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QUESTION 1

(a) Let R denote adjusted R?, and note that

—2 n—1 RSS
R _1_<n—k—1) TSS’

where k here denotes the number of regressors not counting the one associated with the

intercept. Moreover, the unadjusted R? is given by the formula

RSS
R2:1—T—SS:>RSS:TSSX (1—R2)
which implies that

RSS =T8S x (1 - R?) =552.36 x (1 —0.7911) ~ 115.39

2 1_ n—1 RSS
n—k—1)TSS

o 20— 1 115.39
N 20—-2—-1 552.36

~ 0.7665

Hence,

=
I

RSS 115.39
SER = \/n—k—l _\/20_2_1 ~ 2.6053,

RMSE = \/RSS = \/115'39 ~ 2.4020
n 20




QUESTION 2

(a) The estimated slope of
fp =38
means that an increase in temperature of one degree Fahrenheit leads to an additional 8
sodas being sold. Interpreted literally, the estimated intercept

By = —240

means that when the temperature is 0°F, the number of sodas sold is —240. While the
estimated slope makes sense, the estimated intercept does not, since soda sales cannot be
negative. This somewhat absurd result is probably due to the fact that we unwittingly
extrapolated the estimated linear relationship beyond the range of our sample.

(b)
Sodas = —240 + 8 x 80 = 400.

(c) Note that
Sodas = =240+ 8 x Temp = 0 = Temp = 30°F

Hence, when temperature is 30°F' or below, the sales drop to zero.

QUESTION 3

(a) Note that, in this case,

{person i is left-handed} = {LH; =1}
{person i is right-handed} = {LH,; =0}

Hence,

E [T'S;|person i is right-handed]
= FE[TS;,|LH; =0
= E|[B|LH; = 0]+ E[8,LH;|LH; = 0] + E [w;|LH; = 0]
= B¢+ 6,FE[LH;|LH; = 0]+ E [u;|LH; = 0]
= Bo+BE[LH;|LH; =0]+0
(by assumption )
= Bo



where the fourth equality above follows from the assumption that E [u;|LH;] = 0 with
probability one. In addition,

E [T'S;|person i is left-handed]
= FEI[TS;|LH; =1]
= E[B|LH; = 1]+ E[p,LH;|LH; = 1] + E'[w;|LH; = 1]
= Bo+ [ E[LH)|LH; = 1]+ E [u;|LH; = 1]
= Bo+0E[LH;|LH; =1]+0
= Bo+ b

where the fourth equality above again follows from the assumption that E [u;|LH;] = 0
with probability one. Let

T = E [T'S;|person i is right-handed] — E [T'S;|person ¢ is left-handed] ,
and it follows that in this case
T =Py —Bo—P1=—F
Hence, to obtain an unbiased estimator of 7, we estimate [3; by OLS to obtain the estimator

_ > (LH:—TH)(TS;~T9)

61 = n — . 2
Zizl (LH; — TH)
where
1<
LH=— ; LH,,
and set R
7= -3

Since @1 is an unbiased estimator of 3; under the standard assumptions, i.e.,
E [B\l} = b1,
it follows that R
E[f]=-E B =8 =,
so that 7 is an unbiased estimator of 7.
(b) Note that, in this case,

{person i is left-handed} = {LH; =1}N{RH; =0}
{person i is right-handed} = {LH;=0}N{RH; =1}



Hence,

E [T'S;|person i is right-handed]
— B[TS)|LH, =0,RH; = 1]
— BB, LH,|LH; =0, RH, = 1] + E |3,RH,|LH; = 0, RH, = 1] + E [w;|LH; = 0, RH, = 1]
— B,E|LH|LH; =0, RH, = 1] + 8,E [RH,|LH; = 0, RH, = 1] + E [w;|LH; = 0, RH, = 1]
— ByE[LH]|LH; = 0, RH; = 1] + 8,E [RH;|LH; = 0, RH; = 1] + 0
= 043,40
= By

where the fourth equality above follows from the assumption that E [u;|LH;, RH;] = 0 with
probability one. In addition,

E [T'S;|person i is left-handed|
= E[TS|LH; =1,RH, =0
— E[B,LH|LH; = 1,RH; = 0] + E [3,RH;|LH; = 1, RH; = 0] + E [w;|LH; = 1, RH; = 0]
— B,E|LH|LH; =1, RH; = 0] + 8,E [RH,|LH, = 1, RH, = 0] + E [w;|LH, = 1, RH, = 0]
— B,E[LH]|LH; =1, RH; = 0] + 8,E [RH;|LH; = 1, RH; = 0] + 0
= [B,+0+0
= by

where the fourth equality above again follows from the assumption that £ [u;|LH;, RH;] = 0
with probability one. It follows that in this case

T=0—05

Hence, to obtain an unbiased estimator of 7, we estimate 3, and /3, by OLS to obtain the
estimators 3, and 3,. Our estimator of 7 is then

T = Bz - Bl-
Since both Bl and /32 are unbiased estimators under the standard assumptions, i.e.,
E [/31] =, and E [gz] = By,

it follows that R =%
E[7] :E[BJ _E[61] =0y, =01 =1,

so that T is an unbiased estimator of 7.



QUESTION 4

(a) Note that

~ Yo— 1
B =
Xo— X4
Bo+ 51 Xo+ug — By — 51 X1 —wy

Xo— X4
6 X1 U2 — U7
1X2 X, X-X
. U2 — U1
- 61 X2 Xl

Note that since X; is a continuous random variable Xy — X; = 0 with probability zero.
Taking expectation, we get

B - [ﬁlHE{ﬁ]
I T

(by law of iterated expectations)

= 4| (o ) 1Bl - B (x|
(since (}(1, uy) is independent of (X, us))

= [, +0
(by Assumption A1)

= 5

Hence, 3, is an unbiased estimator of [3;.

(b) To begin, note that by the same argument as above, we have

~ 1
FE [ﬁl‘Xl, ,Xn:| = 51 + <m) E (UQ — ul‘Xl,X2> = ﬁl



Hence,

Var

—

B, 1X, Xn)

— E (El—E[Bl\xl,..,Xn])z\xl,..,xn}
r ~ 2
_ E_(ﬁl—m) \Xl,..,Xn}

2
U2 — Uy
- B|(Z2—F) IX1,.. X,
(Xz—Xl) X

1
= WE [(U§_2u1u2+ui) ‘X17"7Xn]
2 — X1
1
— X)) (B [u3| X3 — 2F [y X1] [ua| Xo] + E [u3]| X1])
2 — X1
(by Assumptions Al and A2)
I
(X2 — X3)?

(by Assumptions A3 and A5)

On the other hand, the conditional variance for the OLS estimator is given by

Var (BI|X1,..,Xn>

2

Ou

S (K -X)Y

where

_ 1 &

Note that Bl is a linear, unbiased estimator. Hence, by the Gauss-Markov theorem, we

would expect that
Var <51|X1, Xn) < Var (El\Xl, Xn)

In fact, intuitively, we would expect the OLS estimator Bl to be strictly more efficient since

it uses more data (and, thus, more information) than ;.

Below, we will show explicitly that

Var (Bl|X1, Xn> < Var (El\Xl, Xn>

and that the inequality is strict, provided that some additional assumption (to be specified

below) is satisfied. We make use of the following result.
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Claim: Let a and b be real numbers; then
a®> v
bl < — + —. 0.1
abl < &+ 2 01)

Proof:
Consider two cases. First, suppose that ab < 0. In this case, note that
(a+b)?=a+2ab+b*>0
from which it follows that
a® +b* > —2ab=2ab| >0 (0.2)
Next, consider the case where ab > 0. In this case, note that
(a—b)?=a*—2ab+b* >0
from which it follows that
a? +b* > 2ab = 2 |ab| > 0. (0.3)
The desired result then follows immediately from (0.2) and (0.3).
We can apply the inequality (0.1) to show that

Var (Bl‘Xla aXn> < Var (El‘Xl, ,Xn> .

To proceed, take o o
a=Xo—X,and b= X; — X,

It follows that

(X; — X;)*
= (%X [X -X)’
- (X-X) -2(X-X,) (X - X,) + (X = X,)°
< (K= X)) 2] (X0 = X) (Xa = X))+ (X0 - X))
< 2(X - X)) +2(X —-X,)"

(by applying inequality (0.1))
It further follow that

Var <§1|X1, Xn)

o
Zi:l (Xi = Xa)
202
= — \2 — 2
2{(){2 - X))+ (X1 - X)) }
202
T (X - X))

= Var <BI|X1, ..,Xn) .
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Moreover, note that the first inequality above will be strict, so that we will have

Var (El\Xl, Xn) < Var <51|X1, Xn)

as long as

for at least one 7 > 3.

QUESTION 5

(a)

Note that the R? value for the second regression is bigger than that of the first regression.
However, this fact alone does not imply that Educ is a significant explanatory variable for
RelPersInc, since we know that by adding more regressors, the unadjusted R? value may
increase in finite sample even if the true coefficients on the extra regressors happened to
be zero.

Under homoskedasticity and normally distributed errors, we can make use of the following
simplified expression for the F-statistic

F (Rinrestricted — R?‘estricted) /q
(1 - Rin?‘estricted) / (7’L - kunrestricted - 1)
(0.775 — 0.621) /1
(1-0.775)/ (94— 3 - 1)
= 61.6

Under the null hypothesis Hy : 83 = 0,
F ~ Figo

i.e., it has a F-distribution with 1 and 90 degrees of freedom. At the 5% significance level,
the critical value is 3.95. Since
F =616 > 3.95,

we reject Hy : B3 = 0.

As long as homoskedasticity holds, the F-statistic will still have the form

F = (Rznrestricted — R?estricted) /q .
(1 o Rinrestricted) / (n - kunrestricted - 1)

However, if the errors are not necessarily normally distributed, then we need to use a large
sample approximation. In this case, under Hy : 53 =0

FRxi/l=xi
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At the 5% significance level, the critical value is 3.84. Since
F =616> 3.84,

we still reject Hp : B3 = 0, so we reach the same decision as in part (b). Note that the
critical values for parts (b) and (c) are not terribly different since we do have a pretty
large sample; hence, it is perhaps not all that surprising that we end up reaching the same
decision in both cases.



