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Abstract

This Online Appendix contains additional supporting lemmas with results that are
used in the proofs of Theorems 1 and 2 and Lemmas A1-A2 of the main paper

Additional Supporting Lemmas and Their Proofs

In this Online Appendix, we state and prove a number of additional supporting lemmas.
The results given by these lemmas are used to prove Theorems 1 and 2 as well as Lemmas
A1-A2 of the main paper and, thus, help to deliver the main results of the paper.

Lemma OA-1: Let a and 0 be real numbers such that a > 0 and # > 1. Also, let G be a
finite non-negative integer. Then,

0o
Z mG exp {—ame} < 0
m=1
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Proof of Lemma OA-1: By the integral test,

Z m% exp {—ame} < oo for finite non-negative integer G

m=1

oo
/ 2% exp {—axo} dr < oo for finite non-negative integer G
1

In addition, note that since, by assumption, a > 0 and # > 1, we have

/ 2% exp {—az’} dz < / 2% exp {—az} dx
1 1

We will first consider the case where G = 0. In this case, note that

/ 2 exp {—ax} dr = / exp {—az}dz
1 1

Let u = —ax, so that —%“ = dx; and we have
o0 1 —0o0
/ exp{—az}dr = ——/ exp {u} du
1 al_,
1 —a
= —/ exp {u} du
a —00
_ exp{-d}
B a
< oo for any a > 0. (1)

Next, consider the case where GG is an integer such that G > 1. Here, we will show that

- 1 Gy o
/ 2% exp {—ax} do = - + Z - <H Tj>] exp{—a} < o0
1 k=1 j=0

using mathematical induction. To proceed, first consider the case where G = 1. Let

u = x, du=dx

1
dv = exp{—ax}dr, v=—=exp{—ax};
a



and making use of integration-by-parts, we have

o0 %) o0 1
/ rexp{—azx}dr = _Z exp{—a:c}‘ +/ —exp {—azx} dx
1 a 1 1 a

1 1
= gexp{—a} ) exp {—az}

[ee)

1

1 1
= —exp{-a} + —exp{-a}

Next, for G = 2, let

v = 2%, du=2xdx

1
dv = exp{—az}dx, v= - exp{—azr};

and we again make use of integration-by-parts to obtain

1.2

/mQGXp{—ax}dac = —Eexp{—ax}
1

o) 2 o0
+ —/ rexp{—ax}dx

1 an

1 2/1 1
= —exp {—a}+ - (E + ?> exp {—a}

1 1 1
= —exp {—a}+2 (; + E) exp{—a}

1 2 2

= ( +5+ )exp{—a}

a a?

1 1[(2—
(i) e
< o0

Now, suppose that, for some G > 2,

G-1

/looxG_l exp{—ax}dr = [ + % (H %)] exp{—a};



then, let

w = 2% du= Gz ldx

1
dv = exp{—az}dx, v= - exp{—azr};

and, using integration-by-parts, we have

e ¢ A e
v exp{—ar}dr = ——exp{—az}| +— [ 2" exp{—azx}dx
1 a 1 a.Jy
a1 &1/ 6-1-
= —exp{—a}+— St (HT exp{—a}
k=1 7=0
¢ K16 [(HG-3G+1)
= —exp{—a}+ R 2 P (Jlili exp{—a}

= 2

a
0
1 G 1G /G- 1G /G — G—-2
A +-=
a a aa a aa a a
1G /G -1 G -2 1
4+ == XX | = exp{—a}
aa a a a

£ () ors

Jj=0

< . (2)

In view of expressions (1) and (2), it then follows by the integral test for series convergence
that

0o
Z mG exp {—ame} < o0
m=1

for any finite non-negative integer G and for any constants a and € such that ¢ > 0 and
6>1.0

Lemma OA-2: Let {V;} be a sequence of random variables (or random vectors) defined on
some probability space (€2, F, P), and let

Xt =g (‘/tv‘/t—h ceey ‘/;f—%)

be a measurable function for some finite positive integer s. In addition, defne G* =
g (-u-th—l;Xt): g{’_ﬁm =0 (Xt+maXt+m+1a ), f.t_oo =0 (, ‘/;5_1,%), and
F =0 (Vitm—s; Viema1—s, ----)- Under this setting, the following results hold.

t+m—s<



(a) Let
Bvm— = supfl (Fles Fifms) = sup B [sup {|P (B|F) — P(B)|: B€ F¥n_..}],
Bxm = supf (G' e Gi%,) = sup & [sup {|P (H|G' ) — P (H)|: H € G},.}].

If {V;} is B-mixing with
B\/,mf% < 61 exp{—C’g (m - %)}

for all m > s and for some positive constants C; and Cy; then X; is also S-mixing
with S-mixing coefficient satisfying

Bx.m < Crexp{—Cym} for all m > s,

where C] is a positive constant such that C; > C exp {Cys}.
(b) Let

Wm—se = supa (F' o, Fim ) = sup sup |P(GNH)—P(G)P(H),

t+m—s«

t t GeFt HEFXE,. .,

axm = supa(gt_oo,gfjm) = sup sup |P(GNH)—P(G)P(H)|
t t Gegl  HeG,,
If {V;} is a-mixing with
W < Crexp {—Cy (m — )}

for all m > s and for some positive constants C; and Cs; then X, is also a-mixing
with a-mixing coefficient satisfying

axm < Crexp{—Caom} for all m > s,
where C] is a positive constant such that Oy > C exp {Cys}.

Proof of Lemma OA-2:
To show part (a), note first that it is well known that

Bxm = swE[sup{|P(H|G ) = P(H)|: H € G, }]

= Slip{%SupZZUD(GimHj)_P(Gi)P(Hj)|}

i=1 j=1

where the second supremum on the last line above is taken over all pairs of finite partitions
{Gi,...,G1} and {Hy,...,H;} of Q such that G; € G'  for i = 1,....,1 and H; € G, for

5



j=1,...,J. See, for example, Borovkova, Burton, and Dehling (2001). Similarly,

Bym—r = sx:pE[sup{}P(Bmoo)—P(B)\:Beff_ﬁm_%}]

= sgp{%supZZW(AiﬂBj)—P(Ai)P(Bj)’}

i=1 j=1

where, similar to the definition of Sy ,,, the second supremum on the last line above is taken
over all pairs of finite partitions {Ay, ..., Ar} and {By, ..., By} of Q such that A; € F'__ for

i=1,..,0 and B; € F¥,,_,, for j = 1,..,M. Moreover, since X; is measurable on any

o-field on which V;,V;_1, ..., V;_,, are measurable, we also have

G = 7 (oo X1, X0) € 7 e Vi, Vi) = 7

[e.9]

and
gtoim =0 (Xt+maXt+m+la ) g o (V;‘ﬂ#mf%y ‘/;E+m+17%7 ) = ftoimf;(-

It, thus, follows that, for all m > ,

Bxm = sup {% sup » Y|P (GiN Hj) — P(Gy) P(Hj)!}

i=1 j=1

IN

SLtlp {%supzz |P(A; N Bj) — P(Ai>P(Bj)|}

i=1 j=1

Bvm—s

Crexp{—Cy(m — »)}

O exp {Casc} exp {—Cym}
Crexp{—Cym}

IN

IN

for some positive constant C; > C' exp {Cys¢} which exists given that s is fixed. Moreover,
we have
Bxm < Crexp{—Cam} — 0 as m — oo,

which establishes the required result for part (a).
Part (b) can be shown in a manner similar to part (a), so to avoid redundancy, we do
not include an explicit proof here. []

Remark: Note that part (b) of Lemma OA-2 is similar to a result given in Theorem 14.1
of Davidson (1994) but adapted to suit our situation and our notatons here. Indeed, parts
(a) and (b) of this lemma are both well-known results in the probability literature. We have
chosen to state these results explicitly here only so that we can more easily refer to them in
the proofs of some of our other results.

Lemma OA-3: Let {X;} be a sequence of random variables that is a-mixing. Let p > 1
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and r > p/ (p— 1), and let ¢ = max {p,r}. Suppose that, for all ¢,

X, = (B X)) < o0

Then,
Cov (Xi, Xiem)| <2 (277 1) a7V X4, [ Xeim,
where
= supa (Flog, Fivm) = sup |P(GNH)—P(G)P(H)|.
t GeFt HEFZ,,

Remark: This is Corollary 14.3 of Davidson (1994). For a proof, see pages 212-213 of
Davidson (1994).

Lemma OA-4: Suppose that Assumption 2-3 hold. Let 7, = |73 |, where 1 > a3 > 0 and
Ty =T — p+ 1. Then,

(a)

(r—1)7+71+p—1

1 1
7 > |Euiguill = O (T—1>

g:h=(r—1)7+p
g<h

1 (r=1)7+7m1+p—1
T%
h,v,w=(r

(r—=1)7+714+p—1

1 1
— E | E [uiguintivtii]| = O (_2)
T1 1

gvh7vaw:(7.71)7+p
g<h<v<w

Proof of Lemma OA-4:
To show part (a), first write

1 (r—1)7+71+p—1 1 (r—1)7+711+p—1 (r—1)1+711+p—1
) > B [uiguan]| = = Y B[]+ ) > |Euwiguall  (3)
L gh=(r—1)rtp U g=r—Drp b ah=(r—D)rip
g<h g<h

Consider now the first term on the right-hand side of expression (3). Note that, trivially, by
Assumption 2-3(b), there exists a positive constant C' such that

(r—)7+711+p—1

72, SIS0l .

g=(r—1)7+p



For the second term on the right-hand side of expression (3), note that by Assumption 2-3(c),
{wir};2 . is f-mixing with § mixing coefficient satisfying

B; (m) < ajexp{—asm}.

for every i. Since a;,, < 3; (m), it follows that {u;},- _ is a-mixing as well, with o mixing
coefficient satisfying

im < ay exp{—aam} for every i.
Hence, in this case, we can apply Lemma OA-3 with p = 6 and r» = 5/4 to obtain

(r—1)7+71+p—1

Y. |E[uguall

g:h=(r—1)7+p
g<h

B
)—ll\JH

(r—)7+7m1+p—1

R (21*% + 1) [az exp {—as (h — g)}]"~
g,h=(r—1)7+p
g<h

o=

IN

1 4
s (E |uig|6) ‘ <E |Uih|%> ’

Y
o F

Next, by application of Liapunov’s inequality, we have that there exists some positive con-
stant C' such that

4
(E |uig|6)% (E |Uzh|%> T < (B |Uig|6)% (£ |Uih|6)%

—

1=

3

IN
A/~

sup £
t

||
A

< oo (by Assumption 2-3(b))

Moreover, let o = h — g, so that h = g + ¢. Using these notations and the boundedness of



) 4
(E |uig|6) 6 <E |Uzh|%> * as shown above, we can further write

1 (r—1)7+71+p—1
= | E [uiguwin)|
1
g,hz(’l”*l)‘l'+p
g<h

(r—1)7+7m1+p—-1
1

2 (24 1) exp s (h— )} 4 (Bl )} (E )’

Skl =
“‘
L]

(r=1)7+714+p—-1 L
2 (2% + 1) lay exp {—as (h — g)}]®

[\
2 A
]

(r—=1)7+714+p—1

C*
< _ =
= 2 >, e { 302 }
g,h=(r—1)7+p
g<h
—1 1
<f0r some constant C™* such that 2 (26 + 1) C?af® <C* < oo>
O (r=1)7+714+p—1 oo
< G S { )
1 =(r—1)7+p =1
Sl
1 .
= 0 (—) (given Lemma OA-1) (5)
T1
It follows from expressions (3), (4), and (5) that
1 (r—)7+711+p—1 1 (r—1)7+71+p—1 1 (r—1)7+711+p—1
) Y |Bugual|l = ) >, B[]+ - > B [uiguinl]
L ogh=(r—1)r+p L g=(r—1)r+p L ogh=(r—1)r+p
g<h g<h



To show part (b), first write

1 (r—1)1+71+p—1 1 (r—1)7+71+p—1 1 (r—1)7+71+p—1
3
— E |E (wipiptti)| = =3 E E |upp|” + e E |E (WinipUiny )|
1 hv,w=(r—1)T+p 1 h=(r—1)7+p 1 hyo,w=(r—1)T+p
h<v<w h<v<w

v—h>w—v, v—h>0
1 (r—1)7+711+p—1
+ﬁ Z | B (UinWinUiny )| (6)
1 hyov,w=(r—1)7+p

h<v<w
w—v>v—h, w—v>0

For the first term on the right-hand side of expression (6) above, note that, trivially, we can
apply Assumption 2-3(b) to obtain
(r—1)7+71+p—1
1 e, 1
= >, Elual §—2:O<—2>- (7)
1 T1 T1
h=(r—1)7+p

Next, for the second term on the right-hand side of expression (6) above, we can apply
Lemma OA-3 with p = 6 and r = 5/4 to obtain

(r—1)1+71+p—-1

1

ﬁ Z |E (uihuivuiw)|

1 hv,w=(r—1)7+p

h<v<w
v—h>w—v, v—h>0
1 (r=1)7+714+p—1 ) - . . %
_1 1—1_4 s 5

- 2 (27 + 1) [mexp {—az (0 = WY 5 (B fuanl®)® (B sl ")

hyo,w=(r—1)t+p
h<v<w
v—h>w—v, v—h>0

Next, by application of Holder’s inequality, we have

o=

s 4
(E |Uih|6)6 <E |Uivuiw|%> ’ (E |Uz‘h|6)

IN

(2! (1))’
= (E ) (Blual?)’ (Bhul?)’

< (Blunl®)® (B lual®)® (E lusl?)
(by Liapunov’s inequality)

— T <oo (by Assumption 2-3(b))

o=

Moreover, let o, = v — h and 9, = w — v, so that v = h + g, and w = v+ 0y = h + 9+ 0.

10



1 5 4
Using these notations and the boundedness of (E |uih|6) 6 <E |uwuiw|1> ” as shown above,

we can further write

IN

N
\] ‘ <3||H

=W

IN

IN

IN

(r—=1)7+7114+p—1

1
3 E | B (WininUiw) |
1 hyvw=(r—1)7+p
h<v<w
v—h>w—v, v—h>0

(r—=1)7+7114+p—1

) 4
S 2(21*%+1) lay exp {—as (v — h)}]" 6~ %(E\um|)6(E|uwuiw|%>5
hyv,w=(r—1)7+p
h<v<w
v—h>w—v, v—h>0

(r—1)7+71+p—1

E 2 (2% + 1) [a exp {—as (v — h)}]3_10
hy,w=(r—1)7+p
h<v<w
v—h>w—v, v—h>0

x (=L)7+71+p-1 a
2
= X ew{-gof
1 hv,w=(r—1)7+p

h<v<w
v—h>w—v, v—h>0

for some constant C* such that 2 <2% + 1) C?a

B
.—w*_‘

1
2

~ N\

1
ai® SC*<OO)

O (r—=)7+714+p—1 oo 0;—1

= PO exp{~go0 )
1 (r—D7+p ©01=10,=0
( )r+714+p—1 oo

Y Yoaco{-ga)

h=(r—1)t+p ©1=1

T2 nen{ g}

01=1

@) (%) (given Lemma OA-1) (8)
T

1

Similarly, for the third term on the right-hand side of expression (6), we can apply Lemma

11



OA-3 with p = 6 and r = 5/4 to obtain

(r—)1+71+p—1

1
3 E | B (WintivUiw) |
1 ho,w=(r—1)T+p
h<v<w
w—v>v—h, w—v>0

(r—1)1+7114p—1
1

1 _4_1 5
=3 E 2 (21" + 1) [ay exp {—ay (w —v)}]' 757 (E |wintiy|t )
1 hov,w=(r—1)T+p
h<v<w
w—v>v—h, w—v>0

SIS
O

IN

(E |in|6)
Next, by applying Holder’s inequality, we have

2 1
= (Efual?)" (B luf? ) (B i)
6\ 6\ 6\
< (E|u7,h| )6 (E|Uw| )6 (E|uzw| )6
(by Liapunov’s inequality)
1
= (2 <o (by Assumption 2-3(b))

4
4 1 =\ 5 1
(E’Uihuiv|%)5(E|in‘6)6 < ((E'Uzh') <E|uw )2) (B |uiw]®)®
%

Moreover, let o, = v — h and oy, = w — vsothatv—h+glandw—v+g2 h 4 01+ 0.

Using these notations and the boundedness of <E |wintiy|® > (E [t | ) as shown above,

12



we can further write

(r—1)1+711+p—1

>

hyvw=(r—1)7+p
h<v<w
w—v>v—h, w—v>0

(r—=1)7+7m14+p—1

|E (uihuz‘vuiw)|

RN
HWH

1 _4
< 5 Y 2(2 ) mesp{-a(w— o))
1 how,w=(r—1)7+p
h<v<w
w—v>v—h, w—v>0
U% (r—1)7+71+p—1 . L
< = Z 2(26 —I—l) [a1 exp {—ag (w — v) }]
! h,v,u;1:<(r;1)7'+P
w7v2Ui’l;LT’l'th}}fv>0
(r—=1)7+714+p—1
Cc* az
e R )
< 7_? Z p 30 02
hv,w=(r—1)7+p
h<v<w
w—v>v—h, w—v>0
—1 1
<for some constant C* such that 2 <2% + 1) C?ai® <C*
O (r—)1+7114+p—1 oo
.c WER
S S o
(r=1)7+p ©2=10,=0
C*( Dr+71+p-1 oo
= +1)e { }
= Z D (o2 +Dexp{—350s
(r—1)14p 02=1
C*
= T—% 02 eXp } Z X p{ }

(given Lemma OA-1)

B
o)

13

o=

4
-5 (E |Uihuiv|%> ’ (E |in|6)

<)



1
3
1

It follows from expressions (6), (7), (8), and (9) that

(r—1)1+71+p—1

2.

hv,w=(r—1)T+p
h<v<w

|E (winWipUin )|

1 (r—1)7+71+p—1 1 (r—1)7+71+p—1
3
3 Z Euin” + 3 E , | B (WintivUiw) |
1 h=(r—1)7+p 1 hyo,w=(r—1)T+p
h<v<w

v—h>w—v, v—h>0
1 (r—1)7+711+p—1
+g E | B (winUivtiw) |
1 hyov,w=(r—1)7+p

h<v<w
w—v>v—h, w—v>0

o(B)0()o(3)
o(t)

14



Finally, to show part (c), we first write

(r—1)7+711+p—1

1
p= SR SR 12} (PP |
1 g,h,v,w=(r—1)7+p
g<h<v<w
(r—=1)7+71+p—1 (r—1)7+71+p—1
1 3 1
= = Z |E [uiguih} ‘ + 1 Z | E [tigUintin Ui |
1 g,h=(r—1)7+p 1 g,h,v,w=(r—1)7+p
9<h g<h<v<w
w—v>v—h, w—v>0
1 (r—1)7+711+p—1
+_4 Z |E [uiguihuivuiw”
T
1 g,h,v,w=(r—1)r+p
g<h<v<w
w—v<v—h, v—h>0
1 (r—=1)7+71+p—1 1 (r—1)7+711+p—1
— F Z |E [uigufh} ‘ + g Z |E [{uiguih — E (Uz‘guih) —+ E (uiguih)} Uwuin
1 g,h=(r—1)7+p 1 g,h,v,w=(r—1)7+p
9<h g<h<v<w
w—v>v—h, w—v>0
1 (r—=1)7+7m14+p—1
+F Z |E [{uiguin — E (wigwin) + E (wigtin) } ipWin]|
1 g,h,v,w=(r—1)r+p
g<h<v<w
w—v<v—h, v—h>0
1 (r—=1)7+711+p—1 1 (r—=1)7+71+p—1
< 5 Z |E [uigud,]| + = Z |E [{uiguin — E (wigin) } tivtin]|
1 g,h=(r—1)7+p 1 g,h,v,w=(r—1)7+p
9<h g<h<v<w

w—v>v—h, w—v>0
(r—=1)7+7m14+p—1
+g E |E [{uiguin — E (wigin) } Uit |
1 g7h71}7w:(7.71)7+p
g<h<v<w
w—v<v—h, v—h>0
(r—1)7+71+p—1

1
+= > |E (wigttin)] | E (wiliw)] (10)
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—h>0

For the first term on the right-hand side of expression (10) above, note that, trivially, by

15



Jensen’s inequality and Holder’s inequality, we have

(r—1)7+71+p—1

(r—=1)7+7m14+p—1 1
p E [Juiguiy]

1
LY el < 4
1 1

-
g,h=(r—1)7+p g,h=(r—1
g<h g<h

(r—1)7+71+p—1
Z VB iy B T

g,h=(r—1)7+p
g<h

(r—1)7+71+p—1

S (Bl B fual®

g,h=(r—1)7+p
g<h

)T+p

IN

1
)
1

IN
H\]ﬂkl =

(by Liapunov’s inequality)
o

IN

(by Assumption 2-3(b))

ol

Next, for the second term on the right-hand side of expression (10), we can apply Lemma
OA-3 with p =4/3 and r = 6 to obtain

(r—=1)7+7114+p—1
|E {uiguin — E (wiguin) } wivtiin]

oL
N

g,h,v,w=(r—1)7+p
g<h<v<w

w—v>v—h, w—v>0
(r—=1)7+714+p—1

> {2 (217% + 1> lay exp {—ag (w — v)}]5~

g:hv,w=(r—1)r+p
g<h<v<w
w—v>v—h, w—v>0

IN
S| =
ol

LY
ol

(E [uil”)

|

4
x (B Huiguin — B (uigun) sl

16



Next, by repeated application of Holder’s inequality, we have

4
E Ruiguin — E (uiguin) } wi|?

IN

IN

IN

IN

IN

<

-
ol

©lv

r 12
B g, — B (uigtin) | 7| [E ] ]

7
12 9 2
- 9

2 (B uguan] 7 + | [usguan] |7 ) |7 [ o]
(by Loéve’s ¢, inequality)

ol

(o5 12 12 672
%(Ewwm7+EmwM7ﬂ [E |z |°]

(by Jensen’s inequality)

2
9

. 7
1211
27 E |Uigtin| 7 } ’ [E \Uiv\ﬁ]

r 1 1 2
2% @w%ﬁ)WﬁmM%Y][EmﬁP
- ) 7

7

ot (Bl *) ™ (Bl *) | [Elul]?
2% [ (B uig ) (B fuanl®)*]” [ o]

23 (6)3 (C’)% (C’)% (by Assumption 2-3(b) )
240

Moreover, let o, = v — h and g, = w — v so that v = h+ o, and w = v + 95 = h + 0; + 0.

Using these notations and the boundedness of E [{u; uin, — E (uiguin)} uiv|% as shown above,

17



we can further write

(r—1)7+711+p—1

Z 12 [{uiguih —F (Uz‘guz‘h)} Uiy Wiy |

g,h,v,w=(r—1)7+p
g<h<v<w

w—v>v—h, w—v>0
(r=1)7+7m1+p—1

3
»—wlk'_‘

1 _3 _3_1
< - Z {2 (21 1+ 1) [ay exp {—ay (w —v)}]' 7575
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—v>v—h, w—v>0
1
(B Hosgn = B gl ) (8 )}
1 (r—)7+7m1+p—1 X ) a2 % )
< - Z 2 (21 + 1) [a1 exp {—az (w — v)}|T2 <2§C3> (C)°
1 g,h,v,w=(r—1)7+p
g<h<v<w
w—v>v—h, w—v>0
(r—1)7+71+p—1
C*
< T ()
g,h,v,w=(r—1)7+p
g<h<v<w
w—v>v—h, w—v>0
—2 L
(for some constant C* such that 4 (2i + 1) C*ai? <C* < oo)
O (r—D71+711+p—1 (r—1)74+714p—1 0o 03—1
=T 22 2 exp {350
1 g=(r—1)7+p (r=1)m4+p eo2=lo1=
C* > (05}
< T_% Z 0 €Xp {_EQQ}
pa=1
1 .
= O|—= ] (given Lemma OA-1) (12)
1

Similarly, for the third term on the right-hand side of expression (10) above, we can apply

18



Lemma OA-3 with p = 2 and r = 3 to obtain

1 (r—1)7+71+p—1
g |E {uiguin — E (wigttin) } wiwttio]|
1 g,h,v,w=(r—1)7+p
g<h<v<w

w—v<v—h, v—h>0
(r—1)7+71+p—1 )
1 1_
Z {2 (21_5 + 1) [ayexp {—ay (v —h)}]' 2

g,h,v,w=(r—1)7+p
g<h<v<w

IN
ﬁ»;l -
wl=

w—v<v—h, v—h>0

wl=

1
x (E Huiguin — E (uiguin) ) (E |uiuz|’)

}

Next, applications of Holder’s inequality yield

(Efusl)* (£] uinl?)’?

( ) (_)% (by Assumption 2-3(b))

SIS

IN

E ’uivuiw|3

IN

and

E {uguiy, — E (uiguih)}|2 < 2 (E |uiguih|2 +F |uiguih|2)
(by Loéve’s ¢, inequality and Jensen’s inequality)

= 4E |uiguih|2

e ik
< 4 |(Blugl)* (B ual*)]
1 172
< 4 [(E ]uig|6) °(E |ulh]6) 6] (by Liapunov’s inequality)
o) 3
< 4{supE |uy
it
.2
< 4(0)* <oo (by Assumption 2-3(b) )

Moreover, let o, = v — h and g, = w — v so that v = h+ o, and w = v + 95 = h + 0; + 0.
Using these notations and the boundedness of F |uwuiw|3 and E [{wguy — E (uiguih)}|2 as

19



shown above, we can further write

(r—=1)7+714+p—1

1
g E |E [{uiguin, — E (wigwin) } wintiin]]
1

g,h,v,w=(r—1)r+p
g<h<v<w

w—v<v—h, v—h>0
(r—)1+7114p—1

1 11
<= Y LEFH) mepi-a@-nyE
! g,h,v, gh<(7‘ <1)T+p
w—v S0, vh>0
1 1
% (B Husguin = B (uiguan) })* (B Juavtial®)° }
1 (r—=1)7+714+p—1 ) ) 1 .
<5 Y (25 ¥ 1) lay exp {—as (v — b))’ (40 ) (©)®
1 g,h,v, wh (r—1)7+p
<h<v<w
WS, o0
(r—1)7+711+p—1
C* ao
<GS )
1 g,h,v, éuh<(r <1)T+p
wvSoh, vh>0
—2 1
<for some constant C* such that 4 <2% + 1) C*ay <C* < oo)
O (r—-1)7+714+p—1 (r—1)7+714p—-1 o
e S S 9 S T
1 g=(r—1)7+p (r=1)7+p 01=10=0
C* > a9
= = > (o +1)exp {—g&}
1 p1=l1
1
= 0O (T—%) (given Lemma OA-1) (13)

Finally, consider the fourth term on the right-hand side of expression (10) above. For

20



this term, we apply the result given in part (a) to obtain

1 (r—1)7+711+p—1
~ |E (wiguin)| |E (wivti)|
1 g,hv,w=(r—1)7+p

g<h<v<w
w—h>0

IA

T
r 1)T+p v,w:(r<—1)7'+p
v<w

e 1T+T1+p 1 1 DAl
=3 E(ugua)| | | = D |E (uiwin)|
1 1

O

It follows from expressions (10)-(14) that

(r—1)7+7m1+p—-1

1
i E |E [uiguihuivuiw”
1 g,h,'l]7’ll):(7‘—1)7'+p
g<h<v<w
1 (r—1)7+71+p—1 1 (r—1)7+71+p—1
3
< o Y | E [ugud) | + = ) |E {uiguin — E (Wigtin) } Wivtin]|
1 g7h:(T71)T+p 1 g7h7vaw:(r71)7+p
g<h g<h<v<w
w—v>v—h, w—v>0
1 (r—1)7+7m1+p—1

+= > |E [{uiguin — B (Uigtiin) } i) |

1 g,h,v,w=(r—1)7+p
g<h<vw

w—v<v—h, v—h>0
(r—=1)7+7114p-1
T > | E (wiguin)| |E (witin)]
! g7h7v7w:(r71)‘r+p
g<h<v<w
w—h>0

1
- o(=). 0O
O(ﬁ)

Lemma OA-5: Suppose that Assumptions 2-1, 2-2(a)-(b), 2-5, and 2-6 hold. Then, there
exists a positve constant C' such that

E||W,]|s < T < oo for all t

and, thus, B B
E|Y,|S<C <ocand E|E,|s <C < oo for all t,

21



where

Y;ffp+1 thp+1

Proof of Lemma OA-5:
To proceed, note that, given Assumption 2-1, we can write the vector moving-average
(VMA) representation of the companion form of the FAVAR model as

W = (ury—4) ot S AE

J=0

1 > )
= (lasrw — A) " Jipxdarxa+ > ATy e JarkEr

§=0
- ([(dJrK)P_A) JC’l-l—K/’L—i_ZAjJC/H-th*j’ (15)
§=0
where
I/I/t Et M
W1 0 0
wt = ) Et: , = )
Wtfp+2 0 0
Wipia 0 0
A Ay Ay A,
Ik O 0
Jirk = [logx 0 -+ 0 0],and A= 0
(d+EK)x(d+K)p : . . . :
0O - 0 Igygxg O

By the triangle inequality,

-1
WMl < | (Fsrcnn = )" Taier], +

o0

Jjq! .
E AT k-
=0

2

22



< m'r‘—l

. . . m r m r
Moreover, using the inequality ‘ E G . la;|" for r > 1, we get
1= =

6
6 1 6
W15 < 2° | || (Feasmrp = 4) ™ ot +

oo
E Jjg .

A Jd+K6t—j
=0

2

so that
6

1 6
WS < 32| (Tussop = A) ™" Jpernt|, +32E (16)

Z A TG ke
jZO 2
Focusing first on the first term on the right-hand side of the inequality (16), we note that

_ 6 —u _ 3
H (Liarryp — A) ' JC/HKMHQ = (M/JdJrK (Lt — A) ' (Lasrrp — A) ' J(/1+K,u>

= (H/Jd+K [(I(d+K)p - A) (I(d+K)p - A) /] (Ii+Kﬂ>

3

1 3
< (W s re Ts i)
)\min {(](d+K)p - A) (I(d+K)p - A)/}
3
1 3
_ (Wp)
)\min {(I(d+K)p - A) (I(d+K)p - A)/}
Now, by Assumption 2-6, there exists a constant C' > 0 such that
Amin {([ @+yp = A) (s = A)/} = Amin {([ @riow = A) vy = A)}
= Omin ( (d+K)p — )
> 2in (Larryp — A)
> [ ~ Gunax]
> 0

where ¢, = max {|Amax (4)|, [Amin (4)|} and where 0 < ¢, .. < 1 since, by Assumption
2-1, all eigenvalues of A have modulus less than 1. It follows by Assumption 2-5 that, there
exists a positive constant C'; such that

(](d+K) - A) ' Jarich < , v
H J2 Hz Amin {(I(d+K)p A) (La+r) ) }
6
< _ ]l - C, < oo.



To show the boundedness of the second term on the right- hand side of the inequality
(16), let g (a+k)p be a (d+ K)p x 1 elementary vector whose g™ component is 1 and all
other components are 0 for g € {1,2, ..., (d + K) p}, and note that

2 (d+K)p [ oo 2
= (Ze (d+K)pA Jd+K5t J>

2 9:1

[o¢]
Jjgl )
E ATy k€t

J=0

m' 12 |la;|" for r >1

from which we obtain, by applying the inequality ‘Znil a;

6

(e.9]

Jgl .
E A gy B
Jj=0 2

[(d+K)p / 2
S (ZAJ)

g=1 7=0

AN
=
+
=
=,
[N}
=
_|_
B
S
N
[
<&
=
+
=
=
I
N
+
e
)
J
N~
(«)

(d+K)p 00 0O 00 0 00 o0
= [(d+K) p]2 {Z Z Z Z Z Z e;,(dJrK)pA] Jis kCi—jCopdari (Al)k €g,(d+K)p

7=0 k=0 i=0 (=0 r=0 s=0

i £ r s
Xe;y(dJrK)pA Jélgtfig;fga]dJrK (A,) 697(d+K)p€;7(d+K)pA JC/lJrKc‘Et,T{:“;?SJd (A,) eg,(d—f—K)p}

24



Hence,

6

L Z A Ji e

j=0

2
d+KP oo

< [(d+K)p ) ZE}%(HK AT ers]
g=1 j=0

(d+K)p o0 2
[(d + K) p)? Z ( > <ZE‘€ @+ Kt skl )
(d Ii)p 00 3
K0 ( )( ) (ZE CATSSW N |2>
(d [ip -
+[(d+ K) p* (2) ZE|€ @i T ki J} ZE|€ @At T k- k|2
d+fleoo o

(d+K)p
+20[(d + K) p)®

M

= [(d+K)p 2 Z ZE g,(dJrK)ijJc/lJrth*jP
=1 j=0
! 2
(ZE‘Q (d+KpA JiexEi- J| )
g=1
(d+K)p 3
+90[(d+ K)p 2 Z (ZE’€ (A Jd+K5t J| >

>—‘

d+Kp oo
+15[(d+ K)p* Y ZE}e iy e’ ZE}e PRILLY A
g=1 j= k=0

25



Next, applying the Cauchy-Schwarz inequality, we further obtain

<

IN

0o 6
K ZAj‘]ClH-th_j
=0 5
(d+K)p 0
[(d+ K)p
(d+K)p
+20[(d+ K)p)* >
g=1
(d+K)p
+90((d + K) p)”
g=1
(d+K)p
+15((d+ K)p* Y
g=1
(d+K)p 00
(d+ K)p
g=1 j=0
(d+K)p

+20[(d + K) p” Z

(d+K)p
+90((d + K) p]” Z

9=

(d+K)p
+15[(d+ K)p)* >

g=1

R

M

(
(

J

M.8

I
<)

Il
o

J

i
o

J

Mg 1Mg zme

k=

o

e arropA’ (A) ey

[e’e)
k=

0

26

. . / 7
Ig,(d+K)pAJ o Jark (A7) Cg,(d+K)p |

; -\ 7
lg,(d+K)pA] Joxdark (A7) eg(arr)

. . , 7
;,(d—i—K)pAJ T i dari (A7) €g,(d+K)p |

. . / 7
‘ilﬁ(dJrK)pA‘7 (A]> 697(d+K)p_
o
a0 (A7) eg @asm)p

(d+K)p |

Z Z[ (@A i e Javic (A7) eg a0 } Elells
g=1 =

;
;

Z Z [6 (d+K)p

3 2
'E ||etju§)
) 3
)| Eust_jni)

2
4
E el

X Z [ (d+K)p A” Jd+KJd+K (Ak>leg7(d+K)p} E Hgt—ng}

(47 eqarrn] Ellews

3 2
'E ||et_j||§>
) 3
_ Euathi)

4
B!

<D |ehaerpAt (A7) eqarn) E llei- k||2}



In addition, observe that, for every g € {1,2,...,(d + K) p}

Coar A’ (Aj), €g,(d+K)p

A { A7 (47)'}

A { (47)' 47}

= O (A)

< ('max { |)\max (Aj) }2 , |)\mm (Aj) }2} (by Assumption 2-6)

IN

= ('max {|)\max (A)* [ Amin (A)|2j}
Co

where ¢, = max {|Amax (4)|, |[Amin (4)|} and where 0 < ¢, < 1 given that Assumption
2-1 implies that all eigenvalues of A have modulus less than 1. Now, in light of Assumption
2-2(b), we can set C' > 1 to be a constant such that E||5t_j||;i < C < oo, so that, by
Liapunov’s inequality,

3 6\3 L
s Ellelly < (B llells)® < C3,

A
oy
o
~~
d
=
S~—
W=
IN
W=

2
Ellerll;

4
Ellerll;

N
—~

&
o
-
=
=
~
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and, thus,

IN

IN

IN

<

6

L Z AT e

Jj=0 2
d+K P [oe) 3
2 y o\ 7 6
(d+R)p > 3 [eharrnA’ () egarmon| Bl
g=1 j=0

(d+K)p 0o ~ 2
+20[(d+ K)p* ) (Z Al (A) e (d+K)p | EH&;H?)

g=1

(d+K)p co _ 3
; N
+90[(d + K) p)* <§ ey i’ (A) eg | B ||5t—j||§)
=0 ]

(d+K)p ) 12
2 4
+15[(d + K) p] { e Al (A7) € aarw| Bl

g=1 ]:0
XZ[ (arxpAt (A ) €g,(d+K) }EHgt k||2}
k=0

(d+K)p oo (d+K)p (d+K)p
JONEIDHWREDS (z%) oy <z¢max)

g=1 j=0

(d+K)p
+]‘5 Z <Z ¢max> <Z ¢max)
Cl(d+ K)p)’
1 1 2 1 3 1 1

X{—1—¢;ax+20 (o) o Ge) o () (1—¢im>}
62 < 0

for some constant such that

>

Co
Cl(d+ K)p)’

1 I I 1 1
X{1_¢ﬁlax+20<1_¢§nax) +90<1_¢12nax) +15<1_¢fnax) (1_(;5?1133()}
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Putting everything together, we see that

6
1 6
EIWS < 32| (Tavwp — A) " Jaxct]|, +32B

o0

iy .
E A Joy ki
J=0

2
<
<

for a constant C' such that 0 < 32 (01 + 02) C<
In addition, defineP (44 k), to be the (d+K)p x d+K ) p permutation matrix such that

Platryp dp“ ; (17)

Kp><1

and let S}, = ( Lap dpQKp ) and Sy = < Kpxdp ) Note that

Sélp(d+K)pwt = (Idp 0 ) dpx1 :Yt,

dpx Kp

Sk P+l :( 0 IKP) v | =E,

Kpxdp

so that

Il < 1SGlly [1P@rmmlly 141,

= 4/ )\max (SdS&) \/)\max <Péd+K)pP(d+K)p) HthQ

= A (9550 N (L) 1V

— \/)\max (]dp)\/)\max (Tavryp) 17,11,
= (I,
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and

||£t||2 < ||S}<||2HP(dJrK)pH2||wt||2

= Amax (SKS}(>\/)\max (IP(Id_:,_K)p’P(d-i-K)p) ||wt||2

= A (556550 e (L) (W4

= \/)\max (IKp) \/)\max (I(d-‘rK)p) ||wt||2
= W,

It further follows that

E|Ylly < E|Wyll < C < o0 and E|E |, < B |W,[l; < C < cc. O

Lemma OA-6: Suppose that Assumptions 2-1, 2-2(a)-(b), 2-3, 2-5, 2-6, and 2-9(b) hold.
Then, the following statements are true as Ny,T" — oo

(a)

r—1)r+71+p—1

q (
1 1 , P
max max |— g — E %Etfﬁ,tﬂ — 0.
1<¢<d i€He | q T1

r=1 t=(r—1)7+p

1 q 1 (r—1)7+71+p—1

' p
max max — — g %Eté‘é,tﬂ —0
1<t<d i€H* q T1
r=1 t=(r—1)7+p

(r—1)7+71+p—-1

q

1 1 2,0

max max |— E — E t+1Uit | — U

1<t<d icHe | T1 Yer+1ti
r=1 t=(r—1)7+p

2
1 q 1 (r—)1+71+p—1
p
max max — — g Yo,t+1 Ut —0
1<(<d ieHe q T1
r=1 t=(r—1)7+p

(r=1)7+714p—1 (r=1)7+71+p-1

1< 1 , 1 P
_ - F — U; — 0
max max ;_1 g Vil s€et+1 - E Yep+1U4t

1<6<d icHe T
q ! t=(r—1)7+p ! t=(r—1)7+p

30



Proof of Lemma OA-6.
To show part (a), first write

IN

IN

1 q 1 (r—1)7+71+p—1
P { max max |— Z — Z ViE 01| > €

1<t<di€H° | q S

1<t<d i€He @ p— T1

6
q (r—1)7+7m1+p—-1
1 1 , 6
P { max max | — E — E ViliEer1 | =€
1<t<d i€eH® \ q T1 ’
r=1 t=(r—1)7+p
6
1 q 1 (r—1)7+71+p—1
P { max max — — E YiF e 141 > b

t=(r—1)7+p
(by Jensen’s inequality)

d 1 q 1(r—1)7+71+p—1 6
P - — 'F > €0
335 3] ENND SUISTRN I

(=1 i€cH¢ q r=1 t=(r—1)7+p
114 d 1 (r—1)7+7114+p—-1 6
ey e (XY e

-
r=1 (=1 icH® t=(r—1)7+p
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Next, note that

(r—1)1+7114+p—1

- Z Z Z K i Z ViE e

r=1 (=1 icH¢ t=(r—1)7+p
(r—1)7+7114+p—1

Lﬁ Z Z Z Z E [/%Etgé,t—&-l]e)

r=1 {=114i€H® t=(r—1)7+p

IA

(r—=1)7+7m14+p—1 (r—1)74+114p—1

q d
= DB DD DS Y ElEecnll ElWEesal’

r=1 f=14i€H® t=(r—1)7+p s=(r—1)t+p
s#t

r—)7+714p—1 (r—1)7+71+p—1

d (
Z Z Z E ['Y;Etgé,t+1]4 E [72E554,5+1]2

r=1 f=14€H® t=(r—1)7+p s=(r—=1)7+p
s#£t

(r—1)7+71+p—1 (r—1)7+71+p—1 (r—1)7+71+p—1

9_0?22 3 ) > {EWEcun) EWEenl

|[\9
S S

—_
,_.GDCY!
LSl

r=1 {=114i€H¢ t=(r—1)7+p s=(r—1)7+p r=(r—1)7+p
s#L r#t, r#£s
XEMEeeriil’}
1 q d (r—1)7+714+p—1
R S S ST -1
a7y r=1 {=114i€H® t=(r—1)7+p
20 q d (r—)7+7m14+p—1 (r—1)74+714p—1 1 ;
+FZZ Z Z 64E[ FFt’YzJFguH] E[VEEQ + €]
Lr=1¢=1icHe t=(r—1)r4p  s=(r—1)r+p
sF#t
15 q d (r—D)7+71+p—1 (r—1)74+714+p—1
+? Z Z Z E [KyzF F;’yz] E [627&—}—1} E [’yzF Fs’%] E [825—1—1}
a7 r=1 f=14i€H® t=(r—1)7+p s=(r—1)7+p
s#t

(r=1)7+714+p—1 (r—1)74+71+p—1

90 &
=D > > EWELN)E 0] ENEEY) B[]

r=1 (=1 i€H¢ t=(r—1)7+p s=(r—1)7+p
s#£t

(r—1)1+711+p—1

X Z E [’YQETFTVJ E [627"-1-1]
r=(r—1)7+p
r#t, r#£s
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1 d r 17‘+7‘1+p 1
6 6
< —GZZ Z 17ills E (| Ell5] B [€8144]
1 r=1 (=1 i€cH¢° (r—1)1+p
(r—)7+7m14+p—1 (r—1)74+71+p-1

P ZZ > > (B[R] + E)

r=1 {=14icH¢ t=(r—1)7+p s=(r—1)t+p
s#£t

15 d
+q—T§ZZ

r=1 ¢=1i€H¢

2 S B IEN] B[]

t=(r—1)7+p s=(r—1)t+p
s#t

X (E |:(PY'LF ) :| + E [82,s+1])}
(r=1)7+7m14+p—1 (r—1)74+714p—1

% Iillz B [IE,]l5) B [ 0s] }

90 q d (r—1)1+7114p—1
2 2
+j Z Z Z 1vill3 B IEN5) E (€2 414]
9713 = icne t=(r—1)7+p
(r—1)7+7114+p—1 (r—1)7+711+p—1
x> ABENEIG Elfaa] Y. Il EEE] £ [6,1]
s=(r—1)7+p r=(r—1)7+p
s#£t r#t, r#£s
N N Ny N
< C<—51+5—41+15 +90 1)
71 71 71 71

(applying Assumptions 2-2(b), Assumption 2-5, and Lemma OA-5)

N
o)
T1
It follows that
(r—1)7+71+p—-1

1<~ 1 N
P ¢ max max |- Z — Z “Y;Etge,tﬂ >ep =0 (—;) =o(1).

1<¢<d icHe T
3T e D
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To show part (b), note that, for any € > 0

1<t<d icHe q T1
r=1 t=(r—1)7+p

1 q 1 (r—1)7+7114+p—1
P { max max — — Z YViE e0t41

1<0<d icHe T
q r=1 1 t=(r—1)7+p

1 q 1 (r—1)7+71+p—1
= P { max max —Z — Z YViE e 11 > ¢

< P < max ma,xl q ! ’ 1)”231“’ 1 'F.e
N isesdient g g \ o A ViLg€et+1
(by Jensen’t inequality)
| DT 6
= P Z Z Z Z ViEeoii | 2= e

=1 ZGHC = t=(r—1)7+p

(r—1)7+7114+p—1 6

q d
< %ZZZE i S Eenn
1 ¢=1 i€H¢°

t=(r—1)7+p

The rest of the proof for part (b) then follows in a manner similar to the argument given for
part (a) above.
To show part (c), first note that, for any € > 0,

(r—1)7+71+p—1

11
P { max max az—l Z Yor1Uit| = €

1<¢<d i€H*¢ T
r=1 t=(r—1)7+p

1 q 1 (r—1)7+71+4p—-1
= P { max max —E — E Yo.p11 Ut > €0
1<t<dieH°® \ ¢ < T1 ’
r—=

t=(r—1)7+p

1 q 1 (r—=1)7+714+p—1
6

max max — — 1 U > €

1262a et g E Yere1tie | =

IN

P

-
r=1 1 t=(r—1)7+p

(by convexity or Jensen’s inequality)

6
(r—1)7+7m1+p—1

1 [ 1 6
p Z Yol | =€
R (T S

-
-
¥
NG

6
(r—1)7+71+p—1

Z Yepr1Uit (18)

T
r=1 (=1 icH¢ t=(r—1)7+p

IN

| =
SN
M=
M=
&

2=
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Now, there exists a constant C7 > 1 such that

1 q d 1 (r—1)1+7114p—1 6
EZ Z Z E T_l Z Ye+1Uit

r=1 {=1 i€H¢ t=(r—1)7+p

q (r—1)7+7m1+p—-1

C
qu6 E : E : E |E [uituisuiguihuivuz‘w”
1

r=1ieHe | ts,g,hvw=(r—1)r+p

IA

d
X Z | [Ye+1Ye,s+1Y0,g+1Yen+1Y0,0+1Ye0+1] |}
=1

Next, note that, by repeated application of Holder’s inequality, we have by Lemma OA-5
that there exists a positive constant C' such that

IN

IN

IN

IN

IN

IN

B

\E [Ye041Ye,541Y0.9+1Y0 h 1Y ,041Y 041 ) |

~
Il

1

(S
=

M=

(E [yg,t+1yz?,s+1y§,g+1]) (E [ylg,h—&-lyl?,v—&—lylg,w—&-l})

(=1

win
N—
Bl

<{E [y?,tﬂ] }% (E [|ye,5+1yg,g+1|3})%)% ({E [y?,h+1] }% (E [|yf,v+1yé,w+1’3})

~
|l Q

1

(2 W)} (PBRlY (B 1))’
- <{E (Y1) }% {E [vh0] }% {E [Yowr1] }%)E]

i (B[] 1B eia] ) B [0 o] Yo LB [8na] ¥ {E [f0ia] Y {E ]}

/=1

~

=1

o=

d E [y$
max sup [Ye+]

C <o
(since, given that y,, = €} 4, Y E [yp,] < E 1Y, [1S < C by Lemma OA-5

where C' is a constant not depending on ¢ or ¢ )
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Hence, we can write

IN

IN

6
1< d 1 (r—1)74+714+p—1
- E E E El— E Yo t+1Uit
q r=1 (=1 icH¢ t=(r—1)7+p
q (r—)7+7m1+p—-1

6 E : E : E |E[uituisui9uihuivuz‘w]|
r=114i€H° ¢,s,g,h,v,w=(r—1)7+p

(r—1)1+711+p—1

Z > D B [
r=114i€H¢ t,s,g=(r—1)7+p
1<s<g
C (r—1)7+711+p—1
: 6 Z Z £ [uituz’suz’guihuivuz‘w]l
r=1 icH t,s,9,h,v,w=(r—1)7+p

w—v>max{v—h,h—g},w—v>0
(r—1)7+71+p—1
01
Z E : | B (Wit Wig Ui Wi Wi |

r=1i€H¢ t,s,9,h,v,w=(r—1)T+p

v—h>max{w—v,h—g},v—h>0
(r—=1)7+71+p—-1
01
> | B (Uit higUintiv iy |

r=1 i€H t,s,9,h,v,w=(r—1)7+p

h—g>max{w—v,v—h},h—g>0
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IN

= T+ L+ T+ L+T+Ts (say).

(r—1)7+71+p—1
4
| B [ty

r=14ic€H® t,s,g=(r—1)7+p
t1<s<yg

(r—=1)7+7114+p—1
Z Z Z 2 [Uituisuiguihuwuiwﬂ

w—v>max{v—h,h—g},w—v>0
(r=1)7+71+p—1

C’
: 6 Z Z Z ’E [{uituisuiguih ) (uituisuiguih)} uivuiw”

v—h>max{w—v,h—g},v—h>0

(r—1)7+71+p—1

C1C &
+ 17(15 ZZ Z | E (uipuistiguin)| | E (tivtii)]

v—h>max{w—v,h—g},v—h>0
(r—1)74+7114+p—1

010 <
T ? Z Z Z |E [{uituisuig - E (uituisuig)} uihuwuiw”

h—g>max{w—v,v—h},h—g>0
(r—=1)7+7114+p—1

C
: Z > > |E (wirtistig)| | B (wintivti)|

r=1icH¢ t,s,9,h,v,w=(r—1)7+p

h—g>max{w—v,v—h},h—g>0
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Consider first 7;. Note that

—1)7+7114+p-1

5 - iij 12 [y

1 t,s,g=(r—1)7+p
t<s<g

(r—=1)7+71+p—1

< > B[]
€He t,s,9=(r—1)7+p
t<s<g
O (r—1)7+7m1+p—1 L )
< Z Z (E [|uituis|?’})§ (E [|uig|6])§ (by Holder’s inequality)
r=14i€H¢ t,s,g=(r—1)7+p
t<s<g
C 7" 17'—|—7'1+p 1 i ) % 5
< o3 S (B a7 [B {Jusl®}?) (B [l ])°
r=14icH® t,s,g=(r—1)7+p
t<s<g
(by further application of Holder’s inequality)
O 7" 17'—|—7'1+p 1 ) ) 5
- = Z Yo > (B{lual}) (B {lul"})" (£ [luil’])’
r=14€H® t,s,g=(r—1)7+p
t<s<g
C (r—1)7+71+p—1
< = Z Z Z C  (by Assumption 2-3(b))
r=14i€H® t,s,g=(r—1)7+p
t<s<g
< oot
77
_ oM
-o(3): 20)

Next, consider 75. For this term, note first that by Assumption 2-3(c), {ui}, . is
[-mixing with § mixing coefficient satisfying

B; (m) < ay exp{—asm}
for every i. Since a;,, < 3; (m), it follows that {u;},- _ is a-mixing as well, with o mixing

coefficient satisfying
Qim < ajexp{—asm} for every i.
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Hence, we apply Lemma OA-3 with p = 5/4 and r = 6 to obtain

T,

(r—1)7+711+p—1

Cl
- Z Z E : | E [wigtistigUintiv i ||
r=1ieH¢ t7S7g7h7’U7’LU (T 1)T+p

w—v>max{v—h,h—g},w—v>0
(r—1)7+711+p—1

Cl Z Z Z {2 (21_% + 1) [a1 exp {—as (w — v)}]lf%f

r=1i€H¢ t,s,9,h,v,w=(r—1)T+p

o=

IN

w—v>max{v—h,h—g},w—v>0

(ST
ol

(E |uzw’ )

|

(E |uztu7,s Ui gUih Ugy | )

Next, by Liapunov’s inequality and Assumption 2-3(b), we obtain

==

6 1 . —1
(E ‘uzw| )6 S (E ‘uzw‘ ) S cr
Making use of this bound and by repeated application of Holder’s inequality, we have

5
E it tiginiy| 3

< |E |Uituisuig’ 12} [E |Uintiy| ® ]
i 5 L
15 25 & =15
< (E]uituis|47) (E|ulg\)7] {(E‘Uzh“) (E|uw\ )}
< (¢E|ut|47¢E|uw|47) (5 Jug ) [(Emm) (B i )2]
, 300 u 300 i 25 1
= (Bt ®) ™ (Bl ®) ™ (Bhal®) (210 F) (2l )

300\ 300 a0\ 257 NEEE- Nk Nk
= | (E1r®) (E|uis|47) } [(Ewih\)ﬂ (E10a®)7] | (Bl )]
1 1 1 173 171

< @)} Ew)] [(Elan] [E ] [E )]

5

< (6)% (6)% (6)% (€)= (6)2_58 (by Assumption 2-3(b))
= C

Moreover, let py = h—g, py = v —h, and p; = w — v, so that h = g+ p;, v = h+
Py =G+ p1+ pyy W =10v+ pg = g+ p;+ py + ps3. Using these notations and the boundedness
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5 .
of E |ujuisuiguinuiy|* as shown above, we can further write

IN

IN

IN

IN

IN

IN

T

(r—1)7+7114+p—1

Cl Z Z Z {2 (21_% + 1) [a1 exp {—as (w — v)}]lf%f%

r=1icHe¢ t,s,9,h,v,w=(r—1)T+p

w—v>max{v—h,h—g},w—v>0

5 % 6 é
X (E |uituisuiguihuiv’4> (E | | )

(r—1)7+7114+p—1

Cl Z Z Z 2 (2% + 1) [ay exp {—ag (w — U)}]3_10 6_86%

r=1icH¢ t,s,9,h,v,w=(r—1)T+p

t<s<g<h<v<w
w—v>max{v—h,h—g},w—v>0
CUS_; q (r—1)7+71+p—1
1

5 Z 2 <2% + 1) [ay exp {—ag (w — U)}]3_10
r=1{€He¢ t,s,g,h,v,w=(r—1)T+p
w—v>max{v—h,h—g},w—v>0
o 4 (r—=1)7+71+p-1 s
D 2 exp { =557
r=1 j€H¢ t,s,9,h,v,w=(r—1)r+p

w—v>max{v—h,h—g},w—v>0

57 1
(for some constant C* such that 2 (2% + ) CiC*af® <C* < oo)

q (r—=1)r+7114+p—1 (r—1)7+714+p—1 (r—1)74+714+p—1 0o p3 p3

=S DEEDY > S Y Y > en{ -5

1 r=1icHe t=(r—1)7+p s=(r—1)7+p g=(r—1)7+p p3=1p;=0py=0
(r—=1)7+7m14+p—1 (r—1)74+714+p—1 (r—1)74+714+p-1 oo

iﬁiz )Z > > 2 (+1) exp{ 3073 }

r=14icH¢ t=(r—1)7+p s=(r—1)t+p g=(r—1)1t+p p3=1

57
8

oo

Nl Zpgexp{ }—I—QZpgeXp{ } Zexp{ }
p3=1 p3=1
O (%) (by Lemma OA-1).
1
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Now, consider 73. Here, we can apply Lemma OA-3 with p = 3/2 and r = 7/2 to obtain

(r—1)7+71+p—1

= 90y >

r=1{€H¢ t,s,9,h,v,w=(r—1)T+p

|E [{uipwistigin, — E (Uitlistigin) } WipUiy]|

v—h>max{w—v,h—g},v—h>0

(r—=1)7+7m1+p—1

Oy >

r=1{€H¢ t,s,9,h,v,w=(r—1)7+p

IN

{2 (21*§ + 1> lay exp {—ag (v — h)}]l—%_

v—h>max{w—v,h—g},v—h>0

3 2 i\ 2
X (E H{uptisuiguin — E (wiptistiguin) 2> ’ (E | Wi Wiy | 2) 7}

~ho

Next, note that applications of Holder’s inequality yield

1 3 3
22 (E |wirtiswiguin|? + E ’uituisuiguihP)

(by Loéve’s ¢, inequality)

3 3
22 F Jujpuistigin | ?

7 ™%
E|uwuiw|2 < (E|uw| )2 (
_ 1 1
< (©)*(0)®
= (<
and
3
E \{uituisuiguih - F (Uituisuiguih)}’2 <
<
< 23 (E
< 2%
< 23
< 23
(by
< 23 (
N i

(Bl ()
(B fuel)® (B i) (E i) (B )

r 1
(B lual)? (B )

Liapunov’s inequality)

=

1
wicwis|’) ® (E Juiguin|®)

N
ol

(B hal®)* (B lual®)?)’
:

(E )} (B )]’

o=

=

3

2
—

(by Assumption 2-3(b))

Again, let py =h—g, py =v—h, and p; = w — v, so that h = g+ p;, v = h+ py = g+ p;+

Pay W= 0V~+ ps = g+ p;+ py + ps. Using these notations and the boundedness of £ |uwuiw|g
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3 .
and F [{uiwisuigui, — E (wiuisuiguin)}|? as shown above, we can further write

(r—)7+7m1+p—-1

C,C
T, = — Z Z Z |E [{uitisuiguin — B (tiuistiigin) } wivti]|
r=1 jeH¢ t,s,9,h,v,w=(r—1)7+p

v—h>max{w—v,h—g},v—h>0
(r—1)7+71+p—1

o

C,C _2_
ST o SRS SRS (YCE ) PRSP
r=1icH¢ ts,iq<h2w<h(2 i)T—i—p
v—h>max v heg}—h>0
2 2
X (E |{Uituisuiguih - K (uituisuiguih)}|%> ’ (E |uivuiw|%) ' }
C (r—1)7+71+p—1 ) . st 2
< o5 Z > > 2 (24 +1) [arexp {—aa (v = W} (22TF) (©)°
r=1i€H¢ t,s,9,h,v,w=(r—1)7+p
t<s<g<h<v<w
v—h>max{w—v,h—g},v—h>0
(r—1)7+71+p—1
< eZZ > exp {~570:}
r=1i€H¢ t,s,g9,h,v,w=(r—1)7+p
t<s<g<h<v<w
v—h>max{w—v,h—g},v—h>0
13 1
(for some constant C* such that 4 (2% + 1) CiC7a* <C* < oo)
(r—=1)74+714+p—1 (r—1)74+714+p—1 (r—1)7+714+p—1 oo 0 05
<EYY Yy Y Yy yen{-ja)
r=14i€Hc¢ t=(r—1)7+p s=(r—1)t+p g=(r—1)7+p ©02=10;=003=
a9
< = Z (0, +1)° exp{ 2192}
92—1
= ZQ2€XP{ Q2}+22028XP{ } ZeXp{ }
02=1 02=1 02=1
N
= O <—31) (by Lemma OA-1). (22)
71

Turning our attention to the term 7y, note that, from the upper bounds given in the
proofs of parts (a) and (c) of Lemma OA-4, it is clear that there exists a positive constant
C such that

1 (r—)7+71+p-1
— Z | B (wirtisthigin )| <
1

T
t,s,g,h:(T—l)T-H)
t<s<g<h

2Ll Q
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and
(r—1)7+71+p—1

1 C
v7w:(7‘<—1)7'+p

from which it follows that

(r—1)7+711+p—1

L = Z Z Z |E (wirtistigin)| | E (WipUiv)]
r=1{cH¢ t,s,9,h,v,w=(r—1)7+p

v—h>max{w—v,h—g},v—h>0

(r—1)7+71+p—1 (r—=1)7+11+p-1

1 1

S o3 R SR In) | Ea o I

r=1icH¢ t,s,9,h=(r—1)7+p vw=(r—1)r+p

t<s<gs<h v<w

‘ =) (&)

r= IZGHC
- 01602—

T1

- o(M). -

Consider now 75. In this case, we apply Lemma OA-3 with p = 2 and r = 9/4 to obtain

(r—1)7+71+p—1

C,C
']'5 — e Z Z Z ’E [{uituisuig —F (uituisuig)} Uihuivuiw”
r=1cH¢ t,s,9,h,v,w=(r—1)7+p

h—g>max{w—v,v—h},h—g>0
(r—1)7+71+p—1

A Z 2 2 et e1)lmew —at-gy

r=1 icH¢ t,s,9,h,v,w=(r—1)7+p

Ol

IN

h—g>max{w—v,v—h},h—g>0

x (B [{utisuig — B (wittisuig) }?)

(NI
Ol

9
(E |Uin Wi Wiy | 4)
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Next, by repeated application of Holder’s inequality, we obtain

9
E Jwin iyt |*

2 126\ 3 126\ 3| %
< [Blunl 1 | (B lual #) (B luul #)

2 126\ 3¢ 126\ 56
= [E Jun|"]® (E|uw|1) <E|uiw|1

7 = 126 11_296 126 11_96 %

= [Elua ™ | (B lusl ™)™ (B lus| ™)

9 1 1
< [E|um|7] s [(E|uw|7)7 (E|uzw|7)7} (by Liapunov’s inequality)

and

&5
—_
£
=
W
£
Q
e
B
£
w
£
Q
N—
—
T
VAN

2 (E |uz~tui5uig[2 +FE ’Uituisuig|2)

(by Loéve’s ¢, inequality)

IN

AE |usuistig|®

1 2
4 (E |uit]6) 8 (E |uisuig]3) 3

(B lual®)? (VE I ¢E|uw| )
i

6y 212
[ E|uzs (E|uig| )6]

2

IA

IN

= 4 E’uzt|

IN

4 (E’uzt‘ )7} [(E‘uzs‘ )% (E‘Uzg|7)%]

(by Liapunov’s inequality)

— 116
2\ 7
4 (supEluitI) ]
it

< 4" (by Assumption 2-3(b))

IN

Define again p; = h—g, p, = v—h, and p; = w—v, so that h = g+ p;, v = h+ py = g+ p;+
9
Pgs W = U+ pg = g+ p;+ py+ps. Using these notations and the boundedness of E ;Ui |*
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2 .
and E [{uiuisuig — E (uipuisuig) }|” as shown above, we can further write

75

(r—1)7+71+p—1

C 1—1_4
) DI S e S
r=1icHe¢ t,s,9,h,v,w=(r—1)7+p
t<s<g<h<v<w
h—g>max{w—v,v—h},h—g>0
1 9 2
X (E {uiuisug — B (Uituisuig>}|2) ? (E |UihUivUz‘w|4) 9}
C (r—1)7+71+p—1 X ) e l - 4
< 9t Z 3 S 2 (25 + 1) lay exp {—az (h — g)}]® (407) (02 )
r=1 icHe¢ t,s,9,h,v,w=(r—1)7+p
t<s<g<h<v<w
h—g>max{w—v,v—h},h—g>0
(r—1)7+71+p—1 a
2
- S ()
r=1icHe¢ t,s,9,h,v,w=(r—1)7+p
tSSSQShSUSW
h—g>max{w—v,v—h},h—g>0
_13 1
<for some constant C* such that 4 <2% + 1) CiC7a® <C* < oo>
(r—1)7+7114+p—1 (r—1)7+714p—1 (r—1)7+714+p—1 © 01 ©1
<SYY Y Yy Y Yy Yen{-fa)
r=14€He t=(r—1)74+p  s=(r—17+p  g=(—1)7+p 01=10,=005=
*Nl ag
< "= (Q1+1)26Xp{—1—891}
1 01=1
= Zglexp{ 91}+22916Xp{ } ZeXP{ }
01=1 01=1 o1 =1
Ny
= O|— ] (by Lemma OA-1) (24)
T1

Finally, consider 7g. Note that, from the upper bounds given in the proofs of part (b) of
Lemma OA-4, it is clear that there exists a positive constant C' such that

(r—1)7+71+p—1
c

1
—3 E | B (uiuisttig)| < —
Ut T1
t,S,g:(T_l)T+p
t<s<g
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and

(r—1)7+71+p—1

1
3 Z | B (winUin Ui )| <
1 hyo,w=(r—1)7+p
h<v<w

=l Q

from which it follows that

Ts

CU q (r—=1)7+7m14+p—1
1
= 6 Z Z Z |E (uituisuig)| | B (WintinUiw) |
a7y r=1{€He¢ t,s,9,h,v,w=(r—1)r+p
t<s<g<h<v<w
h—g>max{w—v,v—h},h—g>0
— (r—1)7+71+p—-1 (r—1)7+71+p—-1
C10 < 1 1
< = Z Z 3 Z | E (uiruistig )| 3 Z | E (winivUin)|
q r=1i€He¢ 1 t,s,g=(r—1)7+p 1 hv,w=(r—1)7+p
t<s<g h<v<w
L@
< il il
—2 V.
— 002
T1
N-
o)
1
It follows from expressions (18)-(25) that, for any € > 0,

r—1)r+714+p—1

q (
1 1
P { max max |- E — E Yor+1Uit| = €
1<(<di€H° |q T1 ’

r=1 t=(r—1)7+p

(r—1)7+71+p—1 6

11 1
EE Z Z Z E T_l Z Yet+1Uit

r=1 (=1 i€H® t=(r—1)7+p

(T + T+ T+ T+ T+ Ts)

2)-0(2)-0(2)-o(2)-0(%) ()
71 1 71 71 71 T1
1

N N
o(1) (by Assumption 2-9(b) which stipulates that 7—31 LN 0)
1

Y
T3041

which proves the required result.
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Turning our attention to part (d), note that, for any ¢ > 0,

1<(<di€He ¢ ‘el

q 1 (r—1)7+711+p—1
max max - E Your1Uis | =€
r=1 t=(r—1)7+p

2,3
q 1 (r—1)7+71+p—1
= P < max max|— g — E U; > 3
o e ™ Yo,t+1 Ut =

r=1 t=(r—1)7+p
q 1 (r— 1)T+71+p 1
< max max — 0,t+1Uit
- 1<e<d icH® q T1 Y1t
r=1 (7“ )7+p
(by Jensen’s inequality)
6
d q (r—1)7+7114+p—1
1 3
< P E E Yer1Uis | =€
=1 zGHC t=(r—1)7+p
6
q d 1 (r—1)7+7114+p—1
< g— E E p E Yo t+1Uit
173 = icne Y A

The rest of the proof for part (d) then follows in a manner similar to the argument given for
part (c) above.
For part (e), note that, by the Cauchy-Schwarz inequality,

1 q 1 (7‘—1)T+71+p—1 1 (T—l)T+T1+p—1
/
max max |— g — g Vil o141 — E Yo t+1Uit
1<t<dieHe |q “~ \ T, T1
r=1 t=(r—1)7+p t=(r—1)7+p
2 2
1 q 1 (r—1)7+711+p—1 1 q 1 (r—1)7+711+p—1
/
< max max |- E — g Vil e 41 - g — g Yo t+1Uit
1<¢<d i€eH*® q T1 q T1
r=1 t=(r—1)7+p r=1 t=(r—1)7+p
2
1 q 1 (r—=1)7+714+p—1
< max max — — E e
- 1<(<d icH® T1 Tieth
r=1 t=(r—1)7+p
2
1 q 1 (r—1)7+7m1+p—-1
X max max — — g 1U;
1<(<di€H* ¢ T1 o1l
r=1 t=(r—1)7+p

- Op (1)7
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where the convergence in probability to zero in the last line above follows from applying the
results in parts (b) and (d) of this lemma. [J

Lemma OA-T7: Suppose that Assumptions 2-1 and 2-6 hold. Then, the following statements
are true.

(a) There exists a positive constant CT such that

[Ayy |, < Cl¢

max

where ¢, = max {|Anax (A)|, [Amin (A)|} with 0 < ¢, < 1.

(b) There exists a positive constant CT such that

Ay Fll, < CTo

max

where ¢,,,. is as defined in part (a).

max

Proof of Lemma OA-T:
To proceed, recall first that the FAVAR model, i.e.,

Y, = py+AvwY,  +AvpF,  +¢e
E = Hp + AFYthl + AFFEt,1 + Ef,

can be written in the companion form

W, =a+ AW, , + E,

where W, = (W] Wiy -+ W/ ., W/, ) with W= (Y/ F/) and where
1 Ay Ay - Ap—l Ap €t
0 Iyg 0« 0 0 0
a=| 1 |, A= 0 Iyx - 0 |,and E; = | :
0 : R 0
0 0 . 0 Igyrx O 0

with g = ( gy gl )I, er= (¢ & )I, and

Ayye Ayry
Ay = ' ' for{=1,....p.
¢ ( Apye Arre ) o P

Let P(at 1) be the (d+K) p x (d+K) p permutation matrix defined by expression (17) in the
proof of Lemma OA-5; and it is easy to see that A = P4y K)pAP{d +x)p Das the partitioned
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form

Ap Aps
dp ek
i PR 9
- —1)x —1)x
A = ParxypAParx)p = pz?’l ' pr ’
Kxdp  Kxkp
Ag Ayo
K(p—1)xdp K(p—1)xKp

where A1 = Ayy and A5 = Ayp, ie., the first d rows of the matrix A as given by the
submatrix [ Ayy AYF :|
Now, to show part (a), let T € R% such that ||T||, = 1 and such that

!/
|Ayy ||, =T Ayy AyyT = Hrgllax V ALy Ayyv = T A, AN
=1

pX Kp
= \JUA, AT
< \/U,Z/HZHU + 6/2/212215 + UZ;HZ?JU + U'ZQIZMU

- \/US&P(CHK)QDA,P(/d+K)pP(d+K)PAP(/d+K)pSdg

/
and let S; = ( Loy p 0 ) . It follows that

[ Ayy |l

— \/ V'SP at A AP’d (d+K deE (since Pi+K)p is an orthogonal matrix)

< /\In\llaxl v A’ Av <n0t1ng that HP 4+ K) SdUH \/U’S&P(CHK) P/ d+K)deU )

= [|All,
Umax(A)
< C'pax

(by Assumption 2-6)

where ¢, ... = max {|Amax (4)], [Amin (4)|}. Note further that 0 < ¢
sumption 2-1, all eigenvalues of A have modulus less than 1.
To show part (b), let ¥ € R®P such that ||7]|, = 1 and such that

< 1 since, by As-

max

/
U Ay p Ay pt = ||1gﬁaX1 V' Ay pAypv =0 A12A12U
-

Sk :( v >
(d+K)pxKp [Kp
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It follows that
HAYFH2 = E/AS/FAYFE

~—! < ~
= v A12A12U

< \/@//2,122126 + ﬂlzlzzzzﬂ + @“’Z'%Z?)Qij + 5,22122425

= U8, AASKT

v SkP(CHK )pA/P(/d+K)pP(d+K )pAP(,dJrK)pS KU

< <.

E’S}{P(d+ rypA! AP( m K)pS KU (since Pa+r)p is an orthogonal ma,trix)

< max v' A’ Av <noting that }|77(/d+K)pSKﬁH2 = \/ﬁ'S}(P(d+K)p77(’d+K)pSK5 = 1>

[[vlla=1
= Omax (A)
< C%¢,,.. (by Assumption 2-6)

where ¢, = max {|Amax (A)|, |[Amin (A)|}. As noted in the proof for part (a), 0 < ¢, <1
since, by Assumption 2-1, all eigenvalues of A have modulus less than 1. [J

Lemma OA-8: Consider the linear process

&= Ve
=0

Suppose the process satisfies the following assumptions

(i) Let {&:} is an independent sequence of random vectors with E[¢;] = 0 for all ¢. For
some 0 > 0, suppose that there exists a positive constant K such that

Elle]i™ < K < oo for all .
(ii) Suppose that ¢; has p.d.f. g., such that, for some positive constant M < oo,
sup [ oo, (v =) = g2, (0) d= < M [

whenever |u| <& for some constant & > 0.

(iii) Suppose that

o0
D ), < oo
§=0
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and

det {Z \Iljz]} # 0 for all z with |z| <1

J=0

Under these conditions, suppose further that

o0 o0 %«HS
5 (znwjnz) .
=0 \k—j

then, for some positive constant I,

Be (m) < FZ <Z ||\Ijk‘|2>

k=j

where
Be (m) = sng [sup {}P (B|]-"t7_oo) — P(B)‘ :Be f§§+m}] .

with ‘7:2,700 =0 (----757572,515717&) and F&y,,, =0 (€t+m7€t+m+17€t+m+27 )
Remark: This is Theorem 2.1 of Pham and Tran (1985) restated here in our notation. For

a proof, see Pham and Tran (1985).

Lemma OA-9: Let A be an n X n square matrix with (ordered) singular values given by
o) (A) = o) (A) = - = o) (4) 2 0.
Suppose that A is diagonalizable, i.e.,
A= SAS™!

where A is diagonal matrix whose diagonal elements are the eigenvalues of A. Let the
modulus of these eigenvalues be ordered as follows:

A (D] = Ay (A)] =+ = [Aw (A)].
Then, for k € {1,...,n} and for any positive integer j, we have
X (8)7 Ay (A)] < oy (A7) <X (S) Ay (47)]

where
X(8)=o0@ (S)oq (S7).

Proof of Lemma OA-9: Observe first that we can assume, without loss of generality, that
the decomposition
A= SAS™' =8 -diag (A, \a, ..., M) - S7H
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is such that
ANi=Ap(A) fori=1,..,n

with
Ay (A)] = Ay (A)] = -+ = A (4)] .-

This is because suppose we have the alternative representation where
A= S;Kgil = § dmg (XI,XQ, ,Xn> : S;il

and where X, # M) (A) for at least some of the ¢'s. Then, we can always define a permutation
matrix P such that _
PAP =A

so that, given that P is an orthogonal matrix, we have
A= SAS™ = SPP'APP'S™ = SAS™!

where S = SP and, thus, $~! = (§P> = P'SL.
Next, note that, for any positive integer 7,

AT =SAS TP X SAST  x -- - x SASTH = SAISTE

where . o A .
N = diag (M, X, ..., X)) = diag (Agl) (A), Xy (A) ,ees Ny (A))

Moreover, since A (A7) = )\{k) (A) for any k € {1,...,m}, we also have
N = diag (M, X}, ..., M) = diag (\ay (A7), Mgy (A7), .. Ay (A7)

In addition, let Ay (A7) denote the complex conjugate of Ag) (A7) for k € {1,...,m}, and
note that, by deﬁnltlon

o (M) = A @A) (49) = [Agy ()]

Since [Aq (A7)

A)) = [ A (A)}j, the ordering

Ay ()] > A (A)] = - = [Aw) (4)]

implies that

Ay (A7) > [Ae) (A7) = -+ = A (47)]

oy (M) > 0@ (M) > -+ > 0 (V)

and, thus,
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for any positive integer ;.
Now, apply the inequality

(i+e-1) (BO) < o) (B) oy (C)

for i,¢ € {1,...,n} and i + £ < n+ 1; we have

ow (A7) = ou (SAST)
< o (SV) o (S7)
< ow (M) ow (S)ow (577)
o) () oq) (S )!A (A7)

x (S )‘)‘ (A )} for any k € {1,...,n}

Moreover, for any k € {1,...,n},

Aoy (A)] = ow (A7)
= Ok (SilsAjSHlS)
= O (S_lAjS) 4
< o (ST aw (A7) o) (S)
. Ay (A | dw (A7)

X (S) N a(1) (S) o) (S*1> < O (k) (AJ)

Putting these two inequalities together, we have, for any k& € {1,...,n} and for all positive
integer 7,

TAm (A)] S ow (A7) <X () [Aw (4)]. O

Remark: Note that the case where j = 1 in Lemma OA-9 has previously been obtained in
Theorem 1 of Ruhe (1975). Hence, Lemma OA-9 can be viewed as providing an extension
to the first part of that theorem.

Lemma OA-10: Let p be such that |p| < 1. Then,

Z (.] + 1) P = 7 <0
=0 (1 - /0)
Proof of Lemma OA-10: Define

Su(p) =14p+p*+ - +p" =
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Note that

S;z(p) = 1+2p—|—3p2_|_...+npn—l
(n+1)p" 1—prtt
+ 2
L=» (1—=p)
1—pn+1_(n+1)pn(1_p)

(1-p)
(1—p)*
1= (n+1)p" +npt
(1-p)
_1-p—np"(1-p)
(1-p)
It follows that
n—1
1= pt—npt (1 — 1
Sip=Y (Gryp=1=rrl=n 1 e

j=0 (1 - 10) (1 - p)

Lemma OA-11: Let W; = (Y/, /)’ be generated by the factor-augmented VAR process
Wipn=p+ AW+ -+ AW i1 + e

described in section 3 of the main paper. Under Assumptions 2-1, 2-2, and 2-6; {W,} is a
[-mixing process with S-mixing coefficient 3, (m) such that

Bw (m) < Cyexp{—Cym}
for some positive constants C; and C5. Here,
Bw (m) = SltlpE [sup {|P (B|A",) — P(B)|: B € A%,.}]

with Atfoo =0 (, I/Vt_g, VVt_l, VVt) and A?im =0 (Wt+m7 Wt+m+17 I/Vt-|-m+27 )

Proof of Lemma OA-11:
To prove this lemma, we shall verify the conditions of Lemma OA-8 given above for the
vector moving-average representation of W;, i.e.,

Wt = Jd+K (I(d+K)p — A)_l J&+K,U/ —+ Z Jd+KAngIl+K€tfj = U, —+ Z \I’j&“tfj,
7=0

J=0
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where

[, =

Jatrk =

(d+K)x(d+K)p

To proceed, set

Jark (Larryp — A)_l Jorchs U = Juy g AT e,

Ay Ay - A, A
Ijsg O -or e 0
[loox O -+ 0 0],and A= 0 :
0 0 Inx O
&= Ve (26)
j=0

and note first that, setting 6 = 5 in Lemma OA-8, and we see that Assumptions (i) and (ii)
of Lemma OA-8 are the same as the conditions specified in Assumption 2-2 (a)-(c). Next,
note that, since in this case ¥; = Jyy g A7 J) -, we have

H\Ijo2 <

<

IA I

where ¢

max

| Jarxlly ”Asz ||Jc/l+KH2

\/)\max (J(/1+KJd+K) (\/)‘max {(Aj)/ AJ}) \/)‘max (JdJrKJC/H-K)
o Usiac i) (A (49 )
Vo {(40) 47}

e¥)
C [max { })\max (AJ ) , |)\min (AJ ) } }] (by Assumption 2-6)
C [ma’x{’)‘max (A)| ’ |)‘min (A)|}]j

CPhax

= max {|Amax (4A)] ; [Amin (A)|} and where 0 < ¢, < 1 since, by Assumption

2-1, all eigenvalues of A have modulus less than 1. It follows that

DNl CY - bl = T . -
]20 _]ZO max

Moreover, by Assumption 2-1,

det {I(d+K)p — Az —- = Apzp} # 0 for all z such that |z| <1
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and, by definition,
Z\I/jzj =V (2) = (Jasrxyp — A1z — -+ — Apzp)fl for all z such that |z| <1
7=0

so that

U (2) (I(d+K)p — Az —- = Apzp) = I(4+x)p for all z such that |z| <1

In addition, since

det {W (2)} det {Iax)p — A1z — - - — 42"}
= det {\If (Z) (I(d+K)p — Alz — = Apr)}
= det {I(d+K)p}
= 1,
and since
‘det {[(d+K)p — Az — = Apzp}‘ < oo for all z such that |z| <1,

it follows that

det{Z\Iszj} = det{¥(2)}
=0
1
det {I(d—l—K)p — Alz — = Apzp}
# 0 for all z such that |z| < 1.
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Finally, note that, setting § = 5,

5 (z\vm)% _

7=0

(ng\PkHz) |
(oo
(2

=J

M 1M

Il
IR

A
i
o

r

o
D

1=1

< Z la;|” for r < 1)
i=1

(by the inequality

= C% (] +1) <¢r%nax>j

Mg

k)
O

5 -2
= Cf|1- ¢§1ax] (by Lemma OA-10)
< 00 (smce 0< gbmax < 1 given that 0 < ¢, < 1) .

Hence, all conditions of Lemma OA-8 are fulfilled. Applying Lemma OA-8, we then

o7



obtain that there exists a constant C' such that

55 (m)

IA IA
Ql Ql

2 I[M)3

e Y

.M8 \_M8
S =
5 Ll

NGNS

IA
Ql
NE
e
/N
EQ;ICH

%
N—
Bl

j
m [1 _ ¢§lax] —2
— 5 5 1—2 5
= (CCs [1 - gb&ax} exp {— {8 In gbmaxq m} (since 0 < Gy < 1)

Ciexp{—Cym} — 0 as m — oo.

IN

for some positive constants C'; and Cs such that
— 5 5 —2 5
C, > CCs [1 - qﬁ&ax} and Cp < G 0 G|

It follows that the process {,} (as defined in expression (26)) is § mixing with beta coefficient
B¢ (m) satisfying
Be (m) < Crexp{—Com}.

Since

Wiy =p, + Z\Ifjst_j = +&

J=0

and since pu, is a nonrandom parameter, we can then apply part (a) of Lemma OA-2 to
deduce that {IW;} is a 8 mixing process with [ coefficient Sy, (m) satisfying the inequality

By (m) < Crexp{—Cym}. O
Lemma OA-12: Let Y, = (Y Y/, -+ Y/, Y/ ), and

Fo=(F F., - F_,, F_,, )’. Under Assumptions 2-1, 2-2, 2-5, 2-6, and 2-9(b);
the following statements are true as N,T — oo
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1 q 1 (r—=1)7+7m1+p—1
max max 6 Z — Z Vi (EY: — E[EYS]) ayyy =0

1<¢<d icHe
t=(r—1)7+p

1 q 1 (r—1)7+71+p—1
i "(E,F. — E[F,F %0
max max 7 ; p Z Vi (_t_t [—t—t]) QyFe| —

1<6<d i€ He
t=(r—1)7+p

1 q 1 (r—=1)7+7114+p—1

max max |— Z — Z 72 (Et - E [Et]) Hye 50
=1

1<¢<d icH° | q T1
r= t=(r—1)7+p

1 q 1 (r—1)7+71+p—1

max max — — > W{E-EIE) pye+ (EY, - E[EYY) ayye

1<¢<d i€ H° T
q S Y P

r=1

+(EE, — E[EF) ayre})?

1 q 1 (r—=1)t+71+p—1

o raax . i + Yiayye + Fiaypyg =0,(1).
1<t<di€H* q — T1 t_(r_zl)T—HJ Vil [NY,E =t s Lt , ] p( )

1 q 1 (r—1)7+71+p—1
max max |— Z — Z 7/1- (F, — E[E)]) My e
r=1

1<¢<d icHe T
q 1 t=(r—1)7+p

1 (r—1)7+71+4p—-1

+— Y, EX - EEY))ayye+7(BLE - E[EE)) avred
! t=(r—1)7+p
1 (r—1)7+71+p—1
X - Z {’Y;E [F] My, + ’Y;E [Etxg] Qyyy + %E {Etﬂg] QyFye }
1 t=(r—1)7+p
20
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1 1 (r—1)7+71+p—1
max max |— Z — Z ViF, [y + Yioyye + Fioypy]

1<U<d i€eHe |q T1
r=1 t=(r—1)7+p

(r—=1)7+7m14+p—1

1
X | — E Yo t+1Uit
T1

t=(r—1)7+p

(r—1)7+71+p—1

1 < 1 ’ / /
maxmax| S|~ 30 NE [uye+ Yievve + Flave]

r=1 t=(r—1)7+p
(r—=1)7+71+p—1
1 /
X\ = E VilliEr e
T1
t=(r—1)7+p
20

Proof of Lemma OA-12:
To show part (a), note that, for any € > 0,
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IN

IN

IN

IN

IN

(r—1)7+71+p—1

1<(<d i€He | q
t=(r—1)7+p

1 r—1)r4+714+p—1
/ / /
mm (X4 Y X FEYDan
=(r—1)7+p

1 q 1 (r—1)7+71+p—1

! ! !
mxmed |5 (21:) ) Vi(EY, — E[EY]]) ayyy
r= =(r—1)7+p

P

(by Jensen’s inequality)

(r—1)7+711+p—1

1< 1
P - = FY' —E[EY!
g |y X (BX-BEY)an
1 (r—1)7+7114+p—1
— Z (EtX:: - K [Etxg]) Qyyy
=1 q r=1 1 t=(r—1)7+p

(r—1)7+71+p—1

v
M&
| —
MQ

T
/=1 r=1 t=(r—1)7+p

(r—1)7+71+p—1

1
— ) (EYi-E[EY))ayy

T1
t=(r—1)7+p

X

d 1 q 1 (r—1)7+71+p—1 (r—1)74+714+p—1
2
P Eg%%”%HQZ_Zﬁ Z O/YY,K (£Y, —
q 1 t=(r—1)7+p s=(r—1)7+p
X (EY

(r—=1)7+71+p—1 (r=1)7+71+p—1

d 1 4
maxzeHc H%H Z é 3 Ti% > > {ovw

t=(r—1)7+p s=(r—1)t+p

xE[(EY, - E[EY])) (EY, — E[EY.])] ayye}

(by Markov’s inequality)
(r=1)7+114+p—1 (r—1)7+71+p—1

;% 3 S {dhy

t=(r—1)7+p s=(r—1)7+p

max max |— Z — Z Vi (EY, — E[EY}]) ayye| > €

v
———— —/
[\v)

q
1

§ ' il § (F,Y, — E[FY}]) ayye
1

2

> ¢

E[FY}])

— BIEY])ayye > €}

xE[(EY] - E[EY])) (EY, - E[FY.])] avye}

(by Assumption 2-5)
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Next, write

(r=1)7+714+p—1 (r—1)7+71+p—1

Z Z {Oégfy,z

t=(r—1)7+p s=(r—1)7+p

xE[(EY,— E[FY)]) (FY., ~ E[FY'])] ayye})

(r—)1+714p—1

M-
Q| =
‘EMQ
S| -

d q
1 1
=2 (22X = Y i E[EY - BIEY) (BY, - EIEY])] avy
= \1= T t=(r—1)7+p
d 991 (r=1)7+71+p—2 (r—1)7+71+p—t-—1
+ Z o 72 Z Z {O/YY,Z
(=1 q r=1 1 t=(r—1)7+p m=1

xE[(BY, = EIEY)) (EvonYiim = B [EnYiim])] ovve})
(r—=1)7+714+p—1

d q
<Y (Y% Y ah B [EY - BEY (Y] - BEY)] vy
P N Ay
d 9 q 1 (r—)7+714+p—2 (r—1)74+71+p—t—1
+ Z q &= Z Z |y
=1 r=1 1 t=(r—1)r4p m=1
xE[(EY, = EIEY]) (EvpnYiim — B [ErnYiin])] ovve|) (28)

Let €4 be a d x 1 elementary vector whose ¢ component is 1 and all other components are
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0, and note that

IN

IA

IN

IA

IN

<

for some positive constant C >d (C’T)2
of Lemma OA-5 and the fact that 0 < ¢

q 1 (r—)7+71+p—1
S Y B Y- EEYY (EY - EEY)] oy
1

-
t=(r—1)7+p

| =

r=1

r—1)7+71+p—1

d

d q (
> qT% Z Z ¢raAyyE [(EY; — E[EY]) (EY; — E[EY}])] Ayyera
(=1

d

(r—1)7+p

> € AWE Y FIEY)] Ayyerg

1 q (r—=1)7+7m14+p—1
=D
(r—1)7+p
(r—1)7+71+p—1
- ) BN EEY]) Ayyera
t=(r—1)7+p
(r—1)7+71+p—1

q
Y=Y Y BB (A Y)]

r=1 t=(r—1)7+p

d 1 q (r—1)74714+p—1
Z — Z \/E [l \/E (epqAvyY Y Al yen, d) (by CS inequality)
Lr=t t=(r—1)r+p
(r—=1)7+7m1+p—1

d q
ZQLT%Z Z \/E ‘F ” \/E |Y ” \/egdAYYAlyye@,d)z

r=1  t=(r—1)7+p

(r—1)7+71+p—1

d q
1
Y= Y VENEENE L] 1413y (e’

(=1 r=1  t=(r—1)7+p

d CT (r=1)7+7m1+p—1
(T Z S VEEIE 1Y) 6
a7 = t=(r—1)7+p

(by part (a) of Lemma OA-7 and by the fact that ey 4 is an elementary vector)

C_, (L) _ (29)

E [|E, 3]/ E [1Y1l13] 6310s, which exists in light
< 1 given Assumption 2-1.

max

To analyze the second term on the right-hand side of expression (28), note first that by
Lemma OA-11, {(Y/, F})'} is -mixing with 3 mixing coefficient satisfying

Bw (m) < Crexp{—Cym} for some positive constants C; and Cs.

Since aw,, < By (m), it follows that W; = (Y/, F/)’ is a-mixing as well, with o mixing
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coefficient satisfying
awm < Cyexp{—Com}

Moreover, by applying part (b) of Lemma OA-2, we further deduce that Xy, = F,Y A}y €q

is also a-mixing with o mixing coefficient satisfying

Crexp{—Cy(m—p+1)}
C7 exp {—Cym}

axym S
<

for some positive constant C; > Crexp{Cy (p —1)}. Hence, we can apply Lemma OA-3
with p = 3 and r = 3 to obtain

|y B [(EY, — E[EY)) (EpynYsim — B [FronYtim]) ] ovvy|
= |elaAvyE (Y] - EIEY)) (EpnYiim — E[FrinYiim])] Avyend|
Kp

Z elz,dAYYE [(Etzi‘, - E [Etzg])/ eh,er;L,Kp (Et-&-sz,Eer —F [£t+ng+m} )} Agfyeé,d

h=1
Kp

1 3 1
+1) ¥y m (B lehadvy (EY) — EIEYY eno')’

AN
—N
[}
/N

P

h=1

1/3
X (E ‘e/h,Kp (Et+mZ;:+m —F [EterX;er]) Ag/y@,d‘?)) }

where ay ,,, denotes the a mixing coefficient for the process { X1, } and where, by our previous
calculations,

. Cgm

1
g, m < (CF )% exp { } for all m sufficiently large.

It further follows that there exists a positive constant C3 such that
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where the last inequality stems from the fact that Zooio exp{— (Cym/3)} is a convergent
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geometric series given that 0 < exp {— (C2/3)} < 1 for Cy > 0. Next, note that

3
E ey Avy (EY; = B[EY]) en o
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by Loéve’s ¢, inequality and by the CS inequality)
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< Oy
for some positive constant Cy > (1/2) (C*)G P8 BN S+ (1/2) E | E, IS
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+4 (E HXtHg) 2 (C ) Do (B IE 5 ) which exists in light of Lemma OA-5 and the fact that
0 < ¢ < 1 given Assumption 2-1. In a similar way, we can also show that there exists a
positive constant Cs such that
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It then follows from expressions (27), (28), (29), and (30) that
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<
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Next, to show part (b), note that, for any ¢ > 0,

P { max max |- E 1 (T_I)T§+T1+p_l ( (B — E[FE)) aype| >
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(by Jensen’s inequality)
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d 1 q 1 (r—=1)7+711+p—1 2
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- A=
1 (r—1)7+7m1+p—1
x|= Y. EE-EEE)ayr||zé
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P Sy Sy S
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icHe ||')4
< Z DR D avm
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(by Markov’s inequality)
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< Z =D > avme
= 71
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<E[(EE, — E|EF) (EE, - E[EF)) ayre)  (31)

(by Assumption 2-5)
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Note first that

d 1 1 (r—1)7+714p—1 (r—1)7+714+p—1
2lsm X 2. A
=1 r=1 "1 t=(r—1)7+p s=(r—1)t+p
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<E[(EE, = BIEE) (EvpnEiim = B [EvenEin])] avre)
d 11 (r—=1)7+71+p-1
<=5 D dnE(EE-EER)(ELE - EEEF]] oy
/=1 q r=1 1 t=(r—1)7+p
d 9 q 1 (r—=1)t+7114+p—2 (r—1)74+71+p—t—1
5350 SEREL DU S U
=1 q'r:1 1 t=(r—1)7+p m=1

<E [(EL; — BIEE]) (EvmEim = B [Ermiim])] avre (32)

Consider the first term on the majorant side of expression (32), whose order of magnitude
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we can analyze as follows
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g (r—=1)74714+p-1
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-
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t=(r—1)7+p
d 1 q (r—=1)7+7m14+p—1
> 2 AcuAvrE[EEEE] A pesa = ey AvrE [EE] B [EE] Ay pera}
= 1 =

1 t=(r—1)7+p
1 q (r—1)714+714p-1 )
2

=3 > E[IEN (haAveE)’]
am r=1  t=(r—1)7+p

d 1 q (r—1)7+71+p—1

2—2 Z \/E [l \/E (epqAy PE LAY F@gd) (by CS inequality)

L=t t=(r—1)7+p

(r—=1)7+7m1+p—1

q
=Y Y VENREVENER ety pend)’

r=1 t=(r—1)7+p

1 d q (r—)714+714p—1
=S Y VENEREDEN 1Ayl (aera)”
Le=1 r=1 t=(r—1)7+p
d qg (r—-L)7r4+7114+p—1
=20 2. EIEN] éha
1 1 r=1 t=(r—1)7+p
(by part (b) of Lemma OA-7 and by the fact that e, 4 is an elementary vector)

g _0 (%) | (33)

for some positive constant C' > d (CT) [IIE]] ] = ax> Which exists in light of Lemma OA-5

and the fact that 0 < ¢

< 1 given Assumption 2-1.

max

To analyze the second term on the right-hand side of expression (32), note first that by
Lemma OA-11, {F;} is S-mixing with § mixing coefficient satisfying

B (m) < Crexp{—Cym} for some positive constants C; and Cs.

Since ap,, < [ (m), it follows that F; is a-mixing as well, with o mixing coefficient satis-

fying

apm < Crexp {—Com}

Moreover, by applying part (b) of Lemma OA-2, we further deduce that Xo, = F,F} A}y perq
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is also a-mixing with a mixing coefficient satisfying

< Crexp{-Cy(m—p+1)}

< Cyexp{—Cym}

for some positive constant C; > Crexp{Cs(p —1)}. Hence, we can apply Lemma OA-3
with p = 3 and r = 3 to obtain

|O/YF,€E [(F"F:‘ - E [F*F:‘])I (Et+mEi‘+m — K [Et+mE7/t+mD} OéYva‘
= |€/£,dAYFE [(EtE;t - E [Etﬂé])l (Et+mE:f+m - E [Et+mE2+m:| )} A/YFef,d‘

Kp
= > el AvrE [(E.F — EIEE) enxplh iy (EvsmErim — E[EynFin])] Ay reea
h=1
Kp L 1
< S {22+ 1) b (B lcbutvr (B - BIEED ')
h=1

1/3
X (E }e;ﬂfp (Et-&-mE:f—s—m - K [Et—i-mE;—f—m]) A/YFGZ,d‘?') }

where ax, ., denotes the alpha mixing coefficient for the process {Xs:} and where, by our
previous calculations,
o Cgm
X —_—
P13

It further follows that there exists a positive constant C5 such that

I e
m=1 m=1

1

Xy < (CF)

Wl

} for all m sufficiently large,

< (Cp) geXp {—Cém}
-l 9]
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Next, note that
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for some positive constant Cg > (1/2) (C’T)6 o8 EENS+(1/2) E||E,|S+4 (B ||Et||§)3 (C’T)3 ¢
which exists in light of Lemma OA-5 and the fact that 0 < ¢
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(since ||egall, =1 for every £ € {1,...,d} given that e, 4’s are elementary vectors)
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< 1 given Assumption 2-1.
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In a similar way, we can also show that there exists a positive constant C7 such that
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It then follows from expressions (31), (32), (33), and (34) that
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Now, to show part (c), note that, for any € > 0,
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Note that
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Consider the first term on the majorant side of expression (36), whose order of magnitude
we can analyze as follows
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for some positive constant C > ||y ||5 E [IIE t||§], which exists in light of Assumption 2-5
and Lemma OA-5.
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To analyze the second term on the right-hand side of expression (36), note first that by
the same argument as given for part (b) above, we can apply Lemma OA-11 to deduce that
{F;} is f-mixing and, thus, also a-mixing with a mixing coefficient satisfying

apm < Crexp {—Com}

Hence, we can apply Lemma OA-3 with p = 3 and r = 3 to obtain
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constant Cy such that
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It then follows from expressions (35), (36), (37), and (38) that
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Turning our attention to part (d), note that, by apply Loéve’s ¢, inequality, we obtain

1 q 1 (r—1)7+7114+p—1

max max — — Y H{E - EIE]) pye + (BY] - EIEY) ayye

1<t<d icHe T
q r=1 1 t=(r—1)7+p

+(E,Fy — E[F,F}]) ayre})*
1 q 1 (r—=1)74+711+p—1 2
< - — (F, —
=9 112522 Gete q T1 Z Vi (Ey — E[E)]) pye
r=1 t=(r—1)7+p

1 q (r=1)7+7m1+p—1

3 - — “(FY'— E[FY]
+ g%?&%’fq 2\ 7 t:(r21;7-+p v; (Y [FY5]) avye

1 q (r—1)7+7m1+p—-1
+3 max max — — Z vi (B, F, — E[FFy)) ayre

1<¢<d icHe ( T
r=1 t=(r—1)7+p
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It follows from the arguments given in the proofs of parts (a)-(c) above that, for any € > 0,
q (r—1)7+71+p—1 2
1 ]' / !/ !/
P § max max — - Z Vi (EY, — EEY ) ayye | >¢€

1<(<d i€He ¢ T

r=1 t=(r—1)7+p
C 1
- gy
d g (r—1)7r4+714+p—1(r—1)7+7m1+p—1
SL XSk ey EEX (- EEY) o
=1 (—Drtp = Drip

1 q 1 (r—1)7+71+p—1

! ! !
P! m max — —_ (F.F. — F >
1§?§}§i z’e%}f q T1 E : v; (£ [E ) aype | >

r=1 t=(r—1)7+p
_c1
~ g
d q (r=1)7+71+p—1 (r—1)7+71+p-1
> Z Z S &y E[(EE, - E[EE]) (EE.~ EIEF)] ayre
=1 (r—=1)74p s=(r—1)7+p
= o(1)
and
1 q 1 (r—1)7+71+p—1 2
P — — "(F, — E[F >
mampg s | X HEEEDm| >

IN
% Q

X
M&%\H
— N

(r—=1)7+714+p—1 (r—1)7+714p—1

Z > S WBE[E -EIE) (E,-EE)]

r=1  t=(r—1)7+p s=(r—1)t+p

I
-}
—~
—_ o~
- —
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from which we deduce via the Slutsky’s theorem that

1 q 1 (r—)7+7m1+p—1
max max — — Y A{(E - EIE]) e+ (EY - EIEY]) vy,

1<¢<d icHe q T
r=1 t=(r—1)7+p

+(EF, — E[E,F)]) ayre})’
= o0,(1)

as required.
To show part (e), note that

1 q 1 (r—)7+7m1+p—-1

/ ! !
X X — E : L +Y,ayye + Fiayry
1<t<d i€cH® q T Vit [/“LY,Z =t ) ¢ , ]
r=1 t=(r—1)7+p

1 q 1 (r—)7+7m1+p-1
maxma DS (LN (8, - By + (BY] - BV avr

1<¢<d icH° q T
r=1 t=(r—1)7+p

IN

+ (£ Ey — E[EFY)) aype}

1 (r—=1)7+7114+p—1

+— Y AH{EE) pyy+ EEY ] ayye+ E[EF) aype}
1 t=(r—1)7+p
9 q 1 (r—)7+7m1+p-1

IN

moxmax=> (= S A {(E = BIE) iy, + (EY, — BIEY]) ayye

1<¢<d icH° q T
r=1 t=(r—1)7+p

+(E,F, — E[E,F)) ayre})’

9 q 1 (r—1)7+71+p—1

vl ) (7 (21; ) VA EE) pye + EIEY ) ovye + E[E L) oyre}
=(r—1)7+p

r=1
(by Loeve’s ¢, inequality)
= 0 () +0(1)
(applying the results given in part (d) of this lemma and in Lemma A1l of the main paper)
= 0,(1).

To show part (f), we apply the Cauchy-Schwarz inequality as well as part (d) of this
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lemma and Lemma A1l of the main paper to obtain

1 1 (r—1)7+7m1+p—1
maxmax |~y (= DY {V(E — EE]) v+ (EY] - E[EY]]) ayve

1<(<di€H* | q T, it
=(r—1)1+p

+7i (B — E[EF]) aype})

r=1

1 (r=1)7+7m1+p—1
X 7__1 Z {’VZE [Et] My, + ’Y;E [Etzﬂ Qyyye + ’Y;E [EtE;] O‘YF,E}
t=(r—1)7+p

1 q 1 (r—=1)7+714+p—1

- — ((F, - E[F "(FY! - E[FY!
15i%d ie e ¢\ t=(r§f+p (i (& [E4]) prye + i ( [ ) avye

IN

+7i (B Ly — E[EEY]) ayre})

(r—)1+71+p—1

1

<\ = > {NEE) v VB EY ) ayye+viE [EE) ayr}
1 t=(r—1)7+p
(r—1)7+711+p—1
I [1
< | max max - > {(E-EIED pye+7 (EY; — E[EY]) ayye
- q r=1 1 t=(r—1)7+p
1/2
7 (EE, = BIEE)) avre})|
2 1/2
(r—1)7+711+p—1
I [1
x maxmax—% | — ) {NE[E]py,+VE[EY ] ayve + B [EE) oye}
==t q r=1 1 t=(r—1)7+p
= 0,(1)0O(1)
= o0,(1).

For part (g), we apply the Cauchy-Schwarz inequality as well as part (d) of Lemma
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OA-6 and part (e) of this lemma to obtain

1 q 1 (r=1)74+7114+p—1
/ / /
max max |— E — I +Y'ayye+ Flaype
1<t<d icHe | q T Z ViF [y + Yiayye + Fioy pe]
r=1 t=(r—1)7+p

(r—1)7+71+p—1

1
X | — g Yo t4+1Uit

71
t=(r—1)7+p

1 q 1 (r—1)7+711+p—1

< max max — — g 'F +Y« + Fla
= 12y g Vil [:LLY,Z LQyye T Ly YFA
r=1 t=(r—1)7+p

1 (r—1)1+7114p—1

X | — g Yo t+1Uit
T1

t=(r—1)7+p

(r—1)7+71+p—1

11
< max max — — Villy 1y + Yiavye + Eioypy
1<t<d i€He @ r—1 1 t_(r—z].)7'+p l [ | i|

q (r—1)7+7m1+p—1
1 1
X | max max — E — g Yo t41 Uit
1<t<d i€H® ¢ <\ 71 ’
r—=

t=(r—1)7+p
= Op(1)op(1)
op (1)

Finally, for part (h), we apply the Cauchy-Schwarz inequality as well as part (b) of

83



Lemma OA-6 and part (e) of this lemma to obtain

q (7“—1)7+71+p—1
max max |— E E \F, +YOéyyg+FOéYFg
1<(<d icHe® T Tit [MYZ }
7“=1 t=(r—1)7+p
(r=1)7+7m1+p—1
1 ,
X | — E Yilli€e 41
T1

t=(r—1)7+p

1 q 1 (r—1)7+711+p—1

< max max — — g 'F +Y« + Fla
= 12y g Vil [:LLY,Z LQyye T Ly YFA
r=1 t=(r—1)7+p

(r—1)7+71+p—1

!
X | — E Vi1
T1

t=(r—1)7+p

(r—1)7+71+p—1

11
< max max — — Villy 1y + Yiavye + Eioypy
1<t<d i€He @ r—1 1 t_(r—z].)7'+p l [ | i|

q 1 (r—1)7+7m1+p—1
X | max max — E — E "Foep 41
1S(<dicHe ¢ 4= \ Ty VisetClt

t=(r—1)7+p
= 0,(1)o,(1)
0,(1). O

Lemma OA-13: Let a,b € R such that « > 0 and b > 0. Then,
Vi< T

Proof of Lemma OA-13: Note that

(Va-vb) = a—2vavh+b

= va(va-vb)+ Vb (Vh-va)
< Va|va-vi|+ Vo[V - val
= (Va+vh) |[va- Vi

- [+ ()
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Taking principal square root on both sides, we obtain
Wa— x/E‘ <V]a—b. O

Lemma OA-14:

Proof of Lemma OA-14:

A0y - il0e)

= 1-P {U Af} (by DeMorgan’s Law)
i=1
1= P4
i=1

m

= 1-) [P )

= > P(A4)-m+1
=1

= > PA)—(m—-1).0

=1

v

Lemma OA-15:

(a) Fort >0,
T =1-e0) <2,

where ¢ (t) and ® (¢) denote, respectively, the pdf and the cdf of a standard normal
random variable.

(b) Let N = Nj 4+ N,. Specify ¢ such that ¢ — 0 as Ny, Ny — oo and such that, for some

constant a > 0,
1

Y > ~—
Na
for all Ny, N, sufficiently large. Then, for all N, N, sufficiently large such that

(%2
1——2>o(2
2N — 2)
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we have

-1(1_ % ) <
o (1 =) <21+ aVinh.
Proof of Lemma OA-15:

(a)

1- (1) Tl { 1y
— = expis —— pdz
t \/271' P 2
*1 z 22
= - expi —— pdz
/t z+/2m p{ 2}
1/°° z { ZQ}d
- ——exp{ —— pdz
Let
52
u=—— and du = —zdz
so that

/OO o { Z2}d /—00 ! exp{u}d
Xp —— pdz = — xp{u} du
¢ V2T P 2 —2 /27 P

= | \/12_7Texp{u}du
_ ] {_ﬁ}
= mexp 5
= ¢(t)
It follows that
5(t):1—¢(t)§@.
(b) Let t > 0 and set
_ -2
(1) =Pr(Z<t)=1-5=.

It follows that
and, by the result given in part (a) above,

1—@(t):1—(1—%):%§@.
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The latter inequality implies that
t<o(t)—
2
so that

N
Int < In¢(t)+In2+1In <—)
¥
1 1

1 N
= —§t2—§1n2—§lnﬂ+ln2+ln (5)

1 1 1 N
= ——t+-In2—-Int+In{—
2" "2 2 0

< 1152+11 2 +1 N
2 2 %)

< —th +1n2+1n (ﬂ)
2 ®

or

N
t* < 2(In2—1Int)+2In <—)
¥

= 2In (z) +21In (ﬂ)
t ©
N

< 2In (—> for any t = &~ (1—£) > 2
2

so that

N
t <2 ln(—) foranyt:(1>_1<1—i)>2
2

Hence, for Ny, N, sufficiently large so that

1- % > @ (2) or, equivalently, ¢t = &~ (1 _ i) S 9
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we have

<I>—1<1—£> _

< V2 ln(ﬁ>
2
= \/ix/lnN—lngo
1
— V2VInNy/1 — —%

InN

In N—¢
< VoVIn Ny /1 — =

In N

= 2(l+a)VIaN. O

Lemma QA-16: Suppose that Assumptions 2-1, 2-2, 2-3, 2-5, 2-6, and 2-8 hold and suppose
that Ny, Np, T — oo such that Ny /73 = Ny/ |T¢* | — 0. Then, the following statements
are true.

(a)

SM,T —HieT| p
max max | ————| > 0
1<¢<d i€ He Wi T
(b) _
Vier —Tier| p
max max |——————| =0
1<¢<d icHe TioT
where
2
q (r—1)71+7114+p—1 q (r—1)7+711+p—1
Sier = g g ZiYegrandV g = E g ZitYe 141
r=1 t:(r—1)7+p r=1 t:(T—l)T+p

Proof of Lemma QA-16:
To show part (a), note first that by applying parts (a) and (c) of Lemma OA-6, parts
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(a)-(c) of Lemma OA-12, and the Slutsky theorem; we obtain

Siew = Mg
max max | —————
1<(<d icH® qT1
(r—)1+711+p—1

1
= max max |— Z — Z %Et [,uy,g + XQOéYY,e + E;OéYF,e]

1<e<d i€eHe | q t=(rDyrtp

(r—1)7+711+p—1 r—1)r+714+p—1

1 11 (
+ = Z — Z 'Y;Etgﬁ,t+l + a Z 7_—1 Z Yet+1Uit
r=1 r=1

q 1 t=(r—1)7+p t=(r—1)7+p
1 q 1 (r—1)1+7114p—1
~y Z - Z {(ViEE] py, + ViEEY ] avye + VEEF] avee)
r=1 t=(r—1)7+p

(r—1)7+7114+p—1

1<~ 1 ,
max max |— —_— Vi E _ E E
1<(<d icH® q;ﬁ t_(r—21)7+p (£, L)) 1y

IN

1 q 1 (r—=1)7+714+p—1
-+ max max |— Z — Z Vi (FY, — EFY)]) ayye
r=1

1<e<d i€H° |q — T1

t=(r—1)7+p
1 (r=1)7+714p—1
- ) = "(F,F' — E[F,F'
+112?§§?€1%}§ q;Tl t_(rgTﬂ) 71( t=—1 [ t f])OéYF,e

1 q 1 (r—=1)7+714+p—1
+ max max |— Z — Z viEE0 11

1<¢<d icHe T
q r=1 1 t=(r—1)7+p
1 q (r—=1)7+714+p—1
+ max max | — E — E Yet+1Uit
1<¢<di€He |q T
r=1 t=(r—1)7+p

= 0, (1)
Moreover, by Assumption 2-8, there exist a positive constant ¢ such that for all N and T

sufficiently large

) . | MieT
min min |[——
1<t<di€He | qT1

r—1)7+714+p—1

(
NIy
= min min 5 Z . Z ot {E [Ey] by + E (Y] ayyye + B [E, Y] O‘YF,K}
r=1 1

1<¢<dicHe
t=(r—1)7+p

> c¢>0
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It follows that

SieT — i

Sio — i

qT1

Wi o1
qT1

=0, (1).

/ min min
1<i<dicH*

< max max
1<¢<d icH¢°

max max
1<¢<d i€He

Hi e

Now, for part (b), note that, applying parts (d), (f), (g), and (h) of Lemma OA-12, parts
(b), (d), and (e) of Lemma OA-6, and the Slutsky theorem; we have
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Vier — Tier
max max |—2—— b0

1<(<d icHe qr3

q (r—1)7+7114+p—1
max maxl L Z ’Y/‘{(F — E[E]) py, + (Y, — E[EYS]) ayyy
1<t<dieHe ¢ = | 7, o i W\t 2t : :

+(E,F, — E[E,F) ayre})’
9 1 (r—1)7+7114+p—1
+ max max | — Z - Z i {(Et — E[EY]) pye + (LY — E[EY)) avye

1<t<d i€He | q T, Dt
=(r—-171+p

+ (EF — E[EEY]) ayre})
(r=1)7+71+p—1

1
X | = Z VA EE] pye+ EEY ] ayye + E[F . F] aype}

r=1

-
! t=(r—1)7+p
2
1 q 1 (r—=1)7+714+p—1
+ max max — — E VilliEe i
1<t<d icHe ( 1
r=1 t=(r—1)7+p
(r—1)7 71 4p—1 2
q r—1)7+71+p—
1 1
+ max max — — E Yo t4+1Uit
1<(<d icH® T1
r=1 t=(r—1)7+p
1 q 1 (r—1)7+711+p—1 1 (r=1)7+714+p—-1
/
+2 max max |— — E Vil o1 — g Yo t+1Uit
1<U<di€H* | q T1 T1
r=1 t=(r—1)7+p t=(r—1)7+p

(r—1)7+7114+p—1

1 1
2 max max | — — 'F +Ylayys+ Fla
* 1n§1€§}§1?€1H}C( qz T1 t—(r§T+p Tidt ['“Y,Z LYYl T Ly YFJZ]

(r—=1)7+7114+p—1

X\ = E Yet+1Uit
T1

t=(r—1)7+p
1 q 1 (r—=1)7+7m14+p—1
+2 max max 5 Z — Z ViF, |:,Uzy74 + Yiayy, + E;OZYF,Z]

1<¢<d icHe T
t=(r—1)7+p

(r—=1)7+7m14+p—1
1 /
X | — E Vil i€

T1
t=(r—1)7+p
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Moreover, note that, for all N and T sufficiently large,

. . TieT
min min 5
1<t<dicHe qT7

1 q (r—1)7+711+p—1

— minminsS |+ / / / / /
= Enmpg ) t_(212)7+p {MEE] v+ E[EY ) ovye + VB [EE] ayre}

1 q 1 (r—1)7+711+p—1 2

= @igdggggg 1 . t (21:) . VA EE] iy + E[EY ] ayye + E[EFy] ayre}
r= =(r—1)7+p

1 q 1 (r—=1)7+7m14+p—1
. . !/ ! /
> min min | - > = > VH{EE)pyy+ EEY ] avye+ E[EF ayre}
r=1 t=(r—1)7+p
(by Jensen’s inequality)
1 q 1 (r—1)7+711+p—1 2
= uin min p > . > AVHEE)pye+ EIEY ayye + E[EE] oy}
r=1 t=(r—1)7+p
1 q 1 (r—1)7+71+p—1
= | min min | > - > AH{EIE)py,+ E[EY ) ayvye+ E[EF] ayre
r=1 t=(r—1)7+p
> ¢ >0 (by Assumption 2-8).

It follows that

Vier — Tier Vier — Tior . . [ Tier
max max | —————>—| < max max (—-—————|/ min min =) =0,(1). O
1<0<d icHe TioT 1<0<d icHe qr? 1<t<dicHe \ qr3
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