
(AA=TA)

Now note that

E[(MA-

Lemma 96

E[As] =

(AMA=TA)

S (MATALATN) E[(NA M) (MA o) (NA M) (XA )]

S (VAT B [(NA M) (VA o) (VA ) (MA )]

S (MATALAT ) B [(NA M) (VA w0) (VA w0) (MA )] +0 (nY)

Lug) (M A~ V) (MA " ) (MA L) ] = (MA~1A)?

18
) (VA A0) (AT AATN) + 0 ()
1 1

Proof. As in Lemma 19, we obtain

E[A5)] =

+—
()\1A71)\1)

VNI
(>\1A71/\1)

Now note that

(M A=A

0 = ()\/1A_1/\2) FE [(/\IIA_lAlA_l’U,o) ()\/1A_1’LL0) (/\IIA_l’Uo) (/\IIA_l’Uo)}

O (AN B [(MA T ALA  ug) (MA o) (N A ug) (MA~wp)]

O (MATN) E[(MA A A ) (MAw0) (MA ™ w0) (MA )] +0 (nY)

B [(N A AL A g) (MA ug) (M A w0) (MA p)]

Lemma 97

E [A51] =

E[(M A" A A ) (MA ug)] B [(NA~vg) (M A~ Lvg)]
(VAT A AT ) (VAN

27
—7@/ FETHE (MATTALATIA) (MATTX) + 0 (n7h)
1 1

Proof. As in Lemma 19, we obtain

ElAs] = —

(ATA=TAL)
(M A-1A)°

(M A-1N)°

D (NATTAATIA) (MATA) B [(NA o) (NA o) (MA M) (NA )]

) (MATTALATIAL) (MATTX2) B [(MA ™ ug) (ATA™ M 0g) (ATA o) (NJA™ o) ]

) (MATALATIA) (MA ) B [(MA ) (MA M) (XA M) (NA V)] + O (n )
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Now note that

B [(N A ug) (MA V) (MA~ ) (MA L) ] = (MA~LA)?

We also have

—T1 T30 = ZAk

k=52

where

- m()\’lAlAlAlAlAlwn) (MA )

Asy = —m(/\’lz\‘lAgA_lwn) (MA w,)?

Asy = —m (MAT AL AN (VAT A A ) (VA My, )

yr— ﬁ(A’A LALATT A AT (VA ) (VA )

Ass = m (AT AA ) (A ) (VA )

Ay = ﬁ (MATTAATIA) (VA w,) (VA )
Lemma 98

E[As] = m (MATTAMATTAATIN) + 0 (n7Y)

Proof. As in Lemma 19, we obtain

2

Fld) = ot e P LT AAT A ) (A7) (A1) (147" 00)]
1 1
ot LA AT A ) (A1) (VA a0) (4]
1 1
2

+ﬁ
()\11\_1/\1)

Now note that

E[(MATTAAT AL A ug) (NJAT o) (AJAT o) (AJA M ug)] + O (™

)

B [(MA AL A A A ) (MAMug) (A 00) (MA " 00)] = (MATLAL AT AN ) (A A1)

Lemma 99
3
E[Ass] = 7m (MATTAAT'A) + O (n7h)
1 1

(0]



Proof. As in Lemma 19, we obtain

E[As3] = —mE [(NAT A2 A ug) (NJA o) (MAT wg) (N[ A ) ]

ﬁE (VA A2A o) (XA w0) (MA™ ) (MiA™ )]
—mE (VA" AsA ) (NyA " u0) (A~ 00) (NA 0] + O (nY)

Now note that
B (M A AA ) (NAA ) (VA ) (MA™00)] = (AT AA™A) (MA™1N,)
]

Lemma 100

6 2

E A5y = —————— (MATTAL AN
[As4] (A;A—1A1)4 ( 1 1 1)

Proof. As in Lemma 19, we obtain

_2 (/\llA_lAlA_l/\l)

(NA-1N)?

2 (>\I1A71A1A71>\1) /A —1 -1 /A —1 1A —1 I A—1
_ TN E[(NATT AT A  ug) (APA M og) (NJAT ) (AJA ) ]
72 (/\'1A_1A1A_1/\1)

(M A1)

ElAy] = B[N A A A ug) (XA o) (M A~ ) (MA™wp)]

E[(MAT A A ug) (MA o) (MA o) (MA  ug) ] +0 (1)

Now note that
E[(NATTAIA  ug) (A ug) (MA M g) (MA )] = (MATTAIATIAL) (ATATIA)
]

Lemma 101

6 G ()\IlA_lAlA_lAlA_l)\l) + O (n_l)

E[As] = ——
] =~

Proof. As in Lemma 19, we obtain
2 (MATIAATIA AT )
- (MATA)°
/oA . _
R (A ) (¥4 ) (4" 0) (4”0
2 (MATIAATIA AT )
- (A1)

Pl = B [(MA o) (VA w0) (A7 00) (A~ w0)]

B [(M A Yug) (A= Tp) (M A1) (A~ ug)] +0 (n7Y)

Now note that

E[(NA  uo) (N A ug) (MA 0) (MA  00)] = (VAN
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Lemma 102

3

EAsg) = ———
sl = Gy

(MAT AATIN) + O (n71)

Proof. As in Lemma 19, we obtain

N AT AL AT
E[As]) = ( 1()\'/\21)\ § 1)E[(A'1A—1uo) (NPA ™ ug) (MJA ™ ug) (AJA ™ wp)]
1 1
(A/1A71A2A71>\1)
(MA=1A)’
()\/IA_lAQA_l)\l)
(N A1)

E [(AMA ug) (MA o) (MA ug) (AA™ )]

E [(MA  ug) (MA o) (MA o) (MA  ug)] +0 (1)
Now note that

B [(MA u0) (MA ) (MA™"0) (A 00)] = (MA~" 1)
]

Lemma 103
6

i A’
1 1

E[As7] =

Proof. As in Lemma 19, we obtain

Pl ﬁ ()‘/1/\_1/\1/\_1)\1)2 E[(NA " ug) (MA™ ug) (AjA™ vo) (AA™ o)
1 1
+ﬁ ()\/1A71A1A71A1)2E [(A’lAfluo) ()\/lAil’Uo) ()\/lAiluo) ()\llAil’U())}
1 1
2

+7(XA—1A % (MATTAATN) B [(MA o) (M A vg) (MA  vg) (MA  ug)] +0 (n)
1 1

Now note that

B[N A ug) (MA V) (MA™ ) (MA~Yg)] = (MA~LA)?

We also have

1 69
ST T Tas= ) Ay
k=58

7



where

4

Ass = m(%nf\*lwn) (MAT A AT ) (MAT o)

Asg = m (w] WA ) (MATTALATIA) (MA M)

Agp = m (VAW A ) (NA AL A Naw,) (MA )

Ap = m (VA" WA ) (AT A A ) (N A )

A = —ﬁ (VA 1) (VAT A A ) (A,

Ags = ﬁ (NA  wy ) (MATT A AT ) (A )

Ass = —m (WA w) (AT AN ) (MA w,)

Ass = ﬁ (MoA ) (A AL AN (MA )

Ags = m (VA WA AL) (VA 0,)® (VA A A )

Agr = m (MATTV,A ) (MATTA AN (VA )

As = m (VA" Dg) (MA w,)® (VA AT A )

Agy = —m (MA ) (MA M w,) (AT AL A1)
Lemma 104

E[Ass]

= m (trace (A_lro’l) ()\llA_lA1A_1)\1) + ()\llA_lAlA_lroylA_l/\l) + ()\llA_lro’lA_lAlA_l/\l)) + O (n_l)
1 1
Proof. As in Lemma 19, we obtain

4

Pl = (e L7 10) (AT A ) (44 o)
1 1
4
TR )3E (A v0) (MA™ A A ug) (N A 0o)]
1 1
4

o 0647 ) (AT A 0) (¥ Hu0)] + 0 (07
1 1

Now note that

FE [(ullA_l’U,o) ()\IIA_1A1A_17}0) ()\llA_lvo)] = trace (A_1F0’1) ()\llA_lAlA_l)q)
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E [(UllAil’U()) ()\llAilAlAil’uO) ()\&Ail’vo)] = F [(’U,/lAil)\l) ()\llAilAlAil’U,o)]
= E[(MNATAA ) (whAN)]
= NATA AT AT,

and
FE [(UIIA_l’l)()) (/\/IA_lAlA_l’Uo) ()\/1A_1’u,0)] = F [(ullA_lAlA_l/\l) ()\/1A_1’u,0)]
= F [()\/11\_11“)) (u/lA_lAlA_l)q)]
= MATTo AT A AT,
|
Lemma 105
IA—1 —1
E [A59] = —4 (AlA AlA Al) (trace (A_IFOJ) ()\llA_lAl) +2 ()\/1/\_1].—1071/\_1)\1)) + O (TL_I)

(NA-1x)*
Proof. As in Lemma 19, we obtain

4 (/\’1A_1A1A_1/\1) _ _ _
E[A = — E [(ujA! N A ) (N A
[Aso] (NATA) [(uiA™ o) (MA™ o) (M AT wo)]
4 ()\llA_lAﬂ\_l)\l) JoA—1 /I A—1 rA—1
- E [ (uiA™vg) (A A" ug) (AMA™ 0
B [04A ) (A1) (6~
4 (/\/1A71A1A71>\1) /oy —1 I a—1 I A—1 -1
- E [ (uiA™v9) (AMA  vg) (NMJA  ug) | + O (n
(>\'1A71>\1)4 [( 1 0)( 1 0)( 1 0)] ( )

Now note that
E [(u’lA_luo) (XlA_lvo) (XlA_lvo)] = trace (A_lfo’l) (XlA_l)\l)

B [(uy A 00) (MA ug) (A 00)] = E [(4 A~ ) (A )] = NA~ T, A1

and
B [(u, A 00) (NMA " 00) (MA ™ ug)] = B [(u4 A7 A1) (NA ™ )] = NoA™ ' Toa A1
| ]

Lemma 106
4

ElA¢) = ——=
[Aso] A)

(trace (Yo,0) (NJATTATATIA) + (MATT AT AT Lo 0M) + (AMA T Lo0AATIN))+O0 (1)

Proof. As in Lemma 19, we obtain

4 - - - — —
E[Aw] = —mE[(/\’lA WA ) (N AT ATAT 0g) (A A 0p)]
1 - - - - -1
~ Ot (57 U ) (AT 1A ) (A7 w0)]
4 - - - - — —
*mEWlA oA ug) (AT ALA  ug) (MA  ug)] + O (n?)
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Now note that
E [(MAT'UoA  ug) (MATTALA  vg) (M A )]
= F [trace (A'lA*IUOAfluO)] E [(XlAflAlA*lvO) ()\llA*lvO)}
= [trace (upN; A" UoA )] (XA AL AN,
= trace (Yo,0) (/\QA_lAlA_l)\l)

E [(MAT UoA ™ wg) (AT ALA  ug) (AfA™ o) ]
= E[(MATUA A (MAT AL A )]
= E[(MATTAA ug) (MATTUATI )]
= MATMATTE [ugNJ AT UA T A
= MATTAAT oM

and
E [()\IlAilU()Ailv()) ()\/1A71A1A71’U()) ()\llAil’U,o)]

= E[(NATTUATTAATA) (MA )]

= F [(/\/1/\71’110) ()\&AilUQAilAlAilAl)]

= )\llA_lE [UO)\llA_onA_l} AlA_l/\l

= MA oA AN
|
Lemma 107

MNATTAL AT
E[Aa] = A(ATMAT ) (trace (To,0) (NJAT' A1) +2 (M AT T 00))

(NMA-1N)!
Proof. As in Lemma 19, we obtain
I A—1 -1
ElA¢] = A ()‘(1)/\\,1/\/\11;\1)4)\1) FE [()\/IA_IUoA_luO) ()\/1/\_11}0) (A&A_lvo)]
+4 (/\llAilAlAilAl)
(MA=1x)!
4 ()\llA_lAlA_l/\l)
(MA-1A)!

E [()\llAionAil’Uo) ()\/1A71’UJ()) ()\llAilv())}

E[(NA VoA ) (A~ o) (A ug)] + O (n7Y)

Now note that
E[(MAT UoA ™ ug) (MA™ o) (M A )]
= E [trace (A'lAfonAfluo)] (A’lAA)\l)
= F [trace (uo)\llAfonAfl)] (/\3/\71)\1)
= trace (To,o) (AMA™'Ay)
E [(/\/1A_1U0A_1U0) ()\IIA_luO) (/\/1A_1’UQ)]
= F [(A&A_IUO) ()\llA_onA_l/\l)}
= NATE [ugAi AT UA ™ N
= A£A71T070>\1

80



and
E [(/\llAionAil’Uo) ()\IlAil’Uo) ()\/1A71U0)]
= E[(MA ug) (MATTUGATIN)]
A/lA_lTo,o)\l

| ]
Lemma 108

E [Ag2)
= —ﬁ ((AllA_lA1A_1F0’1A_1)\1) (/\/IA_l)\l) +2 ()\/1A_1F0’1A_1)\1) (/\/IA_lAlA_l/\l)) + O (n_l)
1 1

Proof. As in Lemma 19, we obtain

8 - - — — —

Plal = P [ ) (A0~ ) (4 ) (44 )
—8 I A—1 I A—1 —1 7 A —1 7 A—1
7(>\'1A*1>\1)4E[(>\1A uy) (NJAT AL A 0g) (AAT o) (AJAMog) ]
—8 IA—L I A—1 -1 A —1 /A —1 1
,(AIIA_lAl)AlE[(AlA uy) (NJAT AL A g) (ATAT0g) (MA o) + O (n71)

Now note that
E [()\&Ailul) ()\/1A71A1A71U0) ()\&Ailvo) ()\&Ailvo)] = ()\IlAilAlAilro’lAil/\l) ()\&Ail/\l)

FE [()\EA_I’LLO) (XlA_lul)] E [()\/IA_lAlA_lvo) ()\IIA_l’U())]
(MAT T A7 A (NATTAL AT )

FE [()\/1A_1’u,1) ()\/IA_lAlA_lvo) ()\IIA_1U()) ()\/1A_1’Uo)]

and
ET(MA ) (MA A A ug) (MA " 00) (VA u0)] = B [(NA "ug) (MA"ur)] B [(NA~Ar A ) (YA ~"0p)]

= (N AT A IA) (MATTA A1)

Lemma 109
24 (N AT A AT N)

oA (MA™'To1 A" M) + 0 (n7)
1

E[Ags] =

Proof. As in Lemma 19, we obtain
8 ()\’1A71A1A71)\1)
(MA=1A)°
8 (/\11A71A1A71>\1)
(N A=A
8 (/\/1A_1A1A_1A1)
(MA=1A)°

E [A63] = E [()\/1A_1’LL1) ()\IIA_1U()) (/\/IA_l’U()) (/\/1A_1’U())}

E[(NA  ur) (MA o) (APA ug) (AJA™ ) ]

E[(NA ) (M A~ o) (A 00) (MA ug)] +0 (n7Y)
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Now note that
E [()\/1/\71’&1) ()\/1A71U0) (/\llAil’Uo) (/\IlAil’Uo)] = <>\/1A711—\071A71>\1) (/\11A71>\1)
u

Lemma 110
4

ElA¢y) = ————
[ 64] (/\,1A_1/\1)4

((NPATTALATIA) (MATIAL) + 2 (MATTALATIA) (MAT' X)) + O (1)
Proof. As in Lemma 19, we obtain
ElAg)] = —mE (VA ) (MA~" Ay A ug) (XA ) (M A~ 00)]
—mE (A "g) (N A A A 00) (M A ug) (VA u0)]
—ﬁE (VA ) (VA A A u0) (M A~ 00) (MA 0] + O ()

Now note that
E[(AA  ug) (MATTATA  ug) (MA M g) (MA M 0g) ] = (MATTAIAT ) (ATATIA)

E[(NA ug) (MA™A A ) (VA ug) (A 00)] = (A AL A1) (XJA—2A)

and
B [(MA u0) (XA A A 0p) (XA o) (NA ™ up)] = (A A ATIA) (VA1 A)
]

Lemma 111
12
E[Ags] = m (MATTALATIA) (MATEN,)
1 1

Proof. As in Lemma 19, we obtain

4 (NATTAATY) ,
E[A = L E (VoA o) (VA o) (VA ) (M AT
[Ags] (A'lA*U\l)d [( 2 0)( 1 0)( 1 0)( 1 0)}
4 (NJATIAATEN)
(MA=1A)°
4 ()\llA_lAlA_l/\l)
(MA=1A)°

E [(AA ™ ug) (MA ™ o) (AMA ™ ug) (AA™ )]

B (%A o) (XA u0) (MA " 00) (MA )] + O (n™Y)
Now note that

FE [()\/QA_LLLO) ()\IIA_l’U,()) ()\llA_l’Uo) (A&A_lvo)] = ()\/IA_l)\Q) ()\/IA_l)q)
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Lemma 112
E [Ags) = % (2 (NJAT " Y0,0A1) (MPATTALATIA) + (MATTAL AT o 0A1) (MJATTA))+O0 ()
Proof. As in Lemma 19, we obtain
4

(A A-1A)*

4
oyt (AT U™ 0) (547 10) (YA ) (XA~ A )
1 1

+mE [(NA™ U0A 1AL ) (MA™ ) (MA™ ) (MA A A ug)] + 0 (n71)
1 1

Blds] = B [(MAT oA~ A1) (A ug) (MA ™ vo) (AT A4 )]

Now note that
E(NA T ToA A ) (XA ug) (M A~ w0) (XL A AL A )]
= E[(NA ug) (MATUeAA)] B [(MA  u0) (MA~ A1 A 0p)]
= (MA ' Yo0r1) (MATIAIATIN)

E [(MATUoA™ A1) (MA  vg) (MA ™ ug) (ATAT AL A )]
= E[(NA u) (MATTUATMN) ] E[(AM A w) (MATTALA ) ]
= (MATTooA) (MATTALATIN)
and
E[(NAT UA T A) (M A 00) (MA ™ vg) (AT AL A )]
= E[(MA AN ug) (MATTUAT M) ] E [(NA o) (NJA™ ) ]
= (MATTAIAT T 0A1) (ATATTA)
]

Lemma 113
12 _ _ _ _
E[A67] = 7m ()\llA 1A1A 1)\1) (/\llA 1T070>\1) +O (’fl 1)
Proof. As in Lemma 19, we obtain

74 (/\’IA_lAlA_l)\l)

(M A-1A)?

4 (/\llA_lAlA_l)\l) /A —1 1 A —1 /A —1 7 A—1
_ ()\/IA_l)\l)S E [(AIA UoA /\1) (/\1A ’UQ) ()\1A UO) ()\IA Uo)]
_4 ()\/1A71A1A71>\1)

(MA—1A)°

E[A67} = E [()\IlAilUOAilAl) (/\llA—luO) ()\IlAil'UO) (XlA*lvo)]

E [()\/IA_onA_l)\l) ()\llA_l’Uo) ()\llA_lvo) (XlA_luo)] + 0 (n_l)

Now note that

E[(NMAT TUoA A (MA ™ ug) (MA™ wg) (M A ) ]
E[(MA  ug) (MATTUoA™ M) ] E [(MA ™ v0) (MA™ )]
(AMA™ " Yo0A1) (MATIA)
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Lemma 114
_ 18 I A—1 I A—1 -1 -1
E [A6g] = —(/\’IA—I)\I)4 ()\1A /\2) (/\1A AA /\1) + O (’fl )
Proof. As in Lemma 19, we obtain
6

Blds] = sy (AT E[NAT A ) (547 un) (547 ) (¥ o)
1 1
6 I A—1 /I A—1 —1 A —1 /A —1 /A —1
5
A (MAT) B [(MATTAA ug) (AAT ) (MA ™ uo) (MA™ vo)]
1 1
6

+m (Aa/\il)\g) E [(}\IlAilAlAil’U;O) (/\aAil’Uo) (/\aAil’Uo) (/\?LAil’LLO):I + o (nfl)
1 1

Now note that
FE [(XlA_lAlA_luo) (/\/IA_l’U,Q) ()\/1A_17}0) ()\/11\_17}0)] = ()\IIA_lAlA_l)\l) (/\/IA_l)\l)
|

Lemma 115
18

E[Ag) = ———————
o] =~

(MAT" X)) (MATTALATIN) + 0 (n7h)
Proof. As in Lemma 19, we obtain
ElAw] = -2 WA-“&E iA_/llAA_)lﬁlA_lAl) B [(MA~"u0) (VA ug) (MA~v5) (XA~ v0)]
(A
6 (A'lA‘lx)/lj(éﬁl/;)léhA_%) B [(NA ug) (NA ) (MyA™ o) (MyA T p)]
6 (AT (MATIAA )
(MA-1A)°

E[(NA  ug) (MA  vg) (MA og) (MA ug)] + 0 (n7h)
Now note that
E[(MA o) (MA M) (MAvg) (MA 0g)] = (MAA)?

We also have

Loy 73
g(Tl) Ty T35 = ZAk
k=70
where
= A ) A )’
1 1
4
An = —m (MATTALATA) (VA w,) (VAT A A )
1 1
A72 = _ﬁ (/\llAilAlAilAl) (/\llAil’w")3 (/\llAilAlAil’w")
1 1
4
A7z = m()\/lA_lAlA_l)\l)Q (/\/1A_1wn)4
1 1
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Lemma 116
4 _ _ _ _ _ _ 2 _
E[Az] = m ((XlA A1) (MATTALATTA AT A + 2 (MATTA AT )+O(n 1)
Proof. As in Lemma 19, we obtain

4

E[A7n] = mE [(ATA™ uo) (\TA™ o) (A AT ATA™ wg) (MATTAIA g )]
1 1
+ﬁE [(XIA_luo) (/\IIA_I’U()) (/\IIA_IAlA_l’LLo) ()\/IA_lAlA_lvo)]
1 1
4

o (57 0 (VA™0) (VA4 00) (A A 00)] 40 ()
1 1

Now note that
E [(MA uo) (MA ™ ug) (AT AL A g) (MATTAL A og)] = (AJATIAL) (MATTALATT AL AT )
B [(MA  ug) (MA vg) (MAT AT A Yug) (N AT A A 0g)] = (VAT A ANy
and
E [(MA M ug) (MA vg) (MAT AL A ) (AT A A ug)] = (M AT A AN
u

Lemma 117
12

= (NATTAMATIA) Ot
(,\’1A—1A1)4( AT MATN) O ()

E[An]=—

Proof. As in Lemma 19, we obtain

Flnl = _ﬁ (MATTA AT ) E[(A AT ALA Tug) (MA™ o) (MA™ g) (MA™ 0g) ]
1 1
_ﬁ (MATTAATIN) E[(A AT ALA Tug) (MA™ o) (A ug) (A A wg) ]
1 1
_ﬁ ()\llA_lAlA_lkl) E [()\/IA_lAlA_luo) ()\/1/\_1’1)0) ()\/1/\_1’1)0) ()‘llA_lu())] L0 (n_l)
1 1

Now note that
E[(NAT AIA  ug) (AMA T ug) (MA M g) (A )] = (MATTAIATI AL (ATATIA)
]

Lemma 118
12
E [A72] = —m ()\llAilAlAil)\l)Q +0 (nil)
1 1
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Proof. As in Lemma 19, we obtain

ElAp] = m (MATTALATIN) B [(AMATTAA o) (MA M ug) (APA™0g) (AA™ ) ]
_m (AT A AN B (VAT A A ) (NA ™ w0) (MA ™ ) (M A )]
_ﬁ (AT A AN B [(MA™ A A ) (M A w0) (MA ™ 00) (MA ™ uo)] + O (n )

Now note that
FE [()\llA_lAlA_l’LLQ) (/\IIA_I’U,O) ()\llA_lvo) ()\llA_lvo)] = ()\/IA_lAlA_l)\l) (/\IIA_l)\l)
|

Lemma 119

12 2
ElA7] = ————— (MAT'AAIN) +0 (07t
[A73] (/\,IA_I)\I)4( 1 1 1) (n™)

Proof. As in Lemma 19, we obtain

4
Bl = s (A7) (A ) (44 0) (44" ) (A~ w)]
1

o (AT AT (VA ) (44 0) (A~ ) (VA )]
1 1

+ﬁ (MAT AN N) B (VA o) (N A ) (A 0g) (A ug)] + O (n1)
1 1

Now note that

B[N A ug) (MA V) (MA™ ) (MA~Yg)] = (MA~1A)?

3 GMM Estimation and Dynamic Panel Model with Fixed Ef-
fects (1'=4)
We now assume that our model is generated by

Yie = 04+ PYi—1+eu t=1,...,T
Eit N(O,l)

(67 1
0 ~ N —
vio (1—6 1—ﬂ2)
o o~ N(O,l)

We will assume that

T=4
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3.1 Ahn and Schmidt

Ahn and Schmidt propose following moment restrictions

E [?Jis ((yst — yitfl) - 5(%‘&1 - yi371>)} =0 t=2,...,T:5=0,...

E[(yir — Byir—1) (it — Yit—1) — B Wit—1 —yir—2))] = 0 t=2,....,T—1

Therefore, we have

r(Ir-1) R P DI I TP
— AT -2=5T+ 5T -2=5(4) +5(4)-2=8
moment restrictions:
[ i (W2 —wi) —c(Win —vi0) ]
yl()((yzd — Y, 2) C(yz,Q yz 1))
yz,l ((y 2) C(yzQ — Yi, 1))
oy 1.0 (Y4 — vi3) = ¢ (i3 — vi2))
¥ (ne) o (s — rs) — ca — 310
Yi2 ((%4 — Vi, 3) _C(yzd Yi, 2))
(Z/i,4 - Cyz,3) ((%,2 yz,l) (yz,l yz,O))
L (yi,4 - Cyi,3) ((.%‘,3 - yi,2) - C(yi,z - yi,l)) ]

3.2 Blundell and Bond
Blundell and Bond proposefollowing moment restrictions
E [yis (it — Yit—1) — B Yit—1 — ¥is—1))] = 0 t=2,...,T:5=0,...,t—2
E(yit — BYit—1) Wit—1 —yiz—2)] = 0 t=2,....T
Therefore, we have

T(T—1)

1,5 1 1. 9 1
3 +T—1:§T +§T—1:§(4)+§(4)—1:9
moment restrictions:
I yzO((yZZ Yi, 1)—0(%,1 Yi, O)) 1
Yio (Y3 — ¥i2) — ¢(Yi2 — ¥i1))
Yi,1 ((y1,3 —Yi, 2) — c(yz 2 — Y, 1))
Yi,0 ((%,4 - yi,3) c(y 2))
Y (zise) = | yin ((Yia —vi3) —c Wiz —vi2))
Yi2 ((yia — Yi, 3) — ¢ (yz 3= Yi2))
(Yi,2 = i) (Wi — Yi0)
(%,3 - Cyi,Q) (yi,Q - yi,l)
L (yia — cyi3) (Yis — ¥i2) i

3.3 Long Difference

Long difference note that
(yz'T - yz',l) -B (yiT—l - yi,o) =& — &1
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is orthogonal to

Yi,0
Yio —BYi1 = o+ei2
YiT—1 — PYiT—2 = O +Eir—1

In other words, it considers the moment restrictions

Elyio ((yir —yn) — B(yir—1 —yi0))] =
E [(yi,s - 5%,571) ((yiT - yil) - B (yinl - yiO))] =

We therefore have
1+T-2=T-1=4-1=3
moment restrictions:

Yio (Yia —vi1) — (i3 — vio))
(0 (Ziv C) = (yi,z - Cyi,l) ((.%‘,4 - yi,l) - C(yi,s - yi,O))
(Yi3 — cyi2) (Yia — Yi1) — c(¥i3 — Yio))
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Higher Order Expansion of Iterated IV Estimator:
Supplementary Appendix for “Long Difference Instrumental
Variables Estimation for Dynamic Panel Models with Fixed

Effects”

Jinyong Hahn Jerry Hausman Guido Kuersteiner

June, 2002

1 TIterated 2SLS

We consider 2SLS

applied to the single equation
yi = Br; + & (2)

using instrument z; = z; — ﬁ@wi, where § = NG (B — B) Here, z; is the “proper” instrument, and B is

a preliminary estimator for 8. We assume that

~ 1 1

where

for some f; i.i.d. with mean zero, @, = O, (1), and S,, = O, (1). Below in Theorem 1, we derive an

expansion of the form

1 1 1
b—B)=Ry+—R, +—R - 4
V(b= 8) = Ro+ =R + o+ 0y (1) (1)
where
No
Ry = —
0 DO
_ DNy Ny
B = D ' Dy
D2N0 D%N{) N2 DlNl
e = —=h D3 "Dy D2
0 0 0 0

where Rs depend on (F,, Qp, Sp).



We therefore can see that the higher order bias of b is given by!
1
—E[Rq]
n

which can be stochastically approximated by

where

J

for J large. We can also see that the expected value of (b — 5)2 is approximately equal to

1 2 1 2

—E[R}] + —=E[RoRi]+ = E[Ri] + SE[RR

" [0]‘1‘”\/5 [01]+n2 [1]+n2 [RoR2]
which can be stochastically approximated by

1~ 2 - 1 ~ 2 ~

—E R} + —=FE —E[R}] +SE

- (R3] + s [RoRi1] + = [R7] + = [RoRs)]

NG

where
-~ 1
b [Rg] -7 Zjo
j=1
N 1
FE [R()Rl] = j Z ROlej
j=1
1
b [Rﬂ -7 ZR%]
j=1
N 1
E[RoR)] = - > Ro; Ry
j=1
for J large.

2 Expansion

We present an expansion for 2SLS using instrument z; = z; — ﬁ@uh We have
~ ~ 1 ~
Gt me) B 22) 7 (B X 5e)
- 1 ~
(F 50 2 (A0, 52 7 (dr X B

Vii(b— ) =

Definition 1

Il [l
e e I cS BN CS I ©S TS

s 2D D o = >
|

1Tt can be verified that E [Rg] = 0.



Lemma 1

1 « 1 1 1
= Zix; = —A —A —
n;zm )‘+\/ﬁ 1+n 2+0p<n>
where
R~ 1.,
A, = —Z(zlxz—)\)—Fn(b:\/ﬁ ~Z'x— X)) = Fn¢
"3 "
1 n
A = _Fn - = by T - n
) ( n;wx ¢>>> Qné
1
Proof. We have
1 n 1 n .
— Eixi = - Zi — sz ZT;
i3zae = 53 (g

1 1
Because
1 & 1 1 &
and
ey
n Z:1 (Aad2
1 1 1 -
= (FnJFTQnWL SnJrOp(E)) <¢+—n<—n;
1 1 & 1
+ﬁFn <—n ; (wixz - Qb)) + %Qn¢
1
o ()
we obtain
PACE 1D
— Ziy — —F—=0w; | T;
n — n
= A
1 1 & 1
+% <_n ; (Zixz A)) - ﬁFnQﬁ
1 1 & 1
_EFn _’fl ; (wixz - Qj))) - EQn(b
1
+Op E
| ]



Lemma 2

where

Ly

L,

Proof. We have

I
31
QD
SN\
|
3 |H
)
N

vi(tzz- A> — F,A
n

7Q7lA -y, (% Z (wlz{ + Z@’LU; — A)) + FTQLQ
=1

—QuA — /nF, (1 W+ = WZ A>+F39
n

Because
1<, 1 (1 &
- lez_A+_n (—nZ(Zzz A))
i=1 i=1
~[1&
0 - 7 7 !
(n;(wzz—i—zwl))
1 1 1 -
= A
1 1 1 «
+—=0Q,A + — wizh + ziwh — A
Vet t ( 72 )>
1
+op i)
and



we have

1 RN ) ,
_EQTLA - EFn <% ; (wiz; + zjw; — A))

[ ]
Lemma 3 ;)
1 e _ 1 1 1
<Ezzl§;> = A 1+%M1+EM2+OP <E)
i=1
where
M1 = 7A71L1A71
1 n
_ -1 AR -1 -1 -1
= —A (ﬁ ; (ziz] A)) A 4+ F,ATTAA
My = A'LIAT'LIATY— AT, AT
1 n 1 n
= A M| —= 2= A AT —= 2 —A) | AT
(\/,ﬁ zzzl (’Zl’zz )) (\/ﬁ lzzl (lez ))
1 & 1 &
—E,ATTAAT | — = AN |AT - F AT — iz — A) | ATTAATT
(fzx >) (f< >)
+F3A’1AA’1AA’1
—|—QnA_1AA_1
1 n
+F,A! (— Z (wiz) + zyw] — A)) A?
Vi i=1
—F,%A_lQA_1
Note that

M, = —/nA™ ! (12/2 — A) AP+ AT AN
n



and
—1 1 ! —1 1 / —1
My = nA Y (=Z'Z—A)A Y (=Z'Z-A)A
n n
—V/nE, AT AAT! (12'2 — A) AL
n

—/nE,A"! <lz'z — A) ATTAATE
n

+EZATIAATIAATY

+Q, A tAATE

+vnF, At <12'W + iz - A) ATt
n n

—F2A71OA !

Proof. From Lemma 2, we obtain

1 1 1\ !
A ——L, +-L -
( AT +<n>)

7N
S|
INgE
)
2
N———
|
Il

1 1 !
= AT - AT LA S (AT LA AT AT AT o, (ﬁ)
| ]
Lemma 4
1 & 1 1 1
—22i6i200+—01+—02+0p <_)
Vi & Voo "
where
1 n
= 1< Fn
G = TmL e
1
= —Zl _Fn
NI
1 n
= —-F,|— i€i — — n
o (n;(we <p)> Qui
|-
= —/nF, EW€*<P = Quyp
C, = —Q —1i(w —%)) =S
2 = n \/ﬁizl i€q ¥ n®
1
= _\/EQTL (gWIE_‘p)_SnSO

Proof. We have



Because

~ 1< 1 1 1

we obtain
1 & 1
—n ; (Zl — %ger) &
1 n
= = Z Zi€q — Fn‘P
nia
1 1 <« 1
__Fn Y (wzfz—@ - T =
vn ( n > 4D
1 R~ 1
——&n (7;(“’1‘51_@) i
1
+Op ﬁ
| ]
Lemma 5
/ —1
1 o— . e, 1 — . 1
where
NO = )\/A_lco
N, = NA'CL+NMCo+ AAC
Ny = A/lMlco + )\IA7102 + )\/MQCO + )\IM101 + All

Proof. From Lemmas 1, 3, and 4, we obtain

1 n
(a 2%

At —
(7
AACO

T
~ (

/ 1 n ., - 1 n
) (i) (5

1 1
N1 + —N2 + Op <—>
n n

ATIC, + ALATIC

1 1 1 1 1 1
A1+ A2+Op< )) <A 1+%M1+EM2+OP (E)) <C()+%01+ECQ+OP(E>)

()\ AC + N M,Cy + Al ACO)

’1M100 + )\/ACQ + )\IMQCO + /\’MlCl + A’lACl + AéACO)



Lemma 6

/ -1
1 — . I~ 1 . 1 1 1
=N "2 | (=) FE — Za; | =Dg+—=D; +—D —
(nzx> (nz> ( nzzx> v+ g2 D20, (1)

where
Dy = NA')
Dy = 2XATA;+ NMA
Dy = 2XAMAg 2N MA + N Mo+ AJAT A

Proof. From Lemmas 1, and 3, we obtain

1 n 4 1 n -1 1 n
-y Ziz; =Y zz — ) Ziz;
(r5e) (5) (5

— (ae A, ta )Y A*1+LM +1M+ 1 A+iA +1A +o 1
B +ﬁ A N o\ N A
= MNATIA

1 _ _
T (NATT AL+ N M+ ATATHY)

+l (ATMIXN+ NAT Ay + N Mo+ XMy Ay + AJATT Ay + AGATHN)
n

Theorem 1

ﬁ(b*ﬁ):Ro+%R1+%R2+Oz) (%)

where
No
Ry = —
0 Do
DNy N
R = - —
! D2 Dy
p _ _D:No DINg  No DiNy
= D32 D: "Dy, D?

Proof. From Lemmas 5 and 6, we obtain

(% i 2iaci)l (% i 221{)—1 (ﬁ > et 2i“fi)

(FX ze) (B2 52 (S X B

Ny + ﬁl\h + 1Ny 40, (1)

Do + ﬁD1 + 1D+ o0, (L)

N 1 <_D1No N, L (_1)2zvO DN, N, DlNl) Y <1)
D? n P

v Dy "

Vib-5) =

=

D2 D "Dy, D?




3 Long Difference

Yir — Yir = B (yir—1 — Yio) + (e — €i1) (6)
It is easy to see that the initial observation y;o would serve as a valid instrument. Using similar intuition
as in Hausman and Taylor (1983) or Ahn and Schmidt (1995), we can see that y;r—1 — Byir—2, - -

yi2 — Bys1 would be valid instruments as well. If we use a preliminary estimator B, then we would use

Yio Yio =
R Yio — BYi1 Yiz — BYi1 — (ﬂ - 5) Yi1
Zi = . =
L Yir—1 — Byir—2 | Yir—1 — BYiT—2 — (3 - 5) ByiT—2
[ Yio 1 0
Yiz — Byt ~ Yi1 1 ~
= v | i —(ﬁ_ﬂ) z :Zz_ﬁewz
L Yir—1 — ByiT—2 ] YiT—2
as instrument, where
Yio 0
Yiz — Pyit Yi1 ~ ~
5= . cow=| | i=va(B-8)
Yir—1 — BYir—2 YiT—2
In our context,
Yi = YiT — Y1
Z; = Yir-1 —Yio
& = &T —E&n
A = E[z7]
(b = F [’w,.’El]
A = Elwz + zw)
Q = Elww)
¢ = Elwgg]
Now, suppose that
Yit = o+ Byir_1+ it t=1,...,T
Eit ~ N(O,ag), o N./\/'(O,ai)
Q; 1 Q; 1
yio ~ N < ; > = + N (0,1

Further suppose that



We then have the following results:

|
2
\— B
5
1
2 U W U
-p)(1-p) 1-8 1-B 1-p
1
A= = 2 1 1
= 1 2 1
1
=3 1 1 2
0
T
0
p
0 __ B°-28-1 __B2-pP-p-1 B'-po—p-1
g1 (—1+8%)(~1+5) (—1+§2’+)(ﬁ—1+6) = e >J£61+6>
— 2 — —2—
A— —Tgw —_31—25 —118 Tﬂg
—3+ 2 —3+
m i T ~148
—8°— —2-8+ -3+ 2
- (1R (-148) —1+5 —1+5 T o148
0 0 0 0
0 2 ___B-28-1 B>—p%—p-1
0= = 1+ﬁﬁz)é514{6) (—1+62><—1+B) T 1;52353 1)
0 —=rm Pl 1+B/32>§ TR )
— 2
0 —cns T TR
0
-1
gp:
-8
_/32

10



Higher Order Expansion of Arellano-Bover Estimator for
Dynamic Panel Model with Fixed Effects: Supplementary
Appendix for “Long Difference Instrumental Variables
Estimation for Dynamic Panel Models with Fixed Effects”

Jinyong Hahn Jerry Hausman Guido Kuersteiner

June, 2002

1 Arellano-Bover Estimator for Dynamic Panel Model with Fixed
Effects

Consider the usual dynamic panel model with fixed effects:
Yit = i + BYit—1 + €it, i=1,...,n; t=1,...,T (1)

We consider a version of the GMM estimator developed by Arellano and Bover (1995), which simplifies
the characterization of the “weight matrix” in GMM estimation. We define the innovation u;; = o, + €.
Arellano and Bover (1995) eliminate the fixed effect «; in (1) by applying Helmert’s transformation

T4
T—-t+4+1

*

Ust

{uit—%(ui7t+1+~w+un) , t=1,...,T—1
instead of first differencing. The transformation produces

Yy = P, + el t=1,...,T—1
where 7, = yi, . Let 23, = (vio, - - - ,¥it—1) . Our moment restriction is summarized by
Elzfei,] =0 t=1,...,T—1

It can be shown that, with the homoscedasticity assumption on &;;, the optimal “weight matrix” is
proportional to a block-diagonal matrix, with typical diagonal block equal to E [z;‘ fz:"t] Therefore, the
optimal GMM estimator by Arellano-Bover is equal to

TSR Sy 1

bap =
T—1 *
i1 T Pyxy

so that
T—l( 1 *1 Pk %
~ =1\t b 5t)
\/ﬁ (bAB - ﬂ) = T—1 Vo

t=1 (%lept*x;ﬁ)




where z} = (21,250 05 = (Wi Wne) s 26 = (oo 2ny) s and PP = 27 (27'2;) 7 2. Tn

»¥n,t

Theorem 1 below, we provide an approximation of the form

\/H(EAB_ﬁ) :Fn+%Qn+%Sn+op (%)

2 Higher Order Expansion of \/n (?)\AB — B)

We now adopt obvious notations, and make a second order analysis of the right side of (2). Recall that

T-1 (L */P* *
~ t=1 \yn¥t tst)

Vi (bas - B) = T
(%zf'Pt*xf)

t=1

where 25, = (yio, -+, Yi—1)'s & = (@3- ah,), v EA(yfta oy ZE = (e zny) and PYo=
Zr (2 Z¥)~' Z¥. The higher order expansion for v/n (bAB - B) is contained in Theorem 1 below.

Definition 1

Al = E [zg"twm]
A = FE [zz*tz;"'t}
Definition 2
Ai,t = % Zn: (Zz*txz*t - /\2‘)
i=1
— iz ) (=0, (1)

Definition 3

Elke

Ml*ﬂ5 = —A,’f_1<

n

(zmz” A*)) A"_1
*— 1 * * * *—
= _\/ﬁAt ! _Ztth _At At ! (: Op(l))
n

i=1

* *— 1 = * _* * *— - * *—
My, = A ! (% Z (zi,tzi,/t - At)) A ! ( NG Z 2, tzz t ) A !
i=1 i=1

*— 1 * * * *— 1 * * * *—
= nhj ' (th/Zt _At) A ' (EZtIZt _At)At ' (=0, (1))

Definition 4

1 n
* _ * *
CO,t = _\/HE ZitCit
i=1

- %Z:'sz (=0, (1))



Lemma 1 ) )
o VLt + o2t +0p

NG

1

(i

N

1
*! D* % *
Ty Ptst—No,t+

)

where
Ny, = N'ATICr, (=0,(1))
Nl*,t = /\I/Ml*,tcg,t + AT,/tA:_ICg,t (: Op (1))
N2*,t = T:tMl*,th,t + )‘:/M;,tcg,t (=0, (1))
Proof. Note that
n / n -1 n
t L4 € = itLit it<it itCit
Vi nia nia Vi i=1

The conclusion then follows by an argument as in Lemma 7. m

Lemma 2
— — _— — o. [ =
nv’”t t Lt 0,t \/ﬁ Le T o2 P\
where
D, o= NATIN (=0,(1))
DT,t = QA:/A:_IAIJ‘F/\:/MTW\: (=0,(1))
Dé,t = )‘:/Mg,t/\:+2)‘:/Mit T,t+ATftA:71AI,t (=0, (1))

Proof. Note that

/ —1
n n n
1 1 1 1
*/ * * * * * */ * *
—x; Pz —Ez»x» —gz.z —Ez»x»
n t St n 4 it it n 4 it<it n 4 it it
i=1 i=1 i=1

The conclusion then follows by an argument as in Lemma 8. m

Theorem 1

\/E(/Z;AB*B) :FnJF%QnWL%SnWLOp <%) y
where
N*
F, = D%
o0, = Ni_NiDj
D;  Dg?
o _ Ni_ NgDs DNy DPNg
n DS DSQ D82 Dad
and
T—1 T—1 T—1
Ny o= YN =0,() N =Y N,=0,() Nj=Y N =
t=1 t=1 t=1
T—1 T—1 T—1
Dy = D;,=0,(1) Di=> Dj,=0,(1) Ds=>» Dj, =
t=1 t=1 t=1



Proof. From equation (2), and Lemmas 1 and 2, we obtain

+ =N{ + £N5 +0, (+)
T
n

" N
8 NG
‘/ﬁ(bAB 5) Dj + =Di + +D5 + 0, (+)

3 Some simplification for stochastic approximation

Suppose that

Yie = o+ BYi—1 + i t=1,...,T
Eit N(()?Jg)v Qg NN(O’O—?!)

Q; 1 Q; 1
Yio N<1—6,162> I_B—FWNO

Further suppose that

We then have the following results:

A= | e |

2 __ B?-2p-1
A = [ (=148%)(=1+5) (—1+5%)(-1+8) ]
2

2 Bg2—28-1
(=1482)(=1+5) (—148%)(—1+8)
2 __ p*-28-1 B2—p2—p—1
(- 1+ﬁ2)( 1+8) (71+52)(71+ﬁ) = 1+ﬁ2)( 1+8)
Af = | 82281 B°—28-1
3 CLB2)(-148) (- 1+ﬁ2)( 48)  (C1487)(-1+8)
B*—B*—p—1 B*—28—-1 2
T E1HBH (148 (18D (-1+4h) (=14+82)(—-1+8)
__ B2-28-1 __B¥-pr-pB-1 pr—p3-p—1
= 1+52>< 1+8) CIHACIHE) —CHPICIE)  CLHRC I4D)
B%2_28—1 o pF-2p-1
AF = T (= 1+ﬂ2 1+/3 (- 1+52)( 1+8) (—1+8)(-1+8) (- 1+52)( 1+/3)
4 B2—2p-1 2 B2—2p-1
T(= 1+62 1+B 71+B,4)( 1+8) (=1482)(=1+8) T (1485 (—1+8)
B __B¥-pF-p-1 __ B*-28-1 2
T(= 1+62)( 1+6) (=1482)(=1+5) (=1482)(=1+8) (=14+82)(=1+8)



A Digression: Some Useful Results Related to Higher Order

Properties of 2SLS

We first make a digression to the discussion of single equation model,

Yi

Ti

The only reason we consider such analysis is

Bri + &,

/
Z; T+ U

because all the analysis we found in the literature are

conditional analysis given instruments: They all assume that the instruments are nonstochastic. Our

purpose is to make a “marginal” higher order analysis, which is more natural in the dynamic panel model

context.

Definition 5

A = Elzz

Lemma 3

- 1

=1 \/ﬁ
where N

1

A= - Z(zlsx, —A)=0,(1)
i=1
Lemma 4
L Zn: I=A+ ! L
Zizi — ——

— v

=1
where

1 n

L= N ; (ziz; —A) = O, (1)
Lemma 5 .
1 & 1 1 1
— % =A —M; + — M- —
(15m) =ne g v (3)

where

M,

M, AV LA AT

—A 'L AT

ey

A

1 n
A —= b — A

1

> (ziz - A)) AT =0, (1)

=1

(2i2] — A)) A?

S
iM-



Lemma 6

where
1 n
Co= = ;ziez =0,(1)
Lemma 7
/ -1
1o I~ IR _ 1 1 1
(E ;%%) (ﬁ ; Zz%‘) (% ; Zz£1> =Ny + %N1 + ﬁNQ +0p (ﬁ)

where

Ny = NA Gy = 0, (1)

Ni = NMCy+ AN 'Co=0,(1)

NQ = AllMlc() + )\/MQC(] = Op (1)

Proof. From Lemmas 3, 5, and 6, we obtain

=1 i=1 i=1

B

1 o1 1 1
N G e )

= NA'Co+ % (NM1Co + AJATCo) + % (A1 M, Co 4+ X MCy)
|
Lemma 8
n / n -1 n
(% ;sz1> (% ;%4) (% ;%%) =Dy + %]DH + %]D)z + o0, (%)
where
Dy = NA'A=0,(1)
Dy = 2XA A+ NMiA =0, (1)
Dy = NMoA+2N M A + AJA A = 0, (1)

Proof. From Lemmas 3, and 5, we obtain

n ! n -1 n
(i) (2) ()

1 ! 1 1 1 1
A+ —A A — M+ =M - A+ —A
(Wﬁ)( TR *(n))(Wﬁ)
= NAT'A
S (2NAT1 Ay + N M)

vn
+2 (N MaX + 2N My Ay + AT Ay)
n



Alternative Parametrization of the Stationarity Property in
Dynamic Panel Models with Weak Identification:
Supplementary Appendix for “Long Difference Instrumental

Variables Estimation for Dynamic Panel Models with Fixed

Effects”
Jinyong Hahn Jerry Hausman Guido Kuersteiner
June, 2002
We consider the dynamic panel model
yie = (1=08,)ai+B,yi—1+ €t (1)

g ~ N(0,0%)
a; ~ N(0,0%)

Yio ~ N(aw—g)

where we assume that ¢ = 1,...,T and ¢ = 1, ...,n with T being fixed and n — oo. We consider a sequence of
generating measures indexed by 3,, = exp(—c/n) for some constant ¢ > 0. Note that % = 1— e +o(n=t)

for any constant k. We also define the innovation w;s = o; + €4+ Let 1,0 = yio — o such that
Ayit = - (ﬁn - 1) 62—10% ZB Eit—s T B - 1) yzO + €4t

= B 7126 Eit— =;+B 71) n 7710+€zt
We define g;1(8) = [uitAuis(8), wir Auij (8), T Auik (8)] and gi2(8) = [Au;(8)"yio] such that

= 7’L—3/2 Z gzl .912 /

with the optimal weight matrix Q = lim,, E¢,(8,,)9.(5,,)’- The infeasible 2SLS of a possibly transformed

set of moment conditions then solves
Basrs = argﬁrningn(ﬁ)/C(C/QC)+C/gn )

where C' is n x r matrix for 1 < r < G such that C is of full column rank and rank(C(C'QC)*C") > 1
We use Q7 to denote the Moore-Penrose inverse (see Magnus and Neudecker p. 32, 1988 ). We thus allow



the use of a singular weight matrix. Choosing r less than G allows to exclude certain moment conditions.
We define the vectors

fir = [witAyis—1, wrAyij—1,TAYixn—1]
fiz = [AYYios - Ayir_1yio]

fors=2..,T;t=1,.5—27=2..,T—1:k=2..T and let f, = n=3/2 S [ {17]‘{72]/ such that
the infeasible 2SLS estimator can be written as

Basts = Bno = (£,C(C'AC)TC'f2) ™ £,0(C'AC)" C'gu(Bo)- (2)
Lemma 1 Assume 3, = exp(—c/n) for some ¢ > 0. For T fized and as n — oo
Tty fia BTty gia(By) 20
i=1 i=1

with py = [0,...,0,02T 117 _,] and

n_l Z [fz’l,Qag;,Q(BO)}/ i) [5;7£{y]’

i=1

by D)
where[€;,, €] ~ N, 3) with 3 = l ZH 212 ] where py = [1_105/2,0,...,0] and ¥1y = 61,515 =
21 222
2
SMy, 9y = 6 My where § = 7=,
-1 1 0 2 -1 0
-1
Ml = ,MQ -
0 1 -1
-1 -1 2

and 212 = 2121
An immediate consequence of this result is that an estimator based solely on the condition
B Au(By) =0 (3)

is consistent. If we consider estimators that do use all the moment conditions except (3) then we are in a
situation where again the moment conditions in g;1 (5) become asymptotically redundant. Now, however
the limiting distribution of the non-redundant conditions has a noncentrality parameter.
More explicitly, if B54;,¢ is the GMM estimator based on g;2(8) then it has the following nonstandard
limiting distribution under the weak identification asymptotics adopted here
(n+&) cerae) ok,

; _
Basrs = Bo = (n+€,) CCC)1C (u+E,) X

where p = —1T,1J§ /2. Tt turns out that this limiting distribution is the same as the one obtained when
B = exp(—c/+/n) as is shown in a separate Appendix. There we carry out some numerical calculations
which indicate that this limiting distribution leads to small biases and does not capture the type of issues
we are most concerned with.



Proof of Lemma (1). Consider Ef; 1 with

BuyAyis—1 = Buy [(8, —1) 85 “nio + cis—1 + (B Zﬂ e,
— (6n71)6; s— 10_270(7171)
and Var(u;;Ay;s—1) = Eu?, (Ayis_l)2 - (8, — 1)2,62(871‘/)0‘51 where

2 -1 2
B By = B2 (15, 4 o2 15, o

s—2
+ (B, = 1) (02 + (1= B,)02)02 > BV +2(8, —1)% gttt
r=1

such that Var(u;Ay;s_1) = o2 +O(n~1). By independence of u;; Ay;s_1 across i it follows by the Markov

—1 2 2 2 —1
inequality that P (|n*1 (i witAyis—1 — EuitAyi5,1)| >e) <2 (oeton)octoln ) oy any € > 0 which

€

shows that n ™1 37 | (witAyis—1 — BuitAyis—1) = 0p(1). Since n ™1 31" | FuyAyis—1 = O(n~1/?) it fol-

lows that n ™! > | w;tAyis—1 = 0p(1). For T; Ay,s_1 note that

1 T r—1 0 o2(B,—1)
TE [Zt_luit <(Bn_1)ﬁ 7710—1_513 1+ Z /6 Eis—1— r>:| :%4—%;6”
and
T 2
E |:T1 Zt:l Uit <(ﬁn - 1) /6 7710 + Eis—1 + Z 57‘ 1528 1— 7"):|
2 p2(s—2)p—2 T ‘ 2 T ® 4
=B, -1)" 8, T°FE (Zt_l uit) Mo + 1T °F (Zt_l uit) is—1
-2 T ’ $72 1
+2(8,-1)T°F thl Uit | Eis—1 Zr:l Bn “Eis—1-r
-1 2 T k—2 B B
+ %E Z Uit Uis Z ﬂz 15(1 15ik717q8ik7177‘
t,s=1 q,r=1
2 2 2.2 2 4 4
_ 22(s—2)p—2 2 2 2 2 2 <B’ﬂ — 1) (1 — ﬁn) 0,0z +0¢ 205
_Bn T (T (1_ﬂn) Ua+Ta-s) yl_ﬂi + T T2
4 s—2 2
o — (Bn — 1)
(B =V 75 ) B (T2(176n)20202+ )Z_lﬁw 2
r=1
ol = ’ 204 (T +2)0?
2 r 2 _
FE -1 <Zﬁ’“ ) T R SN e LRI}
t=1

such that by a law of large numbers n=! >""" | w; A1 2 02 /T using the same arguments as before.
Next consider

5—2 1
EAyiryio = Eyio ((5 ~ 1) B i+ e+ By =1 B 61‘517«)

02
B 2oy (B, =1) /(1= 7)) = ==+ O(n~1/?)

r—1



and

2
E(Ayityi0)2 = Ey120 <(B )Bt 27710+€zs 1+ Z ﬁr 1525 1— r)
(B, = 1)’} o8, —1)°
:Bi(tQ) y2+ﬁt2)y
(1-57) (1-82)°
[ RO WA ICRE TR
cr

5 (n).
such that Var(n=' 3" | Ayiryio) = O(1).
For n=t 3" | g;.1(By) consider Eg;1(8,) = 0 which is implied by the orthogonality conditions and
E (uisAuis) = 2(1-8,)%02+02)02 = 202+0(n~1) by independence. For E(u; Au;,) = T Y1, Bugy(ein—
Eikfl) = 0 while
T

2
E(ﬂzAulk)Q = T72E (Z uit(i‘:ik — 5ik1)> = 2(1 - ﬂn)Qaiog + T‘ilazl + 2T72O'§
t=1

such that by the independence of g; 1(3,) across i and a standard WLLN it follows that n=* """ | g:.1(53,) 2
0. For n=1 3" | gi2(B,) we have from the moment conditions that Eg; 2(8,) = 0 and Var(Au;(8,)yi0) =
202(02 + 02 /(1 — f2)) = Z%n + O(1).

The joint limiting distribution of n=* Y7 [ — Ef] 2a9z’,2(50)/]/ can now be obtained from a tri-
angular array CLT. By previous arguments

E[fi29:2(80)] = [ w0 o 0 ]

with p = 1T,103/2 + O(n~') where 17_; is the T — 1 dimensional vector with elements 1. Then
E [ il,2 - Efi/,Qu.gi,Q(ﬁO)/]l [ 7,2 Ef 2791 2(60) } En where

2 _2 2 2
By previous calculations we have found the diagonal elements of 311, and X925, to be %‘Ln and gs—fln
The off-diagonal elements are found to be

EAyitAyisyiQO = kK |:y120 <(Bn - I)B 7710 + Eis—1 + Z /Br 1515 1— 7‘>
X ((@L— 1) By, *mig + €it—1 + (B Z 5T i1 r)]

t—2 ns— n_l 2 - — 3
= 6%, 2%@0%3&; (1-82) )+ oty = - 22

which is of lower order of magnitude while n=! (EAyiryio)” = O(1). Thus n 1%y, — diag(ZeZe 262 ey %ﬁ)

+0(1)

The off-diagonal elements of Y99 ,, are obtained from

2 _2

—n+0(1) t=s+lort=s-1

EAuitAuisyfo =
0 otherwise



zero and for X5, we consider

2 2

Zn+0(1) ift=s
2 2
EAyiAuisyi =4 —ZZup 4 O(1) ift=s—1
0 otherwise

It then follows that for £ € RT(T+1/+27=6 gych that ¢ =1n"1 31, st [fl2— Efi72,gi72(ﬁo)’]/ <,
N(0,1) by the Lindeberg-Feller CLT for triangular arrays. It then follows from a straightforward applica-

tion of the Cramer-Wold theorem and the continuous mapping theorem that n=! S [fi’72, 91‘,2(50)/]/ 4,

[€).€,])" where [, €] ~ N((4/,0),%). =
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We consider the dynamic panel model

Yit = o+ BaYi—1 + Eit (1)
Eit ~ N(O,Ug)

a; N(0,0’i)
2

«; o
’ ~ N i ’—6
where we assume that t = 1,...,7 and 7 = 1,...,n with T being fixed and n — oo. We consider a

sequence of generating measures indexed by 8, = exp(—c/y/n) for some constant ¢ > 0. Note that
BZ =1- % + o(n*1/2) for any constant k. We also define the innovation u;; = ay + €4+. Let 1,9 =
a; — (1 = B,,) yio such that

t—1
Ayit B tai+ (B, = 1) B s + (B — 1) Bl Myio + €ir
s=1

t—1
= (B,—1) Zﬁiﬁlgit—s + B o + €
s=1
We define g;1(8) = [witAuis(B), uir Auij (B8), Wi Aui(B)] and gia(8) = [Au;(8)'yio] such that
gn(B) =n""> " [g:1(8), gia(B)]
i=1

with the optimal weight matrix Q = lim,, Eg¢,(8,,)9,(8,,)’- The infeasible 2SLS of a possibly transformed

set of moment conditions then solves
Basrs = argﬂmingn(ﬂ)’C(C’QC)*C'gn (8)

where C is n X r matrix for 1 < r < G such that C'C = I and rank(C(C'QC)*TC") > 1. We use QT to

denote the Moore-Penrose inverse (see Magnus and Neudecker p. 32, 1988 ). We thus allow the use of a



singular weight matrix. Choosing r less than G allows to exclude certain moment conditions. We define
the vectors

fir = [watAyis—1, wir Ayij—1, Ui Ayi—1]’
fiz = [Ayavio, - AYir—1Yio)

fors=2,..,Tit=1,.5-2j=2,..,T—1;k=2,_.Tandlet f, =n"'3" | z-'l,fi’g]l such that the
infeasible 2SLS estimator can be written as

Basps — 1= (fLC(C'QC)YC f,) ™" f1.C(C'QC)T C' g (Bo)- (2)

Lemma 1 Assume (5, = exp(—c/n) for some ¢ > 0. For T fized and as n — oo
nt Z fix = pyym”! Zgi,l(ﬁo) =0
i=1 i=1
with p} = [07...70,U§T_11’T71] and

n_l Z [fz’/,Qag;,Q(BO)}/ i) [5;7£{y]’

i=1
I ) | B X ;L , 9 B B
where[fx,gy] ~ N(py, ) with ¥ = 5 5 where phy = [flT_lae/Z,O, ...,0} and Y11 = 01,15 =
21 222
OM7, Y00 = My where § = ﬁgﬁ,
-1 1 0 2 -1 0
o
M1 = ,MQ =
0o .1 o1
-1 -1 2

and 212 = 2/21
An immediate consequence of this result is that an estimator based solely on the condition
Eu; Auix(Bo) =0 (3)

is consistent. If we consider estimators that do use all the moment conditions except (3) then we are in a
situation where again the moment conditions in g;1(8) become asymptotically redundant. Now, however
the limiting distribution of the non-redundant conditions has a noncentrality parameter.

The limiting normal distribution of Lemma (1) is singular. An alternative representation of the
limiting distribution can be given by eliminating redundant dimensions from [5;, 5;] " Let §y = [5;0, fyl]/
where £, is the last element of £, and ¢, = [5;,5311]/. Then ¢, = HE, where H is a T — 1 x T matrix
defined as

-1 1 00
H= A :
0 -1 10

0 0 1



It can be checked easily that the covariance matrix of vector [5;,£;H ! ]/ is 3 as required. Using Lemma
(1) the limiting distribution of Sy45¢ — f,, is stated in the next corollary. For this purpose we define
the augmented vectors ¢ = [0, ...,0,5;}/ and Q}# = |0, ...,0,521} and partition C' = [C,C4]’ such that
C'¢* = Cj¢,. Let 1 denote the rank of C.
More explicitly, if S54;¢ is the GMM estimator based on g;2(8) then it has the following nonstandard
limiting distribution under the weak identification asymptotics adopted here
i (n+&) Ci(CQC) T ClHE,

62SLS _BO - (/J/‘i‘é.;v)l Cl(CiQCI)_lci (l”’+£w) B

where pp = —17_102/2.
We report bias and MSE for the long difference (LD) and Arellano and Bond/Ahn and Schmidt
estimators in Tables 1 and 2. As is immediately obvious from the tables bias and MSE are much lower

than what we observe in actual Monte Carlo experiments.



Proof of Lemma (1). Consider Ef; 1 with

EuyAyis—1 = Euy | B 0 +cis—1 + (B Zﬁr Yeis 1_r
= (Bu—1B, =01

and Var(uiAy;s—1) = Eu?, (Ayis,l)2 - (8, — 1)2 ﬂi(s_t)aé where

2 (A 2 2(s—t)/ 2 2 Ug(ﬂn_l)Q 2 2y 2
Euit( yzs—l) - IBn (Ua+0a> 17[_32 +(Ua+0a)aa

+ (B, —1)% (02 +02) 2Zg r=1)

such that Var(u;Ayis—1) = o2 + O(n*1/2). By independence of u;;Ay;s_1 across ¢ it follows by the
Markov inequality that P (}n‘l (i uitAyis—1 — EuitAyis,l)} >e€) < n71(02+ai):2+0(n71/2) for any
€ > 0 which shows that n™* Y7 | (witAyis—1 — BuitAyis—1) = 0p(1). Since n= 23" | BuyAy;s—1 =
O(n=1/2) it follows that n =1 "1 | u;tAyis—1 = 0p(1). For W;Ay;s_1 note that

1 T _ s—2 _ 0'2 0'2 (Bn — ].) = —
e [Zt_l Uit (52 "Nio + €is1 + (B, — 1) Zr:l B 15z’s—1—r>] i ;52 !

and

2
T
E |:T1 Zt <Bs 27710+€zs 1+ Z _lﬂr 1525 1— r):|

2
_ p2(s—2) -2 ZT ‘ 2 —2 ZT ‘ 2
= ﬂn T °F < 1 Uzt) um + T °F < 1 uzt) €is_1
9 T 2 s—2 r—1
+ 2 (/Bn - 1) T™°F E =1 Uit Eis—1 E re1 Bn Eis—1—r

(5 2 k—2
+ — E Z Uit Uss Z ﬂT 1ﬁq7 Eik—1—q€ik—1—7
t,s=1 q,r=1
2 2 4
— /331(572)]1—2 (TQOL; + TU?) Ug(l/Bn 521) + 030? + 3;5
T Mn

T4, - DTt Y

k—1 2
+ (ﬁn - 1)2 ( > 2627‘ 4 1)2 ;_% (Z ﬁk-l-?‘)
t=1

3 4
=020 + % +0(n"Y?).

such that by a law of large numbers n " Yo WiAYik—1 2 02 /T using the same arguments as before
Next consider

5—2
EAyiyio = Eyio <5f1_27]¢o +&is—1+ (B, — 1) Zr:l 5;_15is—1—r>

t—2 2

02
w0 (B, —1)/(1=57) = -5t O(n=1?)



and

2
E(Ayayio)® = Eyj (5 “Nio + €is—1 + (B, — Z BT Yeis1o r>
g2y (B, — 1?02 2 | 342(t-2) oy(Bn — 1)
o (1762)(1%3)2 7oty (1-4%)°
S ECED DAl IC TR RRRT ARl
= Ug:g‘n—i-o(n).

such that Var(n='>"" | Ayiryio) = O(1).
For n=t 3" | g;.1(B,) consider Eg;1(8;) = 0 which is implied by the orthogonality conditions and
E (ugAugs)® = 2(02 4 02)0? by independence. For E(u;Augy,) = T} Zthl Eui(gik — €i—1) = 0 while

2
T
E(w;Aui)? =T 2E (Z wig(Eik — 5ik1)> =20202 + T 1ot + 2T %02

t=1

such that by the independence of g; 1(3,) across i and a standard WLLN it follows that n=' 3", g;1(3y) =
0. For n=1 >°" | gi.2(B,) we have from the moment conditions that Eg; 2(8,) = 0 and Var(Au;(8,)yi0) =
02(02/(1— B,) +02/(1 - 52)) = 2=%n + O(1).
The joint hmltmg distribution of n=! Y"1 [ — Ef] Q,gi72(60)’]l can now be obtained from a tri-
angular array CLT. By previous arguments

E [fi2.9i2(80)] = { pooo- 0 ]

with g = —17_102/2 + O(n~!) where 17_; is the T — 1 dimensional vector with elements 1. Then
E [ il,2 - Efi/,Qu.gi,Q(ﬁO)/]l [ 7,2 Ef 2791 2(60) } En where

Zn _ Z]11,n Z]12,n
Z21,77, 222,77,

2 2
By previous calculations we have found the diagonal elements of Y11, and g3, to be Z=Z=n. The
off-diagonal elements are found to be

EAyitAyisy?O = E|:yz20 <ﬁ 7710—"_525 1+ Z ﬂr 1515 1— r)

5—2
(B e + B~ 1) B s )|

s—2 (B, 1)202 ol 2 2\ 1 -1 3o0a;, 1/2
= BB (25 +302(1-5) )+0(n™") =-—="=021+0(1)
(=) apy e 2
which is of lower order of magnitude while n=! (EAyityi0)2 = O(1). Thusn= 134, —>dlag( AL i LA

The off-diagonal elements of X33 ,, are obtained from

2 _2
—Zan+0(1) t=s+lort=s—1

! vio { 0 otherwise



zero and for X5, we consider

2
Ie

:?’“n—i-O(l) ift=s
EAyuAuisyly = { — %%y 4 o) ift=s-1

c

0 otherwise

It then follows that for £ € RT(T+1/+27=6 gych that (/¢ = 1n"1 Y7, syt [fi2— Efi72,9i72(ﬁ0)/]/ <,
N(0,1) by the Lindeberg-Feller CLT for triangular arrays. It then follows from a straightforward applica-

tion of the Cramer-Wold theorem and the continuous mapping theorem that n=* "7 | [fl-’z, gi’2(ﬁo>/]/ 4,

€., where [€,,€]" ~ N((¢/,0),%). m



Table 1: Bias of root-n Near Unit Root Approximations

| AS/AB LD

T

5| -0.016404  0.010327
6 -0.01391  0.0061784
7

8

9

-0.011778  0.0043041
-0.0094988  0.0041043
-0.0081541  0.0020319
10 | -0.006843 0.0014522

Table 2: MSE of root-n Near Unit Root Approximations

| AS/AB LD

T

5| 0.017079  0.022672
6 | 0.0095719  0.013495
7

8

9

0.0058787  0.0095064

0.003924 0.0068071
0.0027829  0.0052526
10 | 0.0019628 0.0040317
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We consider the dynamic panel model

Yit = o+ B Yi—1 + €t (1)
gir ~ N(0,0%)
Qg N<070-i)

2

(67 g
Yio ~ N( a—e)
1-8,"1-p52

where we assume that ¢ = 1,...,7 and ¢ = 1,...,n with T being fixed and n — oo. We consider a
sequence of generating measures indexed by 3, = exp(—c/n) for some constant ¢ > 0. Note that Bﬁ =
1—%—1—0@_1/2) for any constant k. We also define the innovation u;; = a;+e;:. Let n,y = a;—(1 — 5,,) vio
such that

t—1
Ay = B lai+ (B, =1 By tei—s+ (B, — 1) By 'yio +eun
s=1
t—1
= (6,1 Zﬁi_lgit—s + B i + €it-
s=1

In particular it holds that
Ayin = ;0 + €1
In this note we are interested in the behavior of the additional moment condition (4.4) proposed by
Blundell and Bond (1998). As Blundell and Bond point out this moment condition can be combined with
the other moment conditions propsed by Ahn and Schmidt (1995) to construct a first order asymptotically
efficient estimator. Here, we are however interested in the behavior of the Blundell and Bond estimator
under weak instrument conditions and thus do not need to focus on the remaining conditions which do

not produce consistent estimators.
We define

!
9i,AB = [Yi, 0 AUz, Yi 0 AUi3, Yi1 Az, Yi 0 AUia..., Yio AUia, ..., Yio AU, ..., Yir—2AU;T)

and
gi,BB(ﬁ) = [ui2 (B) Ayit, .., uir (B) Ayir—1]



We define
fz‘,BB(ﬁ) = [yu (5) AYity ooy YiT—1 (5) Ayinl]/

Lemma 1 Assume 3, = exp(—c/n) for some ¢ > 0. For T fized and as n — oo

n 0_2 +0_2 n

- P - P

n>> fipp o = - lr-,n "> gis(8,) 5 0.
i=1 i=1

and
E [gi,aB9i 58] = O(1).

’

li
Define the Blundell and Bond (1998) estimator by letting f, = n=2Y ", [fZ,AB,f{,BB} y On =

, /
n 2y, [gLAB,gZ’-,BB} and the weight matrix Q, = E[g,g,] such that the infeasible 2SLS estima-
tor can be written as

~1
bpp —1= (f»:zQ:zrfn) f»rllﬂrtgn (ﬁn) . (2)
It follows from earlier results and the Lemma that for g3 =7 (T'+ 1) /2 — 2

0l13a¢13 e quT*l
ng),, — : Yoo

Or—1,4; -+ Op_17-1

This suggests that the optimally weighted Blundell and Bond estimator becomes ill-defined under the
weak instrument asymptotic approximation because n~!f.Qf f, 2. 0. An inefficient version of the

estimator is better behaved. Define

biss — 1= (fifn)"" Frgn (B,).
Then it follows that

from Lemma (1) and results in the main part of the paper. In other words, exploiting stationarity leads to
consistent estimators under weak instrument asymptotics. This result confirms the analysis in Blundell
and Bond (1998).



Proof of Lemma (1). Note that

(1 - B’It’L) @ 17 - r—1
Vi = SHZR) + Bnyio + Z/Bn Eit—r + Eit

Consider Ef; pp with

t—1
Byilyi = By |Bunio +ei + (8, — 1) Zﬁ:;lgit—r]
r=1
o2 BQt 2 t—1 o2 + o2
= &+ +(8,—-1) Zﬂi(T_l)ag =£ %4 0m

(1-8,) (- Bn)

and Var(yiAyir) = E (y%) E (Ayis— )? + (E (yirAyis—1))* where

2 2 i 2t‘72 — r—1_2 5%02 2(r—1)
E(yit)E(Ayis—l) = < 1—5 )+¥Bn 05> (m +U + ( Zﬁ )

r=1

2 2 2 2)\2
such that Var(y;:Ayis—1) = UU+(C++%)712 + O(n). It then follows that n=2 """ | Ey;Ay;s—1 = O(1)

and n™? 30 yiAyis—1 = = + ==+ 0p(1).
For ¢; p(B) consider

E (uitAyi—1) = E (o +€4t)

t—2
B g + €in—1 + (B, — 1) Z ;_15it—1—r] =0

r=1
and
Var (UitAyitq) = F (uitAyitflf = EU?tE (Ayit 1)2
t—2
SGRE] CA TR St
r=1
= 2(02+02)a2+o(1).
such that .
nt Zgi,BB(ﬁ) -
i=1
For the correlation between g; pp and g; ap consider
EugAyii—1Ausyi0] =  EugAuis) E[Ayi—1yio] + E [Auis Ayi—1] E [yiowi]
2
(B = 1) (B = B ) 021 2541
(e — — (720'2
= gt el Ufuotes ot = 0(1)
o2l ) t=s—1
and
E uit Ayis—1 Auisuir] = E [ugAuis]) E [Ayi—1uik] + E [AuisAyie—1] E [uipui) = O(1)
| |



