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Abstract

Recommendations play an undeniable role in decision-making. The empirical literature
argues that recommendation can influence demand through two distinct channels: i) by en-
larging awareness (attention channel), or ii) by altering preferences (utility channel). In this
paper, we develop a framework to study these two channels. We illustrate when and how one
can distinguish through which channel the recommendations affect choices. We offer both
deterministic and probabilistic models. While deterministic models aim to identify the basic
observable behavioral differences between these two channels, our probabilistic models are
suitable for econometric estimation, which is crucial for studying aggregate behavior used
in empirical work. Our parametric models offer unique identification under minimal data
requirements. This enables us to make out-of-sample predictions for counterfactual analysis
for policy design purposes. In addition, we offer simple and intuitive behavioral postulates
characterizing each model so that one can test our models.

Keywords: Recommendation, Revealed Preference, Attention

1 Introduction

Recommendation is one of the key determinants in decision-making nowadays. For instance,
we constantly rely on recommendations from our friends, consumer reports, and mass media
when selecting a movie to see; a book to read; a car to buy; or a school to send our children.! As
digital platforms and their offerings continue to grow, consumers face an unprecedented number
of online product and service options. As a result, recommendations have become indispens-
able for online shopping. Many internet sites such as Amazon, Netflix, Spotify, Tripadvisor,
and Facebook incorporate recommendation tools to help customers with the burden of choice.
“Amazon’s Choice” of Amazon, “Superhost” of Airbnb, and “Top 107 of Netflix are just a few

examples of these recommendation tools.
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Individual choices are directly influenced by what is recommended to them.? The evidence on
recommendations influencing choice behavior is conclusive across a wide spectrum of economic
activities (e.g., for the labor market, Horton (2017); for hospitality and tourism, Litvin et al.
(2008); for music streaming service, Adomavicius et al. (2018) and Li et al. (2007); for e-
commerce (of commodities or goods), Goodman et al. (2013), H&ubl and Trifts (2000), Rowley
(2000), Senecal and Nantel (2004), and Vijayasarathy and Jones (2000)).

Despite its practical importance, there is no theoretical framework to understand and study
how recommendations affect choices. In this paper, we are interested in how recommendations
affect the choice process. We use revealed preference techniques to shed light on the underlying
choice process due to recommendation. We aim to investigate the empirical implications of
aggregate behavior of the models. More importantly, viewing choice behavior as a result of an
unobservable cognitive process, we identify the primitives of the model from observed choices.

We first propose a new framework where recommendation takes the simplest form: each
decision problem represents a different set of recommendations. Here, the analyst does not ob-
serve any qualitative information about recommended products. There are two main reasons
why simplifying the amount of knowledge about the nature of recommendations. First, in real
life, recommendation signs such as “Best Seller,” “Award Winner,” and “Editor’s Pick” are
commonplace. Secondly, the analyst might not be aware of the way in which the decision-maker
perceives the qualitative recommendation information. We assume that across decision prob-
lems, different products may be recommended, but the source and nature of recommendations
would remain the same. As a result, we will be able to determine the decision-maker’s subjective
evaluation of the recommended products. Further, we can compare the impact of recommenda-
tions from different sources, which can be interpreted as a measure of agents’ trust in different
sources of recommendations.

Several studies in this literature have suggested that increased sales of substitutes can be
attributed either to preference or attention. While Chen et al. (2019), Goodman et al. (2013),
Gupta and Harris (2010), and Mayzlin and Shin (2011) claim recommendations’ primary role
is to inform customers about the existence and the availability of the products, Adomavicius
et al. (2013, 2018), Bairathi et al. (2022), Cosley et al. (2003), and Kawaguchi et al. (2021) state
that recommendations might also affect choices by influencing consumers’ preferences. One of
the puzzles in this literature is that it is unclear how to distinguish between these two channels.
In this paper, we ask whether it is possible to determine whether a recommendation operates
through the attention channel or the preference channel from observed choices. Distinguishing
these two channels is essential for policymakers/firms designing effective recommendations, es-
pecially when contextual factors may influence the effects of recommendations on preference and
attention in a distinct way.

Section 2 introduces our new framework. Attention and preferences play a distinct role in

influencing choices in these examples. In the attention channel, consumers are unaware of some

2 According to the 2013 data released by McKinsey & Company, recommendation systems drive 35% of pur-
chases at Amazon. Similarly, 75% of what people watch on Netflix is initiated by their product recommendations.



of the feasible products, and recommending a particular product makes the customer aware of the
product. In the preference channel, recommendations affect the perceived valuation of a product
even though she is aware of the product. As an illustration of the richness of our framework,
we provide several examples of recommendation models that capture different aspects of the
recommendation process.

To shed light on the puzzle discussed above, Section 3 focuses on the baseline models intro-
duced in Section 2. The reasons are two folded. First, each consumer’s behavior is intended to be
simple enough to study the aggregate behavior of heterogeneous consumers in a tractable way.
Second, we depart from the standard model minimally with our baseline models. As a result
of its simplicity, the classical choice model is one of the most widely applied. Tractability and
simplicity are two important factors for application and estimation purposes. For this reason,
we want to stay as close as possible to the rational framework to assess how much explanatory
power each channel can provide.

Variations in the set of feasible alternatives are the source of identification results in many
papers using the revealed preference technique. Another novel feature of our model is that
we only vary the set of recommendations while the set of feasible alternatives is always fixed.?
While our main aim is to study aggregate data, we start our analysis with the deterministic
choice data to build a better understanding. As we said, our deterministic model is intended to
be simple so that we can study the aggregate behavior of such consumers in a tractable way.
We then study the behavioral implications of our models with the probabilistic choice data. In
either environment, we propose two models in which recommendation operates either through
attention or preferences. The model capturing the attention channel is called Recommendation
via Attention (RA) and the model operating through the preference channel is called Recom-
mendation via Preference (RP). We then provide behavioral characterizations of these models
to determine whether they are behaviorally distinct from each other.

Our baseline model for the preference channel assumes that the recommendations only affect
choices by increasing the valuation of the product. Being recommended only increases the utility
of the recommended alternative (positive recommendation).* In the deterministic RP model, a
decision maker (henceforth, DM) is aware of all of the products, but the utility of an alternative
may be affected by recommendation. As in classical choice theory, the DM picks the alternative
with the highest utility.

In the baseline model for the attention channel, we consider a DM who only pays atten-
tion to a subset of the available alternatives. We assume that the recommendations enlarge
the awareness set of the DM. Formally, each DM can be identified with a pre-recommendation
choice and a fixed preference ordering. The pre-recommendation choice represents the most pre-
ferred alternative in the DM’s awareness set according to her preferences before receiving any

recommendation. It is natural that the pre-recommendation choice is picked if there is no rec-

3We could allow both types of variations: recommendation and feasible set. Such a theory demands much
richer data than the standard choice. Our framework is flexible enough to use such data if it is available.

4This formulation eliminates negative recommendation where the utility of an alternative goes down. Never-
theless, our framework is rich enough to study negative recommendations as well.



ommendation since there are no changes in the DM’s decision environment. If some alternatives
are recommended, the DM picks the preferred option between the recommended alternatives
and her pre-recommendation choice according to her preferences. Therefore, recommendations
cannot hurt the DM since she can always ignore the recommendation if it is not preferred to her
pre-recommendation choice.

Our first result identifies the simple postulate underneath these two models, which is the
Independence of Irrelevant Recommended Alternatives (ITRA). IIRA states that removing an
alternative from the recommendation set does not affect the choice if the removed item was not
initially chosen. This postulate is normatively appealing since it mimics the Independence of
Irrelevant Alternative (ITA), which is the cornerstone of classical choice theory.> One can show
that any RP model must satisfy ITRA. Moreover, any choice behavior compatible with IIRA
can be represented by the RP model. Hence, IIRA is the only behavioral implication of the RP
model.

While ITRA is a necessary condition for the RA model, it is not sufficient. The discrepancy
in the behavioral pattern between the RA and RP models can be captured in another postulate -
the Sandwich Property. If two nested recommendations result in the same choice, then DM must
choose the same option when she receives any recommendation between these recommendations.
We show that IIRA and the Sandwich Property fully characterize the RA model. These results
imply that when the Sandwich Property fails, the attention channel cannot explain choices. It
is surprising since in the standard domain, once choices satisfy IIA (the counterpart of IIRA),
we cannot distinguish whether choices can be attributed to attention or preference.

In many examples, the data is given as the aggregate behavior, which can be captured
by probabilistic choice. Therefore, we extend our intuition of the deterministic model to this
environment. The probabilistic choice can be interpreted in two ways: i) different individuals
make choices (interpersonal), or ii) the same individual makes choices under potentially different
circumstances (intrapersonal). As in the deterministic environment, we ask whether two channels
- attention or preference - can be distinguished in the probabilistic environment. In Section 4.1,
we introduce two parametric models of recommendations capturing the two channels based
on intuition from the deterministic models. Each model has a finite set of alternative-specific
parameters. In both models, we incorporate the randomness in preferences through the idea
of the Luce model (also known as Multinomial Logit).® Therefore, we call them RA-Luce and
RP-Luce models.

The RP-Luce model captures the preference channel by boosting utility when some alterna-
tives are recommended. Firstly, when items are not recommended, there is a crude measure of
the baseline utility value represented by u. When items are recommended, the baseline utility
is weakly increasing, which is captured by an alternative-specific recommendation value v(x),

such that an item now has the utility of u(z) 4 v(x) instead of u(z). In the deterministic model,

SIIA states that choices should not depend on the presence of unchosen alternatives.
5In the traditional economics wisdom, there could be unobserved underlying factors (e.g., weather) changing
the preference.



the decision maker compares every product before making a decision. The RP-Luce maintains
this feature of the model such that the choice probability of an alternative will be the share
of the utility weight it has relative to the total utility weight in the choice set, where some
utility weights are increased due to recommendation. Formally, the choice probability of x given

recommendation R under the preference channel is given by

u(z) + v(x) i
Z;%[u(y) +o(y)] + gZR“(Z) peeh
RP(,. Ry — )Y€ ’
p(z, R) u(z) otherwise
> [u(y) +o(y)] + 2 u(z)
yER 2¢R

We show that two simple behavioral postulates can fully characterize this model. The
first postulate, called Strong Luce-ITA, mimics the famous Luce-ITA in our framework. In-
deed, Strong Luce-ITA implies that the choice ratio between recommended items stays con-
stant (Recommended Luce-IIA). This postulate also implies that the choice ratio between non-
recommended items also stays constant. The second postulate is R-Regularity, which says that
a non-recommended alternative must be chosen more often when the recommendation set gets
smaller. Our characterization results do not require the knowledge of full data. We show that
if the choice data includes all recommendation sets with size two or less, the characterization
holds. In addition, we can uniquely pin down recommendation boosts and the utility weights
up to a scaling factor.

The RA-Luce model assumes that alternatives have a fixed utility value, denoted by u. Be-
sides the randomness in preference, RA-Luce also captures the randomness in pre-recommendation
choice, which is probabilistic on the aggregate level as people do not necessarily make the same
choices when they do not receive any recommendation. To capture this randomness, we in-
clude an additional parameter, d(x) > 0, which represents the likelihood of x being the pre-
recommendation choice. Therefore, > _y d(z) = 1. Given a pre-recommendation choice, not
recommended alternatives are chosen with zero probability except for the pre-recommendation
choice. The probability of choosing a recommended item depends on its own weight proportional
to the total weight of recommended alternatives and the pre-recommendation choice. Since be-
ing the pre-recommendation choice is also probabilistic, the odds of selecting a not recommended
alternative, = ¢ R, is the probability of being the pre-recommendation choice times the choice
probability when it is the pre-recommendation choice. Formally, the choice probability of z

given recommendation R under the attention channel is given by
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We show that two axioms can fully characterize this model. The first axiom is the Rec-



ommended Luce-ITA, in which the choice ratio between two recommended items stays constant
across recommendation sets. Due to the characterizations in the deterministic model, one might
suspect that a similar Luce-IIA property applies to not recommended items. It turns out that this
property does not hold for non-recommended alternatives. Instead, not recommended items sat-
isfy another well-known property called conditional choice, which states that p(a, R)p(RUa, X)
is independent of R. In the classical domain, this axiom is equivalent to Luce ITIA. However,
in our framework, this axiom does not hold for recommended alternatives; it only holds for not
recommended alternatives.” We also demonstrate how one is able to identify the parameters of
the model from data. In particular, we show that we can uniquely identify the parameters of
the RA-Luce model with only two data points.® This is helpful for real-life applications since it
offers a frugal way to make an out-of-sample prediction for the effect of recommending different
sets of items.

Given two characterization theorems, we identify when one can distinguish between the
attention channel and the preference channel. In the deterministic framework, any behavior
explained by the attention channel can be accommodated by the preference channel. This no
longer holds in the probabilistic world. Our characterization results show that RA-Luce and
RP-Luce are independent. In other words, there are choice behaviors that are only explained by
RA-Luce but not RP-Luce, and vice versa. Therefore, these two channels can be distinguished
by observing richer data and parametric models.

While parametric models are analytically and computationally tractable but do not account
for the possibility that tastes differ randomly between individuals. We also investigate the behav-
ioral implications of non-parametric versions of our baseline models of recommendation. As in
the standard Random Utility Model (RUM), each type is assumed to make deterministic choices
with the corresponding model. We call these models as RP-RUM and RA-RUM capturing both
attention and preference channels.

We identify all the behavioral implications of RA-RUM and RP-RUM. The empirical content
of the standard RUM is investigated by Falmagne (1978), Barbera and Pattanaik (1986) and Mc-
Fadden and Richter (1990) who show that the non-negativity of the Block-Marshak polynomials
(BM) is equivalent to the choice data being generated by RUM. In our environment, the classical
BM can be defined for both recommended and non-recommended alternatives. Our first axiom
is the non-negativity of these BM polynomials. This assumption fully characterizes RP-RUM.
For RA-RUM, however, the non-negativity of BMs is necessary but not sufficient. Since being
recommended has a greater marginal effect in the RA-Luce model, the BM of recommended
alternative is always greater than the corresponding BM of non-recommendation, which we
call Positive Marginal Recommendation. It turns out these two properties fully characterize
RA-RUM.

TA caveat is that we need a stronger axiom when there is limited data, which will be elaborated in the
corresponding section.
8While d’s are uniquely identified, the weights u’s are unique up to a scale factor.




Literature Review

In all of our models, we utilize the idea that modelers can observe consumers’ choice data as
a function of their recommendation set. Since choices are allowed to be outside of a recommen-
dation set, our choice function is conceptually and mathematically different from the classical
choice function. Therefore, our paper naturally separates itself from other theories in the stan-
dard domain in terms of modeling strategy. Moreover, it enables us to take a fresh perspective
on choice data with some of our traditional economic intuition.

We would like to mention a recent paper by Ke et al. (2021). While the focus of their paper is
distinct from ours, their primitive enjoys a similar feature to our choice function. They propose a
belief-updating model where a DM receives information from an unknown source. Their model
differs from other updating rules where the posterior always belongs to the information set.
Similar to our primitive, they allow posterior being outside of the information set.

The classical Luce model attracts a variety of scholarly attention to developing different
generalizations of it (e.g. Ahumada and Ulkii, 2018; Echenique and Saito, 2019; Echenique
et al., 2018; Fudenberg et al., 2015; Gul et al., 2014; Kovach and Tserenjigmid, 2022a, 2022b;
Tserenjigmid, 2021). All of these models involve different relaxations of the Luce ITA axiom.
In our RA-Luce and RP-Luce models, we employ the Luce IIA axiom for the recommended
alternatives to provide a simple applicable, and tractable parametric model. On the other hand,
there are several different strands of research departing from choice-set variation in the standard
model. For example, some studies utilize list variation to study choices (e.g. Guney (2014) and
Ishii et al. (2021)) and approval rates (Manzini et al. (2021)). Natenzon (2019) and Guney
et al. (2018) study how non-choosable phantom options affect choices. In a similar spirit to our
model, these lines of research are also augmenting the standard choice environment to enhance

our understanding of human behavior.

2 Framework

Let X be a set of finite alternatives (e.g., all documentaries available at Netflix or all 65 Inch
Smart TVs sold at Amazon). We define a recommendation set, denoted by R C X, as the set
of recommended products for the decision-maker. This is the simplest form of recommendation
where the recommendation set does not include any qualitative information about recommended
products. There are two main reasons for this assumption. First, non-price recommendation
signs, such as “Best Seller,” “Award Winner,” and “Editor’s pick” are commonplace in real
life. Second, the outside observer might not know how the decision-maker perceives different
qualitative recommendation information. For example, the decision-maker does not distinguish
between 4-star rated and 5-star rated products as long as they are both recommended. Moreover,
the source of the recommendation can also affect the influence of the recommendation. While
we vary the set of recommended alternatives, we assume that the source and the nature of the

recommendation are the same. This will allow us to identify the decision-maker’s subjective



evaluations of the recommended products for a fixed source. In addition, we will be able to
compare the effect of recommendations across different sources.

In this framework, a decision problem describes not only which alternatives are available,
denoted by S, but also which alternatives are recommended, denoted by R. Therefore, (R,.S)
constitutes a decision problem where R, S C X and S # (). We define a general choice function
¢ where ¢(R,S) € S and R € X where S represents the set of feasible alternatives and R is the
recommended set. There are two types of variations in the general model: recommendation and
feasible set. In other words, this framework is more “data hungry” than the standard choice
since the analyst must observe choices from all decision problems.

In this paper, to eliminate this data requirement, we assume that the set of available alter-
natives is fixed. Hence there is no variation in terms of the availability of alternatives in our
model. After this restriction, any subset of X could constitute a decision problem, including the
empty set which corresponds to not receiving any recommendations. While recommendations
can influence choices, it does not constrain them. To capture this, we define a choice rule c as a
function of the recommendation set, R, but allow for ¢(R) to be outside of R. Hence, the only
restriction we impose is ¢(R) € X. Notice that our choice function differs from the one used
in the choice theory literature, where ¢(R) is always in R. This distinction will be important
when we introduce behavioral properties. Additionally, we allow ¢ to be observable only for
some recommendation sets but not others. This assumption aims to capture some real-world
environments in which the collection of the recommended sets is just a fraction of the entire
product space. Let D C 2% denote all possible recommendation sets we have the data. For
instance, D can include all recommendation sets with the size of 1. The following definition
captures the choice rule under this framework. Depending on the results we provide in this

paper, we highlight the necessary requirements in the domain.

Definition 1. A deterministic choice rule ¢ on D is a mapping from D to X such that ¢(R) € X
for all R € D.

Notice that if the DM always maximizes according to true underlying preference with full
consideration, recommendations should not affect choices even if the DM receives different rec-
ommendations. In other words, ¢(R) is a constant function. However, as discussed in the
introduction, there is plentiful evidence that recommendation indeed affects choice. In particu-
lar, there are two different channels through which recommendations can affect choice behavior:
attention and utility. Here, we provide several models of recommendation. These examples
illustrate that our framework is flexible enough to study models of recommendation capturing

different aspects of the recommendation process.

2.1 Examples

Our examples are categorized into two classes: preference channel and attention channel.
The reasons are two folded. Firstly, oftentimes attention and preference can be intertwined in

explaining choice data. For example, in the attention literature, if choices satisfy ITA, there is no



room to distinguish whether DM is choosing her most preferred alternative or only pays attention
to the chosen alternative. We would like to know whether we can distinguish between choice
driven by attention and choice driven by the utility from choice data involving recommendations.
Secondly, given that the two different channels can be relatively more prominent than the other in
different circumstances, studying the different models can also help us identify better descriptive
models for explaining behavior in different contexts. All of these require us to first have a deeper
understanding of the behavioral implications of each of the models.

We first discuss models operating through the preference channel. The first one is the baseline
model of the preference channel since, as in the classical choice theory, each alternative has a
subjective value, and the decision-maker selects the alternative with the highest value. The
subjective value is independent of the other available alternatives and recommendations. This
assumption is relaxed in the context-dependent model where the recommended product’s value
depends on the recommended alternatives. Finally, the last example allows the valuation of the

non-recommended product also be affected by the recommended alternatives.

Preference Channel

e BASELINE MODEL: The recommendations only affect choices by increasing the valuation
of the product. Hence, being recommended only increases the relative ranking of the
recommended alternative in the decision maker’s preferences (positive recommendation).
As in the standard theory, there is “no context effect” in the sense that the valuation of
the product only depends on whether it is recommended or not. Specifically, it does not
depend on the other recommended alternatives. Assume that the decision maker has in
mind two functions, u and v, from X to R. When the product x is recommended (z € R),
she assigns the utility of u(z) + v(x) to x; otherwise, u(x) is the value of x. She chooses
the alternative maximizing utility. The positive recommendation is modeled by assuming

v(z) to be non-negative. Formally, the maximization problem can be written as follow:

max Ugr(x) where Ug(y) = uly) toly) Hyek (RP)

vex u(y) ify¢ R

We denote choices as ¢, ) (R) = argmax,cx Ugr(z).” We refer to this model as the model
of recommendation via preference (henceforth, RP) when v(x) > 0. We say a choice rule

c has an RP representation on D if there exists (u,v) with v > 0 such that ¢ = c(, ).

e CONTEXT-DEPENDENT MODEL: This model extends the baseline model by allowing the
valuation of the recommended product to depend on the other recommended alterna-
tives. For example, given R, the decision-maker has a total utility stock V(R), which
is proportionally distributed among recommended alternatives. She assigns the utility of

u(z)+ i’ (izy) V(R) if x € R; otherwise assigns the utility of u(z). Note that the valuations

yER

9Since our domain is finite and choices are unique, we assume Ug is a one-to-one function.



of non-recommended alternatives are not changed. Again, the highest utility alternative
will be chosen. If V(R) is fixed, the effect of the recommendation decreases with the size

of the recommendation set. Note that if V(R) equals to ) v(y), this model becomes
yeER
equivalent to the baseline model. More generally, the objective function can be written as

follows:

u(z) +v(x,R) ifzeR
u(x) ifré¢ R

Ur(z) =

where v is a function from X x 2% to R.

e CATEGORY-DEPENDENT MODEL: As opposed to the first two models, here we consider
a model where the valuation of the non-recommended product can change. For example,
recommending only Tesla might increase the valuation of the Porsche Taycan. This model
captures the spillover effect of recommendations due to valuation. Formally, the decision-
maker groups alternatives into distinct categories {C1, ..., Cy} that partition the set of all
alternatives X. Given R, she assigns utility of u(x) + v(z) to z if z € C; and C; N R # 0;
otherwise assigns utility of u(x). More generally, the objective function can be written as

follows:

u(z) +v(x) ifreR

Ur(z) = w@) tw(@) ifrxe U C\R
CiNR#AD

u(x) otherwise
where w is a function from X to R. In the above example, v = w.

Similar to the preference channel, we provide three classes of models operating through
the attention channel. The decision-maker has a well-defined utility function, u, in all these
models. In other words, the subjective value is independent of the other available alternatives
and recommendations. The recommendation only affects the consideration set. The first one
is called the baseline model of the attention channel since, as in the classical choice theory, the
decision-maker is both willing to and capable of considering all the recommended alternatives.
This assumption is relaxed in the limited attention model, where the decision maker might
not consider all recommended products. Finally, the last example allows for enlarging the
awareness of the decision-maker. Recommending certain products triggers the consideration of

non-recommended products.

Attention Channel

e BASELINE MODEL: The recommendations only affect choices by enlarging the awareness

of the decision-maker. The decision-maker has a stable preference ranking. Without any

10



recommendation, the decision-maker chooses one alternative, denoted by a, which might
not be the best option according to her preference due to limited awareness. Given R,
her consideration set, denoted by I'(R) € X, becomes R U a. She then picks the best
option among RUa according to her preferences. As in the classical rational choice model,
the decision-maker can and will consider all the recommended alternatives. Formally, the

maximization problem can be written as follow:

max u(x) where'(R)=RUa (RA)
z€l'(R)
We denote the maximizer of above maximization problem as c(q,,) given (a,u). We refer
to this model as the model of recommendation via attention (henceforth, RA). We also

say a choice rule ¢ has an RA representation on D if there exists a pair (a,u) such that

Cc = c(a,u) .

LIMITED ATTENTION MODEL: This model allows the decision-maker exhibits limited
attention. The decision-maker has, again, a stable preference ranking, and «a is the choice
in the absence of a recommendation. Given R, her consideration set, I'(R), is a subset
of R including a. She then picks the best option in her consideration set. Here, the
decision-maker might not consider all the recommended alternatives due to her cognitive

limitations. Hence, the only requirement is that I'(R) is a subset of RUa and a € T'(R).

EXPANDED AWARENESS MODEL: A recommendation might activate consideration of sim-
ilar items for the decision maker. For example, Toyota and Honda might always come
together into the decision maker’s consideration set, even if only one is recommended.
Formally, given R, her consideration set, I'(R), is a superset of R U a. In particular,
I'(R) \ R are the items that are “similar” to some items in R. Hence, the only requirement

is that I'(R) is a superset of R U a.

These examples highlight the richness of our framework. The simplest model in each channel

is the baseline one. Depending on the context, one modeling option might be more appropriate

than the others.

3 Deterministic Choice: Baseline Models

As the first step in understanding the implication of recommendation, we focus on the

baseline models in this paper. The reasons are two folded. First, each consumer’s behavior is

intended to be simple enough to study the aggregate behavior of heterogeneous consumers in a

tractable way. Second, our baseline models offer a minimal departure from the standard model.

The classical choice model is the most widely applied model due to its simplicity, even though

sometimes explanatory power can be compensated. Therefore, we would like to stay close to

the rational framework as much as possible to understand how much explanatory power we can

gain by taking a minimal departure for each channel.

11



3.1 Behavioral Characterization

We would like to know when we can distinguish RP and RA models from the observed
choices. This requires us to look into the behavioral implications of the two models and see if
we can set them apart from the observed choices.

The first behavioral postulate is the key axiom in this environment, which states that re-
moving some of the unchosen alternatives from the recommendation set does not influence the
final choice. Note that it shares a similar flavor as the famous ITA axiom (i.e. Independence
of Irrelevant Alternative) in the choice theory literature.!® We call this the Independence of

Irrelevant Recommended Alternatives, abbreviated by ITRA.
ITRA. If¢(R) ¢ R\ R and R' C R, then ¢(R) = ¢(R).

Since this axiom looks similar to the standard ITA, one might think they are equivalent. While
the standard IIA applies to classical choice functions in which the winner always belongs to the
choice set, our postulate applies to new choice objects in which the winner can be a recommended
or non-recommended item. This seemingly small distinction has important implications. Indeed,
if we include “c(R) belongs R in the premise of IIRA, then ITRA becomes the standard ITA,
which is stated below as IIRA(1). However, IIRA(1) is strictly weaker than ITRA.

ITRA(1). If ¢(R) € R’ and R' C R, then ¢(R) = ¢(R/).

In other words, seemingly similar axioms have distinct implications in our framework. Hence
the existing results in the literature on the standard framework might not be valid in this
framework. Since ITRA(1) is weaker than IIRA, we would like to state the counterpart of
IIRA(1). To this, we include “c(R) is not in R” into the premise and call it IIRA(2). It states

that the winner will persist outside the recommendation set when fewer alternatives exist.
ITRA(2). If ¢(R) ¢ R and R’ C R, then ¢(R) = c¢(R').

It is easy to see that IIRA(1) and ITRA(2) are equivalent to IIRA. Notice that both RA and
RP models satisfy ITRA. To see this, first, consider ITRA(1), so ¢(R) € R'. Then, the RA model
says that ¢(R) must be better than all the other recommended alternatives in R and the default
option. Hence, it stays the best alternative if we remove some of the unchosen alternatives from
the recommended set. On the other hand, the RP model says that ¢(R) is evaluated according
to the recommended version, and it must be better than all the other recommended and non-
recommended alternatives. Therefore, the evaluated ranking of ¢(R) stays the best alternative
even if some alternatives are downgraded.

Consider the second postulate, IIRA(2), so ¢(R) ¢ R. Then, the RA model requires that the
chosen alternative must be the default option, which has to be preferred to all recommended
alternatives in R. Hence, it must also be better than all alternatives in R’ since R’ is a smaller

set. On the other hand, the RP model says that the non-recommended item ¢(R) is already

9T his property is also known as Sen’s a axiom (Sen, 1971), Postulate 4 of Chernoff (1954), C3 of Arrow (1959),
the Heritage property of Aizerman and Aleskerov (1995), or the Heredity property of Aleskerov et al. (2007).
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better than the recommended item in R and other non-recommended items. Hence, the non-
evaluated version of ¢(R) is still superior to other alternatives when some other alternatives are
not evaluated anymore.

We now consider a new property in this framework— the Sandwich Property. As the name
suggests, if two nested recommendations result in the same choice, then the decision maker

chooses the same option when she receives any recommendation between these recommendations.
Sandwich Property. If " C R C R” and ¢(R") = ¢(R’), then ¢(R) = ¢(R’).

Note that, in the standard choice domain where ¢(R) € R, the sandwich property is implied
by ITA.M Since ¢(R") € R C R”, ITA would imply c¢(R) = ¢(R"). However, in our framework,
the sandwich property has distinct implications from ITA, due exactly to the fact that choices
can be outside of the recommendation set. RA model satisfies the sandwich property. To see
this, if ¢(R') = ¢(R"), then the chosen item must be preferred to every recommended item in
R’ and the default option. Hence, it must still be better than any recommended item for any
in-between recommendation set. Last but not least, it turns out that Sandwich Property is the

only behavior choice pattern where RA and RP differ.

Theorem 1 (Characterization). Let D includes all recommendation sets with |R|< 3. Then,
1) ¢ has an RP representation if and only if ¢ satisfies IIRA;
2) ¢ has an RA representation if and only if ¢ satisfies IIRA and Sandwich Property.

As far as we know, this is the first characterization of decision-making under recommendation.
As we stated before, these two models capture two distinct channels of recommendation. The
theorem shows that these models are nested. It is a surprising result that the preference channel
fully encapsulates the explanatory power of the attention channel while retaining room for us
to distinguish the RP model from the RA model. In the standard environment, if the choice
behavior satisfies the classical ITA, choices can be attributed both to limited attention or to
preferences. Here, it turns out that we can actually distinguish them. Therefore, our intuition
based on the standard framework may mislead us here.

Theorem 1 also informs us how to distinguish between these two channels. Given these
results, if the Sandwich property fails, we can confidently reject the attention channel. The

simplest example of a failing Sandwich property is given as follows.

Example 1 (Violating Sandwich Property). Let ¢(0) = z, ¢({y}) = y and ¢({z,y}) = z. This
example violates Sandwich Property. Also, one can check that the RA model cannot explain it.
Suppose it does. Note that since ¢(()) = z, it reveals that RA-DM’s default option is x. Then,
c¢({y}) = y reveals that y is better than x. Therefore, we must have y = c¢({z,y}), a contradiction.
On the other hand, RP-DM can exhibit this behavior if u(z)4+v(x) > u(y)+v(y) > u(z) > u(y).

_

A version of the sandwich property appears in Masatlioglu and Nakajima (2013), which is stronger than
Weak-WARP of Manzini and Mariotti (2007).
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We now discuss the identification and uniqueness properties of our model. Note that our
domain is finite. Hence, we can only attain ordinal uniqueness. For the RA model, it is easy to
see that the pre-recommendation choice must be the choice when there is no recommendation
a := ¢(0). Moreover, if x is chosen when R is recommended, then x is revealed to be preferred
to every alternative in R. If x is different from ¢(()), z is also revealed to be preferred to the pre-
recommendation choice. Lastly, although the lower contour set of a is the same, the preference
relation among those alternatives cannot be pinned down. The next proposition states all the

uniqueness properties of the RA model.

Proposition 1 (Uniqueness). Let (a1,u1) and (a2, u2) be two RA representations of the same
choice data. Then, for x,y € X

i) a1 = ag,

ii) wi(ar) > ui(x) if and only if us(az) > ua(x), and

iii) wi(x) > ui(y) > uy(aq) if and only if ug(x) > ua(y) > uz(a2)

This proposition states that the pre-recommendation choice is unique, and the ordinal rank-
ings are uniquely identified as long as it matters for the choice.

Secondly, one can show a similar result for the RP model. Assume (uj,v1) and (ug,v2)
represent the same choice rule. Notice that when there is no recommendation, alternatives are
evaluated according to u;. Therefore, the best alternative in X according to u; and ue must
be the same. Also, if z is different from ¢(()), and z is chosen when it is recommended, it also
revealed to be preferred to the best alternative in X. Lastly, the lower contour set of the best

alternative in X must be the same.

Proposition 2 (Uniqueness). Let (u1,v1) and (ug,v2) be two RP representations of the same
choice data. Then, for x,y € X

i) argmax,x u1 () = argmax,c y u2(z) := a,

i) ui(a) > ui(z) + vi(x) if and only if us(a) > us(x) 4+ va(z), and

iii) w1 (z) + vi(x) > ui(y) + v1(y) > wi(a) if and only if ug(z) + va(x) > ua(y) + v2(y) > ua(a).

This proposition also states that no recommendation choice is unique, and the ordinal rank-

ings are uniquely identified as long as it matters for the choice.

4 Probabilistic Choice

In the last section, we provide a micro foundation for the baseline models in which rec-
ommendations affect deterministic choices through two different channels. In this section, we
extend these ideas to probabilistic choice. One interpretation of randomness in choice data is
that there is a group of individuals with unknown types, and the outside observer can only ob-
serve their aggregate behavior; this is the interpersonal interpretation. Another interpretation is
the choices of a single individual in different situations; this is the intrapersonal interpretation.

Our model can be interpreted as both intrapersonal and interpersonal probabilistic choices. In
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the classical choice-set variation framework, probabilistic choice data is well-studied. However,
recommendations cannot be studied within this framework because the DM can choose outside
of recommendation R. To incorporate this idea, we extend the definition of a (probabilistic)

choice rule just as we did in our deterministic setting. Formally,

Definition 2. A choice rule p is a mapping from X x D to [0, 1] such that > .y p(z, R) = 1.12

4.1 Parametric Probabilistic Choice

We first study two parametric models of recommendation for the two different channels with
probabilistic data based on the Luce model. All the information about the models’ predictions
can be summarized by a finite set of parameters depending only on the alternatives. As is
typically the case with parametric models, our parametric models offer three advantages over
the non-parametric versions we study in the next section. First, our parametric models are very
tractable, which is a desirable property for applications. We believe that our models are ready to
use in applications because of their analytic and computational tractability. Second, the model
possesses strong uniqueness properties. Third, it has sharp identification results for designing
policies.

We make the following positivity assumption throughout this section to foster a comparison
between the two channels in the parametric models. Notice that this positivity property, as

argued by McFadden (1973), cannot be refuted based on any finite data set.
Assumption 1. For every z and R, p(x, R) > 0.

PREFERENCE CHANNEL: In the RP model, the valuation of the recommended item is calculated
by u+ v. In terms of the Luce model, we assume that for each available alternative z, there are
two alternative-specific parameters u(x) > 0 and v(x) > 0. Like the Luce model, u represents
the crude measure of utility value. On the other hand, v(x) captures the boost when alternative
x is recommended. We sometimes use (u,v) as the primitive of the model for convenience. For
notational simplicity, we write f(A) as shorthand for ), f(z) for any function f. We assume
the DM pays attention to every alternative in the preference channel. Therefore, the probability
that a recommended alternative is chosen equals its weight (u+v)(x) divided by the total weight
in the choice set. The probability that an alternative that is outside of the recommendation set
is chosen is equal to its weight u(x) divided by the total weight in the choice set. We summarize

this into the following definition.

Definition 3. A choice rule p has a Luce RP representation if there exist functions u : X — R4
and v : X — R4 such that for x € X,

711(33) +v(2) ifreR
p(x,R) = u(Xi(—;)v(R) . (RP-Luce)
m otherwise

12This is different from the classical probabilistic choice model where p(z, R) = 0 for = ¢ R.
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for all R € D.

There are several interesting special cases of the model. First, one can imagine a case where
the underlying utility u is constant across alternatives, and the only difference comes from the
boost in utility v. The model is represented by (@,v), where u is a constant. In this case,
the distribution of choices is uniform if there is no recommendation. Each recommendation set
breaks this uniformity in favor of recommended alternatives. Second, the other possibility is that
the gain in utility is constant across alternatives (u, v), where o is a constant. In this case, p(-, X)
becomes a convex combination of the uniform distribution and p(-,?). In one extreme (o = 0),
p(x, R) is equal to p(x, () for all x and for all R. As ¥ gets bigger, p(-, X) approaches the uniform
distribution. Finally, it could be that the boost in utility v enjoys the same multiplicative factor
relative to the underlying utility w. In this case, the model is represented by (u, Au), where
A > 0. Again, the size of A determines the effect of recommendations. If A is small, p(x, R) is
in close proximity of p(z,0) for all z and for all R. All these special cases are one parameter

extension of the Luce model capturing the effect of recommendations.

ATTENTION CHANNEL: In this model, each alternative x is represented by two parameters:
d(z) > 0 and u(z) > 0.13 The function d represents the likelihood of z being the pre-
recommendation choice, hence )y d(z) = 1. The function u is a crude measure of the utility
value, which extends preferences in the deterministic RA model to the probabilistic setting. An
alternative with a high u value is chosen more often than an alternative with a low u value.
We follow the Luce model to describe the choice probabilities given a default. To encompass
our deterministic model, for a fixed default option, all non-recommended alternatives are chosen
with zero probability except the default option. The probability of choosing a recommended
item depends on its own weight proportional to the total weight of recommended alternatives
and the default option. Hence, we first define choice probabilities given a fixed default. The

choices for a given pre-recommendation choice, a, can be expressed as:

u()
Wian) () = u(AUa)
0 otherwise

fxzeAUa

Note that W, 4) is itself a parametric choice model where »_ W, 4)(z) = 1. According
reX
to this formulation, only the recommended alternatives and the pre-recommendation choice are

chosen with positive probability. W, 1) captures the randomness in preferences as in the Luce
model. Note that the deterministic RA model is a limit case of this model since the deterministic
model has no randomness in preferences.'* We expand on this intuition by assuming that being
the default option is probabilistic. Since d(z) is the probability of  being the default option, the

choice probability of any alternative is defined as a mathematical expectation: The probabilities

13We can relax to d(x) > 0 in the model. However, the positivity assumption implies d(x) > 0 in our model.

"“To see how W, a) reduces (or approaches) to the deterministic case where DM’s type is (a,u), we first
enumerate all alternatives according to >, u(z1) > u(z2) > -+ > u(rn). We assign u(x;) = €’ for ¢ > 1 and
u(z1) =1—37" ,&". By taking ¢ to zero, (a,u) becomes the limit case of W, a).
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of a given default option times the conditional choice probability given that default option.

Formally, we have the following.

Definition 4. A choice rule p has a Luce RA representation if there exist functions v : X —

Ryt and d: X — (0,1) with > d(x) =1 such that for any =z € X,
reX

p(,R) =Y d(a)W,,r)(x) (RA-Luce)
acX

for all R € D.

RA-Luce model inherently has two types of randomness. While d captures the randomness
in pre-recommendation choice, u represents the randomness in preferences. Note that the odds
of selecting a non-recommended alternative, z ¢ R, is the probability of being default times the

conditional choice probability when it is the default, that is, for any = ¢ R
p(z, R) = ————=

When z ¢ R, p(z, R) is always zero in the standard random utility model since R represents
the set of feasible alternatives. However, in our model, the set of alternatives is fixed, and R
represents the recommended alternatives. The effective weight of x becomes d(x)u(z), which is
strictly less than w(x). This can be interpreted as the value of non-recommended alternatives
being discounted while the recommended ones stay the same. For recommended alternatives,

x € R, our formula is more involved:
d(z)u(x)
R) = — =
p(z, R) = "

There are two special cases of the model. The first one is that, similar to the RP case,
the underlying utility w is constant across alternatives. In this case, the model is represented
by (@,d), where @ is a constant. Also, the recommended alternatives will be chosen with the
same probability, while the non-recommended alternatives will have a different choice probability
depending on d. Secondly, one can imagine a case where alternatives could be equally likely
to be the default option. In this case, the model is represented by (u, ﬁ), and the choice
probabilities are \71| when there is no recommendation. Each recommendation set breaks this
uniformity in favor of recommended alternatives. Note that there is no additional parameter in

this case except u, which is the same as in the Luce model.

4.2 Behavioral Characterizations for Parametric Models

In this section, we discuss the behavioral implications of the RA-Luce and RP-Luce models.
This will provide us with the empirical content of each model. These behavioral postulates will

allow us to test and compare these models.
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Since we extend the classical Luce model, as anticipated, some version of Luce’s ITA appears
in our characterization. Recall that Luce’s ITA says that the odds of choosing one alternative
over another do not depend on the feasible set. In the RA-Luce model, Luce’s ITA holds for all

recommended alternatives:

Recommended Luce-ITA. For z,y € RN R/,

plz, R) _ p(z, R)

p(y, R) — p(y, R))

One would suspect that a similar axiom must hold for not recommended alternatives. It
turns out that this property does not hold for non-recommended alternatives. Instead, another

well-known property is satisfied with a caveat. The property is known as Luce’s Choice Axiom:
pla, R)p(R, R/) = p(a, R/)

This property says that the probability of choosing a from R’ is equal to the conditional proba-
bility that a is chosen from R given that the choice from R’ belongs to R. A modified version
of Luce’s Choice Axiom appears in our characterization. Our property says that for x ¢ R and
RUzx C R, the probability of choosing x first when R is recommended and then choosing RU x

when R’ is recommended is independent of R. We call this axiom R-Path Independence.
R-Path Independence. For x ¢ R and RUx C R, p(z, R)p(RU x, R') is independent of R.

As long as probabilities are strictly greater than zero, Luce’s ITA and Luce’s Choice Axiom
are equivalent in the usual choice domain where p(R,R) = 1 for all R. Surprisingly, this
equivalence does not hold in our domain since p(R, R) could be strictly less than 1 for R # X.
This discussion highlights that the equivalence of these two properties depends on the domain
to which they apply. Here, we show that recommended and non-recommended alternatives obey

different rules. These two properties summarize the entire empirical content of the RA model.

Theorem 2 (Characterization). Assume D = 2X. Then, p has an RA-Luce representation if

and only if p satisfies Recommended Luce-IIA and R-Path Independence.

While this theorem provides the entire empirical content of the model, it requires the knowl-
edge of complete data. This is very demanding in terms of the availability of data. We now
demonstrate that we can provide a similar characterization of this model with limited data.
Suppose D includes all possible recommendation sets with |R|< 2. Under limited data, we must
impose a stronger axiom on the off-recommendation data. The reason why we need this axiom
is that R-Path Independence is not strong enough in this limited domain. This concern does
not exist if we have full data. To see why we need a stronger axiom, consider the following
example in Table 1 with X = {a,b,c,d}. Notice that Recommended Luce-ITA and R-Path In-

dependence are immediately satisfied.'> However, none of these axioms restrict how p(c, {a,b})

5Since the data is symmetric, we consider a. Note that p(a,®)p(a,{a,b}) = p(a,0)p(a,{a,c}) =

p(a, @)p(a, {CL, d}) = p(a, {b})p({a, b}7 {av b}) = p(a, {c})p({a, C}v {av C}) = p(a, {d})p({a, d}7 {CL, d}) = % Hence

it satisfies R-Path Independence.
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behaves: R-Path Independence puts restriction on p(c, {a,b}) only if we also observe data on
some other recommendations that include all a,b and c. Nonetheless, we might not observe a
recommendation including all three alternatives due to the limited data assumption. Hence, to

check for the model’s validity under limited data, we need to impose a stronger axiom.

fa,0} {a,c} {a,d} {b,c} {bd} {c.d} {a} {b} {c} {d} 0
5/12 5/12 5/12 1/12 1/12 1/12 3/8 1/8 1/8 1/8 1/4
5/12 1/12  1/12 5/12 5/12 1/12 1/8 3/8 1/8 1/8 1/4
1/120 5/12 1/12 5/12 112 5/12 1/8 1/8 3/8 1/8 1/4
19/120 1/12 5/12 1/12 5/12 5/12 1/8 1/8 1/8 3/8 1/4

QU O o2

Table 1. Probabilistic choice data satisfying Recommended Luce-IIA and R-Path Independence but
does not have an RA-Luce representation under limited data.

The R-Path Independence axiom revolves around the fact that the choice probability of a not
recommended alternative under recommendation set R is tightly related to its choice probability
when recommended with the set R. It turns out this dependency can be made more explicit.
We define the following shorthand: r(z,z) = Z E;f\; for some A, including = and z. Note that
Recommended Luce-ITA guarantees that r(z,z) is well-defined. Each r(z,x) captures exactly

the choice ratio of  and z when both of them are recommended.
R-Independence. For x & R, p(z,R)(1+ ) cr7(2,7)) is independent of R.

The intuition behind this axiom is that, within our model, there is a fixed amount for how
often x can be chosen when z is not recommended. Notice that as recommendation set R grows,
the markup ) _p7(z, ) increases and, in turn p(z, R) decreases. Therefore, this axiom dictates
that x must be chosen less as more alternatives are recommended when z is not recommended.
Also, the rate that p(z, R) also decreases depending on how “likable” z is when both z and his
rival z are both recommended, i.e., it depends on the r(z,z). In particular, it decreases less if
x is chosen much more often than z when both are recommended.

It is clear that the example in Table 1 violates R-Independence. To see why, consider the
choice probability of ¢ under the recommendation set {a,b} and (), we have p(c,0) = i #+
1 = plc,{a,b})(1 + r(a,c) + r(b,c)). Moreover, we can also see that Recommended Luce-IIA
and R-Independence imply R-Path Independence. Since r(z,z) can be represented with any
recommendation set as long as they include both z and x, we consider arbitrary R’ such that
rUR C R. Then, by simplification, we can get 1+ _p7r(2z,2) = p(RUz,R')/p(x, R'), which
basically implies R-Path Independence.

Theorem 3. Let D includes all recommendation sets with |R|< 2. Then, p has an RA-Luce

representation if and only if p satisfies Recommended Luce-ITA and R-Independence.

Theorem 3 provides a similar characterization with limited data. Thus, Theorem 3 weakens
the data requirements of Theorem 2. Indeed, many models in decision theory require a similar

rich data set, typically choices from all decision problems.
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CHARACTERIZATION OF RP-LUCE: We now turn to the characterization of the RP-Luce model.
Notice that the RP-Luce model is similar to the standard model except that the weights are
multiplied by a factor if it is recommended. Therefore, the RP-Luce model satisfies a Luce

axiom that is stronger than the Recommended Luce-ITA, which is the Strong Luce-IIA axiom.
Strong Luce-ITIA. For z,y ¢ RAR/,

pa, R) _ ply, R)
plz,R)  ply,R')

where A is the symmetric difference operator.

This property says that as long as x,y does not change its status across R and R’, the Luce-
ITA axiom should hold. Note that this Strong Luce-ITA implies every possible pair of Luce-ITA
axiom. Firstly, note that if z and y are recommended across both R and R’, then their status are
constant across R and R’. Indeed, it is easy to check from the definition that x,y € RN R gives
immediately that z,y ¢ RAR’, so that Recommended Luce-ITA is implied. A similar argument
can produce the Non-recommended Luce-IIA, where x and y are both not recommended across
R and R’. Interestingly, this property also connects x and y when one is recommended and the
other is not, as a kind of Cross-status Luce-IIA.

One might suspect that this axiom alone is sufficient for RP-Luce. It turns out that we
need an additional behavioral postulate. The idea is simple: Any not recommended item is
chosen weakly more when the set of recommended items gets smaller. We call this property as

R-Regularity.
R-Regularity. For z ¢ R, p(z,R) < p(xz, R\ y).

Notice that this axiom is trivially satisfied in the standard Luce model since both sides of the

inequality are equal to zero. With this axiom, we are able to state the characterization result.

Theorem 4. Let | X|> 3 and D include all recommendation sets with |R|< 2. Then, p has an
RP-Luce representation if and only if p satisfies Strong Luce-IIA and R-Regularity.

As Theorem 3, Theorem 4 works under very mild data requirement: the size of the recom-

mendation set is less than or equal to 2.6

4.3 Uniqueness and Identification for Parametric Models

In this section, we discuss the identification of the models. To achieve this, we first establish
the fact that the parameters are unique in each model. Our first result shows that we can
uniquely pin down the default option probabilities in the RA-Luce model. Also, the utility

measure is unique up to a scaling factor.

160ne caveat is that Theorem 4 requires that there are at least three available alternatives. The reason is that
Strong Luce-IIA put no restriction on choice data if there are only two available alternatives. One can define
p(z,R) p(z,R\{z,y}) _ p(=,R\y) p(z,R\z) ;
another property, e.g. for z,y € R, R ply RN {zyD) = ply.R\y) ply R\2) " One can show that this property, along
with Strong Luce-ITA and R-Regularity, are the necessary and sufficient conditions for RP-Luce with | X|> 2.
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Proposition 3 (Uniqueness of RA-Luce). Let (uj,d;) and (u2,d2) be two RA-Luce represen-

tations of the same choice data. Then di = do, and w1 = aug for some o > 0.

Similar to the RA-Luce model, the RP model also uniquely pins down the recommendation

factor and the utility measure is again unique up to a scaling factor.

Proposition 4 (Uniqueness of RP-Luce). Let (u1,v1) and (ug, v2) be two RP-Luce representa-

tions of the same choice data. Then u; = aug and v1 = awvy for some a > 0.

We now turn to the identification of the parameters. We first consider the RA-Luce model.
Our first result illustrates that observations from only two recommendation sets are sufficient

for unique identification.

Proposition 5 (Identification of RA-Luce). Suppose p is RA-Luce. Let D include recommen-

dation sets () and {a} for some a € X, then we can fully identify the parameters of the model.

Note that RA-Luce requires only two data points to fully identify the model. The underlying
reason behind the identification is as follows. Firstly, having no recommendation data allow us
to identify d(x). Secondly, suppose we have the recommendation data for one alternative. Since
RA-Luce requires that the DM compare each default option with the recommended item, we can
fully recover every w. Since the procedure is simple enough, we demonstrate the identification
in the main text. Firstly, let d(x) := p(z,0) for every z € X. Then, we identify u. Note that u
is unique up to a scaling factor; fix a € X, and we let u(a) := 1. Note that, for x € X \ a, we
define u(z) := W’%. Then, the parameters are fully identified.

On the other hand, RP-Luce requires more data to work with. Notice that the recommenda-
tion factor for an alternative can be “observed” only if the alternative is recommended on some
occasions. Therefore, to retrieve this parameter, we must have data in which each alternative is

recommended in some sets.

Proposition 6 (Identification of RP-Luce). Suppose p is RP-Luce. Let D include all recom-

mendation sets with |R|< 1, then we can fully identify the parameters of the model.

To see how identification in our model works, let u(z) := p(z,0) for every x € X. Then,
we define v(z) := %. Hence, we can fully identify the parameters. Notice that, in

the above proposition, it is possible to obtain the same result by replacing the singleton recom-
mendation data with some doubletons data where each alternative needs to be recommended at

least once in one of the doubletons. This can reduce the data requirements for identification.

4.4 Behavioral Distinction, Similarity, and Intersection

In the deterministic framework, the RA and RP models can be distinguished only in one
way but not the other. More specifically, we can only distinguish the RP model from the RA
model when we observe a violation of the sandwich property. In the probabilistic framework,

surprisingly, the distinction becomes both ways. This is due to the parametric assumptions.
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It is easy to construct an example in which one probabilistic choice function has an RA-Luce
representation but does not have an RP-Luce representation and vice versa.

On the other hand, although our two models share different characterizations, they share
some common behavioral properties. Firstly, as one might immediately expect, both RA-
Luce and RP-Luce satisfy Recommended Luce-ITA. This is because Strong Luce-ITA implies
Recommended Luce-ITA. Secondly, as discussed in the previous section, we know that R-
Independence implies R-Regularity. In fact, one can even check that R-Path Independence
also implies R-Regularity. To see this, by R-Path Independence, we know p(z, 0)p(x, {z,y}) =

plx, {y})p({x,y},{z,y}). Hence, we know that p’()f{’g)}) = p(;{f(gxygx{;}z’)'}) > 1. One can apply a

similar argument to other sets.

One might wonder whether there are choice probabilities that satisfy all four axioms pre-
sented here. In other words, we wonder whether there is any choice behavior at the inter-
section of the RA and RP models. The answer is affirmative, and the choice probabilities

are in a specific form as long as there are at least three alternatives (|X|> 3). In partic-

ular, given R # (), each recommended alternative is chosen with probability %,

For example, when

and
each non-recommended alternative is chosen with probability m.
X ={z,y,2z} and R = {z,y}, we have p(z,R) = p(y,R) = 4/9 and p(z,R) = 1/9. It is easy
to check that it satisfies Strong Luce-IIA. To see that it satisfies R-Independence, note that
we have the recommended Luce Ratio r(z,2) = 1. Then, when z is not included R, we have
p(x, R)(1+ 3 crr(z,z)) = m(l + |R|) = ﬁ, which is independent of R. Hence, R-
Independence is satisfied. Moreover, we can perform the identification exercise and represent
the choice probabilities with the RA and RP models. For the RA model, it goes by the form
(a, ﬁ), where the default probability is uniform at pl(—‘ and the underlying utility is a constant
u. For the RP model, it is represented by (u,|X|u), where again the underlying utility is a

constant @, and v is fixed at | X|.

4.5 Discrete Choice

In the following, we consider the model from the discrete choice perspective. In the framework
of discrete choice, a decision maker’s utility for an alternative x is defined as their underlying
u(x) plus an error term £(x), where £(x) is known as “random utility shock”. The discrete
choice model posits that the event that an alternative is chosen in a choice set is equated to the
event that an alternative has the highest realized utility in that choice set. Formally, it requires
a probability space (92, F,IP) for the random variable £ : @ — RX. We define the following

event where x achieves the highest value within a set A given a (utility) function f,

E(z, A; f) = {w € Q: f(w) + ) > f(y) + eu(y) for all y € A}
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With this event definition, one can define the discrete choice model when e(z) is i.i.d. according

to the extreme value distribution across x € X with noise parameter A so that
Prob(z is chosen from S) = P(E(z, S;u)) (Logit)
It is well-known that the extreme value distribution gives rise to a closed-form solution

eu(@)/A

P(E(z, Aju)) = S e

which shares the same explanatory power as the Luce model. In the recommendation framework,
one can also utilize this discrete choice approach to obtain the Logit version of the RP and RA
model. In the following, we will elaborate on these and show the equivalence between the Luce
approach and the discrete choice approach, as in the standard framework.

ATTENTION CHANNEL: From the attention Channel, in order for an alternative to be chosen,
an alternative need to 1) be inside the recommendation set R or be the default option a and 2)
be the best alternative among R U a. Here, we assume independence between the distribution
of default options and the random utility shock. Also, to avoid unnecessary extra notation, we
will retain the probability measure P to e, and designate a function d to denote the probability

of being the default option. Therefore, one can define the logit version of the RA model

> d(a)P(E(z,RUa;u)) ifzecR
p(x, R) = { aeX (RA-Logit)

d(x)P(E(x, R;u)) ifr ¢ R
As we plug in the close-form solutions for the P, it becomes clear that it is essentially the
RA-Luce model. Therefore, the relationship between RA-Luce and RA-logit is analogous to the

relationship between Luce and logit in the classical choice-set variation domain.

PREFERENCE CHANNEL: From the preference channel, recommendation affects the valuation of
the alternatives. We define the utility function as in Section 2 so that Ug(z) = u(x) 4+ v(z) if
x € R; Ur(xz) = u(x) if x ¢ R. Since the preference channel assumes the DM pays attention to
everything, the maximization problem is checking all x € X. Therefore, similar to the standard

framework, we can define the probabilistic choice as;

plw, R) = P(E(x, R; Ur)) (RP-Logit)
Plugging in the closed-form solution for P(E(x, R; Ug)), one can see that RP-Logit and RP-Luce
share the same explanatory power over choice data.
4.6 Non-Parametric Probabilistic Choice

In the last few sections, we focused on two parametric models in which alternative-specific pa-
rameters describe the randomness of types. These models are analytically and computationally

tractable but do not account for the possibility that tastes differ randomly between individuals.
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In this section, we investigate the behavioral implications of non-parametric versions of our base-
line models of recommendation. As in the standard Random Utility Model (RUM), the data is
assumed to be generated from a group of different individuals making deterministic choices. In
the standard framework, the Luce model can be captured in RUM by assuming independence
in preference. In other words, the fraction of people who prefer a over b is the same regardless
of their preference for another alternative c¢. By introducing the RUM version for our models in
this probabilistic environment, we are also relaxing this independence built in the RA-Luce and
RP-Luce models.

Before we define our models, we revisit the classical random utility model. RUM allows
heterogeneous populations, and each type in the population is a utility maximizer. Let p be a
probability distribution on the set of utilities, /. The probability distribution p constitutes a

probabilistic choice function 7, such that

mu(x,S) =p{uveld| z= argglqax u(y)}) (RUM)
y

The probability of x being chosen from S is the frequency of those types who choose x from
S. We say that a probabilistic choice function, 7, has a Random Utility representation if there
exists p such that 7 = 7.

In the next two subsections, we investigate the behavioral implications of our RA and RP
models in the non-parametric probabilistic choice environment. In both models, multiple repre-
sentations might lead to the same choice behaviors. For example, in the RA model, (a,u) and
(a,v) induce the same behavior as long as u and v are ordinally equivalent. Hence, we must

define each choice type carefully in these models.

ATTENTION CHANNEL: In this framework, we assume that each decision-maker in the population
belongs to the RA model. In other words, they can differ on their pre-recommendation choices
and utility functions, (a,u), and (potentially) differ on their choice, denoted by c(4 . To define
the underlying type space, we let 7 be a probability distribution over the set of the product of
X and U.'" Therefore, probability distribution 7 constitutes a probabilistic choice function p,
such that

pre, R) = 7({(a, )| & = c(o,(R))) (RA-RUM)

for every R € D. We say that a probabilistic choice function, p, has an RA-RUM representation
if there exists 7 on T such that p = p;.

As in RUM, RA-RUM tests the hypothesis of a group of utility-maximizing individuals with
limited attention. In RUM, individuals differ in terms of their tastes. In RA-RUM, not only
their taste but also their pre-recommendation choices differ. Hence, RA-RUM has a much richer

type space compared to RUM.

PREFERENCE CHANNEL: Here, each decision-maker in the population belongs to the RP model.

17 As in the deterministic case, we will assume these u are one-to-one so that there will be no cases of indifference.
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In other words, each decision-maker’s behavior is represented by a pair of utility functions (u,v),

with choice denoted by c(, .. To define a type space, we let u be a probability distribution over

u,v
the set of 2. The probability distribution  constitutes a probabilistic choice function pu such
that

Pu(xv R) = M({(uv U)‘ T = c(u,v)(R)}) (RP'RUM)

for every R € D. We say that a probabilistic choice function, p, has an RP-RUM representation
if there exists 7 on P* such that p = p,.

As in RA-RUM, RP-RUM tests the hypothesis of a group of utility-maximizing individuals
affected by recommendations. In RA-RUM, consumers differ in terms of their tastes and de-
fault option and exhibit limited awareness. In PR-RUM, each decision-maker considers every
alternative in the choice set. Therefore, the only departure from RUM we introduce here is that
recommendation can change the ranking of recommended items. RP-RUM has a much richer
type space compared to both RUM and RA-RUM.

It is a well-known fact that in the Luce model is a special case of the random utility model in
the classical setup. In the recommendation environment, one might wonder whether RA-Luce
belongs to RA-RUM and/or RP-Luce belongs to RP-RUM. It turns out that every choice rule
p that has an RA-Luce (RP-Luce) representation has an RA-RUM (RP-RUM) representation.

We provide a proof for this statement in Appendix.

4.7 Hasse Diagram

Within the RUM framework, Falmagne (1978) answered the question of whether individual
utility maximization has any implications for aggregate data. For the characterization of the
RUM, Falmagne (1978) utilizes a well-known concept in the literature: the Block-Marschak
polynomials, named after Block and Marschak (1959)’s seminal work on the RUM. It has been
shown that probabilistic choice data have a RUM representation if and only if its Block-Marschak
polynomials are non-negative. Block and Marschak (1959) originally obtained the necessity.
Falmagne (1978) showed that the non-negativity of the polynomials is also sufficient.

In our framework, we also utilize Block-Marschak (BM) polynomials. Let g,(a, R) denote

the BM polynomials i.e. for any a € R,

gp(a, R) == Z (=1)IB\El p(a, B)
BDR

The Block-Marschak polynomials are defined with respect to the choice data p. Throughout
the paper, we mostly skip denoting p and write g(a, R) unless specified otherwise. g, is defined
for each recommended alternative. Interestingly, this definition can also be applied to non-

recommended alternatives, and, as we shall see, it has an important role in both RA-RUM and
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RP-RUM. We define for a ¢ R,

ypla, R) == Y (=1)P\Flp(a, B)
a¢BDR

Again, we skip denoting p and write y(a, R) unless specified otherwise.

Figure 1 generalizes the classical network representation of partial order sets for our purposes.
Each node represents a subset of the set of alternatives. Each black solid line indicates a subset
relationship among subsets. The Block-Marschak polynomials can be considered the amount of
flow on each black line. In the original network of this Hasse diagram, the degree of each node
is equal to the number of alternatives, and the inflow and outflow of black lines are always equal

for each node.

Z qp(a, R) = Z qp(b, RUD)

a€R b¢R

In RUM, each preference ranking corresponds to a path starting from the empty set and ending
at the grand set. For example, {a, b, c} —{b,c}—{c}—0 (with path ¢(a, {a,b,c}) = q(b,{b,c}) —
q(c, {c})) represents u(a) > u(b) > u(c).'® We first highlight that the above equality is no longer
true in our model. But we discuss below how to recover similar equality and provide a similar

visual representation for types in R-RUM.

{a,b,c}

q(b, {a, b, c})

Figure 1. Hasse Diagram of RA-RUM: Each colored path represents a specific type: Type (¢, u1) where
ui(a) > uy(b) > wui(c) highlighted by the blue (the longest) path, Type (b, us) where us(c) > us(b) >
uz(a) highlighted by the green path, and Types (b, u3) and (b, us) where us(b) > uz(a) > usz(c) and
ua(b) > u4a(c) > ua(a) highlighted by the red (the shortest) path.

Compared to RUM, RA-RUM and RP-RUM have two sets of BM conditions: one for rec-

'80ne can refer to Fiorini (2004) for a network analysis of RUM.
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ommended alternatives, ¢, and one for non-recommended alternatives, y. To represent the new
BM conditions, y’s, we introduce new flows, which are represented by dashed red lines. These
are always the outflows (or “leakages”) from the network. We abuse notation and denote nodes
and flows with the same notation. y,(a,{c}) denotes both the phantom node and the flow to
that node. Interestingly, if we also take into account y’s, we recover the equality of the inflow

and outflow of all black and red lines.!® That is,

> gpla, )+ yyla,R) = q,(b, RUD)

a€R agR bgR

Given this equality, we can represent each type in RA-RUM and RP-RUM by a path in the
new Hasse diagram. Firstly, we consider RA-RUM. Each type corresponds to a path starting
from the grand set and ending at a phantom node. For example, the path ¢(a,{a,b,c}) —
q(b,{b,c}) — qlc,{c}) — y(c,0) represents uj(a) > u1(b) > wi(c) with ¢ being the pre-
recommendation choice, hence the type is (c¢,u;1) (the longest (blue) path in Figure 1). In
this path, the leakage appears at node (), which implies the pre-recommendation choice has the
minimum utility according to u;. On the other hand, ¢(c, {a,b,c}) — q(b,{a,b}) — y(b,{a})
represents type (b, u2) where ua(c) > ua(b) > u2(a) (the green path in Figure 1). In this path,
the leakage appears at node {a}, which implies the pre-recommendation choice must be the
alternative just above a in wug, which is b. Each of these two paths corresponds to a unique
type. However, the path ¢(b,{a,b,c}) = y(b, {a,c}) corresponds to two types (b, us) and (b, uy)
where uz(b) > us(a) > ug(c) and ua(b) > ua(c) > u4(a), respectively. Notice that these two
types cannot be distinguished because they always choose b. In other words, we cannot identify
the relative ranking of a and ¢, which does not matter for the choices. This is a trivial non-
uniqueness of RA-RUM. Note that throughout these examples, every leakage path y follows its
immediate preceding ¢ (each path flows straight at the last node, i.e., ¢(a, AUa) — y(a, A) for
a ¢ A). If a path ends with ¢(a, AUa) — y(a, A), the corresponding pre-recommendation choice
is a = ¢(0), and a yields a higher utility compared to all alternatives in A. As it turns out, all
types in RA-RUM can be represented by such paths.

The observations above can be generalized. If we have a path ¢(a;, Ag) — -+ — q(ak, Ax—1) —
y(ak, Ax), where Ay = X, and A; = A;_1 \ a;—1 for i < k, then any type (a,u) represented by
the path must obey the following properties:

1. a = ayg,
2. u(a;) > u(ay) for i < j <k,
3. u(a) > max u(x).

TEAL

The first property says that the pre-recommendation choice must be the last alternative in

the sequence, i.e., c((w)((b) = ag. The second condition states u is decreasing in i in X \ Ay.

19This result is stated as Lemma 1, which is a generalization of Falmagne (1978)’s Theorem 3. We believe this
lemma could be of independent interest since it is model-free. We provide proof of it in the Appendix.
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In addition, the last condition implies that ¢, ,,)(Ax) must be ay. There must be no variation

in the behavior of choice of any type (a,u) represented by the path. When we examine the

uniqueness properties of RA-RUM, we will be able to make use of this discussion.

{a,b,c}

q(b,{a, b, c})

Figure 2. Hasse Diagram of RP-RUM: Each colored path represents a specific set of types.

On the contrary, in RP-RUM, every possible path corresponds to a type (Figure 2). Firstly,
it allows paths that are permitted in RA-RUM. For example, ¢(a, {a,b,c}) — q(b,{b,c}) —
q(c, {c}) = y(c,0) (the blue path in Figure 2) represents the choice type c(y, v,), where ui(a) +
vi(a) > u1(b) + vi1(b) > ui(c) +vi(c) > u1(c) > u1(b) > ui(a). Even though this path yields a
unique type in RA-RUM, this is no longer true in RP-RUM. Indeed, it also represents the type
(ug, v2), where ug(a) +v2(a) > uz(b) + v2(b) > ua(c) + v2(c) > uz(c) > ua(a) > uz(b). There are
several similarities between these types: i) u; +v; and ug + v9 induce the same ordering, ii) c is
the worst for u; +wv1 and ug +v9, and iii) the lower counter set of ¢ with respect to u1 and ug are
the same. Notice ¢(y, ;) and C(y,,.,) are inherently indistinguishable even in the deterministic
model. This is a trivial non-uniqueness of RP-RUM.

Moreover, RP-RUM allows paths that are not permitted in RA-RUM. For instance, RP-RUM
allows the path q(b, {a,b,c}) — q(a,{a,c}) — y(b,{c}) (the red path in Figure 2). This path
captures the choice type c(, ,), where u(b)+v(b) > u(a)+v(a) > u(b) > u(a) > u(c)+v(c) > u(c).
Note that c(y ) ({a,b}) = ¢y (@) = b but ¢, ({a}) = a. Hence Sandwich Property is violated.
That is why this path is not permitted in RA-RUM. Note that this path ends with ¢(a, {a,c}) —
y(b, {c}), which is not allowed in RA-RUM. Here, this implies that the corresponding pre-
recommendation choice is b = ¢((), and b yields the highest u-value in X. Therefore if this path
represents any type (u, v), then i) b must be the u-maximizer, ii) u(b)+v(b) > u(a)+v(a) > u(b),
and iii) u(b) > max{u(a),u(c) + v(c)}. Again, all types represented by the same path induce
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the same choice behavior. Hence, paths are the only object we need to summarize the choices
in RP-RUM.

We can generalize the observations above. If we have a path ¢(a1, Ag) — -+ — q(ag, Ap—1) —
y(b, Ag) where b = a; for some i < k, A9 = X, and A; = A;_1 \ a;—1 for i < k, then any type
(u,v) represented by the path must obey the following properties:

1. =
u(b) = maxu(z),

2. u(a;) +v(a;) > u(aj) +v(a;) for i < j <k,

3. weﬂ)l(l\l}qk u(z) +v(x) > u(b) > géiiu(az) +v(x).

The first property says that b must be the u-maximizer in X, i.e, ¢, ,)(0) = b. The second
condition identifies the ordinal ranking of u + v, which is decreasing in ¢. In addition, the last
condition implies that c(, ) (Ax) must be b. A combination of all conditions implies c(,, ) (Ai—1) =
a;. Any type (u,v) represented by the path must induce the same choice behavior. This

discussion will be useful when we investigate the uniqueness properties of RP-RUM.

4.8 Behavioral Characterization for Non-Parametric Choice

We now introduce behavioral postulates for RP-RUM and RA-RUM. The first axiom is
the non-negativity of BM polynomials in the recommendation domain. This non-negativity is
closely related to the non-negativity of BM polynomials in the standard domain. In the standard
domain, the non-negativity of the BM polynomials means that items must be chosen marginally
more if there are fewer available items. Here, the non-negativity of y's and ¢’s means that both
recommended and non-recommended alternatives must be chosen marginally more if there are

fewer recommended products.
Non-negativity of BM. Fora € R, q(a,R) > 0 and y(a, R\ a) > 0.

There is another important property in this domain. Notice that the positive recommenda-
tion assumption suggests that the difference between p(a, R) and p(a, R\ a) must be weakly pos-
itive. Here, we look into a finer detail of this effect. Notice that the difference ¢(a, R)—y(a, R\a)
captures the idea of the marginal change in the magnitude of the positive recommendation ef-
fect. To see this, one can interpret this axiom as the comparison between the marginal gain
from regularity in choice probabilities of alternatives when they are recommended and not rec-
ommended. In particular, this behavioral postulate says the marginal gain will always be higher

if recommended.
Positive Marginal Recommendation. For a € R, q(a, R) > y(a, R\ a).

We show that the non-negativity of BM polynomials alone fully characterizes RP-RUM. To
characterize RA-RUM, we need an additional condition: Positive Marginal Recommendation.

Notice that by requiring ¢s’ greater than ys’, the non-negativity of ¢s’ is immediately implied.
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Since the two models are general, we need a rich data set for characterization. Therefore, we

assume that D = 2% for the next theorem.?"

Theorem 5 (Characterization). Let D = 2X. Then,
a) p has an RP-RUM representation if and only if p satisfies Non-negativity of BM;
b) p has an RA-RUM representation if and only if p satisfies Non-negativity of BM and Positive

Marginal Recommendation.

The sufficiency proof of the theorem is constructive. We provide an algorithm to compute
a full distribution of types in the RA-RUM and RP-RUM representation. The algorithm is
certainly helpful in applications if one would like to have an estimate of the type distribution.
However, just as the RUM in the standard choice domain, in general, there is no unique dis-
tribution over types that can explain the choice data. We explore more on this in the next

subsection.

4.9 Uniqueness and Identification for Non-Parametric Choice

In this section, we elaborate on to what extent the type distribution can be identified. We
first look at the uniqueness result for RA-RUM. Let L, (a) represent the strict lower contour set

of a according to u. We state the uniqueness result in the following proposition.

Proposition 7 (Uniqueness and identification of RA-RUM). Let 7! and 72 be two RA-RUM
representations of the same choice data. Then for every RC X, b¢ R and i = 1,2,

i) y,(b, R) = Ti({(b,un min  u(z) > u(b) > I;leaé(u(x)}),

2€X\RUb
ii) g,(b,RUD) =T ({(a, u)\xer)?iréwu(m) > u(b) > r;leza%(u(x) and a € RU b})

The first property in Proposition 7 says that y,(b, R) must be equal to the probability that
b is the default option while b is exactly and only better than the set of alternatives R. On the
other hand, the second property says that q,(b, R) must be equal to the probability that b is
exactly and only better than the set of alternatives R and the default is within R Ub. Note that

these two conditions imply that

b,RUb) —y,(b, R :Ti< a,u)] min wu(x) > u(b) > maxu(x andaeR)

aplb. RUB) = (b, B) = 7' ({(a.)|_min u(z) > u(b) > marcu(a) }

where the LHS is exactly the object of Positive Marginal Recommendation. From here, one
can immediately see that ¢’s must be greater than its respective y's. Notice that this difference
captures the fraction of people who rank b exactly above R while their default is in R. Surely,
this fraction of people would switch to b if b is included in the recommendation set.

We now look at the uniqueness result for RP-RUM.

20This full data assumption is standard for RUM models.
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Proposition 8 (Uniqueness and identification of RP-RUM). Let u! and 1% be two RP-RUM
representations of the same choice data. Then for every RC X, b€ X \ R and i = 1,2,

1) 50, B) = o' ({1, 0)] min, () + v() > u(b) > max{maxu(z) + v(z), mas u(@)}}),

ii) g, (b, RUb) = /ﬁ({(u, v)|x1€n)}r\1Ru(w)+v(w) > u(b)+v(b) > max{rileaécu(x)—i—v(x), max u(x)}})

Notice that the uniqueness result of the RP-RUM is closely related to the uniqueness result
of the RA-RUM model. Firstly, here y,(b, R) represents all types that assign higher (lower) u+v
value to all alternatives in X \ R (R) than u(b). Notice that X \ R also includes b. In addition,
for these types, b attains the maximum wu-value in X.

On the other hand, ¢,(b, RUDbD) represents all types that assign higher (lower) u+ v value to
all alternatives in X \ R (R) than u(b) + v(b). Notice that X \ R also includes b. Therefore, it
also captures the different possibilities of u(b) + v(b) above b. We can see from this result why
Positive Marginal Recommendation is not satisfied.

The next example illustrates our identification and characterization results.

Example 2. Consider a simple parametric example where X = {a,b} and we observe the

following data.

PG, R) | {0} {a} (B} 0
a A 0.7 0.1 0.6
bl1—-X 03 09 04

To answer whether this choice data has RA-RUM or RP-RUM representations, we first
calculate the corresponding ¢, and y,, which are depicted in the following Hasse diagram in
Figure 3. If X is between 0.1 and 0.7, all g, and y, are non-negative. Hence Non-negativity of
BM is satisfied for those As. By Theorem 5, this data has an RP-RUM representation as long
as A € [0.1,0.7]. Positive Marginal Recommendation is only satisfied when A equals 0.2. Again
by Theorem 5, this data has an RA-RUM representation for A = 0.2. While a characterization
theorem can inform of the existence or non-existence of a particular representation, such a
theorem is not useful in finding such a representation. We can use our identification results and
the corresponding Hasse diagram to do that.

Since our data has an RP-RUM representation for all A € [0.1,0.7], there exists uy rep-
resenting p,. For illustration purposes, take A = 0.4. We can use Proposition 8 to iden-
tify wo.4. We first identify possible paths and their corresponding weights. Hasse diagram
shows that we must assign at least a flow of 0.1 to the path ¢(a,{a,b}) — y(a,{b}) and
the flow of 0.3 to the path ¢(b,{a,b}) — y(b,{a}). This means that we identify two types:
ui(a)+vi(a) > ui(a) > ui(b) +v1(b) > ui(b) and ua(b) +v2(b) > ua(b) > uz(a)+wv2(a) > uz(a).
Hence, po4({(u1,v1)}) = 0.1 and po4({(uz,v2)}) = 0.3. In addition, we must assign a flow
of 0.2 to the path g(a,{a,b}) = q(b,{b}) — y(a,?). This path corresponds type (ug,vs) such
that uz(a) + v3(a) > uz(b) + v3(b) > uz(a) > uz(b). Note that c(y, v,)({a,0}) = C(usu) (D) = a
but ¢(yy,05)({0}) = b. Hence Sandwich Property is violated. Since we must have this type in
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Figure 3. Hasse Diagram of Example 2.

Path Type Ho4 o4
q(a,{a,b}) — y(a, {b}) ui(a) +vi(a) > ui(a) > ug(b) +v1(b) > uy(b) | 0.1 0.1
q(b,{a,b}) — y(b,{a}) ug2(b) + v2(b) > ua(b) > uz(a) + v2(a) > uz(a) | 0.3 0.3

q(b,{a,b}) — q(a,{a}) — y(0,0) | uz(a)+ vs(a) > us(b) + v3(b) > uz(a) > uz(d) | 0.2 0.3

q(b,{a,b}) = q(a,{a}) = y(a,0) | ua(b) +va(b) > ua(a) +va(a) > us(a) > ua(b) | 0.3 0.2

q(a,{a,b}) = q(b,{b}) = y(b,0) | us(a) +vs(a) > us(b) + vs(b) > us(b) > us(a) | 0.1 0

q(a,{a,b}) = q(b,{b}) = y(a,0) | ue(b) + ve(b) > ug(a) + vs(a) > ug(b) > ug(a) | 0 0.1

Table 2. Two RP-RUM representations for pg.4

the support of pg4, this data cannot be represented by RA-RUM. The rest of the flows can
be attached to ¢(b,{a,b}) — q(a,{a}) — y(a,0) and q(a, {a,b}) — q(b,{b}) — y(b,0). They
correspond to (u4,vs4) and (us,vs) where poa({(ua,v4)}) = .3 and po4({(us,vs)}) = .1 where
ug(b) +v4(b) > ug(a) +va(a) > ug(a) > ug(b) and us(a) +vs(a) > us(b) +v5(b) > us(b) > us(a).
We should note that g4 is not unique. The next table provides an alternative representation

for the same choice data.

We now illustrate the identification for RA-RUM. Note that we have an RA-RUM represen-
tation only when A = 0.2. Let po.o representing pg.2. We can use Proposition 7 to identify pg.o.
We first identify possible paths and their corresponding weights. Hasse diagram shows that we
must assign at least a flow of 0.1 to the path ¢(a, {a,b}) — y(a,{b}) and the flow of 0.3 to the
path q(b, {a,b}) — y(b,{a}). This means that we identify two types: (a,u;) and (b, us) where
ui(a) > u1(b) and wua(b) > ug(a). Hence, ug2({(a,u1)}) = 0.1 and po2({(b,u2)}) = 0.3. In
addition, we must assign a flow of 0.1 to the path ¢(a,{a,b}) — q(b,{b}) — y(b,0). This path
corresponds to Type (b, u1). The rest of the flows must be attached to ¢(b, {a,b}) — q(a,{a}) —
y(a, D), which corresponds to Type (a,ug). Hence pg2({(b,u1)}) = 0.1 and up2({(a,u2)}) = 0.5.
We should note that pg.o is unique.
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We finish this section by establishing the relationships between Luce versus RUM versions
of our models. It is a well-known fact that the Luce model is a special case of the random utility
model. In the recommendation environment, one might wonder whether RA-Luce belongs to
RA-RUM and/or RP-Luce belongs to RP-RUM. It turns out that it is, which we state in the

following.

Theorem 6.
a) Every choice rule p with an RA-Luce representation has an RA-RUM representation.

b) Every choice rule p with an RP-Luce representation has an RP-RUM representation.

5 Conclusion

Recommendations are abundant and prevalent in our lives. In this paper, we consider two
different channels through which recommendations can affect choices: attention and preference
channels. We first consider two deterministic models separately capturing these channels. We
show that the deterministic models share the same behavioral trait: Independence of Irrelevant
Recommended Alternatives. Moreover, one can distinguish RP from RA if they observe choice
behavior that involves a violation of Sandwich Property. Supported by our deterministic model
of behavior, we introduce probabilistic choice models, which can be interpreted as coming from
aggregate choice data. We propose parametric versions of the models for tractability and ap-
plicability, namely the RA-Luce and RP-Luce models. We show that we can fully distinguish
these two models from characterization. Lastly, to enhance the model’s explanatory power,
we incorporate the idea of the Random Utility Model and propose the RA-RUM and RP-RUM
model. We fully characterize these two models and show that each closely connects to the classic
well-known standard probabilistic choice models.

While our models investigate two important channels through which a recommendation can
affect choice, we expect they can be subject to refinement or generalization according to specific
needs under different circumstances. Our framework is rich enough to study other channels that
recommendation might be operational. The areas of further research should include developing
more elaborate and complex models of recommendation, including strategic recommendations,
limited consideration, status quo, behavioral search, satisficing, and temptation. Therefore, we
believe this paper also paves a palpable path for fruitful future research and applications where
we can apply the economic wisdom accumulated throughout the years for the standard models

to this setting.
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6 Appendix

In this Appendix, we will provide proofs for the results provided in the main text.

Proof of Theorem 1(a)

Proof. Since u and v are ordinal, we would prove the theorem using the ordinal version of the model.
In particular, we translate u and v into a preference ordering (i.e., a linear order) >=* on X U X*, where
X* contains typical element x* which represents the recommended version of x. Since v > 0, for each
alternative z, it must be that z* =* x.

We use o as an arbitrary element of X U X*. For every set R, we define R, as x* if = belongs to R,
otherwise R, is simply x. We now define a binary relation on X U X* for any two distinct alternatives x
and y:

(Rz,Ry) € Pif x =c¢(R).
Claim 1. P is asymmetric.

Proof. For two distinct oy and o9, if (01, 02) € P then (09,071) ¢ P. Assume not, there exists Ry and Ro
such that = ¢(R;) and y = ¢(R32). There are four cases depending on whether x or y is recommended.
If x is recommended, then o1 = x*,  otherwise. Similarly, o5 is y if it is not recommended, y* otherwise.

First we assume that x,y € RiN Ry, then by ITIRA(1), we must have x = ¢({z, y}) = y, a contradiction.
Now assume x € R; N Ry and y ¢ Ry U Ry, then ITIRA(1) implies z = ¢({x, y}) whereas IIRA(2) implies
y = c¢({x,y}), a contradiction. The third case where z ¢ Ry N R2 and y € R; U Ry is identical to the
second case. Finally, assume z,y ¢ Ry N Ry. Then applying ITRA(2) twice yields z = ¢({z,y}) = v, a
contradiction. Therefore, P is asymmetric. |

Let a be ¢(P). Given the definition P, we reveal that a is preferred to any alternative in X \ a.
Moreover, we cannot reveal the relative ranking of these alternatives. Formally, for =,y # a, aPx and
aPy then (z,y) ¢ P or (y,z) ¢ P. Notice that a might be revealed to be better than alternatives in X*.
Especially, if a = ¢(R), then aPy* for all y € R. The same intuition applies to these alternatives too.
Hence, P is incomplete for the lower contour set of a.

On the other hand, P is complete in the upper contour set of a. To show this, assume z*Pa and
y*Pa for z,y # a. In other words, there exist R © z and R’ > y such that z = ¢(R) and y = ¢(R')
where a ¢ RUR'. If x € R or y € R, we would reveal y* Pz* or x* Py*, respectively. Assume not. Then
consider {x,y} as the recommended set. First, c({z,y}) € {z,y}. If not, a = e¢({z}) by IIRA(2). Then
by IIRA(1), « cannot be chosen from ¢(R). Hence, either y*Pz* or a* Py*, P is complete for the upper
contour set of a.

Claim 2. If z*Py* and z* # a then z*Pa.

Proof. x*Py* implies that there exists R such that z,y € R and © = ¢(R). Since {z} C R, IIRA(1)
implies c({z}) = = implying x* Pa. [ ]

Note that our definition of P does not relate a and a* since it requires two distinct alternatives.
However, it is possible that we can conclude that a*Pa. To see this, assume a = ¢(R) where a,x € R
and x = ¢(R’) where a ¢ R’. The former implies a* Px* and the former yields 2* Pa. Hence we infer that
a is ranked strictly higher when recommended.

Claim 3. P is transitive in the strict upper contour set set of a.

Proof. Assume that z* Py* Pz* for three distinct ,y, and z. There exists R and R’ such that (i) © = ¢(R)
and y = ¢(R’), and ii) {z,y} C R and {y,z} C R’. IIRA(1) implies that c({z,y}) =« and c({y, z}) = y.
Then we consider c¢({z,y, z}). We must have c({z,y,z}) € {z,y,2} by IIRA(2). It cannot be z since
ITRA(1) implies z = ¢({y, z}). It cannot be y since IIRA(1) implies y = ¢({x, y}) which is a contradiction.
Hence, we have x = ¢({x,y, z}), which gives z*Pz*. ]
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Take any completion of the transitive closure of P such that x*Px for x and call it >=*. Note that
the transitive closure would immediately imply z* Pz if there exists R # () such that ¢(R) = = by using
Claim 2 and the definition of P by the data ¢() = a. For x that is never chosen, z* Px is trivial.

It is routine to show that the representation holds by choosing u and v appropriately. Note that
v > 0 by the fact of z* >* x. [ |

Proof of Theorem 1(b)

Proof. Since u is purely ordinal, in the proof, we would translate u into a preference ordering (i.e., a
linear order) > on X. We first identify the default option a. We set a := ¢(0). If ¢(R) ¢ R then by
ITRA(2), we have ¢(R) = a. Hence, a is unique. For every distinct z,y € R U a, we write

xPy if x = ¢(R)
Claim 4. P is asymmetric

Proof. For two distinct « and y, if (z,y) € P then (y,z) ¢ P. Assume not. Then there exists R and
R’ such that © = ¢(R) and y = ¢(R’) and {z,y} C (RN R')Ua. If z,y # a, then by IIRA(1), we must
have z = ¢({x,y}) = y. On the other hand, if z = a, then y # a. By IIRA(1), we have c({y}) = y.
However, by Sandwich Property, since § C {y} C R, we must have z = ¢({y}). A contradiction must
arise regardless. Therefore, P is asymmetric. |

Note that if the default option is preferred to two distinct alternatives, we cannot reveal the relative
ranking of these alternatives. In other words, for z,y # a, aPz and aPy then (x,y) ¢ P or (y,x) ¢ P.
While P is incomplete for the lower counter set of a, P is complete in the upper counter set of a. To
show this, assume 2 Pa and yPa. In other words, there exist R and R’ such that = ¢(R) and y = ¢(R').
If x € R or y € R, we would reveal yPzx or zPy, respectively. Assume not. Then consider {z,y} as the
recommended set. First, ¢({x,y}) € {z,y}. If not, a = ¢({z}) by Sandwich Property. Then by ITRA(1),
x cannot be chosen from ¢(R). Hence, either Py or yPz, P is complete for the upper counter set of a.

Claim 5. If xPy and x # a then xPa.

Proof. xPy implies that there exists R such that z,y € R and « = ¢(R). Since {2} C R, ITRA(1) implies
c({z}) = x implying zPa. [ ]

Claim 6. If xPyPz then xPz.

Proof. First, note that & cannot be a since P is silent for the lower counter set of a. If z is equal to a,
by Claim 5, we have xPz. If y = a, then ¢({z}) is equal to z and ¢({z}) is equal to a. Hence c({z, z})
must be z by ITRA(1), Sandwich Property. To see this, suppose c({z, z}) ¢ {z, z}, then a = ¢({z, z}) by
ITRA(2). However, by Sandwich Property, we must have ¢({z}) = a. On the other hand, if z = ¢({z, z}),
by ITRA(1), we must have ¢({z}) = z. Contradictions in either way. Finally, we assume that z,y, z
are distinct from a. Then we consider c¢({z,y, z}). We must have c({z,y, z}) € {z,y,z} by Sandwich
Property. It cannot be z since IIRA(1) implies z = ¢({y, z}) which contradicts Claim 4. Finally, it cannot
be y since ITRA(1) implies y = ¢({x, y}) which contradicts Claim 4. Hence, we have = ¢({x, y, 2}, which
gives zPz. |

Take any completion of P and call it -. It is routine to show that the representation holds by choosing
u appropriately. [ |

Proof of Proposition 1

Proof. Suppose (a1,u1) and (ag,us) represents the same choice rule. For i), note that it is immediate
that a; = ¢(@) = as. For ii) Suppose not. There exists b such that uj(a) > ui(b) but be(b) > wus(a).
Then, we know that c(q ) ({b}) = @ # b = ¢(q,u,)({0}). Contradiction. For iii), suppose not, there exists
x,y € X such that ui(x) > ui(y) > ui(a) but us(y) > uz(x) > uz(a). Then, we have ¢, .,)({z,y}) =
T #Y = Cla,uy)({7,y}). Contradiction arises. ]
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Proof of Proposition 2

Proof. Suppose (u1,v1) and (ug, v9) represent the same choice rule. For i), note that it is immediate that
argmax, ¢ x u1(z) = ¢(0) = argmax, ¢ y ua(x). We call it a. For ii), suppose not, there exists b such that
uy(a) > u1(b)+v1(b) and uz(b) +v2(b) > uz(a). Then, we know that ¢y, ,)({0}) = a # b = c(uy,0,) ({D}).
Contradiction arises. For iii), suppose not, there exists z,y € X such that uy (z) +v1(z) > u1(y) +v1(y) >
ui(a) but uz(y) +va(y) > uz(x)+va(x) > us(a). Then, we have ¢y, v, )({Z,¥}) = = # Y = Cluy,00) ({2, ¥})-
Contradiction arises. |

Proof of Theorem 2

Proof. We first prove the necessity of the axioms. Suppose the model is correct. We prove the necessity
of Recommended Luce-ITA. Note that, for x,y € B.

d(z d d d
p(x, B) [ZZGB U((B)) (@) + 2 agm éﬁz)u(@] u) [ZZGB “(123)) +2en U(éZU)Z)} u(z)

) [ZzeB LDu(y) + Yy p wiss “(y)} uly) {Z’ZGB 5+ Leg "(dBi)z)} v

Since B is arbitrary, it immediately implies Recommended Luce-ITA. We then prove the necessity of
R-Path Independence. Let x € B and z ¢ A C B, we show have p(z, A)p(AU z, B) = p(x,0)p(x, B). To
see this, we have p(z, A)p(A Uz, B) — p(x,0)p(x, B) = d(z)[ 55 [o(z, B) + p(A, B)] = p(x, B)]
= A8 u(z)p(A, B)—u(A)p(x, B)], where u(x)p(A, B)—u(A)p(z, B) = u(@)[X e p D u(A)+Y 4 5 mosisu(A)]-
WA g 2 ou(z) + 3 —W_y(x)] = 0. Hence, since A is arbitrary, R-Path Independence is

yeB u(B) y¢B w BUy)
proven.

For sufficiency, we define d(z) := p(z,0) > 0 and u(z) := p(z, X) > 0. First, R-Path Independence
implies that p(z, A)p(A Uz, X) = p(x,0)p(x, X). Hence we have representation for non-recommended
alternative, i.e. for x ¢ A, p(x, A) = p(z, )p(AU:L‘ ))() =d(z )% = d(x)Wy(x, A). For recommended

z€EAUx

alternatives, we first make the following claim.

Claim 7. R-Path Independence implies that for 0 # A # X, p(A, A) — p(A,0) = p(A, X) > o4 :;((5’)‘?))

Proof. To prove this, fix a A, we first consider z ¢ X \ A. By R-Path Independence, we have, for every
¢ X\A, p(z, A)(p(z, X) +p(A, X)) = p(x, 0)p(z, X) <= p(w, A)+ 2425 p(A, X) = p(x,0). Summing
all z ¢ A on both side, we have > . ,(p(z, 4) + 5((;6 Q)p(A X)) =2 gar(@,0) < 1-p(4A)+

PAX) D gn B =1 - p(A,0) <= p(A, A) — p(A,0) = p(A, X) T, 4 0 224 u

By Recommended Luce-IIA, for z,y € A we have ng‘; = Z&’X; By summing all y € A, we have

p(AA) _ p(AX) p(AA)p(z,X)
p(z,A) = p(z,X) p(A,X)

— p(z,A) = . Hence, for z € A, by Claim 7 and expanding on p(A4, A)

ol 4) = D [W"@) Fo(ax) Y M) (x"? [(4,0) + (4, 5) S p(y’@’)]

A X X A A X
p(A, X) yeAP(y, ) p(4, ) a PAVY,
u\x
(xX[ +Z AUy }:Z +Z E (i > d(a)w,
yiA ’ yeA zEA ygA z€AUy a€X

Where the second equality is due to p(y, A) = p(y, @)m for y ¢ A and the fourth equality is due to

construction of d and u. The proof is complete. |

Proof of Theorem 3

Proof. The proof for the necessity of Recommended Luce-ITA is proven in Theorem 2. We prove the

: . ; p(z,0) — d(z) _
necessity of R-Independence. Suppose the model is correct, for = ¢ A, S T S T
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%@)) = p(z, A), where the first equality given is by the necessity proof of Recommended Luce-ITA.

. ZEAum u.(z . . .
Since A is arbitrary, it is proven.

We then prove the sufficiency. We first let, for every x € X, d(x) := p(z,0). We arbitrarily designate
zo € X as an “anchored” element. And let u(zp) = 1. Since we have all the binary recommendation sets

in our data, we let for every x € X, u(z) := %. Then, we prove the following claim.

Claim 8. For any z,y € A with |A|< k — 1, we have o@A) ZE;% And similarly, for any v € A and

p(z,A) _ ula) o
B C A we have £ (BA)ZW

Proof. Note that, firstly, for any set A O {z, 20}, we have u(z) = p((za; ‘jl) by Recommended Luce-1TA.
plz,A) _ p(x,AUz0) _ p(=,AUz20)p(20,4U20) _ u(x)
Then, for any =,y € A, we have A = p(y,AuZz) p(Z(),AUgo)p(;,AUZg) = 2y

proven. The second part is immediate. |

Hence, the first part is

We first show that the representation holds for the off-recommendation set. Let x ¢ A, by R-

Independence and the Claim 8, we have p(z, A) = 1+Zp($;®2(z D=5 d(z) e = 'i(at%). Hence, the
zE€ ’ ()

z€EAUz u(x)
representation holds for off-recommendation alternative.
Then, we show that the representation holds for recommended items (i.e. = € A). The repre-
sentation for p(z, A) is immediately proven if |A|= 1. Let |A|> 2, then for every x € A, we have

P2, A) + T yena P, A) + Dyexia b A) = 1 = = plo, A) + 3, e, plas AL — 1
> yex\a Py, A) (By Recommended Luce-IIA) <= p(z, A)+3_, c 4\, p(2, 4) ugg; =1-> ex\ar,A)

(By Claim 8) <= pla, )M = 1= 4ol A) <> plo, 4) = 42 [1_zy€X\A m]

(By construction of p(y, A) for y ¢ A). Then, it remains to show that Z((z)) {1 — Y ex\a ‘i(g/})&%)} =

(A d d(y)u d(A d
)| 28+ 5 iy |- Note that 22|15 SR8 — ) | 24} + £ 14805 | -
1-d(A) d(y)u(y) d(y) _ W) —
U(fﬂ)[ wA) T > oyex\a [u(A’jLJuq(LAyLJy) + u(AL%y))]:| = u(z) [ZyeX\A d(y)[u(lA) - u(A;iu?AUy) - u(Aluw]] =0.

Hence, we have shown that, for z € A, p(z, A) = u(x) {ZE?) +2ex\a m] . By re-arrangement, one

can see that it is the representation for p(x, A) where x € A. It is proven. [ ]

Proof of Theorem 4

Proof. The necessity proof is straightforward. In the following, we will adopt three ITA implied by
Strong Luce-ITA. Namely, Recommended Luce-IIA, Non-recommended Luce-ITA and Cross-status Luce-
ITA, which are discussed in the main text.

For the sufficiency, we will prove it with two different cases. The first case is that |X|> 3. we

let u(z) := p(x,0). We designate an anchoring element zy such that for every z € X \ zp, we let
l(z|R, z0) := pp((z) Ig)p(zo, () for some R such that x € R and zo ¢ R. Firstly, note that denominator is

greater than 0 by the assumption that choice probability is positive.
Claim 9. For R# X, y,z ¢ R and z € R, l(z|{x},2) = l(z|R,y).

Proof. To see this, let y ¢ R, by Non-recommended Luce-ITA, we have p(y, {z}) = p;‘?z{gg)p(y, 0), which
we substitute into p(f’{w})‘) = péz(;j}w%) (by Cross-status Luce-ITA). By simplifying, we get l[(z|R,z) :=

2l p(2,0) = 22 p(y, 0) == U(x| R, y). .

Hence, the definition of [ is independent of the anchoring element z;. We will write [(x) to replace
l(x|R, zp) for every = ¢ zy. Also, we can define I(z9) which any other arbitrary anchor.

C(la;n 10( )1) For z,y ¢ R, Z(zgg ZEZ;; 2) For x,y € R, ZEZ% ;Ezg 3) Forx € Randy ¢ R,

p(y,R) — u(y)”
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p(z,R)
p(y,R) f)ﬂ(yﬂ)) u(y)”

p(xz,R) _ p(x,R) p(2,0) p(z,R) _ Uz _
holds, note that for R # X and some z ¢ R, PR = pWE) s pGR) — 1(p) For R = X, we use

p@.X) _ plafzy}) _ pledzy}) p(z,0) pz{zy}) _ Uz)
Recommended Luce-IIA so that 555y = Sy = Do as Do Homeies = s for some 2 ¢ {x,y}.

(z,R) _ p(@.R) p(y,0) _ I(x) :
To see 3) holds, Z(%R) = Z(%R) rp)(g,ﬂ) = () The proof is complete. [ |

Proof. To see 1) holds, note that Non-recommended Luce-ITA implies

Lastly, for € R, taking summation over all choice ratio of every elements in X with p(x, R) being
p(y,R) _ 2yerl@)+3,cpe u(@) _ ()
yeX p(x,R) — 16) > p(z,R) = S e @+, cpe u(@)

One can apply the same argument analogously to the case that © ¢ R. Then, we define v(z) := I(z) —u(x).
The representations hold if I(z) > u(z) for every x € X. To see this, We check p(y,{z}) and p(y,0)

for some y # x. It is easy to show that I(z) > w(z) if and only if p(y,{z}) = % >
z€ x

= p(y, ) which is given by R-Regularity. Hence, the proof is complete. |

at the denominator, we have »_

u(y)
> ex\o u(z)tu(z)

Proof of Proposition 3

Proof. Suppose that (u1,d;) and (ug,ds) represent the same choice rule. Then, by definition, for every

r € X, di(z) = p(z,0) = da(z). Also, for every x € X, we have % = p(z,X) = %
Hence, u; = %Ug, where % > 0 by definition. [ |

Proof of Proposition 4

Proof. Suppose that (u1,v1) and (ue,v2) represent the same choice rule. Then, by definition, for every

z € X, ,511((;)) = p(z,0) = 522((?). Therefore, we get uy(z) = Z:g;m(x), where Z:g; > 0 and is
independent of x. Also, for every x € X, we have #ﬁfgl(m) = p(z,{z}) = #ﬁl(m) Hence, by
putting u; = aus, we have auz&“?fgl(m) = uz&;fgz(w). Then, we get v1(z) = ava(x). [ |

Proof of Lemma 1

To prove Theorem 5, we need to first prove the following Lemma.
Lemma 1. For R C X and choice rule p,

Z qp(a, R) + Z yp(a, R) = Z qp(b, RUD)

a€ER a¢R b¢R

Proof. We prove by strong induction by “stepping down”. For R = X \ {z}, we have RHS = ¢(z, X) =
p(x, X). LHS =3\ 121 200, X\ A{Z}) + D oy ¥(a X \A{z}) = 2 cx\ (o (@ X\ {z}) + plz, X\

) = Soexy o) [ma, X\ {2})  pla, X>] T ol X\ o) = Saex (0 X\ {2} = Soex o £l X) =

1- Zan\{x} pla,X) = p(x,X). The first step is proven. Suppose that equality holds for size of
k+1,k+2,..N —1. Let |R|=k, LHS-RHS=}_ . q(a,R) + Ea¢Ry(a, R) — Zb¢R q(b, RUD)

—Sen (p(a, R) — X pomala, B)) £ Sen (p<a, R)~ Sognonyla. B>) Yena(b RUD)

~ Sacs #0R)~ | Tuck Toon 0. B+ Eugn Tugon (e BV Dagn v BB Since T pla, 1) =
ac
1, it remains to show that the latter term in the above expression equals 1. We denote Dg(i) as the
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collection of superset of R with ¢ element. Hence, we can rewrite

Z Z q(a,B)JrZ Z y(a,B)Jqu(b,RUb)

a€RBOR ag¢Ra¢BOR beR
N
= Z Z [Z q(a,B) + Z y(a, B)] + Z Z q(a, B) By rearrangement
i=|R|+1 BEDr(i) LaER agB BEDR(|R|+1) agR

D DIVCEES S| ERD SN D SUCHORS SCH)

i=|R|+2 BEDR(i) “a€R a¢B BeDr(|R|+1) “acB a¢B
By taking ¢ = |R|+1 from the 1st term and summing it to the second term

N
Z Z [Z q(a,B) + Z y(a, B)] + Z Z g(a,BUa) By induction hypothesis

HR\+2 BEDR(i) “acR a¢B BeDR(|R|+1) a¢B

Z Z [Z q(a, B) + Z y(a, B)] + Z Z q(a, B) By rearrangement

i=|R|4+2 BEDR(i) ~a€ER a¢B BeDgr(|R|+2) a¢R

...(repetitively applying induction hypothesis)

:Z Z [Zq(a,B)—&—Zy(a,B)}—i— Z Z (a, B) Zq(a,X):Zp(a,X)zl
)

i=N BEDg(i) “a€R a¢B BEDx(IN|) a¢R aeX aeX

where the second-to-last equality is given by the definition of ¢q. Hence, it is proven. |

Proof of Theorem 5(a)

Proof. Since u and v are ordinal, we would prove the theorem using the ordinal version of the model as
in Proof of Theorem 1(a), where each agent (u,v) is denoted with >*.
For the necessity proof, we suppose the data follows the model. We introduce the following notation,

forbe X and A C X\b, M, (b, A) := u({>*|(X\b)UA* - L>*(b)}) and M, (b, AUD) := u({>*\XUA* -
L. (b*)}), where Ly« (a) is the strict lower contour set of a according to >*.
Claim 11. Forbe X and AC X\ b, i) M, (b, A) =y(b, A), 1) My(b, A) = q(b, AUDb)

Proof. We prove by strong induction by “stepping down”. For A = X \ {z}, we have, y(z, X \ {z}) =
pla, X\ {a}) = p({="1(X \ {2) U (X \ {a})" = Lo (@)}) = My (2, X\ {z}). So, i) is true for size
of A equals to |X|—1. Suppose i) is true for size of k + 1, k + 2,...,|N|—1. Let |A|= k, y(z,A) =
plz,A) — > y(z,B) = > My(z,B)— > My(z,B) = My(z,A), where the second-to-last
c¢BDA c¢BDA x¢BDA
equality is given by Definition and induction hypothesis. Hence, the proof is complete for i). For ii), we
prove again by strong induction by “stepping down”. For A = X \ {z}, we have ¢(z, X) = p(z,X) =
u({>*|x U X\ {z))* = L>*(x)}> = M,(z, X \ {z}). So, i) is true for size of A equals to |X|—1.
Suppose i) is true for size of k + 1, k + 2,...,|N|—1. Let |A|= k. q(z,A) = p(x,A) — > q(z,B) =
x¢BDA

> My(xz,B)— > My(x,B) = My(x, A) where the second-to-last equality is given by Definition
z¢ BDA c¢BDA
and induction hypothesis. Hence, the proof is complete for ii). |

From this claim, we immediately show Non-negativity of BM, since p are by definition positive.

For the sufficiency proof, we need to introduce new notation. For any R* C X*, we write IIz« for the
set of | R*|! permutations on R, with typical element 7g+. We will note mg+ o as the extended sequence for
some o € X U X*. we first construct G(a*) := ¢(a, X) for all a* € X*. Then, we construct, recursively,
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y(z, X\ R)
Zvrg%*enm G(mr+)
9(z, X\ R)
domr enp. G(TRY)

ifo=z€R

ifo=2"€(X\R)"

Note that G > 0 by Non-negativity of BM. We then prove the following properties for G.

Claim 12. For R C X, we have. 1) 33y . G(mr-0) =y(z, X\R) foro =x € R, i)Y .
q(‘T,X \ R) fOT’ oc=2zx"¢€ (X \ R)*, Z”) ZTK‘R*GHR* G(’TTR*) = ZIGRQ({E,Z’ U (X \ R)); “)) G(’]TR*) _
> ocrux\r)y G(TR=0) for all TR,

Proof. Note that 1) and ii) are straight forward. For iii), we have LHS = >y  G(7p-) =
Y en mnecttin. GRmoy=) = Yocga(zo U (X \ R)) = RHS (By (i), For iv), we have
G(mR*
RHS =3, cpux\ny- G(rr-0) = W(zzwy(z, X\R)+ Y .cx\rd(z X\ R))
G (X .cr (22U (X \ R)) (By Lemma 1) = G(rg-) = LHS(By (iii)) ]

- Zw%* et G(The

We then define each individual weight. We will consider permutation on X U X*. We let = denote
each permutation in X UX™. Note that we only consider permutation where z* comes before x. Then, we
perform a “truncation” on 7. Firstly, we truncate 7w up to the first element in X appears in the sequence.
For example, for X = {x,y, z}, we will truncate the following sequence in the following way.

iyt x 2 2y
——

ﬂ-t

Here, since the type space of RP-RUM is huge and many types are inherently indistinguishable from
other, we mainly assign the weights on a group of type whose behavior are the same. Then, we allocate
the weight evenly across the group. We define, for every mp+ € Ilg« and x € X, for every 7 such that
7wl = TR,

1

* )
{m: 7t = wpex}|

fir = G(mR~1)

Firstly, note that 4 > 0 due to the fact that G > 0. Claim 12(iv) ensures that /i is additive. In the fol-
lowing, we introduce the following notation. Let L, (o) be the lower contour set of o according to m. We

define M, (b, A) := ﬂ({ﬂ(X\b) UA* = Lﬂ(b)}> and M, (b, AUb) := ﬂ({ﬂ\XUA* - Lﬂ(b*)}). Since the

weights are constructed, we now check for the choice data. For z ¢ R, p(z,R) = 3_, 4555 My(z, B)
(by definition) = >° op-p Zﬂ(X\B)*EH<X\B)* G(m(x\B)+*) (by construction) = > w¢porY(@, B) (By

Claim 12(i)) = p(z, R). On the other hand, for x € R, p(z,R) = 3,55 My(z,A) (by definition)

= ZAQR Zw<X\A)=«6H(X\A>* G(7(x\a)-7) (by construction) = ZAQR q(z, A) (By Claim 12(ii)) = p(z, R).
Hence, the constructed weights explain the data. Since it explains the data, it is immediately that

> fir = 1. The sufficiency proof is complete. |
mell

Proof of Theorem 5(b)

Proof. Since u is ordinal, we would prove again the theorem using the ordinal version of the model as
in Proof of Theorem 1(b), where each agent (a,u) is denoted with (a,>). For the necessity proof, we
suppose the data follows the model. We introduce the notation, for a,b € X and b ¢ A, T(a,b, A) :=

T({(a, -)eT: A= L>(b)}), where L. (a) is the strict lower contour set of a according to >.

Claim 13. Forx ¢ A, i) T(z,z,A) = y(z, A), %) >, T(a,z,A)=q(zx,AU{x})
a€Au{z}

Proof. For i), we prove by strong induction by “stepping down”. For A = X \{z}, we have, y(z, X\{z}) =
p(z, X \ {z}) (By definition of y)= T({(x, “): X\ {2} = L>(ac)}) = T(x,z,X \ {z}) So, i) is true for
size of A equals to |X|—1. Suppose i) is true for size of k + 1, k + 2,...,|N|—1. Let |A|= k, we have
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y(x, A) = p(x,A) — > y(x,B)= > T(x,z,B)— > T(x,z,B) (by Definition and induction
x¢BDA c¢BDA z¢BDA
hypothesis) = T'(z, z, A). Hence, the proof is complete for i). For i), we also prove by strong induction
by “stepping down”. For A = X \ {z}, we have, q(z, X) = p(z, X) (By definition) = >_ T({(a, =)
acAU{z}

X\{z} =L, (:v)}) = Y T(a,z,X\{x}). So, ii) is true for size of A equals to |X|—1. Suppose i) is true
aeX
for size of k + 1, k+2,...,N — 1. Let |A|=k, we have q(z, AU{z}) = p(z,AU{z})— > q(z,B)=

BDOAU{z}
> > T(a,z,B\ {z}) — > > T(a,z,B\ {z}) (by Definition and induction hypothesis)
BDAU{z} a€B BDAU{z}a€B
= Y. T(a,z,A). Hence, the proof is complete for ii). [ ]
acAU{z}

From this claim, we immediately show Non-negativity of BM and Positive Marginal Recommen-
dation since for x ¢ A, we have for y, y(z,A) = T(x,z,A) > 0; for q, q(z, AU {z}) — y(z,A) =
> T(a,z,A) —T(x,z,A) = > T(a,x,A) > 0. The necessity proof is complete.
acAU{z} acA

For the sufficiency proof, we make the following claim for later use.

Claim 14. Positive Marginal Recommendation and Lemma 1 implies for all a, q(a,a) = y(a, ).

Proof. One can prove by contradiction. Suppose not, there exists a such that g(a,a) > y(a,?). Due to
Lemma 1, then there exists b such that q(b,b) < y(b, 0). [ |

Then, we need to introduce the following notation. For any R C X, we write IIg for the set of |R|!
permutations on R, with typical element mr. We write II for ITx. Let g (i) refers to the ith element on
the permutation. The type space is now instead specified by X X II, with element (a,7), where a € X
and 7 € II. Then, we construct F(a,a, A) := y(a, A) for A C X \ {a}. In the following, for every mp,
we denote amg as the lengthen element of g in IIgy(q) Where a is inserted at the beginning of the
permutation, and similarly, we denote wgb as the lengthen permutation of mz where b is inserted at the
end of the permutation. Anaglously, we denote awrb where a and b are inserted at the beginning and
the end, respectively. Then, we construct, recursively, for a,b ¢ RUA, RN A = () and brra € Hpuga)

F(a,mra, A)(q(b, RUAU{a,b}) —y(b,RUAU{a}))
F(a,brra, A) = > eeruAU{a} 4(7, RU AU{a})

0 otherwise

if denominator is non-zero

Firstly, note that F' > 0 by Non-negativity of BM and Positive Marginal Recommendation. We then
make the two following claims.

Claim 15. For every a, A, F(a,mra, A) =3 e x\ ruauay F'(a,bTRA, A)

F(a,mra,A b,RUAU{a,b})—y(b,RUAU{a
Proof. ZbeX\AURU{a} F(a,brra, A) = ZbeX\RUAU{a} (o zl(eq}iwu{a} é(x,l}%)LJjéJ{a}) Leb)

b,RUAU{a,b})—y(b,RUAU{a
F(a,mra, A) Zbex\n“"ii};jiu{a} q(iRU}LUzi}) fah) _ F(a,mga, A) (by Lemma 1). [ ]

Claim 16. For every non-empty A andx ¢ A, i) >, > > F(a,mpa,A\(BUa)) = > q(b,A),
a€A BQA\{G} wp€llp beA

i) > > > F(a,zmpa, A\ (BUa)) =q(z, AU{z}) — y(x, A)
a€A BCA\{a} mp€llp

Proof. We prove i) and ii) together by induction by the size of A. For |A|= 1, we let A = {a}. Then, for i),
wehave >, Y > F(a,mpa,A\(BUa)) = F(a,a,0) = y(a,0) = q(a,a) (by Claim 14). For ii), we
acA BCA\{a} mp€llp
have > > > F(a,zmpa, A\ (BUa)) = F(a,za,d) = F(a’a’w)((I(QZ({ff)})_Q(m’{a}) =q(z,{z,a})—
a€A BCA\{a} mB€llp ’
q(z,{a}) (by Claim 14). Hence, i) and ii) are true for size of A equals 1. Suppose i) and ii) are true for
size of k—1. Let |A|= k. Then, for i), we have, > > > F(a,mpa, A\(BUa)) = > F(a,a, A\
a€A BCA\{a} mp€llp acA

{ah)+ > X 2 >, Fla,zmpa, (A\{z})\ (BUa)) = ;Ay(a,A\{a}H ;A[Q(x, (AN

z€AacA\{z} BC(A\{z})\{a} 75€llp
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{z})U{z})—y(z, A\{z})] = > q(a, A), where the second equality is given by construction and induction
A

ac
hypotheses of (ii) where |A\ {z}|= k — 1. Hence, it is confirmed that i) is true for size of k. Then, for i7),

Y X X Flazrpa,A\(BUa)) = MeAlehed) 57 52 S F(a,mpa, A\ (BUa)) =
a€A BCA\{a} mB€llp bea a€A BCA\{a} Tp€llp

W > qb,A) = q(x, AU {x}) — y(x, A), where the second equality is given by the fact (4)
’ beA

beA

is true for size of A to be k. Hence, by induction, i) and ii) hold. [ |

We then define each individual weight. For 7 € II, we first write 7¢(*) as the “truncated” sequence
of  up to a and does not include a. Also, we write L,(a) as the strict lower contour set of a according
to m. Hence, RA-RUM type space is big and many types are behaviorally indistinguishable from other
types. We main assign weight on a group of types, and distribute even weight across them. We define

1

Tan 1= F(avﬂt(a)aa Lﬂ(a))m

Firstly, note that 7, » > 0 due to the fact that ' > 0. Claim 15 ensures that 7 is additive. In the
following, we introduce the notation, for a,b € X and b ¢ A, M(a,b,A) => {7s.»: A= L(b)}.

Claim 17. Forz ¢ A, i) M(z,z,A) = y(z, A), ii) %:A M(a,z,A) = q(z, AU {z}) — y(x, A)

Proof. For i), by using Claim 15, one can show that M(ZE,.’JS,A) = F(x,z,A). Hence, by construction
of F, it is proven. For ii), by expanding and using Claim 15, one can see that, for a # z, M(a,z, A) =

> > F(a,zmpa, A\ (BUa)). Hence, by putting > on both side and applying Claim 16(ii),
BCA\{a} mp€llp a€A
it is proven. |

Since the weight are constructed, we have, for z € R, p(z,R) = S S M(a,z, A\ {2}) (by Defini-

ADRacA
ton) & (oo AV )+ T dian A\ (b)) = T oA\ (D) +aleA) -yl 4\ (2))
ADR ac A\{z} ASR

(By Claim 17) = Y. ¢(x,A) = p(x, R). On the other hand, for « ¢ R, p(z,R) = Y. M(x,z,B)
ADR a¢BDR

(by Definition) = 3. y(x,B) (By Claim 17(i)) = p(z, R). Hence, the constructed weights explain
a¢BDOR

the data. Since it explains the data, it is immediately that > > 7, = 1. The sufficiency proof is

acX mell
complete. |

Proof of Proposition 7

Proof. Tt is basically proven in Claim 13. To see this, note that using the primitive of (b, >), we defined
T(a,b,A) := T({(a, =) eT:A= L>(b)}) where L, (a) is the strict lower contour set of a according

to > before Claim 13. Also, we prove in Claim 13 that for z ¢ A, i) T(z,z,A) = y,(z, A) and ii)
>, T(a,z,A) = q,(x,AU {z}). Therefore, for Proposition 7 (i), we have y,(b,R) = T'(b,b,R) =

acAU{z}

7({(b,>) € R = Ly (b)}). In other words, it captures all the types (b, ) that have pre-recommendation

choice as b and b gives a higher utility than all elements in R and gives less utility than all elements in

R\ (RUDb). Therefore, it gives 7'({(1)7 u)\xer)r(li%wu(x) > u(b) > I;lea;%{u(x)}) Similar arguments can be

made for Proposition 7(ii) using Claim 13(ii). |

Proof of Proposition 8

Proof. 1t is basically proven in Claim 11. To see this, using the primitive >*, we defined before Claim 11
that for a € X and A C X \a, M, (b, A) := u({>*|(X\b)UA* - L>*(b)}> and M, (b, AUb) := u({>*|xu

A* = L>*(b*)}) and proved in Claim 11 that For ¢ € X and A C X \ a, 1) M,(b,A) = y(b, A) and ii)
M, (b, A) = q(b, AUb). Therefore, for Proposition 8(i), we have y,(b, R) = M, (b, R) = p({>*|(X\b)UR* =
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L.+ (b)}). In other words, it captures all the types =* where b is better than all alternatives in R* (the
recommended version) and all alternatives in X \ b (the regular version) , and is worse than all alternatives

in (X \ R)* (the recommended version). Therefore, it gives y,(b, R) = ,ui({(u,v)| II}}I\lRu(x) +v(z) >
TE

u(b) > max{ma}gbc u(x) + v(x), m}a})\(bu(x)}}>. Similar arguments can be made for Proposition 8(ii) using
zE€ T€

Claim 11(ii). |

Proof of Theorem 6(a)

Proof. 1t suffices to show that it satisfies Non-negativity of BM. We first state the following fact, due to
the the well known fact that any Luce is RUM.

Fact 1. Let k; > 0 fori = 1,...,N, and we denote N = {1,.., N} Then, for any K > 0, we have

Saca (=DM ‘mzo

We first consider y(z, R). y(z,R) = ZreBgR(—lﬂB\R‘p(x,B) = ngBgR(—lﬂB\R‘%

u(z) ngB;R(_l)lB\R‘ u(X)Jrv(RlHU(B\R) = u(x) EAQX\(RM)(—D'A' —U(X)Jrv(lR)Jrv(A). We use the above
fact by letting w(X)+v(R) = K > 0 with v(x) > 0. Then, it is immediate that y(z, R) > 0. Analogously,
one can also see that g(z, R) >0 . [ |

Proof of Theorem 6(b)

Proof. 1t suffices to show that it satisfies Non-negativity of BM and Positive Marginal Recommendation.
For Non-negativity of BM, we prove it by using standard results from the relationship between RUM and
Luce model. Notice that, for z ¢ R, y(z, R) =3 4 p-r(— 1)B\Elp(z, B) = > e¢nor(— 1)B\El (g )uZ*BZ)w)

=d(®) > a5 pua(— 1) A\ (RUz)| “(I) Since every Luce model has a RUM representation. Hence, the term

ST (=)l RU) Z((z)) is guaranteed to be non-negative since it is exactly the standard block Marschak
ADRUzx
polynomials of a Luce model. For Positive Marginal Recommendation, we first make the following aux-

iliary claim.

Claim 18. For every A C X and z ¢ A, BZD:A( LBl (Buz) =0
Proof. Y poa(=)'"" M gms = Yo (D g = Ylgpoa GV g+ epoa (C1) PV i
= Y )\C\AUz\i + Y poaus(—1)B\ALIL (1 ey =0 u

Then, we make the following claim. To prove this, we utlhze the following expression of p(x, A) for
v € A, p(x, 4) = pla, A\ @) + e, 5GP AN D) + Toga 550z A).

Claim 19. For everyz € A, q(z,A) = y(z, A\ 2) + 3 cavs %y(z, A\ z)

Proof. q(z,A) = ZBQA(_l)lB\Al |:p(x7 B\ @)+ 3 e %p(z, B\z)+3 .45 %p(z, B)]
= ZBQA(*l)lB\Al {P(%B\ z) + ZzeA\x u(z)P(Z B\z)+ ZzeB\A %P(?«%B\ z) + ZzggB Z(Z)P(Z,B)]

— (o AN + Do HJU AN+ Do (0P Sy B30 B\ 2) 4 Ty 200 )|
where the last inequality is by applying the definition of y on the first two terms. It remains to show
that the last sum is zero. Note that

S aoa (0P| S Bl BV T 2006 B)] = 1) a1 S e BY
2) = u(@) Cpoa (=12 2cex\a u(lz) Z((ZE);TJ(;)) = u() Coex\ad(z) Xpoal=1) A u(BU y (By switch-

ing summation sign) = 0 (by Claim 18). [ ]
Hence, Claim 19 is proven. Hence, to show that Positive Marginal Recommendation is satisfied, we
have q(z, A) —y(z, A\ 2) =3 c 4\, Z(z) (2, A\ z) > 0. The proof is complete. ]
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