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Abst ract

Fi scher's classic (1974) paper devel ops conditions under which it is
appropriate to use noney as an input in a 'delivered production function.
In this paper, we extend Fischer's nodel | (the Baunol - Tobin inventory
approach) by incorporating credit into the analysis. Qur investigation of the
ext ended nodel brings out a very restrictive but necessary inplicit assunption
enpl oyed by Fischer to treat noney as an input. Nanely, that there exists a
bi ndi ng constraint on the use of noney! A sinilar result holds for our nore
gener al nodel

Production functions are often referred to as 'delivered or 'reduced

form when they capture the effect of financial variables on output by



i ncluding these variables as inputs. 1Is it theoretically correct to treat
noney, or financial variables in general, as an input in a 'delivered
production function? Wat are the circunstances under which it is appropriate
to do so? The object of this paper is to show that, in general, the answer to
the first question is no and the answer to the second question includes one
condition which is quite limting and has been conpletely ignored in the prior
literature.

An inportant reason for considering this issue is the frequent reliance
on the assunption of noney as an input in a production function for a w de
vari ety of purposes. For exanple Haliassos and Tobin (1989) note that this
procedure is used to argue against the superneutrality of noney, which is a
subject of interest in recent literature (Fisher and Seater, 1993).

Anot her exanple is the theoretical work on nonetary aggregation by Barnett
(1987), who cites Fischer's classic article to support the use of this
assunption. The choice of appropriate nonetary aggregates continues to
attract attention (Rotenberg, Driscoll and Poterba, 1995). Finally, there is
wi despread use of this assunption in enpirical work. For instance, alnost al
enpirical studies cited in Sinai and Stokes' (1989) survey sinply introduce
noney as an input. Interestingly, two exceptions to this practice, Nguyen
(1986) and Betancourt and Robles (1989), find evidence that financi al
variables matter in production but cannot be reduced to the role of inputs.
Addi tional evidence is provided by Robles (1995).

In his widely cited article, Fischer (1974) showed that, when noney's
ability to econom ze on transaction costs is captured through an index of
| abor resources rel eased for the production of output, noney can be treated as
an input in a 'delivered production function. He also showed that noney's
ability to econonm ze on transaction costs facilitated production but by itself
was not sufficient to treat it as an input.® Here we will generalize
Fi scher's nodel |, the Baunol-Tobin inventory approach to the denand for
noney, by incorporating credit into the analysis. This generalization brings

together credit needs for working capital purposes and the issue of cash



managenent stressed by Fischer. It is easy to denpbnstrate in this setting
that simlar argunents to those which apply to noney as an input in a
"delivered' production function also apply to credit.? W wll showin this
nore general nodel that a necessary condition for the financial variable to be
an input in a 'delivered production function is that there exists an
arbitrary binding constraint on one of the variables in the nodel. W wll

al so show how this result applies to Fischer's nodel | and to his nodel |

(the vendi ng machi ne exanpl e).

Qur argunent proceeds in the following manner. |n the next section we
present a theoretical nodel which generates the firms denmand for noney and
credit when credit is needed for working capital purposes and noney economni zes
on transaction costs by saving on | abor resources. |In the follow ng section
we develop the inplications of the nodel with respect to the use of financia
variables as inputs in 'delivered production functions. Finally, a brief
concl usion offers sone perspective on the results and on the role of financial

vari abl es in production.

I. A Mddel of the Demand for Credit and Money by Firns

In this section we devel op a nodel of firm behavior that allows us to
capture the fundamental role of credit in the productive process as a neans of
synchroni zing the recei pt of paynents for output and the di sbursenent of
paynents for inputs. W shall assune that the firmneeds to pay for sone or
all of its inputs prior to the receipt of paynment for its output. Hence, at
t he begi nning of the period, the firmtakes out a | oan which can be held in
terns of noney bal ances or can be placed with other borrowers, for exanple by
purchasi ng short-term governnent securities. W wll assune that disbursenent
of the funds for the paynment of factors takes place in the mddle of the
period. At the end of the period the firmrepays the principal and interest
on the loan using the receipts fromthe sale of its product. Since the |oan
is held for the whole period and the "bonds" are held for only half the

period, we will also assume that the interest cost of the loan, i, exceeds



the return on the securities that the firm purchases, r

Wth these assunptions the firm's short-run profits can be witten as®

mn=pY +rpB- w - ipLO (1)

where Y is real output, pis the price of the product, B is the real value of
bonds, L is the ampunt of | abor services, wis the wage rate, and LOis the
real value of the [|oan.

The maxinization of (1) takes place under a nunber of constraints. The
production constraints are given by

Y

F(L,), F >0, F' <0, (2)

B = QL,), G >0, G' <0, (3)
where L, is the anmount of |abor services used in the production of real output
and L, is the anpbunt of |abor services enployed in the purchase and sal e of
securities. Thus, financial transactions by the firmrequire the use of rea
resources and F and G are assuned to be strictly concave functions. The total
anount of |abor services required by the firmcan be witten as

L=1L, +L =FXY) + G(B) = HY,B) (4)

On the financial side, the firmis constrained by the requirenent that
the value of the bonds that it can purchase nmust not exceed the anount of the
loan, i.e., pB < pLO The sinplest way to introduce this inequality
constraint into the analysis is by introducing a slack variable, M which
represents the nomnal noney bal ances held by the firmf. Hence,

pB + M= pLO (5)
Since the loan is costly the firmwants to borrow only that anount which is

necessary to cover its needs. This amount will be given by
pLO = (wL - rpB) (6)

We can now fornulate the firms short-run profit maxinization problem as
max L = pY + prB - wH(B,Y) - i pLO
+ A [pLO - wH + prB]

+ p[pLO- pB- M (7)

The first-order conditions for an interior solution to this problem

(Y>>0, B>0, M>0, LO> 0) are given by



Ly = p - wH, - awH, = 0 (8)

tf - B[o_-%t B o W =0 (?)10)
Lo=(n-i +W) p=0 (11)
Ly= -1 =0 (12)
L, = pLO- pB- M=0 (12)°

Use of conditions (11) and (12) allow (8) and (9) to be rewitten as
WH, = p/(1 + i) (8)
wH, = pr (9)
Not surprisingly, these conditions indicate that the firmw Il supply a |evel
of output and denmand an anmount of bonds such that the net marginal contri bu-
tion to revenue of each activity equals the marginal cost of each activity.
An anal ysis of these conditions reveals that the supply of output
function, which is sinply the solution to (8)' due to the separability of H,
has the follow ng properties,

Y = f(p,wi) (13)
where f >0, f, <0, f, <0 and f is honogeneous of degree zero in w and p.
Simlarly, the demand for bonds function, which is the solution to (9)', wll
have the foll owi ng properti es,

B =g(p.wr) (14)
where g, > 0, ¢, <0, g >0 and g is honogeneous of degree zero in p and w as
well as in wand r. Wile changes in r do not affect the supply of output,
changes in i do not affect the demand for bonds.

The real demand for credit or |oans can now be obtai ned by using (13) and

(14) in (10), which leads to

LO = (wp) Ha(p.wr), f(p,wi)] - rg(p,wr) =h (p,wr,i) (15)

wher e h, = ([p/(1+i)]f, -(Wp)L)/p <0 (15a)
h, = ([p/(1+i))f, +L)/p > 0 (15b)

h, = ([p/(1+i)]f)/p <0 (15c)

h, =-B <0 (15d)

Since the demand for credit is a particularly inportant feature of this



nodel, it is useful to interpret (15a - I5d). The first termin (15a) and
(15b) represents the change in the real denmand for credit as a result of the
adj ustnent in output induced by changes in p and w, the second termin these
two conditions represents the change in the real denmand for credit as a result
of the inpact of changes in p and w on the levels of the variables affected by
t hese changes. The signs of the derivatives follow fromassum ng that the
direct effects on the levels of the variables always dom nate the indirect
effects due to the adjustnents in the level of output. Wile the effect of a
change in i in (15c) is unanbi guously negative because there is no direct
effect on the level of the variable®>, the effect of a change inr is
unanbi guousl y negative because there is no indirect effect through adjustnent
of output |evels.

Finally, the demand for noney or real cash balances inplicit in this

nodel can now be obtained as a residual using (12)'.

m=Mp=LO- B=h(p,wr,i) - g (p,wr) = m(p,wr,i) (16)
wher e m =h,- g, ={[p/(1+i)]f, - pg, -(Wp)L}/p <0 (16a)
m, = h,- g, ={[p/(2+)]f, - pg, + L}/ p >0 (16b)
m =h, =[p/(1+i)]f/p < 0 (16c)
m="h - g =-B-g < 0 (16d)
The effects of changes in p and w on the denmand for real cash bal ances will be

more pronounced than on the demand for credit, because the role of g, (g,) is
to nake the change in real cash balances larger in absolute value than the
change in loans. Parenthetically, both the demand for real credit and rea
noney bal ances are honbgeneous of degree zero in p and w. A change in the
interest rate on the loan has the same effect on credit as on real noney
bal ances and a change in the rate of return on securities has a nmagnified
ef fect on real noney bal ances relative to credit denand.
I1. Inplications

We shall use the above nodel and its nodifications to establish five
propositions that are relevant for our topic. Perhaps the nost inportant of

t hese propositions is the followi ng one.
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Proposition 1: Even though noney econoni zes on transaction costs by saving

| abor resources and credit is indispensable, it is theoretically incorrect to
treat either financial variable as an input in a 'delivered production
function.

In order to establish this proposition consider the followi ng experinent:
Suppose one wites the 'delivered production function as

Y=Y(L ., LO (17)

where Y is assuned to satisfy the usual conditions: for instance, Y, > 0,
Yoo < 0. If the rate of return on securities increases, for exanple, our
nodel says that real output will not change but credit will decrease. Hence,
(17) will predict, incorrectly, a decrease in output. Simlar considerations
arise with respect to changes in any other exogenous variable or if one
i ntroduces either bonds or real cash balances as the financial input in (17).

Since financial variables do play a role in production, it is usually
possi bl e by i nposing sone direct or indirect constraint on the nodel to obtain
the result that a financial variable behaves as an i nput under sone
circunmstances. W capture this possibility for the nodel of Section | as
fol |l ows:

Proposition 2: Wen noney econoni zes on transacti on costs by saving | abor

resources, credit is indispensable and a quantity constraint on the anmount of
credit is inposed, one can define a 'delivered production function for rea
output in which the real anount of credit, but not real noney bal ances or
bonds, is treated as an input.

To set the stage for the proof we nust first go back to the nodel of
Section | and note that, by assunption, credit (LO is no |onger a decision
variable. Instead, it takes on a fixed value (LO*) which nmust be less than
the optinumif the constraint is binding. Therefore, equation (11) in the
first-order conditions is no | onger relevant and LO* repl aces LO wherever it
appears. The other conditions, ((8)-(12)'), however, remain the sane. This

inplies that the demand for bonds (14) is the sane as before. The supply of



output, on the other hand, will be deternined by equation (10), nanely the
constraint on |oanable funds.® Hence, we will have
Y = f(LO, r, w, p) . (18)
A comparative static analysis of the constraint shows that f , > O,

f, >0, f, >0, f,< 0. The intuition behind these results is easy to see.

r p

For instance if the anpbunt of credit available is increased, other things
equal, the supply of output mnmust increase for the constraint to be satisfied.
Simlarly, an increase in the rate of return on bonds (r) allows the firmto
circumvent the quantity constraint, because it needs |less credit at any given
| evel of output, and to increase the level of output. An increase in p |eads
to a rise in output because it increases the nom nal anount of funds avail able
to fi nance wage paynents, at given real values of the |Iending constraint (LOY)
and of the anount of bonds demanded (B). Finally an increase in w forces a
decrease in output, because it increases the anbunt of funds needed to finance
| abor paynents.

In order to establish the main part of Proposition 2 consider the
"delivered' production function defined in (17) and conpare it to equation
(18) above. The effects of changes inr, p and won Y are qualitatively the
same as the effects of changes in these variables on L,, Hence, L, can be
used to replace these variables in (18) and no incorrect predictions would be
obtained. O course, LO already appears in both (17) and (18). It can be
shown fromthe constraint in (10) that 8°Y/dL0®> < 0; and fromthe concavity
assunptions on F, stated in section I, it follows that o°Y/dL,> < 0.

In order to establish the second part of this proposition, first
notice that the demand for real cash bal ances under the credit constraint wll
be given by

m=Mp =LO - g (r,p,w) = m(LO,r,p,w (19)
where mo, >0, m=-g, <0, m =-¢g,<0, m=-g,>0 If one were to use
real nmoney bal ances in (17), this equation would becone

Y=Y (mL) (17)"

As | ong as m changes because the credit constraint is altered, i.e., LOr



changes, (17)' would yield the sane predictions as (18). Neverthel ess, rea
noney bal ances can al so be affected by r, p, and w, as can be seen from (19).
In this circunstance, if r increases, for exanple, L, increases because the
effects of changes inr, p and won Y are qualitatively the same as those on
L, and Y increases; by contrast (17)' can predict either a decrease or an
increase in Y, because an increase in r also decreases m by (19), which in
turn decreases Y. Thus, whether output increases or decreases depends on
whet her the effect of the rate of return on securities on the demand for | abor
is stronger or weaker than its effect on the denand for real cash bal ances as
wel | as on the marginal products of these variables in the 'delivered
production function. Simlar argunments can be nade with respect to the
i nappropri ateness of using bonds in a 'delivered production function.

The nodel of Section | generates Fischer's nodel | as a special case if
one assunes that credit is not indispensable, for exanple because the firmis

paid in advance for its output. 1In this case the follow ng proposition holds.

Proposition 3: Wen credit is not indispensable and noney economni zes on

transaction costs by saving | abor resources, it is theoretically incorrect to
define a 'delivered production function with real noney bal ances as an input.

To establish this proposition first note that the nodel of Section |
specializes to this case in the following manner. Since credit is not needed,
it plays no explicit role in the firms choice and the firm s probl em becones
to choose the level of output and to allocate its cash between real noney
bal ances and bonds. That is, equations (10) and (11) are no |onger relevant,
because | oans are zero, and the amount of cash available from advanced
paynments (pY) replaces the nominal value of loans in (12)'. Thus, the denand
and supply functions becone

Y=Ff(p,w ; B=g(p,wr) ; and Mp =Y - B =n(p,wr).

Now writing a 'delivered production function such as (17)' leads to
theoretically incorrect predictions. For instance, if the rate of return on
bonds changes we see that the | evel of output does not change but m does

change. Therefore, (17)' would predict a change in output as a result of the



change in mwhen none woul d take pl ace.

Proposition 3 is inconsistent with the assertion that when noney
econom zes in transaction costs by saving on | abor resources one can wite a
"delivered' production function using noney as an input. The reason for this
i nconsi stency is that one additional assunption is required to obtain this
result. This assunption is inplicit in Fischer's argunent and we nake it
explicit bel ow

Proposition 4: Wen credit is not indispensable, noney econonizes on

transaction costs by saving on | abor resources and there is a constraint on
total labor availability, it is appropriate to postulate a 'delivered
production function with noney as an input.

To establish this proposition note that if the total anmount of [ abor,
L=1L,+ L is fixed, then an increase in the rate of return on bonds, for
exanple, leads to an increase in L, which in turn inplies a decrease in L, as
wel |l as a decrease in m and, therefore, both terms in (17)' lead to the now
accurate prediction that Y decreases.

Incidentally, the same argunments would hold if the production function
were witten in terns of the total amount of |abor (L) avail able rather than
in terms of productive |abor (L) as in (17)', i.e., as

Y =f(L,m . (20)
In the case of Proposition 3, an increase in r would not change Y but it would
change L and m Thus, for (20) to be correct L and mwould have to change in
such a way as to | eave Y unchanged. There is no nmechanismthat will ensure
this outcone and, therefore, (20) will yield incorrect predictions. 1In the
case of Proposition 4, it becones appropriate to wite (20) because L is fixed
by assunption and mand Y will always nove in the sane direction in this
ci rcunst ance

How sensitive are these results to changes in assunptions? Not very much
in our opinion. Thus, we conclude this section with a conjecture that directs
attention to this robustness.

Proposition 5: Wenever it is theoretically appropriate to include a




financial variable as an input into a production function, we conjecture that
a necessary but not sufficient condition will be inmposing sone arbitrary
bi ndi ng constraint in the nodel which ensures this result.

Consi dering every alternative nodel is obviously infeasible. Therefore,
we justify our conjecture by noting several cases, besides the ones already
di scussed, where the conjecture holds true. First, consider Fischer's nodel
I'l, the vendi ng machi ne exanple. Fischer concludes on the basis of this nodel
that it is appropriate to include noney as an input in a production function.
In order to do so, however, he excludes in a footnote the solution that |eads
to stocking nore change than necessary in the nachine. That is, he inposes
t he binding constraint that change nust be needed into the solution and then
noney behaves as an input. Simlarly, if we consider the result in his nodel
| (Proposition 4 above) it is easy to showthat it is not very robust to
changes in assunptions. For exanple, Proposition 4 no |longer holds if one
were to relax the assunption that the advance paynents entail no costs to the
firm One way of doing so is by incorporating credit into the analysis as in
the nodel of Section |I. Inposing a constraint on total |abor availability in
that nodel does not result in 'delivered production functions that lead to
correct predictions, as is shown in Appendi x 1.

A simlar situation arises if one were to assune that the firm borrows
fromthe public through an advance on sales. As long as the firm pays the
public the sanme interest rate that it would have paid the bank for the fixed
termloan, the results are exactly the sane as those in Section | and
"delivered production functions with financial variables included are
theoretically incorrect. It is possible, however, to obtain a result sinilar
to Proposition 2 in this nodel by assuming that the fraction of sales the firm
can borrow fromthe public as an advance is limted to be bel ow what it would
like to borrow. In that setting one can wite a 'delivered production
function with credit (but not nmoney or bonds) as an input. The only
difference with the case underlying Proposition 2 is that the production

function in such a setting would be of the Leontief type. This is
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shown in Appendi x 2.
I1l. Concluding Perspectives

Qur discussion leaves little doubt that in general 'delivered
production functions with financial variables as inputs |lead to theoretically
i ncorrect predictions. Moreover, the additional assunptions required to
generate theoretically correct predictions are sonmewhat arbitrary, highly
restrictive and sensitive to changes in other assunptions.

For enmpirical purposes the consequences of these findings are not that
serious, considering the avail able technology. They sinply suggest the
i ntroduction of financial variables in production functions or cost functions
as state of nature variables, rather than forcing themto operate as inputs.
This is quite feasible and frequently done for other variables. On the
theoretical side the inplications are nore damagi ng, because they suggest a
need to establish very carefully the purpose and role of the financia
variable in the nodel rather than treating it as an input. Such a process
tends to go against the tendency toward sinplicity and generality in
t heoretical work.

We can put our results in perspective with a brief discussion
of the two basic functions of financial variables in the productive process
that are captured by the nodel of Section |. The role of credit in the
production process captured by this nodel is a well recognized one, nanely as
a nmeans of synchronizing recei pts and paynents over the production period.
I ndeed, this function of financial variables is the focus of the working
capital literature, e.g., Calvo and Thoum (1984). |f bonds cannot be held
real mnoney bal ances beconme a perfect proxy for credit in the performance of
this role. On the other hand, if firnms can obtain credit froma credit Iine
at the sanme rate as froma fixed termloan both noney and bonds becone
irrelevant to the performance of this function in the productive process.

Interestingly, the latter case highlights that the demand for nobney and
bonds in this nodel of the firmarises to solve a financial synchronization

problem i.e., the need to reconcile the timng of the receipt of the |loan

11



with the disbursement of its funds. It is in this context that noney's
ability to econom ze on transaction costs nmakes it an attractive alternative
to bonds. This financial synchronization function of noney and bonds is not
wi dely recogni zed although it is certainly enconpassed in earlier work, e.g.
G ower and Howitt (1978) show how "bunchi ng" costs lead to a positive denmand
for noney and bonds.

We conclude by noting an inplication of the credit function. Firnms in
transition econom es have two institutional mechanisnms to solve the
synchroni zati on probl em between paynents and recei pts: nmoney or credit from
the Central Bank and interenterprise credit. 1In the absence of bonds a cut in
noney by the Central Bank operates as the inposition of a credit constraint on
firnms. Wen interenterprise credit is taken into account, the constraint can
becone nore or |ess binding depending on whether the Central Bank's activity
directly affects all or a subset of firns. The forner situation provides a
rationale for Calvo's (1995, Part VI) conjecture that a cut in noney nmay | ead

to a larger cut in credit and serious production difficulties.

Appendi x 1. The Effect of a Constraint on Labor Availability.
| mposing a constraint on the total anount of |abor available to the firm
nodi fies the optinization problem as foll ows

max L = pY + rpB - w* - ipLO+ A [pLO - wL* + rpB)

+ p[pLO- pB- M + v [L* - H(B Y)] (A1)
The first-order conditions for an interior optimumw Il be given by
Ly=p - vH =0 (A2)
Le = rp + xrp -pp - yH, =0 (A3)

12



L, = pLO- w* + rpB =0 (A4)

L= (A- i +W) p=0 (A5)

Ly= - =0 (A6)

L, = pLO- pB - M= 0 (A6)"

L, =L* - HBY) =0 (A7)
Use of (A6),(A5) and (A2) in (A3) leads to

r (1 +i) = H/H, (A8)

This equation and the | abor constraint (A7) nust be solved sinmultaneously to
obtain the demand for bonds function and the supply of output function. The
solution of these two equations yields
B=g (r, i, L¥) (A9)
Y=f (r, i, L¥) (A10)

where g, >0, g >0, g. >0and f, <0, f; <0, f..

The signs follow froma conparative statics analysis of (A7) and (A8).

In this nodel, the demand for credit will be given by

LO=(wWp)L* - rB=h (L*, wp, r, i)

where h,, >0, h <0, hy <0 and h. ?
The last sign is anbiguous. Using the previous conparative statics
anal ysi s and sone nani pul ation vyiel ds
oLOoL* = hy = wHp(H)® + {(H) *HyH, /(1 + i)} [W(1+) - p/H] (A11)
The reason for the anbiguous sign is the expression in square brackets in
the second termof (All). 1In the absence of a constraint this second term
is always zero and an increase in |abor usage increases credit. In the
presence of a binding constraint, however, one woul d expect that the
contribution of Iabor to narginal costs [W(1 + i)] will be smaller than its
potential contribution to revenues through the sale of the product, i.e., the
val ue of its marginal product (p/H, ). Nevertheless, H. >0 if the first
term domi nates the second in (All).

The demand for noney in this nodel will be given by

m=LO- B=h (L*,wp,r,i) - g(L*,r,i) = m(L*,wp,r,i)

where m <0, m <0, m,, >0, m. ?

13



Note that m.= h. - g.; therefore a relaxation of the constraint can result
in an increase or a decrease in the demand for real noney bal ances. Thus,
an increase in the wage rate increases the demand for noney and it does not
affect the level of output, as can be seen from (Al10). Therefore if one
wites a delivered production as Y=Y (L,m, it will yield predictions

i nconsi stent with the nodel in this Appendi x because there will be
circunmstances in which real noney bal ances increase and out put does not

change.

Appendi x 2. Borrow ng through an Advance on Sal es.
A.  Unconstrai ned Case

When the firmborrows fromits customers, it chooses the fraction of
sal es needed to cover the anount of the loan, thus opY = pLO.  Hence profits
can now be defined as

mn=pY +rpB - wH- iopY (B1)

The firms problemis to choose Y, B, mand o subject to the financial
constraint, (5) in the text, and to the restriction that what it borrows just
covers its needs, i.e., oapY = wH - rpB. Consequently, the objective function
can be witten as

max L = pY + rpB - wH - iopY + A (apY - wH + rpB)

+ { (apY - pB - M (B2)
First-order conditions for an interior solution are given by
Ly =p - WH - iap + 2op - 2wH, + Hop = 0 (B3)
t;zfﬁ-:\gﬁ—g-m—g+xrp-pp:0 (E"B%)
L, = opY - pB- M=0 (B5)"
L, = opY - wH+ rpB =0 (B6)

14



L, =- ipY + aApY + pypY =0 (B7)

o

Use of (B5) and (B7) in (B3) and (B4) leads to

p/(1+i) = wH, (B8)

rp = wh (B9)

Equations (B8) and (B9) are identical to (8)' and (9)'. Hence, all of the
results derived fromthese two equations are the same as in Section |I. The

demand for credit can be found from (B6) by using opY = pLO  Therefore, it
will be identical to what we found in section | and, consequently, the denmand
for real noney bal ances from(B5)' will also be the sane. Finally, (B6) can
be used to find the optinmal value of the fraction to be borrowed from
custoners, i.e.,

a = (wH - rpB)/pY (B10)
B. Variable Quantity Constraint Case.

First we nust define what we nean by the inposition of a credit
constraint under this alternative credit nechanism The nost plausible
assunption is that the fraction of sales which the firmcan borrow is not
subject to the control of the firm For our purposes, all that matters is the
firms inability to control the fraction of sales which it borrows; whether
this fraction is determ ned by customor the market and who happens to be the
actual |ender does not affect our imrediate argunment. |In this situation, the
firm s optimzation problemcan be witten as

max L = pY + rpB - wH - io*pY + A [a*pY - WH + rpB]

+ U [o*pY - pB - M, (B11)
where o is the fixed fraction of its sales that the firmcan borrow. In
arriving at (Bl11), we have used the relation between sales and the | oan
o*pY = pLO, to elinnate the loan from appearing explicitly in the analysis.
Incidentally, we will assune that o < o where o° is the optimal fraction as
determined in Part A of this Appendi x.

First-order conditions for an interior solution are given by
p - wWH -io*p + 2o*p - AWH, - po*p =0 (B12)
Ly =rp - wy - 2w, + arp - pp = 0 (B13)

Ly
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L,=- u=0 (B14)

L.

oa*pY - wH + rpB =0 (B15)

Use of (B14) in( Bl13) yields rp = wH;.. Therefore, the demand for bonds will

be the sane as in part A of this Appendix or in Section | of the text (14).
Use of (14) in (B15) yields the supply of output function

Y =f (o*, r,wp) (B16)
A conparative static analysis of the constraint in (B15) reveal s that
f, are positive and f, is negative as

(WH, - o*p) (B17)
is positive and viceversa. This condition represents the net narginal
contribution of a unit of output to the firms credit needs. |If its margina
contribution to credit needs through an increase in | abor demand (wH) exceeds
its marginal contribution to credit available (o*p), then the signs of the
out put supply function will be the sane as before. |In this case, the
i mposition of the credit constraint, which can be viewed as a | owering of o*'
= a®to o*'"'< o’ wll lead to a reduction in output. On the other hand, if
the net nmarginal contribution of a unit of output to the firmis credit needs
is negative, wH, < o*p, the inposition of this type of credit constraint |eads
the firmto increase its | evel of output beyond what is optinal in the
unconstrai ned situation and reverses all of the signs of the output supply
functi on.

Finally, condition (B12) can be rewitten as

p (1 - ofi) =wH +r (W - oa*p), (B18)
and conpared to the correspondi ng unconstrai ned condition, which can also be
rewitten as

p (1 - ofi) =wH +i (wH - oa*p). (B19)
If condition (B17) is positive, we know that the value of Y in (B19) is
greater than in (B18); hence condition (B18) can be used to solve for A and,
together with (B19), also used to showthat A >i. |If condition (B17) is

negative, we know that the value of Y in (BI9) is less than in (B18); and the
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relati on between (B18) and (B19) can be used to show that A < i. The reason
is that in this current case relaxing the credit constraint contributes |ess
to profits than the cost of credit because it entails a reduction in output.
Wth the present type of credit nmechanismconstraint, there will be a

demand for credit by the firmwhich is given by

LO=o*Y = o*f (o*,r,p,wW) = h (o*,r,p,wW, (B20)
where h., h, h, are positive and h, is negative if (Bl7) is positive and
viceversa. To illustrate the rationale for these signs, |let us consider

explicitly the effect of a change in the fraction of sales that the firmcan

borrow on the demand for credit, i.e.
he = Y+ f,. =Y+ pY(WH - a*p) = (PY(L - o) + wWHY)/(WH, - o*p)
reason for the anbiguity in the sign is exactly the sane as in the case The
of the supply of output function. |If output increases as a result of
relaxing the credit constraint, (wH, - o*p) > 0, then the demand for credit
will increase; if output decreases as a result of relaxing the constraint,
(wH, - o*p) < 0, the denmand for credit decreases
The demand for real cash bal ances can now be derived fromthe financial
constraint
m=LO- B=h(o*,r,p,w) - g(r,p,w = mo*,r,p,w, (B21)

where m. <0, m <0, m <0, and m, > 0 if (wH - o*p) < 0; and

m. >0 m? m? and m ? if (wH - o*p) > 0.

When out put increases as a result of inposing the constraint, the effects of
the price variables on the denand for real cash bal ances are the sane as in
the fixed quantity constraint nodel of Section Il in the text; when output

decreases, however, the effects of these variables are anbi guous.

Finally, we present the inplications of this nodel for the use of
financial variables in a 'delivered production function in terns of an
addi ti onal proposition.

Proposition Al: In the presence of a binding restriction on the fraction of

sales that the firmcan borrow, it is appropriate to use credit as an input
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in a delivered production function if and only if this production function
has a Leontief form in this situation, neither real noney bal ances nor
real bond hol di ngs are adequate proxies for credit.

Since by the definition of the credit constraint o*pY = pLO it follows
trivially that the firmoperates as if subject to the follow ng production
function, Y = (1/a*)LO Furthernore, since the demand for credit and for real
cash bal ances need not always nove in the sane direction, the second part of
the proposition also follows rather directly once it is noted that changes in

the demand for bonds will also differ fromchanges in the denand for credit.

NOTES

1. For other studies of the firm s denmand for noney stressing its role as a
means of econom zing on transaction costs, see those surveyed in
Bernstein (1978)

2. Gven the recent interest on credit theory versus noney theory, e.g.
Bl i nder and Stiglitz (1983) and Brunner and Meltzer (1988), it is usefu
to be aware of both the simlarities and the differences in the
productive roles of the two vari abl es.

3. Parenthetically the maiin results would not be affected if we included

variabl e inputs other than | abor or fixed inputs into the analysis, but
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the exposition is considerably sinplified by |eaving them out.

The use of this procedure for dealing with inequality constraints is
suggested in the context of consumer theory by Green (1976, Ch. 7). An
alternative but equival ent way of inposing the constraint is to assune
directly that the proceeds fromthe |oan are held as nobney bal ances or
bonds, which can be expressed as M= pLO - pB; and to inpose the inequali-
ty constraint that noney bal ances nust be nonnegative, i.e., Mx> 0, which
ensures that pLO > pB

If one were to assune that interest on the loan had to be paid in the

m ddl e of the period, when | abor paynents are made, one woul d al so

obtain a direct effect through the anount of the | oan which would be
opposite in sign to the indirect effect in the text. Therefore, in

this case the nature of the credit finance mechanismcan result in an
increase in the cost of credit (the loan) leading to an increase in the
demand for credit by the firm |In the text an increase in the cost of

credit always leads to a decrease in the demand for credit because we

are assumng interest is paid at the end of the period and, thus, there
is no direct effect of a change in the interest rate.

Incidentally, condition (8) now determ nes the value of 2, that is the
mar gi nal contribution to profits of relaxing the quantity constraint on

credit.
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