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Abstract

In this paper we consider a simultaneous system of spatially in-
terrelated cross sectional equations. Our speci..cation incorporates
spatial lags in the endogenous and exogenous variables. In modelling
the disturbance process we allow for both spatial correlation as well
as correlation across equations. The data set is taken to be a single
cross section of observations. The model may be viewed as an exten-
sion of the widely used single equation Clia-Ord model. We suggest
computationally simple limited and full information instrumental vari-
able estimators for the parameters of the system and give formal large
sample results.
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1 Introduction®

Spatial models have attracted considerable interest in the recent economics
and econometrics literature, both on an empirical and theoretical level.! One
of the most widely used spatial models is the single equation model intro-
duced by Clia and Ord (1973, 1981). This model is a variant of the model
introduced by Whittle (1954) and is sometimes referred to as a spatial au-
toregressive model; see, e.g., Anselin (1988). In this paper we consider an
extension of the single equation Clia and Ord model. In particular, we con-
sider the estimation of a simultaneous system of cross sectional equations
with spatial dependencies. The data set is assumed to be a single cross sec-
tion of observations on the variables involved.? The spatial dependencies
arise for two reasons. First, the error terms are assumed to be spatially
correlated, as well as correlated across equations. Second, the value of the
dependent variable in a given equation corresponding to a given cross sec-
tional observation is assumed, in part, to depend upon a weighted sum of that
dependent variable over “neighboring” cross sectional units. Such weighted
sums over neighboring units are often described in the literature as spatial
lags of the variables involved. Our equations may also contain spatial lags of
the exogenous variables.

We introduce both limited and full information estimators for the model
parameters that are in the spirit of the classical two and three stage least

“We thank two anonymous referees and the participants of seminars at Monterey and
Vienna for helpful comments. Financial support from the National Science Foundation
through grant SES-0001780 is gratefully acknowledged.

!Recent empirical and theoretical papers include Delong and Summers (1991), Case
(1991), Krugman (1991, 1995), Case, Hines, and Rosen (1993), Holtz-Eakin (1994),
Shroder (1995), Anselin et al. (1996), Audretsch and Feldman (1996), Ausubel et al.
(1997), Driscoll and Kraay (1998), Kelejian and Robinson (1997), Kelejian and Prucha
(1998, 1999, 2001a,b,c), Pinkse and Slade (1998), Buettner (1999), Conley (1999), Pinkse
(1999), Lee (1999a,b, 2001a,b, 2002), Rey and Boarnet (1998), Bell and Bockstael (2000),
Baltagi, Song and Koh (2000), Baltagi and Li (2001a,b), and Giacomini and Granger
(2001). For reviews and general discussions relating to spatial models see, e.g., Clia and
Ord (1973, 1981), Anselin (1988), and Cressie (1993).

2The force of our modelling and suggested estimation procedure is that it only requires
asingle cross section of data. Evident variations of our procedure could also be considered
if panel data were available and the number of time periods, say T, were small relative to
the number of cross sectional units, say n. In the panel data case, if T were large relative
to n, a wide variety of models and estimation procedures would be available. For example,
see Prucha (1985) and Baltagi (1995).



squares estimators. We give formal large sample results relating to our sug-
gested estimators. Speci..cally, we demonstrate that our estimators are con-
sistent and asymptotically normal. Our results therefore generalize those
given by Kelejian and Prucha (1998) in a single equation framework. One
step in our procedure is based on a generalized moments (GM) estimator
of spatial autoregressive coe¢cients. The GM estimator was introduced by
Kelejian and Prucha (1999).

It will become evident that our systems estimators are computationally
simple even in large samples. One reason for this is that our procedure is
based in part on our GM procedure rather than on a quasi maximum like-
lihood procedure, which is often considered in a single equation framework,
e.g., see Anselin (1988), Case (1991), and Case, Hines, and Rosen (1993).
Even in a single equation framework, such quasi maximum likelihood proce-
dures are often infeasible in moderate to large size samples unless the weights
matrix is of a special form, - see, e.g., the discussion and references in Kelejian
and Prucha (1999).

The model is speci..ed and interpreted in Section 2. The limited and
full information estimators are de..ned, and their asymptotic properties are
given in Section 3. Conclusions and suggestions for further work are given in
Section 4. Proofs and other technical details are relegated to the appendix.

2 Model

In this section we specify the model along with a discussion of the maintained
assumptions. It proves helpful to introduce the following notational conven-
tionsand de..nitions: Let (A,)n=n be some sequence of np£np matrices where
p . 1is some ..xed positive integer. Then we denote its (i; j)-th element as
aij.n- If An is a square nonsingular matrix, then Ai! denotes its inverse and
al denotes its (i; j)-th element; if A, is singular, Aji' denotes the generalized
inverse. If A, is some vector or matrix, then KAk = [tr(A‘ﬂ,An)]lz2 where
tr(:) denotes the trace. Furthermore we say that the row and column sums
of the sequence of matrices A, are bounded uniformly in absolute value if
there exits a positive ..nite constant ca; independent of n, such that

> [. . > [. .
max Jaij;nj - Ca and max jaij;nj - Ca
1-i-np . 1 1-J-npi 1

J: —



for all n 2 N. We note for future reference that if the row and column sums
of An and Bp are bounded uniformly in absolute value, then (assuming
conformability for multiplication) so are the row and column sums of C,, =
AnB,; see Remark Al in the appendix.

2.1 Model Speci..cation

The following spatial simultaneous equation model can be viewed as an exten-
sion of the widely used spatial single equation model introduced by Clia and
Ord (1973, 1981). In particular, we consider the following system of spatially
interrelated cross sectional equations corresponding to n cross sectional units:

Yn=YnB +XnC+ Yo+ Up; (1)
with

Yo = (YuninYmn); Xa = (Xan; 75 Xkn); Un = (Ugn; 225 Umin);
Yo = (Yuni 55 Ymn)i Vin = Whyin  J=100m,

where yj:.n is the n£1 vector of cross sectional observations on the dependent
variable in the j-th equation, X;., is the n £1 vector of cross sectional obser-
vations on the I-th exogenous variable, uj., is the n £1 disturbance vector in
the j-th equation, W, is an n £ n weights matrix of known constants,® and
B, C, and =@ are correspondingly de..ned parameter matrices of dimension
m£ m, k £ m and m £ m, respectively. In this model spatial spillovers in

is typically referred to as the spatial lag of yj;n. The i-th element of ;. is
given by

X

Yijn = WirnYrjn:

r=1
The weights wir-, are usually speci..ed to be nonzero if cross sectional unit i
relates to unit r in a meaningful way. In such cases, units i and r are said
to be neighbors. Usually neighboring units are taken to be those units that
are close in some dimension, such as geographic or technological. e note

3We are assuming that the system only involves one weights matrix. This assumption
is made for ease of presentation, but also seems to be the typical speci..cation in applied
work. Our results can be generalized in a straight forward way to the case in which each
spatially lagged variable depends upon a weights matrix which is unique to that variable.



that @ is not assumed to be diagonal, and hence the speci..cation allows for
the j-th endogenous variable to depend on its own spatial lag as well as the
spatial lags of other endogenous variables.

In addition to allowing for general spatial lags in the endogenous variables
we also allow for spatial autocorrelation in the disturbances. In particular
we assume that the disturbances are generated by the following spatially
autoregressive process:

Un :UnR'l' EI’]; (2)
with

En = ("unii"mn); R =diag (%);

Un = (U5 Umen), Uj:n = WhUjn; J=1:0m;

where "j;n denotes the n £ 1 vector of innovations and %; denotes the spatial
autoregressive parameter in the j-th equation. Analogous to the terminology
used above, the vector Uj;, is typically referred to as the spatial lag of uj:n.
Since R is taken to be diagonal the speci..cation relates the disturbance
vector in the j-th equation only to its own spatial lag.* However, as will
become evident below, the disturbances will be spatially correlated across
units and across equations via our assumptions concerning the innovations
" =100 m.

For purposes of generality we have allowed for the elements of the weights
matrices, the exogenous regressor matrices, the innovation vectors, and there-
fore, the endogenous variable matrices to depend on the sample size n, i.e.,
for the variables to form triangular arrays. We emphasize that by allowing
the elements of the exogenous regressor matrices to depend on the sample
size we implicitly also allow for spatial lags among the exogenous regressors,
in addition to spatial lags in the endogenous variables and disturbances. At
this point we also note that our analysis is conditionalized on the realized
values of the exogenous variables and so we will henceforth view the matrix
Xn as a matrix of constants.

We now express the model in (1) and (2) in a form that will more clearly

4 Allowing for R to be non-diagonal would further complicate the analysis, and is beyond
the scope of the present paper.



reveal its solution for the endogenous variables. Let

Yn = vec(Yn);¥n =vec(Yn): Xn = vec(Xp);
Un = vec(Upn);un =vec(Up); "n =vec(En).

Noting that y,, = (I, — W)y, and, if A; and A, are conformable matrices,
that vec(A1A2) = (A} — I)vec(Ay), it follows from (1) and (2) that

Yn = BRyn+ChX,+Up; (3)
Unh = R{rl]un*'"n;

where B2 = [(B" - 1))+ (&'=W,)]; C2 = (C’ - 1,); and R2 = (R - W,)
= diagjL; (%;Wh), since R is a diagonal matrix.

Finally, we impose exclusion restrictions on the system in (1). Speci..-
cally, let ;, °;, and _; be the vectors of nonzero elements of the j-th columns
of, respectively, B, C, and @. Similarly, let Yj.,; Xj.n, and Y., be the cor-
responding matrices of observations on the endogenous variables, exogenous
variables, and spatially lagged endogenous variables that appear in the j-th

equation. Then, the system in (1) and (2) can be expressed as (j = 1;:::;;m)

Yin = Zjntj +Ujn, 4)
Ujn = 1/2jWnuj;n+"j;n;

where Zj.n = (Yjn; Xjn; Yjn) and +j = (_%; O%i 52)0-
We make the following assumptions.

Assumption 1 The diagonal elements of the spatial weights matrices W
are zero.

Assumption 2 (a) The matrices Imn i By are nonsingular.

value:

Assumption 4 The matrix of exogenous (nonstochastic) regressors X, has
full column rank (for n su@ciently large). In addition, the elements of X,
are uniformly bounded in absolute value.
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The next assumption de...nes the basic properties of the innovations process.

vations and let v,, = vec(V,).
Assumption 5 The innovations "', are generated as follows:
"n= (§E; - In) Vn

where 8. is a nonsingular m £ m matrix and the random variables fvij, :

distributed with zero mean, variance one and ..nite fourth moments, and
where the distribution does not depend on n. Furthermore, let 8 = 88,
then the diagonal elements of 8 are bounded by some constant b < 1.

Let "n(i) and vn(i) denote the i-th rows of, respectively, E, and V.
Then observing that En = Vx8s., and hence "n(i) = vn(i)8s, it follows
from Assumption 5 that the innovation vectors (i) : 1 - 1 - n;g are
distributed identically and independently with zero mean and variance co-
variance matrix 8. Thus the innovations entering the disturbance process
are spatially uncorrelated. However, analogous to the classical simultaneous
equation model, the speci..cation allows for the innovations corresponding to
the same cross sectional unit to be correlated across equations. This is also
seen observing that E", =0 and E™,",, = 8§ — I,

Our suggested estimation procedures are instrumental variable techniques.
Let H,, denote the n £ p matrix of instruments utilized by these procedures.
As discussed below, in practice Hn will frequently be chosen as a subset of

is a ..nite integer which would typically be less than or equal to two. We
maintain the following assumptions concerning the instruments:

Assumption 6 The (nonstochastic) instrument matrix H,, contains at least
the linearly independent columns of (Xn; WnX,). The elements of H, are
uniformly bounded in absolute value. Furthermore Hy has the following prop-
erties:

(@) Quu = Ii'mlnilH"an is a ..nite nonsingular matrix;
nt

(b) Qnz; = nIi!rnlnilHﬂ,E(Zj;n) is a ..nite matrix which has full column
rank, j =1;:5;m;



(©) Qnwz; = Il'm nitH, W,E(Zj;n) is a ..nite matrix which has full column
rank, j =1

(d) Quz; i %Qrwz has full column rank, j =1;::;m;

(e) ¥ =limpea nitH, (I 1/szn)il(In i 1/szn) ilH, is a ..nite nonsin-
gular matrix, j = 1;:::;m

Our next assumption ensures that the autoregressive parameters %;; :::;
Yy are “identi..ably unique” — see, e.g., Kelejian and Prucha (1999).

Assumption 7 For j =1;:::;m, let

8 ) — _ S)
% 2Uj.nUjin i Uj.nUjin n E
2 ]

=0 — =0 =
ijn=n"E 20;.,Ujin iUjnUjn  tr(WRW,) (5)
(U%;nﬁj;n +tl%;naj;n) itl%;nUJ-;n 0
where Tj.n = WnuJ nand Tjn = Wiljn = W3 uJ n. Let ", be the smallest
eigenvalue of .J,n ijn- Then we assume that in - T > O |e the smallest

eigenvalues are bounded away from zero.

For future reference, we de..ne 7j.,, and 7., in a similar fashion, namely
-"j;n - Wn"j;n and -“j;n - W%"j;n.

2.2 Model Implications

Assumption 1 is a normalization of the model; it also implies that no unit
Is viewed as its own neighbor. Assumption 2 implies that the system in (1)
and (2), or in (3), is complete in that it de..nes the endogenous variables
in terms of the exogenous variables and innovations. In particular, since
Imn i Ry =diagiZ; (In i %;Wh) it follows from (3) that

BR) H[CH Xn + up] (6)
Ry

Since E™, = 0 by Assumption 5, we have Eu, = 0 and Eyn = (Imn i
B?)ilC? x,. Recalling that Assumption 5 implies E",", = 8 — I, we

8



obtain from (6) the following expressions for the variance covariance matrix
of Un, say —un; and of yn, say —y:n:

ROT(E = 1) (Imn i RO, (7
B;)il_u;n(lmn i Bao)il:

—un — (Imn

i
yin (Imn i

The disturbances u, and the endogenous variables y, are thus seen to be
correlated both spatially as well as across equations, and furthermore will
generally be heteroskedastic.

Consider now Assumption 3 and its implications for —, and —.,. Since
the row and column sums of products of matrices, whose row and column
sums are bounded in absolute value, have the same property, Assumption 3
implies that the row and column sums of both —,, and —,., are bounded
uniformly in absolute value. Therefore, this assumption limits the degree of
correlation between the elements of u, and of y,. For perspective, we note
that in virtually all large sample analyses it is necessary to restrict the degree
of permissible correlation — see, e.g., Amemiya (1985, ch. 3,4) and Poétscher
and Prucha (1997, ch. 5,6).

Now consider Assumption 3 as it relates to the row and column sums of
W . In practice, it is often assumed that each cross sectional unit has only
a ..nite, and typically, a small number of neighbors and, in turn, it is only
a neighbor to a ..nite and typically small number of other units. It is also
often assumed that the rows of the weights matrices are normalized to sum
to unity - see, e.g., Case (1991) and Kelejian and Robinson (1995). Under
such assumptions the row and column sums of the weights matrices would
obviously be bounded in absolute value. In other cases the weights matrices
may not be sparse, but the weights are speci..ed to be proportional to the
inverse of a distance measure - see, e.g., Dubin (1988), and DelLong and
Summers (1991). Again, under reasonable conditions the row and column
sums of the weights matrices would be bounded in absolute value, provided
the weights decline succiently fast as the distances between units increases.

Assumption 4 and parts (a) and (b) of Assumption 6 are crucial in ensur-
ing the consistency of our initial two stage least squares estimator. Parts (c)
and (d) of Assumption 6 are analogous in that they are crucial in ensuring
the consistency of our generalized two and three stage estimators, which are
based on a Cochrane-Orcutt-type transformation of the model. Part (e) of
Assumption 6 is used in deriving the limiting distribution of the initial two
stage least squares estimator from the untransformed model.



For a further interpretation we note that part (b) of Assumption 6 is
a high level condition used to ensure that the instruments Hy, allow us to
identify the regression parameters +; in (4), j = 1;:::;m. In particular,
consider the 2SLS estimator for the parameters in (4), and observe that this
estimator is a generalized moments estimator corresponding the the moment
conditions
E(HLu;.n) =0

Let Ujn@j) = Vin i Zjntj = Ujin + Zjn(j i %5)- The condition that
limn s 1 NTHLE(Z;,0) has full column rank, as maintained in part (b) of
Assumption 6, implies that

£ h i
I|m ni'E HLu;. n(-,) = Ilm NITHYE(Zin) (5 i %)

is zero if and only if £; = %j. Thus the condition ensures that, at least
asymptotically, the instruments H,, identify the true parameter vector ;,
J=1;:; ;m. We note that a similar assumption was made in Kelejian and
Prucha (1998), as well as in Lee (2001b), who also provides a discussion of
certain cases in which this assumption is violated.> In terms of the objective
function of the 2SLS estimator, i.e., Uj.n(x;)’Hn(HLH,) FTHL Ujn(2;), parts
(a) and (b) of Assumption 6 ensure that in the limit the objective function is
uniquely maximized at £; = £j; compare also Amemiya (1985, p.246). Parts
(c) and (d) of Assumption 6 play an analogous role in the identi..cation of
the model parameters after a Cochrane-Orcutt-type transformation of the
model. .

The optimal instruments for Y, and Y, = W, Y, are based on their (con-
ditional) means. It is not di€cult to see from (3) thatlg,the largest eigenroot
of Ihn i Bj is less than one in absolute value EY —o WX, 3 s, Where
s s are matrices whose elements are functions of the elements of B, C, and
o, The instrumental variable estimators considered below are obtained by
instrumenting Y, and Y, in terms of ..tted values from regressions on Hy.
Our recommendation for choosing H,, to be a subset of the linearly indepen-
dent columns of (Xn; WnXn;:::; WiXn), s . 1, may hence be viewed as
being geared towards achieving a computationally simple approximation to
the optimal instruments.®

5See also Kelejian and Prucha (2001c) for another case in which part (b) of Assumption
6 is violated.
6The basic computational operations needed to compute W,X,, are of the order n2.
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As indicated earlier, Assumption 7 is essentially an identi..ability condi-
tion for the autoregressive parameters %;. This will become clear from our
results in the appendix.

It seems of interest to compare our model with the space-time simulta-
neous equation model mentioned by Anselin (1988, p.156). While a de..nite
interpretation of the model is di€¢cult because of typographical errors relat-
ing to the indices, and because of a lack of formal speci..cations, it appears
that his model can be viewed as a classical simultaneous equation model.
The model contains one equation for each cross sectional unit, the variables
of which are assumed to be observed over T periods. The dependent variables
of the model are simultaneously interrelated across units, and the number of
time periods T is assumed to be large relative to the number of cross sectional
units n. In contrast, our speci..cation considers a system of equations corre-
sponding to each cross sectional unit, the variables of which are observed for
only one time period. Our speci..cations allow for simultaneity between the
dizerent variables corresponding to a particular unit as well as for simultane-
ity of these variables across units. As an illustration, Anselin’s system could
relate to time series observations on the demand for police expenditures in
each state, which is determined in part by the demand for police expenditures
in neighboring states. In contrast, our model could relate, in a given year,
to the demand for police expenditures, as well as that for education, roads,
parks, etc., for each state. These variables would interact simultaneously
within a state, as well as between states.

3 Estimation

In the following we de..ne limited and full information instrumental variable
estimators for the parameters of the spatial simultaneous equation model
speci..ed above, and derive the limiting distribution of those estimators.

3.1 Limited Information Estimation: GS2SLS

In this section we introduce a generalized spatial two stage least squares pro-
cedure (GS2SLYS) for the estimation of the parameters in the j-th equation.

We recommend to compute, e.g., W2X,, recursively by multiplying W,X,, into W,
which keeps the computational burden at the order n?. This approach avoids the need to
compute W2, which requires computational operations of the order n3.
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This procedure generalizes the estimator considered in Kelejian and Prucha
(1998) for a single equation spatially autoregressive model. The proposed
GS2SLS estimation procedure consists of three steps. In the ..rst step we
estimate the model parameter vector #; in (4) by two stage least squares
(2SLS) using Hp as the instrument matrix. Based on the 2SLS estimates
of +; we compute estimates of the disturbances ujn. In the second step
we use those estimated disturbances to estimate the autoregressive parame-
ter %; using the generalized moments procedure introduced in Kelgjian and
Prucha (1999). In the third step the estimate for %; is used to account for the
spatial autocorrelation in the disturbances uj.n using a Cochran-Orcutt-type
transformation. The GS2SLS estimator for +; is obtained by estimating the
transformed model by 2SLS using Hy as the instrument matrix.

3.1.1 Initial 2SLS Estimation

Consider the systemin (4) and let 2., = Py Z;.n; where Py = H, (HLH,) iTHY
and Hy, is de..ned in reference to Assumption 6. Given our assumptions con-
cerning Hn, we have 2j.n = (¥jn; Xjn; Yjin), Where ¥j.n = Py Yjn; and

¥in = PuYjn The 2SLS estimator of ; is then given by

EFjn = (zg;nzj;n)ilzg;nyj;n: ®)
The 2SLS residuals are given by
8j:n = Yin i ZjnEjn ©)

In the following let ujj., and &;;;, denote the i-th element of u;,, and a;.,,
and let z;;j;» denote the r-th row of Z;;,. The proof of the following theorem
is given in the appendix.

Theorem 1 Suppose Assumptions 1-6 hold. Then ¥, = tj + Op(nit™2),
and so %;j., is a n**-consistent estimator for t;. Furthermore
JBijn i Uiin] - JizZigndd Ji%5 i@ Einll

P ; .
with nit " L jjzijnjj™ = Op(1) for some A > 0.

The theorem shows that the 2SLS residuals satisfy Assumption 4 main-
tained in Kelejian and Prucha (1999) in connection with the generalized
moments estimator for the spatial autoregressive parameter of a disturbance
process. This observation will be utilized in demonstrating the consistency
of the generalized moments estimator for %; discussed in the next step.

12



3.1.2 Estimation of the Spatial Autoregressive Parameter

As a second step we apply the generalized moments procedure introduced in
Kelejian and Prucha (1999) to estimate the spatial autoregressive parame-
ter of the disturbance process of each equation. To motivate the procedure
observe that the relationship in (2) implies that Uj.n § %;Ujn = "j;n. Premul-
tiplication by W, then yields Uj;n i %jﬁj;n = "j:n. These two relationships

F1les0 — il,.0 2 jl—=0 — - il, 0 —

N0 "in = NUU UG %N UG L Ujn § 20" Ug Ujin (11)
i L0 — il—0 — 2§10 = =l —

N0 "in = NV U UG %70 UjaUjn § 2%0' UjaUjin
jlo) = — il, 0 T 2hils0 - ilrd T —0

N Tin = ni uj;nuj;n+1/zjn' UjnUjn i 1/zjnI [uj;nuj;n+uj;nuj;n]

Assumption 5 implies that E(n 1", ";.n) = %;;; where %;; is the j-th diago-
nal element of 8. Noting that ™., = W,".,; it follows from Assumptions 1
and 5 that E(ni™,™;.n) = %j; nittr (WLW,); and E(n M Tin) = Yyn it
tr(Wn) = 0. Let ®; = (g %8 %55)", and ©j.n = nFE(UL Ujn); E(TUjin);
E(U%;nt;n)]O. Then, if expectations are taken across (11) the resulting system

o

in = 1§n® (12)

where jjn is de..ned in (5).
Clearly if ij;n and ©;., were known, %; and %;j; would be perfectly deter-

mined in terms of the vector ®; = iji;,ﬁ°j;n. Following the general approach
of Kelejian and Prucha (1999) we de..ne the following estimators for ., and
2 0 0 3
Zﬂj;nﬁj;n i-gj;n-gj;n n
] 0 0
Gjn = nllg Z:Ej;nﬁj;n i:ﬁj;nﬁj;n tr(VVOan) ; (13)
0 0
(E%;nﬁj;n +gj;naj:n) igj;nﬁj;n 0
h i

1

. 0
Ojn = n' El%;naj;n; 8;.n8jin; El%;n-gj;n ;

where 8;., denotes the 2SLS residuals de..ned in (9), 8;,, = W,8;,,, and
B, = W,8;., = W2a;... Then, an empirical form of (12) is
1 J: n>J,
Qjin = Gj;ﬂ®j +3j;n (14)

13



where 3;., can be viewed as a vector of regression residuals. Our generalized
moments estimator of (%;; %jj), say (&;; &j;), is de..ned as the nonlinear least
squares estimator based on (14). That is ’
(éj;n;éjj;n) = argmin  [Qjn i Gj;n®j]0 [Qin T Gjin®j] (15)
% 2[ i a;al%;j; 2[0b]
where a > 1 is a pre-selected constant. The next theorem establishes the
consistency of (&;.,; &;j.n).-

Theorem 2 Suppose Assumptions 1-5 and 7 hold. Then (&;.; &;j.n) i (% ¥%j;)

The above theorem establishes the consistency of the generalized moments
estimator #&;.,. Using Monte Carlo simulations Kelejian and Prucha (1999)
and Das, Kelejian and Prucha (2001) compare the small sample distribution
of &;.,, with that of the maximum likelihood estimator within the context of a
single equation model. They found that the two estimators are very similar
in small samples. Although such a study has not been performed for the
model at hand, we conjecture that a similar ..nding also holds within the
present context.

Itis important to note that the optimization space for %; described in (15)
is a compact set containing the actual parameter space. The optimization
space does not exclude values of %; for which I, § %W, is singular.

3.1.3 Generalized Spatial 2SLS Estimation

Let * be a scalar and de.ne y;n(*) = Yin i *WnYjn and Zjn(Y) = Zjin i
TWnZj:n. Given this notation, we see that applying a Cochrane-Orcutt-type
transformation to (4) yields (j = 1;:::; m):

y;;n(l/zj) = Z;;n(l/zj)ij + "j;n- (16)
Assume for a moment that %; is known. The generalized spatial two stage

least squares (GS2SLS) estimator for #;, say ij;n, is then de..ned as the 2SLS

estimator based on (16), i.e.,
h i,
_ 0 ! 0 .
B = BRa(h)Z5n(h) () YVinCh); (7)
"Following Kelgjian and Prucha (1999) we could also de..ne an estimator for g and %;j;

based on the ordinary least squares estimator for ®; from (14). We do not consider this
estimator here since results given in Kelejian and Prucha (1999) suggest it is less e€ cient.

14



where Q;;n(l/zj) = PnZ,() with Py = Ha(H{Hq)i'H}). Our feasible
generalized spatial two stage least squares (FGS2SLS) estimator for ;, say
h_)jF;n, is now de..ned by substituting the generalized moments estimator &;.,
for %; in the above expression, i.e.,

h i
F o] o] Il o] o]
lPj;n = Ej;n(éj;n)ozj;n(éj;n) Ej;n(éj;n)oyj;n(éj;n)' (18)
We have the following theorem concerning the asymptotic distribution of h_?j;n
and t_ij;n.

= F [}
n2 B i®, ¥0an¥ 1and
5 .

n1:2 IP:n i ij i N(O, _J)

asn ¥ 1 where
h i il
i~ 3/41'1' hp n"!ml nilzin(éj;n)oz;;n(éjin) (20)

I
= 3/4jj in!rTlnilzin(l/zj)o ;;n(%j) I
= Y (QHZj il/ZjQszj)OQﬁlH(Qsz il/ZjQsz,-)

The theorem shows that the true and feasible GS2SLS estimators have
the same asymptotic distribution. The theorem also holds if &;., is replaced
by any other consistent estimator for %;, and thus %; is seen to be a nuisance
parameter. A consistent estimator for —; can be found in an obvious way
from the ..rst line of (20) by replacing %;; by ®;; or any other consistent
estimator for %;;; see Lemma 1 below.

Dil.

3.2 Full Information Estimation: GS3SLS

The GS2SLS estimator takes into account potential spatial correlation, but
is limited in the information it utilizes in that it does not take into account
potential cross equation correlation in the innovation vectors ;. To utilize
the full system information it is helpful to stack the equations in (16) as

Yn(h) = Zp(9) + "y (21)
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where

y;(l/z) = (yi;n(l/zl)o;:::;y:n;n(l/zm)o)o;
Zy(%) = diagiL, (Z5,(%));
and % = (%;:::;%,)" and £ = (2);:::;4.). Recall that E*, = 0 and

E"n"' = 8 — I. If % and 8 were known, a natural systems instrumental
variable estimator of + would be

= [BRB)AE ™ - 1)(ZL M) B %) (8T - 1n)ya(®) (22)

where 2 (%) = diagl, (5,,(%;)), and as before 2 (%) = PuZ},,(%). Con-
sistent with our terminology for limited information estimators we refer to
this estimator as the generalized spatial three stage least squares (GS3SLS)
estimator.

A feasible analog of *, requires estimators for % and 8. As our estimator

estimator for %; de..ned in the previous section. VWe now suggest a consistent

. . F
estimator of 8. In light of (16) let &, = v, (&;.n) i Zj’;n(%j;n)l@j;n, and de..ne

matrix whose (j; I)-th element is Bj.n. The following lemma establishes that
8, is a consistent estimator for §.

Lemma 1 Suppose Assumptions 1-7 hold. Then plim,s 4 8 =8.

Corresponding to the GS3SLS estimator #,, we now de..ne a feasible gen-
eralized spatial three stage least squares (FGS3SLS) estimator as

£ = (B8 (BI — 10)(Z0(@)] R (@) (B — 1)ya@):  (23)

The next theorem establishes the asymptotic distribution of £, and iE.

3 .
Theorem 4 Suppose Assumptions 1-7 hold. Then we have n'= iE
Oasn ¥ 1 and

jt, 1

it ¥ N(@O-) (24)
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asn ¥ 1 where ]
S rgi!rrllnillzz@n)(](égl—ln)(iz:;(ép)'” (25)
- lim nFE7 (87 - e
= Cdiag (Quz, § %Quwz,)'(8 - QiL)diagly(Quiz 1 i Qrwz)

Oil_

The theorem shows that the true and feasible GS3SLS estimators have
the same asymptotic distribution. We note that the theorem also holds if &,
and 8, are replaced by any other consistent estimators, and thus % and 8
are nuisance parameters. A comparison of (20) and (25) shows, using argu-
ments along the lines of, e.g., Schmidt (1976, pp. 209-211), that the GS3SLS

. . . . . F .
estimator iE is eCcient relative to GS2SLS estimator %, , as is expected:The

theorem also suggests that the small sample distribution of ’—fE can be ap-
proximated as follows

V1 11

. h iil
sON 3 BB - 10 @)

Suppose we are interested in testing the hypothesis Hy : h(z) =0 versus Hy :
h(z) & 0, where h is some (possibly vector valued) dicerentiable function.
Then the theorem can also be used to construct, in the usual way, Wald tests
of that hypothesis. In particular, we can test in this way for the presence of
spatial lags in the endogenous variables and/or exogenous variables. Kelejian
and Prucha (2001a) give general results concerning the distribution of the
Moran | test statistic. Those results can be used to test the hypothesis that
the regression disturbances are not spatially correlated.

4 Conclusion

This paper develops estimation theory for a simultaneous system of spatially
interrelated cross sectional equations. The model may be viewed as an exten-
sion of the widely used single equation model of Clie and Ord (1973,1981).
We introduce both a limited information estimator, termed the FGS2SLS
estimator, and a full information estimator, termed the FGS3SLS estima-
tor, and rigorously derive their asymptotic properties. These estimators are

17



based on an approximation of the optimal instruments, and as a result these
estimators are computationally simple even in large samples. In future re-
search it should be of interest to explore the small sample properties of these
estimators and compare them to those of the maximum likelihood estimator.
Comparisons of this sort, within the context of a single equation spatial au-
toregressive model, have been considered by Das, Kelejian and Prucha (2001).
They found that the maximum likelihood estimator and the FGS2SLS esti-
mator exhibited very similar small sample properties, provided at least two
spatial lags of the exogenous variables were included among the instruments.
We conjecture that these ..nding will extend to the systems case. Das, Kele-
jian and Prucha (2001) also found minor dicerences in the small sample
eCciencies of the maximum likelihood and generalized moments estimators
of the spatial autoregressive coeCcient in the disturbance process. Similar
results are also reported in Kelejian and Prucha (1999).

In future research it should be of interest to extend the analysis of this
paper to instrumental variable estimators that are based on asymptotically
optimal instruments along the lines of Lee (1999a) and Kelejian and Prucha
(2001b), who considered such optimal instruments in the context of a sin-
gle equation spatial autoregressive model. In future research it would also
be of interest to derive the limiting distribution of the maximum likelihood
estimator in a systems framework under a reasonable set of low level as-
sumptions. Another avenue of suggested research relates to the development
of further tests of hypothesis in a spatial systems framework based on the
Lagrange Multiplier and Likelihood Ratio testing principles. Such a develop-
ment could in part expand on results by Baltagi, Song, and Koh (2000) and
Baltagi and Li (2001b). Also, the central limit theorem for quadratic forms
given in Kelejian and Prucha (2001a) should be helpful towards establishing
the asymptotic distribution of those tests. Finally, it should be of interest
to develop necessary conditions in the form of counting rules for the identi...-
cation of the model parameters of systems such as (1). We conjecture that,
given the spatial weights satisfy appropriate conditions, for the purpose of
these counting rule the spatially lagged dependent variables can be treated
as if they are predetermined, since their conditional means will in general
dizer from the exogenous variables appearing in the original system. For an
analogous discussion of counting rules within the framework of a simulta-
neous equation system that is nonlinear in variables see, e.g., Kelejian and
Oates (1981, pp. 288-299).

18



A  Appendix

In this appendix we will repeatedly make use of the following observations.

Remark Al Let A, and By be np £ np matrices ( p . 1) whose row and
column sums are bounded uniformly in absolute value by ..nite constants ca
and cg, let S,, be some np £s matrix whose elements are bounded uniformly
in absolute value by some ..nite constant cs, and let », and ", be np£ 1
vectors of uncorrelated random variables with zero mean and ..nite variances
%2 and %2, i.e., », » (0;%21,,) and ", » (0;%21,,,). Then:

(i) The row and column sums of C, = A,Bn are bounded uniformly in
absolute value by caCg.

(ii) The elements of A,S,, are bounded uniformly in absolute value by the
constant cacCs.

(iii) The elements of nilS!S, are O(1), the elements of ni=?Sl»  are
Op(1), and nil»] A" is O, ().

The above observations can be readily established: For part (i) see, e.g.,
Kelejian and Prucha (1999)‘;;).'526. For the last-obsefyation in parlt_-,(iilgnote

that Ejn iy An j - nit jlainiE v T - W%ttt e -

%,%-ca < A. Also note that the statement allows for the case where », =

n-

p n"!”:‘l_ nttHLZ;, = nli!n:‘l_ NIHLE(Zj:n) = Qniz;: (A1)

p J'ﬂ ninganZj;n = n”!”:‘l_ nilH%WnE(Zj;n) = Quwz;: (A2)

Proof: Recall that Z;., = (Yjn; Xjn: Yjn) and that X;., is nonstochastic.
Hence to prove (A.1) it su¢ces to show that

pnli!rrinilH&Yn = nli!mln‘lH%E(Yn); (A.3)

pnli!mlnilH?,Yn = r]Ii!mlnilH‘LE(Yn): (A9
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In Iight of (6) and Assumption 5 observe that y, = Eyn + Anvnh with A, =
(lmn ) l(Imn R;)il(§g - In)- Thus

nitvec(HLYn) = nit(lm — H)yn
= nil(lm = HYEY, + nit (I, = HDALv,
= nitvec(HLEY,) +nit(ly — HD)AV,.

In light of Remark A1 the elements of (Im — H%,)An are bounded uniformly
in absolute value. Since vy is, by Assumption 5, a vector of i.i.d. random
variables with zero mean and variance one it follows from Remark Al that
nil(lm — HY)ARVR = 05(1), which completes the demonstration of (A.3).
The demonstration of (A.4) is similar. Analogous arguments can be used to
prove (A.2).

Proof of Theorem 1: Recall from (8) that %j:n = (2},,Zjn) 1*2},yj:n, Where
2in = PuZjn and Py = Ha(HYHR) iTHY. In light of (4) it is readily seen
that )
_ i Ci . ¢ . ¢l
nl_2 :fj;n i ij = InllzQ Hn InllH0 Hn il In llH?]Zj;n '
- ) ¢ ]
nllHE]Hn il n.l ZFO T

Ntz Hn T i’
where F)., = Hj(In i %Whns)i*. By Lemma Al and Assumption 6 plim
nllH“Z = Qmgz;, Which is .nite and has full column rank, and plim

'1H° Hn = Qnn, Which is ..nite and nonsingular. By Assumption 5 the
elements of "j:n are i.i.d. with ..nite variance %;j;. Observe further that in light
of Remark Al and Assumptions 3 and 6, the elements of F;,, are bounded in
absolute value and ¥; = limpy 4 N F 'nFijn is ..nite and nonsingular. Given

Theorem A in Kelejian and Prucha (1999) it follows-that ni*=2F] ", i
N (0; %;;¥%;). As a consequence we have n1=2 ;.. j %; i N (0; =) with
h _ i h i
2= Quz, QAfinQnz QHZJQ H¥%QNHQHz Qhz, Qi Quz,
i .

Thus n'*2 %, j £; = Op(1), or equivalently %j.n = #j + Op(n1%2), which
completes the proof of the ..rst part of the theorem.

We next prove the second part of the theorem. Clearly jdij:n i Uijn] -
iZijnjl 5% i Ejinjj in light of (4) and (9),|g,nd since the norm kik is submul-
tiplicative. A su€cient condition for nit [, jjzijnii>™ = Op(1), A>0, is
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that the (2 + A)-th absolute moment of the elements of zi;j., are uniformly
bounded. In the following we demonstrate that this is indeed the case for, say,
A = 1. The vector Zi;j;n May contain exogenous, endogenous, and spatially
lagged endogenous variables, which will be considered in turn. By Assump-
tion 4 the exogenous variables are bounded uniformly in absolute value, and

thus so are their third moments. In light of (3) we have

Yn = dy + DyVp; Yn = dy + Dyvp; (A.5)
where
dy = (Imn i Bp) "'Coxn; dy = (Im — Wh)dy;
Dy = (Imn i B:)il(lmn i Rg)il(gg - In), DV = (Im - Wn)Dy
(A.6)

Given Assumptions 3 and 4 it follows immediately from Remark Al that the
elements of dy and dy are bounded uniformly in absolute value, and that
the row and column sums of Dy and Dy are bounded uniformly in absolute
value. Assumption 5 implies that the elements of v,, are i.i.d. with ..nite
4-th moments. It is hence an immediately consequence of Lemma A2 below
that Ejyij;nj?’ - const < 1 and E Vj;., . const < 1, where the constants
do not depend on any of the indices.

np £ 1 vector whose elements are uniformly bounded in absolute value, and
let Dn = (dij;n) be a nonstochastic np £ np matrix whose row and column
sums are uniformly bounded in absolute value by some (..nite) constant cg.
De..ne

then E_»i;,r:3 - ¢ < 1, where c is a ..nite constant that does not depend on
i and n.

F)
Proof: Clﬁarly i i: din + fin where fin = ;dijn"j.n. By Minkovski's
- LMh=3 £ a
inequality E »., S - jdinf®

3 £ -
4+ Ejfi;nj3 ' Since the din’s are
uniformly bounded in absolute value it su€ces to show that moments E jfi;nj3
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are uniformly bounded. By assumption the “;.,’s are identically distributed
with ..nite fourth moments. Hence there exists some ..hite constant c- such

that for all indices j;k;landalln _ 1: E "5, .y 1y - C-. Applying the
triangle inequality yields

a3 KXX - - S
Ein;nJ - Jdij;n“dik;n“dil;nJE j;n kn In
j=1 k=1 I=1
X X x - .. .. - 3
- ¢ jdijinj jdikinj jdiknj - cge-;
i=1 k=1 1=1
F)
observing lejdij;nj - C4, Which completes the proof.

Proof of Theorem 2: Recall from (4) that the disturbance process for the
J-th equation is de..ned as Uj;n = %WhnUjn + "j;n. To prove the theorem
we verify that all of the conditions assumed by Kelejian and Prucha (1999),
i.e., their Assumptions 1-5, are satis..ed here - with %;, uj.n, "j;n and Wy,
corresponding to %, un, "n and My, in the earlier paper. Assumptions 1-3 and
5 in Kelejian and Prucha (1999) are readily seen to hold by comparing them
with Assumptions 1-3, and 7 maintained here. Assumption 4 in Kelejian and
Prucha (1999) is satis..ed in light of Theorem 1 above. Theorem 2 now follows
as a direct consequence of Theorem 1 in Kelejian and Prucha (1999).

Proof of Theorem 3: Observe that substitution of (16), with %; replaced
by ®&;.,, into (18) yields
F h : 1 :
ti)j;l’l =1+ j;n(ﬁj;n) Zj;n(%j;n) 2j;n(ﬁj;n) uj;n(éj;n)
where
u;;n(éj;n) = y;;n(éj;n) i Z;;n(éj;n)ij ="jin i (ﬁj;n i 1/Zj)VVn(Iﬂ i 1/ZjWﬂ)il"j;n:
Consequently
1=2 4" h il 0 Hin
n— (Qj;n i iJ') = hn. E;];n(éj;n) Z;;n(éj;n) . (A7)
i

jl=2 Qun .
nt z}];n(éj;n) jin Tt ¢j;l’1 .
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where
Cin= i@, i 1/Zj)nil:2 ;;n(éj;n)OWn(ln i 1/ZjWn)il"j;ni

Clearly Qj—’;n(éj;n)"zj-’;n(éj;n) = Qj’;n(%j;n)oﬁj’;n(éj;n). To prove the theorem we
proceed to establish the following results:

. 1o 0—n - 0..
p r!l!”:‘l_ n' Ej;n(éj;n) Zin(&5n) = Qjj

nit jin @i O"j:n i N (0 3/“J'J'(_?jj); (A8)
n il:z?;;n(éj;n)(}vvn(ln i 1/ZjVVn)il"j;n = Op(1);

where o

— £ o . £
Qjj = Quz i %Qnwz; Qi Quz i %Qnwz (A9)
The matrix ajj is ..nite and nonsingular in light of Assumption 6. Given

(A.8), the claim concerning the limiting distribution of n1=2(PjF;n i ¥j)is then
readily seen to hold, observing that &;., i %; = 0p(1).

The ..rst line in (A.8) follows immediately from Lemma Al, Assumption
6, and the consistency of &;.,, observing that

nilz;;n(éj;n)oz;;n(éj;n) = (nilZ%;an i éj;nnilz%;nWE]Hn) (A.lO)
(NFHLH) (N HRZjin § 800 PP HRWRZin):

Next observe that

nit= ;;n(éj;n)o"j;n = (nilz%;an iéj;nnilzg;nW?an) (A.11)
(nFTHLHR) H (072 H 0):
In light of Assumption 5 the elements of ", are i.i..d. with zero mean

and ..nite variance %;;. Given Assumption 6 concerning the instruments
H, it then follows from Theorem A in Kelejian and Prucha (1999) that

ni2He s N(O; %;Quin). The second line in (A.8) is now readily seen
to hold, utilizing Lemma Al, Assumption 6, and the consistency of &;..
Now observe that

nilzzzj?;n(éj;n)own(ln i 1/ZjWn)il"j;n = (nilz%;an i éj;nnilz%;nW&Hn)
(n ilH&Hn) i l(n i l:ZFj[;?'l"j;n)
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with FL = HLWn(ln i %Wp)it. Given Assumptions 3 and 6 it follows
from part (i) and (ii) of Remark Al that the elements of F°° are uni-
formly bounded in absolute value. As remarked, the elements of " jn are
I.i.d. by Assumption 5. It hence follows from part (iii) of Remark Al that
ni2FSL "0 = Op(1). The third line in (A.8) is now again readily seen to
hold, utilizing Lemma A1, Assumption 6, and the consistency of &;...

We note that in the above arguments we have only utilized the consistency
of &;.,. The expressions on the l.h.s. of (A.8) dizer from the analogous
expressions obtained by replacing &;. Ei;by %; only by terms of 0p(1). Thus it

is furthermore readily seen that n!=2 t_PJ JiPin Yoasnuw a:

We shall make use of the following lemma.

Lemma A3 Let A, be some matrix whose row and column sums are bounded
uniformly in absolute value. Then, given Assumptions 1-5 hold:

nilug;nAn"“n - Op(l), (A12)
nN"Zi Antn = Op(L);
nitzl AnZi,n = Op(D);

forall j=1;:::;mandl=1;:::;m.

Proof: Consider the expression for y, in (A.5) and (A.6). Let d., denote
the r-th subvector of d,, of dimension n£1, and let D,., denote the (r;s)-th
submatrix of Dy of dimension n £ n, then

>
Yrn = dpn + Drs;nVsin- (A.13)
s=1

As remarked after (A.5) and (A.6), the elements of dy, and hence the elements
of dy-n, are bounded uniformly in absolute value; furthermore, the row and
column sums of Dy, and hence those of Dysn, are bounded uniformly in
absolute value. Also observe from Assumption 5 that

>
In = ?/4135|V5;n: (A14)
s=1

By de..nition Zj.n = (Yjn; Xjn; Yjn) and Y, = W, Y .. Upon substitution
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of expression (A.13) for the columns of Y, and expression (A.14) for "|n
into (A.12) we see that the elements of each term in (A.12) can be expressed
as a ..nite sum of three basic types of expressions. Those expressions are
of the form, nila,, nilbl vy, or nivl, Cpvg,, where the a,’s are nonsto-
chastic scalars, the bn’s are nonstochastic n £ 1 vectors and the C,’s are
nonstochastic n£n matrices. Given Assumptions 1-5, the implied properties
of d, and D, and the assumption maintained for A, it follows from Remark
Al that the expressions of the form nila, are bounded in absolute value,
i.e., nita, = O(1). Furthermore it is seen that for expressions of the form
nitb!vsn and nitvl, Cnvsn the elements of by are bounded uniformly in
absolute value, and the row and column sums of the matrices C,, are bounded
uniformly in absolute value. Since the elements of v, are i.i.d. with ..nite 4-
th moments it follows furthermore from Remark Al that nitb’ven = Op(1)
and nitvl, Cnvs;n = Op(1). Observing that ..nite sums of random variables
of the order Oy(1) are again O, (1) completes the proof.

o] - ol F
éj;n = yj;n(%j;n) 1 Zj;n(ﬁj;n)t—pj;n (A15)
o - ol - a F -
= yj;n(éj;n) i Zj;n(éj;n)ij 1 Zj;n(éj;n)(lgj;n 1 ij)
gl - o F - .
= "j;n i (éj;n i 1/Zj)Wn(In i 1/ZjWn)ll jn 1 Zj;n(%j;n)(@j;n 1 ij)-

Consequently fori;j=1;:::;m:
Bjin = nile%;nel:n = ”il"%;n"l;n (A.16)
i(éj;n i 1/Zj)[nil"%;n(ln i 1/ZJ'W?1)i1\/\/()nl'l;n]
F 1 ol 11
i(@j;n i ij)o[n.lzj;n(éj;n)0 I;n]
i(él;n i 1/zl)l:nil"%;nwn(ln i 1/ZIWn)ilnl;n]

+(@jn i %)@ i 2N W) P WIWL (I § W) 0]
@ 1 0@ § 4 I ZE ) Wil § W) T 10]

J LR NCIN) (D

+(&n 1 1/Zj)[n”"%;n(ln i %jW?q)”W?q F;n(él;n)](h—;:jn i &)

SO § 4N 0, 200 @] B, i ).
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Consider the...rst termon ther.h.s. of (A.16), i.e., nit"} ", =nit " 1

Assumption 5 implies that the products "ijn"in, 1 =1;:::;n, are i.i.d. Kol-
mogorov’s law of large numbers - see, e.g., Potscher and Prucha (2001),
p.217 - then implies that plim,yq nil"%;n",;n = %j. To prove the lemma
we next show that all other terms on the r.h.s. of (A.16) are o0p(1). Since

;. i % = 0p(1) by Theorem 2 and 'EjF;n i ¥j = 0,(1) by Theorem 3 it su®ces
to show that each of the terms in square brackets on the r.h.s. of (A.16)
is Op(1). Substitution of Zj,(&;.,) = Zjn i &:.,WnZj:n into those terms
shows all of them are composed of expressions of the three types considered
in (A.12) of Lemma A3 above, possibly multiplied by &;., and #&.,. Given
Assumption 3 it follows immediately from Remark Al that the row and col-
umn sums of all matrices A, appearing in those expressions are uniformly
bounded in absolute value. Hence by Lemma A3 the terms in square brackets
on the r.h.s. of (A.16) are seen to be indeed Op(1), which complete the proof

of the lemma. We note that the proof only used the consistency of &;., and

F
li‘j;n, and not any other feature of those estimators.

Proof of Theorem 4: Analogous to the proof of Theorem 3 observe that
substitution of (21), with %; replaced by &;.,, into (23) yields

h 1.
£ = BB - 1)Z36,) | Ba@) (B - ue,)

where
u?](én) = [u]u.;n(él;n)o; s 7 u:n;n(ém;n)o] a
= "ni diagjr'nzl (&jin i %)Wh(ln i 1/ZjVVn)il Y
Consequently
. h ) ] i1
M2, 1) = nit@,) (81 - 1)Z56,) (A.18)
h i
nil2Po (e ) (8 - 1) + ¢,
where
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i oln ] ) £ 40
¢, = in'l_zzn(én)o(gﬁ1 - In)dlagEnIZL (&0 1 %)Whn(ln i 1/ZjWn)I1 "n

£.

P ]
Irzl(él;n i 1/ZI)%}]I‘ET;n(ﬁl;n)OWn(ln i 1/2|Wn)'1"I;n
=j ni1=29 :
Pm - ml o . 0 - AL
|=1(él;n 1 1/Zl)hn zm;n(ém;n) Wn(ln 1 1/ZIVVn)' I;n

Clearly £2(8.)(8i' — 1,)Z22(8,) = £2(®,.)'(8Bi* - 1,)B2(#,). To prove the
theorem we demonstrate in the following that

p lim n¥183(8) (8! — 10)Z3(8,) = Q

280 @,)" (81 - 1n)"n § N(0;Q); (A.19)
NIE2RE (850 Wa(ln § 5Wn) P70 = Op(); il =1i00;m;
where
Q= diagjmzl(Qsz i %4Qnwz; (&t - Q|i|}—|)diagi21(QHZ| i 4Qnwz):

. (A.20)
The matrix Q is ..nite and nonsingular in light of Assumption 6. Given

(A.19), the claim concerning the limiting distribution of n' (@J-F;n i £j) is then
readily seen to hold, observing that by Theorem 2 and Lemma 1, &;., i %; =

0p(1) and 8, § & = 0p(1), and thus ¢, = 0,(1) provided the third line in
(A.19) holds indeed.

The (J; I)-th block of the matrix on the Lh.s. of the ..rst line of (A.19)
is given by b’}]'nil?j’;n(éj;n)OZﬁn(é,;n). Since & is nonsingular we have also
gr‘]l i 811 =0,(1) and hence p limp s 1 bﬂ = %!, Furthermore, by arguments
analogous to those used to prowve the ..rst line of (A.8) we have

. jligo o £ B .
p lim n*'B} (8;)'Zin @1n) = Quz i %Qhwz Qi [Quz, i HQrwz]

hold.
Next observe that utilizing Assumption 5

2B @) (B - 1)
ﬂiagjn;l(n ilZ%:n Hn i éj:”gl i 1Z%;n\NOn Hp)

818! — (n1*HH) T N2>, — HO)Vvp:
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By Assumption 5 the elements of v, are i.i.d. with zero mean and variance
one. Given Assumption 6 concerning the instruments H, it then follows
from Theorem A in Kelejian and Prucha (1999) that ni*=2(l,,, — HY)v, i
N (0; Im — Qupy). Observing again that &;., i %; = 0p(1), giljsit=0,)
and & = 8!8, the second line in (A.19) is now readily seen to hold from
arguments analogous to those used to prove the second line of (A.8)

Furthermore, using arguments analogous to those used to prove the third
line in (A.8) also shows that the third line in (A.19) holds.

We note that in the above arguments we have only utilized the consistency
of &., and 8. The expressions on the I.h.s. of (A.19) dicer from the
analogous expressions obtained by replacing &, by %; enly by terms of 0,(1).

Thus it is furthermore readily seen that n*2 # j i, ¥ 0asn ¥ 1.
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