Technical Appendices to
“Instrumental Variable Estimation with Heteroskedasticity and Many Instruments"
Proof of Theorem 5

Here, we provide a proof of the existence of moments of the HFUL estimator (Theorem 5 in the paper). The
main skeleton of the proof is given first, but the proof draws upon the results of a number of preliminary lemmas
which have been organized into two additional appendices (Appendix B and C).

Before proceeding, we first define some notations. In the sequel, let I 4 denote the indicator function of the
set A; let Apax (B) and Ayin (B) denote, respectively, the minimal and maximal eigenvalue of the matrix B; and
let ||-|| denote the Euclidean norm, or the Frobenius norm when applied to matrices so that |A| = +/tr {A’A}.
Also, the notation a, ~ b, means that lim, . (a,/b,) = ¢ for some constant ¢ # 0. In addition, M, T and CS
denote, respectively, Markov’s inequality, the Triangle inequality and the Cauchy-Schwarz inequality.

Finally, the proof given below also makes use of the following notations. Let
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where 7, > 0 ( =1,2,3,4). In the proof below, we shall choose the n;’s as follows:
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where C1, Cs, .., C; are constants to be specified in the proof of Lemma C2 below and where Cg is some positive
constant. Also, define
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where kg7 is the smallest root of the equation

det {7’ [P - Dp|X — kX [M + DP]Y} =0,



with X = [ y X ]. Finally, let B and C® be the complement of the events B and C, respectively.

Proof of Theorem 5: To begin, let A be the event defined in (1), and we can write
~ P - P ~ P
E{[fmrv][] = B{[Smron ][ 1] + 2 {[mre [ 1ac].
It follows from Lemma C7 that there exists a constant C such that for all n sufficiently large
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Next, note that HFUL can be written in the alternative form
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where Dp = diag (Pi1, ..., Pyyn). (7) is equivalent with probability one to the expression for HFUL given in
equation (2.1) of the paper, as will be shown in Lemma B1 below. Now, substitute y = Xdo + € into (7), and we
get
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where the last equality above makes use of the fact that by definition S/~ ! = glegl with D,, = diag (f1,,, - fbn ) -
Now, using T and the submultiplicativity of the Euclidean norm, we obtain
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Note that the last inequality above holds for all n sufficiently large since Hn’l/ 2DMH < v/G given that Hin < vn
(j =1,..,G) and since, using the same argument as that for deriving (28) in the proof of Lemma C2, we have

307 < for{(8:8) "} <

for some constant Cy which exists in light of Assumption 2. Loéve’s ¢, inequality and Theorem 15.2 part (iv) of
Billingsley (1986) then imply that
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and where the second inequality above follows from Lemmas C2-C3 and from Assumption 7 which implies the
existence of a constant Cy such that ||d]|*> < Cy < oo. Finally, let C = max {C1,C5}. 1t follows from (6) and
(8) that for all n sufficiently large
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which establishes the desired conclusion. Q.E.D.

Appendix B

Lemma B1: Suppose that Assumptions 1, 7, and 9 hold. Then, for n sufficiently large, the formula for gH FUL
given in (7) is equivalent with probability one to the representation given in equation (2.1) of the paper.

Proof: From equation (2.1), we have

SuruL = (X'[P—Dp] X — aHFULX/XY1 (X'"[P—Dply —anrvrX'y),
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and where agpry is the smallest eigenvalue of the equation
g \—1__ __
det { (X’X) X' [P - Dp]X — alg +1} —0. 9)

Note that the non-singularity of X'X holds with probability one for all n such that n — K > G + 1 in light of
part (b) of Lemma B13. Next, observe that the smallest root of (9) is equivalent (with probability one) to the
smallest root of

det{ [P - Dp]X — aY’Y} —0. (10)

Moreover, observe that, under Assumption 9, « = 1 is a root of the determinantal equation (10) with zero
probability; since if & = 1, we would have

det{ [P - Dp]X — 7’7} (— )G“det{ [M+DP]X}:0,

which holds only if det {7/ [M + DP]Y} = 0, but this occurs with probability zero given part (a) of Lemma

B13. Hence, with probability one, we can rewrite (10) as
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for @ # 1. Now, let &y < --- < ag41 (@ # 1 for g =1,...,G + 1) be the roots of the equation (10); then, by (11),
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det{ [P - Dp] X — kX' [M+DP]Y} = 0. (12)

In addition, note that since , for k = o/ (1 — «)

d 1
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It follows that we must have the ordering

K1 < < Kgt,

so that, setting aprrayr = @1 and letting Ky (= K1) denote the smallest root of the determinantal equation
(12), it must be that
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Note further that
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so that agryr/ (1 — agryr) is well-defined provided that agryy # 1, which occurs with probability one.
Substituting (14) into (13) above, and we obtain
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which establishes the desired conclusion. Q.FE.D.
Lemma B2: (Poincaré’s Separation Theorem)

Let A be a symmetric m x m matrix with eigenvalues A\; < Ay < --- < A, and let H be a semi-orthogonal
m x r matrix (1 <r <m), so that H'H = I,.Then, the eigenvalues pi; < py < -+ < pu, of H' AH satisfy

>\i S 122} § )\mfrJri (IL = 172a "'77.)

Proof: See pages 209-210 of Magnus and Neudecker (1988).

Lemma B3: Let A (m x m) be a symmetric, positive semidefinite matrix and let B (m x m) be a symmetric,
positive definite matrix. Moreover, let A be the smallest root of the determinantal equation

det {A — AB} = 0.

Now, partition A and B conformably as

/ /
% Ay B By,
A — mi Xmi mi Xmso and B — mi Xmi mi Xmso
Aoy Ao B B
mo Xmy mo Xmsa mo XMy mao Xmsa

Then, the matrices A1 — XBH and Agy — /):BQQ are both positive semidefinite.

Proof: We will only prove the positive semi-definiteness of the matrix Ags — XBQQ since the proof for A7 — XBH
is similar. To proceed, note that in light of the positive definiteness of B, we can decompose B as

B=1II,

1/2
L= %112.2 (1) 2 |-
By,?By B

where



and where By12 = B11 — B§1B2_21B21. Moreover, note that the inverse of L can be obtained as
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Next, observe that the roots of the equation
det {L'""AL™" = A\I,,,} =0

are the same as those of
det {A — AB} =0.

Now, by direct calculation
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with H (m x my) being the semi-orthogonal matrix
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Since the roots p; < --- <, of the equation

mo
det { By, /* A2 B, — plly, | = 0
are clearly also the roots of the equation
det {Ass — pBas} =0,
we have that for any vector z € R™?2

/ VW
xr AQQSC — Az BQQ$

= /By’ (B *AnB3y* — NI, ) Bi'a

*! (32—21/2A22B2—21/2 _ lez) "

(:Ul 73\\) 2
> 0

Y]

)

where we have let x* = B%Qﬂc and where the last inequality follows from applying Poincaré’s Separation Theorem,

which allows us to conclude that A < py. Q.E.D.

Lemma B4:



(a) Suppose that A is a symmetric, positive semidefinite (PSD) matrix and B is a symmetric, PD matrix; then

Jeacs ] < g

(b) Suppose that A and B are symmetric, PSD matrices and write
A=FE-B

for some matrix E. Then,
1Al < E]l-

Here, ||-|| denotes the Frobenius matrix norm, so that [|A| = \/tr (A’A)

Proof: To prove (a), let A be G x G without loss of generality. Now,

H(A+B)‘1H tr{(A+B)‘2}

L )

2
G 1
\/ E ) < > [using the result of Exercise 12.45 of Abadir and Magnus (2005)]
g:

% (B)
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= B

IA

Here, A\, (B) (9 = 1, ..., G) are the eigenvalues of the matrix B, and Ay (A + B) (g9 =1, ..., G) are similarly defined.
To show part (b), note that by the result Exercise 12.45 of Abadir and Magnus (2005), we have that

Ag (B) > XAg(A) >0 forg=1,..,G,

from which it follows that

4= VAT = [0 <0 2w = VB = 8]

Q.E.D.

Lemma B5:

(a) If X be a square matrix, then
/\min (X + X/) Z -2 ||XH .

(b) If X is symmetric matrix, then
Amin (X) 2 — [ X]].

(¢) If X is symmetric and nonsingular matrix, then

VG

mini < 4 <g [Ag (X)|

Xl <



Here, G denotes the number of columns (and rows) of the matrix X.

Proof: To show part (a), note first that

G

> Dy (X + X0

g=1
Vir{(X + X') (X + X')}
< Vatr{X'X}
2[1x]|

/
| nax A (X + X))

IN

where the second inequality above follows from applying the trace version of CS (see page 325 of Abadir and
Magnus, 2005). It follows that

Amin (X +X') > — max [N\, (X +X')| > -2 X].
1< g <G
The proof of part (b) follows immediately from that of part (a), since in this case
2>\mi1r1 (X) = Amin (X + X/) > —2 HX” ’

and the desired conclusion is obtained by dividing through by 2.

To show part (c), note that
S v IN© 1
HX H - tr[X—?] = Zgzl /\3 (X)
G
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(KHggGlAg (X)I)

VG

 nin A (X))

Q.E.D.

Lemma B6 (Decoupling Inequality): Let y; = (£;,¢;)’. Assume that {y;} is a sequence of independent
2 x 1 random vectors such that E [y,] = 0 and such that sup; E ||x;||” < C* < oo for some constant C* and for
some positive integer p > 1. Moreover, let {;} be an independent copy of this sequence. Also, let P;; denote
the (i,j)th element of the projection matrix P = Z (Z/Z)f1 Z', with Z satisfying the conditions of Assumption

1. Then,
p p

1 1 -
I ﬁ Z Pi&i¢;| <4'E ﬁ Z Pii&(;

1<i#j<n 1<iz#j<n

~ ~ o~ /
where (; denotes the second component of x; = (5 IS j) .

Proof: The proof follows that of Theorem 3.1.1 of de la Pefia and Giné (1999). However, we exploit the specialized
structure of our problem to obtain a better constant than that of expression (3.1.8) in de la Pena and Giné (1999).
To proceed, let {Ei}?zl be independent Rademacher random variables, i.e.,

S 1 with probp:%
‘| -1 withprobp=35 "’



and let {&;},—, be independent of {x;, X;};—,, and also define v; and ¥; (i = 1,...,n) as follows:

v, = xI{ei =1} +x1{e; = -1},

~ ~\/
Partition v; and ¥; conformably with y; = (&;,¢;)" and X, = (ﬁi, Cl) , we also have

vy = §l{e =1} JFZiH {ei = —1},

vy = (I{e =1} + (I {e = —1},
vy = Eil[ {ei =1} + &I {ei = —1},
Uy = Cl{ei=1}+(l{ei=—1}.
Now, note that
P
1
EX|—= Z Pijfz(j
VE o5 <
P
1 -
= Kp/ZEX Z PZJEX [€1C]| le"vXn]
1<iZj<n
P
1 ~ ~ o e~
= WEX Z P EX {51‘(]’ +&:¢ + ¢+ &G X o Xn (15)
1<iZj<n

where the second equality follows from the fact that
EX [ZZCJ +f¢2j +§-sz le"aXn:|
CjEi EJ X15 "7Xn:| +&,EX [Zg‘ X1 "7Xn] + EX [EZEJI X1 Xn| O-€

- ng% (& + % [¢)] + BX [&] Y[



Next, note that

P
BX| 3 PyBY 6+ &G+ 68 + 68 Xy xa]
1<iZj<n
p
< E&X) Z P (fi( j +£C i+ §izj JFEiZj) [by conditional Jensen’s inequality]
1<i#j<n
P
N 1 ~ SO
= 47E0eX PijZ (@C] +&¢; + &G+ @C;)
1<i#j<n
P
= 4PEOX) Z Pij B (v1i024] X155 X X155 X
1<i#j<n
P
< 4P ED) Z P;;v1;09; [by conditional Jensen’s inequality]
1<i#j<n
P
— 4PN Z pijgigj 7 (16)
1<i#j<n

where the second equality above follows from the fact that

1 ~ ~
7 (66, +86 +68,+E8))
= §(E° [{e;=1N¢g; =—1}] -I-EZ-CJ-EE [{e; =—1N¢g; = —1}]
+6,GE e =1n¢g; = 1} + &, E [[{ei = —1N¢g; = 1}]
[by definition and independence of {e;}]
= giCjEE [H {51' =1n gj = 1} ‘ X155 Xn) %17 <ty %n}
+£iCjEE [H {gi =-1n g5 = 1} | X1s -+ Xns %1) 7,X\in]
+§iCjE6 UI {Ei =1Nneg; = 71} |X17 v X X1 75271]
+£i<jE€ [H {Ei =-1n €j = _1} ‘Xl’ =5 Xns %17 g %n}
[by the independence of &; and (X7, -+, X} X1s > Xn) for all ]
= E° (U1;U2] X1,--s Xn} X1+ Xn) [by definitiion of vy; and V]
and where the last equality in (16) above follows from the fact that the joint distribution of (v1, ..., U, U1, ..., Un)
is the same as that of (X1, ., X, X15 s Xn)- (15) and (16) together implies that
p p

1 1 ~
B 7= > Py <4EB| > PG|

1Si#j<n 1ISi#j<n

which is the desired conclusion. Q.F.D.

Lemma B7 (Moment Inequality for Sums): Let {{;} be an independent sequence of mean-zero random
variables. Then, for all p > 2, there exists a constant C' < co such that

dog
=1

p

n r/2
ald P /2 2
E < C"max | p’E (miaXISzvl ),p" (Z;Eé“i)
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Proof: The proof follows as a special case of the proof of Proposition 2.4 of Giné, Latala, and Zinn (2000).
Q.E.D.

Lemma B8 (Moment Inequality for U-Statistics): Let {x;} and {x;} be as defined previously and let
these sequences satisfy the same moment conditions as in Lemma B6 above but let the moment conditions be
satisfied for p > 2. Also, let P;; denote the (3, 7)™ element of the projection matrix P = Z (Z'Z) ™" Z', satisfying
Assumption 1. Then, there exists some positive constant C' < oo such that

p

\/— Z Pz’jﬁizg'

1<i#3<n

p/2 p/2
— 1 1
< C’max{ p’ 7 Z PQU52 0% ,pgp/QEgmzax o Z P%E?U%j ;
1<i,j<n 1<j<n
p/2
~2 1 ~ 1P
3/2 9 _ 2 P P
T O ¥l I I )

1<z<n

where 0f ; = E [¢7] and UZ =L [C } B [Cﬂ

Proof: The proof follows as a special case of the proof of Proposition 2.4 of Giné, Latala, and Zinn (2000).
Q.E.D.

Lemma B9: If Assumptions 1-3, 7, and 8 are satisfied, then, the following results hold

(a)

1 DT7 |12P4
B 7' PV :O( 21 >;
122% anq
(v 2
’ I7 [14P4
E‘ZDPV :O< 21pq)
Hn
(c)
5 112pg
g 2'V —O( 21 )
p’n\/ﬁ ,Ufn,pq

where p and ¢ are as given in Assumption 8.

Proof:

In the argument given below, we make use of the simple fact that if {X,,} is a sequence of M x L random
matrices, where M and L do not depend on n and if ¢ ., denotes the (m, 0)t" element of X,,; then for p > 0 to
show that

E| X" =0(1),

it is sufficient to show that there exists a positive constant C* such that

Elzmen|"=0(1) form=1,.,M;¢=1,..,L. (17)

11



To establish this, note that (17) means for any (m, )" element @, ,, there exists a positive integer N (m, ¢)
such that for all n > N (m,{),
E|zmen|” <C* < 0.

It follows that if we take N* = max{N (1,1),N (1,2),..,N (m,£),..,N (M, L)}, then for n > N*

L
> Elzmen|” < MLC* < oo.

Ms

m=1 (=1
Hence,
EIX.|" = Elr{X,X,)""
M L p/2
- B X3
m=1¢=1
M L
< max {(ML) ! ,1} Z Z E |zmen|” [by Loéve’s ¢, inequality]
m=1¢=1
< max {(ML)”/Q,ML} C* < 0
for n > N*.
Now, to show part (a), note that
B 2 PV || 1 2 PV ||*"
PRV - IV ’

so that we need only to show that F ||z’PV/\/H||2pq = O(1). Moreover, in light of the discussion above, it suffices
to show that

2pgq

Er,’gmhrw B|= i i P | 0(1) f LG h=1,.,G+1
= — Zigl i | Uin = org=1,...,Gj =1,.., .
NG \/ﬁj:1 — gtij | Vg

To proceed, note that applying the inequality in Lemma B7 above, there exists a constant C' < co such that

2pq

% Z (Z Zigpij> ﬁjh
j=1 \i=1

2pq n n 2\ P4
1 —2 _ _
< EC P! max (2pq) 1 g max Zzzg i |vjh|2pq (2pq)*? ZE vj;lZzigPij
" i=1 j=1 i=1
1 2pq 1 n n 2\ M
—=2pq 2pq = 12pq - 2pq = ) -
< mC (2pq)™™" E max zzlz,g il [Tjnl + an j:1E vjhizzlz,gPU
1 2pq 1 . n 2\ P4
2Pq 2pq — |2pq _L A2pq rq . . P
< —C ZE [Tnl ™| + —2C (2pq) ;E vjh;zzgpm (18)
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Next, note that

n 2pq

Z ZigPij

NE

_ 2 _
w7 = E [|€§Pz~g| e |Ujh|2pq]

<.
Il
—

(e;‘Pz-g)z |63‘Pz-9}2(pq_1) E th‘%q

|
NIE

1

<.
Il

< ( sup FE |Ejh|2pq) Z eiPzq)" (2 Pz.g)(pq_l)
1<j<n j=1
= (1<su12 E |@jh|2pq) (Z{ng.g)pq forh=1,..,G+1, (19)
<j<n

where the inequality above follows from CS. Moreover,

n n
E FE Ujh Z Zigpij
=1

j=1

2

sup E [ﬁfh]) z,'gPZeje;Pz.g
=1

= ( sup  E [7] h]) 2 Pzgy forh=1,.,G+1. (20)

1<j<n

IN
7 N\
-

IA
<
IN
3

Applying (19) and (20) to the upper bound given by (18), we obtain for g =1,....,Gand h=1,..,G + 1

n n 2pq
1
E| 3 (S )
j=1 \i=1
— 2 Pz, \P? _ Pa /o Pz \P?
< T (sw Bl (222) T o (s Bl]) (2522)
1<j<n n 1<j<n n
Pq
S CZPQ (2 )qu C* <Z/gng)
n
< i 2 )2’"]0* (z.'gzg)pq
n
<

62pq (2]7 2pq C* ( Z ||le )

< oM (2pq)*P* C o1 Z ||2:]|*P?  [by Liapunov’s inequality]
n
i=1
= O(1) [by Assumption 8J;

note that the second inequality above follows from the fact that, under Assumption 8, there exists a constant
C*such that (sup, , E [02,])" < sup; , B [T;n] P! < C* < 0.
For part (b), it suffices to show that

2pq

=0 (1/M72qu) forg=1,...,.G; h=1,..,G+ 1.

- [z,’gDpﬁ. h ] 2

Zi uvzh
{10 un\/_ Z !
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Again, applying the inequality in Lemma B7, we obtain, for g =1,....Gand h=1,..,G + 1,

n
—= E ZigPiiUin
paNm =

prq
1 =2 _ "
: Mipqnmc " max {(QPQ)QM E [miax |Zigp”vih’|2p } (2ra)” (ZE sgFitul > }

2pq

Pq
1 —2 _
< ﬂipqnpqc g {(2pq)2pqE |:mlaX|Zig-Pii'Uih|2p ] 2pq (ZE Zig P;v;p)] > }
1 n n rq
=2pq 2 2 2 2
S o qu {(2]361) qu|Zig| MPPUE o™ + (2pq)” (Zz E [Un) ) }
Hon T 1=1 =1
1 n 1 n prq
=20q 4 2 2
< —uzmc c {<2pq> P D i+ (209)™ (5 Zz§g> }
" i=1 i=1
1 —2pq . 2 2 1 & 9
< - 0"C {(2pq> e anm P (2p0)" (3
Hn 1=1
= O(1/ur?),

where the fourth inequality above follows from the fact that P; < 1 by Assumption 1 and by the fact that, under
Assumption 8, there exists a constant C*such that (supi’h E [ﬁfh])pq <sup,, F mh‘qu < C* < o0.
For part (c), it suffices to show that

2 o 2pq 1 n 2pq
E |- ] =F|——= ZigUih =0 (1/u?P) forg=1,...G; h=1,..,G+ 1.
[un\/ﬁ [un\/ﬁ; ! ( )
applying the inequality in Lemma B7, we obtain, for g =1,....,Gand h=1,..,G + 1,

2pq
Zz ’Ulh

n pq
1 —S2pq 2 — 2
< WC' max{(qu) P B {miax|zigvih\ pq} (2pq)*? ZE z,gvlh

pq
1 — _
= ,U?zpqnpqc pq{(Qp(J)zpqE {HllaX|ZigUih‘ p] 2pq <ZE Zlgv’h ) }
1 1 & pq
—2 _
< M2pqcpq{(2pq)2pqmz|zi92pqE|”ih2pq (2pg)” ( Zzng m) }
n i=1
pq
-2 *
< —mO™C {(2”)2” 3l o ( Z) }
Hn =1
—2pq 2 1 2 1 ¢ 2
< o {<z 3l (nZw )}
n i=1
= O(1/ur).

Q.E.D.

Lemma B10: Let x; = (£,,¢;)’. Assume that {x;} is a sequence of independent 2 x 1 random vectors such
that E [x;] = 0 and such that sup; F | x;||” < C* < oo for some constant C* and for some positive integer p > 2.

14



Also, let P;; denote the (4, j )" element of the projection matrix P = Z (2'Z)~" Z’ satisfying Assumptions 1 and
7. Then,

P
\/— Z Pii&iC; =0(1).
1<i#j<n
Proof :
To proceed, note that by Lemma BS,
P
1
Bl 7= Y Pt
I<i#j<n
P
1 ~
S 4pE T = Z szf C]
\/E I<i#j<n
p/2 p/2
— 1 1
p p 2 2 2 3p/2 ¢ —
< C" max (p) (K Z P)ijo-.f,io-aj ’(p) E mia’X K Z 57, 4] )
1<i,j<n 1<j<n
p/2
3P/2 E l 2 ~2 2p 1 P p|= P
()" B¢ max KK;HP 0G| ) B [max (1217 161" |G
p/2 p/2
- 1
P p| L 2 2 2 3p/2 ¢ —
S C (p) K PUJ&ZJC,]' +(p) E ma’X Z z C]
1<i,j<n 1< i<n
p/2
30/2 (2 L P22 0| 4 ()% —E P71l &)
+(p) Injax EK;” 0€iC; P’ e H},%X il 1€ (¢

Next, observe that

1 1 n n
e Z Plo? 1-0% < (cHMr o Z Z P} [by Liapunov’s inequality]
1<i,j<n i=1 j=1

= (""" <
so that
p/2

Pioio < (C*)? < 0 (21)

2
AR

15



Also,

p/2
E* max | — Z Pfj £2 O’%’j
1<j<n
. p/2
1
¢ 242 2
< EE B X gl
i=1 1<j<n
N p/2
_ 1 12 2 2
T Ke/? > El > Fijoe
i=1 1<j<n
" p/2
1 9 9
< () P2
= 2 i
Ke/ i=1 1<j<n

where the order of magnitude given above follows from the fact that given Assumption 7, we have

. 2 anm (K’
=1 i=1
Similarly,
p/2
E° max 1 Z P2 o ZQ C’*
i\ K &

1< i < n, i#j

for p > 2. Moreover,

1 ~ |P
s [ ()]

< Ly
i=1 j=1
1 n n
*2
< OV SRl
i=1 j=1
<

/Q_CP/Q Kp/2
TP\ pl-2)/2 )

Kp/2 Z 0/2

KW ZZ\P”V’E 1&:1°]

1=1j=1

2 o) (BN 1 K
(C> C(P <E> Kr/2 ZZPU

i=1 j=1

" -2 (K
— (C")*C¥ )<F
)
0 (p—2) >

<K(p2 /2

= 0 (n(“/%l)(p*m) =o0(1) for p > 2, [since a/2 < 1 by Assumption 7|

where the third inequality above follows from the fact |P;;

16

(p—2) 1 n
) T 2; Pii
1=

.|(p*2 pz(p 2)/2P(jp—2)/2

( —(p—2>/2) = 0(1)

(23)

B[]

(24)

< W (K/m)* D 1t



follows from (21)-(24) that
p

1

El—= > PGl =0,
VK 1<i#j<n

as desired. Q.E.D.

Remark: Note that there is nothing in the argument above which requires that K — oo as n — oo. Hence, the

conclusion of Lemma B10 holds also for the case where K is fixed. Indeed, the inequalities given in Lemmas B7

and B8 hold both for the case where K — oo and for the case where K is fixed, and the moment calculations
that we will make using these inequalities will also hold for both cases as well.

Lemma B11: Under Assumptions 1-4, 7, and 8; the following results hold:

(@) 2
l _ 7 ||“P4
p[|£E=Le ™ o (L,
[ /T2 par?
(v) 2
B ||Z M+ D) VI 1N
un\/ﬁ B ,U721pq ,
(c)
= |12pq
2 MV
E

1
LN/ _O<uipq>7

where p and ¢ are as given in Assumption 8.

Proof:
For part (a), note that by T, Loéve’s ¢, inequality, and parts (a) and (b) of Lemma B9 above, we have
2 PV 2 DpV

b { [ /T /T2 rm

— 2 — 2
22pq1{E‘ 2 PV pq+E ' DpV ”q}

2 (P—Dp)V 2

E
[ /T

IA

IN

[/ [ /10
= O(1/ur?),

as desired.
To show part (b), note that by T, Loéve’s ¢, inequality, part (c¢) of Lemma B9, and part (a) of this lemma,

we have
2pq
- 2| |

Z (M +Dp)V || YV 2 (P-Dp)V

E

L/ IRV
< EH 2V 2 (P—Dp)V rpq
- VD tn /1
— 2pq = 12pq
< 921 E’ 2V +E Z(P—-Dp)V
VD VD

= O(1/ur),
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as desired.
Part (c¢) can be shown similar to (b) by applying T, Loéve’s ¢, inequality, and parts (a) and (c) of Lemma

B9. For brevity, we do not give the full argument. Q.FE.D.

Lemma B12: Under Assumptions 1-3, 7, and 8; the following results hold

(a) / pq
VV 1e~_ 1
E - — - —7 == O —/2 3
n n Pl np4
(b) 2
— — pq
V'[P - Dp]V KP4
FE — =0 —7 |
1223 HUn

E

’v’<M+DP>V

where p and ¢ are as given in Assumption 8.

Proof: For part (a), it suffices to show that

VOn 1 e
"gU-h
E|l=<l _ ZN"=,,
n nz gh’l]
=1
Lo pq
= FE —Z(@g@h—Eghyi)} :O(l/npq/Q) forg=1,..,.G; h=1,..,G+1;
nia

18



where =g, ; denotes the (g, h)th’ element of Z; = Var (¢;, V). Applying the inequality in Lemma B7, we obtain

i
n Pq
§ Uzgvzh L—4gh z)
i=1

il)—*

Pq/2
1 — _ ~ =
< —C" max{ (pg)"" E [miax [TigTin — :gh,z‘Ipq} , (pg)*"? <ZE [igTin — :gh,i]2>

npb
i=1

n Pq/2
1 — — S _
< ﬁCm (pg)™ E [mgx [TigTin — :gh,i|pq} + (pq)"**? (ZE [Digin — Dgh,i]2>
i=1
n n /2
< 1 o Pq ElT. o = Pa pq/2 E —2 -2 —2 .
=~ ﬁ (pq) Z ‘Uigvih - \—-’gh,i' pq Z vzgvzh —gh,i
i=1 i=1
n n pq/2
< Lﬁpq (pq)"* E [T;Tin — Zgn.ilP? + ( pq/2 ZE +Z =2
= bq Z VigVih — Sgh,i pq 7} U Sohi
i=1 i=1
n n pa/2
L —pq )Pa gpa— 1 q Pq pq/2 =2 =2 =2
< WC (pg)™ 2 ZE|Uzg”zh| + Z Zgnal™ | + (pg) ZE [@500] + D Eon
i=1 i=1 i=1
[by Loéve’s ¢, inequality]
— 1 1« 1«
Pq Pq 9pq—1 = - 2pq\/ — |2pq , - =  .|P4
< © {@q) Pl (ngm BFl" 4 5 3 )
1 Lo Lo pq/2
pq/2 —4 —4 =2
+ (pQ) ) (E ; \/E (Uz'g) \/E (Uih) + E 2 th,,z') [by CS}
< T oy L (I mmr e Ly (e )
- np=t \ n i=1 Z [t l
pg/2 1 1 — 7 PR 27112 2 pal?
+ g™ —2 ;EEH il +g§( f zH)
n pq/2
~Pa pa 1 2pq pq/2 2 14
< o D (A BT 4 i (23T
[by Liapunov’s inequality]
n Pq/2
— 2 — 2 2 — 12pq\ 2/ (P)
Pq 1 Pq 2 1 Pq
< oo (RS o i (5 (e
_ 41 o 1 ~ .
< {(pq)pq 2pd 1npq_1 (pg)" WQ”Q/2C} [by Assumption 8]

0 (1/npq/2> 7
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For part (b), let v., denote the g*" column of V, and note that it suffices to show that

_ _ 2
5 v, [P — Dplog, |
1,
2pq
KPa o KPa
= < 4pq> \/_ Z P00 —O< 4pq>7 forg=1,...G+1;, h=1,...G+1;
1I<i#j<n H

but this follows immediately from Lemma B10 by taking §; =0y and n; =0, forg=1,..,G+1; h=1,..,G+1.
Hence, the desired conclusion follows.
Finally, to show part (c), note that

M| =/ I7 n pq
V(IM+Dp)V 1 —_
Fl|l|l—— — — =
B E' <V’V 1 _) V(e —Dp)V|[]"
= _— — — = —
n n 4 n
L =1
r /— n / pq
vv 1 V(P—Dp)V
L i=1
T — n rq pq
Vo1 2\M WV (P-Dp)V
< o pll— _Z2NT=5 | o+ <M_"> E ( 5 r) [by Loeve’s ¢, inequality]
n " i=1 " Hin
, n Pq — —12pa\ /2
< 9pg-1 EU—EZE + '“_%pq EM
- n n = ! n M3,

[by Liapunov’s inequality]

= 0 (max {ﬁ, <E> }) [by parts (a) and (b) of this lemma]

n
= o ().
Q.E.D.

Lemma B13: If Assumption 9 is satisfied, then the following results hold for each n such that n— K > L = G+1:

(a) XM X /n is postive definite with probability one;
(b) 7/7/ n is postive definite with probability one;
where X = [ y X ]

Proof: To prove (a), note that, under Assumption 9, X, M X, /n is positive definite with probability one for n
sufficiently large. Now, since
XMX D 'X.MX.D™!
n o n

4 (1 0\
()

we deduce that X M X /n is positive definite with probability one as well for n sufficiently large.

)

where

20



To show (b), write
XX B X MX N X' PX
n  n n

Since the matrix Y/PY/ n is positive semidefinite with probability one, it follows from the eigenvalue inequality
given in part (a) of Exercise 12.40 of Abadir and Magnus (2005) and from the result given in part (a) of this

lemma, that —— — — —
)\min <H> Z )\min (X MX) + >\1nin <M> > 0’
n n n

so that Y/Y/ n is postive definite with probability one for n such that n — K > L. Q.E.D.

Appendix C

Lemma C1: If Assumptions 1 and 4 are satisfied, then the following results hold.

(a)
2 Mz

1 — 9
< - i — TrnZ;||” =o0(1
< b2l = o)

2 Mz l & 9
)\max < - T nZi = 1
(57 S a2t mazil = o)

Proof: To show part (a), write

Z’Mz _ Z' I, — P|z _ (z — Zrhe, ) [In — P) (2 — Z7%,)
n n n
o / / /
< ‘ (2= Z7xn) (2= Z7n) ‘ [using part (b) of Lemma B4]
n
1 n n
= tr EZZ(% *WKnZi) (Zi 77TKnZi)/(Zj 77TKan)(Zj 77TKan)/
i=1j=1
1 i
< (Ezl(zz —mxnZi) (2 —WKnZz‘))

1 n
= = E (2i — TknZi) (20 — TenZs)
n
i=1

1 n
— E l2i — TrnZil|> — 0 asn — oo [by Assumption 4],
n

i=1

where the second inequality above follows from using the fact that ¢r [AB] = tr [BA] and then applying CS.
Part (b) follows immediately from part (a) by noting that

2’Mz G o (ZMz\
Amax< - )s\/zg_lAg( - >_
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Q.E.D.

Lemma C2: Suppose that Assumptions 1-4 and 7 hold. In addition, if Assumptions 8 and 9 are satisfied; then,
for n sufficiently large, there exists a constant C* > 0 such that

~ C ! 2/G
(S;lx' (P—-Dp) XSt — {HHL]M - —} SAX (M + Dp)XS;;l) I4< T\/_HA’
n 5

where G is the number of endogenous regressors in the IV regression.

Proof: To begin, write
-1

(5 'X'(P—-Dp) XS/t {FEHLIM——}S;lX’(M—FDp)XS;_l) T4
-1
H S-1X'(P—-Dp) XS/t { RHLIM — —} S-1X' (M + Dp) ngl) T4n5

+ HAnBC nC

-1
(San/ (P—Dp) XS/t — {EHL,M - %} S X' (M + Dp) X5;1>

+ HAQBCOCC (25)

-1
(San’ (P—-Dp)XS/~t - {%HL,M - %} S1X' (M + Dp) X5;1>

We will consider each term on the right-hand side of (25) in turn.
To proceed, note first that by part (c) of Lemma B5, we have

—1
‘ <Sn1X’ (P—Dp) XS/t — {EHUM — %} SAX' (M + DP)Xs;Ll) Ling
VG
S : —1 ~ C 7—1 HAOB
min |)\g (Sn [X’ (P — DP)X — {HHL[M — W}X/ (M+DP) X] Sn )|

1< g <G
To analyze 1<miréG |)\g (S,jl [X’ (P—Dp)X — {EHL[M - —}X/ (M + Dp) ] S;;l)i, we make use of the fact
<g<
that X =T + U = 28], /\/n+ U and write

S;l (X/ [P—DP]X {F&HLUV[—Q}X/ [M+Dp] )S;l

= S (28, /Vn+U) [P~ Dp] (28, /Vn+U) S,

—%HLIMS,;l (ZS;Z/\/H—F U)l [M + Dp] (ZS%/\/E—&- U) S;l_l
(28, )R+ U) [M + Dp) (28, /v/n +U) Si7*
"I, — ! "[P—-DplUSI"t+ S,tU'[P—-D
_ 2 [I, —Dplz  2'Mz N (/[ plUS 1+ S, [ Pl 2) LS [P - Dp|US
n n Vn
2 [M+Dplz (z/ [M + Dp|US, Y + S;1U [M + Dp) 2)

—RHLIM—————— — RHLIM
n NG

c C+IM+D
RSy U’ [M + Dp| US| + =S70 (M + Dp| US;T + —Z[;np]z

C (' [M + Dp|US ™t + 8;1U" [M + Dp) 2)

n Vn
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Next, note that conditional on the event A N B, we have

v

v

Y

min
<g<

e <Sn1 {X' (P—Dp)X — {EHUM - %} X'(M + Dp) X] s;l)

(2 — Zrlen) M (2 — Z%))
n

/\min {Hn} + Amin <_

ir (EIP=DrUS + S0P~ Dyl2)
min \/ﬁ
Z'[M + Dp)z _ (z/ [M + Dp)US,;t + S, 21U’ [M + Dp] 2)
———————— | + RELIMAmin | —
n \/ﬁ
C

+EHLIMAmin (=S, 'U' [M + Dp|US,) + —Amin (S, 'U' [M + DplUSTY) + %)\mm (

) + Amin (S, U’ [P — DplUS,; )

+RHLIM Amin (

o [M+Dp]z)

N
[obtained by applying inductively the result of Exercise 12.40 part (a) in Abadir and Magnus (2005)]
o N iy o
/\min {Hn} - Amax { (Z ZﬂKn) (Z ZﬁKn) } —92 z [P DP] USn
n \/ﬁ

e ((z/ [M + DplUS. + 871U [M + +Dp] z))

2 [M—I—DP]Z
n

—||5,'U" [P — DplUS; Y| = [ReLim]

2 [M + Dp] US;L_l
NG
—% |5, 1U" [M + DplUS; | - %

-2 |RuLim| — [Eariml||S, U [M + Dpl US|

e
n

2! [M =+ Dp] z
n
2 [P — Dp] US;;I
NG

2 [M =+ Dp] US;;l
T

—||8, U [P = DplUS|

1 n
)\min {Hn} - E Z ||ZZ - ﬂ-KnZiH2 -2
=1

- Z'[M + Dp|z _ 2'[M + Dp|US!L - _ _
~ ornaae) | EEELREN o gt | DRI ) 157207 v+ Dol US|
n vn
C Cl|zZ M+ D C |2 [M+ Dp]US
__HS;lUI[M—f—DP]US;L_lH—— Z[ + P]Z _9Z Z[ + P] n
n n n n Vn
[using the same argument as the proof of Lemma C1 part (a)], (26)
where H,, = 2'[I,, — Dp| z/n.
Now, there exists a constant C; such that
2/ [M + Dp)z
n
/ !
< 2’ Mz Z'Dpz by T]
n
/M K !/
< lked +Cp <E> ZZ2 by Assumption 7
< (1 < oo [by Assumptions 1, 2, and 7 and Lemma C1 part (a)] (27)
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for all n sufficiently large. Also, let D, = diag (f41,,, --» ban ), and note that

Z[P— DplUS,

7n
< ISy WH - \/tr {Dul (@an)_l Dul}%\/tr (U'[P— Dpl22' [P — Dp|U}
< ™ G@g) unl n\/tr {U' [P — Dp|z2' [P — Dp| U}
< G§I§> unlx/ﬁ V'[P — Dp| 22 [P — Dplv + tr {U' [P — Dp) 22' [P — Dp| U}
= S 'C(;",S?),unl\/ﬁ tr{(?}l,)[PDp}zz’[PDp}(v U)}
B G J [P~ Dp]V H
I\ (§'S) fn /0
. ez

for constant Cy such that G/Amin (5’ §> < (3 < oo; note that such constant exists in light of Assumption 2.

Moreover, by similar argument, we also have

- _
sz v P -pejus | < oo Y (29)
Z'[M+ Dp|US,! Z'[M + Dp|V
< ol el 26 I
v = VO T (30
|5, U" [M + Dpl US|
_ () ||#2SL (UM + Dp]U = E{U'[M + Dp] U}) Sy
AN n
281 (U [M + Dp|U) S/
1 n
o\ || (V' 1M+ DplV = B[V (M + Dp] 7)) o\ || E{V v+ D 7}
< Oy <—2) + Cy <—2)
1 n 13 n
n\ ||V [M+DplV  1<_ n\ |1 <
NP E] LEELS LS R P A e -

where E; = Var (¢;,V/) and where the last equality follows in light of the fact that by direct calculation

(2

E[e;V’[MJrDP]Veh] — tr{[M+ Dp|E (0.47,)} = tr {[M + Dp] diag (Z1gn, s Engn)}

Z (1 — Pii) Ei,gh + Z PiiEi,gh = ZEi’gh forg,h=1,...G+1;

i=1 =1 i=1
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from which we deduce that

Moreover, note that

n
1 -
I
=1

IN
|
7
i
n
L

2
M%

S

Q

=

=

G+1 2
(Z E [w%]) [by CS]

<
a1 1/pq
= (E Z Efg] ) [by Liapunov’s inequality]
7 ||2Pe
= B|vi|
< (C)YP1:=(C3 <00  [by Assumption 8]. (32)

It follows from (27)-(32) that, conditioning on the event A N B3, we can further bound (26) by

oA <5n1 |:X/(PDP)X {HHLIMQ}X/(M+DP) }%1)’

min
<g<
1 & ) 2 [P—Dp|V V'[P-DplV
> )\min Hn - i nZz -2 _ || — - -
> {Hn} n;llz TrnZill T Cs e
~ C - C 2 [M+ Dp|V
- (|KHL1M + E) Cr—2 (|KHL1M + ;) Vs %H
~ C n V' [M + Dp] - C n
- (|HHLIM + 5) Cs <M—2) [—P - = ZH% - <|HHL1M + 5) <N_2> CyCs
1 & 9 N C
> win {Hn} -~ >z = wrnZill® = 2017/ Co = Comy — ( [Rerpom| + ol K831
=1

- C ~ C ~ C
—2 <|I-€HL1M| + —> M4y Co — (HHLIM| + —> Cs ( ) Ny — (|/€HL1M + —) (_712 > C>C3, (33)
n n 12 n) \u2

which holds for n sufficiently large.
Next, we derive an upper bound for |Kg | conditional on AN B. To proceed, let o = { 1
and note that

—Omrim ] ’

S\ X' [P — Dp] Xon

S X' [M + Dp|Xoa

_ (u_ ) 0K [P~ D) Xoa/u2 (34
S\X'[M + Dp) Xoa/n

RHLIM =
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Focusing first on the numerator of (34), we have

S\X'[P - Dp| Ko
It

~ [ ~ ~ ~ ~
B (50 - 5HL1M) SnDy, <z’ [P — Dp] z> DS, (50 - 5HLIM) . SIAV’ [P — Dpz DS (50 - 5HLIM)

fin n i, [ /1 i,

~ !~
+ (0= 3neane) SuDy (P~ D] Vi L 0V [P~ Dp| Vi

i, [N/ 13,
~ I~ ~ ~
(50 - 5HL1M) SnD,, <z’ I, — Dp] z> D,S], (50 - 5HL1M)
a fin n i
~ I~ ~ ~
(50 - 5HLIM) SnD,, (z’ 1, — P z> D,S, (50 - 5HL1M)
o n o
~ r_, ~ ~ ~ I o~
(5A - 5A,o) V' [P —DplzD,S, (50 - 5HL1M) (50 - 5HL1M) SpD,, 2/ [P —Dp]V (5A - 5A,o)
+ +
fn /1 i, i, [/
— o < < 'S —
S\ oV [P — Dp)z DuSy, (50 - 5HL1M> (50 - 5HLIM> SnDu o/ [P — Dp|Véno
2 + :
~ I __ — /~
(5a = 6a0) V'[P = Dp)V (5a —620) 84 V'[P - Dp] Vo
+ _ + & _
Hn M
- I, _ - .
(0a = 0s0) V'[P=Dp|Vono sV [P~ Dp]V (55 —da0)
+ = + .
2 Mz D,S!, (50 - EHLIM) i
Z <)\min (Hn) - /\max ( n >) 1

2P - DP]VH D,S, (50 _gHLIM)

B R "
—25a0l [ ZE= DP]VH P (o Fuur)
’ /10 i,
[ =l AT - [P o
—2 w HSA - 5A,0H l9a.0ll

where the inequality above follows from using the result of Exercise 12.40 part (a) in Abadir and Magnus (2005)
and from applying T, parts (a) and (b) of Lemma B5, and the submultiplicativity of the Euclidean norm. Next,
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note that
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where the second inequality follows from the fact that p,, < u;, for j =1,...,G. Applying this bound and also
the inequality in part (b) of Lemma C1, we obtain
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Now, Assumption 7 implies that there exists a positive constant Cy such that |[§a0]* < G + [|60]]* < Cy < .
Moreover, by Assumption 2, there exists a constant C, such that A, (2/2/n) > C, > 0 for n sufficiently large.
Hence, together with Assumption 7, this implies that, for n sufficiently large,
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In addition, Assumption 4 implies that for n sufficiently large
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It follows that
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so that S/AY/ [P — Dp] X6I4np is non-negative for sufficiently large n. Combined with the fact that

g/AYI [M + Dp] X8, is positive with probability one for sufficiently large n in light of Lemma B13 part (a), we
deduce that Kgrralang is non-negative, from which it follows that
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To derive an upper bound for Ky rralang, we first note that
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and that, by Assumption 8, there exists a constant Cg such that
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for all n sufficiently large, from which it follows that
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Further analysis of the lower bound given by (33) using (37) yields
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where the third inequality above follows from making use of (2)-(5) and the lower bound given by (35). Now, let
n be sufficiently large so that

A\

1 & 2 C; C Cesv/Co
— ; — Z; —_—, — < =
" ;”Zz TrnZill” < 6 <C + 1 ’—GC4C7) < 12

£ C5Cs + 2C5C3Cy g C5Cs + 2CC3C, 05
M?L 2Cy 2Cy - 12

nb

and we have
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from which it follows by part (c) of Lemma B5 that
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Next, we consider the second term on the right-hand side of (25). In this case, since Kgrra > 0 under event
C, we have that
0 < EHLIM]IAﬂBCmC
- ANBENC
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It follows by the same argument as (37) that
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Moreover, following the same argument as that used to derive (33), (38), and (40) above, we have that conditional
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for n sufficiently large so that (39) holds. As before, it follows from applying part (c) of Lemma B5 that
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Finally, we consider the third term on the right-hand side of (25).We start by deriving an upper bound for
~ _~
[Kerniv| Lansence. Since Kyrryp < 0 under event CC and since the denominator term 5AX/ [M + Dp] X0a is
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positive almost surely for all n sufficiently large, we must have
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where the last inequality follows from the fact that, under event B¢, Dugé (50 — SH LI M) /|| < 1. Now, (44)
implies that
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Turning our attention now to the denominator term of Ky, let A = [ o0 Ig }, we can write
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for all n sufficiently large. Moreover, by Assumption 7 part (e), there exists a constant C7 such that Ay ax (§;§n) <
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C7 for all n sufficiently large, so that
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where last inequality follows in part from the fact that ||n’1/2D#H < /G since tin </ (j=1,..,G) for all n
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Using the result given by (49), we have, conditioning on AN B NCC,
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where the second inequality holds because both —Kgr7arAmin (2' [M + Dp] z/n) and
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(2)-(5), and (35), we can further bound expression (50) by
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Next, let n be sufficiently large so that (39) holds, and we have
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from which it follows that

-1
(5;1)(' (P—Dp) XS, — {EHLJM - %} SIX! (M + DP)XS;”) I 4nBonce
< VG I
> - — = — ANBCNCC
i, (52 (0 (P D7) X — (s — ) X 00+ D) X] 5
2
_ 2@ .

—I cnec -
05 ANBENC

(41), (43), and (51) immediately imply the desired conclusion. Q.E.D.

Lemma C3: Suppose that Assumptions 1-4 and 7 hold. In addition, if Assumptions 8 and 9 are satisfied; then,
for n sufficiently large, there exists a positive constant Cg such that
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so that by T and the submultiplicativity of the Euclidean norm
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Using (37) and (52), we obtain
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Making use of (2)-(5), we can further bound expression (53) as follows
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then it follows that
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2 [2v/Cuny + (QC\/ C2C4 + Cy) my) G\/CoCs
6

2 [2¢/Cyny + (2 CCy + C
[\/_4771 (0624 4)772]6,@

5

n

(5o

2 (M+Dp)V
(\/_n—lunP)H]IAﬁBCﬁcc + G\/ 0204

1ss

i=1

i=1

]IAOBCQCC

¢ /e

M —+ Dp
—_— Zuz Lansence

+ G\/CQC4

Lansence

2VCi [2v/Cimy + (2VCiCi + Ca) ma] |
Co !

IN

I snBonce { Cyny + G/ C3Cyn, +
+2G\/ 0204 [2\/ 047]1 + (2\/ 0204 + 04) 7]2] (
Cs

C C
+V Cany + u—QG C2Cy (03 + Cs)}

4C 4GCy/C 4GC3C4/C
= H_AOBCOCC { ( 04 + 0—47]4 + 56 27,’3 —+ 3064 2) m

2Cy 2/ Cy + 2GC4v/Cy |2¢/Co +/C
+(ovemny AR, 2OOERE T,

n 2GC3C 4/ Cy [2\/@ + v 04]
Cs

ns + C3)

C C
> Ny + E Cyny + ,U_QG CaoCy (773 + CS)} (57)
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Making use of (2)-(5), we can further bound expression (57) as follows

‘San’ (P—Dp)e {A C} S7IX' (M + Dp)e
— NRHLIM — — HAOBCOCC
P n s
4GC4\/T 4GC3C4\/T 4C 204 [2v/C5 + /T
< H.AﬂBcﬂCc { <\/ 04 —+ é 2773 + 304 2) " + 74774171 + 4 [ 02 4]
6 6 6 6
2GC4/C5 |24/C C 2GC3C 41/ Cy |2/C C
+<Gm+ = 2[06 2t vl ¢ 2(E6 2t 4)?72
C
04774 + ,LL_QGV 0204 (’173 + 03)}
4GC4\/Cy Cg 4GCgC4\/CQ) CsCy
< 1 VO, + /===
= AnBence {< S To N Cs 8 (Cov/Cs + 2G\/Ts [Cs + 2C5C,

LA Gy GeVGCr 2042Vt VT G CsV/GCr

Co 8VC0LC; 405 Cs 8v/GCyC7 2 [2/C3Cy + C4]

2GCy\/Co |24/Ca + /Cy| C, 2GC3C4/Cs [24/Cy + /C
" (Gm+ 4V (02 [C 2 4 % " 3Ca 2£ 2 4])
6 4 6

CsCs
g 8G¢c—2 [Co/Ci + (wa +V/C1) (Cs +2C501)]
o \/_8\/GC4C’7 GV, (20 + CB)}

Cs Cy Cg Cs C Cg C Cs
< I — + — 4+ =+ — 4+ — —G\CCy | — +C
< lgnBonce { 3 + 3 + 3 + 3 + " SVGCh + ,u% 20y ( + 3)}

Now, let n be sufficiently large so that (54) holds, and we have

Lansence

S;'X'(P—Dp)e {A C} S-1X' (M + Dp)e
Hn, Mo,

ng?Jr?Jr?Jerr 1 )HAOBCOCC = Csllunponce < o0

It follows immediately by (55), (56), and (58) that

STIX' (P — Dp)e {A C} SIX' (M + Dp)e
— SRypim — — T4
o n i
STIX' (P — Dp)e {A C} SIX' (M + Dp)e
= — SRHLIM — — Lans
o n i
STIX' (P~ Dp)e {A C} SIX' (M + Dp)e
— \KRHLIM — — HAmBCnC
i n s
S1X' (P - Dp)e {A C} SIX' (M + Dp)e
— SRaLim — — Lansence
1 n o,
< Csluns + Csl gnpene + Csllgnponce

= C8]I.A7
which establishes the desired conclusion. Q.E.D.

Lemma C4: If Assumptions 1-4 and 7-9 are satisfied, then the following results hold.
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(a) Elladj (X, MX./n)|""C =0 (1);

(b) Eladj (X' MX/n)|[P"“™ =0 (1) for G > 2;

)
)
(c) E|X"[M+ Dple/n|[" = O(1);
(d) E[X.X./n[l"=0(1),

)

(e) E[det (X' MX,/n)/det (X' MX/n)]P" =0(1),
where p and ¢ are as given in Assumption 8.

Proof: To prove part (a), first write

e (B2 (oo (222 o (225}

Consider the spectral decomposition

pq/G

E

X' MX,
n

where H € O (G + 1) and L = diag (I3, ..,lg+1). Without loss of generality, let I; > - -+ > lg4+1 > 0 a.s., where
the almost sure positivity of the eigenvalues holds for all n sufficiently large, since

= HLH,

XMX, DX MXD

)

n n

and so Assumptions 9 implies that X, M X, /n is positive definite with probability one for all n sufficiently large.
It follows by using this spectral decomposition that

adj <X/#> = [det (HLH")) (HLH")™'

det (H'H) det (L) HL™'H'

G+1
(H zg> HL7'H' [by det (H'H) = det (Ig4,) = 1]
g=1
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Next, note that

o (2 o (225

G+1 2 G+1 2 G+1 G+1 4
= |tr <Hzg> HL-'H'HL-H' } = |tr <Hzg> L2 = (Hzg) 7=
g=1

\ g=1 g=1 h=1
G G
< W@+ [[e=ve+1]]l
g=1 g=1
G
_ VG ZG:Z <(G+1)G+1/2 1 [XIMX, G
>~ GG’ = g9 — GG G—|— 1 T ”
G
= = G>G (G + 1) = = [2..4 and 2. 5 denote the ¢'" and h'" columns of X,]
+ — n
g=1 h=1
G
G+ 1)291/2 1 L e M2
< G G)G G+ 1) <th> [by Liapunov’s inequality]
+ —
g=1 h=1
G
B (G + 1)CH1/2 GHIGHL /0 Mz
B GG Z n
g=1 h=1

(G+ 1) I X MX,
GC n

) G
where the second inequality above follows as a result of the arithmetic-geometric mean inequality, i.e.,

G G 1 & a 1 & G
(ng> <5 lg:>Hzg§< Z@) :
g=1 g=1 g=1

g=1

Q

Hence, applying Theorem 15.2 part (iv) of Billingsley (1986), we get

. (X;MX*)
adj | ——
n

oo (B f (22
< () )

GG
Next, we want to obtain an upper bound for the expectation E (|| X,MX.,/n|)"?. To proceed, let D, =
diag (f1,, - o) as before, and note that since

pa/G
E

pq/G

1

X,=[e X |=TF+][¢ U]:\/ﬁ

2D, S Fy+T,
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with F, = [ 0 I |', we obtain

==
~ 2 2|2’ Mz MU
< B [|Sa] 7204 + 201 H
—/
U |M+ Dp|U
+ u [by T and submultiplicativity of Frobenius norm]
n

Moreover, note that using the fact that U = VD!, we have

Z/]\nlﬁ ‘ < Z MV H ||D 1 H [by submultiplicativity of Frobenius norm]
. G+1+H60||2 zMVH
_ z’MVH [by Assumption 7]
_ zi<lﬁa) ZMV
NoyA VN

from which it follows by Theorem 15.2 part (iv) of Billingsley (1986), Liapunov’s inequality, and part (c) of
Lemma B11 that

1 TT |1PY Pq 1T ||1PY pq /12PN /2
" vi) v Vi e
In addition, by direct calculation, it is easy to see that
j——; J— n
U [M+Dp|U 1
F|l— =)
n n ; !
so that
= —_ == — — J—
UM+ DT (T M+DpT [T M+ DT || [T+ D] T ‘
n n n n
[by T
U [M + Dp] -
= [# _ - Z Q; Z Q;
z:l
_ |DW M4 Dp VD 1 Dz,pt 12"217,7152,1771
" Lt [t
[by (77) and (?7)]
2 ||V M+ Dp)V —~_
< oo || FRERAT 25 e 425 =
=1
[by submultiplicativity of the Frobemub norm]|
w/ 5 n n
B 2 VIM+DplV 1 1
= (G+1+16%) . n; n;
-/ - n n
— ||V [M + DP] \%4 1 .
< C|||———— = = [by Ass tion 7
< - - Z Z 1 y Assumption 7]

i=1
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It follows from applying Theorem 15.2 part (iv) of Billingsley (1986) to that

— —||Pa — — n n pq
UM+ Dp|U — VIM+DplV 1 1
p| UM AD U grap || VIM D]V L =
n n n <~ n <~
— — n pa n pg
< gt g |VIMEDEV Lo lzai
" i [t
[by Loéve’s ¢, inequality]
=/ — n pq
V IM+DplV 1 ~
< 2pq—1{E u__z:a +C’}
n n

[using (32) above]

= 0 (#) +0(1)=0(1) [by part (c) of Lemma B12 ] (61)

Given (60), (61), and part (a) of Lemma C1; a further application of Theorem 15.2 part (iv) of Billingsley (1986)
and Loéve’s ¢, inequality yields

‘)('11\4)(»< prq
A
n
Pq
- 'MT || T M+ Dp|T|["
st [ e | [FAT | 4 [0 eI
= oM +0(n)+0(M)=0(1), (62)

since ||F||* = G, and ’ Sn

(62) that

is bounded and ||n_1/2D#H = O (1) under Assumption 2. We deduce from (59) and
X'MX pq/G
adj (—* — *>

which is the desired conclusion.
Part (b) can be shown in a manner very similar to part (a) above. Hence, for brevity, we omit the proof.
To show part (c), first write

X'[M+ Dple  n~Y28,D,2'[M + Dpe L UM+ Dple
n n n
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from which it follows by T and the submultiplicativity of the Euclidean norm that

X'[M + Drle
n
_ / /
< S’nH H”fl/QDu‘ 7' [M+ Dple N HU [M + Dple
n n
—_ j—; —_
= _ Z'[M+ Dp|V V' IM+Dp|V
< (8] 2 |2 hos ol + | LA
n n
[by (??) and the submultiplicativity of the Frobenius norm]
~ 2 [M+ Dp]V 1
< |8 || R BN sl | - Y E
i
— — n
V [IM+DplV 1 =
Bl a0l | SREELEY LSy g
i=1
— |7 [M + Dp]V 1~ V[M+Dp 1<
< TRl 2 gy || 4 R 2
- { n HJr n; it ng

il

where the last inequality holds for n sufficiently large in light of the fact that”n_l/ 2D, || =0

'|5A,0||

1),H§H is bounded

and||6a o] is bounded under Assumption 7; and ||Fy| = v/G. Part (iv) of Theorem 15.2 of Billingsley (1986) and
Loéve’s ¢, inequality then imply that

IN

IA

E‘X’[MnLDp]s pe
n

pq

L "[M + Dp|V||™ 1 — V [M+DplV 1
groigrt ) p | M A DRIV I Issa g BER =
ST e PR (i V' [M + Dp|V
gpa- 17 (E M+ DplV ) et r
n nizl n

O (") + 0 (1) + 0 (n—pqﬂ) —0(1),

pq

where the orders of magnitude are obtained from making use of part (b) of Lemma B11, part (c) of Lemma B12,
and expression (32).
Finally, to show part (d), write

" —
+DY ? - % 4_{‘15] D™l + % ng’EiDl.
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It follows by T and the submultiplicativity of the Euclidean norm that

==
~ 12
< Bl |8 [ v2m| | 22 +2(7) 17l D~
e (A R ) RN
SRR Syet PP ot I
= ||F2||2‘§n 2 ‘n_l/zDuH Z'z (L) | F> G+1+H5Ao H
7
2 VTV 1 1~
+( ){T_Ez—l Eg“
— |~ 1 2’V VV 1 1 —
< C{ 2 (7)1 % PO e PP }

is bounded

where the last inequality holds for n sufficiently large in light of the fact thatHn_l/ 2Du” =0(1); S,

and ||6a o] is bounded under Assumption 7; and || Fy|| = V/G. Part (iv) of Theorem 15.2 of Billingsley (1986) and
Loéve’s ¢, inequality then imply that

X/X* pq
i
. 1. 1|1P9 1 pq /V pq 7/7 1 n pq 1 n pq
< g L2 4 (=) EB|EL|| +E|=L-=-%= ="
n vn n n n —
pa 1 \7 77 (|20 1/2 TV 1> Pl pa
— z
< gra-igM +(—=—= E +E|l—-=-) & =" (63)
vn n n n n
Next, note that
- r pq/2
Z'z 1 o~ ’.,\2 / th
— = |2 Z ' (21%5) [2; denote the i*" row of z]
=1 j=1
r pq/2
1 n n 9 9
< =50 Ml llll [by CS]
| =1 =1
1 pq
- i3
L =1
1 n
< = Z |2:]|**?  [by Liapunov’s inequality]
n
i=1
= O(1) [by Assumption 8] (64)

Applying (64), part (c) of Lemma B9, and part (a) of Lemma B12 to the upper bound in expression (63) above;
we deduce that

0(1)+0 (n—mﬂ) 0(1)+0 (n—pqﬂ) +O(1)
= o),

X! X
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which is the conclusion desired.

To prove part (e), let A > A3 > -+ > \Z,; > 0 be the ordered eigenvalues of the matrix XM X, /n. Note
that, by the interlacing eigenvalues theorem for bordered matrices (Theorem 4.3.8 of Horn and Johnson, 1985),

we have that
G X'MX
[I, i < det — ).

It follows that

det (X, M X, /n)]"
E { det (X' MX /) }

G+1 .2 P4
X .
LJ L ] = E[\]
Hk 1>\k+1

/ pq
(o5
n

G+1 pq”
+ v, Mz, g
= E —_—
Z n

IN
&=

IN

g=1
G+1G+1 pa”
* :E Ml’* h
< (G+1D)*T E
G 7 ; D
pq”
G+1G+1
* MI'* -h
< (G+1)* E ( )
G (| 5

g=1 h=1

/!
i arse
= (G+1)™ E(H—

)

where the third inequality above follows from Loéve’s ¢, inequality. Next, using the upper bound

.

2pq”

X.IMX,
dGre

< 4P -1 | qra”

’Tfl/QD

2pg* [ 1 < 9 P
m _Zuzi*WKnZi”
n =1

n Pq*/2
« « ~ |1pq” rq* [ 1
s 5 o (2351 - s
ni:l

pq* /2 Vv pa/?
x (\|60||2+G+1) E( ) +

+(\|6o||2+G+1)pq* E( VM +DplV

g~ /2

n
1 Z_
_ =
U

i=1

pq”
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we obtain

IN

[det (XIMX,/n

det (X'MX/n)

)

(RS e

} Pq*

2pq”*

S

)nil/QDM

pq*
2pq* 1 n
<— ) |z —WKnZi|2>
n
=1

n pq*/2
- « ~ ||pq” pq" [ 1
e 5| oo (S miar
ni:l

< (Il + G +1)""" {E (
n (||60H2 e 1)pq* {E (

o)

[6a,0] is bounded under Assumption 7. Q.E.D.

V M+ Dp|V
n
V' M+ Dp|V

n

1

n

n
1ZH

R =;
n

i—1

7

n

>

i=1

—_
— .
—q

pq*
) +

given part (c) of Lemma B12 and and expression (32) and given that |[n='/2D,|| = O (1);

i=1

g™ /2
) N

n
12_
— =
n

i=1

Lemma C5: If Assumptions 1-4 and 7-9 are satisfied, then the following statements hold.

(a)
(b)
)
)

a) E|X'[P— Dple/y/nl”" = 0(1);
Elle’ [P — Dple/p||" = O (KP/2/uip7),
(c) E|IX'[M + Dple/n|" = 0 (1);

() Elladj (X'MX/n)|[P"/? = 0(1);

where d; = (G + 1) (1 4+ n) and where p, ¢, and n are as defined in Assumption 8.

Proof:

For part (a), first write

X'[P - Dpe
\/7{

5 (%)

Z/ [P — Dp] 9
"V,

It follows by T and the submultiplicativity of the Euclidean norm that

IN

A

X'[P - Dple
Jn

~ DM

5o | ]

- D,

5o |

2 [P — DP] 3
Vs,
2 [P—Dp|V

Vs,

P*Dp}éi

(e
+ (@) Y

] 16a0]

VK

K\ U [P - Dple
(fE)

V'[P—Dp|V
VK

n
12_
_ =
n

S

[by (5.4) of the paper and the submultiplicativity of the Frobenius norm]

a{un

Z'[P—Dp|V
Vi,

N

VK

‘)
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V'[P-Dp|V

}

n
)

is bounded; and

19,0l



where the last inequality holds for n sufficiently large in light of the fact that ||Fy|| = V/G; ) S,

VEK/n=0(1) and Hn‘l/QDMH = O (1) under Assumptions 2 and 7; and [|da || is bounded under Assumption
7. Part (iv) of Theorem 15.2 of Billingsley (1986) and Loéve’s ¢, inequality then imply that

is bounded,;

X'[P — Dple|*™
Bl 4"
NG
_ _ )

< 22pq7162pq ‘u2pqE Z/ [P — DP] V 2pq N <E>pq 5 V/ [P . Dp] % pq
- " Vi, n VE

0] (uipq) O (M;QPQ) +0 (qu/npq)
= 0(1)

where the orders of magnitude are obtained from part (a) of Lemma B11 and (b) of Lemma B12.
To show part (b), write

g [P—Dp}&‘ B IA’OVI [P—Dp] V(SA,O
VK VK

so that by the submultiplicativity of the Euclidean norm and by Theorem 15.2 part(iv) of Billingsley (1986), we
have

e'[P — Dp]e||" V'[P - Dp] V|
E [—213] < H5A,o|l2E #
ILLn n
— —||P4
— P-D
< CE V[—QP]V [by Assumption 7]
Hn
V' (P—Dp 7|
27
= 0 (qu/Q/uipq> [by part (b) of Lemma B12]
This establishes the desired result.
To show part (c), note first that
di = (14+7)(G+1)
< (1+n)[2(G+1)+¢(a,b)]

= q (65)

IA

since n > 0 and ¢ (a,b) > 0 for all a,b. It follows by applying Liapunov’s inequality that
pdy <E HX/ [M+Dp]€
n

pqy d1/4q
n )

= O(1) [by part (c) of Lemma C4].

EHX’[MJer]a

To show part (d), note that for G = 1, we set
X'MX
adyj ( - ) =1

so that FE ||adj (X’MX/n)del/G is trivially bounded. For G > 2, we make use of (65) and note that
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A

[by Liapunov’s inequality]

—1)\ (G—=1)d1/(Gq)
X/MX pq/(G-1)
FE|ladj ( - )

pd1/G ’
X'MX
< (E adj( - )

= 0() [by part (b) of Lemma C4],

which establishes the desired conclusion. Q.E.D.

Lemma C6: Suppose that Assumptions 1-4 and 8 are satisfied, and suppose that Assumption 7 hold but with
0 < a < 1. Then, the following results hold.

(a) Let
. [2 (G +(p1()a+bg)0 (a, b)] ;
then, 7
K7 (P (A9))™ =0 (1)
(b) Let
=) | HEEEES.
then,

w2 (P (AS)Y" =0 (1)
(¢) Let s1 = py; then,
K (P (A9)" = 0()

Proof: To show part (a), note that by (1), M, parts (a)-(b) of Lemma B11 and parts (b)-(c) of Lemma B12, we
have

P(AS) = P(Af,UAS, UAS, UAST,)
< P(A7,) +P(AS,) + P (AS,) + P (AS,)
"IP—Dp|V V' P-DplV
= P{ —Z[ 7] HZm}JrP [ 2 P]_ e
[/ 12
7/ = n —
V IM+DplV 1 _ { z'[M—i—Dp]VH }
+PR||————— =) Ei| =2 +P{|l————————|| 2"
{ n ; 3} L/ *
— —_ — 12
o |2 P = DRV o |V P = DR T
< mUE|——— L
fin /10 (2
_ V M D - /M D V 2pq
+773pqE —[ + De] __Z“‘z +7742sz ZL T aplY [ M+\/7_1P]
n

1 KP4 1 1 1 KPe 1
- O(uff’q>+0<uff’q>+0( pQ/2>+O</ﬁqu>:O<max{u%”q’u%pq’“”q/2}>’ (66)

q=(1+n)[2(G+1)+¢(a,b)
Note that all expectations in (66) above exist in light of Assumption 8. By Assumption 7, we must have a/2 <

b < 1, and note that
a 1 1
—<b<1; = — <1
{2< < } {2<b 2}U{2<b_ }
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First, consider the case a/2 < b < 1/2. In this case, we have

1 1 1
w7 =) =0 ()

pq/T1
K? (P (AS))”“ =0 (max {%,KP (%) })
Hn n

Next, note that for a/2 < b <1/2

so that in this case

T1

q _ (a,b) = w for 2b —a < b
B 7‘1\/(1;417)/2 for 2b —a>b

Consider first the case where {a/2 < b < 1/2}N{2b — a < b}. In this case, it is easily seen that under Assumptions
2and 7

KP
Hn
pq/r
KP (54) b O(nap—(%—a)pq/n),
Ky,

so that, given 2b — a < b, we have

/r
K? (P (Ag))l/TIZO max ﬁ,f{p £ e — O [por—(2b=a)pa/r1 )
M%pq/h pd

Now, since

ap — (2b—a) pq/ry
p {a— (2b — a) (“V (1—4(21)_@))/2)]

2b—a
pla—{aVv(1—-4(2b—a))/2}]
pla—a] =0.

IA

It follows that

73

p pq/T1
K? (P (A" T{a/2 <b<1/2n2b—a<b} = O (max{%/h,f(p (K) }) —0q0). (67
i

Now, consider the case {a/2 < b <1/2} N{20 —a > b}. Under Assumptions 2 and 7, we have

Pq/T1
KP (P (Ag))l/"'l -0 (max{%’l(p <M£4) }) -0 (napfbpq/rl) ,
Hn n

given that 2b — a > b. Next, note that

-t = o (210 82)]

= pla—{aV(1-4b)/2}]
< pla—a]=0

ol



from which it follows that

p pq/T1
KP(P(Ag))l/rl}I{a/2<b§1/202()—&2()}:0(max{%/m’KP<K) }):O(l). (68)
Hn

A

Turning our attention now to the case 1/2 < b < 1, we note that in this case

1 1
2P = ed 2\ par2

p pq/T1
E? (P(AS)™ =0 (max {%,KP (%) })

Moreover, for 1/2 < b <1
for 2b —a <

R — — 2b—a
8] ¥ (a,0) { 2a for 2b —a >

Taking the first case where {1/2 < b <1} N{2b—a < 1/2}, it is easily seen that under Assumptions 2 and 7

so that here

N[—=Do|—

n T
pq/r
K (54) b O (mer=Cr=marr)
ph

so that, given 2b — a < 1/2, we have that

Pq/T1
K? (P (A" =0 (max {%,Kf’ <§4) }) =0 (naﬂ%*a)m/ﬁ) .

Now, note that

ap— (2b— a)pg/r1 = p{a(Qba) <av(1 —;z(_Qba—a))/z)}

= pla—[aVv(1—-4(20—a))/2]}
pla—a] =0.

IN

It follows that

T3

P pq/T1
K? (P (AS) " 1{1/2<b<1n2—a<1/2} =0 (max{%,[(p (K) }) =0(1).  (69)

Next, consider the case {1/2 <b <1} N{2b—a > 1/2}. In this case, under Assumptions 2 and 7, we have

that
1/r KP K\ P/ .
KP (P (A,C;)) =0 (max{W,Kp (N_%) :O(nap qu/rl)'

1 1
ap — §pq/r1 =ap—5p (2a) =0

Now,
from which it follows that

M,

P pq/T1
K? (P (AS) " 1{1/2<b<1n2—a>1/2} =0 <max{%,fcp (54) }) =0(1). (70)
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From (67)-(70), we deduce immediately that

K7 (P (AD)""
= K7 (P(AS)" 1{a/2 <b<1/2} + K? (P (AS))/" 1{1/2 <b< 1}
= K?(P(A9) " 1{a/2<b<1/2Mn2b—a < b}

= O,

which is the result to be proved for part (a).
To show part (b), again we first consider the case a/2 < b < 1/2 where

1 1 1
=0 () =° ()
npb4 nbprq Ly

so that, in this case, we have

/p1
o 1/p nP/? 5 K pa
nP/? (P (An)) =0 <max { /J,qu/pl ,nP/ ,u—%

Next, note that for a/2 < b <1/2

£ = G+1+¢(a,b)
P1
- G—&-l—i—%@w for2b—a <b
a G+1+ 202 for 26 —a>b
Taking the first case where {a/2 < b < 1/2} N {2b— a < b}, it is easily seen that under Assumptions 2 and 7
2
;lp—/ - 0O (np/%bpq/m) ,
unpq/m
pa/p
np/? <£4) ' = O (np/%(?b*a)pq/m)
Mo,

so that, given that 2b — a < b, we have

/2 pq/p
nP/? (P (Ag))l/P1 -0 (max{ ?27;:;/;;1 ,np/Z (%) B }) 0 (nP/Z—(2b—a)PQ/P1) .

p
Moreover,
g—(%—a)pp%
_ p{%(2ba)<G+1+av(1_2;”_2ba_a])/2)}
< p{%_(gb—a)(cﬂ)—[%-2(25-@”
— @b -a) (G- 1)
< 0
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It follows that

p/2 Pq/py
nP/? (P(Ag))l/plﬂ{a/2<b§1/202b—a<b}:O<max{ ! nP/? <£) }):oa). (72)

2 ) 4
,unpq/ P1 uk

Now, consider the case {a/2 <b<1/2} N {20 —a > b}. In this case, under Assumptions 2 and 7, we have

that /
p/2 pa/p;
nP/? (P (Ag))l/m = O | max ;l ; ,nP/? <£4> -0 (np/Q—bpq/pl) .
anq P1 /’L’n,
Moreover,
p q
= —bp—
2 P1
1 1 —4b) /2
2 b
1 1
< — N
S p{2 b(G+1) [2 Zb}}
= —pb(G—-1)
< 0

from which it follows that

1/p np/? K Pq/p1
n?/? (P (AS)) " I{a/2 <b<1/2N2b—a>b} = O | max ST ,nP/? (M—4) =0(1). (73)
Hn ' n

Turning our attention now to the case 1/2 < b < 1, we note that in this case

1 1
2P = ed ~ O\ par2

/p1
o 1/p np/2 K\P
nP/? (P(A) "™ =0 (max { ol ,nP/? o

Moreover, for 1/2 < b <1

so that here

— = G+1+¢(a,b)

P1
B G+1+5% for 2b—a < 1/2
- G+14+2a for 20 —a > 1/2

Consider first the case where {1/2 < b < 1}N{2b — a < 1/2}. In this case, it is easily seen that under Assumptions
2and 7

2
% _ O (ntr-ue),
nPa/4pP1
pq/p
nP/? (%) ' — O(np/%(?b*a)pq/m)
Ko,

so that, given that 2b — a < 1/2, we have that

K /p1
cy\/p np/? e —(2b—
nP/? (P(AS)) "™ =0 (max{ ECT ,nP/? T =0 (np/2 © a)pQ/pl) .
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Moreover, note that

g—(%—a)ppg1
_ p{%—(?b—a) <G+1+ﬁ)}
- »{5-@-0©+n-d}

_ p{%—Qb(G—kl)—FaG}

< p{% —(G+1) +aG} [since b > 1/2 in this case]

= —p<%+[1—a]G>

0 [since a < 1 by Assumption 7].

IN

It follows that

1/p np/2 K Pq/py
nP/2 (P (AS)) /" I{1/2<b<1N2b—a<1/2} = O | max T ,nP/? (M—4) =0(1). (74
n 1 n

Now, consider the case {1/2 <b<1}N {20 —a > 1/2}. Here, under Assumptions 2 and 7 and given that
2b—a > 1/2, we have

/2 Pq/p
np/2 (P (Ag))l/pl =0 (max {%mpm <M£4) 1 }) 0 (n%p(kq/pl)) '

Since

1 ey _1 - _ !
§p<1p—1)—2p(1 [G+142a]) = 2p(G+2a)<O

from which it follows that

/2 o1/ ?’Lp/2 /2 K Pa/py
n?’? (P (AF)) " I{1/2<b<1N2b—a>1/2} = O | max Pl Y =o(1). (75)
From (72)-(75), we deduce immediately that

’flp/2 1/py

(P
= nP/? (P
(P

C
n))
(ASN) " I{a/2 < b < 1/2} + 2/ (P (AS) /" T{1/2 < b < 1}
= "2 (P (A7)

Y 1fa/2 <b<1/202—a < b}

= o,

which is the result to be proved for part (b).
The proof of part (c¢) follows immediately from that of part (b) by noting that K < n and s; = p;. Q.E.D.
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Lemma C7: Suppose that Assumptions 1, 7, and 9 are satisfied; then, there exists a positive constant C' such
that for all n sufficiently large

B (det [X! M X, /n]) P/ < T < oo;
where X, = [ e X ]

Proof: To proceed, note that by Liapunov’s inequality
_ _ 1/2
B (det [XMX../n)) P < (B [(det [XIMX. fn) O] )7

so that the desired result follows immediately from the boundedness of F {(det (X! MX, /n]) " (a+m/ "] as given
in Assumption 9. Q.E.D.

Lemma CT7: If Assumptions 1-4, 7, 8, and 9 are satisfied, then

~ P
E||Ppurvs 1ac] =0 1)
Proof: To proceed, write

_ C -t
do + (X/ [P—Dp| X — {RHLIM — E}X/ [M + Dp] X)

ares] -

x (X’ [P — Dple — {EHLIM — %} X'"[M + Dp] s) H

IN

ot { e one— - S i)

X -
n

X/[PDP]FJ{EHLU\ — C}X/[M+Dp]€

b

where the inequality above follows from T and the submultiplicativity of the Euclidean norm. Note that, since
the matrix X' [Py — Dp| X — Ky X' [M + Dp| X 4+ (C/n) X' DpX is positive semidefinite by Lemma B3, we
can apply part (a) of Lemma B4 to obtain

H (x/ [P— Dp] X — {EHUM - %} X'[M + Dp] X)1

- H(%X'MX)l - [ae (CX/JXX)]l

Using this inequality, it follows that

)]

-
C -t C
< ||(50H+ (zXIMX) ’X/[P—DP]E—{RHLIM—E}X/[M—FDP]E
/ -1 /
= ||do)| +CC [det (X 17\14)()] adj (CX JKX>H

X . (76)

~ C
X' [P*Dp]é‘* {’fHLIM — E}X/ [M+Dp]€
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Next, let gA = (1,—5;{“1\/[)/, a0 = (1,—(56)/, X, = [ e X } and X = [ y X ], and note that

_ S\ X' [P - Dp| Xoa _ OWX'[P-Dp|Xéa
RHLIM = ~ =/ =< = min 1~ —_— 9
IAX [M+ Dp]Xda da:0a1=1 §\ X [M + Dp| XA

from which it follows that

_ 0WX'DyXbs 5K [P-DpXbs _ SaoX [P=DplXbs0 _ [P Dple
0aX (M +Dp|Xoa 04X [M+Dp)Xoa  OaoX [M+Dp|Xoao & [M+Drle

so that
~ gIAYIDPY’SA e’ [P — Dp] 9
|Kprrv| < max ¢ o— — T+ D
SAX [M + Dp|Xoa |€'[M+ Dple
. S X' DpXon '[P — Dple
T O\X'[M+Dp)Xoa €M+ Dple
~ e~ , _
< Cp (5) = _/(SAX Xoa — E, [P = Dr]e [by Assumption 7]
n) 5 X [M+Dp|Xon 1M+ Dple
— o\ 2 e ey —\ —1/2 )
< e (EN) | (X M+ DX XX (X'[M+Dp|X L |P-Drle
= P\ 7:\|w||:17 n n n K e’ [M + Dple
— o\ 2 e ey —\ —1/2
KN || (X' M+ Dp)X XX (X'[M+Dp)X '[P~ Dple
< Cp|— - -
n n n n e’ [M + Dple
— — — -1
K\ || D(50) " X'XD (60) (D (66) X [M+ Dp| XD (50)" '[P - Dple
n n n e’ [M + Dple
_ o (KN | XX (XM + Dp) X, | [P-Dple
) n n ¢’ [M + Dple
K\ | XX ||/ xtmMx N\ |e'[P—Dple
< n * * i S i et
< Cr (n) n ||( n ) e’Me (77)
1 0 . -1 1 0
where D (ég) = P as defined in Lemma A3 of the paper, so that D (dg)" = P and
o la —00 g

X, =[¢e X |. Applying the upper bound (77) to (76), we obtain, via T and the submultiplicativity of the

o7



Frobenius norm

Puru|
/ -1 /
< |I6o]l +C€ {det (X MX)] adj (CX MX)‘
n n
C
[P*DP]EJ* {/"JHLIM — —}X/ [M+Dp} ‘
I - 1 _
< |doll +C—¢ {det(X MX)] adj (CX MX)‘ NG X'[P—Drle
n n vn
r ’ 1-1 / / -
+C~C |det <X MX) adj (CX MX> ’ [det (—X*MX*H
n n n
I I !
% ||adj (X X, )HCPK‘X XM+ Drle
n
ol (XMX\T7Y . (X'MX '[P — Dple
+C=¢ dt< ) d (C > —
i € " ] aaj \/?
" eMe\ ||| X'[M + Dple
n n
/ -1 /
oremeluw(TE] e ()|
X'MX X'[P-D
< ool + ({5 oaj (025 ) | v | AP

PG
) e (2] (28| () o (3252

/ / /
adj<XMX)HCPKHX X'[M + Dple

Kl ()] o 22

(o) el (2

Let G be the number of endogenous regressors in the IV regression and a be as defined in Assumption 7, and
we shall consider four different cases: (i) G >2and 0 <a <1; (ii)) G>2and a=0; (ili) G=1and 0 <a < 1;
(iv) G =1 and a = 0.We start with the case G > 2 and 0 < a < 1. Tt follows from (78) and Loéve’s ¢, inequality

e

e [P—DP}E
VK

(78)

-1 / /
i (CXMX)H HX [M + Dp]e
n n
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that we can obtain the upper bound

B {[fmros 1]

— _ _ X X/MX P P*D € p
< s oo ()] o (e |22 )
/ —p ’ —p , P
+CGPC§K”E<{det<XMX>} i <CXMX> [de <X z\n@(” i <X*A§X*)
XHX;X [M+DP >
+CGpr/2E<[det<X/MX)] ( ) p DP] Pl Mel P
n n
‘X’[MJFDP]E )
X || || Ty4e
n
[M + Dple

X'MX\ P
adj (C )
n

X'MX\]7?
+Cc~(G-Vrg ([det ( )}
n

[by Loéve’s ¢, inequality]

p
5P 1o
pL / P ’ -p
1 n _Gp. p)2 det (X, M X, /n) X, MX,
5 (n—K> {C " E([det(X’MX/n) det (5 =k

/ _ p
X‘X[P Dple MC)
p XIMX* —2p
(%)

\/ﬁ
pL / P /
+C_GPC§;< K) KE({M} adi (CXMX)
n n
p
HAC)
p
I
[M + Dplel? )}
[ 4c

n

IN

/ p
i (X45)

[M + Dple
n

X

[M + Dple
n

,(X;MX*) P
adj
n n
X' MX\1? X'MX
+C-CGPKPIPE [det( * )] adj <C >
n—K n VK

Lo-G-Dpg ({det (XL MX, /n)]p { et (X;Mx*ﬂ

det (X’M X /n)
P g [P — Dp] 3 P
n

P X' MX\|?
adj(C - >

det (X'MX/n) n—K
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Applying the generalized Holder inequality, we further obtain

o [Jfurc] 1]

IN

n

U‘i‘ 517—1 L
n

K

+C7PCY (n

x (E e (

(= [eas

+C PP/ [P (AC)) Y <E

(e ) (

X! MX.
n—K

( HX’M+DP

det (X, MX./n
X (E { det (X'MX/n)

P1

P2

P4

1

T2

T4

S

[

S4

|

q

(7l

[P —

]w
)l

)pL {C—pnp/2 P (AC)]l/pl (E‘ X'[P — Dple

X, MX,
et (2

n—K

1/r4

(r

adj

DP

)}M) 1/d4}

Next, we choose the exponents py, .., p5; 71, ...,

2(G+1)+ ¢(a,b)

adj(
’ —pdy\ 1/
)

.(XLMX*>
adj | ———
n

!

n

—pp3 1/p3
) ) (=
proN 1/72

)
pr5>1/rs
>1/T’7

adj

det (X! MX, /n)]PP5\ /7
det (X' MX/n)

. T G e

1)
)" (s

D

G —

<qf
7 Sqfor

)|

G+1+¢(a,b)

G>2

2(G+1)

X’MX)

5)1/35

775 81,..,85; and dy, .., dy as follows

|\

b= =(14m)2(C+1)+ (@b, py= (—

¢ (a

+<p(a,b)}

:b)

n) (2

)

(G+1)+¢(a,b)],

( )

2(G+1 + ¢ (a,b) 5y = 53 = q
G+1—|—<pab) y 92 3 9
<qforG22;
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ppa) 1/py

X'[M + Dple

n

adj (

.(X’JT\L4X>

53> 1/s3

X'MX

> pd3

1004)1/134
p’l‘g) 1/r3

>1/d3

(81)



It is easily verified that

as required. Note also that these choices of exponents satisfy the moment condition of Assumption 8. It follows,
thus, by applying Assumption 9 and Lemmas C4-C7 that

E [HSHFULHPHAC} —o()+O(L) +o(1)+0 (1) =0(1)

for the case where G > 2 and 0 < a < 1.

Next, consider the case where G > 2 and @ = 0. When a = 0, we may have ¢ (0,b) = 0; but the generalized
Holder inequality still applies if we take ry = co with all other exponents py, .., p4; 72, ..., 77} S1,..,55; and dy, ..., dy
chosen as in (80)-(83) above (but with ¢ (a,b) = 0). Hence, an upper bound of the form given by (79) still holds

but with the L,, norm (E]IEC)l/T1 = [P (AY)] Hr (for finite r1) replaced by the Lo, norm
|Lac|l, =esssup |Iqc| =inf{z: P(|l4c| >x) =0} = 1.

Since K is fixed in this case, the term KP |I4c||, is trivially bounded. Applying Assumption 9 and Lemmas
C4-C5, C7, and parts (b) and (c) of Lemma C6 then allows us to deduce that E [ ‘SHFULHP ]IAc] = O (1) for this

case.
We now turn our attention to the case where G = 1 and 0 < a < 1. Note that, when G = 1, X’MX/n is

1 x 1, so that we have
(X’MX)1 { (X’MX)} -t
= |det ,
n n

i (KXY -

Again, we can still obtain an upper bound of the form (79) by applying the generalized Holder inequality, this
time with py = r7 = s5 = d3 = oo and with all other exponents py,.,p5; 71,...,76; S1,..,54; and dy,d2,dy
chosen as in (80)-(83) above (setting G = 1). The Ly norm of [adj (X'M X /n)]” is clearly bounded in light of
(84); so that using parts (a), (c), and (d) of Lemma C4; Assumption 9; and Lemmas C5-C7; we deduce that

dl

Finally, the case where both G =1 and a = 0 can be handled in an obvious way by combining the arguments
above. Q.E.D.

gHFULHp HAc] = O (1) for this case as well.
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