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Abstract

This online appendix is comprised of four sections. Section 1 contains proofs for the key
lemmas used to show the main theorems of the paper “Jackknife Estimation of a Cluster-Sample
IV Regression with Many Weak Instruments." More specifically, in section 1, we provide proofs
for Lemmas S2-1 to S2-18 which are stated without proof in the Supplemental Appendix of the
aforementioned paper. In section 2, we provide a proof of Lemma 1 of the main paper. Section 3
of this online appendix provides proofs of some additional lemmas which give further supporting
arguments for the proofs presented in section 1. Finally, section 4 gives some additional Monte
Carlo results which complement those reported in the main paper.

Section 1: Proof of Lemmas S2-1 to S2-18

In this section of the online appendix, we provide proof of Lemmas S2-1 to S2-18, which have been
stated without proof in the Appendix S2 of the Supplemental Appendix to our paper.

Lemma S2-1: Let A = P+ — M(ZQ)D@M(Z’Q). Then, under Assumptions 2-6, the following
statements hold as K3 ,, n — oo.

(a)

Z A%Z}t),(j?s) = Oa.s. (K2,) .

(’i,t),(j78):1
(4,6)#(4,5)
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Proof of Lemma S2-1:
To show part (a), note first that, by Lemma OA-1 given in section 3 of this online appendix,
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Next, to show part (b), note that, by applying the inequality in expression (1) as well as the



CS inequality and using the fact that Apax (M (Z’Q)) = 1, we obtain
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To show part (c), note that
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To show part (e), we apply the inequality (1), Assumption 6, and parts (a) and (b) of Lemma
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Turning our attention to part (f), note that, by applying the inequality (1) and making use of




Assumption 6(ii), we have
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To show part (g), note that, by making use of Assumption 6(ii), we have

Z Z Z A ) (151 Ai.2).(1.52)

i=1 s1,t1=1 s2,t2=1
sl;ﬁtl 8275252

- Z Z Z {( (4,¢1),(4,81) e/(i,tl)M(Z’Q)DﬁM(Z’Q)e(im))

i=1 s1,t1=1 s2,ta=1
s17#t1 saFta

2

2
A z Z,
X (P(i,t2)7(’i782) - (Z tz)M( Q)D’\M( Q)B(Z 52)) }

2 2
< 03 5 (i) + (17901 )]
= 13;1,1;1%11
X Z [( (i.52) )2 + ( e, tz)M(ZQ)DAM(ZQ) e, 52))2} (using inequality (1))
sgzﬂ;iml
n T;
< 422 ( (4,t1),(4,t1) ) Z (P(Jiislh(i,sl))
i=1t1=1 s1=1
T;
(o MEODIMED 1)) 3 (e MO Vo)
s1=1
X Z [(P(z t2),(4,t2) ) (P(Ji_vsl)y(ivsl)> + (el(iﬂfl)M(Z’Q)D%M(ZQ)B(LH)) (e?i,sl)M(Z’Q)e(i,sl)ﬂ
sgé?’fbl
3 n 2 2
< 7| (, o)+ (s, ol )
. |:<1<(i1{1t?§m (it ) Z PZtl Ht) <1< zt<m ‘19( t‘ > Z el(i:tl)M(ZQ
(it1)= (3,61)=1
=3 n 2 2
< 7|, o) <<m> ol

~ 2
J_ . —_— J—
Cacts, Rtoo ) e (s, ool ) =16

K3, K3,
Oa.s. ? +Oa,5_ TZ2
K3,
= Oa.s. —31 .0
n

10

K3 K3, .
Oq.s. n’ + Og.s. T (using Lemma OA-1(b))



Lemma S2-2: Let Assumptions 1-6 be satisfied. Then, the following statements are true:
(a) D'X'M#HQXD! = 0, (n (uglin)‘Q); (b) D;'X'AXD;' = H, + o0, (1), where H, =
Y ZL MR 7, Jn = O, (1).
Proof of Lemma S2-2:

To show part (a), note first that D1 X' M(Z1Q X D
<2 [T’ZéM(Zva)ZQT/n + D;lU’M(ZlyQ) UD;l], where we take A < B for two square matrices A
and B to mean that A — B is negative semi-definite, or, alternatively, B — A is positive semidefinite.
Now, for a,b € R% such that llall, = ||Iblly = 1, we can apply the CS inequality and Assumption
3(iif) to obtain |a'Y'Z{M(#Q) ZyYb/n| < \/a’T’ZéM(Zva)ZQTa/n\/b’T’ZéM(Zva)Zsz/n <
VA ZEZyYa/n\/ VY Z, ZsYb/n = Ogs. (1). Since the above argument holds for all a, b € R?
such that ||a||, = |||l = 1, we further deduce that Y/ Z,M(Z1Q) Z,Y /n = O, (1).

Next, note that, by the CS inequality, ‘a’ D/le’ M (ZLQ)UD;lH

< \/a’D,le’M(ZhQ)UD;la\/b’D;]‘U’M(ZhQ)UD;lb. Now, by Assumptions 2(i), 3(ii), and 6(ii),

B D U MBQUD lFE| < o DB [UUIFE] Dyta

T (maxicnzm, B [[Uao ;172 ) v ( " )

< _ =0 :
(pupim)? (ppin)?

where T = max;<(j+)<m, Li- Hence, by Theorem 16.1 of Billingsley (1995), there exists a con-
stant C' < oo such that for all n sufficiently large F [((,uﬁin)z/n) a’D;lU’M(Zva)UD;]"a} =

Ez (((,umin)z / n) E {MU—}Z D < C. It follows from the Markov’s inequality that

n n

a’D;lU’M(ZlyQ)UD;]*a =0, (n (pmin) _2). In the same way, we also have

n

VDU MEAQUD Y = 0, (n/ (1)), so that [a' D U MAQUD | <

\/a’D,IlU’M(Zva)UD,Ila\/b’D;]‘U’M(ZhQ)UD;lb = 0O, (n (,ug‘in)ﬁ). Since this result holds
for all a, b € R? such that |la||, = ||b||, = 1, we further deduce that D;lU’M(Zl’Q)UD;1 =
O, (n (pumim) 72). Putting these results together, it follows that D !X’ M(Z@ XD = O, (1) +

n

O, (n (puiim) 72) =0, (n (puiim) 72), as required to show part (a).
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To show part (b), note that, by applying parts (a)-(c) of Lemma OA-12, we obtain

D'X'AXD;!
D.®'Z  D,Y'Z 710D, | ZyYD
— D1 K 1 K 2 = aw K I = D1
p < N A Q+U N R +QE+U
D, Y'Z; " (2D
= D—1< L 2+U>A< “+U>D—1 (since AZ; = 0 and AQ = 0)
© \/ﬁ \/ﬁ M
DD ZyAZyYD, DY DYDY ZAUD,?
= ~ +D,'U'AUD," + NG
D, 'U'AZyYD,D,!
Jn
Y’ ZyAZyY Y'Z4AUD,' D, 'U'AZyY

= =27 L plUAUD !
- +D, Lt N + N0
Y 7t M(21.Q) 7,7
= 2 2 +0,(1).

n

Moreover, Y’ Z,M(%1:Q) Z,Y /n = O, (1), as shown in the proof of part (a) above. This shows part
(b). O

Lemma S2-3: Let U = U — ¢p/ and Uiy = Uiy — peiyy and let VC (X|]:nZ) denote the
conditional covariance matrix of the random vector X given .7-"nZ . Under Assumptions 1-2, 5-6, and
8; there exists positive constants 0 < C < C < oo such that the following statements are true.
(2) Amax [VC (Y Z4M %1/ /n|FE)] < C  a.s. and Ay [VC (Y Z4M %19/ /n|FZ)] > C
a.s. for all n sufficiently large.

/ Z .
(b) VC (Q Ae/ /Kgm‘j:n) > CI, > d(X)d a.s., for all n sufficiently large.

(€) Amax (VC [U'Ae/\/EK2n|FZ]) <C a.5., Amax (VC [U'Ae/\/Ka,]) < C,
Amax (VO [U'Ae/\/K2n|FZ]) <C a.s., and Amax (VC [U'Ae/\/Ks,]) < C, for all n sufficiently
large.
(d) For any a € R? with ||al, = 1 and for all n sufficiently large, Amin (Xn) > C > 0 a.s. and
ay; lg <C < a.s., where ¥, = VC (yn|,7:Z) Y10+ Xan, as defined in section 4 of the main
paper, and where Y, = Y/ Z,M(%1:@¢/\/n + DU Ae.
Proof of Lemma S2-3:

For part (a), note that, by Assumptions 1, 2, and 3(iii); there exists a pair of constants
0 < C < C < oo such that, for any b € R? such that ||b]| = 1 and for all n sufficiently large,
VVC (Y ZyM Z: e )\ /n|FZ) b = VY ZyM P E [e! | FZ] MZ1D Z,Xb/n
< (maxicpm, B[22/ F7]) Amax (123227 /) < T a5, and bV (Y Z5ME Qe ) Jal F7) b >
(min1<ym, B || FZ | ) 00/ 25M P 2yTb/n > C a.s. Since the above bounds hold for any

b € R? such that [|b]|, = 1, it follows that, almost surely, Amax [VC (Y Z,M 21 Q¢ /\/n|FZ)] =
max =1 b'VC (Y Z,MZ1:Q)¢e /\/n|FZ) b < C < 00 and Amin [VC (Y Z5M 41 e /\/n| FZ)]
= miny =1 &'VC (Y Zy M2 Qe )\ /n|FZ)b > C > 0 for all n sufficiently large, which establishes
the required result.

To show part (b), let a € R? such that [lall, = 1, and we define Uiy = Uy — P,
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YUy (it) = a/U(it) U%it) =F [E%it ‘}—Z} <’NJ?L(z‘t) =F [ui it |~7:Z] QZa i =& [E(it Uy (it |~7:Z]a and
Oay(it) = wa (it / (cr(l HWa,(i, t)) for (i,t) = 1,..,my,, where we have suppressed the dependence of

U?i,t) wa i) b, (it) and 0g (; 1) on FZ = o (Z) for notational convenience. Note also that we can
write o'V C (U Ae/ /K2n|.7: )

(ist)— . .
Z(] N (Z 0, E [(E(J $)Ua, (i,t) T E(i,t)Ya,(j,s) ) | F, ] , since, by construction, A ) (4 =

0 for ( i,t)=1,...,my. Moreover, define 5a7(i7t)7(j78) = ( a(j,s)&&(i’t) o, t) a,(j,8) )/ and

(zt

1 Qa,(i,t) Qa,(j
A% _< e )
( 7t)7(]7 ) Qa,(’i,t) Qa,(j,s) 1

2
and note that, given that (j,s) < (,t), we have E [(5@ )Y, (i,t) T E(i,t)%a,(j,s) ) ‘j-“Z}
= 5;7(@,5)’( N)A‘é, t),(j7s)5a,(i,t),(j,s) Now, by the quadratic formula, the smallest eigenvalue of A(z £),37:5)

is given by Amin (A((li,t),(j,S)) =1- ga,(u)‘ 0a,(j,5)|- In addition, write
. Bl \F2| B ool FZ
e =\ E [U(” i) | FZ ] E (U Ul | FZ

E(i U’Z.t | FZ
U@t |fZ

J(3 )

- (4 2)( [U[Zf”ff&lﬂ sl

_ o (1 0
= LpQ(m)Lp, where Lp = < —p Id > .

Note that L, is nonsingular, so that L,L/, is positive definite. Hence, by Assumption 2 part (ii)
and by the fact that LpL’p is a fixed, finite-dimensional positive definite matrix, there exists some
constant C7 > 1 such that

min )\min (ﬁ(z,t)) Z min )\min (Q(z,t)) )\min (LpL;)) Z 1/01 >0 a.s.n. (3)

1<(i,t)<mn 1<(i,t) <mn

Next, let

Da — ,D i = (7'7t) - >’and D i — ( d,(Z,t) )
(d+1)x2 < 0 a ) P ( 0 @ (i e@) =\ ouiy 1

and note that

Do Da = (1 0> B y1FE]  BleaolUlnlFE <1 0)
a () Ha  — !
0 a E[U 5(”\}"] E Uiy Ul |77 0 a
_ (%6 O >< 1 Qa,a,t))(ff@ut) 0 >_ Der D Der
< 0 Ba (i) Qa,(i,t) 1 0 aa,(i,t) SD,(i,t) " 0,(3,t) Y SD,(i,t)

13



Now, as can be seen from expression (3) above, an implication of Assumption 2(ii) is that

1<(?31<1m cr%u) = eayd+1§(i7t)€1,d+1 >1/Cy >0 a.s.n. (4)

1§(1£%2mn {:’g,(ﬁt) = dQipa>1/Cy >0 asn. (5)

where e; g4 = (1 0 ), and a = (0 o )/, from which we deduce that Dgp ;4 is in-
(d+1)x1 (d+1)x1

vertible almost surely for each (i,t) € {1,...,m,} and for all n sufﬁmently large. The invertibility
of Dgp i) then allows us to write D, ;) = DSD G t)D Q(Z )Da DSD( 0" On the other hand,
Assumption 2(i) implies that there exists some constant Cy > 1 such that

1 1
N Amin (Dgp gy ) = >0 6
1§(?’51§1mn ( SD,(Z,t)) maxlg(i7t)gm7l )\max (DSD,(i,t)) 02 a.s. ( )

It follows from the fact that A\pin (D), Da) = Amin (I2) = 1 and from making use of Assumptions 2(i)
and (ii) and the lower bounds given in (3) and (6) that

1§(251§1mn Amin (DQ7(7:,t)) > 1§(£I731§1mn Amin (Q(Z,t)) Amin (D&Da) Amin (DEI%,(ZJ))
ming < (; )<m,, Amin Q i,
§ 1<(i,)< ( (t)) >— >0 asn,

maxj < (i t)<mp, ()\max (DSD,(i7t)))2 S

where C' = max {C1, C2}. Moreover, by solving the characteristic equation of D, ; 1), we see that the

smallest eigenvalue of D, (; 1) is given by Amin (DQ’(M)) = 1—10q,(i,t)|> S0 that min < (; y)<m, Amin (DQ,(M)) =

I—maxi<(; 1)<m, ‘pa’(m‘ >1/C? >0 a.s.n., from which we further deduce that max;<(; <.,

Qa,(i,t)‘ <
1—(1/ 03) <1 a.s.n. Applying this upper bound along with the lower bounds given by (4) and
(5) as well as the fact that Apin (A‘(‘Z .0 S)) —1—

O (i t)‘ Oa,(j,s)|» @s derived earlier, we have

2
A a
E[(%s)ﬂa,mt)+5<@t>ﬂa,<j,s>> 1 n} = 00,179 A0, 7.9) 00,60, 6:9)
-

2 1 1 1 2
> rorBulre @jL@ >E>O a.s.n.

v

Qa,(j,5)

Qa,(irt) ‘ } [U%j,s)a’g,(m) + 07 1) Fa (s)

Summing over 1 < ( j, s) < < m,,, we obtain
(,t)
(zt Z(]s (zt |: €(j5,8) Ua,(i,t) +€(zt)—a ]s) |fZ:|
5 Zt 5 M
(2/0 ) K5 (lt Z]S Zt ).(ios) = (1/C°) K, i) Z]s . (Zt j.s)» Where the

last equality follows from the symmetry of A and by the fact that A(Z,t)(z,t) =0for (i,t) =1,...,m

14



Furthermore, by straightforward calculation, we obtain

zs mMn, Mn,

1 B z. Z 2
o > D [e,(i,t)P ¢ — i M PV DM E Ve
i,t)=1(j.s)= 7 ()=1 (j,s)=1
J L

- 1+

> einMPD D MER DM PR ey > 1

n =1

Putting everything together we have

(,t)
(zt Z(]S (zt )E [(E(J 5)ta, (it) +E(Z t)¥a,(j,s) ) |'7:Z]
1/05 K2 Z( = Zmn (zt 2 1/C5% > C > 0, by choosing C such that 0 < C <
(J,8)=

1/C®. Since the above argument holds for any a € R? such that |la|| = 1, it further follows that
VC (U'Ae/\/Kyn|FZ) > Cly >0 a.s., as required.

To show part (c), note first that, given Assumption 2(i), there exists a positive constant C' such
that

1<()<m, Amar ( {UU °) |“TZ]>
= IS(%?)S(mn tr {E [Q(JS (JS |'7:ZH
< s, (B (1060 1G17] + 28 ([0 petio| 2] + o [£5.0177]
S P {E [HU(J}s)H; |ff] +2{|pll, \/E [6%j,8)|fnz} \/E [H%smi |;an}
+lelly B <7172 }
=2 { <1<(§{156)L§mn E {HU(J%S)H; |~7‘an]> + ||PH§ <1<(1;{;6)D<<mn E [5%j’s)|fnz]>}
< C<x as. -

where the third inequality above follows from applying the CS inequality while the fourth inequality
stems in part from applying the inequality |XY| < (1/2) X2 + (1/2) Y2. Now, for any a € R such
that ||al|, = 1; we obtain by applying the triangle and CS inequalities, expression (7), as well as

15



part (a) of Lemma S2-1 and Assumptions 2(i) and 8

pave; (Q’Ae/\/EmZ ) a
= Kin Z Aoy (B [l 7] 0B (UG U |7 | @
Ry
+\/CL/E [Q(zt (zt|f:| \/E [€%i7t)|fﬂ JE [Q(]S (]SIJ-"Z} \/ [8%j73)|fnz:|>
= K:n Z Ao, >{E [E?z,t)‘fﬂ Amax (E [Q< (Js\fZD
s
+\/ Amax (B (UGl o177 ) \/ E [} 2] \/ Amas (B (UGl 172 ) \/ E [, 1] }
= Oas.(1).

From this, we deduce that Amax [VC (U'Ae/\/Kan|FZ)] = max|q=1 a'VC (U'Ag/ /Ko FZ)a
< C a.s.n. Moreover, by applying the law of iterated expectations and part (i) of Theorem
16.1 of Billingsley (1995) that there exists a constant C' > 0 such that ’'VC (U'Ae/\/Kay) a =

Ez {E [(a’Q’A€)2 /K2n|,7-"nz] } < C, for all @ € RY such that ||a| = 1, from which we further deduce

the unconditional version of this inequality, i.e., Amax (VC [U'Ae/\/K2,])
= max|q =1 ' VC (U'Ae/\/Kan) a < C < 00, where U = U — ¢p and Uiy = Uiy = PE(ig)-

Furthermore, since U = U — ¢p/, we see that, by setting p = 0 in the argument given above, we
can also show that there exists a constant C' such that Amax (VC’ [U "Ae/ \/mu:nz ]) <C < >
a.s.n. and Amax (VC [U’As/\/E]) < C < oo for all n sufficiently large.

Finally, to show part (d), note first that, by straightforward calculations, we get ¥, = VC (yn\}'nz ) =
VC (Y ZhM % Qe )\ /n|FZ) + VC (D, U Ae| FZ) = L1 + Sap. It follows by part (a) of this
lemma that there exists a positive constant C' such that Amin (X5) > Amin [VC’ (T’ZQM(ZLQ)E/\/M]:,?)] +
Amin [VC (DU Ae| FZ)] > Amin [VC (Y Z4M 2@ e [\ /n| FZ)]
>C >0 a.s.n., so that 3, is positive definite a.s.n. Moreover, again by part (a) of this lemma,
for any a € R such that |ja| = 1,

1
'yl <
Gt = )‘mln{VO(T,ZQM(ZLQ)E/\/ELFg)+
<

U Ae| FZ) )
1 1

C (D
= N VO Tz )] S = T

where C can be taken to be any finite, positive constant such that C' > 1 /C. O

Lemma S2-4: Under Assumptions 1-6, D' X' Ae = T/ Z, M(%1Q)¢ /\/n + DU’ Ae

= Op (max {1, \/Kon/ (1) })

16



Proof of Lemma S2-4:
To proceed, since

A = pt_ M(ZQ)D@M(ZQ)
plZQ) _ p(Z1,Q) _ M(Z’Q)DaM(Z’Q)

M(Z1Q) _ [ MZQ) 4 MZ . M(Z,c»] 7

we can write

D' X' Ae
D D
— -1 Zr g 7! ZH At E/ / / (Zva) _ (Z’Q) (Z’Q) ~ (Z’Q)
D, <ﬁezl+ﬁrzg+ Q+U>(M |(MED 1 pZQ Py EQ)] ) ¢
Y'Z}Ae 1y
= n + D, U Ae (8)
Moreover, by straightfoward calculations, it can be easily shown that
T'Z)Ac Y ZyMA R Y ZIMZVe Y ZyMZQD Dy M E Qe
N vn B NG B NG
Y 74 M(Z1Q) ¢
vn
= 0,(1) 9)

Now, let b € R? such that |||, = 1, and, by straightforward calculations, we obtain
U'Aee’ AU
K2,n
= Kot/ D'V C (U'As/\/Kaul FE) D

E ([b’D,;lU’As]2 |]-"nZ) = Ko b'D,'E ( |ff) Db

< e [V (0742 VRl )| 22
< U% a.s.
()

for some positive constant C' < oo. Hence, for all n sufficiently large

min\ 2 min 2
E ((:‘223 [b/DulU’Ae]2> —Ey, {ME ([b’D;lU’Ae]Q |}“nz)} <C.

It follows from Markov’s inequality, for any ¢ > 0, we can set C. = 1/C'/e so that for all n sufficiently

17



large

which shows that

: 2
Y- 2
= P b'D Ae| >
r \/m . UAe| > (¢
1 (Mgnn)Q _ 2
< @E( o [b’DulU’As]>
C
< el
- CJe ‘

(pin)

VE2n
W'D, 'U'Ae = O, <—2> .

Since the above result holds for all b € R? such that ||, = 1, we further deduce that

VE2n
D,;lU’As—op( > )

Expressions (8)-(10) together imply that

-1
D, X' Ae Y' 7} Ae

(pin)

i Vi

Y Z5 M (71 Q)¢

+D,'U' Ae

NG

+ D, U Ae

= 0O (max{l, . K.Q’n }) .
(ki)

Lemma S2-5: Under Assumptions 1-6, D;lX’M(Zl’Q)E =0, (n/,umin).

Proof of Lemma S2-5:

n

To proceed, let b € R? such that ||b], = 1 and let u, = UD,'b and uy, (; 4

write

b DX M
D
— -1 K 7!
= b'Du <%@ Z1+
VY ZE M4 Q)¢

D

Jn

Hleé _I_E/QI_I_ Ul

NG

) M(ZlyQ)g

= U(/i,t

\D;.'b. Now,

By straightforward calculations and by applying Assumptions 1, 2(i), 3, 4, 5(i), and 5(iii) as well
as the CS and Markov’s inequalities, we can show that oY’ ZyM(%1:Q¢ /\/n = O, (1). From the CS

inequality, we also obtain E [|ujM(%1:Q¢| | FZ]

<A\ E [u, M(Zv@0y, | FZ] ([ E [e/ M(Z1.Q)g| FZ]. Next, note that, by applying Assumptions 2(i) and
b n n

18



6(ii), we have E [¢/M(Z1:Q¢|FZ] < E [e|FZ] < nT (maxlg(i7t)§mn E [E%z‘,t)‘}—ﬂ) = Oqys. (n).
Similarly, by applying Assumptions 2(i), 3(ii), and 6(ii); we obtain E [u’M(Zl’Q up| FZ]

= E[Y D, U'M@QUD B FZ] < T (maxi<gycm, B ||[Uao |31 F7]) [n/ ()]

= Og.s. ( (i)™ ) It follows from these results that £ HugM(Zl’Q)E‘ |FZ] = Oa.s ( (i)™ 1).

Hence, by_ the law of iterated expectations and Theorem 16.1 of Billingsley (1995), there exists a
constant C' < oo such that for all n sufficiently large [((,ugﬁ“) /n) ‘ugM (Zva)eu
= Bz (((u™) /n) E HugM(Zl’Q)E‘ |FZ]) < C. By applying Markov’s inequality, we further obtain

b/D;:lU/M(Zl’Q)EZO ( (Iu,rnl“m) 1). (11)

Putting everything together, we have

VY ZL M4 Q)¢
N

- 0,040, () = 0 ()

Since the above argument holds for all b € R? such that |[b], = 1, we further deduce that
D;lX/M(Zl’Q)E:O ( (Mgm) 1). O

VD, X' M# Qe +VD UM De

Lemma S2-6: If Assumptions 2 and 8 are satisfied; then, for 1 < p < 8 and for all n, there exists
D
Uy, |FZ| < C < oo a.s., where Uj; ;) =
(6,0) || 1V (i,t)

a positive constant C' such that maxi<(; )<m, £ {

Uity = PE(ip)-
Proof of Lemma S2-6: Note that, for 1 < p < 8 and for any (i,t) € {1,....,m,}, there exists a
positive constant C' such that

E [Hg(i,t)HZ U__ﬂ = b [(HU(iyt) B pg(i’t)HQ)p |}—"Z]
< ot { (E [HU@,»H? |ff])p/8 + el (E “5(“”8 mﬂ)?“}
< C< oo a.s.,

where the first inequality follows by applying the triangle inequality, Loéve’s ¢, inequality, and Lia-
punov’s inequality in sequence and where the second inequality follows from applying Assumption
2(i) and from the fact that p € S,, some compact subset of R? as stated in Assumption 8. Since
the upper bound above holds for all (i,t) € {1,....,my,}, for all p € S,, and for all n, it further

follows that max;<(; sy<m, £ H‘Q(MHZ |.7-"nZ} <C < oo a.s., as required. [J

Lemma S2-7: Under Assumptions 1-6, the following results hold: (a) 3 Lin =0p ([ mm] / n) (b)
an = 0p ([ mln] /n>
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Proof of Lemma S2-7: To proceed, first define

— [ umnoQ (1 0
(4 8 ) i (4 1)

4 (1 0
w5 n)

Now, for any 8 € R4 such that ||3]|, =1 and for X = [ y X |, we can write BX AXB =
B'LsD,, (5; 1Lg_17,A7L5_1ﬁ; 1) D, Lsf3. Moreover, by direct multiplication,

and note that

1 a1t [ (W= X00) Ay — X80) / (™) (y — X60) AXD;/ ()
D, Ly " XAXL; "D, = e # "
n s 0 n ( D/IlX/A (y _ X(S()) / (Mmm) D;lX/AXD;1 ’

n

Now, by straightforward but tedious calculations and by applying Assumptions 1, 2(i), 3(ii)-(iii),
4,5, and 6(i), as well as Lemmas S2-3(c) and S2-1(a); we can show that, under the rate condition

VEs/ (uim)* =0,

=115 ;-1 0 0 1

D, Ly " X AXL;'D, = ( 0 T ZMZQ 2y n ) +0,(1) ",

where, in light of Assumption 3(iii), Y/ Z,M(%1:Q) Z,Y /n = O, (1) and Y/ Z4M (%19 Z,X /n is pos-
itive definite for all n large sufficiently large. It follows that D, 1Lg_1Y/A7L5_1ﬁ; Yis positive
semidefinite w.p.a.1, so that

BX AXB = B'LiD, (E;ng_lylAYLé_lE;l) D,LsB > 0 w.p.a.l for all B € R4 such that
18]l = 1. Moreover, by straightforward calculations, we can show that

X' MZQXg B B,Lg72DuT/ZéM(Zl’Q)ZQTDML§726 .

: oL;

' Q
E [M} LsB + 0, (1),

n n

where V = [ e U ] and Lso = [ o Iy ] and where F/ [V’MQV/n] is positive definite for all n
sufficiently large in light of Assumptions 2(ii) and 6(i). Since Ls3 # 0 for all 8 € R+ such that
18]I, = 1, it follows that 8/X MZ-@X8/n > 0 w.p.a.l for all § € R4 such that [|5], = 1.
Hence, with probability approaching one as n — oo,

BX AXB
R(B) = ~ =
X M(Z1.@X3
is a continuous function of 5 for all values of 8 such that ||3|l, = 1. The Weierstrass extreme value
theorem then implies that there exists some [ such that § = argming,—1 R (5) w.p.a.l. Next,

note that 7, L,n is the smallest root of the determinantal equation

20



det {Y/AY — KYIM(ZLQ)Y} = 0; and, thus, ZLm has the representation

- s BXAXB X AXp
eL’"*R(B)*N— ~|§|af—11( X )

FX M#HQXE X M(Z.QXp
Now, let ., = ( 1 —5’ / H -4, ‘ ; and we have, with probability approaching one as
n — oo, 2
~' A
0 < {r,= min _6,XAX5_
18l,=1 \ /X M(Z.Q) X3
5. X AXS,

& X M(Z1.QXs,
o (m)? (- X60) Ay - X60) / /Ko | /Ko

no | (y— X6o) MZD (y — Xbo) /n | (pwin)?
2

= 0 <@) 0,(1)0, <@> =0, ([“’I?m] )

(puigin)® n

given the rate condition /Kj/ (Mﬁinf — 0. This shows part (a).
For part (b), we use the result in part (a) above and the fact that m,/n ~ 1 by Assumption
5(i) to obtain

- (flgfi;{jjzn o, ()] [reon (] -0 (EL) 0 0o

We introduce some notations before proceeding to the next lemma. Let

(@, )m081,100) 5 - (W00 80T ) > (U100 E@1)0) 5 0 (U@ T2 00 E@ ) 0) 5 oo

Uln,1)ms E(ny1)on) o> (U(n,Tp)m> E(n,Tn)m) denote a triangular array of (bivariate) random vectors.
Also, let ¢ ) n = ity (£),(i,t) = 1,...,myp, denote a triangular array of measurable functions.
In applications of the lemma given below, we will take ¢; ), to be either a conditional variance
or a Conditional covariance given FZ = J(Z ), the o-algebra generated by Z. In addition, we
let o(z o = [ |5’: |, w (Z o = E[u? U 1) | FZ],and Viitym = Ele(i ) ntin .l FZ]. In order to
simplify notatlon we suppress the dependence of ¢ (i,t),m> aa o wa o and w(z}t)m on Z.

Lemma S2-8: Let A be as defined above. Assume that i) (u(171)7n,5(171)) yeees (U(l,Tl),m@(l,Tl)) ,
(u(2,1)m0 E@1)m) 5+ (U210 E@T2)m) 5 -+ (Un 1) Em 1)) os (W(n 1) im0 E(nT) ) ATE independent
conditional on FZ = o (Z); ii) there exists a constant C such that, almost surely for all n sufficiently
large, maxlg(i7t)§mn E ( (zt ‘fz) < C max1<(, t)<mn, E ( (zt ‘fz) < C and max1<(l t)<mn, d)(i,t),n

C. In addition, define ¢; oy, = E [w(j.5)nE ()l FE] for (j,s) = 1,...;mp. Then, under Assump-
tions 5 and 6, the following statements are true:

-1 2 p .
(a) Ky 1<(4,8)<(i,t)<mn A(i,t)v(j,s)gb(i?t)y” {U(J 8);n®(j,s)m 1/1(] 5) ”} =0
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. 2, 0.
(b) K3, eine m Ai0.G.9 A0 k) D0m (UG nE k) + EG 0 n Uk w)n = O

1< (k,0) <) <(ist) <

1 .
(©) Koin Q< (o< (ios) (i) < . M08 A0, 060 P61) () nE o) 2 0;

-1 p
(D) Bon Qe ety < i< my 200G A0, 060) P00 1G5 ) — O

Proof of Lemma S2-8: To show part (a), note that

1 2 2 7
F [<K2n21<<j,s><u,t><mn A 59960 { Winn = Do n}> % ]

_ 1 4 2 2 7z -2
= ‘Kgnzlg@,sku,t)gmn At otoa B (ontlionlFl) =Pl
2

2 2 2 2 A
+K§,n Zlé(j78)<(k,v)<(i7t)§mn A, G400, P 00) 0 P t)n {E (“Uvs)vng(j?s)yn'f n )
1 4 2
= K3, Zlé(j78)<(i7t)§mn {A@vt)’@%s)qﬁ(@t%"
A 4 7 2 7 A
XNE(US JFEY B (o lF2) + B (0 FE) B (20,12 )]}
2 2
+K§,n Zlg(j7s)<(k7v)<(z‘,t)§mn Al )46 H%@v”‘
Z Z 7 A
V(o 2) 2 (2 +  (0057) 2 (0057)
< C LZ AL +LZ A2 A2
— K%n 1<35,8)<(i,t) <mn (4,8),(4,8) K%n 1<35,8)< (k)< (i,t) <mn (k,0),(4,8) 7 (4,1),(4,5)
1 mMn 4 2 Mp azes )
< Ol 2 A(at),(j,s)*—Kz ) > Al G960,
21 (it),(j,s)= 0 Gs)=1  (it),(kv)=1
(6,620, ) (i,8)7(3,5), (k,0)#(j,5)

= Ogq.s. (1)

—2
—V(j,5)n

where the first inequality is the result of applying T and a conditional version of CS, the second
inequality follows by hypothesis, and the convergence to zero almost surely follows from parts (b)
and (c) of Lemma S2-1 and the symmetry of A. It follows by the conditional version of the Markov’s

inequality that for any ¢ > 0

1 2 -
o (‘ T Dorctior<(inzm A0 6260n {61690 = Toin

Note further that

|

26|5’:nz>—>0 a.s.

>€}-nZ)

2
A%i t) (j78)¢(i:t)7"{ €(j.5)U(j,s),m lZ)(L )om }

Z - K2,n

1<(G,8)<(it)<mn

< 00

sup K
n
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Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley
(1986), we have, as n — oo,

1 2
o <‘ Ko Zlg(msk(i,t)gmn Ao.G9060n {5(395)’”“(395)’” h %"s)’"}

as required for part (a).

To show part (b), first let L be the lower triangular matrix such that L, (;.4)

= A(Zt ]I{(’L t) (', S)}, and define DE = dZ(Zg (E(l,l),n’"'7E(H,Tn),n) = dzag (El,--wamn)a

¢ = dZCLg (gf)(l,l), ceey ¢(n,Tn)) = dZCLg (gbl, ceey ¢mn), u = (u(l,l)’ ...,U(an))/ = (ul, ...,umn)/, and
e=(ea1), - 5(n7Tn)), = (€1,...,6m,)". Tt then follows by direct multiplication that

1 _
Ko > AhnG%eon {F60mGan ~ Do | 2

1<(G,8)<(it)<mn

&'L'DyLu—tr { I'DyLDg }
= Z A(z t),(4, )¢(i,t),n {“(J 5),mE(j,8),n 1/’(] s) n}
1<) <(it)<mn

+ Z AGi0),65) A0, (k) Pty LU ) mE (ko) T EGGys)mU(lo)m }
1< (k,0)<(4,8)<(i,t)< mn,

so that by making use of Loéve’s ¢, inequality, we have that

2

A )., A0, (k) D0, 18G5 mEe)n F €(G,8) m Uk 0)m | ”
. 2.n
1S (k,U)<(],S) ?
<(i,t)< mn

1
< 2—
KQ,n

2
1 9 — 7
+2 2 E Z A(i,t),(j,s)¢(i,t)7n {U(J, ),nE(4,s),n 1/’(], )n } ‘}—
Kan 1<(j,5)

<(i:t)gmn

2
E [(u’L'D¢L5 ~tr{L'DyLDG}) |fnz]

(13)

From the proof of part (a), we already have

1 2 A 2 A
K22 E [(Zlg(j,s)<(i,t)§mn A(i,t),(j,s)d)(i,t),n {u(j,s),ng(j,s),n - 77Z)(j,s),n}> |fn] = Oq.s. (1) .

To show that

2
70 E [(u'L’D¢Le —tr {L,quLDE}) |~7:5} = 0a.5. (1),

2.n
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note first that

K12 E [(u’L’D¢La —tr {L’D¢LDDE})2 | }"f]
2n

1 1 2
B |(WL'DyLe)* | FZ| = = [t {L'DyLDg |
KZ, Kz,

1 1 2
o E[WL'DyLe @ W'I/DyLe | FZ] — e |tr {1/ Dy LD }]
1

K3,
_ [tr{L’D LD—}]2
K3, g’

1

K12 tr{(L'DsL ® I'DyL) B [ew’ © eu!|F]} = - [tr { L' Do LDy | GP)
2.n 2,n

E[tr{(v ®u) (I'DyL ® I'DyL) (c®e)} | F7]
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Next, by straightforward calculations, we obtain

E[ev @ 8u'|.7:nZ]

0?1,1),715?1,1)@6(171)6/(1,1) T 0%1,1),nw?an),ne(Ll)e/(n,Tn)
U%I,Tl),nw%l,l),ne(lle)el(l,l) T U%I,Tl),nw%n,Tn),ne(lle)e,(n,Tn)
U%n,l),nw%m),ne(n,l)6/(1,1) e (n 1) (n Tn) €(n 1)6/(n,Tn)
2 —2 —
U(n,Tn),nw(l,l),ne(n,Tn)6/(1,1) e O-%n,Tn),nw(an),ne(n,Tn)el(n,Tn)
_2 -— -—
P(1,1) €11 €1 1) o P T mem T
YarnPanaCaneimy 0 Yam)m®mT) nen ) Eq )
+ : :
V)P0 0my " PPl )
E(n,Tn),nE(m),ne(m)Bl(an) T E(n,Tn),na(n,Tn),ne(n,Tn)el(an)
s / .. ...
Z(1,1),n€(1,1)€(1,1) anmn mn(x)mn
0
My, XMy
+ e 7{(1,T1)777/€(1,T1)€/(1,T1)
0
My, XMy,
— /
mngmn mngmn o mngmn %(an),ne(n,Tn)e(n,Tn)
w(lyl)ﬁl ® DE mn9mn o o mn9mn
0
My, XM
+ : e Pam)n ® Dy
i . 0
_ MmpXmgy
m7L9m7L mngmn o mngmn ’L/}(n,Tn),n ® DE
= (DO' ®Imn)vec (Imn)vec (Imn) (DU@Imn)
+ (D4 © In,) K, (Dy © Im,) + E'DzE + Dy @ Dy ) (15)
where K, . isan m2 xm?2 commutation matrix such that for any mn Xmy, matrix A, K, . vec(A) =

vec (A"). Also here, Dy = diag (V15 s, )5 Do fdzag (01, ..., 02, ) Dy = diag (wl,.... Wz, ),
Dz = diag (31, ..., %m,) With %0, = E [E@ ot 0yl F } 02 0T m — Wiayn for (i,t) =
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1,....,m,. Also, let
E = (e1m, @ €lmn, s €mpmn & emn,mn)/; and e;, is the ith column of an m,, x m, identity
matrix . It follows from (14) and (15) that

1 2
Fremd [(u’L’D¢La —tr{L'D,LDg}) | ff]
1 1 2
= gt {IDL e DL E e eu!|FZ)} - e |tr {1'DyLDG |
_ K1§ tr {(L'DyL @ L'DyL) (Dy @ Ly, ) vec (I, ) vec (I, ) (Do @ In,)}
+ K12 tr {(L’D¢L ® L'DyL) (Dy @ Im,) Ky (% ® Imn) }
2n
4 [('DyL® I'DyL) E'D2E} + ——tr {(tDsLe L'DyL) (Dye Dg) }
K3, ’ ST TR, ’ AN
1
R {1 D¢LD—H
_ Klg vec (I,)' (Dol/ DgLDy ® L' DyL) vec (I,
+ tr {(DyI'DyLD=® I'DyL) K L tr {(I!DyL ® I'DyL) E'D=E
+K22,nT{( Y oL Dy ® ¢ )—mnmn}+K22,nT{( ol ® ¢ )— —}

—l—%%nt'r {(r'DsLDF e L'DsLDg) | - K2 o {1 D¢LD—H

= -t {U'DoLDSI' DL, + ot { (DL DsLDG & 'DyLL) Koy, }

2,n 2,n
1 1 1
e {(I'DyL @ L' DyL) E'D=E} + e tr {L’D¢LDEH e o {1 D¢LD—H
1 1
= K%ntr {L/D(z)LDwL/D(z)LDU} + @t’r’ { (DEL/D(z)LDE X L/D¢L) Kmnmn}
1
t+-=—tr { (L'DyL ® L'Dy L) E'D=E} (16)

2n
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Focusing first on the first term of (16), we get

72 tr {L'DyLDzL'DyLDg}
,n
1 1
< 3 tr {L’D¢LD%L’D¢L} 5 tr {L/D¢LDC2,L/D¢L}
KZ,n KZ,n
1

—4 4 ! !

< 1g(?§?§mn”<i¢>vn 1g(5ﬁ?§mna<ivt>v” Kgntr {L'D,LL'DyL}
1 1

W, 9 — 'D2LI/ — T
< lg(l’lgz)i%(mnw(i,t),n 1§(z‘rg?§mng(ivt)7" \/K22 - tr {D¢LL DiLL D¢} \/K% - tr{LL'LL'}

—4 4 5
= 15, B0 [, T 1§(z’r{1t?§mn¢(”)v”

X L2757“ {LL’DQLL’} 12 tr{LL/LL'}
K2,n ¢ Kg,n
1

—4 4 2 ! /

= 1§(%1L§mnw(z,t),n 1§éﬂ?§mng(m),n (1 - &?ﬁmngb(i?t),n) —Kgntr {L'LL'L}
1
4 Z 4 A 2 / /
< 1§@I%E)L§mnE (u(i7t)7n|~7:n ) 1§(irgf)ﬂ§‘:mnE <€(i7t)7n|fn ) <1<&?§mn¢(i¢)yn> —KzzntT {L LL L}
c 2
S C tr L/LL,L = —_— LL, a.s., (17)
gt ALLEL) = g L

where the first and third inequalities follow from CS and where the sixth inequality follows from
the conditional version of the Jensen’s inequality and the last inequality follows in light of the
assumptions of this lemma. In addition, let G be an m,, X m, matrix and D = diag (dy, ...,dn,, )
such that d(; ;) > 0 for all (i,t) € {1,...,my}, and note that the second and fourth inequalities in
(17) above follows from the inequality

i {G'DGY < {max (d(m)}tr (@G (18)

(ist)

Turning our attention now to the second term of (16), we see that, using the identity
tr {(A® B) K, ., } = tr {AB} for m,, X m, matrices A and B,

1
R {(PgL'DsLDG @ L'DyL) Ky, |

1 1
e { DL/ DyLDGL' DyL} = ——tr {L'DsLDFL D, LD}

2n
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It follows by calculations similar to that used to obtain (17), we obtain

tr{ (DFL'DsLDG @ L'DyL) Ko, |

2,n
—92 9 1 ,
< (mas, Foon) ((m?xm o) i (VLL'L)
1 , ,
< CKz, tr{L'LL'L} = HLL 15 as.
Finally, to analyze the third term of (16), we note that
K12 |tr {(L'DyL @ L'DyL) E'D=E}|
2,n
_ Lmn — ’ L/DL'L,DL‘ /
>~ ) Z ‘%(z7t)7n| tr {e(iﬂf) dL€(it) ® 6(17t)€(i,t)}
Ko (i,t)=1
1 & , , 2
- 2 Z ‘%(z t)n| (e(i7t)L D¢L€(i¢)>
2n (i,t)=1
J N
g % ‘%(i,t),n‘ (e/(’i,t)L/D?ﬁLe(i?t)> (e/(i7t)L/Le(i,t))
M (it)
< max ¢2, L % ‘? |(€/' I'Le,: )2
= \i<@hsm, GO ) K3 o @)l \€eint Let)
4 Z 4 A 2 —2
< {\/E [€(i7t),n|]:n}\/E [U(i7t),n|fn] + <1<éf§?}<<mna<ivt>y”> <1<(rﬁ?§mnw(i7t)vn>
—2 2 L (0 . 2
+2 <1<(irr71té)iu§mnw(i,t),n>} <1<(2H71t€)i“§mn¢(i7t)7n> K22 (;_1 (@(i7t)L L6(27t))
L S ! — / / ] 2
g CK22JL Z_ ( (Zﬂf)L Le(z t)) < CKgn Z ( (i7t)A A@(Z’t)>
(7'7t) 1 (Z t)
mn 2
= C KLQ > <€/(i,t) [P t - MZDD5M (Z’Q)} %t))
2n (;
M (4,t)=1
1 & 5
= Cx 2 (i Pewn + €l MAD Dy MER DM A De; )
M (3,)=1

where the first inequality above follows from T, the second inequality follows from CS, the third
inequality makes use of (18), the fourth inequality uses CS and T, and the fifth inequality stems
from our assumption about the (almost sure) boundedness of the conditional moments. Applying
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T
the inequality ‘Zm @i <mr—1 Zm . la;|" for r > 1, we further obtain
1= 1=

1
K2 |tr {(L'DsL & L' DyL) E'D=E}|

1 & 2 1 ) ) ) ,

< 20 | = Z (P(m;(m)) t5 Z (el(m)M( Q) D5 M2 Dy M ’Q)ﬁ’(i,t)>
|2 (it)=1 2 (fnet

1 Mn N 2 R 2 1 20
< 2C K2 (P(i,t)v(i,t)) + <1<(I£s?§m 29(i,t)‘ >§tr {DEM D&}

M (it)=1 S\ =T n
< oolie (LY Pt BRI ] Ly D2
pS + C. 1<(I£?§m (i,t),(,t) K2 0,60 T Etr{ 5}

e M (4,4)=1 n

o (%) (20)

where we have used Assumption 5(iv) and part (a) of Lemma OA-1 in arriving at the last line
above.

In light of (16), it follows from (17), (19), (20), and Lemma OA-11 (given in section 3 below)
that

1 2
e [(“’L’%“ ~tr{Z'DyLDg} ) frﬂ <20 (1/K3,) | LU|[34C (1K) < O/ K as.

It follows from (13) that

E

2
3 AGi.0),G.9) A1), (k) P.0) . UG 5)mE (k) .n + € 5) Uk )m | 7
K2 n
1< (k) <( 2,n

7,8)<(i,t)< mp,
= Ogq.s. (1)

Moreover, by the conditional version of the Markov’s inequality, we deduce for any € > 0

A i,t),(J,8 A it),(k,v d) it),n {u .S ,n8 k,v),n +e j,S U kv ,n}
Pr( Z ()(J)()()()KQ(J”)() (4,8) % (k) 26|.7:f
1< (k,0)<(4,8)<(2,t)< mn )
— 0 a.s.
Since
2
Ai 'SAZ' v)¥P(i,t),n i )nE(kw)n T E(Gis)n v).n
SupE' Pr Z (’t)’(-]7 ) (7t)7(k7 )d)( :t)7 {;(EJ» )7 (k7 )7 (.7» )7 U(k’ )7 } Z € | fnZ
" 1< (k,0)<(j,5) 2n
<(i,t)< mn
< oo,
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it further follows by a version of the dominated convergence theorem, as given by Theorem 25.12
of Billingsley (1986), that as n — oo

A6, A0, (6:0) Pisty.m LUG,) mE (k) T €)Wy m
Pl“ ( Z K2n Z €
1< (k,w)<(4,9)<(i,t)< mn ’
= FE |Pr Z A(i,t),(j,s)A(@ t),(kv) d)(z t {;(J, ),n€(k,v),n + 8(j,8),nu(k,v),n}
1< (k,0)<(5,8)<(5,6)< mn 2,n
— O,

as required for part (b).
It is easily seen that parts (c) and (d) can be proved in essentially the same way as part (b);
hence, to avoid redundancy, we do not provide detailed arguments here. [J

Lemma S2-9: Let

A (8) = —

(y = X60) M#Q (y — X6p) 0 [ (y—X6)'A(y—X9)
2 65{( X6) M(Z1.Q) (y—Xa)}

6=do

If Assumptions 1-6 and 8 are satisfied; then, D;lﬁ (60) = Y Z,M (A Q)¢ /\/n + D 'U'Ae + 0, (1),
where U = U — gp/ and where p = lim,, .o E [U'M%] /E [¢/M%¢].

Proof of Lemma S2-9: To proceed, note first that we can write

A (do)
(= X00) MEAQ (y — X6) 0 [ (y—X5) Ay — X6)
- 2 95 | (y — X8) M(Z.Q) (y — X6) f |5_s,
(g = X69) M) (y — X4p)
- 2
—2X'A (y — X4o) (y — Xbo)' Ay — Xbp) 2X' M) (y — X§p)
(y — X80)' M(Z1@Q) (y — X4o) [(y — X60) M(Z1:Q) (y — X6)]°

- X5 )" A (y — Xdo)
= X'A(y— X6 ( 0 X'MZQ) (y — X5
= X'A(y— Xdo) — Z (50) X M%@ (y — Xdo)

where A = P+ — MZQ D M%) Tt follows from making use of the fact that
pp = F [U’M Z1.Q) e] /E[ ’M(Zl’Q)E] and from applying Lemma OA-5 and part (c) of Lemma
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OA-4 that
D YA (59)
= DX Ay — X60) — 1(60) X'MAD (y — X59)|
— D;'X'A(y — X60) — £(60) D X' M7 (y — X5)

Y 74 M (%@ ¢ Ly e Ae Ky,

Y ZLM(%1Q) ¢
NG

+ D;lU’M(ZhQ)e]

Y ZMA Qe N g | UM Q) Kin
= T—FDM (U—c‘:p)Ag—gAEDM W—p |:1+Op< " >:|
 VEKaneAe/\ /Koy Y/ Zh M (41 Q)¢ Lo Ky pn\/Kan Lo Kiny/Kon
n e'MQ¢e/n vn P n? P\ (uin) n
Y ZMARQe N g | UM Q) Kin
= T—FDM (U—c‘:p)Ag—gAEDM W—p |:1+Op< " >:|
Kopn Ky /Ko
+0, 2 + 0O, —hny 2n —i 2
n (L) n
T’Z’M(Zva)s _ 1 K2n Kl,n\/KZ,n
— QT + l)/}l‘1 (U — 5p/),A5 + Op %ﬂn max 7],7 s n
Ky p Kipny/Kaon
+0, 20 ) 40, [ V2
n ()
171 0 f(Z1,Q) 1 [Kyp KinyKon
— Y ZyM 7" e + DJIQ’Ae + O, | max . 2’”, Lny 22 )
Vi pr\ T G
Yz M7 Qe
— 2T +D,'U'Ae + 0, (1). O

Lemma S2-10: Let Assumptions 1-6 be satisfied, and let §, be any estimator such that, as
n — o0, Dy (6, — o) /u™ = o, (1). Then, -D,! (83 (6n) /86/) D' = Hy, + 0, (1), where

n

H, = T’ZQM(Zl’Q)ZgT/n and where
A = = |- x0) M@ (y - x0) /2] [0Qrrrin (6) /0]
= X'A(y—X68) —1(8) X'MZQ (y — X§),

with
£0) = (y— X6 Aly = X0) / |(y — X8) M7 D (y — X5)] .
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In addition, we also have

DX’ [A —7(3,) M(Zl’Q)] XDt = Hy, + 0, (1). (21)

Proof of Lemma S2-10:
Taking derivative of —A (4) with respect to d, we obtain

_9A(9)
EH
= X'AX —

(y — X8) A(y — X0) Y UBDy 2X'M(Z19Q) (y — X6) (y — X5) AX
(y — X0) M(Z1:@) (y — X0) (y — X6)' M(Z1:Q) (y — X0)
(y — X6)' Ay — X9)
[(y — X8) M) (y — X5)]°

+2X' MR (y — X8) (y — X6) MZQ) x

= X'AX —1(6) X' MA QX

IX'M(Z1Q) (y — X§ -~
=Xy M(zfé) T~ ;{6) {(y - X0) AX — 1(8) (y — X6) M(ZlyQ)X}

2X' MA@ (y — X5)

— X'AX —1(HX'MZHQx _ A (5)
©) (= X0y M@ (y— x5)

so that evaluating —9A (8) /06’ at § = 8,,, we have

—ma—fgn) = X'AX —0(3,) X' M#AR x —

2X'MZQ) (y — X5,) A

(y — X3,) M(Z1.Q) (y — X5,,)
2X'M#Q) (y — X5,) N
(y — X3,) M(Z1.Q) (y — X3,,)

= X'[A-T() M) x -

Pre-multiplying and post-multiplying the above expression by D;l, we then obtain

oA (3, -
_D;1 ( ag, )) DHI

- D'X’ [A —7(3y) M(Zlv@] XD,' -

IDIX'MZQ) (y — X3,))  ~ —
p XMPP W= X0 R 5y po
(y — X5n) M(Z1,Q) (y — X5n)

Now, part (b) of Lemma S2-2 gives

_ Yz M(ZQ) z,7
D'X'AXD,' = —=2 - +o0p (1) = Hy 40y (1), (22)

and, by part (a) of Lemma S2-2 as well as parts (c¢) and (d) of Lemma OA-6 given section 3 of this
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online appendix below, we have
0(3,) D' X' MA DX D
= XE) Al = X)) () (g2 D XM DX D
(y — Xgn)/M(ZlyQ) (y— X6n) /n
= 0,(1)0, (1) = 0, (1). (23)

n

It follows from expressions (22) and (23) that

DX [A=T (@) MAD| XDt = DX AXD, —1(5,) D X' MA Q) x D
= H,+o0,(1).

where H,, = Y'Z,M“1Q)Z,Y /n. Moreover, making use of parts (a)-(d) of Lemma OA-6, we
further obtain

2D X' MA@ X0p) ~ ~
k =X R,y
(y = X3) M@ (y - X5,)
2D, ' X' M9 (y — X5,) /n
(y — X(Sn) M(ZQ) (y — Xby) /n

-1
D,

;><

X [(y ~ X3,) AXD;' —
- 05 2 ()0 ()| 0

e (8& (En)> 1 Y BMAQ 7,0
% %

85/ +Op(1):Hn+0p(1)D

n

Lemma S2-11: Let ZL =Q (5) = minBeEQ(ﬂ), where @ () is as defined in Assumption 9.
Then, 7, 1, is also the smallest root of the determinantal equation det [X AX — X M2 ] 0,

where X = [y, X]. Assume in addition that condition (13) in Assumption 9 is satisfied; then, 0L
has the representation

~\/ ~
(v x0n) A(y-x0)
KL = N/ — ) (24)
(y — X(SL) M(Z1.Q) (y — X(SL)
where SL denotes the FELIM estimator. Moreover, X A (y — XSL) — ZLY/M(ZLQ) (y — X?S\L)
= 0. In particular, this implies that A (gL) = 0, where
A@6) =— [(y — X6) M(Z1Q) (y — X§) /2] (GQFELIM (0) /85), so that 01, satisfies the set of (nor-

malized) first-order conditions for minimizing the variance ratio objective function @ rELIM (0) =
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(y— X8) A(y— X0)/ [(y — X6) MZQ (y — X6)].

Proof of Lemma S2-11:
Note that the first-order condition for minimizing the objective function @ (8) can be written

as 9Q (j@’) 105 = 92X AX5/ (B’Y’M%Q)YB)

My ey — S 12
—B,X,AXB (2X’M(Zl’Q)X6) / [/BIX/M(ZLQ)X/B} = 0. Pre-multiplying this first order condition
by the factor %EY’M (ZLQ)YB, we then obtain

0= [Y’AY X MAQOX| B (25)

where we have set {7 = Q (B) = B/Y,AYB /E/Y/ M(Z1Q7X 3. Tt is clear that in order for there to

be a nontrivial solution, i.e., ;8/ # 0 such that equation (25) is true, 71, must be a root of the determi-
nantal equation det [Y/AY —X'M (ZLQ)Y} = 0. Moreover, since our goal is to minimize the value

of the objective function @ (/3), this implies that we should choose 7, 1, to be the smallest root of this
determinantal equation. Now, define 6 = —f3,//3;, and rewrite the first-order conditions given by ex-

pression (25) as 0 = Y,AYB — ZLY,M(ZLQ)YB = Bl {YIA (y - Xg) - ZLYIM(ZLQ) (y — Xg) }7
so that, given the condition that ‘El‘ > C >0 a.s.n. for some constant C (as stated in Assumption

9), we must have
XA (y - XZS') L, X MO (y - XE) —0 (26)

Since X = [y, X], we can partition (26) into two sets of equations
0 = y'A (y . XS) _ Oy MAQ) (y _ XS) , (27)
0 = X'A (y - XE) X MEQ) (y _ XE) . (28)

~ - N -1 . ~
Solving (28) for ¢, we obtain § = (X’ {A — ELM(ZLQ)} X) X' {A — ELM(ZLQ)} y = 0r, so that

the FELIM estimator dy, is a solution to the second set of equations given by (28). In addition ,
note that, under condition (13) in Assumption 9, we have

R B/Y/Ayg Bl (y — Xg), A (y — Xg) /El (y — XSL)/ A (y — XSL)
Iy = == S - = — —
FXMEBARE By (y - X8) MAQ (y = X5) By (y— X0,) M&Q) (y - X5 )
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which shows (24). Furthermore, note that 0;, also satisfies equation (27) since
A (y - XSL) — Iy MZ1Q (y - XEL)
— (y _ XSL)' [A — ZLM(ZL@] (y — XSL) L oLX [A _ ZLM(ZLQ)} <y _ XSL)
(y — XSL)' A (y — XSL) (y — XEL)' M(Z1.Q) (y — XSL)
(v - X01) MA@ (y - X3,

= (y — XSL),A (y —XSL) —

+0, X' [A - ZLM%Q)} y

5 X! [A - ZLM(ZL@} X (X’ [A - ZLM(ZL@} X) Ty [A - ZLM(ZL@} y
=0

from which we further deduce that gL is a solution of the complete set of first-order conditions
given by (26). Finally, since A (5L> = XA (y — X5L) — 0 X' M(41Q) (y — X5L), the fact that

~

51, is a solution of (28) directly imply that ¢, satisfies the set of (normalized) first-order conditions
for minimizing the variance ratio objective function. [

Lemma S2-12: If Assumptions 1-6 are satisfied; then,
DX’ [A . ZFmM(ZLQ)] XD;' = H, +0,(1), where H, = ' ZM %@ 7, /n,

ZF,n = [ZLn — (1 — ZLH) (C’/mn)] / [1 — (1 — ZLn) (C’/mn)}, and ZLm is smallest root of the de-
terminantal equation det {Y’AY — EYIM(ZLQ)Y} =0, with X = [ y X ]

Proof of Lemma S2-12: The result follows directly from applying part (b) of Lemma S2-7, parts
(a) and (b) of Lemma S2-2, and the Slutsky theorem. [J

Lemma S2-13: If Assumptions 1-6 and 8-9 are satisfied; then,
DX |A- ZFWM(ZLQ)] (y — X80) = Vu [1+ 0, (1)], where Y, = T ZEM A1 Qe /\/n + D 'U’ Ae
with U = U —ep’ and p = lim,,_.o E [U'M@] /E [¢/M%¢].

Proof of Lemma S2-13: R
Note that, by Lemma S2-11 above, /1, ,, has the representation

(y — XELM), A (y - XgLn)

(y - XSL,n)' M(Z1.Q) (y - XSM) '

gL,n =

Next, from expression (12), we have Zﬂn = ZL,n + 0, (nil). It then follows, by tedious but
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straightforward calculations? and by making use of Assumptions 1, 2(i), 3-6, and 8 that
DX’ [A - ZFmM(Zva)] (y — X30)

7 1
= D XAy = Xdo) = brn Dt XM (y = X6o) + O, <5> Op (L>

min
M

Y 7! M(Z1.Q) A Y!' 7! M(Z1.Q)
= 276 +D;1U/AE— % [1+0p (1)] 276 +D;1U/M(ZLQ)E
1
()
P\
Y 7L M(Z1.Q) ¢ 3 U M%)
= 2T —+ Dul (U — €p,)/A€ [1 + Op (1)] — €/A€DM1 W —p [1 + Op (1)]
\/KQJ—L E/AE/\/KQJ—L T’Z’M(ZLQ)e 1
— 3 2 [1+0,(D)]+O0p | —
n e'M@¢e/n NG 0
Y 74 M(Z1@) ¢ 1 N 1 Koy Kiny/Kon
= TjLDM (U—¢p) A1+ 0, (1)] 4+ O, ummmax m_ o
KZ,n 1
0, (V) o, (1)

Y/ 74 M(Z1Q) ¢
- (=

+ DuIQ'A8> [1+0,(1)], where U =U —¢p’. O

Lemma S2-14: For any a € R? such that ||a|| = 1, define by,, = E;l/Qa, bon = /K20 D, 12_1/2
Y (it)m = 02U i)
—1/2 ~ ~
K2,TLa//En / U(Z t) (Z t) — E [8?Z7t)|fnz:|’ /l/}(i,t),’n — E |:UQ (’Lt ’Lt |f ], and w%m) —

E {uz PN 4 } If Assumpt1ons 1-2 and 5-6 are satisfied; then, the following statements are true.

(i,t)—
Z(zt Z / T,ZéM(Zh /\/_] (A(Zt ):(5,8) /\/ 2") {8(]8 n T U, )O-%i,t),n} =

0, (K1/4/ mm) =0, (1).
(b) Z::>=2 Zizt)_l (42 1.0/ o) (850 = OFi) Tapn = Op (Ko () 7 n71/2) = 0, (1),
© 30 Zg,s): (420007 K2n) (8B i~ Fhinm) Thign = Op (Ko () " n=t?) =

Proof of Lemma S2-14:

To show part (a), first let 20, Z(Zt ZZZ)):l | inT’ZéM(Zva)e(i7t)/\/ﬁ] (A .G.9)/ vV EK2om)

X {E(j75)¢(i,t),n + Uz (j,5),n0 %i,t),n}' By taking expectation and applying the triangle inequality, we

obtain F [Qﬂﬂfnz] < 'Hi+ Ho + Hs + Hy4, where Hi = Z:Z) (ko) !n_l [b/ Y'Z4M (ZlyQ)E(i’t)}

2Further details are available from the authors upon request.
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min{(4,t),(k,v)}—1
X [B, Y ZM P D, )] O ) ¥ (k) Z(M):l (A(i,t),(j,s)A(k,v),( 00, 5yl K2 n>
Hy = Z:Z)( 2 ‘ vy, X' 75 M (21,6 )e(i,t)] [b’lnT’ZéM(Zl’Q k)] /1) U%i,t),nw(kﬂ))m
min{(z t),(k, )} ~ mn
X Z(j,s):l (A(i,t),(j,s)A(k,v),(j,s)¢(j,s),n/K2,n> ', Hsz = Z( (k)= Lt B Y Z M Qe ]

~ min{(,t),(k,v)}—1
x [0}, X' ZyM (Zl’Q)e( )] Ty ¥ty Z(j 5)=1 (A(m,(%s)A(m 169G/ K2’”> ’

Y ZM Qe ] [0, T ZM A Qe ] ) o

min{(i,t),(k ) 1 ~9
DI (A(at),(j,s)A<k7v>7<j,s>w<j,s>7n/ Kan)
ing the CS inequality,

)% kv m

. Focusing first on H;, we obtain, by apply-

H1
~2
% 'lnT/ZéM(Zl’Q)e(i,t) e/(i7t)M(Zl’Q)Zz'rblnd}(i,t),n
(4,1),((k,v))=2 b

. 01, X' ZM 7@ ey el
n

IN

~ 1/2
M(ZlyQ)Z2Tblnw?k7U)yn]

1/2

2
X mz mz mm{z’ﬂz(k’“} " AGH.GAE).G9 s
KZ,n

(i,t)=2 (k,v)=2 (4,8)=1

Applying the CS inequality, Assumption 2(i), part (d) of Lemma S2-3, and Lemma S2-6, we obtain

1§(ZI1711§E)L;(mn w(lﬁt),n = 1<(iIntE)L}<{mn KQJLE H‘?(i,t)_l(m)D;lE;lﬂa‘ |ff]
\/ 2 n 2 A 2 A
= pin \/ Tl 1< Izntai(mn [E(“)u—"] 1§(€2€?§mn E [Hg(i’t)HQ |:F"]

o \ K2,n
= Ous. (—(Mgﬁn)> (29)

Moreover, by direct calculations,
2

mp min{(4,t),(k,v)}—1 _9
Z( Z(k ) <Z =1 A(i,t),(j,s)A(k ) (] s / 2 n) = K2,nt7’ {LDazL’LD(ﬂL’},
Where L is the lower triangular matrix such that L(i,t),(j,s) = A(i7t),(j7s)]1 {(i,t) > (j,s)} and D,2 =

diag (0’%1,1),71, ““’U?n,Tn),n> = diag (ain, ....,a?nmn) and where a%i,t),n = E[ €6, t)|.7:Z} for (i,t) =

1,...,my. In addition, by the result shown in Lemma OA-11 (given in section 3 of this appendix),
we have ||[LL'||p = Oqs. (\/ KQJL). Using these results, we further deduce, by applying the CS
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inequality, Assumptions 2 and 3(iii), and part (d) of Lemma S2-3 that

Hi < <1<&?}<{m Ditym ) ( nY ZZZszl") oo Vir {LD,2L'LD,:}
2
< <1<(irntf)ﬂ<‘:m T/}(i’t)m ) (b T ZQZ2Tb1n> K {L LD2 L L})1/4 (t?“ {DUZL/LL/LDOZ})1/4
2
- T ZQZQTbln ,
= ‘ LL
B <1<(irg?}<{mn wm)’") <1<r£:a§mn > < >K2 [LL||
VE2n
- Oa.s. ( .2,2> . (30)
(k™)

Similarly, let DIZ = diag (Zp(l,l)ﬁw ceeey IZ(”7T7L),TL) = diag (il,nv vy imn,n)v we can also show

~ L X' 7L Z5Th 1
. 2 1n 242 1n , 1y _
w(z,t),nD <1<éﬁ?§mn o(mm) ( . > on \/ tr {L LDZL'LD w}

2 1A o
o Y'Z5757h 1
ax 2 in 242 1 01n ’
‘ i LL
<1<(IZ%)<mn w(z,t)ﬁD <1<&?§mn O'(Z7t),n> < n ) Kon H HF

— Ous (Tv fj;) = (31)

H2§<max

1§(i7t) <mn

IN

and

2 I~ ot
Y Z57Z5Th 1
2 in 242 101n ’
j LL
1<(4,6)<mp n ) <1§(r£5)i§mn U(Z,t)ﬁ) < n > sz H HF

. <VK> | (3)

in\2
(k™)

Hg < < max ‘i(i,t),

Moreover, let D~ = diag (‘:5%1,1),71’ ....,@?an)m) = diag (EJ%”, s Ejfnnn), and note that

2 / 171
Y'Z,Z5Yh 1
2 1n 242 1Vln
Hy < < max a(i,t)m) ( )KM\/tr{L/LDGzL/LDaz}

1<(i,t) <mn n

2 / 744 /
Y 2L Z5Th - ILL]
) In 029 1in 2 == 1IF
<1S(1’Z%z)i§mn U(i,t)m) < n ) <1S(I£§§mn w(i,t),”> K2,n

- 0,, ( V KZ”) , (33)

in\2
(k™)

IN

where the order of magnitude above is calculated by applying Assumptions 2 and 3(iii), part (d)
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of Lemma S2-3, and the fact that ||LL|| = Og.s. (« /szn) and by making use of the result

~2 _ 1/2y-1 Z| p—1y—1/2
1§(i1171t?§771n Yadn = 1<(Ilrf)i§mn Kzna'y D'k [U(Zt (Zt |j: o A
2 K " /2—1
< < max E[HQ(”)H |fnZ:|> = a- n2a
1<(it)<ma "2 (puppin)

Ky

= Oa.s. 2.7 2 (34)
(k™)

which can be easily deduced from part (d) of Lemma S2-3 and Lemma S2-6. Combining (30)-(33),
we obtain £ [QH,%\}}LZ] = Og.s (« (Ko (pm) ™ ) Hence, by the law of iterated expectations and

by Theorem 16.1 of Billingsley (1995), there exists a constant C' < oo such that, for all n sufficiently
targe, £ ([ (u™)? //Fam | 202) = Bz (B {[ (™) / /Fam| 22177 })
< C. Tt follows from the Markov’s inequality that

mMn (3,6)—1 ~
W =Yg Doy O T ZM A Qe [ V] (A o)/ Ko) {660+ 8269 nh00)
= 0, (K3t (umim) ) = o (1),

For part (b), note that, by Assumption 2, the symmetry of A, part (c¢) of Lemma S2-1, and
expression (34) above; we obtain

oo & AL 6 2
2,1),\7,S 2 2 ~2 Z
2 Z Z Ko, (%S) - f’(yys),n) Wiipm | 1w
(3,6)=2 (j,s)=1 ’
1 Mn, my  min{(i,t)—1,(k,v)—1}

= 7 > 2 > AL ),0:9 ATk, ()09 B [(5@@ o ) |7 Z]
21 (3.6)=2 (k,v)=2 (j,5)=1
1 mMn Mn ~ ~

S 12 > > AT, A0.),6.9% )P () {E [E?j,s)‘f " } +‘f?j,s>,n}

21 (4,5)=1 (4,t),(k,v)=1
(@,8)7#(J,8),(k,0)#(4,5)

K3n
= Og.s. —,4
(k)" n

Hence, there exists a constant C' < oo such that for all n sufficiently large

(Nglm)ll n mn  (5,8)— (z 5,008 . . 2
s T Z K5 n ( (J,s) U(j,s),n) Wit n
’ (4,t)=2 (j,s)=1
2

(,U/gun)él n mMnp ) Z t (J7 , » ;

= EZ ﬁ Z Z 2 n ( j75) - J(j,s),n) w(iﬂf),n |fn
’ (3,6)=2 (j,8)=1

< C
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It follows from the Markov’s inequality that for any € > 0,

mn i7)—1 2 —
(u%““)2 Vn ‘e Al () ~ c
Pr( Ko Z 4 Kzi (5%j,s)_0%j,s),n) Dotyn| = o
’ (4,6)=2 (4,s)=1 ’
2
( m1n U (zt ,(4,8) ~ C
: pr( % fowa s g v, 2 G
K3 (i,)=2 (j,5)=1
4 2
€ ( mln n (zt _
< Lol (z 5 s (4, - )|
(,£)=2 (5,5)
< €

for all n sufficiently large, which shows that

mn )
z ,8 ~ K n
(; Z t (] ( (s) U%jﬂs),n) w%i,t),n =0y ((Mmmz)z \/ﬁ> =0p (1)
i,t)=2 n

For part (c), note that, by Assumption 2, the symmetry of A, part (¢) of Lemma S2-1, and
expression (34) above; we get

e R A i
2,t);J,S 2 ~9 9 z
b W (HZ(J}S) B w(]}s),n) G.t)mn |fn
(4,t)=2 (4,s)=1 ’

1 Mo m, min{(i,t)—1,(k,0)—1}

= RZ > > Z_ Ali.6.) 01,697 00 (e0)n B [( Gy~ ) n) |72}

2
(]
(]

2 2 2 4 A ~4
AT, AT, 7 60 () {E [ﬂz,uvsm‘f n] +w<j,s>,n}
) (j,s):l ) (i,l?),(k,U)ZI )

(4,6)#(5,5),(k,v)#(4,5)

( Kgn )
= Ogs. —
()

where, in obtaining the result above, we have also calculated the almost sure order of magnitude
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of E [ﬂg,(j,s),ﬂfnz] as follows

B |udalFE] = E[(\/Eaz V2D lU,t) |.’FZ]

2
= KgnE[( 'S V2D U U (Zt)D;]“E;l/za) |]—"nZ]

IN

E [HQ@,@Hi \fnZ] )’ %

K3,
Oa.s. ( (#m{n)4> : (35)

using part (d) of Lemma S2-3 and Lemma S2-6. Hence, there exists a constant C' < oo such that
for all n sufficiently large

(,umm)4 n my  (3,0)—1 A% 0.0 , 2
n i),(j,s 9 B )
E K22n (Z Z Ko (QQ,(J‘,S) - w(j75)7n> Tlit)n

i4)=2 (j,5)=1 Zn
( 2
lu’l'l’jL/un n i ’ (] S ~
= Pz [Kz {(Z Z (t(] (—ﬂys)_w?j,sx)“(zt ) fz}
2,n
(3,t)=2 (4,8)=1
< C

It follows from the Markov’s inequality that for any € > 0,

Py (u‘é““) Vn mz (igl A?@t)«jvs) (uz N?m,) 2 >

U2,3Gs) ~— YGs)m ) 9(it)n

o | Ql

Kan (1,6)=2 (§,5)=1 Ko
e .
mln ma (02 (zt ,(4,8) ~ c
= Pr ( ( Z Z g ( Uy ,(7ss) T w%j78)7n) O%iﬂf),n 2 ;)
2 o (i,t)=2 (j,s)=1
min my  (3,t)—1 A2 2
€ (k" ) n (i,),(4,8) (, 2 ~2 2
< =F |——— Z Z - HQ,( js) Wij,8),n OG,t)n
C K3, (i.£)=2 (j,5)=1 Kzn ( ’ ) )
< €

for all n sufficiently large, which shows that

Mn (7'7t)
K
2 2 O 2,n
48 n ’[, n H 7 (1) Y
B ( (.7» )7 (.]7 )7 ) ( 7t)7 p (( m1n)2 \/ﬁ) p

(1,6)=2 (j,s)=1 2n

as required. [

Lemma S2-15: Let {X; ., Fin,1 <i<kp,n>1} be a square integrable martingale difference
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array. Suppose that for all € > 0

kn
Y E[X2I{|Xin| > €} Fii1n] 50 (36)
and
kn
Y E[XZ|Fiin] &1 (37)

Then, Z Xin 5 N(0,1).

Proof of Lemma S2-15: The proof of this central limit theorem for square integrable martingale
difference array is given in Génsler and Stute (1977). See also Corollary 3.1 in Hall and Heyde
(1980).

Remark: Note that a sufficient condition for condition (36), which we will verify in lieu of (36) in
the proof of Theorems 2 and 3 in Appendix S1, is the following

kn
ZE [\Xz‘,n|2+6] 2,0, for some § > 0. (38)
i=1

Lemma S2-16: Let L, be a sequence of | X d nonrandom matrices (with [ < d) such that
~ 2 — —

‘ Ly, - < C < oo for some constant C, and let Yo, = VC (D/le’AE\}'f)

= D*1VC (U 'Ae|FZ ) D*1 Assume that there exists a positive constant C such that

Amin (( mm) LoH1S, nHy 17 /Ko n) > C > 0 a.s.n. Furthermore, let a € RY such that [|all, = 1
1/2 ~

and let g (; ), = o ((ugm) LnH 150 H T /Kgn)
5-6 be satisfied and assume that (uﬁ“n) /K2, =o0(1) but
K2/ ( mm) — 0. Under these conditions the following statements are true:

@) [y /20 300500 Ao (80— P 8 il 2] ) B [2h17]

= 0p (n71/%) = 0, (1);

(b) | (uz)* Bz S0 Zijt Lo (i = B |0l 2] ) B (12 0.0l 7]

=0p ( 71/2) op (1).

L.D; o 'U.y- Let Assumptions 1-2 and

Proof of Lemma S2-16:
To proceed, note first that Lemma S2-6 along with the assumptions on
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~ 2
Amin (( mm) L H; 122n HL! /Ko n) and ‘ n|| together imply that

mln 1 _1~,
E[ﬂz,(z,t),n\fﬂ = a’<( )LH SonH YL

1/2
T -1 Z
sz ) LnDu E |:Q(7, t (z t) ‘f

~ ~ —1/2
g () Bt s, B\
’ " KQ,n

| AL n<m, E [Hﬂ(m H2 ‘fnZ:| L

F
< :
(125)% A (Gupiny? B H S i T Ko
1
= Ogus , (39)
()
and that
~1/2
pm)e L HoS  H AL ~ e
E [gi,(i,t),n‘j:nz] = FE (a <( ) Ko 2 ) LnDulg(i’t)_l(i’t)DulL/n
~ o\ =172\ 2
mln L H 12 anlL/
y (( ) e 2 ") a) | FZ
Yz
1 maxy<(i,t)<mn E [HQ(m)H |fn:| 7
(pupin)* Pnin ((in)? Loy H S, H _15;1/ng”)}2
1
Oa.s. RN (40)
(Wmf)
For part (a ) define
mln Mn (.t)
30 = [l K] 30 Z(JS G (2 Gyn = B 12,0 FZ]) B[22 77]. and
note that we can apply Assumptlon 2(i ) ( ) of Lemma S2-1, and the upper bounds given by
(39) and (40) above to obtain
321FZ] < (“rnzam)ll S - A2, A2 2 1wzl pl2 52
3170 ] K2 (2): > ( (1,6),G:9) A0), G,9) [%t)' n] [%v)' n}
M (,8)=1 i kow)=1




Hence, the law of iterated expectations and Theorem 16.1 of Billingsley (1995) imply that there ex-
ists a positive constant C' < oo such that, for all n sufficiently large, E (n32) = Ez (nE [32|F7]) <
C. Application of the Markov’s inequality then implies that 3,, = Op (nil/ 2) = 0p (1), which shows
part (a).

For part (b), we can apply Assumption 2, part (c) of Lemma S2-1, and the result given in
expression (39) above to obtain

mln my (i 2
o (S22 35S b (- sl ] ) ]

)=2(j,8)=
( mln 4 zes mn mln{(zft)flv(kv’u)f }

= Z Z > (Au 0.G:5) Ak ). (.5)

K3 (i,t)=2 (k,v) (G.5)=1
xE [—a ()l ] [—2,(k,v),n|fnz] E [(5?3‘,5) - LK [5?j,s)|ff]>2 |fnZD
min 4 my, mn
= (l}?? ) 2 2 (420060 A0, 90 B (12250001 B 2 1000 |

2n (j,5)=1 (i,),(k,v)=1
(4,8)#(3,5),(k,0)#(4,5)

: { B ARR [5@,5)'5”5])2})

.4 9
min K
= Oa.s. <(#n2 ) ) Oa.s. (ﬂ> Oa.s. (%) Oa.s. (%)
Ks, n (prn) ()
= Oa.s. <l>
n

Hence, the law of iterated expectations and Theorem 16.1 of Billingsley (1995) imply that there
exists a positive constant C' < oo such that for all n sufficiently large

(Mmm)2 my ()1 2
nk [2—2 3 | A% 5.6 (E%j,s) - B [E%j,s)‘j:f]> E [ﬂz,(i,t),nL}—nZ]
" (=2 ()1
min)\2 mn (ivt)fl 2
= EBw {”E ((122 n) Al .9) (5?];5) - B [5%j75)|7ﬂ> [—a (i,0)n JTZ]) v }
=2 (s)=1
< C

For any € > 0, set C. = 1/C/e, and it follows by Markov’s inequality that, for all n sufficiently
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large,

@ : :

P Rt (i,6)—1
~ Pr (n KM B Al (i) (5?3}8)_E[€?j78)|f,1z]>E{gzy(u)yﬂfnz} >5§)

_ mm 5 m. it ) 2
il (% 5 5 o (- Pl ])[f)]

2Zn (i,t)=

umin) (i,1) -1
Kzn Z Z AW ),(4:5) (E%J}S) -k [E%j,s)|frzZD E [ﬂz,(i,t),n‘}—ﬂ 2 Ue)

IN
|
3
S|

< =—=c¢

Al (E?j,s)— [ |fZD [ua(zt) \fnz]

Lemma S2-17 Under Assumptions 1-6, D, LX'"AD (e 0¢) AXD,, =%,

+Z(‘ £),(5,5)=1,(i,t) £, )A%it)v(j,S)o-(Lt)DMl\I](LS) oy (1), where £y = Y/ Z§ M@ D o MZ1:Q) 2, /n,

0%y = [ |7 } D, = diag (aal), aﬁm)), and W, ,) = F [U(j,s)U('jys)vf].
Proof of Lemma S2-17: To proceed, using the fact that AZ10D,,/\/n =0 and AQ = 0, we can
write

D, D —
D,'X'AD (e0e) AXD,* = D,* (T@’Z{ + \/—ﬁT’Zé +Z'Q" + U’> AD (eo0c) A

<Zl@\/_—|—ZQT\/_—|—QH+U>

!zl
_ X12%4D (20 ) AZY | D, 'U'AD (s 0£) AUD;,!

Y'ZyAD (e 0e) AUD, ' D, 'U'AD (c0e) AZyY
i i i n
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Hence, by applying part (b) of Lemma OA-8 as well as (a)-(e) of Lemma OA-9, we obtain

' Z, M (4@ D s M(%1:Q) 7,7
n

- D AfngeE [E?i,t)‘f " } D,'E [Uu,s)U(’j,s)\fﬂ D,*

D,'X'AD (e 0e) AXD," —

(ivt)7(jvs):1
(i,)#(5,5)
_ Y'Z4AD(e0e) AZY T ZyM(ZQ) D, M(Z1:Q) 7,7
= - -
-1 -1 - 2 2 Z] -1 7] -1
+D,UAD (o) AUD = % A%y o F | ol FE| DR E UG U\ FE D
(3,),(4,8)=1
(i,t)#(5:5)
Y'ZyAD (e o) AUD, ' D, 'U'AD(e0e) AZyY
+ +
Vi Vi
= o0,(1). O

Lemma S2-18 Let Assumptions 1-6 and 8 be satisfied, and let { } be any sequence of esti-
mators such that (2

H L o0asn — 00, as long as /K, / m) — 0. Also, define the
following notations: let € = M(%4Q) (y—an), J = [M@ oMQ] , 81 = X'AD (J[gog]) AX,
Sy =(€08) J(AoA)J (B0 MZIX),

Sy = (E02) J(AoA)J (a;i oﬁ) with U = MEZQX —2p,, S5 = (02) J (Ao A) J (£07?),

~\/ -
Sy — (EL& . M(ZQ)X),J(AOA) J (ELZZ oM(Z’Q)X), Sy = (EL& oQ) J(AoA)J (E‘\L& OQ), and
Sin = Y ZyMPR) D2 M) 25X [n. In addition, define of, ) = E [52. Ifz}

D2 = diag (0%1,1)7‘ "o nTn ) Py = [U(i,t)f(i,t)|fnz]a Vin =~ |:U(zt (i,t) ‘fZ}
Sy = [Q(i,t)s(m\}"n ] and ;) = F [Q(m Q’(i’t)\}'ﬂ where Uy ) = Ugig) — pe(igy and where
for notational convenience we suppress the dependence of U%M), Pty (i) Q(z} " and g(m on

FZ = o (Z). Then, under the above conditions, the following statements are true.
(a) D,;'S1D," = Eln‘l'z(zt
+o0p (max {1,K27n ( g“n) 2})
(b) S3/Kan — Z(Zt £(8) Ali0.G.97 07 (s = 00 (1)-
(©) D, 5uD, " - ZZ:)7(J',S)=L(i,t)75(j,8) At P 0¥ D = 0p (Ko (™)),

min -1 min mn 2
(d) (un™/EK2n) S2Dy" = (k™ Kzm) Z(m)7(]',5):1,(1‘,75);&(]',3)A(@%t),(j,s)

2 2 -1 —1
(1,)#£3,5) A(@%t),(j,s)a(i,t)Du Vi, Dy

U%i,t)¢/(j,s)D;1 =op(1).
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(&) D' = Op (™) ™") and D (= p) = op (1) "), where p = limyoopy =
lim, .o (E [U'M®¢] /n) / (E [¢'M®] /n).

—1 -1 _ mn 2 -1 / -1 _ min) —2
®) Dy 54D, Z(@%t)7(jﬁs)=17(i,t)7f(j,s) A(ivt)’(jvS)D“ é(iﬂf)é(J‘,S)D“ — o (Kz’” (’u" ) )

() (upin/Kon) = (i) Kon) >

Mn 9

2 ! —1
(ivt)7(j75):1?(i7t)5‘£(j75) A(i7t)’(‘j’8)O-(i’t)é(jvs)D“ o Op(l)-

Proof of Lemma S2-18:
To show part (a), note first that, by making use of the decomposition M (2.Q) = M@ — PZL,

where PZ" = MQZ (Z’]\JQZ)_1 Z'M@, we can write

g = MEQ (y - Xﬁn)
- MZQ (y e [50 — 8 +3n}>
= MZ (y - X5,) - MEQx (En - 50)
MZ9 (2,0, + Qa) + MZe — M7 X (Sn - 50)
= MUEQe_ pEQ)x (Sn = 50)
- _MZQyx (Sn - 50) + M@ — p7e,
from which we obtain
JEoE = J[MEQX (5, - 80) o MEDX (3, d0)] + T [M% 0 MO%]
+J [PZ% 0 PZLs} —2J [M% o MZQx (Sn - 50)]
+2.J [PZ% o MZQ x (Sn - 50)} —2J [MQE o PZLE} (41)
where J = [M@ o M@] ™" Substituting the right-hand side of (41) into covariance matrix estimator
D 'X'AD (J [Eo€]) AXD,', we get

D,'SiD,;" — D' X'AD (e o) AXD,!
o —1 vt N -1 -1y -1
= D, X'AD(J[gce]) AXD,” — D, X'AD (eo¢e) AXD,
= /Tl,n + %,n + %,n + ﬂ,n + /T5,n + %,n + 777,71 + /TB,n + %,n + ITIO,na

where i, = D; ' X'AD (J [M@Q)X (En - 50) o MZQ) X (En - 50)}) AXD;,
Tom = D' X'AD (J [M@e 0 M%) AXD,' — D' X'AD (e o) AXD,/ !,

Ton =D, X'AD (J [PZ e 0 P e] ) AXD,Y,

Tin = —2D; ' X'AD (J [MQE o MZQ) X (En — 50)}) AXD;Y,

Tn = 2D;1X/AD (J [PZLE o M(ZQ) X (gn - 50)}) AXD;l, and
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Ton = =20, X'AD (7 [MQe 0 PZ¢] ) AXD, 1.
Consider the term 77 ,,. Let G; = {({,h) : ¢ =4 and h = 1,..., T;}; and note that for any a,b € R?
such that |la|l, = ||b||, = 1, we have

mn

T = | D0 D Y Y dDX e Awn.G.9 0.

(,)=1 (4,8)#(5,t) (k,0)#£(i,t) (p,g)=1
Z, n " ! Z, -1
Xe(p M PDX (5n —50) (5n - 50) XM De ) Ali0), 0000 (k) X Dy '

- -1
= | > D> dD X e Aun.ie)
(i,t):1 (j»s)7é(i7t)

My, = = ,
X Z J(i,t),(p,q)]l {(p, q) < g,} 6/(p7q)M(Z’Q)X (571 — 50) (571 — (50) X/M(Z’Q)e(nq)
(r,a)=1

E —1
X A(ivt)7(k7v)€/(k‘,’l))XD,U4 b
(k,0)#(i,t)

where J;4) (p,q) i the element in the (i,t)" row and the (p,q)™ column of the matrix J for
(4,t),(p,q) € {1,...,my}, where [{-} denotes an indicator function, where e(; is an m, x 1

elementary vector whose (7, s)th component is 1 and all other components are 0, and where the
second equality above follows from the fact that J; ) (pq) = 0 for p # i due to the sparsity (or

block diagonal nature) of J. Now, let D*/ (M(Z’Q)XX’M(Z’Q)) be a diagonal matrix whose (i, ¢)""
T;

diagonal element is given by Zq:l | Ti0).6.0) | e'(i7q)M(ZQ)XX'M(Z’Q)e(i’q). Applying the triangle

inequality and the inequality |XY| < (1/2) X2 + (1/2) Y2, we then obtain
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(T = | S AP X e S o€l M EOX (30— bo) (50— d0)
(i,t)=1 q=1

xX'MEeg el t)AXD’lb‘

9 % Z {‘J (4,1),(i,q) , M#QX (;S\n B 50) (g” o 50)/X/M(Z7Q)e(i7Q)

=1¢=1

IN

Xa D_lX Aeg, t)e(i t)AXDljla}

2 Z Z {‘J(zt (z,q e(lq M(Z’Q)X (gn — (50) (gn - (50)/X/M(Z’Q)e(i’q)

=1¢=1
XD X e ¢l AX Dy b}

L a' D' X' AD® (MEDXX'MZD) AXD, 'a
I ( ) AxD,

_l’_

b — 50H VD, X' AD™ (M<Z QDX X' M7 >) AX Db (42)

By tedious but straightforward calculations, we can show that
DX AD® (MEDX X' MED) AX D, = 0, (max {1, Kz, (1) *}). Hence, given the as-

2
H2 2,0, it follows from expression (42) that

sumption that An
|a'Ti b = op (max{l,Kgyn( g““) 2}) Since the above argument holds for all a,b € R? such
that ||all, = ||b|l, = 1, we further deduce that 77, = o, (max {1, Koy (pmim) ™ }) By following a
similar method of proof, we can also show that 7, = o, (max {1, Koy (pmim) ™ }) for k=2, ...,6.

The fact that 7, = o, (max {1, Ky, ( gﬂn) }) for each k = {1, ...,6} further implies that

6
D'$1D," — D' X'AD (e0 ) AXD =Y T =0, <max {1, K2 }) (43)

2
p (k™)

Moreover, by the result of Lemma S2-17,

D'X'AD (e0e) AXD,' =S1n+ Y. Al 970D Vi Dpt +op(1).  (44)

(i,1),(4,5)=1
(i.0)#(7.5)

Combining (43) and (44), we further obtain

-1 -1 _ mn 2 -1 min) —2
DIASIDEN = Sant D00 st W67 D W D op (e {1, Ko () }),
which shows part (a).
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To show part (b), write

S3 1
Ksop B K2,n Z A(Z t),(4, s)U(@ t)U(J s) =A+,
ey
where
S3 1
A= Kopn _KZn Z A(”)( 5)€ ( )E(]S)
’ (1), (4,8)=1
(M)#(JQS)
. 1 mMn, ) L, i 2
TR 2. Atnis (5<z‘7t>5<j,s> - U(i,t>°'<j,s>>
2n . X
’ (2715),(]78):1
(1,6)#(4,5)
ane where

S3=(E08) J(AoA)J(Eo?)

To analyze the term A, note that, by direct calculation, we can obtain the following decomposition

m T;
1 - 9 2 7 ~\12
A= 7 > A(i,t),(j,s) > T i [el(i,h)M( @) (y - X‘Sn)}
2T (6.0),7.8)= h=1
Bt
TJ‘ N ’ 2 1
27 —_—
x> ) Gi) [(y—mn) M Q)ff(m] e Z A(m) RO
v= o (i,t),(4,s
(@ t)#(] S)
3 6
= ZA’“LZZA@ (45)
k=1 (=4
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where

T T
1 2
A= T Z A6 2 Tan i (i) le(j’s)’(“) (¢ <J”>MQ)
M) (Gs)=1 h=1 o
(i) #)
1 A2
e Z (60,9505 ()
" (4,t),(d,8)=1
(B2
4 mMn T 1
_ 2 N / z / 2 X (5, - , 9
A= 5 2. A(z,t),w,s){ZJ(m),(z,h) (eu,h)P et eumMTTX [5" 50})(6W)M E)
™ (i0).Gs) =1 h=1
(i:0)#(7.9)

" ;jlj(“)’(%v) (el(ayv)P Pet el MPOX [g” - 50}) (e,(m)M QE) } 7

Mn ) )

4= g, 5 M St s 03 )
’ 77.]7 1
(i:t)#(4:9)

T;
XD JG).60) [el(ayv)P Pt el MPOX (g" - 50)} 2} ’
v=1

2 L
Ay = Ko, Z (Zt ,(j,s) {Z (7,5),(3:0) ( )MQ)
’ 2t
p e

T;
S i (o 0% i) (a2
h=1
My, T ~
A = % 2. A%i,t>7(j7s> {Z UCONED (eEi,h)PZ Tetel,MEAX [5n - 50D2
h=1

27 (50), s
R e

Ty
X Zj(j,s),(j,v) ( €3, v)MQ ) } , and

v=1
9 Mn . 2
As = —E( )(Z) (zt (ss) {ZJzt ),(i,h) ( €inP l5+“/’,(z‘,h)M(Z’Q)X [511_50})
M (i), (Gs) =1
(4,t)#(4,3)

v=1

X i J(5.5),i,0) (e'(jm)PZLs + e’(j’U)M(Z’Q)X [Sn - 50D (e/(jm)MQs) } .

It then follows from part (d) of Lemma OA-14; part (e) of Lemmas OA-15 and OA-16; as well as
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part (c) of Lemmas OA-17, OA-18, and OA-19 that

53 1 S 2 2 2
A= - 2 AnGoosie
’ (1), (4,8)=1
(1,t)#(5.9)

= A1+ A+ A3+ 244+ 245 + 246 = 0, (1) . (46)
1\ 2 2 2 2 2 :

Now, for the term 2 = KZnZ GA=1LG4G, )A(i .05 (E(~ 0EGs) U(i7t)a(j,s))’ it can be
shown by straightforward calculatlon and by using Assumptlons 1, 2(i), 5 and 6 and Lemma S2-1(a)
that F [Ql2|]-"nz } = Og.s. (n_l). It then follows by application of the law of iterated expectations,
Theorem 16.1 of Billingsley (1995), and the Markov’s inequality that

1
a=o, (L) -
Combining (46) and (47), we get

S3 1 .
KQ,TL B KQ,TL (th A(z t),(4, S) (z )U(]S A+2[—Op( ) Op <%> 7017 (1)7
(4,6)#(d.s )

which shows part (b).

The proofs for parts (c) and (d) are very similar to that of part (b). Hence, to avoid duplication,
we will not provide detailed proofs of these parts here.

Turning our attention to part (e), note first that, we can write

X'MEQ) (y — X5,,) /n
Pn—p = 7 = —r
<y _ an) M(ZQ) (y _ X(Sn) /n

X' MZQ) (y — Xgn) Jn— U MZQg n + U MZQ¢ /n

(v- Xﬁn)' MZQ) (y = X3,) /n— ' Ms/n + ' MO/n

where p = limy .o p,, = limp—oo (E [U'M QE] /n) /) (E [¢M QE] /n). By straightforward asymp-
totic analysis, we can show that

X' MZQ) (y - Xﬁn) U M(71Q)

n - n = Op (1)7
~ / ~
_ (Z,Q) _
(v=X5.) MEQ (y-X6,) oyz@. "
n n PR
eM(Z1Q)e o MQs
- = Op(l)a
n n
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U'M(Z1.Q)¢ 1 Kin
W‘p:%(m{%’ n })Z"p“”

T;—1
T

7

Assumption 2(ii), there exists a positive constant C' such that FE [5%@ t)\}"f ] > C >0 a.s., so that

E[%MQE] B %Ez {ii KTZTT@ 1” E [e?@t)lﬁﬂ}

Next, note that, under Assumption 6(i), 7; > 3 for all 7, so that

> % for all . Hence, by

i=1 t=1

9 n T1;
> %EZ{Z;;E[E@V,%}}

2 . [=¢ 2ma ., (. "
> S_nEZ ;;Q :§7Q smcemn—;Ti
> gQ>0

3

for all n sufficiently large. It follows from these results that p,, — p = [U’M(Zl’Q)s/ (E’MQE)] —p+

op (1) = 0p (1) and [[p,[ly < [[p, — pllo + llolly = Op (1).
Now, let a € R? such that |all, = 1; and note that, by applying the CS inequality, we have

1 1
dD7'5.| < ——|p,ll, =0 <—> 48
Dol =y IPnlle = On { iy (48)
1 1
aD;t(p, — — 15, — pll, =0 (—) 49
‘ 1% (p ,0)‘ — (Mrl?m) Hp ,0”2 p (M%lm) ( )

Since the argument above holds for any a € R? such that |af, = 1, we further deduce that
D5, =0, ((Mgﬂn)’1> and D' (p, — p) = 0p ((Mgﬂn) 71), which shows part (e).
Part (f) can be shown by applying the results of parts (b), (c), (d), and (e) of this lemma as

well as part (a) of Lemma S2-1 and Assumptions 2(i) and 3(ii). Part (g), on the other hand, can
be proved by applying the results of parts (b), (d), and (e) of this lemma. O

Section 2: Proof of Lemma 1 of the Main Paper

Lemma 1: Suppose that Assumptions 5 and 6(i) are satisfied. Then, there exists a positive
constant C' such that
Amin (M(Z’Q) o M(Z’Q)) >C >0a.s.

for all n sufficiently large.

Proof of Lemma 1:

To show the required result, we shall apply Gersgorin’s theorem (see Theorem 6.1.1 on page
344 of Horn and Johnson, 1985). To apply this theorem to the matrix MEZQ) o M(ZQ) we note
first that this matrix is symmetric and its elements are real-valued, so that all the eigenvalues of
this matrix are real. Now, let e(; ;) denote an m,, X 1 elementary vector whose (1, t)th component is
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1 and all other components are 0, and define

R,(i,t) <M(ZvQ) o M(ZQ)) — %

(7,5)=1
(7,9)#(it)

o (359 0059

?y

for (i,t) € {1,...,mp}.

Applying Gersgorin’s theorem to the matrix M (%@ o M(%Q) we see that

Amin (M(ZQ) o M(m))

€ VU {z eR:|z— (M((Zztﬁ)zt)f‘ < R/(i,t) (M(ZQ) o M(Z,Q))} ’
(ih)=1

so that there exists at least one pair (k,v) (where k =1,...,n and v = 1, .., T}, given k) such that

o (3159 0219 - (2 )

< Ripyy (MPQ 0 i)

= (g9,

(4,5)=1
(4,8)#(k,v)
or
Mn 9 )
- '2)1 (M((/ff){)(jﬁ)) S Auin (M(ZQ) ° M<Z?Q)> N (M((If;)c)?,)(k,v)>
(o)

INA
/E
/g/\
TN
)
<
=
N———

[\

(G.5)=1
(5.5)#(k.v)
Using the first inequality above, we have
7, z 2Q) - zQ )2
Amin (M( Q) o Mt Q)) > (M(k,u),(k,v)) - s (M(k,u),(j,s))
]782
(5.5)#(k,v)
_ ZQ) V2 Q) \?
= Q(Mw,v),(k,v)) > (Mac,u),(j,s))
(G.5)=1
_ ZQ  \?_ 1,2Q
= 2<M(k,v>7(k7v>> M) (k0

_ o(ZQ) z@ 1
- 2M(k7v),(k,v) <M(k,v),(k,v) 2>

- (2.Q) (Z.Q) 1
Z 21§(lg'})1)n§mn |:M(k7y)?(kvv) <M(k‘,v),(k;,'u) o 2>:| ’

54



Hence, a sufficient condition that Ay, (M (Z2.Q) o M (Z’Q)) is bounded away from zero a.s.n. is that,
there exists a positive constant C such that

: (2,Q) (2.Q) 1
min [M(kvv)xk?v) (M(k,v),(k,v) - 5)] >C>0a.s.n. (50)

1<(kv)<mn

Now, consider the function
1
f(x)—x(w—§> for0 <z <1

and note that

1 1
f’(m)z?m—§>0forz<x§1,

from which we deduce that a sufficient condition for the condition given by (50) is

: (Z,Q) 1
1§(l£2)1)n§mn M(km),(k,v) > 5 + €1 a.s.n.
for some ¢; > 0. In addition, write M(ZQ) = MQ — PZ* where PZ" = MQZ (2/MRZ) ™ 7' M?
and where the (k,v)"™ diagonal element of M9 =1, — Q (Q'Q) " Q' is given by

Q _q,_ 1
M(k,v),(kﬂ)) =1 Tj
Under Assumption 5, P(it}) (hw) = Ous. (Kp/n) = 04.5. (1) for every (k,v) € {1, ....,my}, so that for

any 0 < €; < 1/6, there exists a positive integer N, such that for all n > N, P(%,lu),(kw) < % —€

a.s. It follows that, under the assumption that minj<x<, 7), > 3, we have for all n > N,,

: (2,Q) _ : Q _ pzt
1§(,$})2mnM(k,v),(k,u) = e (M(km),(k,v) B (k,v),(m))

. 1 ZJ_
T i<(ho)Emn <1 T P““?“”““v”)

2 (1 \_1,
3 5 €1 =3 €1 a.S.,

vV
|
|

as required. [

Section 3: Statement and Proof of Additional Lemmas

In this section, we state and prove a number of additional supporting lemmas whose results
are used to prove some of the lemmas given in section 1 of this online appendix.

Lemma OA-1: Under Assumptions 5 and 6(i), the following statements are true.

(a)




where Dy = diag (51, ,5mn)
(b)

max
1<(i,t)<mn,

i 2 K22,n
ﬁ(i,w( =Oas. | /5 |-
Proof of Lemma OA-1:

To show part (a), note that, by the result of Lemma 1, there exists a constant C' > 0 such that

tr{D%} = Z ;’fm)

1 M

-1
MZQ) 4 M(ZQ)) S ewnelin (M(z,@o M(Z@)) dp1
(i,t)=1

(
= ’PJ_ (M(ZQ) o]\/[(Z’Q))_2 dps
1

< 74
~ [)\min (M(Z’Q)OM(Z7Q))]2 pLdpL

1 2
= <6> dpidps a.s.

1 2 Mmp . )
- <5> Z (P(i,t),(@t))

(3,6)=1

1 ? n mn N
< <6> <1<(r@%?§m P(i,t),(i,t)) Z P
S (i,t)=1

K3, S
= Ogs. n’ (by Assumption 5(iv)).

where e(; ;) denotes an my, X 1 elementary vector whose (1, t)th component is 1 and all other com-
ponents are 0.

Next, we consider part (b). Note first that, as shown in the proof of Lemma 1, under the
assumptions that minj<;<,7; > 3 and K, /n = o(1), the projection matrix MZQ) s strictly
diagonally dominate a.s.n., so that there exists a positive constant C' such that

, (2.Q) z@ _1
1§(£%I§1mn [M(i’t)(i,t) <M(i,t)7(i,t) 2” >C >0 a.sn.

See, in particular, expression (50) in the proof of Lemma 1. Under these conditions, then, applica-
tion of Theorem 1 of Varah (1975) to our problem leads to the following inequality

-1

_1 . s 2 s I 2
H(M(Z,Q)OM(ZQ)> < . g(%gmn (M((iif()z‘,t)) - (kz)l (M((ivztﬁ)’““))
(k0)2(0)

(e o]
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Now, making use of this inequality, we have, almost surely for all n sufficiently large,

1< (valtz)i;(mn ﬁ(i’t)

-1 2
= max e’(m) (M(Z’Q) o M(Z’Q)) dp.

1< (i,t) <my,
S 2

< 13(%?;{7% ‘(M(Z’Q) oM(ZQ)) €(i) 1HdPJ_HC2>O (by Holder’s inequality)

(2Q) o 2@~ i 2
= <1<(ifgf)ﬂ<<mn (M o MY ) €(i,t) 1) ldprllo

2 2
Mn 1
= (Z,Q) (Z:Q) Lo
1<(i)<mn (j%:_l (2@ o0 )us),(z,t)) <1s<z‘r?t?§mn PW”“’“)
~1/12 2
- (M(Z,Q)o M(z@)) max Pl
1 <@t <mn, (0:8),(8:t)
L2 2 _
= ‘ (M(Z’Q) o M(Z’Q)) N <1<(rﬁz)§mn P(i‘:t),(i,t)) (by symmetry of (M(Z’Q) o M(Z’Q))
-2
. Q@ V3V z@) )2 Y
o R (M) - (g):_l (M%) <1S@I{§?§mnp (z’¢>,<z‘,t)>
(k) A1)
(by Theorem 1 of Varah, 1975)
-2 2
= <21§(£%I§1mn [M(i,t),(i,t) (M(z‘,t),(@',t) 2>}> <1§(I£tz)i§mnp(i’t)’(i’t)>
1\2 | 2

< <Z> <1§(I£€?>§(mn P(Z-7t)7(i7t)> (by expression (50))

K3,
= Ous [—22).D
n

Lemma OA-2:

Under Assumptions 1, 2, 3(iii), and 5(iii), the following statements are true.

(a)

' ZyMOZ, (2, MR 2,) " 7 M
\/ﬁ = O;D (1) ’

Y ZyM@e

NG p (1)
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Proof of Lemma OA-2:

Note first that, under Assumption 5(iii), Z'M®Z is positive definite a.s.n., which implies that
Z{MQZl is positive definite and, thus, nonsingular a.s.n. as well. Now, to show part (a), note that,
for any a € R% such that lall, = 1, we obtain, by applying Assumptions 1, 2(i), and 3(iii),

n

_ 2
Y ZMOZ, (ZMRZy) T Zi MR\,
Vi 7

dY'ZyMOZy (Z,MRZ)) ™! ZMOQE [e</|FZ) MQZy (Z, MR 7)) Z{M?Z;Ya

n
Nz MR Zy (7 MRzt 72 MR Z,T
< max E[E%-tﬂfﬂ - 2 1( ! 1) ! 2 ¢
1<(it) <mn b n
'~ 7!
< max E[gz'tﬂfﬂ X' Zy22Ya
1<(it)<mn L n
= 045 (1).

Hence, there exists a positive constant C' < oo such that for all n sufficiently large

vn

_ 2
dY'ZMOZ, (Z,MRZy) ™ Z, M@ F
Vn :

_ 2
d Y ZL MR Zy (Z MR Zy) 1Z]’_MQ;5]

< C

It follows from Markov’s inequality that, for any € > 0, we can set C. = 1/C/e so that, for all n

sufficiently large,
Pr ( Z CE)

2
= Pr

AT ZMOZy (2 MR Zy) ™ Z, M@
N
AN ZLMRZ, (MR Zy) ™ 2 M
Jn
_ 2
E([a’T’ZéMQZl (Z,MQ7,) 1Z§M%/ﬁ} )
02

€

02

€

IN

C
—_ =€
€

c/

IN

o8



which shows that .
d Y ZHMOZy (Z{MRPZ,) ™ Zi M@«
=0p (1)
N

Since the above result holds for all a € R? such that ||al|, = 1, we further deduce that

Y ZyMRZ, (Z{M9Z,) " Z{ MO
= _

Op (1) ’

as required for part (a).
Turning our attention to part (b), we again let a € R? such that ||a, = 1; and note that, by
Assumptions 1, 2(i), and 3(iii),

E([a’T’ZéMQe 2| ) _ dY' ZLMOE [e¢!| FZ] M9 ZyYa
vn ") n
"N Z5 MR Zy X
= <1<(r%?}<( E[E%ivt)‘}f]> - 2n =
o Yl rzl
< < max E[g%”)u:f])m
1<(4,t)<my, ’ n

— Oa.s. (1)

Hence, there exists a positive constant C' < oo such that for all n sufficiently large

E({%\%‘Nﬂj =Ey {E([%\/%M%r\ﬁ{)} <C.

It follows from Markov’s inequality, for any ¢ > 0, we can set C. = 1/C'/e so that for all n sufficiently
a/ X' ZhM@e

large
2
Pr( ZC'€> = Pr( n ZC’?)

B ([a0'23M%%/ya]’)

a/ X' ZhM@e

vn

C
g —_— — €
CJe
which shows that
o V' ZHMCe

Jn p (1)

Since the above result holds for all a € R? such that ||a||, = 1, we further deduce that

Y Z{M%@

NG 0, (1).
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Finally, for part (c), note that it follows immediately from parts (a) and (b) above that

T'ZQM(Zl’Q)é? _ T’ZéMQe - T/ZéMQzl (Z{MQZl)*l Z{MQE ~0,(1)
vn Vn v o

as required. [
Lemma OA-3:
If Assumptions 1, 2(i), 4(ii), 5, and 6(i) are satisfied; then,
g'Ae

AV KQ,n

~=0,(1).

Proof of Lemma OA-3:
To proceed, note that, by the symmetry of A and by Assumptions 1, 2(i), and 5; we have

2
!
Bl |4 | |#2
\/ K2n
1 Mn Mn
- K Z Z A(z‘htl),(jl751)A(127t2),(j2,52)E [E(ilvtl)g(jlvsl)g(izytz €(j2,52) “7:2]

2 (iy,1),(G1,51)=1 (i2t),(2,52) =1
(ilvtl)i(jlvsl) (i2,t2)#(j2,52)

2
- Ks,, Z A(zt) (4,5 )E[( )E%j,s)u:nz]

" (6,t),(,5)=
(4,6)#(:s )
< 2< max E[ |]-"ZD ! Zn A%.t)(.)
1<(i,t)<mn Koy, i) = RRAN
(4:t)#(J, )
— Oa.s.(l)

Hence, there exists a positive constant C' < oo such that for all n sufficiently large

2 2
'A 'A —
Bl|==| | =6l | === 172| V<@
/K 2.n \V K 2,n
It follows from Markov’s inequality, for any € > 0, we can set C. = 1/ C'/e so that for all n sufficiently
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large

2

/ /

Pr e'Ae >c)| = pr e'Ae > 2
\/KQJ—L K2,n

E ([5’145/«/[(27” 2)

< L _.

- (e
which shows that ‘A
L —0,(1). O

\ KZ,n B

Lemma OA-4: Under Assumptions 1, 2, 6, and 8; the following statements are true.

(a) &M% 5 |:€/MQ5:| 0, <L> ,

n n
and there exist positive constants C' < C such that

e/ M@e
n

O<Q§E{ ]§5<oo

for all n sufficiently large.

(b)
U'M(Z1.Q)¢ U'M@¢ 1 Ky,
S LA CSE )]

where 10
UM<%¢e
=] -ow
mn
(c)
U'M@A@e o 1 Kip
eMQ: TR\ NED ’
where
o o E[U'M%] /n
P P = i B[ M@ /n

Proof of Lemma OA-4: To show part (a), note first that, making use of Assumptions 1, 2(i),

61



(7

(7

1

RN

Ly

n T;
=1t

i

€

n2

and 6(ii); we have

— &
[N
<

=
0
S
()
=
) —
() <
— W
= =
NN =
) )
—— 2
K <
W
| <
= =
s O
LW <)
E \_|/
1TJ
'~
— |5 ~—
\I/ \I/
TS
&~ -
~_ &~
<A < [T
SATIRAT
<
&~ 1 4
ALIEA:
T [T
‘. — s —
SN
— i
g T 1
[a\} [a\]
IR —|%=
_ +

(51)

> % for all +. Hence, by

1

T;

Li— 2

T
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i

Next, note that, by Assumption 6(i), 7; > 3 for all i, so that

It follows by Markov’s inequality that



Assumption 2(ii), there exists a positive contant C such that F [E%Z t)\}'f } > C >0 a.s., so that

pares _ %Ez{iiKTT—lﬂE[E%tﬂff]}

v v
o g
SIS
—
M |'M:
(= 1=
Q by
o
B
——

> 2050

for all n sufficiently large. Furthermore, by Assumption 2(i), there also exists a positive contant C'
(> C) such that

<1<max B [5%z‘7t)|ﬂz]> <C a.s.,

(i7t)§mn

from which it follows that

& M@ 1 LI N |
E[ } - —EZ{ < >E[e§”)|ff]}
=1 t=1
1 n T1;
< EEZ {Z E [E?z‘,t)‘}—ﬂ }
i=1 =1
< Tne =T < .
n

Next, to show part (b), let b € R? such that ||b, = 1; and since M(Z1:9) = M@ — PZi | where
PZ = MQ7, (Z{M®Z,) ™" Z{ M9, we can write

VU'MZ1Q)e YU MR YU P%ie
n - n B n ’

Note first that by argument similar to that given in part (a) above, we can show that

(52)

n n

ITTI A TQ T sQ
VUM% [VU'M % _o, (L)
Jn
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Next, note that, by application of the CS inequality and Assumptions 1, 2(i), and 5; we have

- YU P e n]
n
Zt zZ

< B b’U’P;LlUng JE e'P 1€|]_—21

1 Mn mMn mn ZL
= n Z (zt bE [U(zt (Js ‘J:Z J (zﬁ),(j,s)E [5(i7t)5(j7s)|7rzz]

(i,t)=1 (j,s 1(37

1 mn

— E ; Z bE |:U(Zt)U(/Zt :| \J ; ’Lt (Zt [ |fZ:|
2z 2 1 EKun Kip

< L E NU” H2|.7-"n} Ka?;(mnE {5(i,t)|}—n} - —Oa.s.< - )

Hence, there exists a constant C' < oo such that for all n sufficiently large

5 <E IfnZD <z

Application of Markov’s inequality then implies that for any € > 0,

VU PZi ¢
n

VU'P%i e
n

n
Kl,n

n
Kl,n

E

n b/U/PZlJ'E 6 n FE [ b/U,PZ%€/TZH
Pr >— | <e — <e
Kl,n n € Kl,n c
for all n sufficiently large, which shows that
VU' P e Kin
WP g, (). o

It follows from (52) and (53) that

11 7(Z1,Q) ITTIATQ
YU M 5_E[bUM 1:Op<max{i,Kl’n}>
n

n n
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In addition, by the CS inequality and Assumptions 2(i) and 6(ii),

zz(

=1 t=1

) [0'UGi.neqin)

E VU M@e]
n

< —ZZE ‘bU(ztE(th
1=1 t=1
1
< EZI;\/I)E (i,t) (Zt:|b\/E|:€%i,t):|
<

T,/ max E|U 2. }
1<(7, t)<mn 1<(i,t) <mn W)

Since the above argument holds for any b € R? such that ||b||, = 1, we further deduce that

U'M(Z1.Q)¢ U'M@e 1 Kin
—F =0p | max{ —=, — .
n n N

P [U’MQT
n

and

=0(1),

as required to show part (b).
Finally, to show part (c), we first write
U'M(Z1.Q)¢ U' M(Z1.Q) ¢
oM@ T Tom@e PntmT

By Assumption 8, the sequence {p,,} has a limit defined to be p so that p, —p — 0 as n — 0.
Next, note that

U'MZ1.Q)¢
/MQE — Pn,
U'M#AQe  E[UM%]
e’ M@Q¢e E [¢'M@¢]
UM (Z1.Q)¢ B [U'MQ¢] N U'MZ1.Q) ¢ B U'MZ1.Q) ¢
E[eM®]  Eg'MQ] e'MQe E [¢' MQ¢]
_ UM%Qe — EB[U'MQ] N UMZQDeE [¢MP%] (M%) U'MEQ)e
B E [¢/ MQ¢] (e/M@e) E [¢/ M @] (e/M@e) E [¢/ M @]
_ UMAQe - B[U'MY%]  U'M#%Q:¢ (€M% — E [¢'MY%])
B E [¢'M@¢] e'MQe E ¢ MQ¢]
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Now, applying the results of parts (a) and (b) above and the Slutsky’s theorem, we obtain

UM%Qe —E[UM%%]  (UM%Q:—E[UM%]) /n o 1 Ky,
E ¢ MQ¢] B E[eM@¢] /n - Up e N ’
&M% — E[¢M%%] (e’MQs—E[s’MQe])/n_O 1
E ¢/ MQ¢] B E[¢/MC¢] /n - P\yn)’
and
U/M(Zl’Q)E U/M(ZI’Q)E/TL
eM@Q &M@ /n

(U'M# Qe — E [U'M ) /n+ E [UM%] /n
(e/M@e — E [¢'M@¢]) /n + E [¢/M@¢] /n
E[U'M%] /n+0,(1)

= = 1).
E[eM@¢] /n+ o0p(1) Op (1)
It follows that
U'M(Z1,Q) ¢
M@ In

_ UMZ.Q: FE [U’MQg]
T &M@ E[¢/MQ¢]
B (U’M(Zl’Q)s — E[U'M@]) /n  U'M#Qece'M%% — E [¢/M%%] /n
B E[¢'M%¢] /n e’ Mg E[¢M%¢] /n

- oo 52)) 0000 ()
- oo )

Lemma OA-5:
Suppose that Assumptions 1-6 are satisfied. Let
~ — Xd0) Ay — X6
/ (50) _ (y 0) (y 0)

(v — Xdo) M) (y — Xb9)
1+Op max Tn . 7K1,n 7
KQ,nKlﬁl n

Z((; ) = (y_X(SO),A(y_X(SO) . e’ Ae
0/ (y — X(S())/M(ZLQ) (y — X(SO) o ' M(Z1,Q) ¢

then,
~ e’ Ae
£(%) = e'M@¢

Proof of Lemma OA-5:
To proceed, first write
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Moreover, note that & M(Z1:Q¢ /n = &/ M@ o — &' PZi ¢ /n. By the results of part (a) of Lemma
OA-4, we have that &M% /n — E [ MY /n] = O, (n_l/z), and also that there exist positive
constants C < C such that, for all n sufficiently large, 0 < C < F [E’MQE/TL] < C < oo. In
addition, by argument similar to that used to obtain expression (53) in the proof of part (b) of
Lemma OA-4, we can show that ¢/ PZi¢/n = Op (K1 n/n) =0, (1). It follows that

(54)

(y— X0o) MZ:Q) (y — X59)  /MZQe &M% Kip
= 14+ 0, ,
n n n n

where &/ M@ /n = O, (1) and where ¢’ M@ /n > 0 w.p.a.1. Finally, note that

~ e Ae | & M(Z1.Q)¢ -

t(60) =

n

/ ' rQ —1
_ e’ Ae [5M € (1—|—Op <K1n>>}
n n n

e’ Ae Ky, -1
- e [1+Op< ! )]

e’ Ae [

n

—_
+
S
/N

s |2
3
N——

which shows the required result. [J

Lemma OA-6: Suppose that Assumptions 1-6 are satisfied. Let gn be any estimator that satisfies
the following conditions as n — oo

2

(i) If Ko/ (p)” = O (1), then

D, (En - 50) —0,(1)

(i) If (umi)? /Ky, = 0 (1) but \/Ka,/ (#™)® — 0, then

o~

(%) D, (5~ b

\ K2,n

Under these conditions, the following statements are true.

) =0, (1)

(a) Under case (i),
D;'X'A (y - X5n> ~0,(1)

while, under case (ii),

D XA (y = X0,) = 0, < ] ) .
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(b) Under both case (i) and case (ii),

DX MA@ (y - X3n> =0, ( s >

(c) Under both case (i) and case (ii),

where £’ Ae/\ /K2, = Op (1).
(d) Under both case (i) and case (ii),

(y B Xgn),M(ZLQ) (y - X;S\n) _ 5’]\§Q8 [1+0,(1)],

n
where &’ M%e/n = O, (1) and where ¢’M%¢/n > 0 w.p.a.l.
(e) Under both case (i) and case (ii),

0(5) = ez + o (V) =0 (2.
~ / ~
i )_< (v=X5.) 4 (- Xb,)

y— XZS}L)' MR (y - X3, ) '

where

Proof of Lemma OA-6:
To show part (a), note that

DX'A(y—X0,) = Dy'X'Aly— X0) + D" X'AX (3, — o)
— D,'X'A(y— X6) + D,'X’AXD,'D, @ - 50) (55)
To analyze the first term on the right-hand side of expression (55) above, write

Y Z5 M(Z1.Q)¢

n

Now, consider case (i) where \/Ka,/ (12) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (??) that

171 Af(Z1,Q) /Ko,
THM7 e _ Op (1) and D;'U’Ae = O, (72’ ) :

D'X'A(y — X&) = + D, 'U' Ae

Vn (ppin)
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from which it follows that, in this case, D' X"A (y — Xdp) = O, (1). In addition, by part (b) of
Lemma S2-2, we have in this case

D X' AX D Dy (3 = 00) = 0, (1),
so that, in this case,
D'X'A(y—=X0n) = Dp'X'Aly—Xdo)+ Dy X' AXD; D,y (3 — o)
= Op,()+0,(1)=0,(1)

Next, consider case (ii) where (u2™) /\/Kz, = o (1) buty/Kan/ (,uffin)z — 0. Here, again by part
(c) of Lemma OA-2, and expression (??), we have

_ \ K2,n
D' X'A(y — X60) = O, ( )

(puin)

Furthermore, in this case, we also have, by using part (b) of Lemma S2-2

D X' AX D, D, (3 — 80)

Ran 1oy .o "Dy (5n - 50) Kon
- (Mmin) DM X AXDM K. = Op ( min
n 2,n My

~—

from which it follows that in case (ii)
DAX'A(y—X0,) = Dp'X'Aly—Xo)+ D' X' AXD D, (3 = d0)

-0 (1) o (£2)

(pupim) (puin)

- 0 K2,n
P (i) )

Next, consider part (b). In this case, note that

-1 Z1, S
D, X' M#Q) (y - X5n)
_ D;lX’M(Zl’Q) (y — Xdo) + D;lX’M(Zl’Q)X (&L - 50)

'~

— D'X'MPQ) (y - X69) + D' X' MZDXD, ' D, (5n - 50) (56)
The first term on the right-hand side of the expression (56) above can be written as

T,ZéM(Zva)g

—1 v Z1,Q _ -1y Z1,Q —177/ Z1,Q
D' X' M%) (y — X69) = D X' MPDe = NIRRT U'MEQ)e
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Now, consider case (i) where \/Ka,/ (1) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (11) that

Y 7! M (Z1,Q)
— " _0,(1) and D,'U'M7*R)c = 0, <L> ,
vn (k™)
from which it follows that, in this case,
(k™)

DX MEQ) (y — X5g) = O, (—” > :

In addition, by part (a) of Lemma S2-2, we have in this case

-1 Z, —1 = _ n
D X' M Q>xDM D, <5n - 50) =0, ((Mmin)2> :

so that, in this case,

D X M4 (y - XSn)

= D X'MED (y — Xb0) + D X MO DX DD, (3, — o)

Next, consider case (ii) where (u2™) /\/Kz, = o (1) buty/Kan/ (,uffin)z — 0. Here, again by part
(c) of Lemma OA-2 and expression (11), we have

D;lX’M(Zl’Q) (y — Xdo) = O, (L)

(puim)

Furthermore, using part (a) of Lemma S2-2, we have

~ vV ) D, (8, — 0
D;lX/M(ZlyQ)XDllDM (571 _ 50) — (M[nii; D;lX/M(Zl’Q)XD;1 ( ) l;{( 0)
n 2,n
V Kopn
= Op .’ 3
(k™)

from which it follows that in case (ii)
—1 71,Q n
DX M) (y - X3,)

= D'X'M79 (y — X6) + D' X' MEDX DD, (Sn - 50)
vV E2n
= Op <%>+OP . :? =0p <%>
(pm) (pumim) (pum)
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Combining the results for cases (i) and (ii), we have

_ -~ n
Consider now part (c). Write

(y — Xgn),A (y — Xgn)

AV KZ,n
[y~ x50 - X (5, - 50)]',4 [y = X6 = X (5.~ o)
B K2,n
X0 A= Xoy) W= X00) AX (3~ bo)
B K2,n KQ,n
~ / ~
Op —00) X'AX (6, — 6
(i) vax (i)
KQ,n
_ / _ D gn — 0
K2,n K2,n
~ ! D7'X'AXD7 1! N
0 0
+ (30— d0) Dy Niex Dy (3 = o)
Note first that
(y—X00) A(y— Xbo) _  (Ziy7n/vn+Qa+e) A(Ziyma/ i+ Qa+e)
K2,n B K2,n
 dAe
\ K2,n'

and

(y— X&) AXD;/!

= (Ziyma/Vn+Qa+e) A(Z10D,/\/n+ ZyXD,/v/n+ Q2+ U) D,*
e M(%1.Q) 7z,

— / -1
= g tEAUD,

Now, consider case (i) where /K3, / (p2™) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (?7?) that

eMZR Z,Y
— =

Kon
O, (1) and EIAUD;]‘ =0, ((Mmi) ) ,
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so that (y — Xdo)’ AXD; ' = 0,(1) and, thus,

Dy, (8, — 8o 1
(y —Xéo)’AXDf% =0y (—) =0p(1)

2n vV KZ,n

In addition, by part (b) of Lemma S2-2, we have in this case

D 'X'AXD ! ~
1 1

VEan D <5n - 50)
1

— (3. - 50>' DuD; X' AX D Dy (80 = 80)

AV K2,n

1
=o0,(1),
() o
from which it follows that

A (Y (1)
Kop

(3. - 50)/ D,

I
S

KQ,n \ K2,n AV KQ,n
L
\ K2,n P

Next, consider case (ii) where (u2™) / /K2, = 0(1) buty/Ks,/ (,ug‘in)2 — 0. Here, again by part
(c) of Lemma OA-2, and expression (?77), we have

VEon
(y— Xb0) AXD,' =0, <—2>

(puin)

so that
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Furthermore, in this case,

(b =0) 0,7

!/ . o~
Vo [ (B =00) D ™) D (3 60)

(ugrim)? Ko ' g Ko
\ K2,n
= Op <W> =0p (1)

from which it follows that in case (ii)

(y—XSn)/A(y—XSn)  cae ( K2’">+Op(m>

K2,n \/

Combining the results for cases (i) and (ii), we have

(y — Xgn)/ A (y — Xgn) & Ae
Kop - Kop

)

where ¢’Ae/\/Ka, = Op (1) by Lemma OA-3.
Turning our attentlon to part (d), note that

(y - Xﬁn)/ M(Z1.Q) (y - XSn)

n

=t ()] 1 [y =3 (=)

= X0) MAQ(y - X&O)n_ (= X6 MADX (5, — 50)
sy vunoxos)

_ @—Xéo)’M(th;l(y—Xéo) Ly — X6 z\i%@m 1D (5n_50)

+ (5 - 50)/DHD Y M(ELQ)XD 1D (30— o).

Making use of the arguement used to derive expression (54) in the proof of Lemma OA-5, we see
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that

(y — X(So)/ M(ZLQ) (y — X(So) B 8,M(Zl’Q)8 8,MQ€ Kl,n
n n n +0p '

Moreover, we can write

(y — X0o) MDD XD
= (Zivma/Vn+ Qa+e) M%) (2,0D,./v/n + ZsXDy/v/n + Q2+ U) Dt
— M +eMZARp-t
vn g
Now, consider case (i) where \/Ka,/ (12) = O (1). In this case, we have by part (c) of Lemma
OA-2 and expression (11) that
' M(%41.Q) Z,7

n

so that (y — Xdo)' MZLQ XD = O, (n/ (™)) and, thus,

y—Xog) MAQDXxDA 1
( 0) “ Du<5n—50) = op< : >0p(1)

n

=0, (1) and fs/M(Zl’Q)UD;1 =0, (ﬁ) ,
Hn

In addition, by part (a) of Lemma S2-2, we have in this case

DAX'M(Z1.Q xp-1 .
" LD (5n—50)

n

1 1
W (wwm)?) W <(u%““)2> W

from which it follows that

<y - Xﬁn)' M(Z1.Q) (y - XSn)

n

e
_ 8M5+0p<K1’”>+Op< iin>+0p ! .
n n (k7t™) (pumin)

e M@e
= - +0,(1).

(40 - 50)/Du

Next, consider case (ii) where (u2™) /\/Kz, = o (1) buty/Kan/ (,uffin)z — 0. Here, again by part
(c) of Lemma OA-2 and expression (11); we have

(y — Xdo) MAQAXD,! 1
n =Op (

W) =op (1)
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so that

(y — X6o) MZQ XD
— LD, (5n . 50)

R y = X60) MEQ XD (1) Dy (50— 60)

(pupin) n N
- VHian 1 _ Ko\
- % ( (M#W) Or ((u%‘in)> Op (1) = Oy ((uﬁi“f) o (1)

Furthermore, in this case,

-1 Z1, -1
D X' M#Q XD,

(00 - 50)' D, - Dy (3 = 80)
Ko, (2™) (gn - 50)/ Dy, X' M@ X D7t (157™) Dy <3n - 50)
o (pin)? K, n Ko

Op <(/fi21:>2> Op (1) Op <(,un:in)2> Op (1) = Op <(/f§121:)4> = 0p (1)

from which it follows that in case (ii)

~\/ ~
oS0 6) e (), (V) o, ()

n n

e’ M@¢
= n +op (1)

Combining the results for cases (i) and (ii), we have

(y - Xgn)/ M(Z1Q) (y - Xgn) Ve

n

+0,(1).

where &' M@e/n = O, (1) and ¢’ M@ /n > 0 w.p.a.1. were both shown in the proof of Lemma OA-5.
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Finally, to show part (e), we apply the results of parts (c) and (d) above to obtain
7(5,)
<y - Xﬁn)' A (y - XSn)
(y — XSN)IM(ZhQ) (y — XEn)
G r=5) 4o~ 35)
n (y — Xﬁn) M(Z1.Q) (y — X(Sn) /n

VKo e'Ae/\/Kopn + 0, (1)

n e'MQe/n + oy (1)

VK e'Ae/\/ Ko 'MQ
ZAVES +0,(1 ] (sincegj\i E>0w.p.a.1>

n e'M@¢e/n
_ ' Ae I \ K2,n —0 KQ,n
T oM@ P n P n

given that £’Ae/\/Ka,, = O, (1) and & M%/n > 0 w.p.a.l. O

Lemma OA-7: (Decoupling Inequality) For natural number n > G, let {X;} ; be n in-
dependent random variables taking on values in a measurable space (S5, &), and let {Xi(k)};l

k=1,...,G be G independent copies of this sequence. Let B be a separable Banach space and for
each (i1, ..,14,) € I, where

19 = {(i1, .yig,) 11 €N, 1 <ij <m,i; #ig if j # k},

let hi, i : S& —— B be a measurable functions such that E (|hiy...ig (Xiy, s Xig)]l) < 00. Let
P : [0,00) — [0,00) be a convex nondecreasing function such that E® (||, i, (Xiy, -, Xig)|) <
oo for all (iy,..,ig) € IS. Then,

B |\ hiyig (Xiy s Xig)|| | S B | Ca ||ty (Xiys ooy Xi) (57)
G

g

where Cg = 2¢ [GG —1] [(G — 1)(G—1) 1| x---x 3.

Lemma OA-7 gives the inequality result stated in the first half of Theorem 3.1.1 of de la Pena
and Giné (1999). Theorem 3.1.1 also gives a reverse inequality under some additional symmetry
conditions on the kernel h;, ;, which we will not give here, since we will not be using the reverse
inequality any of the results stated below. Proof of a more general decoupling inequality which
contains the inequality given in expression (57) as a special case is provided in de la Pena (1992).
See Theorem 2 of de la Pena (1992).

Lemma OA-8:
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Let D (e o€) = diag (5?1 1) 6%71 Tn))' Under Assumptions 2, 5, and 6; the following statements
hold.

(a)

n n

T ZPID(coc) PLZY  YZPLDeP 2 ( Kz,n>
_ _o, 7
n

where D2 = diag (E [5%171)|‘7:5] sy B [E%N7T7l)|ff]>.

(b)

T ZAD (c02) AZY T ZIMADDMP D2y ( KM) )
_ 0, _
n n

Proof of Lemma OA-8:
To show part (a), let a,b € R? such that ||a||, = ||b]|, = 1, and note that we can write

adY'ZyPLD (e0e) PLZyYb o/ Y/ ZyPLD,2 P+ Z5Yh
n n

Z Z Z i) Fii0), o0y @ 2o, )Zé,(k,v)Tb{E%i,t) - b [E%@',tﬂfﬂ}
=1 kv)=1

7,8)=1(

§|>—‘

Now, making use of the CS inequality as well as Assumptions 2(i), 3(iii) and 5; we obtain

2
( Z Z Z P(zt (4,8) zt ),(k, v)a '’ Z ,(4,8) é,(k,v)Tb {E%i,t) - B [E%z,t)‘fnz} }) ‘fnZ
(@, t) L (4, ) 1 (k, U)

Mn mn

= Z Z Z Z > PangoFin.woFinenFio.eo

(Zt) 1(4,s)=1 (k,v)=1 (£,h)=1 (r,c)=1

X (@'Y Zy,(.6)) (@' Za, 1) (Zé,(kﬂ,)Tb) < 2,(r, C)Tb> {(5%1‘@ - B {€%i7t)|f5]>2 |ff}

= % % E { (5%2‘,15) -F [E%i,t)\fﬂ)z \fnz} <€’(i7t)PLZzTa)2 (6’(i7t)PLZQTb)2

(i,t)=1
< <1§(z%?§mn E _El(lzpt)\fnz ) % (:i_l (a/T’ZéPie(z;t)e,(i7t)PLZQTa) (b,T,ZéPJ_e(Lt)6l(,~7t)PJ‘Z2Tb)
< <1§(z‘1{1t?§mnE s?z t)\fnZ ) % (a’T’Zé Pi(géle(i,t)e'(i,t)PLZQTa) i Plegy %ELZZTZ)
= <1<(irg?}<{mnE “aolF ) <1<(iH71tE)L§mn B (Ji_,t)7(i,t)> a,T,ZéZLZﬂa b,T,ZéZﬂb
= Ous Ti”) = 045, (1)

7



Hence, there exists a constant C' < oo such that for all n sufficiently large

. [ n <a’T’Z§PiD (c0e) PLZyTb a'af'ZQPLDGQPLZﬂb>2

Ksp n n
2
B, < n . <a'T'Z§PiD (c0e) PLZyTb a'T'ngiDOZPLZQTb> | f”ZD <D
Koy n n

It follows from the Markov’s inequality that for any € > 0,

n
Pr /
K2,n

. ( n (afoZQPLD (c0¢) P2y a’T’ZéPJ‘DazPJ‘ZgTb>2 N Q)

a' X' ZPLD (g o) PXZyYh a'T'ZQPiDUZPiZQTb‘ - ./C
n n -

- KZ,n n n €
. Cp|_n (dYZPED(co) PLZXh  dY'ZyPLDy PL 2y Y 2 _
- 6 KZ,n n n =

for all n sufficiently large, which shows that

@'Y ZLPLD (eoe) PLZoYb /Y Z4PLD,2 PLZ,Yh 0< Km)
J— == p .

n n n

Since the above result holds for all a,b € R? such that ||a||, = ||b]|, = 1, we further deduce that

Y'ZyPLD (e0e) PAZyY Y ZyPLD,2PLZsY

n n
Mn Mnp
2

1 Gl
= =D D D FPanGoPinen16s Ve {tn— B |0l7E]}
(3,6)=1 (4,8)=1 (k,v)=1

KZ,n
_ op< : )

Next, consider part (b). Using the fact that A = P+ —M(Z’Q)DaM(Z’Q) and that M(4@) 7, =0
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and applying the result of part (a) above, we obtain

Y/ ZYAD (c0e) AZX Y ZLM(ZQ) D » M(%1Q) 7,7
n n
Y ZyPLD (e 0e) PLZY Y ZLM(Z1Q) D, M(Z1Q) 7,7
n n
Y ZLMEQ D MERQD (e0e) PLZoY  Y'ZyPLD (e o) MZQ) DyM (%) 7,

n n

N Y ZyMZD D MER)ID (g 0 €) MZQ) Dy M(ZQ) 7,
n
Y/ ZYPED,» P+ 2ZyY Y ZEMZ1R) D o M(Z1Q) 7,
n B n
+T’Z§PiD (e0e) PLZyY  Y'ZyPtDy,2PtZyY
n n
TP DeP ZY XM ADDM A D2yY ( Kg,n>
p

n n n

Next, note that

Y ZyPLD2 P2y Y Zy M QD MIZR) 7, Y
n n
T/ZéM(Zl’Q)DJ2M(Zl’Q)ZQT T/ZéM(Zl’Q)DU2M(Z1’Q)Z2T
n n
/74 [PJ_ B M(Zl’Q)] DO.QM(Zl’Q)ZQT ’I‘/ZéM(ZlyQ)DU2 [pJ_ _ M(ZLQ)] ZoY
+ - + n
n
17, [Pt — MZ1Q)| Do MZQz,Y Y ZsMZQD o [P — M(Z1Q)] 2,7
n * n
V74 [P MG D [P - M) 230
n

+
= 0.

where the last equality follows from the fact that

pL_ M(Zl,Q)} Ty = [P(ZvQ) _ plZ.Q) _ (Imn _ p(ZLQ)N 7

—M(Z7Q)ZQ
= 0.
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It follows from expression (58) that

Y'ZYAD (c0e) AZyY Y/ ZhM(Z1:R) D o M(Z1Q) Z,

n n
Y ZPLD, P2, T’ZéM(Zl’Q)DggM(Zl’Q)ZZT+O( Kon
a n B n P n

as required. [

Lemma OA-9:
Suppose that Assumptions 1-6 are satisfied. Then,
(a)
D'U'AD (c0e) AUD,!
- 2 2 z] n—1 ' AN
= ). AlngeF [%,t)‘f n} D, E [U(j,s>U<j,s>\fn] D,
(ivt)7(jvs):1
(,6)#(5,5)
\ K2,n
- OP( min 2) =op(1)
(k™)
(b)
YT'ZyAD (e o €) AUD, !

\/ﬁ =0p (1)

Proof of Lemma OA-9:
To show part (a), let a,b € R such that ||a|, = ||b]|, = 1, and define Uq (it) = a’D;lU(m and
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Up,(j,5) = b/D;IU(j,S). Note that

a'D,'U'AD (g 0e) AUD;, b
= 2 2 A -1 A -1

— Y &, oE [E(i,t)lfn] dD,'E [U(j,S)U(’j,s)m] D'

(i,t),(j,S)ZI

(6,)£().5)

= 2
= > > A ),(5,9) A0, (k,0)E (i,8) Ua, () Ub, (k)

(j78),(k711):1 (ivt)#{(jvs)v(kﬂ)}

Mn

= Y A B [P B [taeun e Y]

(i,t),(j,S)ZI
(4,6)#(4,5)

Mn

= > Ao (Fateseunis — B [l FE] B [tagau,i.alFE])

(ivt)v(j75):1
(4,t)#(3,8)

mn

+ Z Z A(’i,t)7(j7s)A(i,t),(kﬂ})g%i,t)uay(jys)ub,(k;m) (59)
(jvs)v(k7v):1 (i’t)7é{(jvs)7(k7’”)}
(7,8)#(k,v)

Focusing on the first term in expression (59) above, we apply the CS inequality, parts (b) and
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(c) of Lemma S2-1, and Assumptions 2(i) and 3(ii) to obtain

2
Ell Y Age (Fhotevounss = B[l FE] B [uagousa 7)) | 17
(3,t),(4,8)=1
(.70
2 Z Z 2 Z
= Z Ali0).Go) {( Eist) Ya,s) U, (G.5) — E [g(i,t)|‘7:n} E [ua,(j,st,(j,s)Vn]) |fn}
(i,t),(4,8)=1
(i.)7(5:5)
+ Z A( ),(j, ){E[ €(j,5)Ua,(4,5) Ub,(4,5) |-7: } E [5%¢,t)ua,(i,t)ub7(i,t)‘fﬂ
(i.6),G,9)
e

E |:€%z‘7t)|ff:| E 5%j,s)|fﬂ E [ua,(i7t)ub,(i7t)|ff] E [Ua,(j,s)ub7(j,s)|~7:nz]}

Mn

2
+ 2 Ao, ) A0 329
(Lt),(k,v):l (j,S);ﬁ{(i,t),(k‘,’U)}
(4,6)#(kv)

X {E [5%¢7t)|75] E [6?k,v)|fnz } E [Uiu,s)“io,s)'f 3 ]

—E [E%i,t)|‘75] E [E%k,v)\}_ﬂ (E [Ua,(j,s)ub,(j,s)|-7:nz])2}

= 2 2
2y Y Ao Ak
(j7§)7(k7v):1 (i’t)7é{(j’s)7(k7’”)}
(4,8)#(k,v)

X {E [E%M) a,(i,t) ub i,t) |.7: } [ Zkyv)|ff] E [um(j,s)ub,(]"sﬂff]
B {E%@t)u—nz] E [‘5 kv ‘}—Z} a (i,t)“b,(z’,t)|fnz] E [ua,(j,s)ub,(j,s)\fﬂ}

Mn

+ D > {A?z‘,t),@,s)A?z‘,t),(k,v)

(i’t) 7(k7v):1 (j7s)7é{(i7t)7(k’v)}

(i,t) #(k,v)
x ( |:€A(1Zt |FZ:| E Uq (] S)Ub ] s |F ] E [ua’(k’v)ub’(k’v)‘fnz]
2
- (E [E(i,t)VZD )b Gos) | Fir | B [“a»(’“v”)ub’(k’”)‘fﬂ>}

1
7z A
< 2<1<(r£z);m§m E{e(”u: ]) (K(mz):mx E[HU” ‘}2|7n}> (i3 2 Z A( ,0.5)

n (4,t),(4,8)=
R
2 2 2 2
+ > Ali),G.5) Ak Gs) T2 > AGi0),G.9) Ak, (i)
(1.6), (k). (G,5)=1 (1.6), (k). (3,)=1
() £(E0), (us) (k).
(7.5) 21}, (7,5) 2 (k) (i) 2053, (1,0) 2 (k)
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Mn

LD A?

2
£),0,8) X0, (k)

(4,t),(k,v),(4,8)=
(4,6)# k),
(4,8)#(i,t), (JS # (k)

lign K
= Oa s. Oa.s. — 1 + Oa.s.
) () G

2 KZ
— 20 ) + O, | ——
) ()

= Ogs. | ——7—
(W>4n)

Hence,

(M;Lmn)‘ln mn
E 2 ) A( 0.0, >(5(m> Ua, (j.5)Ub,(j5) — &
Zn (i.6),(5.5)=
(zpt)#j,s)
()t n
K3,
Bz | E Z A(zt)( >(<,> Ua,(j,5) U bvuys)—E[E?
(i) (.5)=1
(i,)#(1.5)

< C.

It follows from the Markov’s inequality that for any € > 0,

there exists a constant C' < oo such that for all n sufficiently large

)

(80 177 | B [t Gy | 7))

2

z,t)|fnZ:| E [ua,(j,s)ub,(j,s)|fnz]) ‘ff

Pri—¢ > Alie (E?Zptwa,(ms)%xms) -k [E?z,t)\fnz } E [, sy un,.0) | P ]) =
" (i.t),(j,5)=1
(4, t)i(] s)
2
min 4 Mn
ppt)
= Pr % Z A%i,t),(j,s) (5%i,t)ua,(j,s)ub,(j,s) —-F [g%z,t)|fnz] [ua (4,5) Ub,(5,5) fz]) z
T (3,8),(7,8)=1
\ (2 0s)
()" i
E |5 <Z(i,t#(j7s) A% oG {€?i,t)ua,(j,s)uz>,<j,s) —-E [e?iﬂs)lff } E [ta,(j,5)Ub ()| F7 ]}) ]
< € —
= c
< €
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for all n sufficiently large, which shows that

Mn

> Ao (5%z‘7t>“a7(j7s>ub7(j,s> -k [€?i7t>|ff ] E [uq, .y, ) | Fir ])
(ivt)v(j75):1
(1.)%().9)

K2n
= O, | —=—]. 60
”((ugﬂnfﬁ) e

Turning our attention to the second term in expression (59), we first define ¢;;;) = 5@ H

E {5%@ t)|.7:nZ]. Note that by the decoupling inequality given in Lemma OA-7, there exist finite
constants C5 and C3, whose explicit forms are given in Lemma OA-7, and independent copies

{(u((fgijt),ul(f()i7t),ggfl))}(L:):l (for ¢ = 1,2,3) of the sequence {(ua,a,t),%,(i,t),€<¢,t>)}?f,’2):1 such
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that

2
E Z Z A(z‘,t),(j,s)A(i7t),(k7v)5%i7t)ua,(j,s)ub7(k,v) |\ F7
(j7;9),(k,’l)):1 (ivt)5£{(j75)7(k7v)}
(4,8)#(k,v)
2
< 2F Z Z Adi0),G,9) A, (k) B [E?i,t)\}_f } Ug () U (k) | | FZ
(4,8),(k,0)=1 (3,)#{(4,5),(k,v) }
4, s);é(k v)
- 2
~ Al VA
+2E Z Z A(i,t),(j,s)A(i,t),(k,’u)ua,(j,s)ub,(km) |:€?i7t) —-E |:€?i7t)|fn]_ |fn
(j,§)7(k,v):1 (ivt)5£{(j75)?(kvv)}
L \ (4,8)#(kv)
2 —
.- 2.0 @ 7
< 263FE Z Z A(i,t),(j,s)A(i7t),(k U) {g(lt |f } a(] S)ub,(k}ﬂ}) |fn
(4,8),(k,v)=1 (i,t)#{(4,s),(k,v) }
(4,8)#(k,v) J
— 2 -
. W L@ G 7
+203F > > A, A0, 0) Yo (7.5) U (k0)S Gty | 1T
(j,§),(k,v):1 (i,t);é{(j,s),(k,v)}
L\ (J,9)#(k,v) i
= 20 ) > > {A6.0,6.9A00.0),k0) A1), G5) A1), ()
(9,5),(k,0)=1 (i,t)#{(4,5),(k;0)} (L,h)A{(i,),(4,8),(k,0) }
(3, S)#(k v)
2 A 2 Z (1) 2z (2) A
XE e | FZ| B eyl FE| B [(ua?(j?s)) |Fn] E [(ub Do) ) | }}
Mn 2 2
2 2 A 1) Z (2) A
+2C3 > AL 0.9y AT ). (60) (E [5(i¢)|an E [(U ) 7 } {(“b (kv)) |fn}
(j78),4(k711),(’i,t):1
(4,8)#(k,v)
(6,0)#{(,8),(k,v)}
- W \2 2 @ \2|rz
20 ) Ay Alnwy {E {(“axm) 1% n] b [(%(k,v)) 1% n]
(jﬁ),(kﬂ}),(’i,t):l
(4,8)# (k)
(6,0)#{(,8),(k,v)}
®3)\? |z
x B [(C(M)) \fn] } (61)
Define D2 = diag (O’%LQ), ....,O'?nyTn)) where U%Lt) =F [ €Git) \}"Z] for (i,t) = 1,...,m,. By applying

Assumptions 2(i), 3(ii), and 5 as well as parts (a) and (b) of Lemma OA-1, we can estimate the
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(almost sure) order of magnitude of the first term on the right-hand side of (61) as follows

> > > {AG0,6.9A68),000) Ah), G5 AwR), (60)
(4,8),(k,0)=1 (5,t)#{(4,5),(k,0)} (L,R)A{(i,),(4,5),(k,0)}
(4,8)#(k,v)
1 2 2
< [l 2] et 7] 2| (1610) 1] 2| (1))
- Mn ( 7 Mn ,
— Z E|:<ua (,77 ) |F:| Z e(j,S)A Z e(i’t)E [E(Zt)‘f} (Zt)Ae(k,U)
(j,s):l (k’v)zl (i,t);é{(j,s),(k,v)}
(k0)#(35,5)
xE (u@) )2|.7:Z el Z AeuimE |20 FZ | €y Ae;
b,(k,v) n | “(kw) (4,h) (e,h) IV n | Ce,n)42C(,5)
(,h)A{(45,8),(7,5),(k,v) }
B Mn ( 7 Mn ,
= > EKUW ) H Do A X can |l dnAenn
(j,S):l (k‘,’l})zll (ivt)5£{(jvs)?(k7v)}
(k0)#(35,5)

xXFE |:<ul(’,2()k,v))2 ‘]-'nZ:| [el(k,v)ADﬁer(LS) — e,(k’v)Ae(i,t)E [E(M | F2 ] zt)Ae(] S)}

Mn My, 5 )
= Z E |:<U((11(]7 ) |]:Z:| Z E |:<ul(772()k7v)) |,7:5:| [e,(k,v)ADU2Ae(j78):|
(4,5)=1 (kv)=1
(k,v)#(3,5)
} Z E[< ) 'fz}
X Z [e'(m)Ae(i,t) { ) |.7: ] Zt)Ae(k U)} E |:<u1(372()k,v)) |]:712]
(k,v),(i,t):l
~ (kw)#3s)
(i) #{(5,5),(k,v) }
< E [(ug . ) |;cz} (kz) E [(uf@km))? | fg] €(;.)AD g2 Ae(t )€1 ) AD o2 Acs )
(J,s ,w)=1
2 1 My,
S <1<(zrnta}<{m E HU(zt H; |fnZ]> (,u,]glin)4 (j;)_l 6/(]»75)AD02A2D02A6(J-7S)



@(mr) <1<(%§mn E [5?i,t)|}—nz}>2

2
§< meM%J@ﬂD(H—mM

1<(%,6)<m 1<(i,t)<m,

M#m 4 Z 6(37 6(]5

< max E[HU(”H;|555]>2<1+ max

1<(%,6)<mp 1<(i,t)<mn,

X (M;in)[l [tr {PJ‘} +tr {D%H

Ko K3, Kon
= Oa.s. ( 2.7 4) +Oa.s. <#4> = Oa.s. < 2.7 4) .
(™) ()" n (™)

By applying Assumptions 2(i) and 3(ii) as well as part (c¢) of Lemma S2-1, we can also derive the
(almost sure) order of magnitude for the second and the third terms of (61) as follows

% mZ A0, AT 0, 0) (E [5@71:)'5” 5])2E{(“§<as) 17 Z} [(“f() ) 17 Z]

(#,6)=1 (4,9),(k,v)=1

IN

~ 2 2
ﬂ(i,t)‘ > (K(%‘i{mnE [5?i,t)|]:nZD

(3£ (k.0),(0.0)
(k,v)#(ist)
< max E[sz \FZ} : max E[HU H2|,7:Z] T 1
T \IL3G ) <mn @17 n 1<(i,t) <mn @)l ¥ (Mglin)‘l
X< > AT 1,09 ATi), )
(i,6)=1 (7,8),(k,v)=1

(7:8)A{(k,v),(6,0) },(k,0) #(ist)

K3,
= Ogs. 774 = Oq.s. (1)
(™)™ n
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and

Mn

Z > {Aut) (gs)A@7t>7(k7v>E[( fz(js) IJ’”Z}

(it)=1 (4,5),(kv)=
(4:8)#(kv), (@ t)
(k,v)#(ist)

xE[(uéz(kv) \fz} [%t |fZL}

1

4 A A
< (s, B E0]) (L, 206 217])
x Y > A 0,69 AT, (k)
(i,6)=1 (7,8),(k,v)=1

(:8)7A{(k,0), (,0) },(k,0) #(ist)

K3,
= Oa.s. 774 = Oq.s. (1) .
()™ n

These results imply that

2
n Mn 7
Ell > > A, A0 1) Y)W (k) | 1P
(i,t)=1 (4,8),(k,v)=1
(7:9)A{ (k). (i,0) },(k,v) #(ist)
Kon
Ous. | —2
(ki)
Hence, there exists a constant C' < oo such that for all n sufficiently large
2
|| S 3 A A
Ko Z Z (i:6),(5,8) 2 (,t), (k) € (z t)%a,(j.5) Wb, (k,v)
’ (i,6)=1 (7,8),(k,v)=1
(4,8)#{ (k,v),(i,1) },(k,0) #(ist)
2
5 5 (Iulgun)4 Mn, Mn N N ) ”
- Ko Z Z (i,8),(4,8) 2 (6,t), (k,0) € (i 1) Ua, (5,5) Wb, (k,v) | Fn

’ (i7t):1 ) (jvs)v(.kﬂ}):l )
(7,8)#{(k,0),(8,) }, (k,0)#(i.t)

VAN
ol

88



It follows from the Markov’s inequality that for any € > 0,

in\ 2 m m o
(Iuglln) n n 9 C
Pr NI > > AGi),07.6)Al.0),(6,0) (6.0 a,G9) U (ko) | 2\ 7
() =1 (J»5)(k,v)=1
(4,8) 7 (k,0),(4,8) }, (k,v) £ (it)
2
) [ & SR e
- Pr K2TL Z Z (i7t)7(j78) (i7t),(k,v)8(i7t)ua,(j,8)ub,(k,v) - ?
’ (27t):1 ) (j,S),(k,’U)Zl .
(4:8) L (kyv), (3,6) }, (k,v) £ (i)
2
- EE (Ngﬁn)4 mp mp 4 4 , g
= T Ky Z Z (i,8),(4,8) “1(4,2), (k) € (3,8) Ya, (5,5) Wb, (K,v) =€
(4:8) 7L (kyv), (4:8) }, (k,v) £ (i)
for all n sufficiently large, which shows that
mMn mMn K2
2 )T
> > AGi,8),5,8) A1), (k,0)E () Y, Gos) U, (k) = Op ( ( mm)2> (62)
(it)=1 (5.5),(kv)=1 M
(4,8) AL (ky0), (4,8) }, (ksv) £ (i5t)
Now, (60) and (62) together imply that
-1 -1
a'D,"U'AD (e 0e) AUD,*b
- 2 2 7 -1 7 -1
- D AP [%‘nﬁﬂf n] aD, E [U(j7S)U(,j7s)|*7:n] Db
(i.t),(j,5)=1
(4,t)#(3,8)
~ Z Z
= > Ao (E?z',w“a,(j,s)%(j,s)—E[E?@tﬂfn]E[ua,(j,s)ub,u,sﬂfn])
(i,t),(j,S)ZI
(4,t)#(3,8)
~ 2
+ ) Do A Al 0) i) e () U k)
(7:8),(E,0)=1 (1) £{(G:5),(k,0)}
(4:8)#(k,v)

K2n K2TL
= 0, ——=——— @) .
v (mzﬂnf ﬁ) I ((win)?)

- o(as).

in\2
(pi™)

Finally, since the above argument holds for all a, b € R? such that ||a|, = ||b]|, = 1, we obtain the
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desired result

—1 -1 - 2 2 7 -1 7 -1
D,'UAD (e0e) AUD, = 3~ A%y B [yl FL ) DB UG Uy ol 77| Dy
(i:):G.5)=1
(:420,9)

in\2
(h)

o)

To show part (b), again let a, b € R? such that |[al|, = [|b]|, = 1 and define up, (1, ,) = VDU, 0
and up = U D;lb. We can apply Loéve’s ¢, inequality to obtain

(afrfngD (coe) AUD,}b) ? fZ]

\/7__[, n
_ 2
1 o
= -F > > A(i7t)y(j75)A(i7t)v(k7U)a/T/ZQy(J}S)E%i,t)ub,(km)) |77
L (j,8)7(k‘,v):1 (i,t);é{(jﬁ),(k‘,v)}
- 2
2 i
s —FB > Yo A GeAanknd Y 2o E [e?i,ﬂlff ] ub,(k,v)) b
L (j»s)v(kvv)zl (i,t);é{(j,s),(k,v)}
_ 2
2 S A A Iy 2 2 Z Z
+EE Z Z (i7t)7(j78) (i,t),(k‘,’l})a’ Z2y(j75) {E(l7t) - E |:€(’l7t) |‘Fn:| } ub,(k,v) ‘Fn
L (j75)?(k7v):1 (i,t);ﬁ{(j,s),(kﬂ})}
2 2
= =B |(dTZAD, Auw)* | FL |
_ 2
2 o
P ( > > A(z:t),<j,s>A(z‘,t),w,v)a/T’Zz,(j,s)<<z-,t>ub,<k,v>) v (63)
L (j7s)7(k’v):1 (ift)7é{(j75)7(k7v)}

where ¢(; ) = 5%@.7 n—E [5?i’t)|]-"nz } Focusing on the first term of expression (63) above, we can
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apply Assumptions 2(i), 3(ii), and 3(iii) as well as part (b) of Lemma OA-1 to obtain

%E [(a’T’ZéADngub)z |fﬂ

= za/r/ngpngE [wpuy| FZ) AD,2AZsYa
n

1N~ 7t 2

1' 2 ( ex 2 [HU(i t)H2 |ff]> a'Y'Z3ADy2A"Dy2 AZyYa
(/‘Lgnn) 1§(i7t)§mn ’ 2 n
1 2z R N
o (emas, P Iealb1#]) (1 s o)

2 1t
Y'ZLZ25Y
><< max E[E%it)|-7:ﬂ> @ Lot d
1< ’

(i:t)gmn n

= Oy <(MT1““)2> = 0a.s. (1)

Turning our attention now to the second term of (63), note that we can apply the inequality
|XY] < (1/2) X2 + (1/2) Y2, Assumptions 1, 2(i), and 3(iii) as well as part (c) of Lemma S2-1 to

IN

IN
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IN

IN

2
2 - 7
n [( > > A(i,w,(j,s)A(i,t),(k,v)a’T’Zw,s)<<i,t>Ub,<k,v>) |7
(G:)

7(k7v):1 (i,t);é{(j,s),(k,v)}

2 o )
n Z ‘A(i,t)v(J?S)A(i,t)v(f,h)A(i,t),(k,v)
(7,8),(k,0),(6,h)=1 (i,t)#{(4,5),(k,v),(¢,h) }

<Y Zy (4@ Y Ly ey B |Gy | FL B (18 1.0 Y|

=D | A0, A, (k) Ak (em) Alk). (i)
(), (50) (L) =1 (L) A{(G9), e0) (1)}

xd' Y Zy (.50 Y Zo 0.0 E [S 0.0y, (6.0 | T2 ] B[S 1,0y, (8,0 | F7 ] |

2 Y 7! Mn My
4 7 a T ZQZQTCL 1
<1<(irﬁ?}<<mnE[6(i’”|f"D n (pmin)? Z 1k, )(Zéh) At e A 60
(kyv)#(ist)
(€826
2 it ot m,
2 A a' T ZQZQTQ 1
+ < max E ‘U(Zt HQ |fn]> mln 2 Z A(zt) G, S)A(zt)( v)
1<(i,t) <my, n ) PO N
(k,v)#(i,t)
(-775)75(7”15)
"' ZLZ5X
+ ( s e lf17]) (s, 2 [ehale]) ST
S(4t)SMn n Mgun
X Z A(k,v),([,h)A(i,tL(k’v)

(ko)=1  (it),(L,h)=1
(&,t)#(k,v),(6,h)#(k,v)

"' ZL 75T
+ < max FE [HUu,t)H; |,7:nz]> <1Smax E [#i,tﬂﬁﬂ) aim

1<(i,t) <mn (i,t)<mn n (pmin)?

Mn Mn

x> > A )., Al ) (i)

(i,t)=1  (kw),(j,5)=1
(k)7 (65t),(4,8) 7 (i5t)

K3,
Oa.s. —72
(™)™ n
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It follows from these results that

WY ZLAD (s0e) AUDTB\ ",

< %E [(a’T’ZQADazAub)Q |fﬂ
2
2 = Z
+ﬁE Z Z Ai),5,9) A0, (k)X Y (1,6) S ) U, ) | 1T

(j75)?(k7v):1 (i7t)7£{(j75)7(k7v)}

1 K3,
= Oa.s. - + Oa.s. —,2 = Ogq.s. (1)
(i) ()

Now, by the conditional version of the Markov’s inequality, we deduce that, for any € > 0,

Pr< Ze|}"nz>—>0 a.s.
a'Y'ZLAD (eoe) AUD;lb

Pr< G Z€|-7:nz>

it then follows by a version of the dominated convergence theorem, as given by Theorem 25.12 of
Billingsley (1986), that as n — oo
a/Y' Z4AD (e o) AUD; b
> €
Vn B

Pr <
"Y' Z4AD (s 0 £) AUD; b
pr (12 sAD (e0e) AUD, s 72)| -,
N

Finally, since the above result holds for all a,b € R? such that |lal|, = ||b||, = 1, we further deduce
that

a/Y'Z4AD (e o) AUD; b
N

Since
2

sup F < 00,
n

= b

Y'ZyAD (e o €) AUD,!
\/ﬁ

P
= 0, asn — 00

as required for part (b). O

Lemma OA-10:
Under Assumptions 5 and 6, the following statements are true.

(a)
4
tr {A4} = {r { (PL — M(ZvQ)DgM(Z’Q)) }

- Oa.s. (K2 n) .

)
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(b) |Sn| = Oa.s. (K2,n)7 where

S = > (A0, A1), (k) A1), (0.0) Al (0)
1<(4,t) < (4,8) < (k)< (£,h)<mn

+ AG0),6.5) A1), (k) AGs) 0 0) Alh,v), (6,0)
+ AGi0),(k0) A5, (b0) A1), (00) As) (E1))

(c) Z A6, (k) AG,s), (k) AG),(00) AGs), ) | = Oas. (Kan)-
1<(4,t) < (4,8) < (k,v)<(£,h)<mn

Proof of Lemma OA-10:
To show part (a), note first that P-M(%4Q) =0 = M(ZQ) PL. Now, write

( Pt M7 D, M(ZQ))‘*
_ [( Pt M7 D, M(Z@)) ( Pl M#QD, M(ZQ))r
= (Pl + ]\4(2762)D@]M(ZQ)D@]M(ZQ))2
- ( P+ MZQ D MZQ D M(ZQ)) ( P+ MZQ D MZQ . M(ZQ))
- ply M(ZQ)DaM(ZQ)D@M(ZQ)D@M(Z’Q)D@M(Z’Q)

Hence,

b { (P~ M<Z7Q>D5M<Z@>)4}
{

1 Z, Z, Z, Z, Z,
ry P }+tr{M( Q)DBM( Q)DBM( Q)DEM( Q)DEM( Q)}
= Ko +tr { MZ@ D02 pp(2Q) p (2 po M (2 }

In addition, note that

0 < {M<Z QD M#Q DM #Q A4 p M(m)}
< tr { M@ p; %@ 2% Q) Dy %) }
< ((i{gfgxl @(i,t) 2) tr {M(Z’Q)DEM(Z’Q)DEM(Z’Q)}
< ((53?& @(i,t) 2) tr {M(Z Q)D%M(Z’Q)}
= <(i%zé}/(&1 5(@',15) 2) tr {D@M(Z’Q)Da}
< (e, ol ) {o3)




It follows from applying parts (a) and (b) of Lemma OA-1 that
4
tr {A*} = tr { (PL — M(ZvQ)DgM(Z,Q)) }

= Kon+ir {M(Z’Q)D@M(Z’Q)D@M(Z’Q)DﬁM(Z’Q)DﬁM(Z’Q)}

Di| >tr {p2}

Next, to show part (b), decompose A = P+ — M(Z’Q)DEM(ZQ) as follows

= Kgm + < max
(i,t)eA1

= Oa.s. (K2,n) .

A=L+1T,

where L be the lower triangular matrix such that Ly ) = Age), .91 10:t) > (4,8)}, ie., L is
lower triangular matrix whose lower triangular elements correspond to the lower triangular elements
of A. It follows that

A4
= (L+1)'= <L2 +LL+L'L+ (L’)Q)2
= '+ LU+ UL+ L2 (V) + LU+ LULD + L (L) L+ L (L)°
+L'LP+ ULPL + VLD + UL (D) + (L) L2+ (L)° L + (L) L+ (L)*
Using the fact that tr {AB} = tr {BA} and tr {A} = tr {A’}, we obtain
tr {A*} = 2tr {14} + 8tr {L°0'} + e {12 (1))} + 20 {LL'LL'}
We compute each of the terms on the right-hand side above as follows.
tr {L4}

= SN SN [Aan {60 > Go8)} Ae) g I {0, 8) > (k,0)}

(4,t) (4,8) (kv) (LR)
X Ay (e LK, 0) > (6 R)} Aoy, .01 R) > (3, 1)}]
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tr {L*L'}

SISUSTS T A 608 > (G8)} Age) 6 {0, 8) > (k,v)}

(i,t) (4,5) (k,

1<(L.h)<

1<(i,t)<

1<(i,t)<

<@

(s

>,

v) (L:h)

XA(k,’U),(f,h)]I {(kv U) > (Ev h)} A(f,h),(i,t)l[ {(Zv t) > (67 h) }]
Ai),G.5)A5),k0) Alk,0), (6,0) A,), (1)

(k,0)<(7,8)<(i,t)<mp

>

A(e,n),(k,0) Ak,0),G5) A5, 1,6 A, (1)

)<(k7v)<(évh)§m7l

AG.),6,9)AG9), k) A, (6,) Ao, (¢,0) (DY symmetry of A)

)<(k7v)<(zvh)gmn

tr {L2 (L/)Q}
:ZZZZ%wmm<mmmmmwwm

(i) (4,5) (k,0) (LR

1<(

+

_l’_

+

1<(k,w)

1<(k,

kw)<(f,h

></1(19711),(€,h)1[ {(67 h) > (k7 U)} 14(Z,h),(i,t)]I {(Za t) > (67 h) }]
> A1), A Gk ) Ale),(01) At ()

):(j75)<(i7t)§mn

> Ai,),35,5)A05),(k,0) Ak,0),(6,0) A1), (5,1)

<(€,h)<(j,s) <(i’t) <mp

> A1), 7,5) A5, k,0) Ale,0),(0,0) AR), )

1<(k,w)<(4,8)<(£,h) < (i,t)<mn

Ai0),37,5) A G5, (k) Ak,0),G.5) AG9) (i)

v)<(4,8)<(i,t)<mn

> [AG.0),(G.5) A 5), k.o) Alh0), (01) A (i.t)

+A(i,0),(€.0) A, (ko) Ak0),(.5) Alis) (i.0)]

2 2
> AG),6.5)G9),k0)

1<(4,t)<(4,8) < (k,v)<mpy

> [Aeh), (k) Alk), (1.6 A(0.0),Go5) Al 5). (0.1)

1<(4,t)<(4,8) < (k,0)<(£,h) <mp

FA01),.5) A, Ali.t), (ko) A ko), (0.1)]

2 2
> AG0),6.9 4G5, 000)

1<(4,t)<(4,8)<(k,v)<mn

+2

1<(i,t)<

> Ai),G,5) A1), (k,0) AG9),(0,0) Alk,0), (6,1)
(7,8)<(k,v)<(€,h)<mp
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tr {LL'LL')
Z Z Z Z [A(i,t),(j,s)I[ {(Za t) > (]7 8)} A(j,s),(k,v)I[ {(ka U) > (]7 8)}
(4,¢) (4,8) (k,v) (£,h)
XA(k,U),(f,h)I[ {(kv ’U) > (67 h)} ‘A(f,h),(i,t)]I {(27 t) > (67 h) }]

> Ai),G.9)AG,5),6,0) A0.0),3G,9) AG9), )

1<(G,8)<(it)<mn

+ > Ai1),67,5) A G5, (k) Ak,0),G.5) AG9),0.8)
1<(4,8) < (k,0)<(%,t)<mn

+ > A ),G.5)AG,5),(60) Ak 0),6,5) AGo9),(0,8)
1<(4,8)<(3,t) < (k,v)<mp

+ > Ai),5.5)AG,5),6.) Al ), A ) Gist)
1<(4,8) < (£,h) < (i,t) <mn

+ > Ai1),67,8) A 9), 6. Ait), (e.m) A ), (1,0

1<(6,h)<(7,8)<(kv)<(i,t)<m,  1<(7,5)<(L,h)<(k,v)<(i,t)<mn

_l’_

+ ( > + > ) AGi,8),7,8) A5, k0) Ae,0),(0,0) Ae,), )

> + > ) Ai,),(5,5) A,5),(k0) Ak,0), (6,0) A,), (1)

1<(6,h)<(4,8) < (,t)<(k,v)<mn  1<(4,5)<(€,h) <(i,t) < (k,v)<mn

4 2 2 2 2
D, Al t2 > (A(z',w,(j,s)A(i,t),(k,w + A(z',w,(k,u)A(j,s)xk,v))

1<(6,t)<(j,s)<mn 1<(4,t)<(j,s) <(k,v)<mn,

+4 > A g, 6,0) A, 9), (o) A1), (6,0) A5, (1)
1<(4,t)<(7,8) < (k,v)<(¢,h)<mn
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It follows that
tr {A4}
= 8 > [A(i.0),G7.5) A, (k0) Ali.0).(01) A (1)
1<(4,t)<(5,8)<(k,v)<(€,h)<mpy
+ A(i0),35,9) A6, (k:0) AG9), (60) A0, (6,1)
F A1), (k) A (k) Al (01) A 5). (1))

4
+2 > Al Gis)

1§(Z7t)<(]75)§mn

2 2
+4 > <A< 0,6 A0, 000) T G0,k AT ). 0e0) T A1) Ao,k m)

1<(4,t)<(7,5) < (k,v)<mn

= 85 +2 > Al 6.9

lg(i’t)<(j75) <mn

2 2 2 2 2 2
+4 > (Au;t),(a;s)A(zpt»(km) + AT 1), (k) Ais) (ko) T A(i,t),(mA(j,s),(m))

1<(4,t)<(7,5) < (k,v)<mn

It follows from the triangle inequality, the result given in part (a) above, parts (b) and (c) of Lemma
S2-1, and the symmetry of A that

1 1
I GRS I S T

1<(5,t)< (4,8
1
+3 > ( 60,6 AT, (ko) + AT, ) AT, (k) + A0, 604 9), (iw))
1<(4,t)<(5,8)<(k,v)<mn
< 4 {,44}+1 mz Af 43 Y’ mz A? A?
= 37 4 (i.),Gs) T (1:),(5:5)(5:5), (k,0)
(ivt)v(j75):1 (j75):1 ) (iv?)v(k7v):1 )
(iH)#3s) (i,6)7(5,8), (k,0) #(5,5)
K3, K3,
— Oa.s. (KQ,n)+Oa.s. 27 +Oa.s. :
n n

- Oa.s. (KZ,n)

Finally, for part (c), we take {n(i’t)} to be a double-indexed sequence of i.:.d. random variables
with mean 0 and variance 1 and where 7; ;) and Z are independent for all (i,¢) and n. Define the
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random quantities
Ar = > [A(i,t),@,s)A(z‘,t),<k,v>77<j,s>77<k7v>+A(z’,t»(j,s)A(j,s>,<k,v>77<i,t>77<k7v>
1<(4,6)<(4,8)<(k,v)<mp
+A(z:t),uw)A(j,s),<k,v>77<zyt>77<j,s>]
Ay =

(]

[ 460,69 460,00 1650k + A060.05) A5 ko) TNk |
1<(4,t)<(7,5)< (k,v)<mn,

Ag = A ), (k,0) A,8),(6,0) (1,8) T G5)
1<(4,t)<(7,5)<(k,v)<mn

~

Next, note that using part (c) of Lemma S2-1 and the symmetry of A, we have

E[A|IF?] = E

1<(34,0) < (4,8)<(k,v)<my,

2
7z
( Z A(i,t),(k,v)A(j,s),(k,U)n(i,t)n(j,s)) |Fn

= > A ), (k,0) Al9),(k,0) A1), (6,0) A5, (61)
1<(5,t)<(j,5) <{ (k0), (60) <

_ 2 2
= > A, (60) A5, (k)

1<(4,t)<(4,8) < (k,v)<mpy

+2 > A ), (k,0) A9),(k,0) A1), (60) A5, (61)
1<(4,t)<(4,8) < (k,v)<(€,h)<mn

Yo Y Ak

(kw)=1 (i,t),(j,5)=1
(1,1)#(5:5)

+2 > A ), (k,0) A9),(k,0) A1), (60) A5, (61)
1<(4,t)<(4,8) < (k,v)<(£,h)<mn

K3,
= Ogs. - +2 Z Al ), (k) AGs), (k) AG0),01) AG,s), (0h)
1<(4,)<(4,8)

s)<(k,v)<(4,h)<mn,

IN
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E [AoA3|F7)

E

( > {AwﬁﬁwwﬂAUMHMmmmOwﬂmhgﬂ
1<(41,t1)

<(j1,51)<(k1,91)<mn

+A@LHMﬁﬁﬂAULﬂMhﬁﬂnﬁﬁﬂmhyﬂ})

X ( Z A(iz,t2)7(k2 ygz)A(jz,52)y(kzygz)n(iz,t2)n(j2,82)) |‘7:5
1<(i2,t2)

<(j2 y52)<(k2 yg2)§mn

> [AGi.0),G.5) A1), (ko) A (0.) Ak ), (0.1

1<(4,6)<(7,8)<(k,v)<(£,h)<mp,

FA(i,0),G,5)AG ), (k.0) Ai.), (0. 0) Ak ), ()]
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and

E [A3|FZ]

2
Z
= E {Au,t),<j,s>A(i,t>,(k,v>€<j,s>€(k,v>+A(z‘,t),w,s)A(a‘,s),(kw)77(m>77<k,v>}) 7

(1<(i’t)<(j7s)<(k7’u) <mp,

= > A ),G,5) A0, (k) A1), G5) AR, (0)
1<{(1,8),(6,0) } < (G,5) < (k) <

+ > Ai,1),7,8) A G5, (00) A1), (60) A1) 0)
1<(4,t)<{(5,9),(&,h) } < (k,w)<mp,

+ Z Ai,),35,9) A1), (k,0) AGo), (0) AL ), (k0)

+ A(i,0),35,5)A09), (k) A1), 1,6 AL, (,0)
1<(4,h) < (i,t) < (4,8) < (k,v)<mn

(it

_ 2 2 2 2

= > A),6.9) A0, (ko) T > AG),6.:5) G 9), (k)
$)<

1<(5,8)<(4,8) < (k,v)<mp 1<(4,t)<(5,8) < (k,v)<mn

+2 A ),G,9) A0, (k) A1), (5) A(R) (0
1<(4,t) < (L,h)<(4,5)<(k,v)<mn

+2 > AGi1),6.9) AG5). (k) Ali.0). 00 A ) (k)
1<(4,t)<(7,8) < (L,h) < (k,v)<mn

+ 1 4),9) AG), (00 AG,5),(60) Ak, (6,)

CM
Q:u

+ A5, (k,0) Alk,0),(0,0) Al ), G5) Al (6.1)
1<(4,t)<(4,9) < (k,0)<(£,h) <mp
o 2 2 2 2
= > AGi),G.) A, (k) T > AGi0),G.9) 4G ), (k) T 250
1<(6,t)<(j,5) < (k,0) < 1<(5,4)<(j,5) < (k,v) <mn
n mn 9
< 2y > A 0.6, AGis). (o) T 25

(j,s):l ) (ivt.)v(kﬂ}):l )
(i) 7#(4,8),(k,0) #(j,5)

K3,
- Oa.s. n7 + Oa.s. (KQ,n) - Oa.s. (K2,n)

Since A; = Ag + Ag, it follows from part (b) of this lemma and the results given above that

E[ANF7] = E[A|F7] + E[A3|F/] +2E [AyAs|F/]

K3,
- Oa.s. . + 4Sn
n

K3,
— Oa.s. 77,7 + Oa.s. (K2,n) — Oa.s. (KQ,n) .
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Moreover, note that

> A1), (k) A (k) A1), (01) A 5) (1)

1<(4,t)<(4,8) < (k,v)<(€,h)<mn,

_ 1 2 Z 1 2 2
= SE[ASIF] -3 > AL, 000 AG.9), (k)
1§(i7t)<(j75)<(k7v)§mn

. 1 2 7 1 2 2
= 3E {(Al —Ay) |fn] ~3 Z Ali0), (k) A5, (k)

1<(4,t)<(7,8)<(k,v)<mn

so that, by making use of the triangle inequality, Loéve’s ¢, inequality, and the symmetry of A; we
obtain

> A1), (k) A (k) Ait) (01) A ) (1)
1<(4,t)<(7,5) < (k,v)<(€,h)<my,

E [A}FZ] + E[A3|F/] +

IN

2 2
> Ay, (5,0) A 9), k)
1<(4,8)<(7,8)<(k,v)

mn Mmn

> > Al 0).000) Al ), (.5)

(k:,U):l ) (ivt)v(jﬁ?):l
(4,0 #(k,0),(4,8)#(kv)

N | =

< E[AFE] +E[AF] +

N =

Oa.s. (K2,n) .0

Lemma OA-11:
Let L be the lower triangular matrix such that Ly sy = A, 6,511 t) > (4,8)}. Then,

under Assumptions 5-6,
HLL/HF = Oa.s. (\/ K2,n> 5

where ||-|| > denotes the Frobenius norm, i.e., ||A|z = [tr (A’A)]l/Q.

Proof of Lemma OA-11:

102



By parts (b) and (c) of Lemma S2-1 and part (c) of Lemma OA-10, we have

[E24
= r{LL'LL'}
_ 4 2 2 2 2
= Y. Al T2 > [A@ut),<j,s>A(z',t>,(k,v) + A(z:t),<k,v>A<j,s>,(k,u)}
1<(5,4)<(j,5) < 1<(5,4)<(j,5) < (k0) <
+4 > A g, k,0) Alk,0),,5) AGos), (0,0) A,), (1)
1<(4,t) < (4,8) < (k)< (£,h)<mn
4 2 2 2 2
= Y. Al T2 > [A@ut),<j,s>A(z',t>,(k,v) + A(z:t),<k,v>A<j,s>,(k,u)}
1§(i,t)<(j,s)§mn 1S(i:t)<(j»s)<(k7v)gmn
+4 > Ai,),(k,0) Ak,0),65) AG,9), (6,0) A,R), (,1)
1<(4,t) < (5,8) < (k,v) < (£,h)<mn,
~ 4 o o 2 2
<Y AngetE Y > A, () A0, (G29)
(ivt)7(jvs.):1 (k‘,U)Zl ) (i,t),(j,?)ZI
AT (i) 2(k,0), (5 # (k)
+4 > A, (k0) Ak,0),(,5) AG,9), (6,0) A,), (1)
1<(4,t) < (5,8) < (k,v) < (£,h)<mn

K3, K3,
— Oa.s. 27 + Oa.s. : + Oa.s. (KQ,n) — Oa.s. (K2,n) 5
n n

from which the required result follows. [

Lemma OA-12:
Under Assumptions 1-6, the following statements are true.

(a)
171 17t A 7(Z1,Q)
n n
(b) —177/ -1
D, 'U'AUD, ! =0, (1)
(C) 1274 1 177/
Y'Z,AUD,; DU AZyY

N =op(1), T:%(l)-

Proof of Lemma OA-12:
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To show part (a), note that, by making use of the fact that M (2.Q) 7z, = 0, we have

YZAZY  TZ4Przx Y ZpMPR DM 2y
n n n
Y2y P 25X
n
125 (PP — PUQ) 7Y
n
T,Zé (M(ZlyQ) _ M(ZvQ)) Z9Y
n
Y/ 2y M P @ Z, 1
n

Moreover, part (iii) of Assumption 3 implies that

171 A r(Z1,Q) 1zl

n - n
where we take A < B for two square matrices A and B to mean that A— B is negative semi-definite,
or, alternatively, B — A is positive semidefinite. It follows immediately that

Y ZYAZ,Y Y ZMZQ) Z,Y

= as.la
n n O()

as required.
To show part (b), note that, for a, b € R? such that ||a|, = [|b], = 1, we write

Mn

dD,'U'AUD, " = DM | Y AunGeUanUlsy | Db
(i, )7(]73):1
(i,t)#(5,5)
- Z A1), (j,5) Ua, (i,6) b, (j,5)
(i7 ),(j,s):l
(i,t)#(4,5)

where u, ;) = a D;lU(M) and uy, (j ) = O/ D;lU(LS). Next, making use of the CS inequality, part
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(a) of Lemma S2-1, and Assumptions 1, 2(i), 3(ii), and 5; we get

E (D, U AUD, ) |F]

2
= A
= FE Z AGb),0,5) Ya, (i) U, (G,s) | 1 Fm
(ivt)v(j75):1
(.020.5)
= > D Aw.G9) Ak en) E [Ua (i) Un, (i) a, (k) o) | Fr

(i.,t),(4,8)=1 (k,v),(£,h)=1
(0,0)#(Gys)  (kw)#(Lh)

= > A {E [Ui,(i,tﬂff] B [Ug,(j,sﬂff] + B [ua iyt (i) Fil ] B [ta(j,yUb,(j.5)

(’i,t),(j78):1
(4,6)#(4,5)

> Ay | B ekl FE) B 1 ol FE] + B [uasou, ol 17 B [[ua e

(’i,t),(j78):1
(4,6)#(5,9)

Mn

Yo AlngeE [ui,(i,t)‘fnz] E [Ug,(j,sﬂff]
(ivt)7(jvs):1
(4,6)#(5,9)

Ly Aamuﬂ¢E{ﬁ@@V%JVE{@ﬂ@“%]¢EP%MMU%IVEP%“@Vg}

(5,8),(5,5)=1

(8,6)2(j,s)

CKyn 1 Wl

min\4 K. Z

()™ B2 o1
(1,0)7(j,5)

= Oa.s. K2.,n 1
(k)

= Ogq.s. (1) 5

71}

IN

7]}

IN

IN

2
A, Gis)

It follows from the conditional version of the Markov’s inequality that for any ¢ > 0
Pr (|a'D;,'U’AUD; "b| > €| F7) — 0 a.s.

Moreover, note that
sup B [|Pr (|o'D; "0 AU D, 0| = o FE) ] < o

Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley
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(1986), it follows that as n — oo
Pr(|a'D,'U’AUD; "b| > €)
= E[Pr(|dD,'U'AUD,'b| > ¢|F7)] -0
Since the above result holds for all a, b € R? such that ||a||, = ||b]|, = 1, we further deduce that
D'U'AUD, =0, (1),
as required.

To show part (c), again, let Up (i) = U(ijt)D;jlb. Note again that, by making use of the
conditional serial independence assumption in Assumption 1, we have

- _1 2
g ([dTAAUD)
NG
r 2
1 mn
= F 7 Z Aty (k)@ Y Za oy ey | 1FE
(i,),(ko0)=1
L (4,8)7#(k,v)
1 Mn, Mn 7
= = Z Z A1), (k) AGs) ey @ X Zo (5.00" Y Zo (5.9 B [y, (1,0) U, (0,1) | Frr |
(i,),(k,0)=1 (j,8),(¢,h)=1
(1,0)#(kw)  (4,5)#¢h)
1 ze mMn 3 B
= = > i (ki) A )8 T Zo i@ Y 2, 5,6 Dy B Uty Ul | FZ | D
(ko)=L (i,8),(Gs)=1
(4,8)7#(k,v),(4,5)#(k,0)
2
< maXlS(k,v)Smn E [HU(k,U)HQ |f5]
B (pmin)?
1 mn Mn
x= > > AGit) (k) AG). @ ' 2,500 T Za )
(bo)=1  (i,t),(Gos)=1

()2 0). (7.9 (k.v)
max < ) <m, 2 [V

in\2
(k™)

2\ ¢z
S FZ] vz an 2yt
n
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Next, by note that

a Y ZLAA' ZyYa

n
_ dT'Z (Pt — MZQDD;MEZQ)) (P — MZQ DsM(ZQ)) ZyYa
n
o/ X' Zy (P + MZQ D MZQ D MZQ) ZyYa

n
a' X' Zh P+ Z5Ya

n
aY'ZyZyYa
n

IN

from which it follows by Assumptions 2 and 3(iii) that

n

o' ZyAUD b ] 52
NG

et <)<, B | [V 5157 | w23 270

(pmin)? n

Og.s. <W> = Oa.s. (1)

It further follows from the conditional version of the Markov’s inequality that for any ¢ > 0

Pr ( > e|]-"nZ> — 0 a.s.

Pr ( Ze|.7:f>

Hence, by a version of the dominated convergence theorem, as given by Theorem 25.12 of Billingsley

(1986), it follows that as n — oo
o/ X' Z4AUD, b o/ X' Z4AUD, b p
Pr >e|=F|Pr > €| Fz —0
vn vn

Since the above result holds for all a, b € R? such that ||a||, = ||b]|, = 1, we further deduce that

o/ X' Z4AUD, b
vn

In addition, note that

Y Z,AUD; ’

Jn

< 00

sup
n

! 7! —1
n
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Moreover, it follows immediately that

D\U'AZY (Y ZyAUDM\
2T (L) =g, (1),

Vn Vi

as required. [

Lemma OA-13: Let A = P+ — M(Z’Q)DgM(Z’Q). Then, under Assumptions 2-6, the following
result holds as K» ,, n — oo.

3
2

n K, n
Z Z Z A (4,¢1),(7,51) A%i7t2)7(j752) - Oa's' ( né ) '

i,j=111,t2=1 s1,52=1
i#J

Proof of Lemma OA-13:
To proceed, we apply the inequality |XY| < (1/2) X2+ (1/2) Y2 as well as the result given part
(b) of Lemma S2-1 to obtain

Z Z Z (Ztl (4:51) %2t2)7(1,82)

t,j=11t1,t2=1 51,52=1

i#j
1 n T;
< —Z Z ZAm Gt 2L Do ZAm (152
i,j=111,ta=1 s1,59=1 i,j=111,t2=1 s1,59=1
1#£j i#£]
T2 Mn T2 Mn
4 . ..
<3 X A?z;tl),u,slﬁ? D, Abie)e (by Assumption 6(iD)
(/[:7t1) (J ) (/[:7t2)7(j»32):1
(’itl)?é( S) (i7t2)7é(j752)

K3, K3,
= Oa.s. n2 ‘I'Oa.s. n2
K3,
— O [=2*). O
n

Lemma OA-14: Suppose that Assumptions 1, 2, 5, and 6 are satisfied. Then, the following
statements are true.

(a)
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where

where

Ai2

A1z =

)

1

K2,n

KQ,n @,
@,

" (i),
(i,t)#

G

),(d
t

Js

T;

2
Z Ao {ZJmahZ(Mﬁm,a,g)) )
(3,t),(4,5)=1

t)#

@,

(

5)

g=1

T Ty
XZ‘]% )>(4,v) ZZ (4,0),(4,9) ]v) (J,e) (j7Q)8(j7C)

qg=1 c=1
c#q

1
*3‘%(%9’

T, T;
Q Q
Z A(@t ):(4,s) Z‘](Zt ):(4,1) ZZM(Lh),(@g)M(i7h),(i7r)€(ivg)€(i:7’)
,(J,8)= g=1r=1
0, s) 79
T T} o 9
2
% Z:J (7:5),(50) Zl (M(jm),(j,q)) €G.a)
v= q=
Ko p
A1,4=op< = )
T; T, T;
A(l t),(4,s) h) Z Z M(z h) (z R),(i,r) € (i,9) € (i,r)
2 > 2o

T T; Ty
XY GG 2 D ME,
v=1

qlc—

1
=0, ()

(J v),(,¢) € (4,9) € (jsc)
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where

Al
T;
1 J 2
= K2n Z A(zt ),(j,8) ZJ” ),(i,h) <e(th 8) ZJJS ),(5,v) (6(]U)M 8)
" (4,t),(4,8)=1 h=1 v=1
(4,6)#(5,5)
1 =
%o 2 A(zt) (G:950%)
R CEINCA)
(%ﬂ#(]vs)
Proof of Lemma OA-14:
To show part (a), write
1 Mn T, T; 9 )
Az = Ko Z (lt ,(7:5) ZZ‘](” )+(i;h) ( (i,h), (z,g)> €(i.9)
M (i,8),G,8)= g=1h=1
G20, S)
T] TJ
XZJM ,(3v) ZZM(” (] 0),(j,e)E(:0) € (G:c)
= q:l =1
i L T 2
= ZZAz (4,8) szit ),(4:h) ( zh)(z,g))
i=1 t,s=1 g=1 h=1
t;és
T, T;
X Z J(Z s),(4v) Z Z M v),(1,q) (z v),(1, 6)5?1‘79)5(2‘@)5(@',0)
v=1 q:l ;
n T, Tj T, T, 9
Kzn >0 Ao 2o 2 Tanian (M )
i,j=1 t=1 s=1 g=1 h=1
i#]
T T; Tj
X Z J(j,s),(] v) Z Z (4,v) (] v),(J,¢) %iyg)g(jJI)E(jvc)
v=1 q= 12#3
= A1+ A2
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Now, applying part (f) of Lemma S2-1 as well as Assumptions 2(i), 5, and 6; we obtain

[|«4121||fz]
n T T 2
< Kz ZZ G 2 D [ T6aaml ( (zh)(zg))
i=1 t,s=1 g=1 h=1
t;és
T, T;
XZ“J(ZS (i) ‘ZZ‘MZ’U (z,qHsz ),(3,¢) H ( )8(1‘1) i) |f‘Z}
q=1 0;1
4
3 Q
< Tl <1§@,J§f‘<?-,’§>gmn M(i@,(j,s)) <1géf‘t?§mn teal” ZDKMZZ D)

i=1t,s=1
t;és

- Oa.s. <K2,n )
n

Moreover, let ¢(; o) = E%Z- 9~ E [s?@ g)‘]:nZ }, and, making use of Loéve’s ¢, inequality, we can write

E[AL 55| 7]

n z ] z z 2
s 2B K2 S22 Ao 2o 2 Tannen (M )
i,j=1t=1 s=1 g=1h=1
i#]
2
TJ TJ
XZJ% ),(j,v) ZZ GGy M )(J7 )$(:9)€ (.)€ () F
=
n T Tj T, T; 9
+2E - Z DD AL Do D Janm ( zh)(z,g>)
" ig=1t=1 s=1 g=1h=1
i#]
2
T;
X Z 5),(4,v) ZZ (4,0) (]q )(] c) [g%l,gﬂfnz] €(.a)€(0) |fnZ
v=1 qg=1 c=1
c#q

Now, note that, by the decoupling inequality given in Lemma OA-7, there exists a finite constant

C3, whose explicit form is given in Lemma OA-7, and independent copies { (ggf)t)’ggf)t)> }:.1:)71 (for

)
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¢ =1,2,3) of the sequence {(g(i’t),e(i7t))}?zz):1 such that

n T; Tj LT 2
2F Z D ALy DD T, zh( (i,h), (i, ))
7,] 1t=1 s=1 g=1h=1
i#]
2
TJ TJ
XZ‘]% ),(4,v) ZZ (7,v),(4,9) (], ),(J, C)g(z,g) (JQ)(C:(J c) |fnZ
=T
n T; Tj i T 2
< 2-G)E K2 DD A 2 2 e (M)
M g=11t=1 s=1 g=1h=1
i#]
2
T
1 3
Z (5:5).G0) E;Z oMo Gosintinton | 177
g=1c=1
= 2 03 Z Z Z A(ztl ),(4,81) (th) (4,52)
t,j=111,t2=1 51,50=1
Z#J
T; T; 2 2
XZ Z |J(i7t1)y(i7h1)‘|J(i7t2)y(iyh2)‘(Mg,hl),(i,g)) (M(Qi,hg),(i,g))
g=1 hi,ha=1
& At Q Q
X Zl\ Gosn.Goon) | [T (oo \22‘ Gon) (qu Gon)s (o) ‘M(jm(j,q)"M(j,vzx(j,c)
v1,V2= q= g;_éq
xE[( ) \ﬂ} [( (]q) \fZ]E[(sg’fC))Q\ff]
8 2
< @ C)T || <1<(' goax ‘M(Qi,t),(j,s) ) <1S(%’L§mnE [E?i,t)‘fnz}>

1
K3, Z Z Z AL )Gy Alit2), (o)

t,j=1%1,ta=1s1,52=1
i#]

= Oa.s. <K22,n> = Oq.s. <l> )
n n

where the (almost sure) order of magnitude above is calculated using Lemma OA-13 and Assump-
tions 2(i), 5, and 6. Moreover, a further application of the decoupling inequality given in Lemma
OA-7 shows that there exists a finite constant Cs, whose explicit form is given in Lemma OA-7,
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and independent copies {ng)t)}?n)_l (for £ = 1,2) of the sequence {5 (it }( , such that

IN

IN

IN

)

n T, Ty T, T 9
2E KznZZZA(zt i D2 T, Zh( (6.h),(0 >)
1,7=1 t=1 s=1 g=1h=1
i#]
2
T} Ty T
XY TG DO M G (] ,Gi0) [eémlﬂz ] GacGe) | Fr
v=1 qg=1 c=1
c£q
n T, Tj L T 2
26'2E Z ZZA(zt ),(7,9) ZZJ(Zt ),(4,h) ( (4,h), (4, ))
2 1,j=1t=1 s=1 g=1h=1
i#]
2
TJ TJ
1) (2
XZJJ, ),jsv) lel G (J, VG E [E%zyg)m?] Eéj?q)ggj,)d 7
q=1 c=
ctq
n Ty Ty, T;
202 Z Z ZZ Z (21,t1 (4,51) %22,t2)7(1752)
7n1122 1 j=1 t1=1t2=1s1,52=1
J#iLsi
L, T, T, T 2 2
x>y | Teir0), (i) | [Tzt (2| (Mgl,hn,(zl,gl)) (M(?27h2),(i2792))
91=1g2=1h1=1 he=1
: CN 1@ Q
X Zl‘ (4,51),(d,v1) HJJS2 (2 ‘ZIZ‘ (Gv1) (JqHMJm ),(4:¢) ‘ (JU2)v(j7Q)“ (Jyv2),(j:¢)
v1,V2= q=1c=

c#q
XE[ E(ir,g1) |‘7:"Z] [8(12 92) ‘“7:2} [(5(37)(1) ‘}—Z] [( 8)0 )2 ‘}—nz]
8 4
,055) < > <1<$?§mnE il D
n Ty T

Z Z ZZ Z 21,t1 (4,51) %127152),(%82)

7”7,112 1 j=1 t1=1t2=13s1,52=1

J#i1,02
1
Oa.s. <_>
n

20,7 || 7|14, ( max
1<(4,t

Q
MG 1.y

where the (almost sure) order of magnitude above is calculated using part (e) of Lemma S2-1 and
Assumptions 2(i), 5, and 6. It follows that

Ky, 1
E ["4%72,2‘fnz] = Oa~5- < zé ) + OWS- <_> = Oa.s. <l> s
n n n
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so that, by the triangle inequality, the conditional version of Liapunov’s inequality, and Assumption
5(ii), we further obtain

E[| Al |FZ] < E[| A1 |FZ] + E [| A2 |F]

B [[Avzal IFZ] + (B |43, 77|
- KQ,n i o i
= o (B) v0u. (&) <0n (L)

Hence, there exists a constant C' < oo such that for all n sufficiently large

E [Vn|Aizl] = Ex (VnE [|Aig] |F7]) < C.

IN

It follows from the Markov’s inequality that for any € > 0,

Pr <|\/EA1,2| > %) < ew <e

for all n sufficiently large, which shows that

Ays =0, (%) . (64)

To show part (b), note that since A is symmetric, so that A ) (j.s) = A(js),(i,), it follows that
A2 = Ay 3. Hence, using the same argument as that given for part (a) above, we can show that

Az =0, (%) . (65)

114



Turning our attention to part (c), note that, in this case, we can write

1 T; T, T;
Ara = Ko Z A(z DG 2 T ih) D Z M(z n) (Qi,m,(i,r)e(z,g)e(zur)
" (it),(.5)= h=1 g=1r=1
(i.H)# 3, > r#9
T ] ]
Z (5,8),(4,v) ZZM (jq ),(j,c)g(j#Z)E(jﬁ)
ke
- Kzn;tzl (4,8),(4,5) ZJ(Zt ),(4,h) leleh ),(%,9) zh)(zr)
7 S g T
s;ét r#g

T, T;
ZM (0),(x) (z 0),(5,) € (1,9)E (1) E (1,9)E (i)

T;
X > JGis)G)
v=1

g=1c

Tz ’L ’L

ZZZ (1,0,6:9) h_ljzt 6 D2 DM hy .0 Mitny )

i,j=1 t=1 s=1 g=1r=1
1#£] r#g

T; T; T

Q Q
X Zl J(.9),Gi.0) 21 21 M5 o) Gy MG o), (.)€ 6,9 E (i) E (i) E i)
V= qg=1 c=

c#q

KZn

= A1+ Ao

Now, by the triangle inequality, part (f) of Lemma S2-1, and Assumptions 2(i), 5, and 6; we have

[|A141\ !fz]
< K2 ZZAzt (%,s) Z‘J(Zt (Zh‘zz‘ (i,h),( ng (,h),(2,r)
i= lss;tl g= 1;7&;
T, T,
XZMJ, ),Gi0) \ZZ( (0).(0) H coniol B llecocancinsiol 177 ]
qg=1 c;l
4 2 Q ! Z A2
< T |J[I% <1S(i7tf)f1(i§)gmn M(i,t),(j,s)) (KG%?%{W [ plF DK2 ;;1 (i-t),(i,5)

KQ n
= a.s. : = Oa.s. 1).

In addition, by the decoupling inequality given in Lemma OA-7, there exists a finite constant Cy,
Mmn
whose explicit form is given in Lemma OA-7, and independent copies {5Ef)t) }( - (for £ =1,2,3,4)
) (it)=
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of the sequence {€(i7t)}?z:):1 such that

E[A} 40| F7]

n T; J T; T; %

T;
= F KMZZ A(zt ),(4,8) ;JZ 1ZM7 )s( (Zh)( r)

9=

i#j r#9
2
Tj TJ TJ
XY TG0 D MO .M G GaEGnE GG | 1Fr
v=1 qg=1 ;
c, n T; Tj , T; T, T
S | DD I F R DR N ZZMm )0 Mo i)
2,n i,j=1t=1 s=1 h=1 g=1r=
1% sﬁ
2
J J
XZ% 16 D0 DM G M GofinEenciotin | 177
- 1%&5
n T; T;
=< Z Z Z Al G A 2 am @ | [Tae) wm)|
7"2] 1t1,to=1s1,50=1 hi,ho=1
i#]
T;
X ZZ‘MUH ),(4,9) H ghl),(i,r) ‘M(?,hg),(i,g)‘ (M(?@),(m Z | T.s.Gan) | [ G02). G|
r;ég v1,v2=1
XZZ‘ Gon) JqH MG 00y, ‘Mg,w),(j,q)"Mg,w),(j,c) [( %) |fZ]
=1zl
e[ ] () ] ()]
8 4
< > <1 S&?;(mnE[E%i,t)‘ff])

—4 4
CaT" || Jl5q <1 <G, tgn(?f)m ‘M(i,t),(j,s)

X—Z Z Z AZtl (4,51) Ztl)(Jsl)

2,n i,j=111,ta=1 s1,s9=1
i#j

K2,n
- Oa.s.( n2 >

where the (almost sure) order of magnitude above is calculated using Lemma OA-13 and Assump-
tions 2(i), 5, and 6. By the triangle inequality, the conditional version of Liapunov’s inequality,
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and Assumption 5(ii); we then obtain

E A |FZ] < E[JAvaal||FE] + E [|Avael |F]

IN

UA141||-7'—Z]+ E|:"4142|fnz:|
= Oa.s. <K2n> + Oas <&> = Oa.s. <K2,n> = Og.s. (1) .
n n n

Hence, there exists a constant C' < oo such that for all n sufficiently large

n n —
E [K | } _ (KME[\ALM |fnZ]> <

It follows from the Markov’s inequality that for any € > 0,

n C n_ E[lAl]
P > — ) <e—— <
' <‘ K2,nA1’4 G ) - 6K2,n C =€
for all n sufficiently large, which shows that
Kon
Aia=0, ( = ) : (66)

Finally to show part (d), note that we can decompose A; as

Ai
1
= Fan > Aty ) Z‘](@t i) (€am M)’ ZJ(JS oy (e 29%)
" (it),(j,5)=1
(i,)#(5,5)
_ 1 % A2 2 2
Kon (6:0):7:9)%(6:6)% (3:9)
’ (ivt)7(jvs):1
(i,t)#(4,5)
m T T
1 n i i Q Q
- K Z A(zt ),(4,5) ZJ(H ),(3,h) ZZM(i7h),(i7g)M(i7h),(i7r)€(i79)8(i77")
" (i), (Gs)=1 g=1r=1
(i,)#(5,5)
Ty Ty T
1
le 5),(G:v) lel (7,0)( (Jv) ()G ~ g Z A(zt) (s )5(”) ( 5)
= == (i), G:8)=
(i,t)s'é(j,s)

= A +Ai2+ A3+ Aig
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where

Ai
T Ty ] J
1 2
T K, Z A<“ ?S>ZZJ ( (i:h),(i.9 ) TG ( (J,><j,q>) €G.9)
7 (1),(4,8)= g=1h=1 q 1v=1
(i.t)# (' >
! A?
" Ko, Z (00,6956 o)
" (4,t),(7,8)=1
(»#(as)

and where A;2, A13, and A; 4 are as defined in parts (a)-(c) above. We will first show that
Ai1 = 0. To proceed, note first that it is easily seen that M Qo M@ is a block diagonal matrix,
which can be written as

(M@ o M®), 0 0
MQ o M@ = 0 (MQOMQ)2 :
: . 0

0 0 (MYoM@),

where the i** diagonal matrix (MQ e MQ)Z. is T; x T;. Moreover, by definition J = (MQ o MQ)_l,
where the inverse exists in light of Assumption 6. Hence, J can also be written in block diagonal
form as

Jb 0 - 0 (MQOMQ);l 0 0
. . —1 .
sl o R L 0 (M@ o M@),
(| : 0
o --- 0 J, 0 0 (]\4620]\462);1

Let e(;4) be an my, X 1 elementary vector whose (i, t)th component is one and all other components
are zero, and let e, 1 be a T; X 1 elementary vector, whose ht" component equals one and all other
components equal to zero. Using these notations, one can show by direct calculation that, for any
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t,g € {1,...,T;} and for any i € {1,2,...,n},

T;

2
Z J(it),(i,h) ( (i,h), (Z,g)> = Z‘f/(i,t)Je(i,h)‘f/(z‘,h) [MQ © MQ] €(i,9)
h=1
T;

/ /
= Y endienné,r, (M?oM?) e,
h=1

= (MQOMQ ZehTehT (MQOMQ) egTZ
h=1
= e (MQOMQ);l (M@ o M), eqr,

= e;,Ti I, €9,T;
_ 1 ift=g
N 0 ift#yg

These calculations imply that

Ai
1 i 2,
~ K Z A( (5:5) ZJ(” (Zh( (@h),( ) ZJJ’ U”( (3:0),(4, )) €G.a)
’ (ivt)7(jvs):1 g,h=1 q,0=1
(i.0)# (' 5)
! A?
T Ky, Z (10,G:9)560%G)
" (i.0),(5:)=1
()7 ():9)
B 1 Mn, A 1 mn A
= Ko, > Aot )%s)‘@ 2 A%l
™ (0,0),5,5)=1 " (0,0),5,5) =1
(3,6)#(3,8) (3,t)#£(j,s)

Combining (67) with the results obtained in expressions (64)-(66) above and making use of As-
sumption 5(ii), we further obtain

A1 = Aii+Aig+Aiz+ Aia
B 1 1 Kon\ 1
N 0+O”<\/ﬁ>+0”<f>+o < n )O”<ﬁ>’m

Lemma OA-15: Let Assumptions 1-6 be satisfied, and let {gn} be a sequence of estimators such
that

5n—(50H2&0asn—>oo,

as long as /K, / (uﬁin)z — 0. Then, the following statements are true.
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n

K,
./4271:0;0( > :O;D(l)a

where

4 &
Agg = on (Zt%:s Ali0).Gs) {};J@t),u,h) (“/"uyh)P ZL&) (e'(ah)MQg)

(i,t)#(, S)

T,
X Z T (P e) (el M%) }

v=1
(b)
A2,2 = Op (1) )
where
«422_%(”)2 A9 {ZJ” ). (ish) ( wnP? )( MY )
(%t)#(m)
3 B (G MEOX -] (e;j,v)M@g)}
(C) Ao g = op (1)
where
T;
Arg = an (i, t)z Ali.G.9) {;;J(’ ) (&h) ( (M PDX [g" - 50}) (‘C”IWM Q’f)
vy
S0 () (61019
(d)
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where

g 85 i {3 i (X ] (%)
b <)_>1
-
" ; T (M DX 3= b0 ) (el M%) }
©) Ay =0, (1),
where
Aa
_ an( (Z A9 ZJ(n i) (€lam P e+ anMEDX [3 = b0 ) (el M%)

i,t),(j,8)=
(@, 0)#(3, 8)

X ij(j,S)v(jﬂ)) (el(jﬂ))PZJ_e + el(j,v)M(ZyQ)X [gn B 50]) (e/(j’v)MQ€>

Proof of Lemma OA-15:
To show part (a), we first apply the triangle inequality and the inequality |XY| < (1/2) X2 +
(1/2) Y2 to obtain

| Az2,1]
4 mn T;
2
< %o X A(z’,w,(j,s){ZU(znt),(zyh)!
™ (i,t),(5,5)=1 h=1
(i,)7,5)

T
X ;Jl |J(j78)7(j7v)‘ <el(i,h)PZig) ( ein )MQ ) ( (],U)PZLE) (e,(jyv)MQg)}

< Ag11+ Azi2

where
A _ 2 mnA Z]J e P2 (e @)
21,1 = KZn(t(Z) (i,8),(4,8) ;ZJ i,t),(i,h) ‘ (4,8),( ]U‘( i,h) ) (e(j,v) E) )
7 7,8 v

(@073 )

]

Az1e = - Z Al ZZ‘JH @n G, JU‘< ZhMQ) (el(jvv)PZ%)z'

K2n(zt ,(7,8)=1 h=1v=1
(i:t)#(4:5)
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Clearly As11 > 0 and A2 > 0. Next, note that we can apply Assumptions 1, 2(i), 5, and 6 as
well as part (a) of Lemma S2-1 to obtain

E [A21.1|F7]

2 —
e Z A( D) ZZ‘JH @hHJJS(Jv|Z (Gw)( qu (G0),(

20 G0 Gas)=1 h=1v=1
(4,)#(3,5)
N mMn n
X Z Pan 2 P€h>,<k7c>E [uncmaciacvelFr]

(Lr)= (k,c)=

2

S o Z Ao ZZ\M iml [ 7G.9).60)]
" (z(tt)(](s) ) h=1v=1

.
X i (Mg,v),u,q))Q (P ﬁ),(j,q))z 2 [E?j,q)‘f " }
=

T, Ty T

9 2
+E Z A o ;Z\J@t ml [ JG.9.60) |Z( &»(j,q))
( )75(8]5) B )
mn 2
X (; (P({Z),(l,r)) E |:€%l,r)|ff:| E [8%17Q)|f5:|
lr)=1
T
4 z J
+E Z A(zt(JshZZ‘J(zt(zhHJJs(Jv|Z‘MJv(JQHP’h(”‘
7,8) 1v=1
( )#(JS)

X Z‘ij )>(3,9) ‘ ‘Plh ),(4.9) ‘E[ |‘7:Z] [ %j,g)|fnz]
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2 2
Q 4 Z Z+
< ¢ . . A .
- <1<(i7t€?(i}§)<mn ‘M(”t)’(J’S) > <1<(r£f?§mnE {6(’7’5)”—”]) <1<(%7L§mn P(”t)’(”))
2T T2, <= 2
X K2 n Z A(ivt)?(jvs)
’ (3,),(4,8)=1
(4, )75(37)

2 2
el 2 Q 2 A
+2T || 7115, <1S(i7tﬁj§)gmn ‘M(z,t),(j,s) ) <1S(?‘§§mE [E(i,t)‘FHD

Z+ 1 - 2
( iy

2 2
2 A
. ) <1<@Hi?§mnE [0l nD

2
pZt 1
8 <1<(rﬁ?§m (i5t), (zt)> KM( t)Z) A(zt) (4,5)

—2 2
AT ||J
+4T || J |5, <1<(i7t€?(i§)<m"

(@70, S)
K2 K, K2 K,
= Oa.s. < > + Oas ( ) + Oas <_2> = Oa.s. <_> . (68)
n2 n n n
In the same way, we can also show that F [Azl,g\fnz ] = Oq.s. (K, /n), from which it follows

E [|.A271| |.7:nZ] < F [./42,171|.7:nz] + FE [,4271,2‘.7:5]

K, K, K,
= Oa.s. <_> + Oa.s. <_> = Oa.s. <_> .
n n n
Hence, there exists a constant C' < oo such that for all n sufficiently large
n n 7 —
E [E |A271|} =Ey <EE [| A2, fn]> <C.
It follows from the Markov’s inequality that for any € > 0,

Pr( 29><6£M<

n
— Ay Sk T T <e
for all n sufficiently large, which shows that

Ky

Az = O, <%> — 0, (1). (69)

To show part (b), we again apply the triangle inequality and the inequality | XY| < (1/2) X2+
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(1/2) Y2 to get

| A2, 2]

IA
|
3

M
g\il>-
z
&
=
=
:
M=
=~
S
o
(S
C?

( . PZL )( Zh)M 5) (e’(. )M(ZQ)X [S —50]) (dMMQE)(

4
B KQn ] Z A(lt ),(4,8) Z‘J(Zt (Zh‘z“](js (4,v)

e
X ‘(e’(i,h)Pst) (e'(i h)MQs) (e'(j U)M(Z’Q)U [g — 50]> <e’(j7v)MQ€)‘
9 Mn J 2 2
S KQn ‘ (Z A( (_]s ;Zl|Jlt (Zh ‘J(]s ]U ‘ (e/(thZlg) (el(j,'u)MQE)
e
9 mn T, Tj
+K Z A( ,(7,9) ZZ‘J(Zt ZhH‘]JS (JU|<(thQ)
2n (,8),(7,8)= h=1v=1
(,0)#0, )
X 6,(j7v)M(Z’Q)U [gn — 50:| |:/5\n — 50]/U/M(Z’Q)€(j7v)
< by — 50“2«42,2,2,
where
Mgy = 2 S 3 J J( 7Y (e Q)
2,2,1 = E,n ' Z (i,t),(4,5) ZZ‘ (%,8),( zhH (4,s) (]’U‘((Zh ) (e(j,v) 5) )
(z,'t),(j,s')zl h=1v=1
(4,6)#(3,8)
2 e LD
‘A27272 = Ko Z A( ,(7,8) ZZ‘J(Zt ZhH‘]JS (JU|<(thQ)
R chy e

z, z,
Xe/(j,'u)M( Auu'Mm( Q)e(j?v)
Note that A3 21 is the same as Ay 1 1 above, so from expression (68), we get

0 < E[Ag21|FZ] = Oq.s. (%) .

Moreover, using a similar argument as that given above to show expression (69) allows us to deduce
that

Az =0, (%) — 0, (1). (70)
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Next, making use of the decomposition M (%@ = MQ—PZ" with PZ™ = M@Z (Z’MQZ) ! Z'M@,
we can obtain the inequality

Z, Z,
el(jm)M( QDuu' M Q)e(jﬂ))

o [ 2200 [0 P

ZJ_ ZJ_ ZJ_
< e’(jvv)MQUU’MQe(jm) +2 e’(jﬂ))MQUU’P ey |+ €mP? UU'P? e
€ 1
< 2, MOUU'M®e(; ) + 2¢(; , P7 UU'P? e(j,) (71)
MARUU' M%e e, PZUU' P e,
since e’(jm)MQUU’PZle il < (37 ) 5 (Gv) 4 (j,v) - (Gw)

Applying the inequality given in expression (71) above, we further obtain

0 < Ao
2 o L
~ Kon Z Ali0).6.9) ZZ‘J(M @m TG.9,G.0 |( zh)MQ>
’ (i,t),(j,s)_l h 1v= 1
(4,6)#(4,5)
x el MPOUT' MZ e
T;
4 mn z J
< E Z (zt ,(4,8) Zzluw ,(4:h) ‘ ‘JJS (J,v |( zh)MQ ) (j,u)MQUU,MQe(m)
’ (Z )7( ) h 1lv
(i t)#(] S)
4 o L
oo 6022 Vsanioml | (e M) ey PZ VP e
M (i,t),(j,5)=1 h=1v=1
(&,1)#(3,5)

= Ag221+A2222, (say)
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Applying part (a) of Lemma S2-1 and Assumptions 2(i), 5, and 6; we get

0 < E[A2,272,1|‘7:nz]

4 Mn )
= & 2 Ao

(i,t),(4,5)=1
(Zt) (G>s)
XZZ‘J(M i || 7G,9).G0) | B [( iM% ) e(j,v)MQUU/MQe(j,v)V:f}
h=1v=1
T;
4 mn T; J
= Ky, Z A( ,(J>s ZZ‘JZt zhHJ(], JU‘ZZ‘ (3,h),( H (,h),(2,r)
" (4,t),(4,8)= h=1v=1 g=1r=1
(@,t)# 0, )
T Ty .
XZIZI‘M vl [MEw 6ol B ecosanUn Vo] 177]
q=1c=
4 ) Q 4 . . 1/2
< AT ||J]5 (K(Ltgfl(imen ‘M(i,t),(j,s)> <1<(%§§mnE [5(i,t)|7:nD

1/2 Mn
4, ~7 2
X <1<&?§m E |:HU’Lt H2 ‘Fn]> 27 (Z t)(z) A(’i,t),(j,s)
(i,t)#(J, S)

= O (1).

In addition, for F [A272,272|,7:HZ ], we have, by straightforward calculations using Assumption 1 and
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the triangle inequality,

0 < F [A2222|fz]

4 Mn
= 5o 2 A (JSZ|J(” )i
™ (0,8),07,5)
Cha

XZ|JJS ).G0) |E[( i MQ) “/’(jm)PZLUU'PZLe(j,v)|5”n1

T, Tj T, T;
4
= Ton Z A(zt ),Gis) hZZlVM 16w | |6,9),610 \ZIZIM&M@Q)M&M@T)
t),(j,8)= 1v g=1r=

( )75(3 S)

X Z P(?j) ),(k,q) Z P(?j) l,c) [ Zg)E(i,r)U(,k,q)U(l,cﬂFnZ]

IN

4 Ui J
Kzn Z A(”(JS {ZZJ(” (i) | 76,960 |

t),(4,s)= h=1v=1
( )#(38)

35 () (i) £ttt #?]

4 T, T; T; 9
o Z A( 0,9) {ZZ\JM,M .60 22 (M)
(4,t),(4,8)= h=1v=1 g=1
ey

PN CAIERE [ng,@wk,m}}

= 3 oo {Z%t MZZ\ Mo [MEn

2™ (i,8),(j.5)= g=1r=1
[ fﬂ} (72)

(Z t)#(J, )
Applying the CS inequality to (72) and making use of part (a) of Lemma S2-1 as well as Assumptions

x Z ‘J(JS (J,v) ‘ ‘Pjv ),(4,9) ‘ ‘P ), (%,7) E(iag)g(ivr)U(,i,g)U(iar)
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2(i), 5, and 6; we then obtain

E [«42,2,2,2|fnz]

IN

4T |71
17l <1<(z‘75?(i}§><mn

1/2 2
\ 1
x <1 o B [1T60ll; IFnZD (1 ax P (fw,(m) o

2
max
1< (i,t)<ma,

+4T ||J|)? max
%2 \1<60),(j,5)<mn

2 1
X <1<(%3‘§mnE [HU(i,t)HQ |ff]> (K(%ﬁmn P({t;(i,t)) o > Ao

+8T 7|12, < max

1<(4,t),(4,5) <mnn ‘M(ivt),(jvs)

Q
MG ) Gs)

Q
‘Mu,t),(j,

5)

It follows from these calculations that

0

E [.Agyzg |.7:nZ]

2
> ( max F
1<(i,t)<mn

1

€L

E [E(i,t)

[\V]
3
S~

[5?1‘,15) |5an] > v

mn

Y Alns

™8, (j,s)=1
t

’ (ivt)v(j75):1
(4,t)#(3,8)

2
4 7
> (1 nax B [%,t)IFn ])

. 1/2
X <1<éﬂ?§mnE e ll; |5”n]> <1<max

(i7t)§m7l

2 2
= Oa.s. & + Oa.s. ﬁ + Oa.s. & = Oa.
n2 n n2

ZJ_ 1
P(i7t),(i7t)> o

E [A2,2,2,1|f7LZ] +FE [«42,2,2,2|fnz]

Ous. (1) + Ous. <£

Ous. (1)

)

Hence, there exists a constant C' < oo such that for all n sufficiently large

E[|A22p2|] = E[A2p2] = Ez (E [A2,2,2\-7:ﬂ) <C.

Application of the Markov’s inequality then implies that, for any € > 0,

Pr <|A2,2,2| > %) <

for all n sufficiently large, which shows that

./42722 =0 (1).
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E[A229]
(2 1172,2,2]

C

<e€

1/2

Mn

>

(ivt)v(j75):1
(4,1)#(3,8)

ﬁ) = 0q4.5. (1) .

(-

2

A, 6.s)

(73)



Combining the results on A3 21 and A 22, we have

|A22| <

2
H Az2.2
2

= 0, <%> +0p (1) 0y (1) = 0, (1). (74)

Next, to show part (c), note that since A is symmetric, so that Ag; s (j.s) = A(js) (i), it follows
that Ay 9 = As 3. Hence, using the same argument as that given for part (b) above, we can show
that

Azz =0,(1). (75)

Turning our attention to part (d), note that, applying the triangle inequality and the inequality
that | XY] < (1/2) X%+ (1/2) Y2, we obtain

| Asz,4]
4 Mn T; Tj
S Ton A6 D i D21 Gs). 6o
(1), (4,8)=1 h=1 v=1
(1,6)#(4,5)
X ‘(e'(i’h)M(ZQ)X [gn — 50}) (e'(i,h)MQs) (e'(j’v)M(Z’Q)X [gn — 50]> (e’(jm)MQs)‘
2 L 5 2
= Kopn i) )= A( ) Z‘JH (4,h) Z:!Ju,s),u,v)! (e/(i,h)MQE)
(Bt
><€/(]‘,1))]\4(Z7Q)AX [gn - 50} [gn - 50} , X/M(Z’Q)e(j,v)
9 Mn T; T; 2
R 2 Ao hZ: [Ty im] Z; [Tt (€M)
ey - -
X e,('i,h)M(Z7Q)X [gn - 50] |:gn - 50]/X,M(Z’Q)€(i7h)
< [0 - 50H2 (A2a1 + A242),
2
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where

9 Mn T;

-/42,4,1 = K Z A( t),(4, )Z (3,t) (2h|Z|J(]7 ,(4,0) ( zh)MQ)
™ (i), s)= h=1
(i,t)#(4 )
< MEDXX U
9 T;
= Ton Z A( 0.6 2| mm!Z!Ju Gl (amM@e)”
" (i),,8)= h=1

D20, >
><e’(jm)M(Z’Q)UU'M(Z?Q)e(j v)

2 s
Az a0 = Ko (”)%) A( ,(4,3) Z‘Jzt ),(i,h) |Z|J(17 (Gw) ( )MQ)
(ivt#(J}S)

><e’(i’h)M(Z’Q)XX’M(Z’Q)e(- n

2
" Koy Z A( 39) Z!J”(ZMZM% ool (¢ >MQ)
" (0),5)=

(i,t#(m
><e’(ijh)M(Z’Q)UU’M(Z’Q)e(ijh)

Note that both Ay 4 1 and Ajg 4 2 are of the same form as Ajg 7 2, so that the result given in expression
(73) allows us to deduce that

A2,471 = Op (1) and A2,472 = Op (1) s
from which it further follows that

Aol <[5 = 0| (Aos1 + A2.02) = 0, (1[0, (1) + O, ()] = 0, (1). (76)

Finally, for part (e), note that we can decompose Ay as

Az

- % Z A(” K {ij(i’t)’(i’h) (e/(imp Pt ey MPVX [g" - 50}) (e/(i,h)M QE)

()()

X ZJ% ),Giv) ( ey P Zhe 4 e'(j,U)M(ZQ)X [Sn - 50}) (e'(j?v)MQs)}
= Agq1 + Ao+ Axz + A2,4,

where As 1, Ag2, A23, and Ay 4 are as defined in parts (a)-(d) above. It follows from the results
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given in expressions (69), (74), (75), and (76) that
Ay = Ao+ Aso+ Az + Azs
Ky
= 0, (52) + o0+ 0y ) +0, 1)

= o,(1). 0O

Lemma OA-16: Let Assumptions 1-6 be satisfied, and let {gn} be a sequence of estimators such
that

(5n—(50H2&0asn—>oo,

as long as /K, / (uﬁin)z — 0. Then, the following statements are true.

(@ 2
K
Az =0p <_;> =0, (1),
n
where
As 1
4 My T 7 1N\2 1 \2
2 ! A / Z
= %o 2 Anie el Xl eool (dnP? e) (hmP e
T (i,0),(G,8)=1 h=1 v=1
(4,6)#(4,8)
(b) .
-0, (5) o0
where
4 mMn T; n 2
_ 2 z
Ao = Koo Z A(Lt),(j,s) {ZM@M@M‘ (6,(@/1)13 5)
M (3,8),(4,8)=1 h=1
(4,6)#(4,8)
T}
Z, Z,
XY GGy € MPDXX MPRe ;)
v=1
(c)

K,
./4373 = Op <T> = 0p (1) .
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where

PR .
Ass =7 Z A< {Z| ), | oy MPDXX MPRe )

XZ‘J(JS (4,v) ( )PZL) }

(d)
Asa=0p (1),
where
4 mn
Asa=g— >, Afy, {Z\ o] € MEDX X MEDe
o (’i,t),(j78):1
(i,t)#(4,5)
T;
Z, Z,
X GG | €y MPDXX MEDe; )
v=1
(e)
"43 = Op (]‘) 9
where

1 . 2
As = K2,n . );) A(z t),(4,s) {Z ‘](z t),(i,h) [ (z h 8 + 6/(Z-7h)M(Z’Q)X [571 — 50]}
(:0)#3, )

XZ‘](” G [ P7 e+ el MPDX [Enaoﬂz}

Proof of Lemma OA-16:
To show part (a), note that, by applying part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5,
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and 6; we have

0 < E[.A31|.7:Z]

4 L T 2
= & 2 Awos 2 Teoanl 2 e, ”\E[( WPZe) (e P?) |fvﬂ
h=1 v=1

(i5),(4,8)=1
(5,6)#(4,8)

T; Tj Mn Mn

4
= Ton Z A( 0.6 2 1 Teniml Yo TGa.6m] D Phman O Plrne

™ (4,8),3G,8)= h=1 v=1 (I,r)=1 (k,c)=1
(COESVE )

zs mMn

Z+ Vi YA
X Z Pl wa O FloemE Etnehosmasow Fr]
(p,9)= (gw):1

T;

T.

4 J
Kom § Al 2 Hannam! D 1TG.0).60]

v=1

" (it),(j,8)=1 h=1
(i,)#(5,5)

X Z (P(%Z lT) (P(i)(lr))QE[El(ll,r)\fﬂ

(Lr)=

IN

mn

4
+K2n Z A(zt (4,8) Z‘J” ’h|Z|JJS (]v| Z ( (&,h) (lr)

) ( 1
(lt) ( 5)

X 2): (Pgi (pq)QE[s?l’T)\}'nZ}E[a?p7q)|}"nz]

1

T;

8 ;
+K Z A(zt s)Z (i,t) Zh|Z|JJS (JU| Z ‘ch(lr

Zn =1 h=1
(z t) ( s)

X Z ‘P(m

(k,c)=1

Jv (lr)

]v (kc)

[g%l,r)|fnz] E [5?p,q)|fﬂ
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3
2 4 Z z+ 1
< AJ)I% <1<&?§mnE{€(i,t)|fn]> <1<(if{g\§mnp(m>,(z,t)> me Al ).67)
(J#’(as)
2 2 Mn
2 2 4 zZ+ 1 2
+4 [l (1 <g§§mnE[€(i,t>|an (1<(if{;§§mnp<mvu,t>> T 2 Aioos
’ (7'7t)7(]78):1
(i,t)7#(5.5)
2 2 Mp,
2 2 Z z+ 1 2
+8171% (K(m‘;‘ E[%,t)IFnD <1S@I{;§§mnp (m(z,t)) ﬁ(t)(z) AG0.69)
iy

K3 K? K?
= Oa.s. < > +Oas <_;Z> + Oa.s. <_;L>
TL n n
K3
= Oa.s. <F> .

Hence, there exists a constant C' < oo such that for all n sufficiently large

n? n? n? 2|\ <@
E ?%‘Agyl‘ =F ?%A&l =FEz(FE ?%A371|Fn <C.

Application of the Markov’s inequality then implies that, for any € > 0,

n2 C n? E'[.Agﬂ
PY<K—%|A3,1|Z:> <e ‘K2 T <e

for all n sufficiently large, which shows that

KZ
A3,1 =0, <n—;> . (77)

To show part (b), first let e, 4 denote a d x 1 elementary vector whose bt component equals

one for b € {1, ...,d} and whose other components all equal to zero. Using the fact that

MEZA X = MRU — P2y,
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T

we can apply the inequality ‘Zm (4| < mr—1 Zml la;|" to obtain
1= 1=

0 < Ase
4 .
lom Z A( 0.G:9) 210 6]
(3,1),(5,8)= h=1

(@)#0, )

Tj 9
X Z ‘J(]}S),(j,v)‘ (el(ih)PZLE) el(j,v)M(ZvQ)XX’M(ZQ)e(j,U)
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Making use of part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5, and 6; we obtain

0 < F [.A321|.7:Z]

8
= Ko, Z A(zt e Z\J(” (i

S

( )#(J S)

x Z [T B [€ly MOUU' MO 0yl 1y P72/ P71y FE

8
= K27n(‘ Z A(Zt ),(7,9) Z‘J(zt zh‘Z‘st (_]U‘Z (j,v) (]qz G),3.9)
@, )75(]8)

mn

Z+ 7
X Z PZh i) Z P(@h o E [U{j,@U(j,g>€<z,r>€(k,c>\fn]
=1 (k,c)=

8 l J
< o Z Ao, D i iml D106
T h=1 v=1
(( ))75(] s)
T 9
8 Z( (Gv) (Jq) (PEnca) E |[U6aVuacnl 7]
8 il & 5
+K2n( t(z A(zt ),(4,8) Z‘J(lt ),(3,h) ‘Z‘J(]S (4,v) Zl<M8,U)7(j»q))
7 S q=
(Z t)i(] s)
x Z (sz ),(Lr) ) [U(Jq (j,q)‘}—rﬂ E [E%l,r)‘fnz}
(Lr)=

16
+K Z A(lt )5(4,8) Z‘J(Zt (Zh‘Z‘J(JS (4:v) ‘Z‘M]v JqHP(?Z Jq‘

2 (i,0),.5)
(Z t)#(3, 8)

XZ‘MJU (JQHP(?; (JQ‘E[ ) UG.9)E .0 ‘|}—Z}

136



— 2 1/2
< T (s ) (L B[]

1<(4,8),(4,8) <m, (i,8),(4,5)
P 1/2 S1 2 1 mn 2
stz Pl 7)) (s, Ploen) iy 2 Ao
- - B a " (4,t),(7,8)=1
((i,i)gi(]%s)

T (17112 ‘MQ .
ST (| mos - [ME

2
2 Z
> <1<(z‘rg?§mn B |l )

2 1 1 Mn
g <1<(z‘r%?§mnE {HU“’“%VZ‘/D <1<(z‘rg?§mn Pit)’“’”) Kop > Al

(i), (7,5)=1
(i.t)#(j,5)
a2 (e (@) (ma Bt#])
2 \1<(it), Gios) < | (01):(559) 1<(i,t)<mn i) n

Mn

1/2 2 1
4 1
- <1S(Iir7¥)i§mn E |:HU(Z¢) H2 |fT‘L/V:| > <1S(I£f)i§mn P({t)’(i7t)> K_ Z A%i,t),(j,s)

2 (i,8),,5)=1

(@,6)#(3,5)

K? K, K? K,
Oa.s. — + Oa.s. — | + Oa.s. — ) = Oa.s. -
n2 n n2 n

137



Finally, applying part (a) of Lemma S2-1 and Assumptions 1, 2(i), 5, and 6; we get
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Application of the Markov’s inequality then implies that, for any € > 0,
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Next, to show part (c), note that since A is symmetric, so that Ag ) j.s) = A(j,s),ai,), it follows
that Az o = Asz 3. Hence, using the same argument as that given for part (b) above, we can show
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Turning our attention to part (d), we apply the inequality |XY| < (1/2) X2+ (1/2) Y2 to obtain
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Focusing first on A3 41, note that by applying the inequality ‘Zm |G
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following an argument similar to that given for A3 5 above, we have
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Applying the triangle inequality, part (a) of Lemma S2-1, as well as Assumptions 2(i), 5, and 6; we
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obtain

0 <

IN

IN

E [As41.1|F7]

K1_6 Z Ao (i) Z\J” ,;JZ!JJ, (yv!E[( thQUUMQe(hflff]

2T (30),(os)=1

(i,t)#(4s)
16 U ) Ti T o
Ky, Z Al G.s Z CORGHD | Z |‘]J» ), (4:0) | Z ‘ (4,h), ‘ ‘M(i,h),(i,r)
Rty

Ti Ti
Q Q
X Zl ‘M(z,m,(i,q)‘ Z: ‘Mu,h),(zuc)
q: r=

16T4||J\|§O< max ‘MQ
1<(

E HU(/i’g)U(i,r)U(,i,q) Utie)

4
4
) (s, 2 (106l ]

77|

<(i,t),(4,5) < (4,),(4:5)
1 i )
X K2 n Z A(ivt)v(j75)
T (0),(d,8)=
(,0)# 3, S)
Og.s. (1)
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Moreover, by applying part (a) of Lemma S2-1 as well as Assumptions 1, 2(i), 5, and 6; we have
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In the same way, we can also show that Az 42 = O, (1), from which it further follows that
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where A3 1, A3, As3, and Ajs4 are as defined in parts (a)-(d) above. It follows from expressions
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Proof of Lemma OA-17:
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To show part (a), note first that we can decompose A4 1 as
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Consider first A4 1. Applying the triangle inequality, part (f) of Lemma S2-1, and Assumptions
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2(i), 5, and 6; we obtain
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Next, consider A4 1 2. Here, by applying the triangle inequality, parts (f) and (g) of Lemma S2-1,
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and Assumptions 1, 2(i), 5, and 6; we get
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Now, consider A4 3. In this case, we can apply the triangle inequality, part (a) of Lemma S2-1,
and Assumptions 2(i), 5, and 6 to get
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Turning our attention to A4 4, note that, by applying the triangle inequality, part (a) of Lemma
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S2-1, and Assumptions 2(i), 5, and 6; we obtain
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In this case, note that, by applying the triangle and Jensen’s inequalites, parts (a) and (e) of Lemma
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S2-1, and Assumptions 1, 2(i), 5, and 6; we obtain
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It follows from these calculations and from Liapunov’s inequality that
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Hence, there exists a constant C' < oo such that for all n sufficiently large

E [\/Kznb%ll} =Ey <\%E [[Ag 1] |frﬂ> <C.
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It follows from the Markov’s inequality that for any € > 0,

(|2 5) s L

for all n sufficiently large, which shows that

Ay =0, ( %) (83)

Turning our attention to part (b), note that, here, we can apply the triangle and CS inequalities
and the inequality |XY| < (1/2) X2 + (1/2) Y2 to obtain
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it),(j, =

(4,6)#0, )
T 2
<> G060 (el(ayv)M Q’S)
=1

Y Abngs

<
2n (ivt)v(j75):1
(4,6)#(4,5)
XZUN )] \/ \MEQX (3, = bo| [3 —50] X'MEZQe
MQze MQ g BRTCAS
\/(h €€ €(i Z| (4,8),(Gv) (e(j,v) 5)
~ 1 1
= 5"_50”2ﬁ Z A(Zt j,s)z‘J(i,t),(ah)‘el(z',h)M(Z’Q)XX,M(Z’Q)Q(i,h)
,n (3,t),(4,5)=1 h=1
(%t)#(J,S)

2

XZ!JJS ol (€M)

T;

Hz K>, Z A(Zt ',S)Z‘J(i,t),(ah)‘el(i,h)MQ%/MQ@(i,h)
(4,t),(5 h=1
(i) # ( )

T;

2
<> 169,06 (el(j,v)M QE)

v=1

gn — 50H2 (Ag21+ Asa22), (84)

155



where
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Considering first A4 211. Applying part (a) of Lemma S2-1 and Assumptions 2(i) and 6; we get
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In addition, for F [A4 2.1.2|F7 ] we have, by straightforward calculations using Assumption 1 and
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157



the triangle inequality,
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Applying the CS inequality to (85) and making use of part (a) of Lemma S2-1 as well as Assumptions
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2(i), 5, and 6; we then obtain
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It follows from these calculations that
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Application of the Markov’s inequality then implies that, for any € > 0,
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In addition, applying the triangle inequality, part (a) of Lemma S2-1, as well as Assumptions
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2(i), 5, and 6; we obtain
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It follows from expressions (84)-(87) that
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Finally, for part (c), note that we can write
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where A4 and Ay 2 are as defined in parts (a) and (b) above. It follows from expressions (83) and

(88) that
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Lemma OA-18: Let Assumptions 1-6 be satisfied, and let {gn} be a sequence of estimators such

that

P
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Proof of Lemma OA-18:
To show part (a), note that As ; is of the same form as A 11, so from expression (68), we have

that
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Hence, there exists a constant C' < oo such that for all n sufficiently large
n 7 —
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n
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€

For part (b), note thatAs 2 is of the same form as Ajg 22, so that by expression (73), we have
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that

As2=0,(1). (91)
Finally, onsider part (c). Applying the triangle inequality and the inequality ‘Zj; a; ' <
m’ 1 Zzl la;|", we obtain
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where As 1 and As o are as defined in parts (a) and (b) above. In light of the upper bound given
by (92), it then follows from expressions (90) and (91) that
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Lemma OA-19: Let Assumptions 1-6 be satisfied, and let {3\”} be a sequence of estimators such
that

p
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2

as long as /K2, / ( mm) — 0. Then, the following statements are true.
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n
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where
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Proof of Lemma OA-19:
To show part (a), note that.4s; has the same form as the term which we used to get an initial
bound on Ajs. See, in particular, the first inequality in expression (81). Hence, it follows from
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expression (82) that
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Next, for part (b), note that we can apply the inequality ‘Zml a;
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obtain
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(i,)#(, )
2
+E Z A(”(JS Z‘J(Zt Zh‘Z‘st (j,v) (e(]vMQ>
( )#(J S)
x e(z‘,h)]VI(ZQ)X (gn - 50) (gn - 50)/X/M(Z’Q)€(i,h)
T,
2 i 2 J 2
= Kop (-t>(z-):1A( (9) ZU” (i>h) (%h P ) ; | TG, | (6'(3-,@>MQ€)
G239
2
H2K2 Z A(zt ),(7,9) Z‘J(zt zh‘Z‘st ),(j,v) (B(JvMQ(E‘)
(@ t)#(] S)
X e’(i,h)M(Z’Q)XX'M(Z’Q)e(i7h)
2 I L L )
~ Ky, Z A%i,t),(j,s)z|J(i,t)y(i7h)| (el(i,h)PZ 5) Z‘J(j,s),(j,v)‘ (el(j,v)MQE)
7 (40),(5,8)=1 h=1 =y
(4,6)#(5.5)
+ H Kg Z A(’t (JSZ‘J(Zt Zh‘Z‘JJS ):(5,v) (e(JvMQ>
(@ t)#(] S)
X e,(i,h)M(Z’Q)UU'M(Z’Q)e(ijh)
= H2«46,2,2,
2
where
2 d / Vi 2 & / Q 2
As21 = K_ Z A( £),(J4, )Z |J(i7t),(i7h)| <e(i,h)P 5) Z |J(j,s),(j,v)| (G(M)M e) ,
7 s h=1 v=1
((Ztl)t)(]() )
2 i
As2z = 7 Z Al 2 i)
(Eztt)(] (S) ) h=1

2
XZ|JJS ),(i) (e(]vM 8) el(ijh)M(ZyQ)UU’M(ZyQ)e(i7h).
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Note that Ag o 1 is of the same form as Az 21 and Ag 22 is of the same form as Ajg 22, so that from
expressions (70) and (73), we get

K,
As21 =0, <—> =o0p(1), As22=0,(1),

n

from which it follows that

[ As22 =0, (52) +o 0, =0, ()

Finally, to show part (c), note that, by applying the triangle inequality and the inequality
|XY] < (1/2) X2 + (1/2) Y2 in this case, we obtain

m T;
92 n i ~ 2
sl < 72— D Ahnge 2 ananl [e'(i,h)P Pet dyyMPVX (5n - 50)}
K
7,8

X ;Jl |‘](j,s),(j,v)‘ ‘ (el(j,v)PZLe + GQJ,U)M(Z’Q)X [gn N 50]) (el(j’v)MQ€> ‘

m T;
1 n 1 o 2
(B B

J
X Z |J(j75)7(j7v)‘ |:€/(j,v)PZL€ + e/(j,y)M(Z’Q)X [gn - 50:| :| ’
v=1

+K1 Z A(@ £),(4,3) Z | Ta.0),0.m)] {“/’/(z‘,h)PZLg + e/(i,h)M(ZQ)X (gn - 50)]2

2T (3,4),(j,8)=1 =
(G,2(:5)

XZU(% ,(Fv) ( )MQ)

= AG,l + Ag,2, (96)

where Ag 1 and Ag 2 are as defined in parts (a) and (b) above. In light of the upper bound for |.Ag|
given in (96), it then follows from expressions (94) and (95) that

|-/46| < Ab’,l + -A6,2 = 0p (1) + 0p (1) =0p (1) . O (97)

The next lemma provides more primitive sufficient conditions for part (iv) of Asssumpton 5 in
the main paper. To facilitate the statement and proof of this lemma, we introduce a number of
additional notations. Let Z; . j and Z; (;4) ; denote, respectively, the E*" column and the ((i,t), k:)th
element of of Z; for (i,t) = 1,...,m, and k = 1,..., K1 ,. Similarly, let Z5_j and Z5 (; ) 5 denote,
respectively, the k" column and the ((i,t),k)th element of of Zy for (i,t) = 1,...,my and k =
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L., Ko . Finally, let Zo 0 = €, t)PZ% Za, g where PZE = MQZ, (Z\M@2,) ™" Z,M@.
Lemma OA-20:

(a) Assume the following conditions hold:

(al) There exists a positive constant C' such that

ZiM@Z
min (1—1> > (C' > 0 a.s. for all n sufficiently large.

mn
(a2)
1 Kl,n
— N Z2 s | =0as (1

Under conditions (al) and (a2),

Zi _ Kl,n
1§(7:I1:lté)lt}§{mn P(i7t)y(i7t) - Oa.s. ( n > ’

here P71 s the ((4,t), (i, )™ of the projecti trix P71
where P4y ;4 is the ((4,t), (i,t))" of the projection matrix .

(b) Assume the following conditions hold:

(b1) There exists a positive constant C' such that

7! M(Z1.Q) 7.
min <2—2 > (C' > 0 a.s. for all n sufficiently large.

Mp
(b2)
Kon
1< (i) emn K:n ; Z3 ik | = Oas. (1)
(b3)
Kon
o e X s | =0 ),

Under conditions (b1)-(b3,

K2,n
max P(Ji_,t),(i,t) = Oa.s. < > s

1<(i,t) < n

1
where P( 0

i), 18 the ((4,2), (4, £))™ of the projection matrix

Pt = M#Q) z, (Z,M(%Q) Zz)*l ZLM(71Q),
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Proof of Lemma OA-20:
To show part (a), . Note that

Zi
0 < lg(ﬁ?gmnp (i.t),(i,t)

= max e/(i7t)MQzl (Z{MQzl)_l Z{MQB(M)

1<(i,t) <mn,
1 ZIMRz\
= — max e’(”)MQZl <1—1> ZiMQe(i,t)
My 1<%,t) <mp ’ My
1 1
< — " AMRZ, 71 M@y,
= N (ZLMOZy ) My 1< (it 2mn - @) 121 M€ )
1 1 Kl,n
< == "M@ Zy w25 MCe
- Cmn 1§&?§mn k;e(Z’t) 1,k 1,k 6(17t)
Kln
11 N, 2
= - A MQZ,. )
C i 1<(it)2m, ; (e(“) Lok
Kl,n 2
11 T;
= —— Zying — 171 Z1
G 1<&?§m;< Lank— T 1,(1,5),16)
2 1 Kl,n Kl,n 1 Ti 2
< —— ma VAN = Zi .
m T m
(by applying the inequality Zai §mr*12|ai|r for r > 1)
i=1 i=1
KLn Kl,n Ti
<

Cmy 1<) Sma | £~ —

21 1
——  max Z Zi(i’t),k + Z T Z Zl2,(i,s),k (by Jensen’s inequality)

Hence, by multiplying and dividing the majorant side of the above expression by K7, and making

use of the assumption that

Kl n
1 ,
z? . = O, (1);
1§(z‘H71tE)L§mn Kl,n ; 1,(4,t),k a.s. ( )a
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we obtain

pA
1§(1;"1:¥)l§mn CORC)
Kin i Kin

2 Kl n 1 ’ 9 1 ? 1 s )

- C my 1§(Ii17115)§mn Ky ; LGt).ke T T ;:1 Kin ;;_1 1G5k
Kl n T Kl "

2 Kl n 1 . 2 1 v 1 s )
< == Z 72 1 . g
- C m, 1§(irg?}§(mn Kin — LGk | T T; o 1§(I£s)}§{mn Kin ; 1,(4,8),k

n K n
= Oa.s. <[{17 ) = Oa.s. < = )
My, n

given that m,, ~ n.
To show part (b), note that

1
0 = _max  Hinao

-1
= max e/-)M(Zl’Q)ZQ (ZQM(ZI’Q)ZQ) ZéM(Zl’Q)e(z’,t)

1<(it)<my, !

My 1<@t)<my 7 Mn

-1
I A f(Z1,Q)
_ L e 59z, (M) 2B,

1 1 / Z
< —  MZ0Q) 7, 78 M4 Q)¢
= i (Z5MZ@ Zy i) i 1< (i my, 1) 242 “it)
11 L Af20Q) g v f(Z1.Q)
g Em—n 1§(IZI71tE)i§mn 6(’i7t)M 1 ZQZQM 1 6(2‘715)

Next, observe that

e )M(ZI,Q)Z2ZéM(Z17Q)e(i’t)

(i

= iy [MQ - PZ%} 7o) [MQ - pZ%] e

= ClanyMO%ZsMO ey = 2600 P 22y M ey + el P 2225P M ey
< 26 ) MO Z2Z5M e gy + 2€), 4 P 2,7, P ¢y

m m
Zai <m'! Z la;|" for r > 1)
i=1

=1

T

<by applying the inequality
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where PZi = MQZ, (Z{MQZl)_l ZiMQ. Tt follows that we can write

0 <

IN

IN

IN

IN

1
(hax Pl
2 1 ’ Q 1 rQ / Zit 1 pZit
C iy, 1<(it)2mn {%@M ZaZogM™eq) + €y P 2225 P %,t)}
2 1 Ko Kan
/ Q ! Q ) / ZJ_ / ZJ_ ‘
Cmy, 1<(€r¥)u<{mn ; €M™ 2o k2o M= ey + ; LR RN A A )
K2,n K2 n
——  max
C my 1<(it)<mn, pt (%t) 2,k 2 2,k
11 Ko 2 Kan
—_ 7 —1 7. Z2
C’mn1<(%u<{mn;< 2,(i.t), Z 2,(i,8).k ) +Z 2,(i,t)k

2 1 Kln K27L T; 2 K27L
2 2
Em_n1<&?}<{mn ZZ ist) k+z< ZZ 2,(4,5),k ) +ZZQ(7,t

m m
Zai m"! Z la;|" for r > 1)
i=1 i=1

Kln Kln T; K2n
21
——  max Z Z2 G0k T Z Z 1,Gi,8),k T Z VA (int) (by Jensen’s inequality)

C my, 1<) <mn

T

<by applyng the inequality

Hence, by multiplying and dividing the majorant side of the above expression by K3, and making
use of the assumptions that

K24n K2n
1 )
— > 73, = Oq.s. (1) and § jZ2 = 1);
1§(Izr,¥)i§mn K2,TL kfl 27(27t)7k a.5. ( ) an lgﬁ?gmn K2 ,n Zt a 5 ( ) ’
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we obtain

P4
1§&?§m7l (i7t)’(i’t)
K2 i Koy Koo

2 Ko 1 ~ 2 1 & 1 ~ 2 1 L,
< = J a YA —_ § } :Z . Z 72
S e 1§(rl%ﬁ)§mn K2’n ; Bk ' L s=1 KQ,n k=1 2ls)k * KQ,n k=1 2,(i,t),k

K2 n T K2n

2 K2TL 1 . 2 1 ? 1 3 9
< — ) 72 1 2
T O 1< | Ko ; a0k | T Zszl 1<(is)2mn \ Ki k; 2,(i.5)

K2,n
+ ! E 72
max .
1<(ity<mn | Koy &= 200K

- Oa.s. <K2,n> = Oa.s. <K2,n>
My, n

given that m, ~n.

Section 4: Additional Monte Carlo Results

This section reports some additional Monte Carlo results which complement those presented in
the main paper. Whereas the class of DGPs which generated the Monte Carlo results in the
main paper concerns weakly identified situations where the instruments are all relevant but have
uniformly small coefficients; the Monte Carlo design presented here considers a more heterogeneous
case where there is one weak but relevant instrument while all other instruments used in estimation
are completely irrelevant. More precisely, the Monte Carlo results reported here are based on the
following data generating process:

DGP*:

Yat) = 1(2156‘1(:;) + 1;0102116(;’10 + i + e,

Zy (i) T 221Gy T & T UG-
10x1 L xa

. P’
T 1x10
Here, we specify ¢ = 119 and ® = 119, with 119 being a 10 x 1 vector of ones; and we choose
the scalar parameter m so that the concentration parameter p? = 25, 35, 45, and 55. The (i,t)th

observation of the vector of instruments used in estimation is taken to be the Ko x 1 vector Zy (; yy =

600 . .
( D06 Z6) 22K (i) )/, where {ZZ(M)}(i,t):l = 1.4.d.N (0, Ig,); and we consider two

choices of Ks: Ko = 10,30. On the other hand, the (i,t)th observation of the vector of included

€X0genous regressors, or covariates, is specified to be

! 600
Z1,6it) = ( 21,(it) Zi(m) Z%,(i,t) Zil,(z;t) zi0Dana 0 2anDane ) ; Where {Zlv(i:t)}(i7t):1 =

i.i.d.N (0,1) and D; 4 € {0,1} for k € {1,2,..,6} is a binary variable such that Pr (D(; 4, = 1) =
1/2, with {D(z}t%k} taken to be independent across both (i,¢) and k. Moreover, in our experi-
ments, we set n = 200 and 7; = 3, for each ¢ € {1,2,...,200}, so that m,, = 600. We also take
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600 . . ..
{U(i,t)}(m):l = 4.1.d.N (0, 1), {ai}fgﬂ i.i.d.N (0,1), and {@}?2‘} i.i.d.N (0,1); and 21 (i), D) ks
Za (it)» Wity @i and §; are all specified to be independent of each other. We allow the structural
disturbance, £(; 1), to exhibit conditional heteroskedasticity in a manner similar to the design given

in Hausman et al (2012) and in our main paper. In particular, we let

1— p?

W (¢U1,(z‘,t) + 0-8602,(1‘,1:)) ) (98)

E(it) = PU(it) T

where Ul,(i,t)|Z1,(i,t)a 221, (i,t) ™ N (0, K [1 + (L’IOZLW) + 221,(“))2}) and V2, (i,t) ™ N (0,1). Both of
these distributions are specified to be independent across the index (i,t), and & is a normalization
constant chosen so that the unconditional variance, Var (v (;4)), is equal to 1. For all experiments
reported below, we set p = 0.3 and we choose the parameter ¢, so that the R-squared for the
regression of €2 on the instruments and the included exogenous variables take the values 0, 0.1, and
0.2.

The results of our Monte Carlo study based on the above data generating process are reported
in Tables Al- A6 below.

y Table Al: Median Bias, Ky = 10 |

u? REQ 122 2SLS | JIVEL | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.1085 | 0.0429 | 0.0427 | 0.3845 | -0.0116 | -0.0002 | 0.0127
25| 0.1 | 0.1123 | 0.0466 | 0.0461 | 0.3679 | -0.0055 | 0.0048 | 0.0168
0.2 | 0.1100 | 0.0469 | 0.0467 | 0.3737 | -0.0036 | 0.0042 | 0.0161

0 0.0875 | 0.0313 | 0.0312 | 0.2474 [ -0.0122 | 0.0007 | 0.0090
35| 0.1 |0.0876 | 0.0303 | 0.0304 | 0.2611 [ -0.0135 | 0.0004 | 0.0094
0.2 | 0.0875 | 0.0333 | 0.0331 | 0.2565 | -0.0081 | 0.0021 | 0.0107

0 0.0748 | 0.0286 | 0.0289 | 0.2007 [ -0.0065 | 0.0023 | 0.0091
451 0.1 | 0.0709 | 0.0247 | 0.0247 | 0.1851 | -0.0121 | -0.0022 | 0.0047
0.2 |0.0731 | 0.0258 | 0.0257 | 0.1916 | -0.0099 | 0.0037 | 0.0108

0 0.0624 | 0.0213 | 0.0214 | 0.1430 [ -0.0079 | 0.0003 | 0.0056
55 | 0.1 | 0.0591 | 0.0188 | 0.0191 | 0.1453 | -0.0103 | -0.0006 | 0.0049
0.2 | 0.0603 | 0.0180 | 0.0180 | 0.1408 | -0.0105 | -0.0034 | 0.0022

Results based on 10,000 simulations
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Table A2: Nine Decile Range 0.05 to 0.95, Ky = 10

12 R;‘Z? 2SLS IJIVE1 | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.6583 | 1.0481 | 1.0475 | 6.4416 | 1.6217 | 1.2922 1.1595
25 0.1 0.6561 | 1.0440 | 1.0445 | 6.0634 | 1.6434 | 1.3226 1.1749
0.2 0.6438 | 1.0219 | 1.0188 | 6.0248 | 1.6240 | 1.2587 1.1100
0 0.5803 | 0.8138 | 0.8140 | 5.6388 [ 1.0813 | 0.9453 | 0.8868
35 0.1 0.5827 | 0.8073 | 0.8076 | 6.0580 | 1.0644 | 0.9292 | 0.8757
0.2 0.5858 | 0.8182 | 0.8175 | 5.8156 | 1.1009 | 0.9418 | 0.8884
0 0.5372 | 0.6936 | 0.6940 | 5.3935 | 0.8511 | 0.7762 | 0.7432
45 0.1 0.5303 | 0.6845 | 0.6839 [ 5.1687 | 0.8344 | 0.7528 | 0.7248
0.2 0.5216 | 0.6806 | 0.6810 | 5.2909 [ 0.8326 | 0.7476 | 0.7161
0 0.5030 | 0.6168 | 0.6169 | 4.5398 [ 0.7172 | 0.6683 | 0.6505
55 0.1 0.4896 | 0.6073 | 0.6079 [ 4.8072 | 0.7050 | 0.6535 | 0.6376
0.2 0.4812 | 0.5919 | 0.5931 | 4.8070 | 0.6957 | 0.6439 | 0.6269
Results based on 10,000 simulations
| Table A3: 0.05 Rejection Frequencies, Ko = 10
u? R;‘Z? 25LS JIVEL | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.1701 | 0.0926 | 0.0863 | 0.5229 [ 0.0265 | 0.0506 | 0.0511
25 0.1 0.1822 | 0.0981 | 0.0925 | 0.5198 [ 0.0296 | 0.0553 | 0.0570
0.2 0.1855 | 0.0933 | 0.0879 | 0.5279 [ 0.0270 | 0.0515 | 0.0529
0 0.1606 | 0.1003 | 0.0936 | 0.5307 | 0.0311 | 0.0455 | 0.0476
35 0.1 0.1663 | 0.1013 | 0.0958 | 0.5387 [ 0.0330 | 0.0501 0.0530
0.2 0.1705 | 0.1073 | 0.1006 | 0.5390 | 0.0355 | 0.0515 | 0.0537
0 0.1573 | 0.1099 | 0.1026 | 0.5608 | 0.0369 | 0.0506 | 0.0538
45 0.1 0.1611 | 0.1108 | 0.1040 | 0.5573 [ 0.0391 | 0.0499 | 0.0533
0.2 0.1645 | 0.1082 | 0.1018 [ 0.5611 | 0.0356 | 0.0484 | 0.0513
0 0.1488 | 0.1106 | 0.1040 [ 0.5800 | 0.0395 | 0.0496 | 0.0522
55 0.1 0.1595 | 0.1221 | 0.1146 | 0.5830 [ 0.0404 | 0.0507 | 0.0539
0.2 0.1533 | 0.1118 | 0.1047 | 0.5786 | 0.0386 | 0.0506 | 0.0529
Results based on 10,000 simulations
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Table A4: Median Bias, Ko = 30

,u2 R;‘Z? 2SLS IJIVEL | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.1923 | 0.1141 | 0.1141 | 0.5684 [ 0.0282 | 0.0150 | 0.0248
25 0.1 0.1903 | 0.1126 | 0.1121 | 0.5663 | 0.0225 | 0.0075 | 0.0188
0.2 0.1911 | 0.1102 | 0.1101 | 0.5747 | 0.0171 | 0.0060 | 0.0175
0 0.1688 | 0.0901 | 0.0905 | 0.4131 | 0.0012 | 0.0019 | 0.0087
35 0.1 0.1703 | 0.0930 | 0.0924 | 0.3973 | 0.0004 | 0.0004 | 0.0093
0.2 0.1718 | 0.0964 | 0.0968 | 0.4085 [ 0.0031 | 0.0070 | 0.0150
0 0.1498 | 0.0775 | 0.0780 | 0.2916 [ -0.0084 | -0.0006 | 0.0060
45 0.1 0.1511 | 0.0785 | 0.0781 | 0.2920 | -0.0070 | -0.0004 | 0.0069
0.2 0.1512 | 0.0764 | 0.0768 | 0.3007 [ -0.0071 | 0.0003 | 0.0065
0 0.1368 | 0.0668 | 0.0669 | 0.2253 [ -0.0054 | -0.0017 | 0.0039
55 0.1 0.1319 | 0.0604 | 0.0606 | 0.2157 | -0.0162 | -0.0063 | -0.0006
0.2 0.1382 | 0.0692 | 0.0692 | 0.2302 [ -0.0046 | 0.0033 | 0.0086
Results based on 10,000 simulations
| Table A5: Nine Decile Range 0.05 to 0.95, Ko = 30
u? R;‘Z? 25LS 1JIVE1 | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL
0 0.4818 | 0.9798 | 0.9786 | 6.2121 | 2.9598 | 2.2421 1.8123
25 0.1 0.4809 | 0.9776 | 0.9795 | 5.8280 [ 3.0383 | 2.1486 1.7496
0.2 0.4694 | 0.9585 | 0.9611 | 6.2576 | 3.1007 | 2.1524 1.7858
0 0.4481 | 0.8032 | 0.8051 | 5.9240 | 1.7994 | 1.4269 1.2970
35 0.1 0.4386 | 0.7834 | 0.7823 | 6.2369 | 1.7482 | 1.4107 1.2814
0.2 0.4359 | 0.7880 | 0.7891 | 6.1653 | 1.7639 | 1.3784 1.2474
0 0.4196 | 0.6860 | 0.6854 [ 5.6961 | 1.2340 | 1.0510 | 0.9908
45 0.1 0.4165 | 0.6847 | 0.6853 | 5.7884 [ 1.2340 | 1.0395 | 0.9831
0.2 0.4138 | 0.6819 | 0.6832 | 5.9617 | 1.2156 | 1.0342 | 0.9763
0 0.4013 | 0.6176 | 0.6174 | 5.6182 | 0.9816 | 0.8813 | 0.8497
55 0.1 0.3979 | 0.6105 | 0.6129 | 5.6836 | 0.9781 | 0.8523 | 0.8220
0.2 0.3913 | 0.6063 | 0.6069 | 5.3067 [ 0.9628 | 0.8368 | 0.8057
Results based on 10,000 simulations
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| Table A6: 0.05 Rejection Frequencies, Ko = 30 |
u? | R? 2SLS | IJIVEL | IJIVE2 | UJIVE | FEJIV | FELIM | FEFUL

£2|2f
0 0.4182 | 0.1490 | 0.1272 | 0.5484 | 0.0237 | 0.0572 [ 0.0590
25 0.1 0.4217 | 0.1461 | 0.1275 | 0.5466 | 0.0240 | 0.0553 | 0.0574
0.2 | 0.4325| 0.1495 | 0.1301 | 0.5517 [ 0.0240 | 0.0556 | 0.0577
0 0.3844 | 0.1519 | 0.1326 | 0.5462 | 0.0306 | 0.0536 [ 0.0565
35 0.1 0.3943 | 0.1521 | 0.1299 | 0.5413 | 0.0324 | 0.0579 [ 0.0600
0.2 | 0.4091 | 0.1587 | 0.1368 | 0.5500 | 0.0306 | 0.0562 | 0.0585
0 0.3559 | 0.1502 | 0.1295 | 0.5491 | 0.0314 | 0.0524 | 0.0541
45 0.1 0.3650 | 0.1539 | 0.1329 | 0.5434 | 0.0344 | 0.0546 [ 0.0565
0.2 |0.3792 | 0.1613 | 0.1401 | 0.5504 | 0.0380 [ 0.0576 | 0.0602
0 0.3437 | 0.1511 | 0.1306 | 0.5633 | 0.0370 | 0.0530 [ 0.0550
55 0.1 0.3331 | 0.1508 | 0.1309 | 0.5581 | 0.0396 | 0.0552 | 0.0571
0.2 | 0.3624 | 0.1601 | 0.1388 | 0.5679 | 0.0421 | 0.0588 | 0.0605

Results based on 10,000 simulations

Qualitatively, the results presented in Tables A1-A6 mirror the results given in Tables 1-6 of the
main paper. In particular, note that, in terms of median bias, the performance of FEJIV, FELIM,
and FEFUL are uniformly better, across all our experiments, when compared to 2SLS, IJIVE1,
IJIVE2, and UJIVE; but our experiments do show 2SLS, IJIVE1, and IJIVE2 to be less dispersed
than the three estimators proposed in this paper. Again, perhaps the most notable difference in
performance is that t-statistics based on FELIM and FEFUL have much less size distortion than
t-statistics constructed from any of the other five estimators. Overall, the results here seem to
indicate that allowing for some instruments to be completely irrelevant does not seem to yield
results that are substantially different from the case where all instruments are taken to be relevant
but weak, as long as the magnitude of the concentration parameter is kept the same in both cases.
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