
Technical Appendices to
“Instrumental Variable Estimation with Heteroskedasticity and Many Instruments"

Proof of Theorem 5

Here, we provide a proof of the existence of moments of the HFUL estimator (Theorem 5 in the paper). The
main skeleton of the proof is given first, but the proof draws upon the results of a number of preliminary lemmas
which have been organized into two additional appendices (Appendix B and C).
Before proceeding, we first define some notations. In the sequel, let IA denote the indicator function of the

set A; let λmax (B) and λmin (B) denote, respectively, the minimal and maximal eigenvalue of the matrix B; and
let k·k denote the Euclidean norm, or the Frobenius norm when applied to matrices so that kAk =

p
tr {A0A}.

Also, the notation an ∼ bn means that limn→∞ (an/bn) = c for some constant c 6= 0. In addition, M, T and CS
denote, respectively, Markov’s inequality, the Triangle inequality and the Cauchy-Schwarz inequality.
Finally, the proof given below also makes use of the following notations. Let
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where ηj > 0 (j = 1, 2, 3, 4). In the proof below, we shall choose the ηj ’s as follows:
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where C1, C2, .., C7 are constants to be specified in the proof of Lemma C2 below and where C8 is some positive
constant. Also, define
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with X =
£
y X

¤
. Finally, let BC and CC be the complement of the events B and C, respectively.

Proof of Theorem 5: To begin, let A be the event defined in (1), and we can write
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It follows from Lemma C7 that there exists a constant C2 such that for all n sufficiently large
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Next, note that HFUL can be written in the alternative form
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where DP = diag (P11, ..., Pnn). (7) is equivalent with probability one to the expression for HFUL given in
equation (2.1) of the paper, as will be shown in Lemma B1 below. Now, substitute y = Xδ0 + ε into (7), and we
get
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where the last equality above makes use of the fact that by definition S0−1n = eS0−1n D−1μ withDμ = diag (μ1n, ..., μGn).
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Note that the last inequality above holds for all n sufficiently large since
°°n−1/2Dμ
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(j = 1, .., G) and since, using the same argument as that for deriving (28) in the proof of Lemma C2, we have
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for some constant C2 which exists in light of Assumption 2. Loève’s cr inequality and Theorem 15.2 part (iv) of
Billingsley (1986) then imply that
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and where the second inequality above follows from Lemmas C2-C3 and from Assumption 7 which implies the
existence of a constant C4 such that kδ0k2 ≤ C4 < ∞. Finally, let C = max

©
C1, C2

ª
. It follows from (6) and

(8) that for all n sufficiently large
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which establishes the desired conclusion. Q.E.D.

Appendix B

Lemma B1: Suppose that Assumptions 1, 7, and 9 hold. Then, for n sufficiently large, the formula for bδHFUL

given in (7) is equivalent with probability one to the representation given in equation (2.1) of the paper.

Proof: From equation (2.1), we have
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and where eαHLIM is the smallest eigenvalue of the equation
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0
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part (b) of Lemma B13. Next, observe that the smallest root of (9) is equivalent (with probability one) to the
smallest root of
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Moreover, observe that, under Assumption 9, α = 1 is a root of the determinantal equation (10) with zero
probability; since if α = 1, we would have
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for α 6= 1. Now, let eα1 ≤ · · · ≤ eαG+1 (eαg 6= 1 for g = 1, ..., G+ 1) be the roots of the equation (10); then, by (11),
eκ1 = eα1
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(12), it must be that eκHLIM =

eαHLIM

1− eαHLIM
.

Next, write

bδHFUL = ((1− bαHFUL)X
0 [P −DP ]X − bαHFULX

0 [M +DP ]X)
−1

× ((1− bαHFUL)X
0 [P −DP ] y − bαHFULX

0 [M +DP ] y)

=

µ
X 0 [P −DP ]X −

bαHFUL

1− bαHFUL
X 0 [M +DP ]X

¶−1
×
µ
X 0 [P −DP ] y −

bαHFUL

1− bαHFUL
X 0 [M +DP ] y

¶
(13)

4



Note further that
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Substituting (14) into (13) above, and we obtain
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which establishes the desired conclusion. Q.E.D.

Lemma B2: (Poincaré’s Separation Theorem)

Let A be a symmetric m ×m matrix with eigenvalues λ1 ≤ λ2 ≤ · · · ≤ λm and let H be a semi-orthogonal
m× r matrix (1 ≤ r ≤ m), so that H 0H = Ir.Then, the eigenvalues μ1 ≤ μ2 ≤ · · · ≤ μr of H

0AH satisfy

λi ≤ μi ≤ λm−r+i (i = 1, 2, ..., r)

Proof: See pages 209-210 of Magnus and Neudecker (1988).

Lemma B3: Let A (m×m) be a symmetric, positive semidefinite matrix and let B (m×m) be a symmetric,
positive definite matrix. Moreover, let bλ be the smallest root of the determinantal equation

det {A− λB} = 0.

Now, partition A and B conformably as
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⎞⎠ .

Then, the matrices A11 − bλB11 and A22 − bλB22 are both positive semidefinite.
Proof: We will only prove the positive semi-definiteness of the matrix A22−bλB22 since the proof for A11−bλB11
is similar. To proceed, note that in light of the positive definiteness of B, we can decompose B as
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and where B11.2 = B11 −B0
21B

−1
22 B21. Moreover, note that the inverse of L can be obtained as
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so that
B
−1/2
22 A22B

−1/2
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with H (m×m2) being the semi-orthogonal matrix
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µ
0
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¶
.

Since the roots μ1 ≤ · · · ≤ μm2
of the equation
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o
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are clearly also the roots of the equation

det {A22 − μB22} = 0,

we have that for any vector x ∈ Rm2

x0A22x− bλx0B22x
= x0B

1/2
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³
B
−1/2
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−1/2
22 − bλIm2

´
B
1/2
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³
B
−1/2
22 A22B

−1/2
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´
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≥
³
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where we have let x∗ = B
1/2
22 x and where the last inequality follows from applying Poincaré’s Separation Theorem,

which allows us to conclude that bλ ≤ μ1. Q.E.D.

Lemma B4:
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(a) Suppose that A is a symmetric, positive semidefinite (PSD) matrix and B is a symmetric, PD matrix; then°°°(A+B)
−1
°°° ≤ °°B−1°°

(b) Suppose that A and B are symmetric, PSD matrices and write

A = E −B

for some matrix E. Then,
kAk ≤ kEk .

Here, k·k denotes the Frobenius matrix norm, so that kAk =
p
tr (A0A)

Proof: To prove (a), let A be G×G without loss of generality. Now,°°°(A+B)
−1
°°° =

r
tr
n
(A+B)

−2
o

=

sXG

g=1

µ
1

λg (A+B)

¶2
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sXG

g=1

µ
1

λg (B)

¶2
[using the result of Exercise 12.45 of Abadir and Magnus (2005)]

=
p
tr {B−2}

=
°°B−1°° .

Here, λg (B) (g = 1, ..., G) are the eigenvalues of the matrix B, and λg (A+B) (g = 1, ..., G) are similarly defined.
To show part (b), note that by the result Exercise 12.45 of Abadir and Magnus (2005), we have that

λg (E) ≥ λg (A) ≥ 0 for g = 1, ..., G,

from which it follows that

kAk =
p
tr {A0A} =

rXG

g=1
λ2g (A) ≤

rXG

g=1
λ2g (E) =

p
tr {E0E} = kEk .

Q.E.D.

Lemma B5:

(a) If X be a square matrix, then
λmin (X +X 0) ≥ −2 kXk .

(b) If X is symmetric matrix, then
λmin (X) ≥ − kXk .

(c) If X is symmetric and nonsingular matrix, then

°°X−1°° ≤ √
G

min1≤ g ≤G |λg (X)|
.
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Here, G denotes the number of columns (and rows) of the matrix X.

Proof: To show part (a), note first that

max
1≤ g ≤G

|λg (X +X 0)| ≤

vuut GX
g=1

[λg (X +X 0)]2

=
p
tr {(X +X 0) (X +X 0)}

≤
p
4tr {X 0X}

= 2 kXk

where the second inequality above follows from applying the trace version of CS (see page 325 of Abadir and
Magnus, 2005). It follows that

λmin (X +X 0) ≥ − max
1≤ g ≤G

|λg (X +X 0)| ≥ −2 kXk .

The proof of part (b) follows immediately from that of part (a), since in this case

2λmin (X) = λmin (X +X 0) ≥ −2 kXk ,

and the desired conclusion is obtained by dividing through by 2.
To show part (c), note that

°°X−1°° =
p
tr [X−2] =

sXG

g=1

1

λ2g (X)

≤
vuuut Gµ

min
1≤ g ≤G

|λg (X)|
¶2

=

√
G

min
1≤ g ≤G

|λg (X)|
.

Q.E.D.

Lemma B6 (Decoupling Inequality): Let χi = (ξi, ζi)
0. Assume that {χi} is a sequence of independent

2 × 1 random vectors such that E [χi] = 0 and such that supiE kχik
ρ ≤ C∗ < ∞ for some constant C∗ and for

some positive integer ρ ≥ 1. Moreover, let {eχi} be an independent copy of this sequence. Also, let Pij denote
the (i, j)th element of the projection matrix P = Z (Z0Z)−1 Z0, with Z satisfying the conditions of Assumption
1. Then,

E

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξiζj

¯̄̄̄
¯̄
ρ

≤ 4qE

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξi
eζj
¯̄̄̄
¯̄
ρ

where eζj denotes the second component of eχj = ³eξj,eζj´0.
Proof: The proof follows that of Theorem 3.1.1 of de la Peña and Giné (1999). However, we exploit the specialized
structure of our problem to obtain a better constant than that of expression (3.1.8) in de la Peña and Giné (1999).
To proceed, let {εi}ni=1 be independent Rademacher random variables, i.e.,

εi =

½
1 with prob p = 1

2
−1 with prob p = 1

2

,
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and let {εi}ni=1 be independent of {χi, eχi}ni=1, and also define υi and eυi (i = 1, ..., n) as follows:
υi = χiI {εi = 1}+ eχiI {εi = −1} ,eυi = eχiI {εi = 1}+ χiI {εi = −1} .

Partition υi and eυi conformably with χi = (ξi, ζi)
0 and eχi = ³eξi,eζi´0, we also have

υ1i = ξiI {εi = 1}+ eξiI {εi = −1} ,
υ2i = ζiI {εi = 1}+ eζiI {εi = −1} ,eυ1i = eξiI {εi = 1}+ ξiI {εi = −1} ,eυ2i = eζiI {εi = 1}+ ζiI {εi = −1} .

Now, note that

Eχ

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξiζj

¯̄̄̄
¯̄
ρ

=
1

Kρ/2
Eχ

¯̄̄̄
¯̄ X
1≤ i 6= j ≤ n

PijE
χ
£
ξiζj | χ1, .., χn

¤¯̄̄̄¯̄
ρ

=
1

Kρ/2
Eχ

¯̄̄̄
¯̄ X
1≤ i 6= j ≤ n

PijE
χ
h
ξiζj +

eξiζj + ξi
eζj + eξieζj | χ1, .., χni

¯̄̄̄
¯̄
ρ

(15)

where the second equality follows from the fact that

Eχ
heξiζj + ξi

eζj + eξieζj | χ1, .., χni
= ζjE

χ
heξi| χ1, .., χni+ ξiE

χ
heζj | χ1, .., χni+Eχ

heξieζj | χ1, .., χni a.e.

= ζjE
χ
heξii+ ξiE

χ
heζji+Eχ

heξiiEχ
heζji

= 0
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Next, note that

Eχ

¯̄̄̄
¯̄ X
1≤ i 6= j ≤ n
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χ
h
ξiζj +
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¯̄ X
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Pij

³
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[by conditional Jensen’s inequality]

= 4ρE(χ,χ)
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¯̄ X
1≤ i 6= j ≤ n

Pij
1

4

³
ξiζj +

eξiζj + ξi
eζj + eξieζj´

¯̄̄̄
¯̄
ρ

= 4ρE(χ,χ)

¯̄̄̄
¯̄ X
1≤ i 6= j ≤ n

PijE
ε (υ1ieυ2j | χ1, .., χn; eχ1, .., eχn)

¯̄̄̄
¯̄
ρ

≤ 4ρE(υ,υ)

¯̄̄̄
¯̄ X
1≤ i 6= j ≤ n

Pijυ1ieυ2j
¯̄̄̄
¯̄
ρ

[by conditional Jensen’s inequality]

= 4ρE(χ,χ)

¯̄̄̄
¯̄ X
1≤ i 6= j ≤ n

Pijξi
eζj
¯̄̄̄
¯̄
ρ

, (16)

where the second equality above follows from the fact that

1

4

³
ξiζj +

eξiζj + ξi
eζj + eξieζj´

= ξiζjE
ε [I {εi = 1 ∩ εj = −1}] + eξiζjEε [I {εi = −1 ∩ εj = −1}]

+ξi
eζjEε [I {εi = 1 ∩ εj = 1}] + eξieζjEε [I {εi = −1 ∩ εj = 1}]

[by definition and independence of {εi} ]
= ξi

eζjEε [I {εi = 1 ∩ εj = 1} | χ1, .., χn; eχ1, .., eχn]
+eξieζjEε [I {εi = −1 ∩ εj = 1} | χ1, .., χn; eχ1, .., eχn]
+ξiζjE

ε [I {εi = 1 ∩ εj = −1} |χ1, .., χn; eχ1, .., eχn]
+eξiζjEε [I {εi = −1 ∩ εj = −1} |χ1, .., χn; eχ1, .., eχn]
[by the independence of εi and (χ1, .., χn; eχ1, .., eχn) for all i]

= Eε (υ1ieυ2j | χ1, .., χn; eχ1, .., eχn) [by definitiion of υ1i and eυ2j ]
and where the last equality in (16) above follows from the fact that the joint distribution of (υ1, ..., υn, eυ1, ..., eυn)
is the same as that of (χ1, ..., χn, eχ1, ..., eχn). (15) and (16) together implies that

E

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξiζj

¯̄̄̄
¯̄
ρ

≤ 4ρE

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξi
eζj
¯̄̄̄
¯̄
ρ

,

which is the desired conclusion. Q.E.D.

Lemma B7 (Moment Inequality for Sums): Let {ξi} be an independent sequence of mean-zero random
variables. Then, for all ρ > 2, there exists a constant C <∞ such that

E

¯̄̄̄
¯
nX
i=1

ξi

¯̄̄̄
¯
ρ

≤ C
ρ
max

⎧⎨⎩ρρE
³
max
i
|ξi|

ρ
´
, ρρ/2

Ã
nX
i=1

Eξ2i

!ρ/2
⎫⎬⎭

10



Proof: The proof follows as a special case of the proof of Proposition 2.4 of Giné, Latala, and Zinn (2000).
Q.E.D.

Lemma B8 (Moment Inequality for U-Statistics): Let {χi} and {eχi} be as defined previously and let
these sequences satisfy the same moment conditions as in Lemma B6 above but let the moment conditions be
satisfied for ρ > 2. Also, let Pij denote the (i, j)

th element of the projection matrix P = Z (Z 0Z)−1 Z0, satisfying
Assumption 1. Then, there exists some positive constant C <∞ such that

E

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξi
eζj
¯̄̄̄
¯̄
ρ

≤ C
ρ
max

⎧⎪⎨⎪⎩ρρ

⎛⎝ 1

K

X
1≤ i , j ≤ n

P 2ijσ
2
ξ,iσ

2
ζ,j

⎞⎠ρ/2

, ρ3ρ/2Eξmax
i

⎛⎝ 1

K

X
1≤ j ≤ n

P 2ijξ
2
iσ
2
ζ,j

⎞⎠ρ/2

,

ρ3ρ/2Eζ max
j

⎛⎝ 1

K

X
1≤ i ≤ n

P 2ijσ
2
ξ,i
eζ2j
⎞⎠ρ/2

, ρ2ρ
1

Kρ/2
E

∙
max
i,j

³
|Pij |ρ |ξi|

ρ
¯̄̄eζj ¯̄̄ρ´¸

⎫⎪⎬⎪⎭ ,

where σ2ξ,i = E
£
ξ2i
¤
and σ2

ζ,j
= E

heζ2ji = E
£
ζ2j
¤
.

Proof: The proof follows as a special case of the proof of Proposition 2.4 of Giné, Latala, and Zinn (2000).
Q.E.D.

Lemma B9: If Assumptions 1-3, 7, and 8 are satisfied, then, the following results hold

(a)

E

°°°° z0PVμn
√
n

°°°°2pq = O

µ
1

μ2pqn

¶
;

(b)

E

°°°°z0DPV

μn
√
n

°°°°2pq = O

µ
1

μ2pqn

¶
(c)

E

°°°° z0V

μn
√
n

°°°°2pq = O

µ
1

μ2pqn

¶
,

where p and q are as given in Assumption 8.

Proof:
In the argument given below, we make use of the simple fact that if {Xn} is a sequence of M × L random

matrices, where M and L do not depend on n and if xm ,n denotes the (m, )th element of Xn; then for ρ > 0 to
show that

E kXnkρ = O (1) ,

it is sufficient to show that there exists a positive constant C∗ such that

E |xm ,n|ρ = O (1) for m = 1, ..,M ; = 1, .., L. (17)

11



To establish this, note that (17) means for any (m, )th element xm ,n, there exists a positive integer N (m, )
such that for all n ≥ N (m, ),

E |xm ,n|ρ ≤ C∗ <∞.

It follows that if we take N∗ = max {N (1, 1) ,N (1, 2) , .., N (m, ) , .., N (M,L)}, then for n ≥ N∗

MX
m=1

LX
=1

E |xm ,n|ρ ≤MLC∗ <∞.

Hence,

E kXnkρ = E [tr {X 0
nXn}]ρ/2

= E

"
MX
m=1

LX
=1

x2m ,n

#ρ/2

≤ max
n
(ML)

ρ
2−1 , 1

o MX
m=1

LX
=1

E |xm ,n|ρ [by Loève’s cr inequality]

≤ max
n
(ML)ρ/2 ,ML

o
C∗ <∞

for n ≥ N∗.
Now, to show part (a), note that

E

°°°° z0PVμn
√
n

°°°°2pq = 1

μ2pqn

E

°°°°z0PV√n
°°°°2pq ,

so that we need only to show that E
°°z0PV /√n°°2pq = O(1). Moreover, in light of the discussion above, it suffices

to show that

E

∙
z0·gPv·h√

n

¸2pq
= E

⎡⎣ 1√
n

nX
j=1

Ã
nX
i=1

zigPij

!
vjh

⎤⎦2pq = O (1) for g = 1, ..., G; h = 1, .., G+ 1.

To proceed, note that applying the inequality in Lemma B7 above, there exists a constant C <∞ such that

E

⎡⎣ 1√
n

nX
j=1

Ã
nX
i=1

zigPij

!
vjh

⎤⎦2pq

≤ 1

npq
C
2pq
max

⎧⎨⎩(2pq)2pq E
⎡⎣max

j

¯̄̄̄
¯
nX
i=1

zigPij

¯̄̄̄
¯
2pq

|vjh|2pq
⎤⎦ , (2pq)pq

⎛⎝ nX
j=1

E

"
vjh

nX
i=1

zigPij

#2⎞⎠pq⎫⎬⎭
≤ 1

npq
C
2pq
(2pq)

2pq
E

⎡⎣max
j

¯̄̄̄
¯
nX
i=1

zigPij

¯̄̄̄
¯
2pq

|vjh|2pq
⎤⎦+ 1

npq
C
2pq
(2pq)

pq

⎛⎝ nX
j=1

E

"
vjh

nX
i=1

zigPij

#2⎞⎠pq

≤ 1

npq
C
2pq
(2pq)2pq

nX
j=1

E

⎡⎣¯̄̄̄¯
nX
i=1

zigPij

¯̄̄̄
¯
2pq

|vjh|2pq
⎤⎦+ 1

npq
C
2pq
(2pq)pq

⎛⎝ nX
j=1

E

"
vjh

nX
i=1

zigPij

#2⎞⎠pq

(18)

12



Next, note that

nX
j=1

E

⎡⎣¯̄̄̄¯
nX
i=1

zigPij

¯̄̄̄
¯
2pq

|vjh|2pq
⎤⎦ =

nX
j=1

E
h¯̄
e0jPz·g

¯̄2pq |vjh|2pqi

=
nX
j=1

¡
e0jPz·g

¢2 ¯̄
e0jPz·g

¯̄2(pq−1)
E |vjh|2pq

≤
µ

sup
1≤ j ≤ n

E |vjh|2pq
¶ nX

j=1

¡
e0jPz·g

¢2 ¡
z0·gPz·g

¢(pq−1)
=

µ
sup

1≤ j ≤ n
E |vjh|2pq

¶¡
z0·gPz·g

¢pq
for h = 1, ..,G+ 1, (19)

where the inequality above follows from CS. Moreover,

nX
j=1

E

"
vjh

nX
i=1

zigPij

#2
=

nX
j=1

E
£
vjh

¡
e0jPz·g

¢¤2
≤

µ
sup

1≤ j ≤ n
E
£
v2jh
¤¶

z0·gP
nX
j=1

eje
0
jPz·g

=

µ
sup

1≤ j ≤ n
E
£
v2jh
¤¶

z0·gPz·g for h = 1, .., G+ 1. (20)

Applying (19) and (20) to the upper bound given by (18), we obtain for g = 1, ..., G and h = 1, .., G+ 1

E

⎡⎣ 1√
n

nX
j=1

Ã
nX
i=1

zigPij

!
vjh

⎤⎦2pq

≤ C
2pq
(2pq)2pq

µ
sup

1≤ j ≤ n
E |vjh|2pq

¶µ
z0·gPz·g

n

¶pq
+ C

2pq
(2pq)pq

µ
sup

1≤ j ≤ n
E
£
v2jh
¤¶pq µz0·gPz·g

n

¶pq
≤ C

2pq
(2pq)

2pq
C∗
µ
z0·gPz·g

n

¶pq
≤ C

2pq
(2pq)2pq C∗

µ
z0·gz·g

n

¶pq
≤ C

2pq
(2pq)

2pq
C∗

Ã
1

n

nX
i=1

kzik2
!pq

≤ C
2pq
(2pq)2pq C∗

1

n

nX
i=1

kzik2pq [by Liapunov’s inequality]

= O (1) [by Assumption 8];

note that the second inequality above follows from the fact that, under Assumption 8, there exists a constant
C∗such that

¡
supi,hE

£
v2ih
¤¢pq ≤ supi,hE |vih|2pq ≤ C∗ <∞.

For part (b), it suffices to show that

E

∙
z0·gDP v·h

μn
√
n

¸2pq
= E

"
1

μn
√
n

nX
i=1

zigPiivih

#2pq
= O

¡
1/μ2pqn

¢
for g = 1, ..., G; h = 1, ..,G+ 1.
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Again, applying the inequality in Lemma B7, we obtain, for g = 1, ..., G and h = 1, .., G+ 1,

E

"
1

μn
√
n

nX
i=1

zigPiivih

#2pq

≤ 1

μ2pqn npq
C
2pq
max

(
(2pq)2pq E

h
max
i
|zigPiivih|2pq

i
, (2pq)pq

Ã
nX
i=1

E [zigPiivih]
2

!pq)

≤ 1

μ2pqn npq
C
2pq

(
(2pq)2pq E

h
max
i
|zigPiivih|2pq

i
+ (2pq)pq

Ã
nX
i=1

E [zigPiivih]
2

!pq)

≤ 1

μ2pqn npq
C
2pq

(
(2pq)

2pq
nX
i=1

|zig|2pq P 2pqii E |vih|2pq + (2pq)pq
Ã

nX
i=1

z2igP
2
iiE [vih]

2

!pq)

≤ 1

μ2pqn

C
2pq

C∗

(
(2pq)2pq

1

npq

nX
i=1

|zig|2pq + (2pq)pq
Ã
1

n

nX
i=1

z2ig

!pq)

≤ 1

μ2pqn

C
2pq

C∗

(
(2pq)

2pq 1

n(pq−1)
1

n

nX
i=1

kzik2pq + (2pq)pq
Ã
1

n

nX
i=1

kzik2pq
!)

= O
¡
1/μ2pqn

¢
,

where the fourth inequality above follows from the fact that Pii < 1 by Assumption 1 and by the fact that, under
Assumption 8, there exists a constant C∗such that

¡
supi,hE

£
v2ih
¤¢pq ≤ supi,hE |vih|2pq ≤ C∗ <∞.

For part (c), it suffices to show that

E

∙
z0·gv·h

μn
√
n

¸2pq
= E

"
1

μn
√
n

nX
i=1

zigvih

#2pq
= O

¡
1/μ2pqn

¢
for g = 1, ...,G; h = 1, .., G+ 1.

applying the inequality in Lemma B7, we obtain, for g = 1, ..., G and h = 1, .., G+ 1,

E

"
1

μn
√
n

nX
i=1

zigvih

#2pq

≤ 1

μ2pqn npq
C
2pq
max

(
(2pq)2pq E

h
max
i
|zigvih|2pq

i
, (2pq)pq

Ã
nX
i=1

E [zigvih]
2

!pq)

≤ 1

μ2pqn npq
C
2pq

(
(2pq)2pq E

h
max
i
|zigvih|2pq

i
+ (2pq)pq

Ã
nX
i=1

E [zigvih]
2

!pq)

≤ 1

μ2pqn

C
2pq

(
(2pq)

2pq 1

npq

nX
i=1

|zig|2pq E |vih|2pq + (2pq)pq
Ã
1

n

nX
i=1

z2igE [vih]
2

!pq)

≤ 1

μ2pqn

C
2pq

C∗

(
(2pq)2pq

1

npq

nX
i=1

|zig|2pq + (2pq)pq
Ã
1

n

nX
i=1

z2ig

!pq)

≤ 1

μ2pqn

C
2pq

C∗

(
(2pq)

2pq 1

n(pq−1)
1

n

nX
i=1

kzik2pq + (2pq)pq
Ã
1

n

nX
i=1

kzik2pq
!)

= O
¡
1/μ2pqn

¢
.

Q.E.D.

Lemma B10: Let χi = (ξi, ζi)
0. Assume that {χi} is a sequence of independent 2 × 1 random vectors such

that E [χi] = 0 and such that supiE kχik
ρ ≤ C∗ <∞ for some constant C∗ and for some positive integer ρ > 2.
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Also, let Pij denote the (i, j)
th element of the projection matrix P = Z (Z0Z)−1 Z 0 satisfying Assumptions 1 and

7. Then,

E

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξiζj

¯̄̄̄
¯̄
ρ

= O (1) .

Proof :
To proceed, note that by Lemma B8,

E

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξiζj

¯̄̄̄
¯̄
ρ

≤ 4ρE

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξi
eζj
¯̄̄̄
¯̄
ρ

≤ C
ρ
max

⎧⎪⎨⎪⎩(ρ)ρ
⎛⎝ 1

K

X
1≤ i , j ≤ n

P 2ijσ
2
ξ,iσ

2
ζ,j

⎞⎠ρ/2

, (ρ)
3ρ/2

Eξmax
i

⎛⎝ 1

K

X
1≤ j ≤ n

P 2ijξ
2
iσ
2
ζ,j

⎞⎠ρ/2

,

(ρ)
3ρ/2

Eζ max
j

⎛⎝ 1

K

X
1≤ i ≤ n

P 2ijσ
2
ξ,i
eζ2j
⎞⎠ρ/2

, (ρ)
2ρ 1

Kρ/2
E

∙
max
i,j

³
|Pij |ρ |ξi|

ρ
¯̄̄eζj ¯̄̄ρ´¸

⎫⎪⎬⎪⎭
≤ C

ρ

⎧⎪⎨⎪⎩(ρ)ρ
⎛⎝ 1

K

X
1≤ i , j ≤ n

P 2ijσ
2
ξ,iσ

2
ζ,j

⎞⎠ρ/2

+ (ρ)3ρ/2Eξmax
i

⎛⎝ 1

K

X
1≤ j ≤ n

P 2ijξ
2
iσ
2
ζ,j

⎞⎠ρ/2

+(ρ)3ρ/2Eζ max
j

⎛⎝ 1

K

X
1≤ i ≤ n

P 2ijσ
2
ξ,i
eζ2j
⎞⎠ρ/2

+ (ρ)2ρ
1

Kρ/2
E

∙
max
i,j

³
|Pij |ρ |ξi|

ρ
¯̄̄eζj ¯̄̄ρ´¸

⎫⎪⎬⎪⎭
Next, observe that

1

K

X
1≤ i , j ≤ n

P 2ijσ
2
ξ,iσ

2
ζ,j

≤ (C∗)4/ρ
1

K

nX
i=1

nX
j=1

P 2ij [by Liapunov’s inequality]

= (C∗)4/ρ <∞

so that ⎛⎝ 1

K

X
1≤ i , j ≤ n

P 2ijσ
2
ξ,iσ

2
ζ,j

⎞⎠ρ/2

≤ (C∗)2 <∞ (21)
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Also,

Eξmax
i

⎛⎝ 1

K

X
1≤ j ≤ n

P 2ijξ
2
iσ

2
ζ,j

⎞⎠ρ/2

≤ 1

Kρ/2

nX
i=1

Eξ

⎛⎝ X
1≤ j ≤ n

P 2ijξ
2
iσ
2
ζ,j

⎞⎠ρ/2

=
1

Kρ/2

nX
i=1

E |ξi|
ρ

⎛⎝ X
1≤ j ≤ n

P 2ijσ
2
ζ,j

⎞⎠ρ/2

≤ 1

Kρ/2

nX
i=1

(C∗)2

⎛⎝ X
1≤ j ≤ n

P 2ij

⎞⎠ρ/2

≤ (C∗)2
1

Kρ/2

nX
i=1

P
ρ/2
ii = O

³
n−(ρ−2)/2

´
for ρ > 2, (22)

where the order of magnitude given above follows from the fact that given Assumption 7, we have

nX
i=1

P
ρ/2
ii ≤ C

ρ/2
P

nX
i=1

µ
K

n

¶ρ/2
= C

ρ/2
P

µ
Kρ/2

n(ρ−2)/2

¶
.

Similarly,

Eζ max
j

⎛⎝ 1

K

X
1≤ i ≤ n, i6=j

P 2ijσ
2
ξ,i
eζ2j
⎞⎠ρ/2

≤ (C∗)2 1

Kρ/2

nX
j=1

P
ρ/2
jj = O

³
n−(ρ−2)/2

´
= o (1) (23)

for ρ > 2. Moreover,

1

Kρ/2
E

∙
max
i,j

³
|Pij |ρ |ξi|

ρ
¯̄̄eζj ¯̄̄ρ´¸

≤ 1

Kρ/2
E

⎡⎣ nX
i=1

nX
j=1

|Pij |ρ |ξi|
ρ
¯̄̄eζj ¯̄̄ρ

⎤⎦ = 1

Kρ/2

nX
i=1

nX
j=1

|Pij |ρE [|ξi|
ρ]E

h¯̄̄eζj ¯̄̄ρi

≤ (C∗)2
1

Kρ/2

nX
i=1

nX
j=1

|Pij |ρ

≤ (C∗)2C
(ρ−2)
P

µ
K

n

¶(ρ−2)
1

Kρ/2

nX
i=1

nX
j=1

P 2ij

= (C∗)2C
(ρ−2)
P

µ
K

n

¶(ρ−2)
1

Kρ/2

nX
i=1

Pii

= O

µ
K(ρ−2)/2

n(ρ−2)

¶
= O

³
n(a/2−1)(ρ−2)

´
= o (1) for ρ > 2, [since a/2 < 1 by Assumption 7] (24)

where the third inequality above follows from the fact |Pij |(ρ−2) ≤ P
(ρ−2)/2
ii P

(ρ−2)/2
jj ≤ C

(ρ−2)
P (K/n)(ρ−2). It
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follows from (21)-(24) that

E

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijξiζj

¯̄̄̄
¯̄
ρ

= O (1) ,

as desired. Q.E.D.

Remark: Note that there is nothing in the argument above which requires that K →∞ as n→∞. Hence, the
conclusion of Lemma B10 holds also for the case where K is fixed. Indeed, the inequalities given in Lemmas B7
and B8 hold both for the case where K → ∞ and for the case where K is fixed, and the moment calculations
that we will make using these inequalities will also hold for both cases as well.

Lemma B11: Under Assumptions 1-4, 7, and 8; the following results hold:

(a)

E

"°°°°z0 (P −DP )V

μn
√
n

°°°°2pq
#
= O

µ
1

μ2pqn

¶
;

(b)

E

"°°°°z0 (M +DP )V

μn
√
n

°°°°2pq
#
= O

µ
1

μ2pqn

¶
;

(c)

E

"°°°°z0MV

μn
√
n

°°°°2pq
#
= O

µ
1

μ2pqn

¶
;

where p and q are as given in Assumption 8.

Proof:
For part (a), note that by T, Loève’s cr inequality, and parts (a) and (b) of Lemma B9 above, we have

E

"°°°°z0 (P −DP )V

μn
√
n

°°°°2pq
#
≤ E

∙°°°° z0PVμn
√
n

°°°°+ °°°°z0DPV

μn
√
n

°°°°¸2pq

≤ 22pq−1

(
E

°°°° z0PVμn
√
n

°°°°2pq +E

°°°°z0DPV

μn
√
n

°°°°2pq
)

= O
¡
1/μ2pqn

¢
,

as desired.
To show part (b), note that by T, Loève’s cr inequality, part (c) of Lemma B9, and part (a) of this lemma,

we have

E

"°°°°z0 (M +DP )V

μn
√
n

°°°°2pq
#

= E

∙°°°° z0V

μn
√
n
− z0 (P −DP )V

μn
√
n

°°°°¸2pq

≤ E

∙°°°° z0V

μn
√
n

°°°°+ °°°°z0 (P −DP )V

μn
√
n

°°°°¸2pq
≤ 22pq−1

(
E

°°°° z0V

μn
√
n

°°°°2pq +E

°°°°z0 (P −DP )V

μn
√
n

°°°°2pq
)

= O
¡
1/μ2pqn

¢
,
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as desired.
Part (c) can be shown similar to (b) by applying T, Loève’s cr inequality, and parts (a) and (c) of Lemma

B9. For brevity, we do not give the full argument. Q.E.D.

Lemma B12: Under Assumptions 1-3, 7, and 8; the following results hold

(a)

E

°°°°°V
0
V

n
− 1

n

nX
i=1

Ξi

°°°°°
pq

= O

µ
1

npq/2

¶
;

(b)

E

°°°°°V
0
[P −DP ]V

μ2n

°°°°°
2pq

= O

µ
Kpq

μ4pqn

¶
;

(c)

E

"°°°°°V
0
(M +DP )V

n
− 1

n

nX
i=1

Ξi

°°°°°
pq#

= O

µ
1

npq/2

¶
,

where p and q are as given in Assumption 8.

Proof: For part (a), it suffices to show that

E

"
v0·gv·h

n
− 1

n

nX
i=1

Ξgh,i

#pq

= E

"
1

n

nX
i=1

(vigvih − Ξgh,i)
#pq

= O
³
1/npq/2

´
for g = 1, ..., G; h = 1, ..,G+ 1;
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where Ξgh,i denotes the (g, h)
th element of Ξi = V ar (εi, V

0
i ). Applying the inequality in Lemma B7, we obtain

E

"
1

n

nX
i=1

(vigvih − Ξgh,i)
#pq

≤ 1

npq
C
pq
max

⎧⎨⎩(pq)pq E hmaxi |vigvih − Ξgh,i|pq
i
, (pq)pq/2

Ã
nX
i=1

E [vigvih − Ξgh,i]2
!pq/2

⎫⎬⎭
≤ 1

npq
C
pq

⎧⎨⎩(pq)pq E hmaxi |vigvih − Ξgh,i|pq
i
+ (pq)

pq/2

Ã
nX
i=1

E [vigvih − Ξgh,i]2
!pq/2

⎫⎬⎭
≤ 1

npq
C
pq

⎧⎨⎩(pq)pq
nX
i=1

E |vigvih − Ξgh,i|pq + (pq)pq/2
Ã

nX
i=1

E
£
v2igv

2
ih

¤
−

nX
i=1

Ξ2gh,i

!pq/2
⎫⎬⎭

≤ 1

npq
C
pq

⎧⎨⎩(pq)pq
nX
i=1

E |vigvih − Ξgh,i|pq + (pq)pq/2
Ã

nX
i=1

E
£
v2igv

2
ih

¤
+

nX
i=1

Ξ2gh,i

!pq/2
⎫⎬⎭

≤ 1

npq
C
pq

⎧⎨⎩(pq)pq 2pq−1
Ã

nX
i=1

E |vigvih|pq +
nX
i=1

|Ξgh,i|pq
!
+ (pq)pq/2

Ã
nX
i=1

E
£
v2igv

2
ih

¤
+

nX
i=1

Ξ2gh,i

!pq/2
⎫⎬⎭

[by Loève’s cr inequality]

≤ C
pq

(
(pq)

pq
2pq−1

1

npq−1

Ã
1

n

nX
i=1

q
E |vig|2pq

q
E |vih|2pq +

1

n

nX
i=1

|Ξgh,i|pq
!

+(pq)pq/2
1

npq/2

Ã
1

n

nX
i=1

q
E
¡
v4ig
¢q

E
¡
v4ih
¢
+
1

n

nX
i=1

Ξ2gh,i

!pq/2
⎫⎬⎭ [by CS]

≤ C
pq

(
(pq)

pq
2pq−1

1

npq−1

Ã
1

n

nX
i=1

E
°°V i

°°2pq + 1

n

nX
i=1

³
E
°°V i

°°2´pq!

+(pq)pq/2
1

npq/2

Ã
1

n

nX
i=1

E
°°V i

°°4 + 1

n

nX
i=1

³
E
°°V i

°°2´2!pq/2
⎫⎬⎭

≤ C
pq

⎧⎨⎩(pq)pq 2pq−1 1

npq−1

Ã
2

n

nX
i=1

E
°°V i

°°2pq!+ (pq)pq/2 1

npq/2

Ã
2

n

nX
i=1

E
°°V i

°°4!pq/2
⎫⎬⎭

[by Liapunov’s inequality]

≤ C
pq

⎧⎨⎩(pq)pq 2pq−1 1

npq−1

Ã
2

n

nX
i=1

E
°°V i

°°2pq!+ (pq)pq/2 1

npq/2

Ã
2

n

nX
i=1

³
E
°°V i

°°2pq´2/(pq)!pq/2
⎫⎬⎭

≤ C
pq
½
(pq)pq 2pq−1

1

npq−1
2 eC + (pq)pq/2 1

npq/2
2pq/2 eC¾ [by Assumption 8]

= O
³
1/npq/2

´
,
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For part (b), let v·g denote the gth column of V , and note that it suffices to show that

E

¯̄̄̄
v0·g [P −DP ] v·h

μ2n

¯̄̄̄2pq

=

µ
Kpq

μ4pqn

¶
E

¯̄̄̄
¯̄ 1√K X

1≤ i 6= j ≤ n

Pijvigvjh

¯̄̄̄
¯̄
2pq

= O

µ
Kpq

μ4pqn

¶
, for g = 1, ..., G+ 1; h = 1, .., G+ 1;

but this follows immediately from Lemma B10 by taking ξi = vig and ηj = vjh for g = 1, ..., G+1; h = 1, .., G+1.
Hence, the desired conclusion follows.
Finally, to show part (c), note that

E

"°°°°°V
0
(M +DP )V

n
− 1

n

nX
i=1

Ξi

°°°°°
pq#

= E

"°°°°°
Ã
V
0
V

n
− 1

n

nX
i=1

Ξi

!
− V

0
(P −DP )V

n

°°°°°
#pq

≤ E

"°°°°°V
0
V

n
− 1

n

nX
i=1

Ξi

°°°°°+
°°°°°V

0
(P −DP )V

n

°°°°°
#pq

[by T]

≤ 2pq−1

(
E

°°°°°V
0
V

n
− 1

n

nX
i=1

Ξi

°°°°°
pq

+

µ
μ2n
n

¶pq
E

°°°°°V
0
(P −DP )V

μ2n

°°°°°
pq)

[by Loève’s cr inequality]

≤ 2pq−1

⎧⎪⎨⎪⎩E

°°°°°V
0
V

n
− 1

n

nX
i=1

Ξi

°°°°°
pq

+

µ
μ2n
n

¶pq⎛⎝E

°°°°°V
0
(P −DP )V

μ2n

°°°°°
2pq
⎞⎠1/2

⎫⎪⎬⎪⎭
[by Liapunov’s inequality]

= O

Ã
max

(
1

npq/2
,

Ã√
K

n

!pq)!
[by parts (a) and (b) of this lemma]

= O
³
1/npq/2

´
.

Q.E.D.

Lemma B13: If Assumption 9 is satisfied, then the following results hold for each n such that n−K ≥ L = G+1:

(a) X
0
MX/n is postive definite with probability one;

(b) X
0
X/n is postive definite with probability one;

where X =
£
y X

¤
.

Proof: To prove (a), note that, under Assumption 9, X 0
∗MX∗/n is positive definite with probability one for n

sufficiently large. Now, since
X
0
MX

n
=

D0−1X 0
∗MX∗D

−1

n
,

where

D−1 =

µ
1 0
−δ0 IG

¶
;

we deduce that X
0
MX/n is positive definite with probability one as well for n sufficiently large.
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To show (b), write
X
0
X

n
=

X
0
MX

n
+

X
0
PX

n
.

Since the matrix X
0
PX/n is positive semidefinite with probability one, it follows from the eigenvalue inequality

given in part (a) of Exercise 12.40 of Abadir and Magnus (2005) and from the result given in part (a) of this
lemma that

λmin

Ã
X
0
X

n

!
≥ λmin

Ã
X
0
MX

n

!
+ λmin

Ã
X
0
PX

n

!
> 0,

so that X
0
X/n is postive definite with probability one for n such that n−K ≥ L. Q.E.D.

Appendix C

Lemma C1: If Assumptions 1 and 4 are satisfied, then the following results hold.

(a) °°°°z0Mz

n

°°°° ≤ 1

n

nX
i=1

kzi − πKnZik2 = o (1)

(b)

λmax

µ
z0Mz

n

¶
≤ 1

n

nX
i=1

kzi − πKnZik2 = o (1)

Proof: To show part (a), write°°°°z0Mz

n

°°°° =

°°°°z0 [In − P ] z

n

°°°° = °°°°(z − Zπ0Kn)
0
[In − P ] (z − Zπ0Kn)

n

°°°°
≤

°°°°(z − Zπ0Kn)
0
(z − Zπ0Kn)

n

°°°° [using part (b) of Lemma B4]

=

vuuuttr

⎧⎨⎩ 1

n2

nX
i=1

nX
j=1

(zi − πKnZi) (zi − πKnZi)
0
(zj − πKnZj) (zj − πKnZj)

0

⎫⎬⎭
≤

vuutÃ 1
n

nX
i=1

(zi − πKnZi)
0
(zi − πKnZi)

!2

=
1

n

nX
i=1

(zi − πKnZi)
0
(zi − πKnZi)

=
1

n

nX
i=1

kzi − πKnZik2 → 0 as n→∞ [by Assumption 4],

where the second inequality above follows from using the fact that tr [AB] = tr [BA] and then applying CS.
Part (b) follows immediately from part (a) by noting that

λmax

µ
z0Mz

n

¶
≤

sXG

g=1
λ2g

µ
z0Mz

n

¶
=

°°°°z0Mz

n

°°°° .
21



Q.E.D.

Lemma C2: Suppose that Assumptions 1-4 and 7 hold. In addition, if Assumptions 8 and 9 are satisfied; then,
for n sufficiently large, there exists a constant C∗ > 0 such that°°°°°

µ
S−1n X 0 (P −DP )XS0−1n −

½eκHLIM −
C

n

¾
S−1n X 0 (M +DP )XS0−1n

¶−1°°°°° IA ≤ 2
√
G

C5
IA,

where G is the number of endogenous regressors in the IV regression.

Proof: To begin, write°°°°°
µ
S−1n X 0 (P −DP )XS0−1n −

½eκHLIM −
C

n

¾
S−1n X 0 (M +DP )XS0−1n

¶−1°°°°° IA
=

°°°°°
µ
S−1n X 0 (P −DP )XS0−1n −

½eκHLIM −
C

n

¾
S−1n X 0 (M +DP )XS0−1n

¶−1°°°°° IA∩B
+

°°°°°
µ
S−1n X 0 (P −DP )XS0−1n −

½eκHLIM −
C

n

¾
S−1n X 0 (M +DP )XS0−1n

¶−1°°°°° IA∩BC∩C
+

°°°°°
µ
S−1n X 0 (P −DP )XS0−1n −

½eκHLIM −
C

n

¾
S−1n X 0 (M +DP )XS0−1n

¶−1°°°°° IA∩BC∩CC (25)

We will consider each term on the right-hand side of (25) in turn.
To proceed, note first that by part (c) of Lemma B5, we have°°°°°

µ
S−1n X 0 (P −DP )XS0−1n −

½eκHLIM −
C

n

¾
S−1n X 0 (M +DP )XS0−1n

¶−1°°°°° IA∩B
≤

√
G

min
1≤ g ≤G

¯̄
λg
¡
S−1n

£
X 0 (P −DP )X −

©eκHLIM − C
n

ª
X 0 (M +DP )X

¤
S0−1n

¢¯̄ IA∩B.
To analyze min

1≤ g ≤G

¯̄
λg
¡
S−1n

£
X 0 (P −DP )X −

©eκHLIM − C
n

ª
X 0 (M +DP )X

¤
S0−1n

¢¯̄
, we make use of the fact

that X = Υ+ U = zS0n/
√
n+ U and write

S−1n

µ
X 0 [P −DP ]X −

½eκHLIM −
C

n

¾
X 0 [M +DP ]X

¶
S0−1n

= S−1n
¡
zS0n/

√
n+ U

¢0
[P −DP ]

¡
zS0n/

√
n+ U

¢
S0−1n

−eκHLIMS−1n
¡
zS0n/

√
n+ U

¢0
[M +DP ]

¡
zS0n/

√
n+ U

¢
S0−1n

+
C

n
S−1n

¡
zS0n/

√
n+ U

¢0
[M +DP ]

¡
zS0n/

√
n+ U

¢
S0−1n

=
z0 [In −DP ] z

n
− z0Mz

n
+

¡
z0 [P −DP ]US

0−1
n + S−1n U 0 [P −DP ] z

¢
√
n

+ S−1n U 0 [P −DP ]US
0−1
n

−eκHLIM
z0 [M +DP ] z

n
− eκHLIM

¡
z0 [M +DP ]US

0−1
n + S−1n U 0 [M +DP ] z

¢
√
n

−eκHLIMS−1n U 0 [M +DP ]US
0−1
n +

C

n
S−1n U 0 [M +DP ]US

0−1
n +

C

n

z0 [M +DP ] z

n

+
C

n

¡
z0 [M +DP ]US

0−1
n + S−1n U 0 [M +DP ] z

¢
√
n
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Next, note that conditional on the event A ∩ B, we have

min
1≤ g ≤G

¯̄̄̄
λg

µ
S−1n

∙
X 0 (P −DP )X −

½bκHLIM −
C

n

¾
X 0 (M +DP )X

¸
S0−1n

¶¯̄̄̄
≥ λmin {Hn}+ λmin

µ
−(z − Zπ0Kn)

0
M (z − Zπ0Kn)

n

¶
+λmin

Ã¡
z0 [P −DP ]US

0−1
n + S−1n U 0 [P −DP ] z

¢
√
n

!
+ λmin

¡
S−1n U 0 [P −DP ]US

0−1
n

¢
+eκHLIMλmin

µ
−z

0 [M +DP ] z

n

¶
+ eκHLIMλmin

Ã
−
¡
z0 [M +DP ]US

0−1
n + S−1n U 0 [M +DP ] z

¢
√
n

!

+eκHLIMλmin
¡
−S−1n U 0 [M +DP ]US

0−1
n

¢
+

C

n
λmin

¡
S−1n U 0 [M +DP ]US

0−1
n

¢
+

C

n
λmin

µ
z0 [M +DP ] z

n

¶
+
C

n
λmin

Ã¡
z0 [M +DP ]US

0−1
n + S−1n U 0 [M ++DP ] z

¢
√
n

!
[obtained by applying inductively the result of Exercise 12.40 part (a) in Abadir and Magnus (2005)]

≥ λmin {Hn}− λmax

½
(z − Zπ0Kn)

0 (z − Zπ0Kn)

n

¾
− 2

°°°°z0 [P −DP ]US
0−1
n√

n

°°°°
−
°°S−1n U 0 [P −DP ]US

0−1
n

°°− |bκHLIM |
°°°°z0 [M +DP ] z

n

°°°°
−2 |eκHLIM |

°°°°z0 [M +DP ]US
0−1
n√

n

°°°°− |eκHLIM |
°°S−1n U 0 [M +DP ]US

0−1
n

°°
−C
n

°°S−1n U 0 [M +DP ]US
0−1
n

°°− C

n

°°°°z0 [M +DP ] z

n

°°°°− 2Cn
°°°°z0 [M +DP ]US

0−1
n√

n

°°°°
≥ λmin {Hn}−

1

n

nX
i=1

kzi − πKnZik2 − 2
°°°°z0 [P −DP ]US

0−1
n√

n

°°°°− °°S−1n U 0 [P −DP ]US
0−1
n

°°
− |eκHLIM |

°°°°z0 [M +DP ] z

n

°°°°− 2 |eκHLIM |
°°°°z0 [M +DP ]US

0−1
n√

n

°°°°− |eκHLIM |
°°S−1n U 0 [M +DP ]US

0−1
n

°°
−C
n

°°S−1n U 0 [M +DP ]US
0−1
n

°°− C

n

°°°°z0 [M +DP ] z

n

°°°°− 2Cn
°°°°z0 [M +DP ]US

0−1
n√

n

°°°°
[using the same argument as the proof of Lemma C1 part (a)], (26)

where Hn = z0 [In −DP ] z/n.
Now, there exists a constant C1 such that°°°°z0 [M +DP ] z

n

°°°°
≤

°°°°z0Mz

n

°°°°+ °°°°z0DP z

n

°°°° [by T]

≤
°°°°z0Mz

n

°°°°+ CP

µ
K

n

¶°°°°z0zn
°°°° by Assumption 7

≤ C1 <∞ [by Assumptions 1, 2, and 7 and Lemma C1 part (a)] (27)
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for all n sufficiently large. Also, let Dμ = diag (μ1n, .., μGn), and note that°°°°z0 [P −DP ]US
0−1
n√

n

°°°°
≤

°°S0−1n

°°°°°°z0 [P −DP ]U√
n

°°°° =

s
tr

½
D−1μ

³eS0n eSn´−1D−1μ ¾
1√
n

p
tr {U 0 [P −DP ] zz0 [P −DP ]U}

≤
vuut G

λmin

³eS0 eS´ 1

μn
√
n

p
tr {U 0 [P −DP ] zz0 [P −DP ]U}

≤
vuut G

λmin

³eS0 eS´ 1

μn
√
n

p
v0 [P −DP ] zz0 [P −DP ] v + tr {U 0 [P −DP ] zz0 [P −DP ]U}

=

vuut G

λmin

³eS0 eS´ 1

μn
√
n

s
tr

½µ
v0

U 0

¶
[P −DP ] zz0 [P −DP ]

¡
v U

¢¾

=

vuut G

λmin

³eS0 eS´
°°°°z0 [P −DP ]V

μn
√
n

°°°°
≤

p
C2

°°°°z0 [P −DP ]V

μn
√
n

°°°° (28)

for constant C2 such that G/λmin
³eS0 eS´ ≤ C2 < ∞; note that such constant exists in light of Assumption 2.

Moreover, by similar argument, we also have

°°S−1n U 0 [P −DP ]US
0−1
n

°° ≤ C2

°°°°°V
0
[P −DP ]V

μ2n

°°°°° (29)°°°°z0 [M +DP ]US
0−1
n√

n

°°°° ≤
p
C2

°°°°z0 [M +DP ]V

μn
√
n

°°°° (30)

°°S−1n U 0 [M +DP ]US
0−1
n

°°
≤

µ
n

μ2n

¶°°°°μ2nS−1n (U 0 [M +DP ]U −E {U 0 [M +DP ]U})S0−1n

n

°°°°
+

µ
n

μ2n

¶°°°°μ2nS−1n E (U 0 [M +DP ]U)S
0−1
n

n

°°°° [by T]

≤ C2

µ
n

μ2n

¶°°°°°°
³
V
0
[M +DP ]V −E

h
V
0
[M +DP ]V

i´
n

°°°°°°+ C2

µ
n

μ2n

¶°°°°°°
E
n
V
0
[M +DP ]V

o
n

°°°°°°
= C2

µ
n

μ2n

¶°°°°°V
0
[M +DP ]V

n
− 1

n

nX
i=1

Ξi

°°°°°+ C2

µ
n

μ2n

¶°°°°° 1n
nX
i=1

Ξi

°°°°° , (31)

where Ξi = V ar (εi, V
0
i ) and where the last equality follows in light of the fact that by direct calculation

E
h
e0gV

0
[M +DP ]V eh

i
= tr

©
[M +DP ]E

¡
v·hv

0
·g
¢ª
= tr {[M +DP ] diag (Ξ1,gh, ...,Ξn,gh)}

=
nX
i=1

(1− Pii)Ξi,gh +
nX
i=1

PiiΞi,gh =
nX
i=1

Ξi,gh for g, h = 1, .., G+ 1;
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from which we deduce that
E
n
V
0
[M +DP ]V

o
n

=
1

n

nX
i=1

Ξi.

Moreover, note that °°°°° 1n
nX
i=1

Ξi

°°°°° ≤ 1

n

nX
i=1

kΞik =

vuutG+1X
g=1

G+1X
h=1

(E [vigvih])
2

≤

vuuutÃG+1X
g=1

E
£
v2ig
¤!2

[by CS]

=

Ã
E

"
G+1X
g=1

v2ig

#pq!1/pq
[by Liapunov’s inequality]

= E
°°V i

°°2pq
≤ ( eC)1/pq := C3 <∞ [by Assumption 8]. (32)

It follows from (27)-(32) that, conditioning on the event A ∩ B, we can further bound (26) by
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which holds for n sufficiently large.

Next, we derive an upper bound for |eκHLIM | conditional on A ∩ B. To proceed, let eδ∆ = h 1 −eδ0HLIM
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Focusing first on the numerator of (34), we have
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where the inequality above follows from using the result of Exercise 12.40 part (a) in Abadir and Magnus (2005)
and from applying T, parts (a) and (b) of Lemma B5, and the submultiplicativity of the Euclidean norm. Next,
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Now, Assumption 7 implies that there exists a positive constant C4 such that kδ∆,0k2 ≤ G+ kδ0k2 ≤ C4 < ∞.
Moreover, by Assumption 2, there exists a constant C∗ such that λmin (z0z/n) ≥ C∗ > 0 for n sufficiently large.
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In addition, Assumption 4 implies that for n sufficiently large
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It follows that
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[P −DP ]XeδIA∩B is non-negative for sufficiently large n. Combined with the fact thateδ0∆X 0
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To derive an upper bound for eκHLIM IA∩B, we first note that¯̄̄̄
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for all n sufficiently large, from which it follows that
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Further analysis of the lower bound given by (33) using (37) yields
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where the third inequality above follows from making use of (2)-(5) and the lower bound given by (35). Now, let
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Next, we consider the second term on the right-hand side of (25). In this case, since eκHLIM ≥ 0 under event
C, we have that
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Moreover, following the same argument as that used to derive (33), (38), and (40) above, we have that conditional
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on A ∩ BC ∩ C
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Finally, we consider the third term on the right-hand side of (25).We start by deriving an upper bound for

|eκHLIM | IA∩BC∩CC . Since eκHLIM < 0 under event CC and since the denominator term bδ0∆X 0
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positive almost surely for all n sufficiently large, we must have
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where the last inequality follows from the fact that, under event BC ,
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for all n sufficiently large. Moreover, by Assumption 7 part (e), there exists a constant C7 such that λmax
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33



C7 for all n sufficiently large, so that°°°°∆0Snz0 [M +DP ]V
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where last inequality follows in part from the fact that
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where the last inequality follows from (4) and (5) which imply that
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Using the result given by (49), we have, conditioning on A ∩ BC ∩ CC ,
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where the second inequality holds because both −eκHLIMλmin (z
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(2)-(5), and (35), we can further bound expression (50) by
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(41), (43), and (51) immediately imply the desired conclusion. Q.E.D.

Lemma C3: Suppose that Assumptions 1-4 and 7 hold. In addition, if Assumptions 8 and 9 are satisfied; then,
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where the last inequality above follows from the fact that
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Using (37) and (52), we obtain°°°°S−1n X 0 (P −DP ) ε

μn
−
½eκHLIM −

C

n

¾
S−1n X 0 (M +DP ) ε

μn

°°°° IA∩B
≤

p
C4

°°°°z0 (P −DP )V

μn
√
n

°°°° IA∩B +G
p
C2C4

°°°°°V
0
(P −DP )V

μ2n

°°°°° IA∩B
+

µ
μ2n
n

¶
2C

3/2
4

C6
η2

°°°°z0 (M +DP )V√
nμn

°°°° IA∩B +µμ2nn
¶
2G
√
C2C

3/2
4

C6
η2

°°°°°V
0
(M +DP )V

μ2n

°°°°° IA∩B
+
C

n

p
C4

°°°°z0 (M +DP )V√
nμn

°°°° IA∩B +G
p
C2C4

C

μ2n

°°°°°V
0
(M +DP )V

n

°°°°° IA∩B
≤

p
C4

°°°°z0 (P −DP )V

μn
√
n

°°°° IA∩B +G
p
C2C4

°°°°°V
0
(P −DP )V

μ2n

°°°°° IA∩B
+
2C

3/2
4

C6
η2

°°°°z0 (M +DP )V√
nμn

°°°° IA∩B + 2G√C2C3/24

C6
η2

°°°°°V
0
(M +DP )V

n
− 1

n

nX
i=1

Ξi

°°°°° IA∩B
+
2G
√
C2C

3/2
4

C6
η2

°°°°° 1n
nX
i=1

Ξi

°°°°° IA∩B + C

n

p
C4

°°°°z0 (M +DP )V√
nμn

°°°° IA∩B
+G

p
C2C4

C

μ2n

°°°°°V
0
(M +DP )V

n
− 1

n

nX
i=1

Ξi

°°°°° IA∩B +G
p
C2C4

C

μ2n

°°°°° 1n
nX
i=1

Ξi

°°°°° IA∩B
≤

(p
C4η1 +G

p
C2C4η2 +

2C
3/2
4

C6
η2η4 +

2G
√
C2C

3/2
4

C6
η2η3 +

2G
√
C2C3C

3/2
4

C6
η2

+
C

n

p
C4η4 +G

p
C2C4

C

μ2n
η3 +G

p
C2C4

C

μ2n
C3

¾
IA∩B

=

(p
C4η1 +

Ã
G
p
C2C4 +

2G
√
C2C

3/2
4

C6
η3 +

2G
√
C2C3C

3/2
4

C6

!
η2 +

2C
3/2
4

C6
η4η2

+
C

n

p
C4η4 +G

p
C2C4

C

μ2n
η3 +G

p
C2C4

C

μ2n
C3.

¾
IA∩B (53)

Making use of (2)-(5), we can further bound expression (53) as follows°°°°S−1n X 0 (P −DP ) ε
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Making use of (2)-(5), we can further bound expression (57) as follows°°°°S−1n X 0 (P −DP ) ε
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Now, let n be sufficiently large so that (54) holds, and we have°°°°S−1n X 0 (P −DP ) ε
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which establishes the desired conclusion. Q.E.D.

Lemma C4: If Assumptions 1-4 and 7-9 are satisfied, then the following results hold.
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(a) E kadj (X 0
∗MX∗/n)kpq/G = O (1) ;

(b) E kadj (X 0MX/n)kpq/(G−1) = O (1) for G ≥ 2;

(c) E kX 0 [M +DP ] ε/nkpq = O (1) ;

(d) E kX 0
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pq = O (1) ,

(e) E [det (X 0
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pq∗
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where p and q are as given in Assumption 8.

Proof: To prove part (a), first write
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= HLH 0,

where H ∈ O (G+ 1) and L = diag (l1, .., lG+1). Without loss of generality, let l1 ≥ · · · ≥ lG+1 > 0 a.s., where
the almost sure positivity of the eigenvalues holds for all n sufficiently large, since
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,

and so Assumptions 9 implies that X 0
∗MX∗/n is positive definite with probability one for all n sufficiently large.
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Next, note thatvuuttr
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Hence, applying Theorem 15.2 part (iv) of Billingsley (1986), we get
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Next, we want to obtain an upper bound for the expectation E (kX 0
∗MX∗/nk)pq. To proceed, let Dμ =

diag (μ1n, ..., μGn) as before, and note that since
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with F2 =
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It follows from applying Theorem 15.2 part (iv) of Billingsley (1986) to that
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Given (60), (61), and part (a) of Lemma C1; a further application of Theorem 15.2 part (iv) of Billingsley (1986)
and Loève’s cr inequality yields
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since kF2k2 = G, and
°°°eSn°°° is bounded and °°n−1/2Dμ

°° = O (1) under Assumption 2. We deduce from (59) and

(62) that
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which is the desired conclusion.
Part (b) can be shown in a manner very similar to part (a) above. Hence, for brevity, we omit the proof.
To show part (c), first write
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from which it follows by T and the submultiplicativity of the Euclidean norm that°°°°X 0 [M +DP ] ε
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where the last inequality holds for n sufficiently large in light of the fact that
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where the orders of magnitude are obtained from making use of part (b) of Lemma B11, part (c) of Lemma B12,
and expression (32).
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It follows by T and the submultiplicativity of the Euclidean norm that°°°°X 0
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where the last inequality holds for n sufficiently large in light of the fact that
°°n−1/2Dμ

°° = O (1);
°°°eSn°°° is bounded

and kδ∆,0k is bounded under Assumption 7; and kF2k =
√
G. Part (iv) of Theorem 15.2 of Billingsley (1986) and

Loève’s cr inequality then imply that
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Next, note that
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Applying (64), part (c) of Lemma B9, and part (a) of Lemma B12 to the upper bound in expression (63) above;
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which is the conclusion desired.
To prove part (e), let λ21 > λ22 > · · · > λ2G+1 > 0 be the ordered eigenvalues of the matrix X 0

∗MX∗/n. Note
that, by the interlacing eigenvalues theorem for bordered matrices (Theorem 4.3.8 of Horn and Johnson, 1985),
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we obtain
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given part (c) of Lemma B12 and and expression (32) and given that
°°n−1/2Dμ

°° = O (1);
°°°eSn°°° is bounded; and

kδ∆,0k is bounded under Assumption 7. Q.E.D.

Lemma C5: If Assumptions 1-4 and 7-9 are satisfied, then the following statements hold.
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where the last inequality holds for n sufficiently large in light of the fact that kF2k =
√
G;

°°°eSn°°° is bounded;p
K/n = O (1) and

°°n−1/2Dμ

°° = O (1) under Assumptions 2 and 7; and kδ∆,0k is bounded under Assumption
7. Part (iv) of Theorem 15.2 of Billingsley (1986) and Loève’s cr inequality then imply that
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where the orders of magnitude are obtained from part (a) of Lemma B11 and (b) of Lemma B12.
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This establishes the desired result.
To show part (c), note first that

d1 = (1 + η) (G+ 1)
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= q (65)

since η > 0 and ϕ (a, b) ≥ 0 for all a, b. It follows by applying Liapunov’s inequality that
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which establishes the desired conclusion. Q.E.D.

Lemma C6: Suppose that Assumptions 1-4 and 8 are satisfied, and suppose that Assumption 7 hold but with
0 < a ≤ 1. Then, the following results hold.
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where
q = (1 + η) [2 (G+ 1) + ϕ (a, b)]

Note that all expectations in (66) above exist in light of Assumption 8. By Assumption 7, we must have a/2 <
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First, consider the case a/2 < b ≤ 1/2. In this case, we have
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from which it follows that
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Next, consider the case {1/2 < b ≤ 1} ∩ {2b− a ≥ 1/2}. In this case, under Assumptions 2 and 7, we have
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From (67)-(70), we deduce immediately that
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It follows that
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Now, consider the case {a/2 < b ≤ 1/2} ∩ {2b− a ≥ b}. In this case, under Assumptions 2 and 7, we have
that
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from which it follows that
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Turning our attention now to the case 1/2 < b ≤ 1, we note that in this case
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so that here
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Moreover, for 1/2 < b ≤ 1

q

ρ1
= G+ 1 + ϕ (a, b)

=

½
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2b−a for 2b− a < 1/2

G+ 1 + 2a for 2b− a ≥ 1/2 ..

Consider first the case where {1/2 < b ≤ 1}∩{2b− a < 1/2}. In this case, it is easily seen that under Assumptions
2 and 7
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Moreover, note that

p
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q

ρ1

= p
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[since b > 1/2 in this case]
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≤ 0 [since a ≤ 1 by Assumption 7].

It follows that
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¶pq/ρ1)!
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Now, consider the case {1/2 < b ≤ 1} ∩ {2b− a ≥ 1/2}. Here, under Assumptions 2 and 7 and given that
2b− a ≥ 1/2, we have
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=
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2
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2
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from which it follows that
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From (72)-(75), we deduce immediately that
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P
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= np/2
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n
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= np/2
¡
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AC
n
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+np/2
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n
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+np/2
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P
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n
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= O (1) ,

which is the result to be proved for part (b).
The proof of part (c) follows immediately from that of part (b) by noting that K < n and s1 = ρ1. Q.E.D.
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Lemma C7: Suppose that Assumptions 1, 7, and 9 are satisfied; then, there exists a positive constant C such
that for all n sufficiently large

E (det [X 0
∗MX∗/n])

−p(1+η)/η ≤ C <∞;
where X∗ =

£
ε X

¤
.

Proof: To proceed, note that by Liapunov’s inequality

E (det [X 0
∗MX∗/n])

−p(1+η)/η ≤
³
E
h
(det [X 0

∗MX∗/n])
−2p(1+η)/η

i´1/2
,

so that the desired result follows immediately from the boundedness of E
h
(det [X 0

∗MX∗/n])
−2p(1+η)/η

i
as given

in Assumption 9. Q.E.D.

Lemma C7: If Assumptions 1-4, 7, 8, and 9 are satisfied, then

E
h°°°bδHFUL

°°°p IAC

i
= O (1)

Proof: To proceed, write°°°bδHFUL

°°° =

°°°°°δ0 +
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X 0 [P −DP ]X −
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n
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(°°°°°
µ
X 0 [P −DP ]X −
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°°°°¾ ,

where the inequality above follows from T and the submultiplicativity of the Euclidean norm. Note that, since
the matrix X 0 [PZ −DP ]X − eκHLIMX 0 [M +DP ]X + (C/n)X 0DPX is positive semidefinite by Lemma B3, we
can apply part (a) of Lemma B4 to obtain°°°°°
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Using this inequality, it follows that°°°bδHFUL
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Next, let eδ∆ = ³1,−eδ0HLIM

´0
, δ∆,0 =

¡
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£
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¤
and X =
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where D (δ0) =

µ
1 0
δ0 IG

¶
as defined in Lemma A3 of the paper, so that D (δ0)

−1 =

µ
1 0
−δ0 IG

¶
and

X∗ =
£
ε X

¤
. Applying the upper bound (77) to (76), we obtain, via T and the submultiplicativity of the
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Frobenius norm°°°bδHFUL
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Let G be the number of endogenous regressors in the IV regression and a be as defined in Assumption 7, and
we shall consider four different cases: (i) G ≥ 2 and 0 < a ≤ 1; (ii) G ≥ 2 and a = 0; (iii) G = 1 and 0 < a ≤ 1;
(iv) G = 1 and a = 0.We start with the case G ≥ 2 and 0 < a ≤ 1. It follows from (78) and Loève’s cr inequality
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that we can obtain the upper bound
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Applying the generalized Hölder inequality, we further obtain
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Next, we choose the exponents ρ1, .., ρ5; r1, ..., r7; s1, .., s5; and d1, .., d4 as follows
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d1 = d4 = (1 + η) (G+ 1) < q

d2 =

µ
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d1
G− 1 , (83)

It is easily verified that
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as required. Note also that these choices of exponents satisfy the moment condition of Assumption 8. It follows,
thus, by applying Assumption 9 and Lemmas C4-C7 that

E
h°°°bδHFUL

°°°p IAC
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= o (1) +O (1) + o (1) +O (1) = O (1)

for the case where G ≥ 2 and 0 < a ≤ 1.
Next, consider the case where G ≥ 2 and a = 0. When a = 0, we may have ϕ (0, b) = 0; but the generalized

Hölder inequality still applies if we take r1 =∞ with all other exponents ρ1, .., ρ4; r2, ..., r7; s1, .., s5; and d1, ..., d4
chosen as in (80)-(83) above (but with ϕ (a, b) = 0). Hence, an upper bound of the form given by (79) still holds

but with the Lr1 norm
¡
EIr1AC

¢1/r1 = £P ¡AC
¢¤1/r1 (for finite r1) replaced by the L∞ norm

kIACk∞ = ess sup |IAC | = inf {x : P (|IAC | > x) = 0} = 1.

Since K is fixed in this case, the term Kp kIACk∞ is trivially bounded. Applying Assumption 9 and Lemmas

C4-C5, C7, and parts (b) and (c) of Lemma C6 then allows us to deduce that E
h°°°bδHFUL

°°°p IAC

i
= O (1) for this

case.
We now turn our attention to the case where G = 1 and 0 < a ≤ 1. Note that, when G = 1, X 0MX/n is

1× 1, so that we have µ
X 0MX

n

¶−1
=

∙
det

µ
X 0MX

n

¶¸−1
,

adj

µ
X 0MX

n

¶
= 1. (84)

Again, we can still obtain an upper bound of the form (79) by applying the generalized Hölder inequality, this
time with ρ4 = r7 = s5 = d3 = ∞ and with all other exponents ρ1, ., ρ3; r1, ..., r6; s1, .., s4; and d1, d2, d4
chosen as in (80)-(83) above (setting G = 1). The L∞ norm of [adj (X 0MX/n)]

p is clearly bounded in light of
(84); so that using parts (a), (c), and (d) of Lemma C4; Assumption 9; and Lemmas C5-C7; we deduce that

E
h°°°bδHFUL

°°°p IAC

i
= O (1) for this case as well.

Finally, the case where both G = 1 and a = 0 can be handled in an obvious way by combining the arguments
above. Q.E.D.
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