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1These notes are for instructional purposes only and are not to be distributed outside
of the classroom.
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VAR

Consider the pth- order vector autoregression (or VAR (p) process)

Yt
m×1

= µ
m×1

+ A1
m×m

Yt−1
m×1

+ · · ·+ Ap
m×m

Yt−p
m×1

+ εt
m×1

where
{εt} ≡ i .i .d . (0,Σε) with Σε > 0.

Remark: Vector autoregression (VAR) is one of the workhorse models
in emprical analysis of multiple time series. Empirical studies in
economics rarely consider the VARMA (Vector Autoregression and
Moving Average) model. Instead, people implicitly assume that a
VAR of high enough order acts as a suffi cient filter to transform the
data into an i .i .d . sequence, or, more generally, a martingale
difference sequence.
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VAR

Companion Form: The idea here is to try to give a more convenient
representation for higher-order vector autoregression. Define

Ỹt
mp×1

=


Yt
Yt−1
...

Yt−p+1

 , µ̃
mp×1

=


µ
0
...
0



A
mp×mp

=


A1 A2 · · · Ap−1 Ap
Im 0 · · · 0 0

0 Im
. . .

... 0
...

. . . . . . 0
...

0 · · · 0 Im 0

 , ε̃t
mp×1

=


εt
0
...
0
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VAR

Companion Form (con’t): Using these notations, it is clear that we
can write

Ỹt =


Yt
Yt−1
...

Yt−p+1



=


µ+ A1Yt−1 + · · ·+ ApYt−p

Yt−1
...

Yt−p+1

+


εt
0
...
0
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VAR

Companion Form (con’t): or

Ỹt =


Yt
Yt−1
...

Yt−p+1



=


µ
0
...
0

+

A1 A2 · · · Ap−1 Ap
Im 0 · · · 0 0

0 Im
. . .

... 0
...

. . . . . . 0
...

0 · · · 0 Im 0



Yt−1
Yt−2
...

Yt−p



+


εt
0
...
0
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VAR

Companion Form (con’t): It follows that we can represent a
VAR (p) process in a more convenient VAR (1) form, i.e.,

Ỹt = µ̃+ AỸt−1 + ε̃t .

For the companion form, we assume the following condition.
Stability Condition: Assume that all the eigenvalues are distinct and
have modulus less than 1, or, equivalently,

det (Imp − Az) = 0 =⇒ |z | > 1.

Remark: Note that the assumption that all the eigenvalues are
distinct, or have algebraic multiplicity equaling 1, is stronger than
necessary but is made for convenience.
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VAR

Further Remarks:

(i) Note that

0 = det (Imp − Az) = zmp det
(
z−1Imp − A

)
= zmp det (λImp − A)

by setting λ = z−1. Since z = 0 is clearly not a solution of the
determinantal equation

det (Imp − Az) = 0,

it follows that the assumption

det (Imp − Az) = 0 =⇒ |z | > 1.

is equivalent to the assumption that

det (λImp − A) = 0 =⇒ |λ| =
∣∣∣∣1z
∣∣∣∣ = 1
|z | < 1.
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VAR

(ii) Note that in empirical applications A1,A2, ...,Ap are typically
matrices whose elements are assumed to be real-valued, so that

A
mp×mp

=


A1 A2 · · · Ap−1 Ap
Im 0 · · · 0 0

0 Im
. . .

... 0
...

. . . . . . 0
...

0 · · · 0 Im 0


is a matrix, whose elements are real-valued. Moreover, A is a square
matrix but it is not symmetric. A suffi cient condition for this type of
matrix to be diagonalizable is if all its eigenvalues are distinct, which
is what we assume here.
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VAR

Further Remarks (con’t):

(ii) In this case, we would have

A = TΛT−1

where

Λ =


λ1 0 · · · 0

0 λ2
. . .

...
...

. . . . . . 0
0 · · · 0 λmp


is an diagonal matrix whose diagonal elements are the eigenvalues of
A and T is a nonsingular matrix whose columns are the eigenvectors
of A.

(Econ 624) March 11, 2021 9 / 70



First-Order Autoregressive Proocess (or AR(1) Process)

Further Remarks (con’t):

(ii) It further follows that in this case

A2 = TΛT−1TΛT−1 = TΛ2T−1

A3 = TΛT−1TΛT−1TΛT−1 = TΛ2T−1TΛT−1 = TΛ3T−1
...

Aj = TΛjT−1.
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VAR

Further Remarks (con’t):

(iii) Since |λk | < 1 for every k ∈ {1, ...,mp}, this suggests that we can
invert the matrix lag operator Imp − AL to obtain the vector moving
average (VMA) representation

Ỹt = (Imp − AL)−1 (µ̃+ ε̃t )

= (Imp − AL)−1 µ̃+
∞

∑
j=0
Aj ε̃t−j .

Note that the matrix Imp − A is nonsingular since, by assumption,
z = 1 is not a root of the determinantal equation det (Imp − Az) = 0.
Hence,

det (Imp − A) 6= 0
and, thus, Imp − A is nonsingular.

(iv) The next thing we want to show is that
det (Imp − Az) = det (Im − A1z − · · · − Apzp).
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VAR

Further Remarks (con’t):

(iv) To see this, first write

det (Imp − Az)

= det





Im 0 · · · 0 0

0 Im
. . . 0

...
. . . . . . . . .

...

0
. . . Im 0

0 0 · · · 0 Im



−


A1z A2z · · · Ap−1z Apz
Imz 0 · · · 0 0

0 Imz
. . .

...
...

...
. . . . . . 0

...
0 · · · 0 Imz 0




(Econ 624) March 11, 2021 12 / 70



VAR

Further Remarks (con’t):

(iv) so that

det (Imp − Az)

= det




Im − A1z −A2z · · · −Ap−1z −Apz
−Imz Im 0 · · · 0

0 −Imz
. . . . . .

...
...

. . . . . . Im 0
0 · · · 0 −Imz Im




= det

{
B11 (z) B12 (z)
B21 (z) B22 (z)

}
where B11 (z)

m×m
= Im − A1z ,

B12 (z)
m×m(p−1)

=
(
−A2z · · · −Ap−1z −Apz

)
,
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VAR

Further Remarks (con’t):

(iv)

B21 (z)
m(p−1)×m

=


−Imz
0
...
0

 ,
and

B22 (z)
m(p−1)×m(p−1)

=


Im 0 · · · 0

−Imz
. . . . . .

...
. . . . . . Im 0
· · · 0 −Imz Im
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VAR

Further Remarks (con’t):

(iv) Next, note that

det
(
B11 (z) B12 (z)
B21 (z) B22 (z)

)
= det (B22 (z)) det

{
B11 (z)− B12 (z)B22 (z)−1 B21 (z)

}
Now,

det (B22 (z)) = det




Im 0 · · · 0

−Imz
. . . . . .

...
. . . . . . Im 0
· · · 0 −Imz Im


 = 1

since B22 (z) is a block lower triangular matrix, so its determinant is
just the product of the determinants of the diagonal blocks.

(Econ 624) March 11, 2021 15 / 70



VAR

Further Remarks (con’t):

(iv) To calculate det
{
B11 (z)− B12 (z)B22 (z)−1 B21 (z)

}
, we first note

that

B22 (z)
−1 =


Im 0 · · · 0

Imz
. . . . . .

...
...

. . . Im 0
Imz (p−2) · · · Imz Im


To show this, we shall give a simple argument using mathematical
induction. To proceed, first consider the case p = 2. In this case,

B22 (z) =
(

Im 0
−Imz Im

)
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VAR

Further Remarks (con’t):

(iv) Applying the formula for the inverse of block lower triangular
matrices, i.e., (

A 0
C D

)−1
=

(
A−1 0

−D−1CA−1 D−1

)
we have (

Im 0
−Imz Im

)−1
=

(
Im 0

−Im (−Imz) Im Im

)
=

(
Im 0
Imz Im

)
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VAR

Further Remarks (con’t):

(iv) Now, suppose that this holds for an mq ×mq matrix B (q)22 (z), i.e.,

B (q)22 (z)
−1

mq×mq
=


Im 0 · · · 0

−Imz
. . . . . .

...
. . . . . . Im 0
· · · 0 −Imz Im


−1

=


Im 0 · · · 0

Imz
. . . . . .

...
...

. . . Im 0
Imz (q−1) · · · Imz Im
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VAR

Further Remarks (con’t):

(iv) Then, an m (q + 1)×m (q + 1) matrix B (q+1)22 (z) would have the
have the following partitioned form

B (q+1)22 (z) =

(
B (q)22 (z) 0
C D

)
where D = Im and

C
m×mq

=
[

0
m×m(q−1)

−Imz
m×m

]
.

so that, upon applying the formula for the inverse of block lower
triangular matrices given previously, we get

B (q+1)22 (z)−1 =

(
B (q)22 (z)

−1 0

−D−1CB (q)22 (z)
−1 D−1

)
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VAR

Further Remarks (con’t):

(iv) Now,

−D−1CB (q)22 (z)
−1 = −Im

[
0

m×m
· · · 0

m×m
−Imz
m×m

]

×


Im 0 · · · 0

Imz
. . . . . . 0

...
. . . Im 0

Imz (q−1) · · · Imz Im


= −Im

[
−Imzq
m×m

· · · −Imz2
m×m

−Imz
m×m

]
=

[
Imzq
m×m

· · · Imz2
m×m

Imz
m×m

]
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VAR

Further Remarks (con’t):

(iv) so that

B (q+1)22 (z)−1 =

(
B (q)22 (z)

−1 0

−D−1CB (q)22 (z)
−1 D−1

)

=


Im 0 · · · 0 0

Imz
. . . . . .

...
...

...
. . . Im 0

...
Imz (q−1) · · · Imz Im 0
Imzq · · · Imz2 Imz Im
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VAR

Further Remarks (con’t):

(iv) Making use of this formula for the inverse of B22 (z), we get

B11 (z)− B12 (z)B22 (z)−1 B21 (z)
= Im − A1z
−
{(
−A2z · · · −Ap−1z −Apz

)

×


Im 0 · · · 0

Imz
. . . . . .

...
...

. . . Im 0
Imz (p−2) · · · Imz Im



−Imz
0
...
0
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VAR

Further Remarks (con’t):

(iv) By straightforward multiplication, we then obtain

B11 (z)− B12 (z)B22 (z)−1 B21 (z)

= Im − A1z −
(
−A2z · · · −Ap−1z −Apz

)


−Imz
−Imz2
...

−Imz (p−1)


= Im − A1z − A2z2 − · · · − Ap−1z (p−1) − Apzp
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VAR

Further Remarks (con’t):

(iv) from which it follows that

det (Imp − Az) = det (B22 (z))

× det
{
B11 (z)− B12 (z)B22 (z)−1 B21 (z)

}
= det

{
B11 (z)− B12 (z)B22 (z)−1 B21 (z)

}
= det (Im − A1z − · · · − Apzp)

Hence, the stability condition can be equivalently stated as

det (Im − A1z − · · · − Apzp) = 0 =⇒ |z | > 1.
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VAR

Further Remarks (con’t):

(v) To recover the vector moving average (VMA) representation for Yt ,
we define

J
m×mp

=
(
Im 0 · · · 0

)
and note that

JỸt =
(
Im 0 · · · 0

)


Yt
Yt−1
...

Yt−p+1

 = Yt
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VAR

Further Remarks (con’t):

(v) In addition, note that

J ′J ε̃t−j =


Im
0
...
0

( Im 0 · · · 0
)


εt−j
0
...
0



=


Im 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0




εt−j
0
...
0



=


εt−j
0
...
0

 = ε̃t−j .
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VAR

Further Remarks (con’t):

(v) Moreover,

J ε̃t−j =
(
Im 0 · · · 0

)


εt−j
0
...
0

 = εt−j .

It follows that

∞

∑
j=0
JAj ε̃t−j =

∞

∑
j=0
JAjJ ′J ε̃t−j

=
∞

∑
j=0
JAjJ ′εt−j .
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VAR

Further Remarks (con’t):

(v) Hence,

Yt = JỸt

= J (Imp − A)−1 µ̃+
∞

∑
j=0
JAj ε̃t−j

= J (Imp − A)−1 µ̃+
∞

∑
j=0
JAjJ ′εt−j

= δ+
∞

∑
j=0

Ψj εt−j ,

where δ = J (Imp − A)−1 µ̃ and Ψj = JAjJ ′ and where the matrix
Imp − A is nonsingular because by assumption
det (Imp − Az) = 0 =⇒ |z | > 1 so that z = 1 is not a root and, thus,
det (Imp − A) 6= 0.
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VAR

Further Remarks (con’t):

(v) Next, note that, since

J ′J µ̃ =


Im
0
...
0

( Im 0 · · · 0
)


µ
0
...
0



=


Im 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0




µ
0
...
0



=


µ
0
...
0

 = µ̃,
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VAR

Further Remarks (con’t):

(v) Moreover,

J µ̃ =
(
Im 0 · · · 0

)


µ
0
...
0

 = µ,

so that we have

J (Imp − A)−1 µ̃ = J (Imp − A)−1 J ′J µ̃

= J (Imp − A)−1 J ′µ.
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VAR

Further Remarks (con’t):

(v) Next, note that since J =
(
Im 0 · · · 0

)
, J (Imp − A)−1 J ′ gives

the m×m submatrix in the upper left-hand corner of the matrix
(Imp − A)−1. Write Imp − A in partitioned form as

Im − A1 −A2 · · · −Ap−1 −Ap
−Im Im 0 · · · 0

0 −Im
. . . . . .

...
...

. . . . . . Im 0
0 · · · 0 −Im Im

 =

(
B C
D E

)
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VAR

Further Remarks (con’t):

(v) where B = Im − A1, C =
(
−A2 · · · −Ap−1 −Ap

)
,

D =


−Im
0
...
0

 , and

E =


Im 0 · · · 0

−Im
. . . . . .

...
. . . . . . Im 0
· · · 0 −Im Im

 .
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VAR

Further Remarks (con’t):

(v) Note that a general mp ×mp matrix written in partitioned form B
m×m

C
m×m(p−1)

D
m(p−1)×m

E
m(p−1)×m(p−1)


has inverse given by(

F−1 −F−1CE−1
−E−1DF−1 E−1 + E−1DF−1CE−1

)
where

F = B − CE−1D
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VAR

Further Remarks (con’t):

(v) Previously, we have shown that
Im 0 · · · 0

−Imz
. . . . . .

...
. . . . . . Im 0
· · · 0 −Imz Im


−1

=


Im 0 · · · 0

Imz
. . . . . .

...
...

. . . Im 0
Imz (p−2) · · · Imz Im


Setting z = 1, we, thus, deduce that

E−1 =


Im 0 · · · 0

−Im
. . . . . .

...
. . . . . . Im 0
· · · 0 −Im Im


−1

=


Im 0 · · · 0

Im
. . . . . .

...
...

. . . Im 0
Im · · · Im Im
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VAR

Further Remarks (con’t):

(v) Applying the above formula, we see that

J (Imp − A)−1 J ′

= F−1 =
(
B − CE−1D

)−1
=

[
(Im − A1)−

{(
−A2 · · · −Ap−1 −Ap

)

×


Im 0 · · · 0

Im Im
. . .

...
...

. . . . . . 0
Im · · · Im Im



−Im
0
...
0





−1
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VAR

Further Remarks (con’t):

(v) Straightforward multiplication then shows that

J (Imp − A)−1 J ′

= F−1 =
(
B − CE−1D

)−1
=

(Im − A1)− ( −A2 · · · −Ap−1 −Ap )

−Im
−Im
...
−Im



−1

= (Im − A1 − A2 − · · · − Ap−1 − Ap)−1
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VAR

Further Remarks (con’t):

(v) Hence,

δ = J (Imp − A)−1 µ̃

= J (Imp − A)−1 J ′J µ̃

= J (Imp − A)−1 J ′µ
= (Im − A1 − A2 − · · · − Ap−1 − Ap)−1 µ

Note again that Im − A1 − A2 − · · · − Ap−1 − Ap is nonsingular
because we assume that z = 1 is not a root of the determinantal
equation

det (Im − A1z − · · · − Apzp) = 0
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Estimation of VAR

To proceed, note first tht given a VAR (p) process with an intercept

Yt = µ+ A1Yt−1 + · · ·+ ApYt−p + εt ,

we can transform it as follows

Yt − δ

= µ− δ+ A1Yt−1 + · · ·+ ApYt−p + εt

= µ− (Im − A1 − · · · − Ap)−1 µ+ (A1 + · · ·+ Ap) δ

− (A1 + · · ·+ Ap) δ+ A1Yt−1 + · · ·+ ApYt−p + εt

= µ− (Im − A1 − · · · − Ap)−1 µ+ (A1 + · · ·+ Ap) δ

+A1 (Yt−1 − δ) + · · ·+ Ap (Yt−p − δ) + εt
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Estimation of VAR

= µ− (Im − A1 − · · · − Ap)−1 µ

+ (A1 + · · ·+ Ap) (Im − A1 − · · · − Ap)−1 µ

+A1 (Yt−1 − δ) + · · ·+ Ap (Yt−p − δ) + εt

= (Im − A1 − · · · − Ap) (Im − A1 − · · · − Ap)−1 µ

− (Im − A1 − · · · − Ap)−1 µ

+ (A1 + · · ·+ Ap) (Im − A1 − · · · − Ap)−1 µ

+A1 (Yt−1 − δ) + · · ·+ Ap (Yt−p − δ) + εt

= (Im − A1 − · · · − Ap)−1 µ− (Im − A1 − · · · − Ap)−1 µ

− (A1 + · · ·+ Ap) (Im − A1 − · · · − Ap)−1 µ

+ (A1 + · · ·+ Ap) (Im − A1 − · · · − Ap)−1 µ

+A1 (Yt−1 − δ) + · · ·+ Ap (Yt−p − δ) + εt

= A1 (Yt−1 − δ) + · · ·+ Ap (Yt−p − δ) + εt
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Estimation of VAR

Define Y t = Yt − δ and we can rewrite this VAR (p) process in the
alternative form

Y t = A1Y t−1 + · · ·+ ApY t−p + εt

Hence, to simplify notation, we shall in our subsequent discussion
assume that δ = 0, so that Y t = Yt .
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Estimation of VAR

Next, we transpose the VAR equation to obtain

Y ′t = Y ′t−1A
′
1 + · · ·+ Y ′t−pA′p + ε′t

=
(
Y ′t−1 Y ′t−2 · · · Y ′t−p

)

A′1
A′2
...
A′p

+ ε′t

= X ′tB + ε′t

where X ′t
1×mp

=
(
Y ′t−1 Y ′t−2 · · · Y ′t−p

)
and

B
mp×m

=


A′1
A′2
...
A′p
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Estimation of VAR

Define

Y
T×m

=


Y ′1
Y ′2
...
Y ′T

 , X
T×mp

=


X ′1
X ′2
...
X ′T

 , and E
T×m

=


ε′1
ε′2
...

ε′p


and we can write the model more succinctly as

Y = XB + E

Moreover, by vectorizing both sides of the equation above using the
identity

vec (ABC ) =
(
C ′ ⊗ A

)
vec (B) ,
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VAR

we have

y = vec (Y )

= (Im ⊗ X ) vec (B) + vec (E )
= (Im ⊗ X ) β+ ξ,

where

vec (Y )
mT×1

=


Y1·
Y2·
...
Ym·

 , β
m2p×1

= vec (B) , and ξ
mT×1

=


ε1·
ε2·
...

εm·


and where

Yi ·
T×1

=


Yi1
Yi2
...
YiT

 and εi ·
T×1

=


εi1
εi2
...

εiT

 for i = 1, ...,m.

(Econ 624) March 11, 2021 43 / 70



VAR

Question: To estimate β in the regression y = (Im ⊗ X ) β+ ξ,
should we use generalized least squares (GLS) or ordinary least squares
(OLS)? To answer this question, observe first that, by assumption,

E (ξ) =


E [ε1·]
E [ε2·]
...

E [εm·]

 = 0

In addition,

VC (ξ) = E
[
ξξ ′
]

=


E [ε1·ε′1·] E [ε1·ε′2·] · · · E [ε1·ε′m·]
E [ε2·ε′1·] E [ε2·ε′2·] · · · E [ε2·ε′m·]

...
...

. . .
...

E [εm·ε′1·] E [εm·ε′2·] · · · E [εm·ε′m·]
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VAR

Now, let σij = E [εi1εj1] denote the (i , j)
th element of Σε. For

i , j = 1, ...,m; we have

E
[
εi ·ε
′
j ·
]
= E




εi1
εi2
...

εiT

( εj1 εj2 · · · εjT
)


=


E [εi1εj1] E [εi1εj2] · · · E [εi1εjT ]
E [εi2εj1] E [εi2εj2] · · · E [εi2εjT ]

...
...

. . .
...

E [εiT εj1] E [εiT εj2] · · · E [εiT εjT ]



=


σij 0 · · · 0

0 σij
. . .

...
...

. . . . . . 0
0 · · · 0 σij

 = σij IT .
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VAR

It follows that

VC (ξ) = E
[
ξξ ′
]

=


σ11IT σ12IT · · · σ1m IT
σ21IT σ22IT · · · σ2m IT
...

...
. . .

...
σm1IT σm2IT · · · σmm IT


= (Σε ⊗ IT )

Note that, by the fact that the error covariance matrix Σε is
symmetric, we have that σij = σji for all i 6= j .
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VAR

Next, assume initially that Σε is known. In this case the formula for
the GLS estimator of β in the regression vec (Y ) = (Im ⊗ X ) β+ ξ is
given by

β̂GLS

=
[
(Im ⊗ X )′ (Σε ⊗ IT )−1 (Im ⊗ X )

]−1
× (Im ⊗ X )′ (Σε ⊗ IT )−1 vec (Y )

=
[
(Im ⊗ X )′

(
Σ−1ε ⊗ IT

)
(Im ⊗ X )

]−1
× (Im ⊗ X )′

(
Σ−1ε ⊗ IT

)
vec (Y )(

since (A⊗ B)−1 =
(
A−1 ⊗ B−1

)
assuming that both

A and B are non-singular and, thus, invertible)
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VAR

It follows that

β̂GLS

=
[(
Im ⊗ X ′

) (
Σ−1ε ⊗ IT

)
(Im ⊗ X )

]−1
×
(
Im ⊗ X ′

) (
Σ−1ε ⊗ IT

)
vec (Y )(

since (A⊗ B)′ =
(
A′ ⊗ B ′

))
=

[
Σ−1ε ⊗ X ′X

]−1 (Σ−1ε ⊗ X ′
)
vec (Y )

(since (A⊗ B) (C ⊗D) = (AC ⊗ BD))
=

[
Σε ⊗

(
X ′X

)−1] (Σ−1ε ⊗ X ′
)
vec (Y )

=
(
Im ⊗

(
X ′X

)−1 X ′) vec (Y )
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VAR

It follows that

β̂GLS

=
(
Im ⊗

(
X ′X

)−1 X ′) vec (Y )
=


(X ′X )−1 X ′ 0 · · · 0

0 (X ′X )−1 X ′
. . .

...
...

. . . . . . 0
0 · · · 0 (X ′X )−1 X ′



Y1·
Y2·
...
Ym·



=


(X ′X )−1 X ′Y1·
(X ′X )−1 X ′Y2·

...
(X ′X )−1 X ′Ym·

 = β̂OLS .
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VAR

Remark: Hence, GLS = OLS in this case. Note that this is just a
special case of the result from seemingly unrelated regression (SUR)
where GLS is the same as equation-by-equation OLS if the same set
of regressors enters into every equation.
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Asymptotic Normality of OLS Estimator of VAR
Parameters

Assumptions: Suppose that

1

det (Im − A1z − · · · − Apzp) = 0 =⇒ |z | > 1
2 {εt} ≡ i .i .d . (0,Σε), where there exists positive constant C such that
0 < 1/C ≤ λmin (Σε) ≤ λmax (Σε) ≤ C < ∞.
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Asymptotic Normality of OLS Estimator of VAR
Parameters

Under Assumptions 1 and 2, one can show that
√
T
(

β̂OLS − β
)

d→ N (0,V ) as T → ∞,

where
β = vec (B) and V =

(
Σε ⊗M−1

)
and where

M = p lim
T→∞

X ′X
T

with

B
mp×m

=


A′1
A′2
...
A′p

 , X
T×mp

=


X ′1
X ′2
...
X ′T

 , and Xt
mp×1

=


Yt−1
Yt−2
...

Yt−p

 .
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Asymptotic Normality of OLS Estimator of VAR
Parameters

Remark: Note that we can write

β̂OLS =
(
Im ⊗

(
X ′X

)−1 X ′) vec (Y )
=

(
Im ⊗

(
X ′X

)−1 X ′) [(Im ⊗ X ) β+ ξ]

=
(
Im ⊗

(
X ′X

)−1 X ′X) β+
(
Im ⊗

(
X ′X

)−1 X ′) ξ

= (Im ⊗ Imp) β+
(
Im ⊗

(
X ′X

)−1 X ′) ξ

= β+
(
Im ⊗

(
X ′X

)−1) (Im ⊗ X ′) ξ
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Asymptotic Normality of OLS Estimator of VAR
Parameters

Remark (con’t): It follows that

√
T
(

β̂OLS − β
)
=

[
Im ⊗

(
X ′X
T

)−1] (Im ⊗ X ′) ξ√
T

=
[
Im ⊗M−1

] (Im ⊗ X ′) ξ√
T

+ op (1) .
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Asymptotic Normality of OLS Estimator of VAR
Parameters

Remark (con’t): Now, applying a CLT for strictly stationary and
ergodic process and the Cramér-Wold device, we have

(Im ⊗ X ′) ξ√
T

d→ N (0, Γ)

where

Γ = p lim
T→∞

(Im ⊗ X ′)E
[
ξξ ′
]
(Im ⊗ X )

T

= p lim
T→∞

(Im ⊗ X ′) (Σε ⊗ IT ) (Im ⊗ X )
T

=

(
Σε ⊗ p lim

T→∞

X ′X
T

)
= (Σε ⊗M)
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Asymptotic Normality of OLS Estimator of VAR
Parameters

Remark (con’t): It follows by a generalized Cramér convergence
theorem that
√
T
(

β̂OLS − β
)

d→
(
Im ⊗M−1

)
N (0,Σε ⊗M) ≡ N

(
0,Σε ⊗M−1

)
.
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Impulse Response Analysis

Again, we write VAR (p) model in companion form, i.e.,

Ỹt = AỸt−1 + ε̃t

where

Ỹt
mp×1

=


Yt
Yt−1
...

Yt−p+1

 ,

A
mp×mp

=


A1 A2 · · · Ap−1 Ap
Im 0 · · · 0 0

0 Im
. . .

... 0
...

. . . . . . 0
...

0 · · · 0 Im 0

 , ε̃t
mp×1

=


εt
0
...
0

 .
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Impulse Response Analysis

Consider the following thought experiment:

Yt
m×1

= 0 for all t ∈ Z such that t < 0,

εt
m×1

= 0 for all t ∈ Z such that t > 0,

Y0
m×1

= ε0
m×1

= e`
m×1

- i.e., a unit shock in the `th component at t = 0

where

e`
m×1

=



0
...
0
1
0
...
0


,

i.e., a vector with 1 in the `th component and 0 elsewhere.
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Impulse Response Analysis

In the companion form, this can be written as

Ỹ0
mp×1

=


Y0
0
...
0

 = ε̃0
mp×1

=


ε0
0
...
0

 =


e`
0
...
0

 .
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Impulse Response Analysis

Tracing the effect of this unit shock over time, we see that

At time t = 1,
Ỹ1
mp×1

= A
mp×mp

Ỹ0
mp×1

At time t = 2,
Ỹ2 = AỸ1 = A2Ỹ0

Continuing on, we have

At time t = j , where j is a positive integer

Ỹj = Aj Ỹ0
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Impulse Response Analysis

Next, note that since

Ỹ0 = ε̃0 =


e`
0
...
0

 ,
it is easy to see that Aj Ỹ0 is just the `th column of Aj .
Again, let

J
m×mp

=
(
Im 0 · · · 0

)
and let

Ψj = JAjJ ′ for j = 0, 1, 2, ....

be the coffi cient matrices in the VMA (∞) representation

Yt =
∞

∑
j=0

Ψj εt−j .
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Impulse Response Analysis

Next, note that since

Ỹ0 = ε̃0 =


e`
0
...
0

 ,
it is easy to see that Aj Ỹ0 is just the `th column of Aj .
Again, let

J
m×mp

=
(
Im 0 · · · 0

)
and let

Ψj = JAjJ ′ for j = 0, 1, 2, ....

be the coffi cient matrices in the VMA (∞) representation

Yt =
∞

∑
j=0

Ψj εt−j .
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Impulse Response Analysis

Let ψk`,j denote the (k, `)
th element of Ψj . Note that ψk`,j

represents the reaction of the k th variable to a unit shock to the `th

variable j periods ago, provided, of course, the effect is not
contaminated by other shocks to the system in the interim. Thus, the
coeffi cients of the VMA (∞) representation give the impulse response
coeffi cients. Because the εt are just the one-step ahead forecast errors
of the VAR process, the shocks considered here may be regarded as
forecast error and the impulse responses are sometimes referred to as
forecast error responses.
Proposition (Zero Impulse Responses): If {Yt} is a m-variate
stable VAR (p) process; then, for k 6= `,

ψk`,j = 0 for j = 1, 2, ....

is equivalent to

ψk`,j = 0 for j = 1, 2, ..., p (m− 1) .
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Impulse Response Analysis

Accumulated Impulse Response: The accumulated impulse
response over n periods is given by

n

∑
j=0

Ψj

This quantity is also sometimes called the nth interim multiplier.
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Impulse Response Analysis

Accumulated Impulse Response (con’t): Taking n→ ∞, we get
the long-run effect or total multiplier

lim
n→∞

n

∑
j=0

Ψj =
∞

∑
j=0

Ψj .

Note further that
∞

∑
j=0

Ψj = (Im − A1 − · · · − Ap)−1 ,

where again we know that the inverse exists because of the condition
that

det (Im − A1z − · · · − Apzp) = 0 =⇒ |z | > 1.
In addition, observe that the total multiplier in this case can be easily
estimated by (

Im − Â1 − · · · − Âp
)−1

.
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Responses to Orthogonal Impulses

The previous analysis is a bit problematic in that it assumes that a
shock occurs only in one variable at a time. Such an assumption may
be reasonable if εkt is uncorrelated with ε`t for all k 6= ` and for all t.
However, in general, we assume εt to have a variance-covariance
matrix Σε which is not restricted to be a diagonal matrix, so that εkt
is not assumed to be uncorrelated with ε`t for all k 6= `.
Since Σε is assumed to be a positive definite matrix, a way around
this problem is to consider the Cholesky decomposition

Σε = PP ′

where P is a lower triangular matrix with positive diagonal elements,
i.e.,

P =


p11 0 · · · 0

p21 p22
. . .

...
...

...
. . . 0

pm1 pm2 · · · pmm

 with pkk > 0 for k ∈ {1, ...,m} .
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Responses to Orthogonal Impulses

Note that

det (P) =
m

∏
k=1

pkk > 0

so that P is, of course, nonsingular. Using this decomposition, we can
then rewrite the VMA (∞) representation as

Yt =
∞

∑
j=0

ΨjPP−1εt−j =
∞

∑
j=0

Θjut−j ,

where Θj = ΨjP and ut−j = P−1εt−j . Under this transformation,

E
[
utu′t

]
= E

[
P−1εt ε′tP

′−1]
= P−1E

[
εt ε
′
t

]
P ′−1

= P−1ΣεP ′−1

= P−1PP ′P ′−1

= Im

so that ukt is uncorrelated with u`t for all k 6= ` and for all t.
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Responses to Orthogonal Impulses

Now, relating ut to εt , we see that

εt = Put

or 
ε1t
ε2t
...

εmt

 =


p11 0 · · · 0

p21 p22
. . .

...
...

...
. . . 0

pm1 pm2 · · · pmm



u1t
u2t
...
umt


so that we have

ε1t = p11u1t

ε2t = p21u1t + p22u2t =
p21
p11

ε1t + p22u2t

...

εmt = pm1u1t + · · ·+ pmmumt =
pm1
p11

ε1t + · · ·+ pmmumt
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Responses to Orthogonal Impulses

Hence, the way in which the Cholesky decomposition is carried out
assumes a particular causal ordering, so that, in this case, the implicit
assumption is that movement in ε1t can cause movement in ε2t
contemporaneously but not the other way around and so on.

Note further that we can estimate Σε using

Σ̂ε =

(
Y − XB̂

)′ (
Y − XB̂

)
T

and perform a Cholesky decomposition on Σ̂ε to obtain

Σ̂ε = P̂P̂ ′.
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Responses to Orthogonal Impulses

Moreover, Ψj can be estimated by

Ψ̂j = JÂjJ ′

with

Â =


Â1 Â2 · · · Âp−1 Âp
Im 0 · · · 0 0

0 Im
. . .

... 0
...

. . . . . . 0
...

0 · · · 0 Im 0


so that

Θ̂j = Ψ̂j P̂.
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