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Abstract

By far, the most popular test for spatial correlation is the one
based on Moran’s (1950) I test statistic. Despite this, the available
results in the literature concerning the large sample distribution of
this statistic are limited and have been derived under assumptions
that do not cover many applications of interest. In this paper we
first give a general result concerning the large sample distribution of
Moran I type test statistics. We then apply this result to derive the
large sample distribution of the Moran I test statistic for a variety of
important models. In order to establish these results we also give a
new central limit theorem for linear-quadratic forms.

JEL Classification: C12, C21

Key words: Moran I test, spatial autocorrelation, asymptotic distrib-
ution, central limit theorem

*Corresponding author: Ingmar Prucha, Department of Economics, University of
Maryland, College Park, MD 20742, Tel.: 301-405-3499, Fax: 301-405-3542, Email:
prucha@econ.umd.edu



1 Introduction*

Spatial models have a long history in the regional science and geography
literature.! In recent years issues concerning spatial dependence between
cross sectional units have also received increasing attention in the economics
literature.? One form of such dependence relates to spill-overs between the
dependent variables; another relates to spill-overs between the disturbance
terms, which leads to, among other things, the problem of spatial correlation.
The efficiency and properties of estimators as well as the properties of other
statistics will in general depend upon whether or not a model’s disturbance
terms are indeed spatially correlated. As a result, it is important to test for
the presence of spatial correlation.

By far, the most popular test for spatial correlation is the one based on
the Moran (1950) I test statistic. In essence this test statistic is formulated
as a (properly normalized) quadratic form in terms of the variables that are
being tested for spatial correlation. Moran’s original specification standard-
izes the variables by subtracting the sample mean, and then deflating by an
appropriate factor. Cliff and Ord (1972, 1973, 1981) generalized Moran’s [
statistic in order to derive a test for spatial correlation in a linear regression
model. The Cliff and Ord generalization is formulated in terms of a quadratic
form of estimated residuals.® The matrix appearing in the quadratic form is
typically referred to as the spatial weighting matrix. Assuming that the in-
novations are i.i.d. normal Cliff and Ord derive the large sample distribution
of the Moran [ test statistic, and also derive its small sample moments. Sen
(1976) derives the large sample distribution of the Moran I test statistic un-
der the weaker assumption that the variables are i.i.d. distributed, given that
certain moment conditions hold. However, his analysis only covers Moran’s

*This research was supported in part by the National Science Foundation through grant
SES-0001780. We would like to thank Dilip Madan, Benedikt Pétscher, three anonymous
referees and the Editor for helpful comments.

!See, e.g., Anselin (1988), Bennett and Hordijk (1986), Cliff and Ord (1973, 1981), and
Cressie (1993), and references cited therein.

2Some recent applied and theoretical studies include Dubin (1988), Moulton (1990),
Delong and Summers (1991), Case (1991, 1993), Krugman (1991, 1995), Case, Hines, and
Rosen (1993), Holtz-Eakin (1994), Besley and Case (1995), Shroder (1995), Conley (1996),
Topa (1996), Audretsch and Feldman (1996), Ausubel et al. (1997), Kelejian and Prucha
(1998, 1999), Pinkse and Slade (1998), Pinkse (1999), and Lee (1999a,b,c).

3The generalization contains Moran’s original specification as a special case correspond-
ing to a model where the only regressor relates to the intercept.



original specification and not Cliff and Ord’s generalized specification.

The conditions maintained by the above results concerning the large sam-
ple distribution of the Moran [ test statistic are restrictive and rule out
many potential applications. For instance, the results do not allow for het-
eroskedasticity in the innovations. As will become evident, this rules out
many applications which relate to limited dependent variable models, even
though such models have become of increasing interest in the analysis of
spatial data sets. Furthermore there are no formal results in the literature
which cover spatial regression models where one of the regressors is a spatial
lag of the dependent variable, even though such models are widely used in
applied work and, indeed, primary interest often focuses on the coefficient of
the spatially lagged dependent variable. Also, to the best of our knowledge,
the results that are available in the literature concerning the large sample
distribution of the Moran I statistic have only been derived under the null
hypothesis of zero spatial correlation, but not under the alternative hypothe-
sis, which is needed in order to assess the power of the test. Furthermore, the
available results do not account for the triangular nature of the data even
though, as illustrated below, this is implied by the specification of many
models considered in practice.*

For purposes of interpretation we note that the Moran I test statistic
is equivalent to the Lagrange multiplier test statistic derived from a linear
regression model without a spatial lag, as was demonstrated by Burridge
(1980). Other tests for spatial correlation have also been considered. We note
that most of these tests are again formulated as Lagrangian multipliers tests,
where the unrestricted model is specified at different degrees of generality.
An inspection of those test statistics shows that they are essentially quadratic
forms, or in some cases linear-quadratic forms of estimated residuals; see, e.g.,
Anselin and Florax (1995) and Anselin et al. (1996). Therefore, large sample
issues concerning these Lagrangian multiplier test statistics are essentially
identical to those concerning the Moran [ test statistic, and so the gaps in
the literature concerning the asymptotic properties of Lagrangian multipliers
tests are analogous to those for the Moran [ test statistic.

4An exception is a recent paper by Pinkse (1999). That paper, which also provides
novel results concerning the large sample distribution of Moran I type test statistics,
seems to have been written independently at approximately the same time as this paper.
In contrast to Pinkse we allow for heteroskedastic innovations and for models with spatial
lags in the dependent and independent variables. We note that the two papers also differ
in various other aspects, and that neither paper contains the other as a special case.



The purpose of this paper is to fill in these gaps in the literature, with a
particular focus on establishing the limiting distribution of the Moran I test
statistic for various limited dependent variable models (the Tobit, dichoto-
mous, polychotomous and a sample selection model) and for linear cross sec-
tional models which contain a spatially lagged dependent variable. Instead
of developing asymptotic results for each model separately, we first derive
a set of general results concerning the asymptotic distribution of quadratic
forms based on estimated residuals, and then apply those results to for-
mally establish the asymptotic distribution of the Moran [ test statistic for
spatial correlation in the models of interest. Our general results allow for
heteroskedastic innovations, for spatial lags in the dependent variable, for
estimated disturbances which depend nonlinearly on the data and estimated
parameters, and for the possible triangular nature of the data. We also give
general results concerning the consistent estimation of the asymptotic vari-
ance of linear-quadratic forms. The results are such that applications to still
other models of interest, as well as to Lagrangian multiplier test statistics in
a spatial context, will become evident. Finally, our formal demonstrations
are based on sets of low level assumptions.

Under the adopted setup the quadratic forms based on estimated residuals
are seen to be asymptotically equivalent to quadratic forms (or in certain
cases, to linear-quadratic forms) in the unobserved model innovations. As a
technical point of interest we note that the elements of the matrix of the latter
quadratic form will frequently depend on the sample size, i.e., form triangular
arrays. In deriving our asymptotic results we therefore needed a central limit
theorem for linear-quadratic forms that allows for heteroskedastic (possibly
nonnormally distributed) innovations, and that allows for the weights in the
linear-quadratic form to depend on the sample size. Since, to the best of
our knowledge, such a central limit theorem is not directly available in the
literature, we establish in this paper such a central limit theorem.’

The paper is organized as follows. A linear model containing a spatially
lagged dependent variable is specified in Section 2 which serves to motivate
certain essential issues. Our central limit theorem for linear-quadratic forms
in model innovations is given in Section 3. This section also contains re-
sults relating to quadratic forms in estimated model disturbances, as well as

5Of course, various central limit theorems for quadratic forms have been considered
in the literature; see, e.g.,Whittle (1964), Beran (1972), Sen (1976), Girraitis and Taqqu
(1998) and Pinkse (1999). Unfortunately, the assumptions maintained by those theorems
are not satisfied within the context of the present paper.



results relating to the estimation of the variance of linear-quadratic forms.
Applications of our theoretical results to linear models containing spatially
lagged dependent variables, as well as to various limited dependent variable
models are given in Section 4. Suggestions for further work are given in
Section 5. Proofs are relegated to the appendix.

We adopt the following notation and conventions: Let P, with n € N be
some matrix; we then denote the (7, j)-th element of P, as p;;,. Similarly,
if r, is a vector, then r;, denotes the i-th element of 7,. An analogous
convention is adopted for matrices and vectors that do not depend on the
index n, in which case the index n is suppressed on the elements. We say
the elements of the (sequence of) matrices P, are uniformly bounded in
absolute value if sup;<; ;<, ,>1 [Pijm| < 00. As a matrix norm for P, we

choose | P,| = [tr(P.P,)]"* where tr(.) denotes the trace operator. If P, is a
square matrix, then P, ! denotes the inverse of P,. If P, is singular, then P!
should be interpreted as the generalized inverse of P,. We say the row and
column sums of the (sequence of n x n) matrices P, are uniformly bounded
in absolute value if

sup Z Dijn| < o00and  sup Z|pmn| < 00.

1<i<n, n>1 1<j<n,n>1

Furthermore we adopt the conventions of Dhrymes (1978), p. 523, concerning
vector differentiation. In particular, if ¢)(«) is a scalar function and o =
(a1, ..., ], then Oy /0a = [0 /D, . .., Ot /Oayy,]. Finally, throughout the
paper all random variables are assumed to be defined on some probability
space (£2,§,P).

2 Testing for Spatial Autocorrelation: A Pre-
liminary Discussion

As remarked in the introduction, an aim of this paper is to establish the
limiting behavior of the Moran I test statistic for a variety of limited depen-
dent variable models, and the linear spatial first order autoregressive model
with first order autoregressive disturbances - for short the spatial ARAR(1,1)
model, adopting the terminology of, e.g., Anselin (1988). Towards deriving
the limiting behavior of the Moran [ test statistic for these particular models
we first develop a set of general results concerning the limiting distribution
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of linear-quadratic forms that can be used to establishing the limiting dis-
tribution of the Moran [ test statistic not only for these particular models
but for a wide class of models. The results can also be used to establish
the limiting distribution of various Lagrangian multiplier test statistics for
spatial autocorrelation. To motivate and put the general results into context
we start with a preliminary discussion of the Moran I test statistic within
the context of the widely used spatial ARAR(1,1) model (n € N):5

Yn = /\OMnyn + Xnﬁo + Up, (21)
Up = poMnun + €n,

where y,, is the n x 1 vector of observations on the dependent variable, X,
is the n x k£ matrix of observations on k exogenous variables, M, is an n X
n spatial weighting matrix of known constants, (3, is the k£ x 1 vector of
regression parameters, Ao and p, are scalar autoregressive parameters with
|Xo| < 1 and |py| < 1, u, is the n x 1 vector of regression disturbances,
and g, is an n x 1 vector of innovations. The variables M, y, and M,u, are
typically referred to as spatial lags of y, and u,,, respectively.” Since spatial
weighting matrices are often row normalized we allow for the elements of M,
to depend on n, i.e., to form triangular arrays. For reasons of generality we
also permit the elements of X,, and ¢, to depend on n. We condition our
analysis on the realized values of the exogenous variables and so, henceforth,
X, will be viewed as a matrix of constants. We note that this specification
is consistent with the exogenous variables being generated by a process that
entails both spatial correlation and heteroskedasticity. We also note that X,
may contain spatial lags of exogenous variables. The spatial weights m;;
will typically be specified to be nonzero if cross sectional unit j relates to ¢
in a meaningful way. In such cases, units ¢ and j are said to be neighbors.
Usually neighboring units are taken to be those units which are close in some
dimension — e.g., geographic, technological, etc. Clearly the weighting matrix
will reflect the ordering of the data, which can be arbitrary.

6This model will be used throughout the paper to motivate and to give practical mean-
ing to some of the general results and corresponding catalogues of assumptions. Since this
model is also a focal point of the paper we specify in the following the model in a complete
manner. The specific results on the asymptotic properties of the Moran [ test statistic for
this model will be summarized in Section 4.2.

"We note that the subsequent discussion trivially extends to the case where we allow for
different spatial weighting matrices for y, and u,. Our specification of a common spatial
weighting matrix was solely adopted for reasons of notational simplicity. As a point of
interest we note that this specification is typically assumed in practice.

6



The above spatial ARAR(1,1) model has been applied widely in the lit-
erature. It is an extension of the spatial model put forth by Cliff and Ord
(1973, 1981), and a variant of the model considered by Whittle (1954). One
approach of estimating a spatial ARAR(1,1) model is by maximum likeli-
hood. However the computation of the maximum likelihood estimator may
be difficult even for moderate sample sizes. In a recent paper Kelejian and
Prucha (1998) introduced an instrumental variable estimator for the above
model that is simple to compute and demonstrated its asymptotic normality
under a set of “low level” conditions.® This estimator is based on a general-
ized moments estimator for the spatial autoregressive parameter. The latter
estimator was introduced in Kelejian and Prucha (1999).

Assume the following conditions concerning the spatial model (2.1):° All
diagonal elements of the spatial weighting matrix M,, are zero, and the ma-
trices I — A\oM,, and I — p,M,, are nonsingular. The row and column sums of
the matrices M, (I — A\ogM,)™t, and (I — pyM,,)~! are uniformly bounded in
absolute value. The regressor matrices X,, have full column rank (for n large
enough), and the elements of X, are uniformly bounded in absolute value.
The innovations {e;,, : 1 < i < n,n > 1} are distributed identically, and
for each n the innovations {¢;,, : 1 < i < n} are distributed (jointly) inde-
pendently with E(e;,) = 0, E(¢},) = 0®. The innovations are furthermore
assumed to have finite (4 4+ n)-th moments (for some 1 > 0). Now consider
the following instrumental variable estimator for 6y = (Ao, 3y)'":

o~ ~ o~

0 = ()‘7%671)/ = (ﬁ;ﬁn)_lﬁ;yn (22)

with lA?n = H,(HH,)'H! D,, and D,, = [M,y,, X,], and where H,, denotes
some n X p matrix of instruments (p > k+1). This estimator was considered in
Kelejian and Prucha (1998) at the first stage of their two stage procedure. In
the following we assume that all additional regularity conditions maintained
in that paper also hold here, including that the elements of H,, are uniformly
bounded in absolute value. It then follows from that paper that

n1/2(/9\n —0p) = Pn[n_l/QF,'Lsn] + 0,(1) (2.3)

8The model in (2.1) cannot be estimated consistently by ordinary least squares since,
in general, the disturbances are correlated with the spatial lag variable M, y,. Lee (1999b)
demonstrates, however, that for an interesting subclass of models, corresponding to addi-
tional assumptions on the weighting matrix, ordinary least squares can be consistent.

9For a discussion of these assumptions see, e.g., Kelejian and Prucha (1998, 1999).




where P, = (nilﬁ%ﬁn)*lan;H”(n*IHT/lHn)*l with plim, . P, = P a
finite matrix, and F! = H'(I — p,M,)"" with n"Y2F'e, 2 N(0,02®p)
where @5 = lim,, .. n 'F/F,.

Let uw,, = vy, — D,,0,, denote the vector of estimated disturbances based on
(2.1). Then the Moran I test statistic based on these estimated disturbances
and on some spatial weighting matrix W), is given by
In = 9 = )
gQ;,
where G- is some normalizing factor. We allow for W, # M, to allow
for misspecification of the spatial weighting matrix by the researcher, but
otherwise postulate that W, satisfies the same assumptions as M,,.

Given the maintained assumptions we demonstrate in the appendix that

Q= U, Whli, (2.4)

VA Wt = n Y2 W, (2.5)
—n N (W, + W) Dun (6, — o) + 0,(1).

We also show in the appendix that n~'u (W, + W))D,, — d,, = 0,(1), and
that the elements of d/, = E[n~'u! (W, + W!)D,] are uniformly bounded
in absolute value. Consequently we have from (2.3), observing that P, =
P +o0,(1) and n™Y2F e, = O,(1) :

4’mﬂmeMW9—m (2.6)
= n U, (W, + WD, [n2P,Fle, + 0,(1)]
n’l/Qb’n&?n + 0,(1)

with ¢/, = —d| PF!. Note that P is the probability limit of P, and thus
b, is nonstochastic. Since, from (2.1), u,, = (I — pyM,) '&, it follows that
ul, Wy = e Aney, where A, = $(1, — poM,) (W, + W) (I, — poM,) L. Tt
then follows from (2.5) and (2.6) that

n~ V2 W, = n Y2 € Apen + Ulen] + 0,(1). (2.7)

Thus, the large sample distribution of Moran’s [ statistic based on estimated
disturbances involves the large sample distribution of a linear-quadratic form
in innovations. In the appendix we also show that the elements of the n x 1



vectors b, are uniformly bounded in absolute value, and that row and column
sums of the n x n matrices A, are uniformly bounded in absolute value.

Some comments are in order. First, as a preview, under the null hypoth-
esis of zero spatial autocorrelation p, = 0, and so A4, = (W, + W},), which
has zeroes as its diagonal elements. If p, # 0, the diagonal elements of A,
will generally not be zero. It will become evident that this distinction con-
cerning the diagonal elements of A, plays a crucial role in determining the
power of our proposed test. Second, the linear term in (2.6) is a consequence
of using estimated disturbances and the presence of a spatial lag in y. In
the absence of a spatial lag in y, i.e., A\g = 0, we have b,, = 0, since d,, = 0.
Third, we note that the elements of (I,, — pyM,,)~* and hence those of A,,, will
in general depend on n, even if the elements of W,, and M, do not depend
on the sample size. As a consequence we allow for triangular arrays in the
central limit theorem for linear-quadratic forms given below. We also allow
for the innovations to be heteroskedastic, so that the theorem can be applied
for testing purposes in a wide variety of limited dependent variable models,
as was remarked above.

3 Some Useful Large Sample Results for Linear-
Quadratic Forms

3.1 Central Limit Theorem for Linear-Quadratic Forms

Consider the following linear-quadratic form:

! /
Qn = €, Anen+be, (3.1)
n n n
= g E ijn€in€jn + E binEims
i=1 j=1 =1

where the ¢; ,, are (real valued) random variables, and the a;;,, and b; ,, denote
the (real valued) coefficients of the quadratic and linear form. We will make
use of the following set of assumptions:

Assumption 1 The real valued random variables of the array {€;, : 1 <
i <n, n > 1} satisfy Ee;,, = 0. Furthermore, for each n > 1 the random
variables €1y, . .., Enn are totally independent.



Assumption 2 The elements of the array of real numbers {a;j, : 1 <i,j <
n, n > 1} satisfy aijn = Gjin and SUP iy > P iy [Gijn] < 0010 The
elements of the array of real numbers {b;,, : 1 < i < n, n > 1} satisfy
sup, L S0 b2t < 0o for some n, > 0.

Assumption 3 We assume that one of the following two conditions holds.
(a) SUD)<j<pn>1 B |€m|2+772 < 0o for some ny > 0 and a;;, = 0.

(b) sup;cicpn>1 B lein|"T < 0o for some 1y >0 (but possibly a, #0).

Given the above assumptions the mean, say i, , and the variance, say
05, of Qn is given by:"!

n

HQ, = Z@m‘,naim (3.2)
n

0_2271 = 4zza12],n zn ]n+zbzn zn
=1 j5=1

n
+ Z {a’?’i,n |:qu(j2 — Uin] + Zbl,na’bl,n/*’tz(i‘[),} )
=1

with 07, = E(e},,) and uﬁi{ = E(g;,) for s = 3,4. In the case where a;;,, = 0
we have i, = 0, and the last two terms in the expression for o7, are zero.'”
We now have the following central limit theorem for linear—quadratic forms:
Theorem 1 : Suppose Assumptions 1-8 hold and n’laén > ¢ for some

c>0. Then
@n— g, D

Z N(0,1). (3.3)
9Qn

10The assumption of symmetry of the elements of A, is maintained w.l.o.g. since
e Anen =€, [(An + AL)/2) n.

For a derivation of the subsequent expressions, compare, e.g., the proof of Theorem 1
below.

I2We note that the variance of @, can also be expressed as =

4
2Zz IZ] 1 zgn zn ]TL+ZZ 1 zn zn+Zz 1{ zzn[MET)L_BUi,n} + 2b1na’unuzn}

Under normality the last two terms are zero even if a;; , # 0. Given the last two term
are zero we can also write U2Qn =2tr(Al X, A,5,) + b, 2,b, with £, = diag(a?’n).
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Note that the theorem allows the elements of A,, to depend on n, and does
not restrict its diagonal elements to be zero. Furthermore, the theorem allows
the innovations ¢; ,, to be heteroskedastic. As will be demonstrated in Section
4, this permits the derivation of the limiting distribution of the Moran I test
statistic in a variety of limited dependent variable models. Finally, we note
that Assumptions 1-3 are such that they do not depend upon a particular
ordering of the data. This is important in a spatial setting because, unlike
for time series, there is typically no natural ordering of spatial data.'?

Existing results on the limiting distribution of quadratic forms include
publications by Whittle (1964), Beran (1972), Sen (1976) and Giraitis and
Taqqu (1998). In contrasting those results with the above theorem we note
that the papers by Whittle, Beran, and Giraitis and Tagqu do not allow
the weights in the quadratic form to depend on the sample size. The latter
two papers actually assume that a;;, = aj;_j|. Sen allows for the weights to
depend on the sample size n, but his proof refers to a central limit theorem
for martingale difference sequence. His proof is hence not completely formal
(unless we assume additionally that weights do not depend on n.) Beran and
Sen assume a;;,, = 0, and also assume that the ¢;, = ¢; are i.i.d. Giraitis
and Taqqu assume that the ¢;,, = ¢; are products of linear process with i.i.d.
innovations. The recent central limit theorem given in Pinkse (1999) also
postulates that the random processes are i.i.d.

3.2 Asymptotic Distribution of Quadratic Forms Based
on Estimated Disturbances

In the following we develop results on the limiting behavior of quadratic
forms based on estimated disturbances, utilizing the above derived central
limit theorem for linear-quadratic forms. The underlying model specification
will be kept fairly general to cover, in particular, the various limited depen-
dent variable models considered in Section 4 as well as the spatial ARAR(1,1)
model. More specifically, for the subsequent discussion we consider the fol-
lowing (possibly nonlinear) model:

Gin(Zn,00) = Ui n, i=1,...,n, (3.4)

13We note that Theorem 1 also holds if the sample size is taken to be k, rather than n
(with k,, T 0o as n — 00).
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with 2z, = (214,...,%nn) and where z;, denotes the 1x p, vector of en-
dogenous and exogenous variables corresponding to the i-th unit, w;, de-
notes the disturbance term corresponding to the ¢-th unit, and 6y denotes
the pp x 1 true parameter vector.!* We emphasize that in allowing for the
Gin to depend on zq,,...,2,, the specification allows for spatial lags. In
the following we will write (3.4) more compactly as g,(z,,0p) = wu, with
Gn(2ns0) = (91.0(20,0), ..., Gnn(2n, 0)) and up = (Ur gy - - oy Unp)-

The Moran [ test statistic corresponding to model (3.4) would be based
on the quadratic form u, W, u,,, where u,, = gn(zn,/ﬁ\n) denotes the vector of
estimated residuals based on some estimator En We maintain the following
assumptions:

Assumption 4 The elements of the row and column sums of the real n x n
matrices W, = (wjj) are uniformly bounded in absolute value."

Assumption 5 The true parameter vector 6y is an interior element of © C
RPo,

Assumption 6
(a) The random variables of the array {z;, : 1 <1i < n,n > 1} take their
values in Z C RP=. The functions
Gin: 2" x 0, =R, 1<i<nn>1,
are Borel measurable for each 6 € ©,, where © C O, and ©, is an open

subset. Furthermore the functions g n(2y,-..,2,,.) are twice continu-

Y Zn)

ously partially differentiable on O, for each (zy,...,z,) € Z™.
(b) If gin(2n,0) is linear in 0, let

agi,n(zm 9)
o0

)

Bunli) = |

otherwise let

a .n Zn79
An(20) = sup {|gi,n<zn, ). ' gin(n, 0)

00

Y

0006’

2.
4 9“”(2”’9)' 0 @};

then supi<i<pn>1F(Ain(20))? < o0o.

MFor the spatial ARAR(1,1) model we have 2;,, = (Yin,Titn,---»Tik.n) and Oy =
(Mo, Bo)-

15We note that in this section we do not assume that the diagonal elements of W,, are
Zero.
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We now have the following lemma concerning the asymptotic relationship
between n~ /2% W, i, and n=2u! W u,:

Lemma 1 : Suppose Assumptions 4, 5 and 6 hold. Let /9\n be some estimator
for 0y with n*2(0,— 0y) = O,(1). Then (abusing notation in an obvious way)

n Y2 W, = nmV2 W, (3.5)
+n Ml (W, + Wé)%nlp@n — 0o) + 0,(1).
Furthermore
n 'l (W, + Wé)% —n (W, + Wﬁ)% =0,(1). (3.6)

The above lemma shows that in general the limiting distribution of
n~V2% Wi, will differ from that of n='/2u/ W, u,, unless the probability
limit of the term n~'u! (W, + W) [0g,(zn, 00)/00) is zero. We note that this
limit will (given typical assumptions) be zero if 0g,(2,,0y)/06 only depends
on exogenous variables. This limit will also typically be zero if w;;, = 0,
FEu;, =0 and (u;n, 0Gin(2n, 0)/00) is distributed independently over i. For
the spatial ARAR(1,1) model we have n=u!, (W, + W) [09,(2n, 00)/00] =
—n~ (W, +W!)D,, and equation (2.5) is seen to be a special case of (3.5).
We note that for this model the probability limit of this term is non-zero,
due to the presence of a spatial lag in the dependent variable. The last part
of the lemma shows how the term can be estimated consistently.

In many cases u, will be linear in ¢,, where ¢, is the basic vector of
innovations. For example, for the spatial ARAR(1,1) model, u, = (I, —
poM,)te,. Furthermore in many cases, and again as illustrated by the
spatial ARAR(1,1) model, n*/2(6,, — ) will be (asymptotically) linear in ,,.
This motivates the following assumption.

Assumption 7 There ezists a linear-quadratic form @, = e, Anen + bep
such that

n~ V2 W, +ntl, (W, + W/L)%nlﬂ(@l —00) (3.7)
= nQn + op(1),

13



and where the elements of ¢,,, A,, and b, satisfy Assumptions 1-3.

For the spatial ARAR(1,1) model the above assumption is clearly sat-
isfied in light of (2.6). If the probability limit of the term n~'u/ (W, +
W) [0gn(zn,00)/00] is zero, then we can take b, = 0. We note that for the
spatial ARAR(1,1) model b, = 0 in the absence of a spatial lag of v, (since
in that case d,, = 0).

Given the above assumption and given the assumptions of Lemma 1 hold,
it follows from that lemma that n=/2%' W, 1, = n~'/2Q,, + 0,(1), and con-
sequently the limiting behavior of n~/2% W, 4, is identical with that of
n~1/2Q,. For the spatial ARAR(1,1) model this was established in (2.7).

As before, let pg and crggn denote the mean and variance of the linear-
quadratic form @, and recall the explicit expressions for pu, and Jén
given in (3.2). We next give a result concerning the asymptotic behavior
of u, W,u,, /5, , where Gén denotes some estimator for o7, . We note that
in particular applications 82Qn may have been chosen such that the estimator
is, e.g., consistent under the null hypothesis of zero spatial autocorrelation,
but inconsistent under the alternative hypothesis. To cover such situations
we allow for the estimator Eén to be (possibly) inconsistent.

Theorem 2 : Suppose Assumption 4-7 hold and n_la%n > ¢ for some c > 0.

Let 62, be a sequence of real numbers such that n='5;, —n='63 = o0,(1)
and lim, o 0 /G5, = A* > 0. Then

a,Walln _ (Qn —uQn> Lo Ly ). (3.8)

O-Q’Il O-Q’ll O’QTL

Consequently:
(a) If pg, =0 (which is the case if a;n = 0), then
u, Wy, p

— = N(0,A?).
TQn

(b) If |n?ug, | — o0 as n — oo, then for every constant 6 > 0
u WTLATL
i (|25 > 0) —1.

IQn
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We note that for the Moran I test statistic we have 4, = (W, + W},),
and hence a;; , = 0, under the null hypothesis of zero spatial autocorrelation.
Result (a) in the above theorem thus provides a general result for the limiting
distribution of the Moran [ test statistic under the null hypothesis. Clearly,
if o O'Q is a consistent estimator (in the sense that n™! 2@ —n"log, = o0p(1)),
then A = 1. Under the alternative hypothesis we will typically have a;; ,, # 0
- e.g., for the spatial ARAR(1,1) model A = (I — poM')"X (W + W))(I —
poM)™!. Result (b) in the above theorem provides a general result for the
consistency of the Moran [ test statistic, i.e., for the power of the test to
approach unity as n — oo, for an arbitrary significance level of the test.
The condition |n~'2pu, | — oo is, e.g., satisfied if 0 < const < o?,, and
0 < const < ajj p.

3.3 Estimation of the Variance of the Linear-Quadratic
Form

In Theorem 2 we employed an estimator for the variance aén of the linear-

quadratic form @, = ¢, A&, + U,e,. In many situations, including the
case of the spatial ARAR(1,1) model and the models considered in the next
section, we have A, = (W,,+W/)/2 under the null hypothesis of zero spatial
(s) 2

. ~92 ~ .
autocorrelation. Let o0;, and i, denote estimators for o},

and ufS,)L with
s = 3,4, and let Zm denote estimators for the b;,, (since in practice b;,, will
typically be unobserved, unless b;,, = 0). Recalling the expression for Jén

given in (3.2), it is natural to consider the following estimator:

n

82271, ZZ wl]’n—i—w]ln zzn/\j2n+z i,n zn (39)
=1 j=1
n

~(3
+Z{ Zzn[:uzn_ ]+2bznwun:“iri}-

Of course, in many contexts we will have w;; ,, = 0, but we do not postulate
this here for reasons of generality.!

16We note that if Wi;., = 0 the third and fourth moments of the innovations (and
estimators thereof) drop from the respective expressions considered in this section, and
then any assumptions maintained with respect to those moments become mute.
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To accommodate the analysis of the test statistic both under the null

and under the alternative hypothesis we allow for the estimators an, MES,)L

(s = 3,4) and bz’,n to be possibly inconsistent. In the following assumption,
let 77, ﬁfs,z (s = 3,4) and b;,, denote nonstochastic sequences that the
assumption requires to exist. These could be the expected values of the

estimators, or alternatively, if the estimators are defined as functions of,
say 0,, then the nonstochastic sequences may correspond to the value of
those functions at the expected value or probability limit of 6,,; for further
interpretations see also the discussion after Theorem 3 below. Also let

Eén iz wz]n—l—wﬂn zn_]n+zbzn zn (310)

=1 j=1
denote the corresponding nonstochastic analogue of ZT\QQn. We maintain the
following assumption.

Assumption 8 °

(a) The estimators 0 , and i um satisfy

75— 2~ Tin| < (3.11)
where ¢, = 0y(1), and SUP i< p>1 Trp < 00 AN SUP)<icpy n>1 uﬁi <
oo (s=3,4).
(b) The estimators E,n satisfy
/b\i,n - Ei,n S \Iji,nwnv (312)

where ¥, = 0,(1), the ¥;,, € Ry satisfy sup,n™" > " E¥;, < oo and
sup,nty " }Bm’z < 00.

We now have the following theorem concerning the stochastic convergence
~2
of o

16



Theorem 3 : Suppose Assumptions 4 and 8 hold. Then n’l(ZT\QQn — EQQH) =
op(1) with n™'5g, < const < oo.

2

@,

Of course, if (wijy + Wjin)/2 = aijpn and bip = biy, and if 57, = o

E(?L = uis,z (s =3,4), then 7, = 0p and the above theorem establishes the

consistency of Eén for aén. We note that in this leading case the boundedness
conditions maintained in Assumption 8 concerning b; ,, and T ﬂfs,z (s =3,4)
are then automatically satisfied under Assumptions 2 and 3.

For a further interpretation of the assumptions of the theorem consider
again the above leading case. We note that in this case condition (3.11)
maintained in Assumption 8(a) can, e.g., be implied — as is easily verified —
from either one of the following conditions.

Condition A: af’n = hin(6p) where the functions h;, : ©, — R, are con-
tinuously partially differentiable,

sup sup
1<i<n,n>1 0€©

)

00

s8]

and 03, = hin(6,) with nY/2(,— 6g) = O,(1). (If wy, # 0 analogous

conditions are also assumed to hold for the estimators of ,uz(iz, s=3,4.)

Condition B: Assumptions 1, 3, 5 and 6 hold. Furthermore o7, = 0* with
Gin(2n,00) = Uin = €in, and 3in =52 =n! Yo a%n with ¢, (2n,0,) =
U, and n'/2(0,— 0y) = O,(1). (If wy,, # 0 analogous conditions are also

assumed to hold for the estimators of ul(-j)” s=3,4.)

For an interpretation of Assumption 8(b) consider again the spatial ARAR(1,1).
From the discussion surrounding (2.5) - (2.7) we see that in this case we have
b, = —F,P'd, withd,, = E(n"'u!,(W,+W,)D,) and F,, = (I,,— p, M) H,.
(Recall that P is the probability limit of P,, and hence b, is nonstochas-
tic.) Let b, = —H,P'd,. Then b, = b, under the null hypothesis of zero
spatial correlation. It seems natural to estimate b, by Zn = —HnP,’La/l\n
with d, = n@,(W, + W,)D,. Let 5, = Pid, and v, = P'd,, then

bim = bin = =D 01 hirn(Vpy — Vo) Taking Wi, = 3P |hypp| and ¢, =
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le ‘;Y\rn — ’ym‘ we have )En — l_)i,n‘ <V, v, Since the h;,,, are uniformly

bounded in absolute value it follows that sup, n~' 31" | W7 < co. As a by-
product of the proofs of the claims made in the discussion surrounding (2.5) -
(2.7) we have dy—d, = 0p(1). Consequently 7, —7, = 0,(1) and ¥, = 0,(1),
and thus Assumption 8(b) holds for this setting.

4 Testing for Spatial Autocorrelation: Lim-
ited Dependent Variable Models and the
ARAR(1,1) Model

In the following we utilize the above general results to formally establish the
limiting behavior of the Moran I test statistic for spatial correlation for a
variety of limited dependent variable models, and for the spatial ARAR(1,1)
model. In particular, we will establish for each of these models the following
asymptotic normality result for the Moran [ test statistic under the null
hypothesis of zero spatial autocorrelation:
I, = G
gQ;,

where Q% = u,W,u,, and 7o is a normalization factor. The specification
of the vector of estimated disturbances u,, and the normalization factor oQ:
will be model specific. Recall that for the spatial ARAR(1,1) model we
have u, = (I, — pyM,) ‘e, and thus u, = &, under the null hypothesis
po = 0 More generally we may think of the disturbance process to be of the
form u,, = =,&,, where Z,, is a n X n nonstochastic matrix. Under the null
hypothesis of zero spatial correlation we have =, = [, and u,, = €,. In the
following we will hence also write Q* = € W,,, under the null hypothesis of
zero spatial autocorrelation.

Throughout this section we will assume that the spatial weighting matrix
W, satisfies Assumption 4 and that all of its diagonal elements are zero. We
also assume that for some constant ¢, and for all n > 1:

0<cy < 77,71 Z Z(wim + wﬂm)z. (42)

i=1 j=1

2 N(0,1) (4.1)

Clearly, a sufficient condition for (4.2) is that the elements of W,, are non-
negative, each row has at least one nonzero element, and the nonzero elements
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of W,, are uniformly bounded away from zero. In the following we will also
assume that all non-stochastic regressors are uniformly bounded in absolute
value. Furthermore, we maintain Assumption 5 concerning the parameter
space © and the true parameter vector 6. We also assume that the parameter
space for the regression parameters is a subset of a compact set, except in
the case of the ARAR(1,1) model.'

As will become clear, for the limited dependent variable models specified
below the innovations entering the Moran [ test statistic will typically be
heteroskedastic. As was discussed in the Introduction, results available in the
literature concerning the limiting distribution of the Moran I test statistic
assume that the innovations are homoskedastic, and hence do not cover these
models.!8

4.1 Limited Dependent Variable Models

For each of the limited dependent variable models considered below the nor-
malization factor in the Moran I test statistic will be of the following general
form:

532;: = (1/2) Z Z(wz‘m + wjz-,n)28ﬁn3§,n (4.3)

i=1 j=1

= (Wnianin + W,’Lianin>

where &, = diag(&in). The variance estimators ain will be specified explic-
itly for each of the models considered.

1T"We note that for nonlinear estimation problems the parameter space is typically taken
to be compact; cp., e.g., Potscher and Prucha (1997).

18 Anselin and Kelejian (1997) give a result concerning the large sample distribution
of the Moran I test statistic for a spatial ARAR(1,1) model. However, their result is
based on a central limit theorem for m-dependent variables and the assumption that the
spatial weighting matrix is band diagonal. Clearly, this assumption is restrictive and
mostly covers situations where the data expand “bandwise” in one direction, and is thus
in essence geared more towards a time series context.
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4.1.1 The Tobit Model
Consider the Tobit model (i =1, ...,n)

yr = xify + v, (4.4)
o i ify; >0
Yi = 0 otherwise ’

where y! is a latent variable, y; is the observed dependent variable, z; is
a non-stochastic 1 x k vector of regressors, 3, is a k X 1 vector of regres-
sion parameters, and the v;’s are i.i.d. N(0,0%,) where 02, is bounded by
some constants ¢, and C,: 0 < ¢, < 04 < Cy < 00. The model is fur-
thermore assumed to satisfy sufficient regularity conditions such that the
maximum likelihood estimators of 6y = (8, 0%,), say O, = (B;L,Ef\io)’ , is
n'/2-consistent."?

Let ®x(.) and ¢, (.) denote the c.d.f. and p.d.f. of the standardized
normal distribution. Then, results given in Amemiya (1985, pp. 370-71)
imply

yi = f(wi,00) + & (4.5)

with

‘ — i Tif3, ¢N($zﬁo/0vo)]
f(»%eo) - vOcI)N ( Tv0 ) [ o0 + ‘I)N(Iiﬁo/a'v(ﬂ 5 (46)

and where E(e;) = 0 and 02 = E(e?) = h;(6,) with

hi(0o) = 0%, ®y (x’ﬂo) [(Ii—ﬁo>2+1 (4.7)

040 00

2By dn(TiBo/0w0)
00 ¢N($iﬁo/0vo)

+ } — f(@i,00)*.

Assume that o? = h;(0y) > const > 0 and let &;,, = y; — f(acl,gn) and G?JL =

h; (En) In the appendix we demonstrate that under the above assumptions
for the Tobit model the Moran I test statistic converges in distribution to a
standardized normal, i.e., (4.1) holds. The result in (4.1) can now be used in
the usual way to test for the presence of spatial autocorrelation.

19 Actually, for the subsequent result 6, could be any n!/2-consistent estimators.
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4.1.2 A Dichotomous Model
Consider the model (i =1, ...,n)

y: = 1131‘50 + v, (4-8)
1 ify; >0
Yi = 0 otherwise ’

where y is a latent variable and y; is the observed binary dependent variable.
The vectors z; and 3, are as in Section 4.1.1, but v; is only assumed to be i.i.d.
with zero mean and c.d.f. ®(.). (Note that we are distinguishing between
®, defined above and ®.) We assume furthermore that the distribution
has continuous second order derivatives and is symmetric around zero?”, and
thus Pr(y; = 1) = ®(x;6,) and Pr(y; = 0) = 1 — ®(2;3,). Among others,
this specification covers the probit as well as the logit model. We assume
again that the model satisfies sufficient regularity conditions such that the
maximum likelihood estimator of 3,, say f3,,, is n'/?-consistent. (Here 6y = /3,
and 0, = Bn)
The above specification clearly implies that

yi = ®(x;0) + & (4.9)

where E(g;) = 0 and E(e?) = ®(x;8,)[1 — ®(:8,)]. Assume that E(e?) >
const > 0 and let &; = y; = i’(m,Bn) and Efm = i’(m,Bn)[l - @(ngn)] In
the appendix we demonstrate that under the above assumptions the Moran
I test statistic converges in distribution to a standardized normal, i.e., (4.1)
holds. The result in (4.1) can now be used in the usual way to test for the
presence of spatial autocorrelation.

4.1.3 A Sample Selection Model

Consider the sample selection model described in Amemiya (1985, pp. 385-
387):

yii = 21+ v (4.10)
Yo = T2ibgo + Vo

_ | va if y3; >0
i = if 7, <0

20Tnspection of the appendix shows that this symmetry assumption could be dropped.
The assumption is only made to highlight the standard logit and probit cases.
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where y7; and y3; are latent variables, y9; is the observed dependent variable,
x1; and xy; are nonstochastic 1 x ky and 1 x kg vectors of regressors, /3, and
Bao are ky x1 and kg x1 parameter vectors, and (vq;, vo;) is i.d.d. as N(0, o)
where X = (0;50) with 0 < ¢, < || < C, < co. We assume again that the
model satisfies sufficient regularity conditions such that the maximum likeli-
hood estimator of 0y = (87, Ba9, T220, T120)’, Say 0, = (B;n,B;n,ﬁggn,Elgn)’,
is n'/2-consistent.?!
Results given in Amemiya imply that for those ¢ for which y,; # 0:

Y2i = f(@15, 22i, 00) + €5 (4.11)

with
¢N($1¢510)

—‘I’N(xuﬁlo) (4.12)

J (@15, 225, 00) = 2:B99 + 0120

and where E(g;) = 0 and E(g?) = h;(6p) with

2
hi(0o) = 0220 — g CCUﬁmM + (QSN(xMﬁlO)) ] . (4.13)

‘I’N(xuﬁw) ‘I’N(ﬂUuﬁm)

Assume that o = h;(6p) > const > 0 and let €;,, = ya — f(l'li,l'gz‘,/g\n)
and 512,71 = hz(gn) In the appendix we demonstrate that under the above
assumptions for the sample selection model the Moran I test statistic con-
verges in distribution to a standardized normal, i.e., (4.1) holds. The result
in (4.1) can now be used in the usual way to test for the presence of spatial
autocorrelation.

4.1.4 A Polychotomous Model

Consider the polychotomous model which has m categories (i = 1,...,n;
j=1..,m):

Pr(y; = j) = P;(xi, By) (4.14)
where 1; denotes the observed endogenous variable, x; is a non-stochastic
1 x k vector of exogenous variables and 3, is a & x 1 vector of parameters.

21 As demonstrated by Amemiya (1985, p. 386) the likelihood function for this model
depends on o119 only through £119/0110 and o120/0110. In the absence of further infor-
mation o119 is not identified and we hence put o119 = 1. We note that the analysis can
be readily extended to the case where o119 can be identified.
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We assume that the functions P;(.) possess bounded first and second order
derivatives. We also assume that for all x; and all vectors /3 in the parameter
space 0 < Pj(z;,3) <1(j=1,...,m). Among others, these specifications are
consistent with many ordered, as well as unordered polychotomous dependent
variable models which are based on either the normal or logit specifications
- see, e.g., Maddala (1983, Chapter 2), and Greene (1997, Chapter 19). We
assume again that the model satisfies sufficient regularity conditions such that
the maximum likelihood estimator of f3,, say 3, is n'/?-consistent. (Here

0o = 3, and 0, = 33, .)

Given the above specifation we have

Yi :f(l'i,ﬁg)‘i‘gi, 1= 17"'7” (415)
with
[ (@i, Bo) = Z]P (1, By) (4.16)

and where E(g;) = 0 and o7 = E(gf) = h;(8,) with

Z]zp xuﬁo

Z]P (%1, Bo) ] (4.17)

Let &in =ui— f(x, Bn) and Efm = hz(Bn) In the appendix we demonstrate
that under the above assumptions the Moran [ test statistic converges in
distribution to a standardized normal, i.e., (4.1) holds. The result in (4.1)
can now be used in the usual way to test for the presence of spatial autocor-
relation.

4.2 Spatial ARAR(1,1) Model

Next consider again the spatial ARAR(1,1) model specified in Section 2. As
remarked, although this model was discussed in Section 2 in part to motivate
the theoretical developments in Section 3, this model is also of interest in and
of itself because it is widely used.

We continue to maintain all assumptions postulated in Section 2. In
testing for spatial correlation in the disturbances, i.e., in testing Hy : py = 0
against H; : p, # 0, we can again utilize the Moran I test statistic given in
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(4.1). Motivated by the results in Section 2 we now specify the normalization
factor in the Moran I test as:
Go = (/27D D (win+wiin) +70D W, (418)

i=1 j=1 i=1

— Ghr (W W, + WIW,) +620.b,

where 52 = n='0. 4, and b, = —H,P'd, with d’, = n='@, (W, + W!)D,. In
the appendix we demonstrate that the asymptotic normality result (4.1) for
the Moran I test statistic holds under the maintained assumptions if Hj is
true. This result can again be used in the usual way to test for the presence
of spatial autocorrelation. In the appendix we demonstrate also that under
Hj, and some additional mild assumptions, we have lim, ., P (|I,| > 7) =1
for all 7 > 0. That is the test is consistent, in that under the alternative
hypothesis the power of the test tends to unity.??

5 Concluding Remarks

In this paper we formally derive the large sample distribution of Moran [
(type) test statistics for spatial correlation in the context of limited depen-
dent variable models (the Tobit, dichotomous, polychotomous and a sample
selection model), as well as for the widely used spatial ARAR(1,1) model.
Towards establishing these results we first derive a set of general results con-
cerning the asymptotic distribution of quadratic forms based on estimated
residuals, and then apply those results to derive the asymptotic distribu-
tion of the Moran [ test statistic for the models of interest. The results
are such that applications to still other models are evident. The analysis
also necessitated the derivation of a new central limit theorem for linear-
quadratic forms that allows for heteroskedastic and non-normally distributed
innovations (and for the elements of the linear-quadratic forms to constitute
triangular arrays).

One suggestion for further research is to study, via Monte Carlo methods,
the actual distribution of the Moran I test statistic in finite samples under the

Since d}, = E [n~'ul,(W, + W})D,| = <E [n~tup, Wy + W) Myuyy| ,10k> we may
X

alternatively specify c?’n = (n‘lﬁ%(Wn + W) Muyn, 10k> without changing the result on
X
the limiting distribution of the Moran I test statistic.
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conditions considered in this paper, and to compare the actual distribution
with the large sample distribution. In this regard, it would be especially
interesting to focus on limited dependent variable models, since there are no
Monte Carlo results in the literature relating to the Moran I test statistic for
such models.?®> Another suggestion for further research relates to the need of
developing appropriate estimation methods for (some of) these models if the
model’s disturbance terms are found to be spatially correlated.

23For Monte Carlo results relating to the small sample distribution of the Moran I test
statistic in the context of a linear cross sectional regression model see Anselin and Florax
(1995), and Anselin and Kelejian (1997), as well as the references cited there-in.
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A Appendix*

Let {Xi,,1 <i < k,,n > 1} be an array of random variables defined on a
probability space (€2, §, P) with E |X;,,| < co. Let {Fin,1 <i < k,,n> 1}
be an array of sub-sigma fields with §;_1,, C §i,. Wethen call {X; ,, Fin, 1 <
i < kp,n > 1} a martingale difference array if X, ,, is §;,-measurable and
E(Xin|Si-1n) =0 (with o, = {©,2}). In the following we shall use the
following central limit theorem for martingale difference arrays (with &, 1T oo
asn — 00).

Theorem A.1 Let {X;,,Tin,1 < i < k,,n > 1} be a square integrable
martingale difference array. Suppose that for all € > 0

kn
S E[X? (X0l > €) | Ficin] 20, (A.1)
=1
and
kn
Y E[X7,|8in] &L (A.2)
=1

Then S Xin A N(0,1).

Remark. The above theorem is given in Génsler and Stute (1977), pp. 365,
and represents a special case of Corollary 3.1 in Hall and Heyde (1980). The
theorem is restated here for the convenience of the reader. It is a variant of
a central limit theorem by McLeish (1974); compare also Brown (1971). It
is readily seen that a sufficient condition for (A.1) is that

k'll
> B |IXial ™ §icra] 20
=1

for some 6 > 0; cp., e.g., Potscher and Prucha (1997), p. 235. In turn,
applying Chebychev’s inequality, it follows that a sufficient condition for the
latter condition is that

iE {E [|Xi,n|2+6 | Szel,n” — 0 (A.3)
i=1

24The proofs given in this appendix are, at this point, written in a detailed fashion to
make it easier for the reader to check them.
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for some § > 0.

Proof of some assertions made in Section 2. We first note that the
following results have been established in Kelejian and Prucha (1998) in the
proof of their Theorems 2 and 3:

E |§m‘3 < const < o0, (A.4)
nilui«LDn = 0Op(1),
n~ "l (W, + WD, = 0,(1),
n_lD;an = 0p(1),
n ' DIW,D, = 0,(1),

where 7, = M, y,.
We now demonstrate that (2.5) holds. From (2.1) we have i, = u, —
D, (0,, — 0p) and so
n_l/gﬂ;Wndn = n_1/2u;Wnun (A.5)
—n ! (W, + W) Dun'?(6,, — 6,)
+(0, — 00) [n DLW, Dy] [n%(0, — 6,)].
In light of (2.3) and its discussion we have n'/2(6, — 6,) = O,(1). Utilizing
(A.4) it then follows that the third term on the r.h.s. of (A.5) is 0,(1), which

proves the claim.
We next show that

d, = E [n"u, (W, + W})D, ] = O(1) (A.6)

and that
n~tul (W, + WD, — d,, = 0,(1). (A.7)
To demonstrate this we use two evident results (see, e.g., Kelejian and Prucha
(1999): First, if S,, and R, are two nxn matrices whose row and column sums
are uniformly bounded in absolute value, then so are the row and column
sums of S,R,. Second, maintaining this notation, if T, is a conformable
matrix whose elements are uniformly bounded in absolute value, then so are

the elements of T, R,. Now recall that D,, = [M,y,, X,] and observe that
because of (2.1) we have

Yn = (Lo — MoMy) ' X0Bo + (In — MNoMy) (I, — poM,) ten, (A.8)
u, = (I, — poM,) ‘e,
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In light of this and given the maintained assumptions it is readily seen that
all components of n~'u/ (W, + W!)D,, are composed of terms of the form
n~'B¥e, and n_lzs’nC’T’:en where B’ is a non-stochastic vector whose elements
are uniformly bounded in absolute value, and where C}; is a non-stochastic
matrix whose row and column sums are uniformly bounded in absolute value.
The claim in (A.6) now follows since F(n~'e/,Cte,) = o*n 'tr(C}). Next
observe that var(n™'BYe,) = o?n?BYB* = o(1). Using the results of
Section 3.1 we have

n

i—1 n
var(n~'el Cte,) = o'n™? Z Z(C:j,n+6;i,n)2+(lu(4) —ot)n? Z Ciin- (A9)
i=1

i=1 j=1

The expressions on the r.h.s. are readily seen to be o(1) - cp. Kelejian and
Prucha (1999) - and thus var(n'u,,(W, + W!)D,) = o(1). The claim in
(A.7) now follows from Chebychev’s inequality.

Consider the vectors b, = —F,P'd, = — (I, — poM')"*H, P'd,, and the
matrices A, = 3(I,, — pyM}) " (W, + W) (I, — poM,)~" and observe that
the matrix P and the vectors d,, are of finite dimension. Given (A.6) and
the assumptions maintained with respect to (I,, — pyM,)~, W, and H, it
follows from the results given after (A.7) that the elements of b, and that the
row and column sums of the matrices A,, are uniformly bounded in absolute
value.

For later use we establish furthermore that that

n ', (W, + WD, — d,, = 0,(1). (A.10)
Observe that n =0, (W, +W!)D,, = n="u, (W, + W) Dp—(0,—00)n D, (W, +
W} )D,,. The second term on the r.h.s. is 0,(1) in light of the consistency of
0, and (A.4), and hence (A.10) follows from (A.7). |

Proof of Theorem 1. Clearly po =" ai 702, in light of the indepen-
dence of the ¢;,, and since Fe;,, = 0. Next observe that

— hg, = ZYm (A.11)
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with?®
i1

2 2 2 : .
Y;n == au‘,n<€i7n - O_i,n) + 281'771 Qijn€jmn + bi,ngi,ny 1 = 1, o, (A12)
j=1

Consider the o-fields §o,, = {0,Q}, Fin = 0(€1n, -1 €in), 1 < i < n. By
construction §;—1, € Fin, Yin 1S §in-measurable, and it is easily seen that
E(Y;n | §icin) = 0. Thus {Y; ., Fin, 1 <i < n,n > 1} forms a martingale
difference array. Consequently 03, = " | E(Y;%). The expression for the
variance of (), given in the text before the theorem follows upon observing
that

i1
E(S/z?n) - azzi,n |:Mz(,4r2 - Uini| + 4 Z a?j,no-zz,nag,n + bzz,na-?,n + 2bz,nazz,nuz(,?2
j=1
(A.13)
Let X;, = Yin/0g,, then {X;,.8in, 1 < i < n,n > 1} also forms a

martingale difference array. We now prove that

@~ Ho, _ S Xiw 2 N(0, 1) (A.14)
TQn i=1

by showing that the X, satisfies the remaining conditions of Theorem A.1.
In particular, we demonstrate that the X, satisfy condition (A.3), which in
turn is sufficient for (A.1), and that the X, satisfy condition (A.2).

We first consider the case where Assumption 3(b) holds (in conjunction
with Assumptions 1 and 2) and take 0 < § < min(n,,7,)/2. We note that un-
der the maintained moment assumptions on the ¢, ,, there exists then a finite
constant, say K., such that ain <K.,FE |»3m|3 < K., Eleinl’ Flejnl” < Ke,
and F ‘zsfn -7, * < K, for s < 2+ . We note further that under the
maintained assumptions on the a;;, and b;,, there exists a finite constant,
say K, such that 377, aijn| < Kp and n=' 370 |bin|” < K, for s <244,
Observe that 7, |ai,|" < K for 7 > 1 and that » 7 |amnl [amn| <
> it |ikn] 3op—y larkal < K.

25We adopt the convention that any sum with an upper index of less than one is zero.
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In the following let ¢ = 2+ ¢ and let 1/q+ 1/p = 1. Using the triangle
and Holder’s inequalities we then have

i—1 q
’Y;,n|q = aii,n(gin - O_?,n) + QEi,n Z aij,ngj,n + bi,ngi,n
j=1
M i—1 q
q 1 1, 9 1 1
< 2 {[aiinl? |aiinl® |€7, — 07, + > laijnl” laijnl7 2|€iml \%n\]
L j=1
+2q |bi7n|q |€Z'7n|q
K % i—1
P q g
< 20} !%yn!P] [|aizunf" |20 = 02"+ D lainl 7 27 i’ |€j,n!q]
Lj=1 j=1

_|_2q ‘b@n‘q ‘E@n‘q

i—1
< 2M(K,)r [|au‘,n| €2 — obal + D laiinl leinl® leinl®| + 29 [binl l€in]

Jj=1

Consequently

ZE{E HY;,n|q ’ %i—l,n]}

i=1
n i—1
q
< UK Y lainl Elel, =0, |" + D lasjnl Eleinl" E |€j,n|q]
i=1 j=1
+2¢ Z 05" E |€i,n]"
=1
< UK K Y Y aignl + 27K byl
i=1 j=1 i=1
< [P PR 4+ 21K K
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and thus

n

E {E [|Xm|2+5 | %Ln] }

=1

1 1 - 246
- ~ 179/2 7149/2 ZE {E [|Ym\ | Sifl,n] }
{n 102271} n i=1

1 1 2 Z+1
< [n_lag }1+6/2 no/2 [2 1(Kp)» Ko+ QQKpKe} )
Qn

Since 0 < ¢ <n~'oy, the rhus. of the last inequality goes to zero as n — oo,

which proves that condition (A.3) holds.
Utilizing that the ¢;,, are independent with zero mean it follows that

2
EY? | Si-1a]
i—1 2
2 2
= F aii,n(gi,n - 0i7n) + 25i,n E Qi n€jn + bi,ngi,n | Ei—1mny--+H€1n
Jj=1
1—1 i—1
_ 2 (4) 4 2
= Qip (:ui,n —Oin +4Oi,n E § AijnQikn€jn€hn
j=1 k=1
1—1
(3) 2 2 : 2 2 (3)
+4 [aii,n,uim + bi,no—i,n Aijn€jmn + bi,no—i,n + 2aii,nbl n/’bz n*
Jj=1

Recalling that 03, = " | F(Y;) and utilizing the expression for E(Y;%) in
(A.13) yields

n 1 n
; @n =1
i—1 7—1
== O' 820“1 Zazjnazkngjngkn+4zaznzazj, in ,n)
Qn j=1 k=1

4 Z |:au,n,u£,312 + bi,na?,n] Z aij,ngj:”]
i=1 j=1

1
Qn
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with

i—1 j—1

_ -1
) - (2
Hln E 0 n E E A5 nQik n€jnkmn,

7j=1 k=1

n i—1
_ -1 2 2 2 2
Hyp = n § Oin E aij,n(gj,n - Uj,n)
i—1 =1
-1
H3,n = E |:au n,uln + bz na ] E @i n€jn-

=1

Since 0 < ¢ < n~'op, condition (A.2) holds if H;, L 0asn — oo for
i =1,2,3. Clearly EH,, = 0. Utilizing that the ¢;,, are independent with
zero mean and variance o7, it is not difficult (although somewhat tedious)
to see that

n —1 r—1

EH12,7L S 27172222‘@1]71"arjn‘2|azkn|’ark:n|aln rn jno—i,n

1—17‘1]1

ST ) BIITH) SNy T

i=1 j=1
< n R2K*K*—0
= n L8, —Uasn — oo.

IN

This proves H; ,, 2.
Next observe that

n—1
2 2
HQ,” = Z ¢i,n(€i,n - Ui,n>7
i=1
—1
¢i,n = Z O-jn ]zn

Jj=i+1

Given our assumptions the e?, — o2, are independent with mean zero. Since

also £ }eﬁn — m’Hé < K. (with 6 > 0) it follows that the €7, — o7, are
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uniformly integrable. Furthermore

hmsupZ(bm = hmsupn Z Z O]n ]zn

n—0o0 n—0o0

=1 j=i+1
n—1 n
: -1 2 2
< K.limsupn E E ajmgKer < 00
n—oo . .
i=1 j=1
and
n—1 n 2
. 2 2
lim g ¢, = limn~ g E O]n Jm
n—oo n—oo
=1 =1 |j=i+1
n—1 n n
< K? lim n? E az; E az;, < lim n 1K2K2—0
n—o00 I ) n—oo
i=1 j=1

It now follows from the weak law of large numbers (for martingale difference
arrays) in Davidson (1994), p. 299, that H,,, 2 0.
The proof that Hs,, 20 is analogous. Observe that

n—1
Hs, = E Di nEins
i=1
n
1 Z (3) 2
Pimn — N [ajjvnuj,n—i_b}naj,n Qjin-
j=i+1

The €in@;,./ }cpi’n‘ are then independent with zero mean and uniformly inte-
grable given our moment assumptions. Furthermore

hmsupZ}gom < limsupn™ 12 Z [amn|

n—oo n—0o0

ol 2, sl

i=1 j=i+1
n—1
< K.limsupn~ Z [|ajjn| + [0jnl] Z|agzn|
n—oo j=1 =1

< 2K.K? < o0
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and

n—1 n—1 n 2
. . — 3
lim z;w?,n Jim 72 LZ il [15] + sl 02, !aji,n!]
1=

<
i=1 |j=i+1
n—1[ n 2
< K2 1m0 0| (laginl + (bl |aji,n|]
n—oo
i=1 |Lj=1
n—1 [ n 2
< Kg lim n’2z Ki + Z |ajn||ajin]
nee i=1 j=1

Using Holder’s inequality we have for ¢ =2+ ¢ and 1/¢+ 1/p =1

1 1
n 1 - n q n P 1
D 1bjnl lajin] < ni [” D |ba>n|q] [Z lajinl”| < oK.
j=1 j=1 j=1
Consequently
n—1 ) 9
lim o7, < K2 [ Tim n Y2 (K2 4 anp)} —0.

i=1

Applying again the weak law of large numbers (for martingale difference ar-
rays) in Davidson (1994), p. 299, gives Hs,, = 0. We have thus demonstrated
that also condition (A.2) holds, which completes the proof under Assumption
3(b).

The proof under Assumption 3(a) is identical to that under Assumption
3(b), except that under Assumption 3(a) all terms involving moments of order
higher than 2 + ¢ drop out from the expressions since in this case a;;, = 0.

Proof of Lemma 1. Since u/,W,u,, = u,[(W,+W))/2]u, we prove the result
w.l.o.g. under the assumption that W,, is symmetric. By Assumption 6 the
functions g; ,, (2, 6), and hence g¢,,(2,,, 0) W,,gn(2n,0), are twice continuously
differentiable in 6. épplying a second order Taylor expansion to u, W, u, =

~

Gn(2n, 00) Wign(2n, 0,,) yields (abusing notation in an obvious way)

A~ A~ — — a n n»y 0 5 1
n~ Y20 Wt = n~ V2 Wou, + 2n 1u;Wn—g (59 0)n1/2(9n —6o) + §R1n
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with
20 (20, 0,) Wngn (20, 0

_ 120 ! no
Rln n (Qn 90) 8989, (‘971 90)
Po n
Z 2 020 (20, 00) Wign(2n, 02) — ~
— 71/2 n TL’ nJn nyvYn 971” o 9,,. Hsn o 98
= 1 p- 1 89 80 ( ] 70)< ) 70)
Po  Po n

_1/2 Z Z Z Z Wiy, na Gin Znézrggé]sn(zn7 en) (/ér,n - 07',0)(55,71 - 03,0)

r=1 s=1 =1 j=1

and where 5,1 is a vector of between values. Since En — 6y we have gn €0
for large n in light of Assumption 5, and consequently by Assumption 6

a2gi,n(2n75n)gj,n(zn;5n)
00,00,
a2gin(2n75n) a agzn(znagn) ag] n(znv/én)
< L AL LT . > )
S | ag,08, | |90 00|+ =50, 20,
agin(znaan) agjn<zmgn) 0? g]n(zme )
: : ,n mns 9 - an an_
20, o0, | 19 ) [ | =50 50
S 4Ai,nAj,n-
Therefore
Po Do R N
|R1n| S 4 Z Z (pnnl/2 07‘,71 - 6)7"70 6)s,n - 05,0 .
r=1 s=1

with ¢, =n"1Y" > iy [wignl AinAj . By Assumption 4, 6 and Holder'’s
inequality

o0, < n! Z Z |wwn\ E’A2 1/2 [EAJQ-JJ 1/2

=1 j5=1

< Ken ') Y fwigal < K5k, < oo,
i=1 j=1
where K; and K, are the suprema for FA?, and >, |wij,|. Consequently
0, = O,(1). Since n'/2(0,,, —O,0| = O,(1) and |, —,0| = 0,(1) by
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assumption it follows that R, = 0,(1). This proves the first part of the
lemma.
Applying a first order Taylor expansion yields

agn(zm/én) — Ly 8gn(2n,90) 1

71/\/ W
with _ _
902, 0,) Wign (20, 0,)

0000’
and where Aén is a vector of between values. Let ry,, denote the s-th element
of Rs,, then

Rgn = <5n — 90),’/1_1

28 gzn(znae )g]n(z”’5n> (a —40 0)

o T L 06,00,
_ B a gzn Zn 9 )g n(zn ’én) 7
— 1 9 Js )l
3 ) DY T CLC L CR A1 )
r=1 i=1 j=1

By arguments analogous to those used in the first part of the proof we have

Po
|T237n| < 42 Pn 0
r=1

rm o 07“,0 .

Since ¢, was shown to be O,(1) and

HM — GT,O‘ is 0,(1) it follows that

T2sm = 0p(1). This proves the second part of the lemma. [ |

Proof of Theorem 2. By Lemma 2, the assumptions of the theorem, and
recalling that Q,, = ¢/ A&, + e, we have

n~Y20 Wi, = n~V2Q, + 0p(1)

and consequently

u, Wy, _ n_l/Qa:ngan _ n /2 [Q” - ’LLQn] n_1/2luQn op(1)
%a. n=15%,]" N R e ) R (%

By assumption n~'5;, — n7'63, = 0,(1) and lim, .o 03 /63 = A% > 0.

Sincen 03, is additionally bounded away from zero we have [n~'0, | 1z / [n’l/\én} 1/
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A + 0y(1) and o,(1)/ [n’laén]1/2 = 0,(1). Observing furthermore that
(@n = 1q,) /00, = Op(1) yields

ﬂ’ Wnﬂn Qn - n_1/2
nVnlin _ pn —Han QMQ';/Q +0,(1).
JQn OQn [n_l/a\Qn}

Result (a) of the theorem now follows immediately from Theorem 1, after
setting j1, = 0 in the above expression.

By assumption ¢ < n~'op for some ¢ > 0. In light of Assumption
1-3 it is not difficult to see that n‘laén < ¢, for some ¢, < oco. Since
lim, .o 03, /55, = A* > 0 it follows that ther exist constants ¢ and ¢, such
that for n large enough 0 < @ < n7'6y, < ¢ < oo. Result (b) of the

theorem now follows immediately from the lemma below with N, = M@y —
1o, )/ o, +op(1), 0, = [n_lﬁén}lﬂ, o= [n_lﬁén}lm forec <n7'g3 <T.
and f, = (¢*/? +Ei/2)/2 otherwise, and d, = n™"?p,, . -

n

Lemma A.1 Let n, and ¢, be a sequence of real valued random variables,
and let d,, and f,, be sequences of real numbers with 0 < K; < f, < Ky < 0.
Suppose n,, = Oy(1), ¢, — fo = 0,(1) and |d,| — 00 as n — oco. Then for
every constant v > 0 we have

lim P (|, +dn/¢,| <v) =0.

Proof of Lemma. Choose some € > 0 and some K, > K. Sincen, = O,(1)
it follows that there exists a positive constant M. such that P(|n,| > M.) <
/2 for all n. Since ¢, — f,, = 0,(1) and f,, < K3 < oo it follows further that
there exists an index n. such that P (|¢,| > K.) < ¢/2 for all n > n.. Next
observe that

P(|n, +dn/e,l <)
= P(n, +du/en] <90l > M)+ P (|0, + dn/e,| <, 0| < M)
P(|n,| > M) + P (|n,, +dn/ e, <7, [0, < M)
/24 P(In, + dn/en| <7, 0l < M, |0, | > Ki)
+P (|0, + dn/on| <5 |0l < M, [o,| < K)
e/2+4 P(p, > K.) + P(In, +dn/on| < 7.0yl < M, l,| < Ki) .

IAINA

IN
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For n > n. we thus have
P(|n, +dn/e,] <) < e+ P, +du/eu| <, n,l < M, |p,| < Ko

Now let Q, = {w € Q: |n,(w)|] < M., |¢,(w)| < K.}. Then |d,|/|¢,(w)| >
|d,| /K, for all w € Q,,, n € N. Since |d,| — oo as n — oo there exists an
index n? such that |d,,| /K, > M.+2~ for all n > n?. Consequently, provided
that n > n? we have for all w € Q,,

12 (W) + dn /e (W) 2 |dn] / |, ()] = |7, (w)] = 27,

Thus P (|0, + dn/enl <7, 0, < M., |, < Ki) =0 for n > n?, and conse-
quently P (|n,, + dn/e,| <) < € for all n > max{n.,n}}, which proves the
claim. -

Proof of Theorem 3. In light of Assumption 4 there exists a finite constant,
say Ky, such that n=1 Y | Z;;ll(wij,n +wjin)? < K and w};, < K2; com-
pare the analogous discussion concerning the a;;,’s in the proof of Theorem

1. Furthermore, in light of Assumption 8 there exists a finite constant, say

K,, such that n=' > | |Em}n < K, forn <2,and7;, < K, and ﬁgij <K,
(s =3,4). Now observe that

~2 A2 —2 =2 ~2 —2 \=2 ~2 —2 ~2 —2 —2 /2 —2
O-i,no-j,n - Ji,naj,n - (O-i,n —0; )Uj n + (Jz, — 0y )(an - Uj,n) +Ui,n<0jn - Uj n)

Assumption 8 then implies

G200 = Trnlon| < 2K,0, + ¢2.

wn j,n wn" jn
Consequently

n

ZZ Wijn + Wjin)? (010000 — Tonlon] | < K2(2K,¢, + ¢YA.15)

z—lg 1

n

IS, [ -5t < K2eK.e, +6d),
n =1 ’ ’ 7

n

1 ~(4 —(4
=S ul, [ - Al

1=1

IN

K2¢,.
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Similarly

_2 —
/B?,nazz,n - 51277157,2,77, < QKT ‘E’L,n| \Ill,nwn + KT\IJ?,nwi

+2 |Bi,n‘ qji,n¢n¢n + \I/in??/}igbn + }l_)i,nf ¢n7
KT\I}i,nwn + wi,n¢n¢n + }l_)l,n‘ ¢n'

IN

Observing that by Holder’s and Lyapunov’s inequalities 1~ Z?Zl ‘Ezn} Vn <
KBY? and n ' S0 0, < BY? with B, =n ' 3", W7, it follows from
the above inequalities that

1 n
= [’z? G2 R g } < 2K¥2BY%y 1 K, B’ (A.16)

n wn" i,n wn i,n
i=1

n

1 ~
n Z [bi,nﬂgiz - bi,nuz('i«)b} < KBy, + Buth, ¢, + K,
=1

In light of Assumption 8 we have B, = O,(1). Since v¢,, = 0,(1) and ¢,, =
0p(1) it is now evident from (A.15) and (A.16) and the triangle inequality
that n=1(5;, — 7%, ) = 0p(1). The claim that n™'5%, < const < oo is easily
checked in light of Assumptions 4 and 8. [ |

Proof of Claims in Section 4.1. We first prove the claim (4.1) for the
Tobit model. The proof utilizes Theorems 2(a) and 3. To cast the Tobit
model (4.5)-(4.7) into the notation of those theorems let 2z, = (21, ..., Znn)
with 2;, = (i, ;). The elements of z; are assumed to be bounded in absolute
value by some finite constant, say C,. In the following let Z = RxX with
X = Hle[—C'x, C.]. The parameter space for §,, say Og, was assumed to
be an open subset of R*. Furthermore ©4 was assumed to be contained
in a compact set. Hence there exists a finite constant, say Cg, such ©g C
[15,[-Cs, Cs]. Now let © = O x (¢,, C,,) denote the parameter space, and
define © = [, [~Cs, C5] X [cs, Cy] and O, =[], (—Cu, Cpa) X (Cons Cor)

with C < Css, Cp < Coy, and 0 < ¢4y < ¢,. Observe that the sets ©, ©,
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and ©, are open, compact and open, respectively, and satisfy © C © C O,
by construction. Next define

Gin(z1s - 20, 0) =y, — f(2;,0) (A.17)

for all z; = (gj,gj) €Z,j=1,...,n,and 0 = (B,02) € ©,. Then (4.5) can
be written as

Uip = € = gi,n(zna 90) =Y — f(xz‘, 90)‘ (A-18)
Furthermore we have
Ui =8 = Gin(2n, On) = vi — f (@4, 00). (A.19)

We now check Assumptions 4-6. Assumption 4 is assumed to hold. As-
sumption 5 holds evidently since © is open. We next verify Assumption
6. Since ¢y(.) and ®y(.) are twice continuously differentiable, and since
SUpP, ¥ SUPgeo, |25/0,| < 00, it is readily seen that f(z,6), 0f(x,6)/06 and
0% f(z,0)/0000" are continuous on Z x O,. (Note that the derivatives are well
defined since O, is open.) Assumption 6(a) is hence clearly satisfied. Since
X and © are compact, and continuous functions are bounded in absolute
value on compact sets, it follows furthermore that here exists some finite
constant K such that

sup |z; 58| < supsup |zf] < K, (A.20)
S z€X 0O
sup <supsup |—| < K,
0ce | Oy z€X 0€6 Oy
sup | f(z;,0)] < supsup|f(z,0)| < K,
S z€X 0O

9Gin(2n,0) of (zi,0) ' Of (x,0) '

LU AL ES < K,
ved | 00 beb | 00 | aexes| O

02G; (2, 0) 02 f(x4,0) 02 f(z,0)

, ) _ 2] < £ K.

ool | 9900 veo | o000 | = SRS o000 | T

Observing that |y;| < |y;| < |@iBo| + |vi| < K + |v;] it follows further that

Sup | gin (2, 0)| < |yl + sup | f(z:, 0)] < |vi| + 2K. (A.21)
9cO 0cO

Since Ev? < C, < oo it follows immediately from (A.20) and (A.21) that
also Assumption 6(b) holds.
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We next verify Assumption 7 with u,, = ¢,, Q, = €, Anen, An = (W, +
W')/2 and b, = 0. We first verify that the elements of ¢,, A, and b,
satisfy Assumptions 1-3. The conditions postulated in Assumption 2 for the
elements of A, and b, are trivially satisfied, given the elements of W,, are
assumed to satisfy Assumption 4 and the elements of b, are taken to be
zero. Given our discussion in Section 4.1.1 the innovations ¢;,, = ¢; clearly
satisfy Assumption 1. We next show that the innovations satisfy Assumption
3. More specifically, since a;;,, = w;;,, = 0 it suffices to demonstrate that
Assumption 3(a) holds for, say, n, = 1. Now

Elel’ = Elyi— f(wi,00)]" <4 [Elyl* + |f(2:,00))]  (A22)
3

IN

4 Ely;> + |supsup |f(z, )|

z€X 0O

< 4{Ely’ + K’}
< 4{Ev’ +3KE |v;|* + 3K*E |v;] + 2K*}

where the last inequality utilizes that |y;| < K + |v;|. Since v; is i.i.d. normal
the expression on the r.h.s. of the last inequality equals a finite constant
(that does not depend on ), which proves that Assumption 3(a) holds.

Next consider condition (3.7) of Assumption 7. Clearly to verify this
condition it suffices to show that

0Gin(2n, 0o)
00

— —2n_16;An—8f(g;’ o) = 0,(1),

ntul (W, + W) (A.23)

since n'/2(6,, — 6) = O,(1). The elements of Of (x;,0,)/00 are nonstochas-
tic and bounded in absolute value in light of (A.20). Since the elements
of W,, are assumed to satisfy Assumption 4 it follows that the elements of
A, 0f(4,00)/00 are uniformly bounded in absolute value. From the discus-
sion in Section 4.1.1 we have Fe; = 0 and o? = Ee? = h;(6y) with h;(6y)
defined by (4.7). In light of in (A.22) the variances o? are bounded by some
finite constant. Consequently n~'e! A, 0f(z;,0)/00 has mean zero and its
variance covariance matrix converges to zero; (A.23) now follows from Cheby-
chev’s inequality and thus (3.7) holds. We have now verified all conditions
of Assumption 7.
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Now take 5262” = 52@1, where the latter is defined in (4.1), and 7, = 05,
with

1 n n
Uén =5 Z Z(wij’“ + wjz-yn)20?0§. (A.24)
i=1 j=1
Then clearly A = 1. Furthermore, given (4.2) and since o? = h;(0y) >
const > 0 there exists some ¢ > 0 such that n~'03, > c.
The final step in our proof is now to demonstrate that
_1~2 _
n='og, —nlop, = 0,(1) (A.25)
using Theorem 3. In the notation of that theorem we have o7, =77, = 07 =
hi(0o), Zf\in = hi(0,), and b;,, = b;,, = b;,, = 0. To apply Theorem 3 we have
to verify Assumptions 4 and 8. Assumption 4 is postulated. Next consider
Assumption 8(a). Since w;;,, = 0 we can ignore all conditions involving
third and fourth moments. To prove }Gf’n —o2,| < ¢, with ¢, = 0,(1) it
suffices to prove Condition A, as was discussed after the theorem. Clearly
0h;(0)/00 exists and is continuous on O,. Again, since continuous functions

are bounded in absolute value on compact sets, there exists a finite constant,
say K,, such that

Oh(z,0)
a0

sup  sup
1<i<n,n>1 0O

< sup sup
z€X 0O

00

Ohy(0) ‘

<K

where h(z;,0) = h;(#). Since nl/Q(En —0p) = O,(1) this verifies Condition A.
Assumption 8(b) holds trivially.

Having demonstrated that all conditions maintained by Theorem 2(a)
are satisfied the claim (4.1) for the Tobit model follows directly from that
theorem. The proofs of claim (4.1) for the dichotomous, sample selection,
and polychotomous models are analogous. [ |

Proof of Claims in Section 4.2. In the following let 7,, = M, y,. To prove
the claims we use Theorems 2 and 3. To cast the spatial ARAR(1,1) into the
notation of those theorems define g¢,,(z,,0) = y, — D,0 where D,, = [7,,, X,
0 =(\pGY), and 2, = (210, -y Znn) With 2, = (Yim, Titms - - - Tikn). The
parameter space © = (—1,1) x R¥. Furthermore we take Z = R**! as the
space for the z; .
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We now check the Assumptions 4-6. Assumption 4 is assumed to hold.
Assumption 5 also holds since O is open. To verify Assumption 6(a) take
O, = O©. The measurability and differentiability assumptions hold trivially
since g; , is continuous in all arguments and linear in 6, respectively To verify
Assumption 6(b) observe that A2, = |Jg;,/00]> = =Tin + Z] \ T3 - From
the first result in (A.4) it follows that Ey?, < const < oco. Since the z;;,, are
assumed to be uniformly bounded in absolute value Assumption 6(b) clearly
holds.

From the discussion surrounding (2.5) - (2.7) it is readily seen that condi-
tion (3.7) of Assumption 7 holds with A,, = (I, — poM,) " (W, + W) (I, —
poM,)~t and b, = —F,P'd, with F, = (I, — poM!) ' H,. Furthermore it
follows from that discussion that the elements of A,, and b, satisfy Assump-
tion 2. Assumption 1 and 3(b) are postulated in the catalogue of model

assumptions. Thus also all conditions of Assumption 7 hold.
Next define

o, = 55?1 DO (Wijn + wiin)* +75 > b
i—1 j=1 i—1
where 7, = ' E(u,u,) = n~'E(e,Creyn) = o?*n~'tr(C}) with Cj = (I -
poM,)~ (I — poM!)', and where b, = —H, P'd,. Furthermore let & O'Q

15~ -1

52%. Clearly 5> = n~'u,u, = n~ ' u, +o0,(1), since U, = u, — Dn(ﬁn 90),

1/2_consistent, and given the results in (A.4). By analogous arguments

0, isn

as those used to establish (A.9) we have var(n=1u/ un) =wvar(ne, Cre,) =
o(1). Hence n~u/u, — 72 = 0,(1) and consequently 5> — 52 = 0,(1). This
verifies Assumption 8(a) for 6> and 52 (observing that Ezn =72 and wy;, =
0). Assumption 8(b) for En and Zm was verified at the end of Section 3.3.
It now follows from Theorem 3 that Gén — Ty, = 0p(1) as postulated in
Theorem 2.

The expressions for the mean 11, and variance aén of the linear-quadratic
form @, = €/, A&, + b, are given in (3.2). Now assume that Hy : p, = 0
holds. In this case we have A, = %(Wn + W]) and hence a;;,, = 0, b, =
b, = —H,P'd, and ¢? = 5> = ¢2. Thus in this case we have po, =0
and 03, =7, . In hght of (4 2) we also have n™'03, > ¢ for some ¢ > 0.
The claim that (4.1) holds under Hy now follows directly from part (a) of
Theorem 2.

Next assume that Hy : py # 0 holds. Assume furthermore that n~'og, >

0,lim, oo n'0g, = 5> 0,lim, .oon 'y, =3 > 0andlim, ..o n 'tr(4,) =
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a # 0. Then clearly n~'c?, > ¢ for some ¢ > 0 and lim, . 03, /g, > 0.
Furthermore |n™2pq | = n'/? |n"'r(A,)| — oo for n — co. The claim
that lim, o P(|1,| > 7) for arbitrary 7 > 0 now follows from part (b) of
Theorem 2. [
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