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Abstract

Cross-sectional spatial models frequently contain a spatial lag of the dependent variable as a regressor or a
disturbance term that is spatially autoregressive. In this article we describe a computationally simple procedure
for estimating cross-sectional models that contain both of these characteristics. We also give formal large-sample
results.
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1. Introduction

Cross-sectional spatial regression models are often formulated such that they permit
interdependence between spatial units. This interdependence complicates the estimation
of such models. One form of interdependence arises when the value of the dependent
variable corresponding to each cross-sectional unit is assumed, in part, to depend on a
weighted average of that dependent variable corresponding to neighboring cross-sectional
units. This weighted average is often described in the literature as a spatial lag of the
dependent variable, and the model is then referred to as a spatially autoregressive model
(see, e.g., Bloomestein, 1983, and Anselin, 1988, p. 35).! The spatially lagged dependent
variable is typically correlated with the disturbance term (see, e.g., Ord 1975, and Anselin,
1988, p. 58), and hence the ordinary least squares estimator is typically not consistent in
such situations. Another form of interdependence that arises in such models is that the
disturbance term is often assumed to be spatially autoregressive. Consistent procedures,
other than maximum liklihood, have been suggested in the literature for models that
contain one of these interdependencies.? Unfortunately, such procedures are not available
for models that have both of these characteristics. This shortcoming is of consequence
because maximum likelihood procedures are often computationally very challenging
when the sample size is large.? Furthermore, the maximum likelihood procedure requires
distributional assumptions that the researcher may not wish to specify.*

The purpose of this article is to suggest an estimation procedure for cross-sectional
spatial models that contain a spatially lagged dependent variable as well as a spatially
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autocorrelated error term. Our procedure is computationally simple, even in large samples.
In addition, our procedure is conceptually simple in that its rational is obvious. We give
formal large sample results with modest assumptions regarding the distribution of the
disturbances.

The model is specified in section 2. That section also contains a discussion of the
assumptions involved. Our procedure is described in section 3. Concluding remarks are
given in section 4. Technical details are relegated to the appendix.

2. The Model

In this section we first specify the regression model and all of its assumptions; we then
provide a discussion and interpretation of these assumptions. It proves helpful to introduce
the following notation. Let A, with n € N be some matrix; we then denote the (i,)th
element of A, as a;, Similarly, if v, with n € N is a vector, then v;, denotes the ith
element of v,. An analogous convention is adopted for matrices and vectors that do not
depend on the index 7, in which case the index n is suppressed on the elements. If A, is a
square matrix, then A, ! denotes the inverse of A,. If A, is singular, then A,! should be
interpreted as the generalized inverse of A,. Further, let (B,),.y be some sequence of
n x n matrices. Then we say the row and column sums of the (sequence of ) matrices B,,
are bounded uniformly in absolute value if there exists a constant cz < oo (that does not
dependent of n) such that

n n
max E |bji,| <cg and max E b, <cp forallnmeN
1<i<n = ’ 1<j<n Py ’

holds. As a point of interest, we note that the above condition is identical to the condition
that the sequences of the maximum column sum matrix norms and maximum row sum
matrix norms of B, are bounded (see Horn and Johnson, 1985, pp. 294-295).

2.1. Model Specification

Consider the following cross-sectional (first-order) autoregressive spatial model with
(first-order) autoregressive disturbances (n € N):

yIIZXnﬁ+iWnyll+un’ |/l| < 1 (1)

u, :pMnui1+8n7 ‘,0| < 17
where y, is the n X 1 vector of observations on the dependent variable, X, is the n X k
matrix of observations on k exogenous variables, W, and M, are n X n spatial weighting
matrices of known constants, f§ is the k X 1 vector of regression parameters, 4 and p are
scalar autoregressive parameters, u,, is the n x 1 vector of regression disturbances, and ¢,
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is an n X 1 vector of innovations. The variables W,y, and M, u, are typically referred to
as spatial lages of y, and u,, respectively. For reasons of generality we permit the
elements of X,,W,,M,, and ¢, to depend on n—that is, to form triangular arrays. We
condition our analysis on the realized values of the exogeneous variables, and so,
henceforth, the matrices X,, will be viewed as matrices of constants.

In scalar notation the spatial model (1) can be rewritten as

k n
Yin = z :xii,nﬁj +4 E WisnYin T Ui, i=1,...,n,
Jj=1 j=1
n
ui7n =p E mij,nuj,n + gi,n'
=1

The spatial weights w;;, and m;, will typically be specified to be nonzero if cross-
sectional unit j relates to 7 in a meaningful way. In such cases, units i and j are said to be
neighbors. Usually neighboring units are taken to be those units that are close in some
dimension, such as geographic or technological. We allow for the possibility that
W,=M,.

We maintain the following assumptions concerning the spatial model (1).

Assumption 1: All diagonal elements of the spatial weighting matrices W, and M,, are
zero.

Assumption 2:  The matrices (I — AW,,) and (I — pM,,) are nonsingular with || <1 and
lol<1.

Assumption 3: The row and column sums of the matrices W, M, (I — an)fl, and
(I — pM,)"" are bounded uniformly in absolute value.

Assumption 4:  The regressor matrices X,, have full column rank ( for n large enough).
Furthermore, the elements of the matrices X,, are uniformly bounded in absolute value.

Assumption 5:  The innovations {e;,: 1 <i<n,n>1} are distributed identially.
Further, the innovations {e,:1<i<n} are for each n distributed (jointly)

independently with E(g;,,) = O,VE(SI»Z’”) = 02, where 0 < g2 <b with b< oco. Additionally
the innovations are assumed to possess finite fourth moments

In estimating the spatial model (1) we will utilize a set of instruments. Let H,, denote the
n X p matrix of those instruments, and let Z, = (X,,, W, y,) denote the matrix of regressors
in the first equation of (1). We maintain the following assumptions concerning the
instrument matrices H,,.

Assumption 6:>  The instrument matrices H, have full column rank p > k + 1 (for all n
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large enough). They are composed of a subset of the linearly independent columns of
X, W.X,,W2X,,,..., M,X,,, MW ,X,,M,W2X,,...), where the subset contains at least

n<tn) n“*n’ n“n»

the linearly independent columns of (X,M,,X,).

Assumption 7:  The instruments H, satisfy furthermore the following:
(@)  Qpy = lim n 'H,H,,
n—oQ
where Oy, is finite, and nonsingular;

(b) QHZ = plll’l’l n71H1/1Zn

and

Qumz = plimn'H'M,Z,
n—oo

where Oy, and Oy, are finite and have full column rank; furthermore,
Onz — PQuyz = plim n"'H,(I — pM,)Z,
has full column rank where |p|<1;

(¢)  ®= limn '"H,(I—pM,)”" (I - pM,)"'H,

n—oo

is finite and nonsingular where |p|<1.

The following assumption ensures that the autoregressive parameter p is ‘‘identifiably
unique’’ (see Kelejian and Prucha, 1995).

Assumption 8: The smallest eigenvalue of T\, is bounded away from zero—that is,
Janin(T0 L) > A, > 0, where

min

2E(uizﬁn) _E<ﬁ;un) 1
1—‘n = 2E(ﬁ:1ﬁn) _E(ﬁ;ﬁn) tr(M;an) (3)
n _ —
E(ulnﬁn + ﬁ;1ﬁn) 7E(ﬁ;1ﬁn 0
and u, = M,u, and u, = M, = M?u,
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2.2. Some Implications of the Model Specification

The specifications in (1) and Assumption 2 imply that®

Yn = ([ - ;”Wn)ilxnﬂ + (I - /A“Wn)ilun (4)

u, = (I - pMn)718n'
Assumption 5 implies further that E(u,) = 0, and that the variance—covariance matrix of
u, is

Q

i, :E(unu,n) = Ug(l_pMn)_](l_pM:t)_l' (5)
Thus, the disturbance terms are generally both spatially correlated and heteroskedastic. It
follows from (4) and (5) that E(y,) = (I — /W,)”'X, ., and that the variance—covariance
matrix of y, is

2 -1 -1 /\—1 7\—1
Qy” = 0 ([ - )”Wn) (1 - pMn) ([ - pMn) (1 - )“Wn) . (6)

Furthermore,

E[(Wnyn>u:l] = WH(I - )“Wn>7lgu”
= W, (I —iW,) " (I = pM,) "' (I = pM;) " ™
£0.

Thus, in general, the elements of the spatially lagged dependent vector Wy, are correlated
with those of the disturbance vector. One implication of this is, of course, that the
parameters of (1) cannot be consistently estimated by ordinary least squares.

2.3. Further Interpretations of the Model Specification

Assumption 1 is a normalization of the model; it also implies that no unit is viewed as its
own neighbor. Assumption 2 indicates that the model is complete in that it determines Yy,
and u,,. Next consider Assumption 3. In practice, weighting matrices are often specified to
be row normalized in that 77, wy, = > my;, = 1 (see, e.g. Kelejian and Robinson,
1993, and Anselin and Rey, 1991). In many of these cases, no unit is assumed to be a
neighbor to more than a given number—say, g—of other units. That is, for every j the
number of m;;, # 0 is less than or equal to g. Clearly, in such cases Assumption 3 is
satisfied for W, and M,,. Also, often the weights are formulated such that they decline as a
function of some measure of distance between neighbors. Again, in such cases
Assumption 3 will typically be satisfied for W, and M,. Assumption 3 also maintains

that the row and column sums of (I — pM,) " and (I — AW,)”" are uniformly bounded in
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absolute value. In light of (5) and (6) this assumption is reasonable in that it implies that
the row and column sums of the covariance matrices , and €}, are uniformly bounded in
absolute value, thus limiting the degree of correlation between, respectively, the elements
of u, and y,.” Our results relate to the large sample; the extent of correlation is limited in
virtually all large-sample analysis (see, e.g., Amemiya, 1985, chs. 3, 4, and Potscher and
Purcha, 1997, chs. 5, 6). Assumptions 4 and 5 regarding the regressor matrices X,, and the
innovations ¢, seem in line with typical specifications (see, e.g., Schmidt, 1976, pp. 2, 56).

The instrument matrices H, will be used to instrument Z, = (X,,W,y,) and

n»

Mz, = (MX,, M, Wny,,) in terms of their predicted values fi from a least squares
regression on  H,—that s, Z =Py Z, and M,,Zn =Py M,Z, with
Py =H,(H,H, )'H!. The ideal instruments are E(Z,) = (X, W, E(y,)) and
EM,Z,) = (M,X,, M,W,E(y,)), where E(y,)=(I—IW, )71Xnﬁ. In principle, we
would like Z, and M,Z, to approximate E(Z ,) and E(M,Z,) as closely as possible.
Assumption 6 assumes that //, contains, at least, the linearly independent columns of X,
and M,X,, which ensures that Z, = (Xn,W,,yn) and M,Z, = (M,X,,M,W,y,) with
Wnyn =Py W,y,and M, W, WV = PHWM W,y,. Furthermore, suppose all elgenvalues of W,
are less than or equal to one in absolute value—which is, for example, the case if W, is row

normalized. Then, observing that || <1, it is readily seen that®
E(yn) = (I - j"/1/11)71)(nﬁ

= li AW} ®)
i=0

Xnﬂv W,?:]

Consequently, in this case, W,E(y,) and M,W,E(y,) are seen to be formed as a linear
combination of the columns of the matrices X,, W, X, WX, ... .M X, MW X,,
M,W2X, . ....Itis for this reason that we postulate in Assumption 6 that H, is composed
of a subset of the linearly independent columns of those matrices. In practice that subset
might be the linearly independent columns of [X,,W,X,, W2X, M, X, M,W,X,,
M,W2X,], or if the number of regressors is large, just those of [X,,W,X,, M,X,,
M,W,X,].” We also note that the assumption that the matrices H, have full column rank
could be relaxed at the expense of working with generalized inverses, since the orthogonal
projection of any vector onto the space spanned by the columns of H,, is unique even if H,
does not have full column rank. Finally, for future reference we note that the elements of
H, are in light of Assumptions 3 and 4 bounded in absolute value.

Consider now Assumption 7. This assumption will ensure that the estimators defined
below remain well defined asymptotically. Assumption 7a is standard. Assumption 6 and
Assumption 7a imply that n~'H!X, converges to a full column rank matrix. Because of
this and since n~'HZ, = (n "H,’,X,,, n~'H!W,y,) the force of the first part of Assumption

7b relates to the probability limit of n~'H/,W,y, and its linear independence from the limit
of n”'H!X, . In the appendix we show that

phm nilHIZWnyn = nILIrOIO nilHjiwn(] - )“Wn)_lxnﬁ' (9)

n—0Q
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Two points should be noted. First, Assumption 7b clearly rules out models in which § = 0.
That is, Assumption 7b rules out models in which all of the parameters corresponding to
the exogenous regressors—including the intercept parameter, if an intercept is present—
are zero. We note that in this case the mean of y, is zero and hence this case may be of
limited interest in practice. Second, as shown in more detail below, if W, is row
normalized, the first part of Assumption 7b will also fail if the only nonzero element of 8
corresponds to the constant term. Thus, in this case, Assumption 7b requires that the
generation of y, involve at least one nonconstant regressor. One implication of this is that
if the weighting matrix in the regression model is row normalized, the hypothesis that all
slopes are zero cannot be tested in terms of the results provided in this article.

We now give more detail concerning the case in which W, is row normalized, and its
relation to Assumption 7b. Let e, be the n x 1 vector of unit elements. Also, suppose that
the first column of X, is e, and the remaining columns are denoted by the n x (k — 1)
matrix X, , so that X,, = (e,, X, ,). Partition § correspondingly as 8 = (B, ;)". Then the
first equation in (1) can be expressed as

Yn :enﬁo +Xl,nﬂl +/"“I/Vnyn+un' (10)

If W, is row normalized, it follows that W,e, = e,. Now, if #; = 0, then it follows from (8)
that

E(Wnyn) = Wn Z}'iwienﬁo = €K, K= ﬁ()/(l - /“) (11)
i=0

Thus, the mean of W,y, is not linearly independent of e,. In the appendix, we
demonstrate that

plim n~'Hy(e,, W,y,) = lim n~'H, (e, e,x). (12)

n—oo n—00

Clearly, this matrix does not have full column rank, and thus the first part of Assumption
7b is violated. In a similar fashion it is not difficult to show that analogous statements hold
for the second and third part of Assumption 7b.

In a sense, our Assumptions 7b are similar to the rank condition for identification in
linear simultaneous equation systems. Among other things, that condition implies that a
certain number of predetermined variables that are excluded from a given equation appear
elsewhere in the system with nonzero coefficients. However, there is an important
difference between our Assumption 7b and the rank condition for identification in linear
simultaneous systems. Specifically, suppose our Assumption 7b does not hold because W,
is row weighted and f;, = 0. Then, the estimation procedure we suggest in section 3 is not
consistent. However, the model’s coefficients may still be identified and there may exist
another procedure that, although perhaps more complex, is consistent. See Kelejian and
Prucha (1995) and note that the parameters of their autoregressive model can be
consistently estimated but yet a condition corresponding to Assumption 7b would clearly
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not hold. We note that if W,, is not row normalized, then in general W,e, will be linearly
independent of e, and the development in (12) no longer holds. Thus in this case
Assumption 7b does not require the existence of a nonconstant regressor in the generation
of y,.

Finally, consider Assumption 8. This assumption was made in Kelejian and Prucha
(1995) in proving consistency of their estimator for p, which is used in the second step of
the estimation procedure proposed below. Our development in the next section indicates
the role of I', in that procedure.

3. A Generalized Spatial Two-Stage Least Squares Procedure

Consider again the model in (1). Essentially, we propose a three-step procedure. In the first
step the regression model in (1) is estimated by two-stage least squares (2SLS) using the
instruments H,,. In the second step the autoregressive parameter p is estimated in terms of
the residuals obtained via the first step and the generalized moments procedure suggested
in Kelejian and Prucha (1995). We note that p can be consistently estimated in this manner
whether or not W, and M,, are equal. Finally, in the third step, the regression model in (1) is
reestimated by 2SLS after transforming the model via a Cochrane—Orcutt type
transformation to account for the spatial correlation. In analogy to the generalized least
squares estimator we refer to this estimation procedure as a generalized spatial two-stage
least squares (GS2SLS) procedure.'?
For the following discussion it proves helpful to rewrite (1) more compactly as

y}’[ = Zﬂé + M’,”

(13)
u}’l = pMnM}’L + 8}’[7

where Z, = (X,,,W,,y,) and § = (f, ). Applying a Cochrane—Orcutt type transformation

n»

to this model yields furthermore

yl‘[* :Zﬂ*5+8n7 (14)
where y,, =y, — pM,y, and Z,, =Z, — pM,Z,. In the following we may also express
Yue and Z,, as y,.(p) and Z,, (p) to indicate the dependence of the transformed variables
on p.
3.1. The First Step of the Procedure
We have previously indicated in (7) that E[(W,y,)u,] # 0 and so 6 in (13) cannot be

consistently estimated by ordinary least squares. Therefore, consider the following 2SLS
estimator:

0, = (21Z\n)_121yn7 (15)
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where Z, =Py Z, = (X,,W,,), whete W,y, =Py W,y, and Py = H,(H,H,) 'H).

The proof of the following theorem is given in the appendix.

Theorem 1: Suppose the setup and the assumptions of Section 2 hold. Then
0, =0+ OP(n’1/2), and hence 9, is consistent for —that is, plim,_, .6, = 0.

Remark 1: The essence of Theorem 1 is that the 2SLS estimator that is formulated in
terms of the instruments H,, is consistent. For purposes that are related to our second step,
however, it is also important to note that the rate of convergence is n~"/2.

Although 5,1 is consistent, it does not utilize information relating to the spatial
correlation of the error term. We therefore turn to the second step of our procedure.

3.2. The Second Step of the Procedure

Let u;, ; ,,, and @; , be, respectively, the ith elements of u,, %, = M,u,, and i, = Mu,.
Similarly, let ¢; , and &, be in the ith elements of ¢, and €, = M,¢,. Then, the spatial
correlation model implies

Uiy = PUjy = Eip) i=1,....n (16)

and

ui,n_pui,nzgi,m i= 1,...,1’1. (17)

The following three-equation system is obtained by squaring (16) and then summing,
squaring (17) and summing, multiplying (16) by (17), and summing, and finally by
dividing all terms by the sample size n:!!

2[0)’171 Zui,n 2n71 Zﬁiz,n + I’l71 Z ‘Ozzn = }’fl Zuzz,n
pnilzﬁi,n znilzﬁin_knilzgiz,n —}’171 Z—Z
p”fl Z[ui,nﬁiﬁn + ﬁz‘%n] - ,02}’171 Zﬁi,nﬁz}n +n Z &in€ N tn = }’l71 Z uiﬁnﬁi,n‘ (18)

T
i

Assumption 5 implies E(n~' Y &?,) = o2. Noting that Y &, = &,M}M,,, Assumption 5
also implies that

E(}f1 ZE,Z,,) = n 'E[Tr(e,M'M,e,)] = n~'Tr(Ee,e,M,M,)
= aznilTr(Mll‘lMﬂ>7

where Tr(.) denotes the trace operator. Finally, using similar manipulations, it is not
difficult to show that Assumptions 1 and 5 imply E(n~'3 ¢ ,%,) =0. Now let
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= (p,p* 02) and y, = n "(E(u,u,), E(@,q,), E(u,q,)) . Then, if expectations are taken
across (18), the resulting system of three equations can be expressed as

1—‘l‘la = ’))]17 (19)

where I',, is defined in Assumption 8. If I', and 7, were known, Assumption 8 implies
that (19) determines o as o = I, 'y,

Kelejian and Prucha (1995) suggested two estimators of p and 2. Essentially, these
es’umators are based on estimated values of I', and y,. To define those estimators for p and
¢? within the present context, let , =y, — Z, 5 i, = M,u,, and u, = M>u,, where §,, is
the ZSLS estimator obtained in the first step, and denote their lth elements, respectlvely, as

u, and u, u . Now consider the following estimators for I',, and 7,

ins I}’L’

Zzuznln 72?1‘2“71 1 Zﬁ?n

1 ~ = = 1
Gn =— 2 Z Ui yUi - Z Uiy TF(M:IMH) ; 8n =~ Z zn
n = ~, ~ = n
Z [ﬁi.nﬁi,n + ﬁ1'2,n:| - E ﬁi,nﬁi,n 0 E ut,n in
(20)
Then, the empirical form of the relationship y, = I', in (19) is
ng :G11a+vn7 (21)

where v, can be viewed as a vector of regression residuals. The simplest of the two
estimators of p and o2 considered by Kelejian and Prucha (1995) is given by the first and
third elements of the ordinary least squares estimator @, for o obtained from regressing g,
against G,. Since G, is a square matrix,

%, =G,'g,. (22)

Clearly, a, is based on an overparameterization in that it does not utilize the information
that the second element of o is the square of the first. We will henceforth denote the
estimators of p and o2 whlch are based on @, as p, and 62,,. The second set of estimators
of p and 02, say, p, and o£ »» considered by Kelejian and Prucha (1995)—and that turned
out to be more efﬁment—a.re defined as the nonlinear least squares estimators based on
(21). That is p, and & as » are defined as the minimizers of

/

p p
8n _Gn p2 8n _Gn p2 (23)
7 7

The basic results corresponding to the second step of our procedure are contained in the
following theorem. The proof of the theorem is given in the appendix.
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Theorem 2:  Suppose the setup and the assumptions of section 2 hold. Then (p,,, 62,,) and
(P Ein) are consistent estimators of (p,c?).

Remark 2: The essence of Theorem 2 is that a consistent estimator of p can be obtained
by a relatively simple procedure. The third step of our procedure can be based on either
p, or p,. The large-sample properties of the 2SLS estimator in the third step are
the same whether it is based on p, or p,. However, p, is more efficient than p, as an
estimator for p, and hence its use in the third step may be preferred due to small-sample
considerations.

3.3. The Third Step of the Procedure

If p were known, we could estimate the vector of regression parameters ¢ by 2SLS based
on (14). As remarked above, in analogy to the generalized least squares estimator, we refer
to this estimator—say, J,—as the generalized spatial 2SLS estimator, or for short as the
GS2SLS estimator. This estimator is given by

~ ~

50 = [200) 20 0)] 2003 0) (24)

where Zn*( ) PHnZn* (p) (Recall that Zn* (p) = Zn - pMnva Yns (,0) =Yn— pMnym
Z,=X,,W,y,), and Py —H,(H\H,) 'H,.) Because H, includes the linearly
independent columns of both X, and M,X,, it should be clear that

n“tn»

Zn*(ﬂ) = (Xn - pMn annyn pM Wnyn) where
Wnyn - pManyn = PH,,(Wnyn - pManyn)

are the predicted values of (W,y, — pM,W,y,) in terms of the least squares regression on
the instruments H,,.

Of course, in practical applications p is typically not known. In this case we may replace
p in the above expressions by some estimator—say, p,. The resulting estimator may be
termed the feasible GS2SLS estimator and is given by

5Fn = n*(pn) nx pn pn) Vs (pn) (25)
with Z\n*(/p\n) - (/p\ﬂ) v/ *( ) - Z pnM vayn*(pn) Yn — Mnyn' By the
same argument as abov Z.(p,) =X, —0,MX,,W,y, —0,M,W,y n) with

Wnyn - ﬁnManyn = PH,, (Wnyn - /p\nManyn)'

The proof of the following theorem is given in the appendix.
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Theorem 3: Suppose the setup and the assumptions of section 2 hold, and p, is a
consistent estimator for p. (Thus, in particular p, may be taken to be equal to p, or p,,
which are defined in the second step of our procedure.) Furthermore, let
/En = yn*,(ﬁn) -2, ﬁn)éFﬁw and a\gn = /'9\51En/n Then

(@) /13 — 3) 2 N(0,®) with

—~ —~ —1
® = o2[plim n"'Z,.(5,) Z,.(5,)]

n—o0
~

~ -1
= o2 [plimn™'Z,.(p)Z,.(p)| -

n—o0o

(b) plim, . G2, = o2

Remark 3:  Among other things, Theorem 3 implies that 5, is consistent. In addition, it
suggests that small sample inferences concerning 6 can be based on the small sample
approximation

~ ~ s -1
5F‘n NN |:57 83,;1 |:Zn* (pn)/Zn* (pn):| :| . (27)

4. Concluding Remarks

In this article we propose a feasible GS2LSL (generalized spatial two-stage least squares)
procedure to estimate the parameters of a linear regression model that has a spatially
lagged dependent variable as well as a spatially autoregressive disturbance term. We
demonstrate that our estimator is consistent and asymptotically normal, and we give its
large-sample distribution. We also demonstrate that the autoregressive parameter in the
disturbance process, p, is a nuisance parameter in the sense that the large-sample
distribution of our feasible GS2LSL estimator, which is based on a consistent estimator of
p, is the same as that of the GS2LSL estimator, which is based on the true value of p. We
note that our results are not based on the assumption that the disturbance terms are
normally distributed.

Our feasible GS2LSL estimator is conceptually simple in the sense that its rational is
obvious. It is also computationally feasible even in large samples. This is important to note
because, at present, the only alternative to our estimator is the maximum likelihood
estimator, which may not be feasible in large samples unless the weighting matrices
involved have simplifying features, such as spareness, symmetry, and so on.

The analysis of the feasible GS2SLS estimator given in this article focuses on its large-
sample distribution. An obvious suggestion for further research, therefore, relates to corre-
sponding small-sample issues. In this regard, a Monte Carlo study focusing on both our sug-
gested GS2SLS procedure as well as the maximum likelihood estimator should be of
interest. Such a study could also shed light on how well the large-sample distribution given
in this article approximates the actual small-sample distribution under various conditions.
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Appendix
Proof of (9) and (12):
Let v, = n"'H,W,y,. Then from (4)
Uy = HW, (1= 2W,) 7 (X, +u,). (A1)

Because H,, W, and X, are nonstochastic matrices, Assumption 5 implies that the mean
vector and variance covariance matrix of \,, are

E(%) = I’lilH;Wn(I - ;“Wn)ilxnﬁ
E("pn - El//n)(lpn - Elpn)/ = _2H/W (1 - )“Wn)ilgun (1 - /“W)g)ilwil'LHn (AZ)
=n*H,A,H

n--n n?

where A, =W,(I—W,)”" Q, (I —IiW,)" 'W! and where Q, is given in (5).
Assumption 3 and note 7 1mp1y that the row and column sums of A, are uniformly
bounded in absolute value. That is, there exists some finite constant ¢, such that
Sorei s, <c and 370 a,,| < c,. Observe also that in light of Assumptions 3 and 4
the elements of H, are uniformly bounded in absolute value by some finite constant—say,
¢ Now let the (i,j)th element of E(y, — Ey,)(, — Ey,,) be A;;,. Then

ij,n:
‘Aun‘ <n_222|hr1n /vn||hyn|

s=1 r=

S n_zch Z ‘hsj,n‘ Z |al'SJl|
s=1 r=1

<nlcie, —0. (A.3)

The result in (9) follows from (A.2), (A.3) and Chebyshev’s inequality. Since
E(W,y,) =W, (I — 2W,)”'X, 8 the result in (9) can also be stated as

plimn'H\W,y, = lim n 'H,E(W,y,).

n—o0 n—oo

The result in (12) follows as a special case. ]
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Proof of Theorem 1

The proof of Theorem 1 is based on a central limit theorem for triangular arrays. This
theorem is, for example, given in Kelejian and Prucha (1995), and is described here for the
convenience of the reader.

Theorem A.l: Let {v;,,1 <i<nn>1} be a triangular array of identically
distributed random variables. Assume that the random variables {vln,l <i<n} are
(jointly) independently distributed for each n with E(v;,) = 0 and E(v l’n) = g2 <o0. Let
{aj, 1 <i<nn>1}, j=1,....k be triangular afrays of real numbers that are
bounded in absolute value. Further, let

Vin A - Ap

anl,n s ank,n
Assume that lim,_ . n'ALA, = Q44 is a finite and nonsingular matrix. Then
,I/ZAIV —>N(0 O-ZQAA)

Proof of Theorem I:  Recall that Z, = =Py Z, withP, =H J(H.H,)"'H!. Hence, clearly
77 = Z Z,. In light of this we have from (13) and (15) that

n—n

~1
Hn) H,Z:| Z;Hn(H;Hn)ilHill([ - pM}1)718n' (A4)

n—n

Let Oy = n 'HoH,, Qpyy = 0 'HLZ, Fly = Hi(I — pM,,) ™" then

n--n» n=n»

\/E(gn - 5) = I:Q}‘[Z,HQI;II‘I,V!QHZ,V!:I71Q;‘IZ,HQ1T111‘1,11 71/2ann (AS)

Observe that, as remarked in the text, in light of Assumptions 3, 4 and 6 the elements of H,,
are bounded in absolute value. Observe further that by Assumption 3 the row and column
sums of (I — pM”)*1 are uniformly bounded in absolute value. Consequently, the elements
of F, are bounded in absolute value. Since lim, . n~'F/F, = ® is finite and nonsingular
by Assumption 7c, it follows from Theorem A.l that n-\2F e, = N(0,0%®). Given
Assumptions 7a and 7b, it then follows from (A.5) that

NG (Sn - 5) 2 N(0, A), (A.6)
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where
A=d’ (0170010u7] l 0117019011107 (0201 iz -

The claims in Theorem 1 now follow trivially from (A.6). ]

Proof of Theorem 2

In proving Theorem 2 we will use the following notation: let A be some matrix or vector.
Then the Euclidean or [, norm of A is ||A|| = [Tr(A’A)]l/z. This norm is
submultiplicative—that is, if B is a conformable matrix, then ||AB|| < ||A|| ||B]||. We
will utilize the following simple lemma, which is proven here for the convenience of the
reader.

Lemma A.2: Let {&,: 1 <i<nn>1} with &, = (&1, Eimy) be a triangular
array of 1 x m random vectors. Then a sufficient condition for

n
nilz”gi,nHS:Op(l)? S>0a (A7)
i=1
is that the sth absolute moments E |‘fij,”|s are uniformly bounded—that is, that there exists
a finite nonnegative constant c; such that for all 1 <i<n,n>1,andj=1,....m
El&; ] <c: < oo (A.8)

Proof: First observe that a sufficient condition for (A.7) is that there exists some finite
nonnegative constant ¢; such that

n
E(f’ll > ||§i,nlls> < ¢ (A.9)
=1

for all n > 1. To see this consider some arbitrary 7 >0 and define the constant ¢, = ¢, /.
Then

() 2

AN g E(n" S0 1&ll") _c
P<n1§j||g,-,n||‘2cz>s( = 6ll) o,
i=1

which staisfies the requirements of the definition of O,(1). The first of the above
inequalities follows from Markov’s inequality. Of course, a sufficient condition for (A.9)
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isthat forall 1 <i<mnand n > 1.
E||&alI" < ey (A.10)

Given the definition of Il-ll we have

s/2
m m
E|lg, | =E [} é] <m? 3" EEl (A.11)
=1 =1

where the last step is based on an inequality given, e.g., in Bierens (1981, p. 16). Hence,
clearly, if (A.8) holds, then we can find a constant c¢; such that (A.10) and hence (A.7)
holds. []

Proof of Theorem 2: We prove the theorem by demonstrating that all of the conditions
assumed by Kelejian and Prucha (1995)—that is, their Assumptions 1 to 5—are satisfied
here. Theorem 2 then follows as a direct consequence of Theorem 1 in Kelejian and Prucha
(1995). Assumptions 1 to 3 and 5 in Kelejian and Prucha (1995) are readily seen to hold by
comparing them with the assumptions maintained here. We now show that Assumption 4
in Kelejian and Prucha (1995) also holds.

Recall Z, = (X,,,y,) withy, = W,y,,and letz; , = (X;1,, - -, Xit », Vi.,) be the ith row of
Z,. Then via (13) in the text, i, =y, — Z,0, = u, + Z,(5 — 9, and so

(i = Ui < Izl 110 = 3] (A.12)

Assumption 4 in Kelejian and Prucha (1995) now holds if we can demonstrate that
(6 —4,) = 0,(n""/?) and that for some {>0

n_lZ”ZL,nHzJW :Op(l) (A13)
i=1

The former condition was established by Theorem 1. We now establish that (A.13) holds in
particular for { = 1. By Lemma A.2 a sufficient condition for this is that there exists some

finite constant ¢, such that forall 1 <i<mn>1landj=1,...,k+1
Elz;,| < c.. (A.14)
Forj=1,...,kwehave z;, = x;; ,. Since the x;; ,’s are assumed to be uniformly bounded

in absolute value, (A.14) is trivially satisfied for those z;,’s. For j =k + 1 we have
Zijn = Yin- To complete the proof we now establish that

E|yi‘n|3 S Cz (AlS)
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for some finite constant c¢,. From (1) or (4) we have

Yn = Wnyn = Wn(l - )“Wn)_]Xn:B + Wn(l - }“Wn)_l([ - pMn)_l‘qn' (A16)
Assumptions 3 and 4 imply that the elements of d, = W, (I — /IWn)len f are bounded in
absolute value and that the row and column sums of D, = W, (I — 2W,)” (I — pM,)) " are

bounded uniformly in absolute value (compare note 7). Let ¢, denote the common upper
bound. From (A.16) we have

yi,n = di‘n + Z dij,nsj,m (A17)
j=1

and hence

y?n :d13,n+3d12,nzn: ljﬂ jn+3dtnzz ij.n lln 8l,n
+Zzzdundllndlmn jngln m,n* (AIS)

=1 I=1 m=

By Assumption 5 the ¢;,’s are distributed identically, and for each n (jointly)
independently, with finite fourth moments. Hence, there exists some finite constant c,
such that for all indices i, j, [, m, and all n>1:Ele,| <c,Ele,e,| <c,
Ele; 1€ y&m.n| < ;. It now follows from (A.18) and the triangle inequality that

E|yi,n| 7|d1n| +3|d1n‘ Z|dljn|E|jn|

J=1

+ 31d; | Z Z i iy Ele; n ]

n
+ Z Z Z |d1jn| |dzl n| |d1m n|E| 817;18n1,n|

=1 m=

C?i + 36568 Z |d’j-"| + 3cdcs Z Z |dij,n| |dil,n|
Jj=1 j=1 I=1
n n n
+ CS Z Z Z |dij.n| |dil,n| |dim,n|
Jj=1 =1 m=1

< (1 +7c,),

IN

observing that |d; | < c, and Z;‘Zl |d;; »] < cy. This establishes (A.15), which completes
the proof. []
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Proof of Theorem 3
Proof of part a: Recall that n*(p{,) n,(Zy — p,M,Z,)  and Z,.(p) =
Py (Z,—pM,Z,) with P, =H,(H,H,) We ﬁrst establish the following pre-

liminary results:

15 J—

plim n~'Z,.(5,) Z,.(5,) = plim n™'Z,.(p) Z,.(p) = 0, (A.19)

nZ,,(5,)'e0 = N(0.670). (A.20)

plim (5, — p)n~"Z,.(,) Myu, =0, (A21)
where

0 = [Qnz — POuz) Qiahi[Qnz — PQuntz) (A22)

is finite and nonsingular.
The result (A.19) follows immediately from Assumption 7 and the consistency of p,
observing that

~

n'Z,(5,) 2, (5,) = 0" (Z, — P, M,Z,) Py (Z, — P,M,Z,)
= (n"'Z)H, — p,n"Z,M,H,) (A.23)
(n"'HH,) (" 'H,Z, — P HM,Z,).

n—n

To prove result (A.20) observe that

1/2Z (pn) én :nil/z( pn n n) PH8
:( 1Z/ pn —IZ/M/H )(nilH;lH) 1 —I/ZH/

}’ll’l

(A.24)

In light of Assumptions 3, 4, and 6 the elements of H, are bounded in absolute value.
Given this and Assumptions 5 and 7 we have from Theorem A.1 that

71/21‘]”?,1 - N(Oa GezQHH)' (A25)

The result (A.20) now follows from (A.24) and (A.25), Assumption 7 and the consistency
Of ﬁﬂ °
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To prove result (A.21) observe that

(ﬁn - p)nil/zz\n*(ﬁn)/Mnun = (ﬁn - p)nil/z(Zn - /ﬁnMnZn)lPH”Mun
= (P, —p)n"'ZH, — p,n" ' Z,M,H,) (A.26)
x (n"H'H,)"'n"\H'M,u,.

Note that E(n~'/?H!M,u,) = 0 and E(n~'"H,M,u,u,M,H,) = n"'H,M,Q, M\,H, where

Q, is givenin (5). Assumptlons 3,4, and 6 imply that the elements of n’lH 'M,Q M’

are bounded in absolute value and hence n~'/>H'M,u, = O ,(1). Given this the result

(A.21) now follows from (A.26), Assumption 7, and the con51stency of p,.
To prove part a of the theorem observe that Z,.(p,)'Z,.(p,) = Z,.(9,) Z,.(p,) and
hence

23] 2005
=5+ [ZAn*(p V7,5, 2, 205 1 (5, (A27)
where
e (P) = 3 (Pr) = 20 ($,)3 = £ — (B — )M, (A28)
Consequently,
Vi(5e,—0) = [ 2,0, 23] 0205, .
2 G2 5] Bu o 2 ) M

The second term on the r.h.s. of (A.29) converges to zero in probability in light of (A.19)
and (A.21). Applylng (A.19 and (A.20) to the first part on the r.h.s. of (A.29) yields

\/—((5“ —9) LA N(0,®) with ® = azQ , which establishes part a of the theorem. [ ]

Proof of part b:  To prove part b of the theorem observe that

=& — (ﬁn - p)Mnun - Zn*(/ﬁn)<5F‘,n - 5) (A3O)
Consequently

2 =n"8E, =n e, + AL+ A2+ AL+ AL A, (A.31)
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where

Ay =—2(0p, —0) [ Z,.(p,) e,

A2 = (0p, —0) [0 2, (5,) Z (B)) (O — 0),

Ay =2(3r, — 0)[17'Z,.(5,) M, ) (B, — p). (A.32)
Ay = =2(p, — p)ln~"e,M,u,),

Ay = (P — )’ [0 UMM, u,).

—14 2

Assumption 5 and Chebyshev’s inequality imply plim,_, n~"¢¢e, = o;. To prove that
~ 2 '

plim o;, =0, we now demonstrate that plim AN =0 for j=1,...,5. Since

n—oo Zéen n—oo=n
plim, g, =6 by part (a) of the theorem, and plim, . p, = p by assumption, it
suffices to show that each of the terms in square brackets on the r.h.s. of (A.32) is O,(1).
By definition Zn* (/p\n) = [Zn - /p\nMnZn] = [Xn’ Wnyn] - /p\n [MnXmManyn]’ and thus it
suffices to demonstrate that

r —1y/
nX,e
n_lZ:/#o'n = -1,/ : /’7 :| :0[’<1)7
-n annSn

r —1y’ agq!
n ' X,M e
n '\ ZMye, = | T ] =0,(1),
Lny,W,M, ¢,

_ [ n7IXIX, nIX'W,y,
n IZ;'Z” - -1/ W' -1/ W' :| :017(1)’
L n anHXVl n yl’l WI'[ Wnyn

[ n~X'M'M X n X' MM W
n*IZ,QM;MnZn —_ ’fl , n/ n/ n“*n i n/ n, 2" nYn :| — Op(l),
L n y}’anMi’lM}’lX}’l n y}’LW}’IMﬂMIIW}’ly}’I

—lZ/M 7 — [ n_lX;'tMan n_1X1/1MnWi1yn -0 (1)
T T sy wim X, WM Wy, ]
L Y WypAy 0y, WM, WYy,

r —1y7
n X,u
nilzlgun = 1. n/n ] :Op(l)v
Ly, Wy

r 7lle/
iz, = | " | 0,0,
—n yl‘anMrlun

nilg:lMﬂun = Op(l)’

n~ u,MM,u, = 0,(1). (A.33)
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Recall from (4) that y,=(I—W,) 'X,B+ (I —iW,) "(I—pM,) ", and
u, = (I — pMn)*len. On substitution of those expressions for y, and u, in (A.33) we
see that the respective components are composed of three types of expressions. Those
expressions are of the form n~'A,, n"'B ¢, or n'¢,C,e,, where A, is a vector or matrix of
nonstochastic elements, and B, and C, are matrices of nonstochastic elements. Given
Assumptions 3 and 4 it is readily seen that the elements of expressions of the form n~'A,,
are bounded in absolute value—that is, n~'A, = O(1). Furthermore, it is seen that for
expressions of the form n~'B,e, and n~'¢,C,¢, the elements of the matrices B, are
bounded uniformly in absolute value, and the row and column sums of the matrices C, are
bounded uniformly in absolute value (compare note 7). Now let ¢, < co denote the bound
for the absolute values of the elements of B,. Then we have

Eln"'Bye,| =E||n! i bji n&in

< | T b alEle| | < | epEler | | < oo (A.34)

Similarly, let ¢. < oo be the bound for the row and column sums of the absolute elements
of C,. Then

n

n
-1, | — -1 2 : § v o
E|I’l 6I1Cn&n| =En Cij.,n‘t'i‘nbj,n
i=1 j=1
! (A.35)

n n

S n71 Z |Cij,n|E|8i.n||8j,n| S O'?Cc < 09,

i=1 j=1

where we have also used the Cauchy—Schwartz inequality. Using Markov’s inequality it
now follows from (A.34) and (A.35) that n~'B,¢, = 0,(1) and n"'¢,C,e, = O,(1). We
have thus established that all expression in (A.33) are O, (1), which complete the proof of
part b of the theorem. ]

Notes

1. As an example, in a spatial model explaining property values, the property value at each location could relate
to, among other things, the property values of neighboring locations. For empirical studies in which spatial
lags of the dependent variable are considered, see, e.g., Case (1991, 1992), Case, Hines, and Rosen (1993),
and Kelejian and Robinson (1993).



120 KELEJIAN AND PRUCHA

11.

. An early procedure that is partially based on maximum likelihood principles and that relates to models that

have a spatially autoregressive disturbance term was suggested by Ord (1975). A more recent procedure for
such models that is partially based on a generalized moments approach was suggested by Kelejian and Prucha
(1995). An instrumental variable estimator for models that contain a spatially lagged dependent variable is
described in Anselin (1982). See also Anselin (1990) and Anselin, Bera, Florax, and Yoon (1996) for a wide
variety of tests relating to models that contain either a spatially autoregressive error term, a spatially lagged
dependent variable, or both.

. These computationally challenging issues can be moderated by using Ord’s (1975) eigenvalue approach to

the evaluation of the likelihood function. Further simplifications can be realized by the use of sparse matrix
routines if the weighting matrix involved is indeed sparse (see, e.g., Pace and Barry, 1996). Our experience is
that the computation of eigenvalues for general nonsymmetric matrices by standard subroutines in the IMSL
program library may be inaccurate for matrices as small as 400 x 400. The accuracy improves if the matrix
involved is symmetric and that information is used. Bell and Bockstael (1997) report accuracy problems in
determining eigenvalues for matrices of, roughly, order 2000 x 2000, even though sparse matrix routines in
MATLAB were used. On the other hand, Pace and Barry (1996) were able to work with matrices of,
approximately, order 20,000 x 20, 000.

. Given appropriate conditions, the maximum likelihood estimator should be consistent and asymptotically

normally distributed. However, to the best of our knowledge, formal results establishing these properties for
spatial models of the sort considered here under a specific set of low-level assumptions do not seem to be
available in the literature (see Kelejian and Prucha 1995, on this point).

. In principle, we could have different instrument matrices for the first and third steps of the estimation

procedure discussed below, but this would further complicate our notation without expanding the results in an
essential way.

. We note that, in general, the elements of (/ — AW,) ™" and (I — pM,)™" will depend on the sample size n, even

if the elements of W, and M,, do not depend on n. Consequently, in general, the elements of y, and u, will also
depend on 1 and thus form a triangular array, even in the case where the innovations ¢; , do not depend on 7.

. This follows from the following fact. Let A, and B,, be matrices that are conformable for multiplication and

whose row and column sums are uniformly bounded in absolute value. Then the row and column sums of
A, B, are also uniformly bounded in absolute value (see, e.g., Kelejian and Prucha, 1995).

n“n

. If all eigenvalues of W, are less than or equal to one in absolute value, then |1| < 1 implies that all eigenvalues

of AW, are less than one in absolute value. This in turn ensures that (/ — /“~W,1)71 =3 /liW,i (see, e.g.,
Horn and Johnson, 1985, pp. 296-301). The claim that all eigenvalues of W, are less than or equal to one in
absolute value, given W, is row normalized, follows from Gersgorin’s theorem (see, e.g., Horn and Johnson,
1985, p. 344).

. While we believe that our suggestion for selecting instruments is reasonable, permitting other instruments

would not affect the subsequent analysis in any essential way.

. Of course, if no spatially lagged dependent variable is present in (1), we can estimate the model in the first

and third steps by ordinary least squares; in this case the estimator computed in the third step would be the
feasible generalized least squares estimator.
All sums are taken overi = 1,...,n.
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