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Canonical Correlation Analysis

@ Consider the random vector

U1
_ mip X
m)><<1_ 4
m2><1
where
E[X] = 0,
211 212
V X — Z: mi1 Xmj mi1 Xmjy
(%) 201 2

mo Xmj mo X mpy

with X1o = X/, and, without loss of generality, we assume that
my S mo.
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Canonical Correlation Analysis

@ Now, consider a linear combination
Y =a'U
of the components of U and a linear combination
Z=9'V

of the components of V.

@ The objective is to find the linear combinations of U and V which
give the maximum correlation.
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Canonical Correlation Analysis

@ To proceed, note first that correlations are unique only up to a scalar
multiplication since

Cov (Y, 2)
V/ Var (Y)y/Var (2)
ab Cov (Y, 2)
|ab| \/Var(Y)\/Var (2)
Cov (aY,bZ)

\/ Var (aY)y/Var (bZ)
= |Corr (aY,bZ)|

|Corr (Y,2)| =

for a, b € R such that a # 0 and b # 0.
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Canonical Correlation Analysis

o It follows that, without loss of generality, we can normalize the
variance of Y and Z as follows:

1 = Var(Y)=E[Y?] =dE[UU]a=0dS010,
1 = Var(Z)=E[Z?] =vE[W]y =190,
where Var (Y) = E [Y?] and Var (Z) = E [Z?] follow from the fact
that E[Y] =a’E[U] =0and E[Z] =9'E[V]=0.
o Note that the above normalization is tantamount to setting

and b = #
Var (Y) Var (Z)

@ Under this normalization, correlation between Y and Z is given by the
covariance

E[YZ] =dE[UV]y = a'Z127.
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Canonical Correlation Analysis

@ To maximize the correlation, we set up the Lagrangian
!/ 1 !/ 1 !/
L1 =aXpy— 57\ (¢'E110—1) — SH (72227 — 1)

@ The first-order conditions are

0L

ﬁ = 212")/ — /\lea =0 (1)
Ly B
W = 22101 “11222’)/ =0 (2)

e Premultiply (1) by a’ and (2) by 7/, we get

KTy — A’ = 0,
YEpa — uy' Ly = 0.
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Canonical Correlation Analysis

o Next, differentiating £
!/ ]‘ !/ 1 /
£1 = 212’)/ — 5)\ (0( 21 — 1) — 5‘11 (’)/ 222’)/ — 1)

with respect to A and u and setting the partial derivatives equal to
zero, we get

d 1
(_;C)S = -3 (1x Y — 1) = 0 implying that &’XZ1;a = 1
oL 1
87]/11 = —3 (’y Yooy — 1) = 0 implying that v/ Zyy =1

2021 7 /18
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Canonical Correlation Analysis

o It follows that
W'y —Ad'Epa = a’Zpy—A =0,
YEIna —py' Loy = yEZna—pu=0.

Moreover, because a'X15y = y'X,a = 9’2014, we further deduce

that
A=pu=a"%7.
@ Putting everything together, we can rewrite the first-order conditions
oLy
— = Xpy-—AXpa=
o 127 1na =20
oLy
— = Yoia—uXopy =0
P 210 — U227y

as

—AX11 X2 o
=0 3
( 201 —7\222>(’Y) 3
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Canonical Correlation Analysis

@ Now, for the system of equations

(B 2.)(3)-

o1 —AXo Y
to have a nontrivial solution, i.e., (&, 'y’)/ # 0, it must be that the
matrix on the left-hand side is singular, so that

—AX11 Zi _
cer (Tt N Y=o *)

@ Since our objective is to maximize the correlation A = a’X1,7y, we
choose A; to be the largest root of the determinantal equation above
and let (a}, )" be the associated eigenvector.
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Canonical Correlation Analysis

@ Next, we construct
Yi=ajUand Z; = v}V

so that Y7 and Z; are the normalized linear combinations of U and V
which give the maximum correlation, with A; being the maximal
(canonical) correlation.

@ The analysis can then proceed further with finding a second linear
combination of U, say Y, = 0/2 U, and a second linear combination of
V, say Z, = 4V, which have maximum correlation among all pairs
not correlated with Y7 and Z;.
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Canonical Correlation Analysis

@ To proceed, we again set up a Lagrangian

1 1
+va'Yaq + 09 Z00,

@ In looking at the above Lagrangian, you may wonder why there are
constraints only for Cov (Y2, Y1) = aX114; = 0 and
Cov (Zy, Z1) = vhX227; = 0 and not for either
Cov (YQ, Zl) = DCI2212’)/1 =0 and Cov <Z2, Yl) = ’)//22210C1 =0 It
turns out that if the former two constraints are satisfied, then the
latter two are automatically satisfied.
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Canonical Correlation Analysis

@ To see this, recall the first-order conditions from step 1 above

0L
Y Y12y — M =0
0L
By = 2o1a1 —A1Zpy; =0

Given these relations, note that, if Cov (Y2, Y1) = abX1141 = 0, then
Cov (YQ, Zl) = 06/2212’)/1 = /\10/22110(1 =0.
In addition, if Cov (Z2, Z1) = 5%y, = 0, then

Cov (V1. 2>) = 7hTo1a1 = M7hEo07; = 0.
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Canonical Correlation Analysis

@ Next, note that the first-order conditions associated with £ are

oL
87; = X127, — AXpiap +voXgeg =0 (5)
oL
Bifyz Y0100 — UpXi2Yp + 022027, =0 (6)

Premultiply (5) by &} and (6) by 7}, we get

WXy, — Al Tia +voa T = v, =0,
YiZo100 — Py Y1Z00Y, + 0271 Z00y; = 62 =0.

@ Hence, the last two constraints in £, are not binding.
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Canonical Correlation Analysis

o It follows finding this second linear combination pair involves solving
the same eigenvalue problem that was given by

B ) ()
21 —ALp Y

det =0
€ ( 2o1  —AXo

In particular, let Ay be the second largest root of the determinantal
equation above and let (a},})" be the associated eigenvector; then,

Y2 = lX/2U,
Z2 = ’)’/2\/

and

are the normalized linear combination pair which yields the highest
correlation among all pairs not correlated with Y7 and Z; and A»
gives the value of their correlation.
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Canonical Correlation Analysis

@ We can proceed in this way to obtain

Canonical Correlations Weights Y V4
(Eigenvalues) (Eigenvalues)
A (af, «y’l); Yi=aiU | Z1=9V
A2 (a5,75) | Ya=aU | L =75V
/\ml (lx;nl' 'Yinl), le = IX;TI1 U Zml = /)/:771 V
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Canonical Correlation Analysis

@ As a final remark, we note that the equations
—AZH 212 (14 -0
Yo1  —AXp 0

det( “Au o I ) =0

and

201 —AXp

can be written in a different form which may be more convenient for
cointegration analysis.
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Canonical Correlation Analysis

@ In particular, note that, since A = y, we can rewrite the first-order
conditions given by equations (1) and (2) as

212’)/—/\21106 =0 (7)
221a—)\222’)’ =0 (8)

e Premultiplying expression (8) above by 2122;21 yields
T80y To1a — AT 10555 S0y = T1p%0, To1a — ATy =0

or
21222_2122106 = /\212’)’ = )L22110C

where the last equality above follows from (7).
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Canonical Correlation Analysis

o |t follows that, alternatively, we can obtain the squared canonical
correlations and the eigenvectors «; (i = 1,..., m1) as solutions of the
system of equations

()\2211 — 21222_21221) a=0

where /\,2 (i =1, .. m1), i.e., the squared canonical correlations, are
the roots of the determinantal equation

det (A2211 — 21222_21221) =0.

@ Similarly, it can be shown that /\,2 and y; (i=1,...,mp) can be
obtained as the solutions of the system of equations

(AT — 121 Z12) 7 =0
with A? (i =1, ..., m;) being the m; largest roots of

det (A2222 — 22121_11212) =0.
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