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Abstract

In this paper we suggest a J-type test for a given spatial model against
one or more nonnested alternatives. The considered models can, but need
not, contain spatial lags in both the dependent variable and disturbance
term. The test is computationally simple and quite intuitive. Our suggested
test is based on formal large sample results which account for triangular
arrays.

1 Introduction?

The J-test is a well established procedure for testing non-nested models?.
Essentially, the procedure relates to whether or not the predictive value of
an alternative model adds significance to the null model.

The purpose of this paper is to suggest a J-test for the specification of
spatial model containing a spatially lagged dependent variable and a spa-
tially lagged disturbance term, henceforth a SARAR(1,1) model, when the
alternative is one, or more SARAR(1,1) models. Our suggested test is com-
putationally simple, and its rationale is obvious. It is also based on formal
large sample results which account for triangular arrays.
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Our model is specified in Section 2. Our suggested test is described in
Section 3. This paper is meant to be user friendly and so all technical details,
including the formal model specifications, are relegated to the appendices.

2 The Null and Alternative Models

The model of the null hypothesis is

Yn = Xn/B + )\Wnyn + up (1)
= ZnpY + un
Up = pMpun +epn

where Z, = (X, Waun), v = (8, \), yn is an n x 1 vector of observations
on the dependent variable, X, is an n X k matrix of observations on exoge-
nous variables, W, and M,, are n X n exogenous weighting matrices which
may be equal, u, is an n x 1 vector of disturbance terms, &, is the corre-
sponding vector of innovations, A\ and p are scalar parameters, and [ is a
k x 1 parameter vector. The subscript n denotes possible dependence of the
matrices and vectors on the sample size n, and so our specifications allow
for triangular arrays.

We assume the researcher wishes to test the model in (1) against G
alternatives. These alternative models are

Yn = Xn,lﬁ@ + )\ng,zyn + Un (2)
Uni = piMn,iun,i + €ns 1=1,.., G

where X, ; is an n x k; matrix of observations on the exogenous variables ap-
pearing in the i** considered model, G is a finite constant, etc. As indicated
above, our formal specifications are given in the appendix. As a preview,
our assumptions relating to the null model contain those in Kelejian and
Prucha (1998); for future reference, we note that those assumptions include
the specification that the elements of the innovation vector, €, in the null
model are identically distributed, and for each given sample size n, are i.i.d.
(0,02) with a finite fourth moment. Because we consider G possible alter-
natives to the null model, the assumptions in Kelejian and Prucha (1998)
which relate to our null model are correspondingly augmented.



3 The Suggested J-Test

Premultiplying the null model by (I, — pM,,) yields

Yn(p) = Zn(p)y + €n (3)

where y,(p) = (In — pMn)yn and Zn(p) = (In — pMy)Zy. Let Zyi(p;) =
(In = piMy i) Zn i, and let 4, ; be some estimator of v (described below).
Then an evident extension of the J-test procedure to a spatial framework
would be in terms of an augmented version of (3), namely

G
un(p) = Zu(p)v + Y il Zni(pi) Vil + €n (4)
i=1
G G
= Zn(p)y+ ) il ZniFil + ) 6i[MniZnifn) + en
i=1 i=1
where «; is a scalar parameter, ¢, = —a;p; and, given the null model, the

true value of a; = 0,4 = 1,...,G. Let § = (v, ...,aq, ¢, ..., ¢g)’. Clearly a
test of the null model against all of the alternatives in (2) would be in terms
of the hypotheses Hp : § = 0 against Hy : 6 # 0.

Since spatial lags of the dependent variable appear in (4) our suggested
procedure involves instrumental variables. For ¢ = 1,...,G let

H, = (Xp, Wy Xp, ooy WX, My X, MyWo X, ooy M WE X)) 11
Hpi = (Xngs WniXnis ooy Wi i Xnis M i X iy My iWh i Xon i,
ooy My W Xoni) L1
An = (X, WnXo, o WX, My X, MW X, oo, MaWE X0 ) 11

where X,, = (Xp, Xn1..., Xn,g), the subscript LI denotes the linearly in-
dependent columns of the indicated matrices,* and, typically, one would
take r < 2. The instrument matrices H,, H,;, and A, are assumed to, at
least, contain the linearly independent columns of, respectively (X,,, M, X,,),
(Xni, MpiXn;), and (Xn, M, X),i=1,...,G. Given this notation our sug-
gested procedure is outlined below.

Step 1; Estimate the null model in (1) by two-stage least squares (hence-
forth 2SLS) using the instrument matrix H,,. Obtain the estimated residuals

4 Among other things, in practice, at least some of the regressor matrices Xn,iyt =
1,...,G would have variables in common.



from the null model, say ,. Also estimate the i’" alternative model in (2)
by 2SLS using the instrument matrix H,;, 1 = 1,...,G.

Step 2: Take 4, ,, appearing in (4) as the 2SLS estimator based on H,, ;
of the ¥ alternative model, i=1,...,G.

Step 3: Use the estimated residuals from the null model, namely 4, to
estimate the parameter p in the null model by the GMM procedure suggested
in Kelejian and Prucha (1999). Denote this estimator as p,,. Replace p in
(3) by p,, and estimate the resulting model by 2SLS using the instrument
matrix H,,. This is the generalized spatial two stage least squares procedure
suggested in Kelejian and Prucha (1998). Obtain the residual vector, say &,
and use it to estimate the variance of the elements of the innovation vector:
62 . = Epén/n.

Step 4: Replace p in (4) by p,, and let

F, = (Zn,lﬁn,la ) Zn,G’?n,G7 Mn,lzn,lﬁn,la ) Mn,GZn,G’AYn,G)
b = (alava-aGad)la'“vd)G),'

Given this notation, the empirical counterpart to (4) would be °

yn(i)n) ~ Zn(ﬁn)’y + Fnd +éen (5)

Step 5: Estimate (5) by 2SLS using the instrument matrix A,,.% Specifi-
cally, denote the regressor matrix corresponding to (5) as Sp, = (Zn(py), Fn),
and the regression parameters as y’ = (v/,4’). Note that under the null model
the true value of 7 is 1, where 1, = (7/,0). Let S, = P,Sp = (Zn(p,,), Fn)
where P, = A, (Al A,)"1 Al . Then the 2SLS estimator of 7 is

i = (50,.90) " Sy (Pr) (6)

The proof of Theorem 1 is given in the appendix.

Theorem 1: Under Assumptions A.1-A.7 given in the appendix

~ D . A& \—
n"2(#, —10) = N(0,02 p lim n(5,5,)7") (7)
Gre = 02

®The model in (5) is not exact, even if § = 0 because p,, # p.

The large sample results described below will go through if at this stage the instrument
matrix A, is replaced by H,. However, one suspects that the power of the test will increase
if the instrument matrix is taken to be A,,. This issue deserves further attention, especially
if G is large!



Small sample inferences can be based on the approximation

. 22 & & -1

fn =~ N[0, 65,.(5,50) ] (8)
Let k = k+1+2G and, using evident notation let 7, = (%, 3;1), let VnS be
the estimated small sample variance-covariance matrix corresponding to o
- 1.e., the lower 2G x 2G submatrix of the k x k matrix &ijE(S;LSn)*l. Then,

a Wald test of Hy : 6 = 0 against Hy : § # 0 at the a% level of significance
would be to reject Hy if

5V 200 > x3_a(2G) (9)

The test suggested in (9) can easily be carried out in most software packages.

Remark : It is reasonable to assume that researchers may want to
estimate the autoregressive parameter p; in the alternative models given in
(2) by the GMM approach of Kelejian and Prucha (1999). Denote these
estimators as p,, ;, 7 = 1,...,G. Under further assumptions, it is not difficult
to show that if the null model is the true model, and p,, ; is the linear GMM
estimator described in Kelejian and Prucha (1999), then plim, . p,; =
¢,1 =1,...,G where ¢; is a finite constant. We conjecture that the nonlinear
GMM estimator of p; also converges to a finite constant under reasonable
assumptions. If so, the suggested test can be based on the first line of (4),
instead of the second line. That is, in that first line replace p; and p, by,
respectively p,,;, @ = 1,...,G, and p,, obtained in step 3. That model would
then be estimated by 2SLS in terms of the instruments A,. One would
then test the hypothesis «; = 0, i=1,...,G in the usual way. Under these
conditions it is not clear whether this procedure is efficient relative to the
one suggested in reference to (9).

Remark 2: Space limitations prevent a formal analysis of an extension
of our results to a panel data framework. However, we conjecture that, un-
der reasonable assumptions, an obvious extension of our results to such a
framework will hold. Specifically, in a panel data setting suppose the distur-
bance term in each time period is a spatial AR(1) with innovations specified
as error components, as in Kapoor, Kelejian, and Prucha (2007). Suppose
there are G alternative models of a similar sort. Then we suggest the fol-
lowing procedure. (a) Estimate the null model in terms of an instrumental
variable procedure; also estimate the parameters of the disturbance process
of that null model by the GMM procedure described in Kapoor, Kelejian,
and Prucha (2007). (b) Use the estimated parameters of the disturbance



process to transpose the null model into one which corresponds to a model
which has an error term which is not spatially correlated, time autocorre-
lated, or heteroskedastic— see Kapoor, Kelejian, and Prucha (2007) for useful
transformations. (c) Estimate the regression parameters of the alternative
models, and use these estimated regression parameters to construct vari-
ables which reflect the predictive influence of the alternative models. Add
these constructed variables to the transformed null model. (d) Estimate the
resulting expanded and transformed null model by the 2SLS procedure. (e)
Test the significance of the added variables in the usual way.

A Appendix

Assumption A.1 All diagonal elements of the spatial weighting matrices
Wi, Mp, Wi are zero, i =1,...,G.

Assumption A.2 The matrices (I — A\Wy,) and (I — pM,,) are nonsingular
for all |]\| < 1 and |p| < 1.

Assumption A.3 The row and column sums of the matrices Wy, M, , Wy ;,
My iy (I=2MWy)™L, and (I—pM,)~ are bounded uniformly in absolute value,
i=1,...,G.

Assumption A.4 The regressor matrices Xy, Xy, ,% = 1,...,G  have full
column rank (for n large enough). Furthermore, the elements of these ma-
trices are uniformly bounded in absolute value.

Assumption A.5 The elements of the innovation vector £, in the null
model, namely {€;n : 1 < i < n,n > 1} are distributed identically. Fur-
ther, the innovations {€;n : 1 < i < n} are for each n distributed (jointly)
independently with E(g;,) = 0, E(efn) =02, where 0 < 02 < b with b < co.
Additionally the innovations are assumed to possess finite fourth moments.

Assumption A.6 Let S’ = [Z, — pM,Z,, F}|, where F) is identical to F,

except that 7, ; is replaced by plim%,,; = ¢;,1 =1, ..., G.” Then we assume
that the instrument matrices satisfy:

(a)

Qug = lim n'H H,

n—oo

. —1 / .
Qm,H, = HILIEOn H, Hni, i=1,..,G
Qaa = lim n_lA;ZAn

n—oo

T An expression for ¢;,i=1,...,G is given in the appendix.



where Qum, Qm,H;, and Qaa are finite and nonsingular.

(b)

Quz = vplimn'H Z,
n—oo

Qu,ze = vplimn 'H) Zy;, i=1,..,G
n—oo

Qu,z = plim nilH;mZn, i=1,...,.G
n—oo

Qas- = plimn 14, S*
n—oo

Quuz = plimn 1H M,Z,
n—oo

where Quz, Qu,;z;, Qu,z, Qas+, and Quniz, are finite matrices, and Quz, Qn,z;, QAs~,
and Qyz have full column rank. Furthermore, the matrix

Quz — pQumz = plimn™'H} (I — pM,)Z,

n—oo

has full column rank for all |p| < 1.

(¢)

Oy = lim n  H. (I — pM,)" (I — pM)" H,
&, = lim nilAQL(I— pMn)fl(I—PM/l)ilAn

where @ and ® 4 are finite and nonsingular for all |p| < 1.

The following assumption ensures that the autoregressive parameter p
in the null model is “identifiably unique”, cp. Kelejian and Prucha (1999).

Assumption A.7 The smallest eigenvalue of F'nFn is bounded away from
zero, i.e., )\min(F;an) > A\ > 0, where

2B (u,, ) —E(w,u,) 1
T,=~| 2B@,3,) —~E@,T,) tr(M,M,) (A1)
"\ Ewl.u,+um,) -E@7G,) 0

g

and U, = Mpuy, and Ty, = My, = M2u,.

Proof of Theorem 1: Since Assumptions 1-8 in Kelejian and Prucha
(1998) are contained in our list of assumptions, p,, and 2 obtained from our
null model in step 3 are consistent. Also, our Assumptions A.3, A.5, parts



(a) and (b) of A.6, and A.7 imply plimy, oo §p; T ¢;,1=1,...,G where ¢,
is a k; x 1 vector of finite constants, namely

¢; = [Q,2,Qui1, Q2] Qt, 2, Qs Qe 27 (A.2)

Let 7, = nilem-un. Then underlying (A.2) is the result that 7, ; £o.
This follows from Chebyshev’s inequality since E(m, ;) =0 and VC(7,;) =
UgndHAi(In — pM,) (I, — pM,) Hy,; — 0 since via Assumptions A.3, A4,
and A.5 the elements of nV C(my, ;) are 0(1) - see Kelejian and Prucha (1999).

Since p,, is consistent, p,, = p + A, where A, L 0. The null model (1)
then implies

= Zn(f)n)’y +en — A Mpuy,

where, consistent with earlier notation y,(p,,) = Yn — PpMnyn, etc. Given

this notation, and noting that Z/,(p,,) Zn(p,) = 2% (py) Zn(py,) and E'. Z,(p,,) =
F) Z,(p,,), it follows that 7,, in (6) can be expressed as

A _ [ ’}\ln

1Zupn)  FLB B
Therefore
R A A A oA o1
! [ on ] ”[ EZu(py)  Fuky ’ (A.5)
n—1/2 A;gf)n)(@n — AnMpun)
rngn_AnMnun)

~

A Svn)—ln—l/2 [ Zy () (En — ApMyuyp) ]

~

Fn(gn - AnMnun)

Given that p,, £ p, and 7, ; il ¢;,1=1,...,G, parts (a) and (b) of Assump-
tion 6 relating to Q@44 and Qag+ imply

A~

n(85,8,) 7 5 Q3h = (QUs-Q1hQas+) ™! (A.6)

8



where Qg¢ is an (kK + 1+ 2G) x (k4 14 2G) finite nonsingular matrix.
Now note that in (A.5) the term n =22/ (p,,) Mpun Ay, L0 since

n_1/227,z(2’n)MnunAn = [(Zn — PpMnZy)' Ay [n(A;zAn)_l] *  (AT)
[0 45, Myyun A

P 1 P
- Q;l,(Z—pMZ)QA,lal[n Y2 AL MyunAn] = 0
where QA (z—pnz) 1s the first £+ 1 columns of the finite matrix Q45+, and
n_l/QA%MnunAn L, 0 since the elements of n‘l/QA;anun are Op(1) and
A, LS.
Still focusing on (A.5), we have in a similar fashion
n V2 E Myun A, = 07 FL AR n(AL Ap) "I V2 AL MyunA,) 50 (A8)
The results in (A.4)-(A.8) imply
1/2 Yn = -1 ,-1/2 o (Pn) P
n 5. —Qggn Fr en — 0 (A.9)
or, recalling that S, = A, (A, A,) AL [Zn(D), Fr)
nl/2 [ 7”3; 7 } — Q3Qhs-Qahn P A, B0 (A.10)

By Assumptions A.3 and A.4 the elements of A, are uniformly bound in
absolute value, and by part (a) of Assumption A.6, n=tA! A, limits to a
finite nonsingular matrix, Q4. Given this, and Assumption A.5 concerning
the innovations, the central limit theorem described in Kelejian and Prucha
(1998) implies

n 24 e BON(0,02Qa4) (A.11)
The proof of Theorem 1 then follows from (A.10) and (A.11), namely

nl/2 [ Tn =7 } _ nl/zﬁ?1
On
D -
— N(0, UgQSé)

. -1 -1
since QSS’ = Q%S*QAAQAS*
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