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Abstract

We provide two nested models of random reference-dependent choice in
which the reference point is endogenously determined by random processes.
Random choice behavior is due to random reference points even though, from
the viewpoint of the decision maker, choices are deterministic. We first propose
and characterize a parametric random reference model. The components of this
model can be identified from observed choices. We then illustrate that similar
revelations hold in a much general model as well. Our work is within the
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1 Introduction

Reference dependence is widely accepted as a fundamental feature of decision-making

! In response to mounting evidence, a number of theories

in behavioral economics.
on reference-dependent choice were proposed. Their common feature is that a single
alternative serves as a reference point for each decision problem. However, many real
life situations present a multitude of possible candidates for a reference point (e.g.,
Baucells et al. (2011), Koop and Johnson (2012), Baillon et al. (2020)). Indeed, the
seminal work of Kahneman (1992) emphasizes that for each decision problem there
might be multiple potential reference points: “There are many situations in which
people are fully aware of the multiplicity of relevant reference points, and the question
of how they experience such outcomes and think about them must be raised. There
appears to have been little discussion of this issue in behavioral decision research.”

Recent experimental studies suggest that an individual facing the same decision
problem at different times may employ different reference points (Terzi et al. (2016),
Baillon et al. (2020)). This is quite intuitive as it might very well be the case that an
individual’s reference formation process is being influenced from a number of factors
that the outside observer cannot account for. As these unobservables change, what
serves as the reference point to the individual can in turn change as well. Kahneman
(1992) elaborates on a similar idea when discussing how several reference points are
used to evaluate an alternative. He argues that an individual receiving a $3000 raise
instead of the expected $5000 will, at different times, employ one of two potential
reference points (receiving no raise and receiving a raise of $5000); and that the
proportion of the time each reference point is employed serves as a natural metric for
their relative strength (Kahneman (1992), page 306).>

Motivated by the above discussion, we theorize that for the decision-maker each

! Applications of reference-dependent preferences include attitudes towards risk (Rabin (2000),
Wakker (2010)), the equity premium puzzle (Benartzi and Thaler (1995)), the annuitization puzzle
(Benartzi et al. (2011)), the disposition effect (Odean (1998), Genesove and Mayer (2001)), default
bias in pension and insurance choice (Samuelson and Zeckhauser (1988), Thaler and Benartzi (2004),
Sydnor (2010)), selection of internet privacy policies (Johnson et al. (2002)), and organ donation
(Johnson and Goldstein (2003)), as well as behavior of professional golf players (Pope and Schweitzer
(2011)), poker players (Eil and Lien (2014)), cab drivers (Camerer et al. (1997)), and physicians
(Rizzo and Zeckhauser (2003)).

2Kahneman also argues that using a mixture of the two salient reference points as a single
reference point is unappealing, because such a model “implies that there exists a truly neutral raise,
somewhere between zero and $5000, such that all larger raises are coded consistently as gains and all
smaller raises as losses.”



feasible alternative serves as the reference point with a certain probability. This
probability is unobservable and, more importantly, will be endogenously derived from
observed choice behavior. In line with the literature, each reference point induces a
specific reference-dependent preference. Given a reference point, the agent chooses
the alternative which maximizes the corresponding reference-dependent preference.
Moreover, the reference-dependent preferences are also assumed to be unobservable,
and will be endogenously derived from choice data.

An important feature of our model is that, from the decision maker’s viewpoint,
choices are deterministic. Yet, due to changes in her reference point the individual
might pick different alternatives in repetitions of a decision problem.®> The analyst
observes probabilistic choice data due to randomness in determination of the reference
point. Probabilistic choice data were first reported in Tversky (1969), which showed
that many decision makers make different choices when faced with the same choice
problem. Numerous other experimental studies have replicated this choice pattern
(e.g., see Agranov and Ortoleva (2017) and the references therein).

The first component of our model is a family of reference-dependent preferences.
Each alternative, x, induces a reference-dependent preference (relation) denoted by
> It is well known that reference-dependent preferences must be tied together
through reasonable restrictions so that the resulting model is well-behaved (e.g., see
Masatlioglu and Ok (2005), Sagi (2006), Készegi and Rabin (2006)). To this end,
we impose the classical status quo bias condition which says that an alternative is
more desirable when it is the reference point. In other words, if x is preferred to y
when x is not the reference point, then x must also be preferred to y when x itself is
the reference point. This condition eliminates unwanted behavioral patterns such as
cyclical choice and status quo aversion, see Sagi (2006), Masatlioglu and Ok (2014).

The second key ingredient of our model is the stochastic process through which the
random reference points are formed. Our rule satisfies two desirable requirements:
(1) in a choice set, the distribution of reference points need not be uniform (it is
alternative specific), and (i7) the distribution of the reference points depends on the
choice set (it is context-dependent). We provide a simple, though non-trivial, rule
which satisfies these requirements and is tractable enough to use in applications.

Namely, each alternative x is endowed with a weight w, measuring the salience of the

3Repeated decisions are observable in naturally occurring data, such as scanner data from super-
markets and online data from digital platforms as well as experimental data.



alternative as a reference point. In line with Luce’s logit model, the probability of an
alternative being the reference point is determined by its own weight relative to the
total weight of all available alternatives. Note that these weights are not observable
and will be derived from observed random choices. The probability of x being chosen

in S can then be expressed as

p(z]S) = Z ;Z;u 1(x is >,-best in S).
ves zes :

TV TV
probability of y being  x is the maximizer of >,
the reference point

We call this the Random Reference Model (RAR). RAR is a canonical model
in the sense that it does apply to any individual choice problem, such as choice
among consumption bundles, lotteries, acts, consumption streams, and distributions
of wealth. Consequently, we focus on an abstract domain where the distribution of
the reference point is only determined by the choice problem.?

RAR offers a new perspective for stochastic choices. Previous literature inter-
preted stochastic choices of a single individual as the outcome of fluctuating tastes
(Thurstone (1927), Luce (1959), Marschak (1959))°, random attention (Manzini and
Mariotti (2014), Brady and Rehbeck (2016), Aguiar (2017), Cattaneo et al. (2020)),
learning (Baldassi et al. (2020)), random stopping (Dutta (2020)), or deliberate ran-
domization (Machina (1985), Fudenberg et al. (2015), Cerreia-Vioglio et al. (2019)).
In our model, on the other hand, the source of randomness is stochastic reference
points.

RAR differs from the classical random utility model (RUM) in two important
ways. First, while there are multiple preferences in RAR, these are related through
the status quo bias condition. In RUM, the set of preferences is arbitrary. Second, in
RAR the set of reference-dependent preferences is context-dependent and the number
of preferences applied to a choice set is bounded by the number of alternatives in it.

In RUM, the set of preferences is independent of context. Finally, RAR violates the

4While we consider an arbitrary domain of alternatives, in application to specific domains, the
reference probability could be a function of different attributes of an alternative. For example, if
the objects are risky prospects, then the reference probability could depend on the prize dimension
only or on both the prize and the probability dimensions.

See also Apesteguia et al. (2017), Ahumada and Ulku (2018), Echenique and Saito (2019),
Kovach and Tserenjigmid (2019), Filiz-Ozbay and Masatlioglu (2020), Horan (2021).



well-known regularity condition of RUM. Furthermore, the intersection of RAR and
RUM only contains the deterministic rational-choice model and the Luce model. In
addition, while the set of “rationalizing” preferences in RUM is not unique in general,
in RAR the relative ranking of any two alternatives under any reference point can be
revealed as long as it matters for choice.’

RAR can accommodate the attraction effect (Huber et al. (1982)), the finding
that the relative choice proportion of two alternatives is affected by the availability of
a third option that is asymmetrically dominated by one of the alternatives. In par-
ticular, it is frequently observed that the addition of an asymmetrically dominated
alternative improves the choice share of the dominating option. Since the attraction
effect involves a regularity violation, it cannot be accommodated within random util-
ity models. In addition, although the attraction effect has often been demonstrated
in the marketing and economics literature using between-subjects designs, recently,
Berkowitsch et al. (2014) and Mohr et al. (2017) show that the attraction effect may
also be observed for the same individual when making repeated decisions. Note that
deterministic models of reference dependence are not capable of explaining these ex-
perimental observations.

RAR includes interesting special cases. First, if all the reference-dependent pref-
erences are identical, RAR reduces to the classical model of deterministic rational
choice, where the decision maker maximizes a reference-free preference. Second, if
each reference-dependent preference exhibits extreme bias towards its reference point,
that is, if the reference point is always the best alternative, then RAR becomes the
standard logit model of Luce. In that case, since an alternative is chosen only when
it is the reference point, the choice probability of an alternative is equal to the prob-
ability of it being the reference point. This choice behavior resembles the Koszegi
and Rabin (2006) idea of personal equilibrium: the distribution of reference points
matches the distribution of choices. Note that this equivalence is independent of the
parametric structure we have on reference point formation; it continues to hold for
any stochastic reference formation process. In other words, personal equilibrium is
equivalent to extreme status quo bias in our framework.

In Section 3, we provide a set of behavioral postulates that characterize the em-

pirical content of RAR. They can be classified into two groups as (i) ordinal axioms

6 Appendix C contains a more detailed discussion of the relationship between RAR and the random
choice literature.



dealing with issues such as choice with zero probability or violations of regularity, and
(#7) axioms on cardinal probability values. Among our ordinal axioms, one imposes
that if an alternative is chosen with zero probability in a binary comparison, addition
of new alternatives should not increase its choice probability. Other ordinal axioms
impose conditions under which a regularity violation might be observed. A regular-
ity violation is said to occur when elimination of an alternative reduces the choice
probability of another alternative. One of the key axioms states that a regularity vi-
olation can occur only if the eliminated alternative was chosen with zero probability.
Another key axiom imposes asymmetry on regularity violations. The axiom states
that if removing an alternative z causes a regularity violation for another alternative
x, then removing z cannot cause a regularity violation for y # z as long as x is avail-
able. Our cardinal axioms provide conditions under which Luce’s Independence of
Irrelevant Alternatives (ITA) property should be satisfied, and they regulate changes
in probabilities in cases when it is violated.

In Section 4, we illustrate how to identify the reference-dependent preferences
{>.} and the reference weights from stochastic choice data. The inference about
preferences relies on three different observations. The first one is being chosen with
probability 1. In this case, for any reference point the chosen alternative is the best
in the choice problem. The second one is being chosen with positive probability in
some choice problem. Then, we can say that this alternative is the best alternative
in the choice problem when it is the reference point. The final observation is about
regularity violations. If the elimination of x from S causes a regularity violation for
y, then y must be better than any other alternative in S when z is the reference
point. These three observations completely characterize all the revealed preference
implications of our model.

Revealing relative reference weights is not as straightforward in our model as in
the Luce model. In the Luce model, the relative weight of x and y can be inferred
from any choice set since relative choice probabilities are context-independent. This
is not the case in our model. Nevertheless, we show that all relevant relative reference
weights can be revealed by looking at choice sets of size two and three. There are
three different observations through which the reference weight of x relative to y
can be revealed. First, the relative choice probabilities of z and y in {z,y} reveal
the reference weight of x relative to y unless one of the alternatives is chosen with

probability one. Second, if x is not chosen from {z, y, z} and if its elimination induces



a regularity violation on z, the difference between the relative choice probabilities of
z and y in {x,y, z} versus {y, z} reveals the reference weight of x relative to y. The
third way in which the reference weight of x relative to y can be revealed is when
x and y are consecutive members of a cycle in which the reference weights for every
other consecutive pair are known.

In Section 5, we study a general model of reference formation. The reference
formation process of this generalized RAR (henceforth, GAR) satisfies two basic
conditions: the reference probabilities (z) are strictly positive, and (iz) satisfy strict
regularity (i.e., the reference probability of an alternative is decreasing in the menu
size). These basic conditions are satisfied by a wide range of “rational” reference
formation processes including that of RAR.” Surprisingly, we show that the revealed
(reference-dependent) preferences of GAR are exactly the same as that of RAR. This
result has two implications. First, the revealed preferences in RAR are not driven
from our parametric modeling choice of reference probabilities. Second, any stochastic
model of reference dependence satisfying these two assumptions will have exactly the
same revealed preference as RAR. We also provide a set of behavioral postulates that
characterize the empirical content of GAR. On top of the four ordinal axioms that
characterize RAR, we introduce a critical axiom. It is closely related to Motzkin’s
transposition theorem, a member of the well-known theorems of the alternatives. This
axiom guarantees that the reference point formation rule satisfies the aforementioned
requirements.

Our paper is foremost related to the growing literature on reference-dependent
choice. The earliest strand of this literature treats the reference point as exogenous
(e.g., Kahneman and Tversky (1979), Tversky and Kahneman (1991), Munro and
Sugden (2003), Sugden (2003), Masatlioglu and Ok (2005), Sagi (2006), Salant and
Rubinstein (2008), Masatlioglu and Ok (2014), Dean et al. (2017), Guney and Richter
(2018), Kovach and Suleymanov (2021)). Our paper is distinct from these papers in
endogenizing the reference formation process. In addition, all of these papers except
for Kovach and Suleymanov (2021) address deterministic choices. A second strand of
the literature studies endogenous reference point formation. In models of Bodner and
Prelec (1994), Kivetz et al. (2004), Orhun (2009), Bordalo et al. (2013), and Tseren-

"For example, random utility representations with full support on preference rankings, the random
consideration model of Manzini and Mariotti (2014), and the weighted linear stochastic choice model
of Chambers et al. (2021) satisfy both requirements.



jigmid (2019), the reference point depends on the structure of the choice set but it is
independent of individual characteristics. Kdszegi and Rabin (2006), Rubinstein and
Salant (2006), Ok et al. (2015), Freeman (2017), Kibris et al. (2018), and Lim (2020)
consider models where the endogenous reference point might differ across individuals.
Maltz (2020) consider a hybrid model which combines an exogenous status quo with
an endogenous reference point. These papers, however, only address deterministic
choice behavior.® To the best of our knowledge, RAR is the first stochastic model of
endogenous reference dependence.

The paper is organized as follows. In Section 2, we introduce our model. In
Section 3, we introduce the behavioral postulates that characterize RAR and present
our representation theorem. In Section 4, we show how the primitives of RAR are
revealed from observed choices. In Section 5, we generalize our model to GAR and
discuss its identification and characterization. We conclude in Section 6. Finally,
the appendix contains proofs of our theorems as well as a discussion of the recently

growing literature on stochastic choice.

2 Model

Let X be a non-empty finite set of alternatives, and let X be the set of all nonempty
subsets of X. A choice problem is a set of alternatives S € X from which the decision
maker needs to make a choice. A choice rule is amap p: X x X — [0, 1] such that for
allS € X, % ¢p(x|S) = 1and p(z|S) > 0 only if v € S. The choice rule p represents
data on the choice behavior of the decision maker (hereafter, DM). The expression
p(z]S) represents the probability of x being chosen from the choice problem S. Note
that if p(z|S) € {0,1} for every x and S, then choices are deterministic. Hence, our
formulation encompasses both stochastic and deterministic choice rules.

Our model has two components: (i) a family {>,}.cx of reference-dependent
preferences where each >, is a strict linear order that represents the DM’s preferences

under the reference point z,° and (77) a family {w, }.ex of reference weights, where

8To clarify, what we refer to is deterministic choice behavior rather than the possibility of having
alternatives that are lotteries. For example, K&szegi and Rabin (2007) takes alternatives to be
lotteries, yet studies deterministic choices from them.

9A binary relation R on X is a strict linear order if it is (i) weakly connected: for every z,y € X,
x # y implies either xRy or yRzx, (ii) irreflexive: for every x € X, it is not the case that zRx, and
(#i1) transitive: for every x,y,z € X, xRy and yRz imply zRz.



each w, > 0 determines the likelihood of alternative x being realized as the reference
point.

We assume that the reference-dependent preferences { >, }.cx satisfy the following
assumption: if x is preferred to y when z is the reference point, then z must also be
preferred to y when x itself is the reference point. This assumption relates two
reference-dependent preferences and, in line with the concept of status quo bias,

requires that being the reference point cannot hurt any alternative.
Status Quo Bias (SQB). If x >, y, then x >, v.

In our model, the reference point is stochastically determined a la Luce (1959).
That is, we assume that the probability of x being the reference point in S is equal
to its own reference weight relative to the total weight of all alternatives in .S. Once
a reference point x is determined from the choice problem S, the DM maximizes the
associated reference-dependent preference >, on S to make a choice. The following

definition formally states the choice process in our model.

Definition 1. A choice rule p is consistent with the random reference model
(RAR) if there ezist a family {>,}.cx of reference-dependent preferences satisfying
SQB and a family {w,}.ex of reference weights, where w, > 0 for each x € X, such
that for each S € X and x € 9,

p(z|S) = Z ZéUZ’Iw 1(x is =y -best in S).

We also say {>, w, tzex Tepresents p, or p admits a RAR representation.

RAR includes two well-known special cases. At one extreme, if the DM has
a reference-independent preference with which all reference-dependent preferences
coincide, then RAR reduces to the classical model of deterministic rational choice.
At the other extreme, if the DM exhibits extreme status quo bias where each reference-
dependent preference ranks its reference point at the top, RAR coincides with the
Luce model with weights {w,},cx. Hence, the rational choice model and the Luce
model are extreme cases of RAR with no status quo bias and extreme status quo bias,
respectively.

One important characteristic of the Luce model and all other random utility mod-

els is the regularity aziom (Suppes and Luce (1965)). It requires that the choice

9



probability of an alternative does not decrease as the choice set gets smaller, that is,
p(z|S) < p(z|T) for x € T C S. However, one of the common findings in the lit-
erature is the attraction (asymmetric dominance) effect, which involves a regularity
violation (Huber et al. (1982)). RAR can accommodate such violations. For example,
consider three alternatives z,y, z where z is dominated by x but not by y. The asym-
metric dominance effect states that adding z to the choice set {x,y} should increase
the choice probability of = (see Table 1), a choice pattern inconsistent with random
utility models. This choice pattern can be accommodated in RAR by assuming that
the preference under the reference point z is = >, z >, y, and x and y are ranked at
the top when they are reference points.

In this example, RAR also predicts the magnitude of the regularity violation. It
requires that the relative choice probability of x and y in {z,y, 2z} is equal to the
summation of relative choice probabilities of x and y in {z,y} and z and y in {y, z}.
Note that the choice rule in Table 1 satisfies this property (% = % + é?—g) The next

section describes additional restrictions RAR imposes on observed choices.

Table 1: RAR accommodates choice data exhibiting regularity violations.

p(|S) {x,y,z} {ZL‘,y} {ZL’,Z} {y,Z}
z 12 1/3 1 -
y 12 2/3 - 2/3
p 0 - 0 1/3

3 Behavioral Postulates

In this section, we discuss the behavioral postulates that characterize the empirical
content of RAR. Our postulates can be classified into two groups. Axioms 1-4 consider
ordinal properties of the observed choice rule, dealing with issues such as choice with
zero probability or regularity violations. Axioms 5-8, on the other hand, consider
cardinal probability values. Axiom 5 imposes a condition akin to Independence of
Irrelevant Alternatives (IIA) on revealed reference probabilities. Axiom 6 discusses
conditions under which ITA is satisfied for observed choice probabilities, and Axioms

7-8 regulate changes in probabilities when it is violated.

10



The following terminology will be helpful. We say z is chosen from S if p(z|S) > 0.
If p(z|S) = 0, we say x is not chosen from S. Our first axiom states that if z is
not chosen against y in a binary comparison, it cannot be chosen from any choice
problem that contains y. Hence, this axiom is a significant relaxation of the well-

known regularity condition which requires p(z|S) < p(z|T") whenever x € T C S.
Axiom 1. If p(z|{z,y}) = 0, then p(z|S) =0 for every S that contains y.

In our model, if x is not chosen against y, that means y >, x. Since reference-
dependent preferences that we consider satisfy the SQB property, it must be the case
that y is ranked above x regardless of the reference point. Hence, x can never be
chosen in the presence of y.

Our model allows regularity violations. The following three axioms regulate what
type of regularity violations can be observed. The next axiom states that if an
alternative x is not chosen in S, there must be an alternative y which beats x in
a binary comparison, and if this y does not beat all other alternatives in S, then

eliminating = must induce a regularity violation for y.

Axiom 2. If p(x|S) = 0, then there is y € S such that p(y|{z,y}) = 1 and either
p(ylS) =1 or p(ylS) > p(y|S \ z).

This axiom necessarily holds in our model. If z is not chosen from S, that means
another alternative y must be >,-best in S, and by SQB, must also be ~,-best. Since
y is better than x under both reference-dependent preferences, it must be that x is
not chosen from {z,y}. Furthermore, unless y similarly beats every other alternative
in S (in which case y must be the only chosen alternative in S), it must be that
elimination of x from S decreases the choice probability of y, inducing a regularity
violation. To see why, let A(y|S) be the set of reference points in S according to
which y is the best alternative in S. By p(y|[{z,y}) = 1, we know that = belongs to
that set. With the elimination of = from S, A(y|S \ z) becomes smaller than A(y|.S).
If A(y|S) # S, then this induces p(y|S) > p(y|S \ z). If there are no other chosen
alternatives (that is, if A(y|S) = S), on the other hand, p(y|S) = p(y|S \ z) = 1
remains the same.

Axiom 2 states that elimination of an unchosen alternative should induce a reg-
ularity violation, unless only one alternative is chosen from S. The following axiom

completes this picture by stating that elimination of a chosen alternative cannot in-

11



duce a regularity violation. Hence, in our model regularity violations happen only

due to zero probability choices.
Axiom 3. If p(x|S) > 0, then p(y|S) < p(y|S \ z) for anyy € S\ z.

To see why this axiom holds in our model, note that if x is chosen in S, it must
be »=,-best in S. Hence, if y is >.-best for some alternative z € S, then z is distinct
from x, and y is also >,-best in S\ z. That is, the set of reference points for which
y the best in S can not get smaller as z is eliminated: A(y|S) C A(y|S \ x). Since
p(y|S) = %, this implies p(y|S) < p(y|S \ x) for every y € S\ x.

The next axiom imposes a form of asymmetry on regularity violations. It considers
a situation where elimination of z induces a regularity violation on x when y is
available. Our axiom then states that, in the presence of x, elimination of z cannot

induce a regularity violation for y.
Axiom 4. If p(z|S) > p(x|S\ 2) and z,y,z € T NS, then p(y|T) < p(y|T \ z).

To see why Axiom 4 is satisfied by our model, note that z induces a regularity
violation on x in a set that contains y only if z >, y. Due to asymmetry of >,
there cannot be another case where z induces a regularity violation on y when z is
available.

Axiom 4 is related to the “single reversal” axiom on deterministic choice (Kibris
et al. (2018)). Their axiom states that if elimination of x induces a choice reversal in
a choice set containing y (i.e., ¢(S) # ¢(S'\ z) when x # ¢(S) and y € S), then there
cannot be another choice set containing x in which, now, elimination of y induces a
choice reversal. The stochastic analog of the single reversal axiom would require that
in any choice set there is at most one alternative elimination of which can cause a
regularity violation. While this does not hold in our model, Axiom 4 restricts the
number of possible regularity violations in another way by stating that eliminating
an alternative can cause a regularity violation for at most one alternative.

The next two axioms are related to Luce’s well-known ITA axiom which states
that the relative choice probability of two alternatives is independent of the choice

problem they are considered in, that is, for z,y € SN T,

p(x]S) _ p((T)

pylS)  pIT)

12



RAR may not satisfy IIA in general. First, RAR does not require that an alternative
is chosen from every choice problem (that is, with a positive probability) once it is
chosen from one choice problem. Second, even when the two alternatives are both
chosen from the two choice problems, RAR can exhibit IIA violations (recall the
example in Table 1). Hence, accommodating the type of choice behavior we are
interested in requires formulation of more qualified versions of ITA. This is what we
will do next.

Our first “ITA axiom” ensures that the weights of alternatives revealed from binary
and trinary choice sets are consistent. First, note that for any binary choice problem
{z,y}, if p(z|{z,y}) € (0,1), then p(x|{z, y}) must reflect the reference probability of
x in {z,y}. Hence, in any binary choice problem where both alternatives are chosen,
reference probabilities are fully revealed. We use this to construct a function g(-|-)
where ¢(z|5) reflects the probability that z is the reference point in S. For any {z,y}
with p(z|{z,y}) € (0,1) and a € {z,y}, let

q(al{z,y}) = plal{z,y}).

Note that ¢(-|-) cannot be defined for all binary choice sets, since we might have
p(z|{z,y}) € {0,1} for some {x,y}. However, when ¢ is defined, it must be strictly
between 0 and 1.

Next, consider a trinary choice set. First, if all alternatives are chosen, then it must
be the case that observed choice probabilities correspond to reference probabilities.

Hence, for any {x,y, z} where p(a|{z,y,2}) > 0 for all a € {z,y, 2z}, we have

q(al{z,y, z}) = plal{z,y, 2}).

Now suppose that p(z|{z,y,z}) > 0, p(y|{z,y,2}) > 0, and p(z|{z,y,2}) = 0.
Interestingly, if p is consistent with RAR, we can also fully reveal ¢(:|-) in this
case. To see this, note that if p is consistent with RAR, we must have either
plzl{z,y,2}) > p(zl{z,y}) or p(yl{z,y,2}) > p(y{z,y}) (Axiom 2). We can as-
sume p(z|{z,y,z}) > p(z[{z,y}). This reveals that z € A(z|{x,y,z}), and hence
the observed choice probability of y from {z,y, z} must be the same as its reference
probability:
a(y{z,y,2}) = plyl{z, y, 2}).

13



In addition, if p is consistent with RAR, we must also have p(z|{z,y}) > 0 and
p(y|{z,y}) > 0 (Axiom 1). Hence, q(x|{z,y}) and ¢(y|{z,y}) are defined and equal
to p(z|{z,y}) and p(y|{z,y}), respectively. Since reference probabilities satisfy IIA

in our model, we should then have

q(z|{z,y,2}) _ q(z[{z,y})

qyHz,y,2})  ql{z,y})

Therefore, we can define q(z|{z,y, z}) as

el Dl v, 2})
deliwy. 2l ===y

Lastly, since reference probabilities add up to 1, we have ¢(z|[{z,y, z}) as

(z|{z, y}pyl{z,y, 2})
p(yl{z, y}) '

Notice that for singleton choice sets p(z|{z}) = q(z[{z}) = 1 must hold. However,

a(2|{z,y, 2}) = p(al{z,y, 2}) = L

as discussed above, if S is not a singleton set, we cannot reveal ¢(:|.S) when there is an
alternative z € S that satisfies p(x|S) = 1. We will let 7 denote all singleton, binary,
and trinary choice sets for which ¢ is defined as above. The next axiom ensures that

q is generated by the Luce rule on 7.

Axiom 5. For any S1,Ss,...,Sy € T and any xq,...,xy € X such that {x;,x;11} C
S; for i < N and {x1,zn} C Sy,

Since reference probabilities satisfy the ITA property in our model, we should
expect that observed choices should also satisfy IIA under certain conditions. For
example, if all alternatives are chosen with positive probability from every set, then
our model reduces to the Luce rule and, hence, satisfies IIA. Our next axiom general-
izes this observation. Consider a chosen alternative z € S such that elimination of no
alternative in .S induces a regularity violation for z. Axiom 6 then states that choices

must satisfy IIA when such a “well-behaved” alternative z is eliminated from S.
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Axiom 6. If p(z]|S)p(y|S)p(z|S) > 0 and p(z]S) < p(z|S\ t) for allt € S\ z, then

p(x|S) _ p(a]S\2)
p(ylS)  pS\z)

To see why our model satisfies this axiom, note that p(x|S)p(y|S)p(z|S) > 0 im-
plies that for these alternatives, the associated reference-dependent preference ranks
the reference point as the best in S. Furthermore, elimination of no alternative
in S induces a regularity violation for z. That means A(z|S) = {z}, that is, no
other reference-dependent preference in S is maximized at z. Hence, elimination of
z does not affect the sets of reference-dependent preferences maximized at x or y:
A(z|S) = A(z|S \ z) and A(y|S) = A(y|S \ z). Thus, the relative choice probability
of z and y remains unchanged.

It is useful to note that if all alternatives are chosen with positive probability in S,
then Axiom 3 guarantees that observed choices satisfy regularity when any alternative
is eliminated from S, and hence Axioms 3 and 6 jointly guarantee that ITA holds in
this case.

The ITA violations allowed by RAR have a certain structure. Axiom 5 provides
information about this structure in binary and trinary sets by imposing a condition on
revealed reference probabilities. The next two axioms describe the structure of these
violations in all other sets. Consider a choice problem S where x and y are chosen,
and z and ¢ are not chosen. Furthermore, suppose elimination of z from S induces
a regularity violation on x. Since in our model z can induce a regularity violation
for only one alternative, this guarantees that elimination of z from S will change the
relative choice probabilities of = and y. Similarly, eliminating z from S \ ¢ will also
change the relative choice probabilities of x and y. The following two axioms describe
how these change are related between S and S\ ¢. It turns out that the relationship
depends on whether elimination of ¢ from S induces a regularity violation on z or
not.

For the first axiom, assume that elimination of ¢ from S does not induce a regu-

larity violation for x. In this case, we look at the ratio

p(x]S)/p(ylS)
p(x]S\ 2)/p(ylS\ 2)

which measures how much more likely x is to be chosen relative to y from S compared
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to S\ z. Our axiom states that the above ratio must be the same on S and S\ t.

Hence, z improves the likelihood that x is chosen in a consistent way.
Axiom 7. If p(z|S\ t) > p(z|S) > p(z|S\ 2), p(y|S) > 0, and p(t|S) =0, then

p([9)/pylS) — _  pllS\E)/p(ylS\1)

p(lS\ 2)/p(ylS\ 2)  p(x[S\A{t,2})/p(ylS\{t, 2})

To see that our model satisfies this axiom, note that under the given assumptions,
z € A(x|S). Hence, A(y|S) = A(y|S \ z). This implies

Z W Z W, Z Wq

p(z]S)/pylS) | AGls) ApiS\) | _ AGS)
p(x|S\ 2)/p(ylS\ 2) 2. Wa >, Wa > Wa
AGyS) A(@lS\e) A(a]S\2)

Since t ¢ A(z|S), we have A(x|S) = A(z|S\ t) and A(z|S\ z) = A(z|S\ {z,t}).
Hence, the above ratio remains the same when we replace S with S\ ¢.
For the second axiom, now assume elimination of ¢ from S does induce a regularity

violation for x. In this case, we consider the difference

p(zlS)  plz[S\2)
pylS)  plS\z2)

which is an alternative measure of how much more likely z is to be chosen relative to
y from S compared to S\ z. Our axiom states that the above difference must be the
same on S and S\ t.

Axiom 8. If p(z|S) > max{p(z|S\ 2),p(z|S\ t)} and p(y|S) > 0, then

p(x]S) plelS\z) _ p[S\t)  pl[S\{z1t})

plS)  pIS\2)  pIS\t)  pyS\{zt})

To see that our model satisfies this axiom, note that under the given assumptions,
z,t € A(z|S). Hence, A(y|S) = A(y|S \ z). This implies

W, S w,

p(z]S)  p(x]S\2) _AGS)  A@S\v)  ws
pS)  pIS\z) X w. X wa D w,
A(ylS) AylS\z) A(ylS)

Since A(y|S) = A(y|S \ t), this expression remains the same when we replace S with
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S\ t.

To get an intuition for the last two axioms, consider an attraction effect example
with four alternatives where z is dominated by x and ¢ is either dominated by x or y.
Axioms 7 and 8 impose consistency on how addition of z to a choice set will improve
the relative likelihood that x is chosen. Clearly, the impact of adding z will depend
on whether ¢ is dominated by x or y. First, suppose ¢ is dominated by y. Then,
Axiom 7 states that adding z to either {x,y} or {z,y,t} must increase the relative
choice probability of x and y by the same percentage. Note that since ¢ is dominated
by y, « must be chosen with a smaller probability from {x,y,t} compared to {z,y},
and hence an increase by the same percentage implies a smaller increase in magnitude
when z is added to {z,y,t}.

Now, suppose t is dominated by z. Intuitively, one might expect that in this case
adding z to {x,y,t} should make a smaller impact than adding z to {z,y}, since
there is already an alternative dominated by z in the former choice set. In fact, it
can be seen that in this case the relative choice probability of x and y will increase
by a smaller percentage when z is added to {z,y,t} compared to the case when z is
added to {z,y}. Axiom 8 then imposes an alternative consistency requirement that
the magnitude of the increase in the relative choice probabilities must be the same.

We now state the characterization result.

Theorem 1. A random choice rule p satisfies Axioms 1-8 if and only if it has a RAR

representation.

4 Revelations

Our model has two components. Namely, reference-dependent preferences and refer-
ence weights. In this section, we discuss how to infer information about them from
choice data that is consistent with RAR.

Before the formal discussion, let us present two extreme examples. First, consider
choice data satisfying Luce’s ITA. It can have multiple RAR representations. In every
one of them, the reference weight of an alternative x relative to an alternative y (that
is, w,/w,) can be uniquely determined as the choice probability of = relative to y
in the grand set (or, by Luce’s ITA, in any set that contains them). In addition,
each reference point must be ranked as the top alternative of its reference-dependent

preferences in all these RAR representations. However, we cannot infer the relative
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ranking of two non-reference alternatives. This is an unavoidable non-uniqueness in
our model.

At the other extreme, consider deterministic choice data generated by maximiza-
tion of a single reference-independent preference relation. It also has multiple RAR
representations. Unlike the other extreme case though, all reference-dependent pref-
erences are uniquely identified. Indeed, they must be the same as the corresponding
(reference-independent) preference relation generating the data. But unlike the other
extreme case, reference weights cannot be identified: any positive vector of weights
would work.

As will be demonstrated further in this section, existence of multiple representa-
tions is not restricted to the extreme cases discussed above. If two representations
disagree on the relative ranking of two alternatives under some reference point, then
we cannot make any conclusions regarding the ranking of these two alternatives. Sim-
ilarly, if two representations disagree on the relative reference weights of alternatives,
then we cannot make any conclusions. Before making any conclusions regarding re-
vealed preference and reference weights, we will require that all representations agree

on these revelations. Formally, assume that p admits k different RAR representations

({~%, Wi }oex)ieq,. k- Then we say

1. z is revealed to be preferred to y under reference point z if z =% y for each

ie{l,.. Lk}, and

2. the reference weight of x relative to y is revealed to be ay, if ay, = w?/ w; for

each i € {1,...,k}.

Note that, while the first item is standard in the literature, the second item is
novel. In particular, it refers to the identification of the relative reference weights
of two alternatives rather than the reference weight of a single alternative. This is
because absolute reference weights are essentially non-unique. For example, even in
the case of the Luce model, both w and aw’ produce the same choice data whenever
a > 0. Our definition bypasses this rather trivial non-uniqueness by considering
relative rather than absolute weights. But there still remains another nontrivial source
of non-uniqueness in our model. If an alternative dominates every other alternative
(for example, see Table 3), its weight relative to others is not revealed by choice data,

as will be discussed below.
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According to our definition, to make any conclusions about revealed preference
and reference weights, one needs to construct all possible RAR representations and
verify the cases in which these representations agree. It is clearly not practical to
use this method to obtain revelations. Thus, we next provide a practical method to
obtain revealed reference-dependent preferences and reference weights.

For revealed preference, we focus on three different types of observations revealing
information about the reference-dependent preference under z. For y # z in S, we

learn that y >, z if
L p(ylS) =1,

2. p(y|S) > 0and x =y, or

3. p(y|S) > py|S\ x).

For the first type of observation, note that an alternative chosen with probability 1
must be the best alternative in S for any reference point. That is, y >, z forany z € S.
SQB then implies y >, z for any x € X. The second type of observation is about an
alternative chosen with positive probability. In that case, this alternative must be the
best alternative for at least one reference point: there exists z € S such that x is > .-
best in S. Then, by SQB, x must also be >,-best in S. Hence, x >, 2. The third type
of observation is a regularity violation caused by elimination of x, p(y|S) > p(y|S\ z).
In any RAR representation of p, this means y is the >_-best in S, implying y >, z.
To see this, note that if y is not the >,-best in 5, the set of reference-dependent
preferences y maximizes in S, A(y|S) = {z € S|y = argmax(>,,5)}, cannot get
smaller after elimination of . That is, A(y|S) C A(y|S\x). Since p(y|S) = %,
we would then have p(y|S) < p(y|S \ x), satisfying regularity.

Given choice data p that is consistent with RAR, let

y P,z if one of the three patterns above is observed.

We show that P, must be transitive. However, it might not be complete (see the first
extreme case above). Since any RAR representation of p must be consistent with the
above revelations, P, must be part of the revealed reference-dependent preferences.
Furthermore, there is no other revelation: any reference-dependent preferences that
respect {P,}.ex represent p. In other words, if two alternatives are not ranked

according to P,, then we can always find two representations where the relative
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ranking of these alternatives is opposite of each other. The following remark, the

proof of which is identical to the proof of Theorem 1, establishes this point.

Remark 1. (Revealed Preference) Suppose p admits a RAR representation. Then

y 1s revealed to be preferred to z under reference point x if and only if yP,z.

We next discuss how relative reference weights are revealed from choice data.
To this end, we will only make use of binary and trinary sets, even though similar
revelations hold for larger sets as well. Three types of observations reveal information

about the reference weight of x relative to y

L if p(z|{z,y}) € (0,1),
o _ Pl y})
Y plyHey})

2. if p(z|{z,y,2}) =0 and p(z|{z,y,2}) > p(z|{y, 2}),

oy = p(zH{z.y,2}) Py, 2}) 1

-~ pylzy, 2} pyl{y, 2})

3. for any {w1,...,x,}, if (n — 1) of the n alpha values {0g,q,,, }i—, are already
known (with the abuse of notation x,.; = ), the last one can be identified
through the equality .

H Oz = 1.
i=1

We now show that a,, is well-defined and equal to 1’;—; whenever p has a RAR

representation with {w, }.ex. For the first type of observation, note that if x # y

and both are chosen from {z,y} with positive probability, then under each of >,

and >, the reference point is better than the other alternative. Hence, the rel-
ative choice probability of z and y reflects their relative reference weight. Thus,
p(zl{z,y})/p(y{z,y}) = w;/w,, uniquely identifying a,,. The second type of ob-
servation concerns an alternative z that is both =, and =, best in {z,y,2}.!' Since
p(y|{z,y,2}) > 0, the relative choice probabilities of z and y in {z, y, z} must then be

55"553; = wfﬂ’;“’z. Additionally, Axiom 1 implies that p(y|{y,z}) € (0,1). Hence,

1%Note that the above conditions imply p(y|{z,y,2}) > 0 and p(y|{y, 2})p(z|{y, z}) > 0. Hence,
the expression is well-defined.

1 As argued in the previous paragraph, the observation p(z|{z,y,2}) > p(z|{y, 2}) reveals z is
=z-best in {z,y, 2} and SQB implies that it is > ,-best as well.
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as argued in case of the first observation, p(z|{y, z})/p(y[{y, 2}) = w./w,. Together,

these imply
p(z{z.y,2})  p(z{y,2})  w.

plyl{z.y,2})  plyl{y,z})  w,’

uniquely identifying a,,. The third type of observation is indirect. It follows from

We,

Oy, =

it for each i = 1,...,n. Hence, the ag,,, , values multiply to 1 and

Tyl
knowing n — 1 of them reveals the last one. An implication of this observation is that
if oy, is known, ay,, can be revealed as a,, = 1/a,,. This establishes that any RAR
representation of p must be consistent with the above revelations.

Given choice data p that is consistent with the RAR model, let
Wy if oy, is defined by one of the three patterns above.

First note that W is transitive and symmetric, as stated in the last observation.
However, it may not be complete. For example, in case of deterministic choice data
generated by maximization of a single reference-independent preference relation, W =
(). As we argued above, W must be part of the revealed relative reference weights.
Furthermore, there is no other revelation: any weight vector {w, }.cx that respects
Qg for all (z,y) € W represents p. In other words, if (z,y) ¢ W, then for any positive
real number o, we can find a representation where the reference weight of x relative
to y is 0. The following remark establishes this point. The proof is identical to the

proof of Theorem 1.

Remark 2. (Revealed Reference Weights) Suppose p admits a RAR represen-
tation. Then the reference weight of x relative to y is revealed to be oy if and only if

xWy.
In the following examples, we illustrate how to find such revelations.

Example 1. Consider the choice data on X = {x,y,z}, as given in Table 2.
Revealed Preference: To reveal P,, note that p(y|{y,z}) = 1 implies yP,z and
p(zl{z,y,z}) > p(z[{z,y}) implies xP,y. Together, we have xP,yP.z. To reveal
P,, note that p(y|{z,y,2}) > 0 implies yP,x and yP,z; and p(z|{x, z}) = 1 implies
xPyz. Together, we have yP,xP,z. To reveal P,, note that p(x|{z,y,z}) > 0 implies
xPyy and xP,z; and p(y|{y, z}) = 1 implies yP,z. Together, we have xP,yP,z.

Revealed Relative Reference Weights: From the set {z,y}, we observe o, = ’% =
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%. Then, from the set {x,y,z},

_ pll{zy.2})  pllzy}) 2

1
T w2 plmyy) 1 2

3
5

2
3
us wy = 2 and w, = 3.

Hence, o, = 5 and o, = Oy, = % For example, normalizing w, = 1, this gives

Table 2: The choice data in Example 1.

p(|S) {x,y,z} {ZL‘,y} {JZ,Z} {y,Z}
x 2/3  1/3 1 -
y /3 2/3 - 1
Z 0 - 0 0

Example 2. Consider the choice data on X = {z,y, 2}, as given in Table 3.
Revealed Preference: To reveal P., note that p(z|{y,z}) > 0 implies 2P,y and
p(xl{z,y,2}) = 1 implies vP,z. Together, we have xP,zP,y. Similarly, xP,yP,z.
To reveal P,, note that note that p(x|{x,y,z}) = 1 implies P,y and xP,z. There
are no more revelations. Thus, both xP,yP,z and xP,zP,y are possible.

Revealed Relative Reference Weights: From the set {y,z} we learn oy, = 5. There
is no other revelation. For example, fizing w, = 2, we have w, = 3, but w, can be

chosen to be any value.

Table 3: The choice data in Example 2

p(‘S) {xaya Z} {l',y} {.’L’,Z} {yv Z}
T 1 1 1 —
y 0 0 - 2/5
2 0 - 0 3/5
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5 A General Model

In the previous section, we showed that RAR is a very tractable model, that is, its
components can almost be fully identified. In this section, we analyze whether these
strong revelations are due to RAR’s parametric structure in reference point formation.
To this end, we study a generalization of RAR where the reference formation process
is only assumed to satisfy two basic conditions: the reference probabilities (i) are
strictly positive, and (i7) satisfy strict regularity (i.e., the reference probability of an
alternative is decreasing as the menu becomes larger). Both conditions are satisfied
by RAR, as well as a range of other reference formation processes.

Formally, the decision maker has a set of reference-dependent preferences {~,}.cx
and context-dependent reference weights p(-|.S). The expression p(x|S) represents the
likelihood that alternative x will be the reference point in S. Assume that p satisfies (7)
p(x]S) > 0for all z € S (positivity), and (1) p(z|S) < p(z|T) for all z € T C S (strict
regularity). As before, we assume that reference-dependent preferences do not allow
for indifferences, a standard assumption in the discrete random choice literature. We
also continue to assume that reference-dependent preferences {>,},cx satisfy SQB.

The following definition formally states the choice process in our model.

Definition 2. A choice rule p is consistent with the generalized random refer-
ence model (GAR) if there exist a family {~,}.ex of reference-dependent prefer-
ences satisfying SQB and context-dependent reference weights p satisfying positivity
and strict reqularity such that for each S € X and x € S,

p(z|S) = Z p(ylS) L(x is =,-best in S).

yeS

When the above definition is satisfied, we also say ({>,}sex,p) represents p, or
p admits a GAR representation. Note that RAR is a special case of GAR where

_ _ w(®
p($|S) - Zyesw(y)'
As in Section 4, we say y is revealed preferred to z under z if for every GAR
representation ({>;}sex, p) of p, we have y >, z. We now illustrate that the revealed
reference-dependent preference of this general model is the same as in RAR. To this

end, let P, be defined as in the previous section.

Remark 3. (Revealed Preference) Suppose p admits a GAR representation. Then

y 1s revealed to be preferred to z under reference point x if and only if yP,z.
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To see this, first assume that p(y|S) = 1. Since every = € S becomes the reference
point with positive probability, that is p(z|S) > 0, we must have y is better than z
when the reference point is x, y =, z. Note that then y >, z as well. Hence, by
SQB, for any x ¢ S, y =, 2 also holds. This is the first condition in our revealed
preference definition. Second, assume that p(y|S) > 0. Then there is a reference
point ¢t where y >, z for every z € S\ y. By SQB, we must then have y >, z.
Finally, assume p(y|S) > p(y|S \ ). Assume there exists z € S such that z =, y.
Therefore, removing x does not shrink the set of alternatives which place y as the
top ranked alternative in S. Since p(z|S \ ) > p(z]S) for every z in S, we must have
p(y|S) < p(y|S \ ), a contradiction. Hence, y >, z. This discussion illustrates that
these three conditions are necessary for the revealed preference. To see why they are
sufficient, assume that we have not revealed the relative ranking of z,y € X under
the reference z using our definition. Then, it must be the case that z =, =, z >, v,
x =5 y and y >, x. But if all these conditions are satisfied, the relative ranking
of x and y under z cannot impose any restrictions on observed choices. Hence, our
definition reveals us everything that can be revealed about the preference, so it has
to be sufficient as well.

This result is important for two reasons. First, our reference-dependent preference
revelations are not driven by the parametric structure of RAR. Second, any gener-
alization of RAR that satisfies the two basic assumptions of GAR shares the same
revelations about the reference-dependent preferences.

Next, we discuss the behavioral postulates that characterize GAR. First, it is
routine to show that GAR still satisfies the ordinal Axioms 1-4. Unfortunately, these
axioms are not sufficient. Our next example illustrates this point. The choice rule
presented in Table 4 satisfies Axioms 1-4, but cannot be represented by GAR. To
see this, suppose not. By the previous discussion on revealed preferences, we must
have © >, y >, 2, © >, y,z and z >, z,y. Since p(y|{y, z}),p(z|{y,2}) € (0,1),
p(y{y, z}) = p(yl{y, z}) = 0.1. Similarly, p(x|{z, 2}) = p(z|{z, z}) = 0.5. By strict
regularity, we must have p(z|{z,y,z}) < 0.5 and p(y/{z,y,z}) < 0.1. This is a
contradiction since p(z|{z,y,2}) > 0.1 +0.5.

The example in Table 4 illustrates that, for choice data to be representable by
GAR, the size of regularity violations it exhibits must be bounded. The following
axiom guarantees this is the case. Together with the previous axioms, it characterizes

GAR. This axiom is closely related to Motzkin’s transposition theorem (Motzkin,
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Table 4: A choice rule that satisfies Axioms 1-4, but cannot be represented by GAR

ZK'75> {$,y,2} {ﬁ,y} {x,z} {y,Z}
x 0.7 1 0.5 —
Y 0 0 — 0.1
z 0.3 — 0.5 0.9

1936), a member of the well-known theorems of the alternatives. It guarantees that
the reference point formation rule satisfies positivity and strict regularity.

Before stating the axiom, we introduce the following notation. For any z,y € S C
X, let A,y (S) denote a positive constant. Let A stand for the vector consisting of all
constants A, (S). For notational simplicity, let A\,(S) stand for A,,(S). For any such

A, we define

VAP =Y 3 A@p@ 9+ Y AS)p(. S\ y) ~ pla, S)).

SeX zeSCX SeX z,yeSCX s.t. z#y

For any x € 9, let

Ta(2,9) = Aa(S) + D Aay(SUY) — > Ape(S5)

y&sS zeS\x

Axiom 9. For any X\ > 0 that satisfies T'x(x,S) = Tx(y, S) for all x,y € S such that
either p(x|S) =1 or p(z,S) > p(x, S\ y), we have V(\, p) > 0, with strict inequality
if A #0.

We can now state the characterization result.

Theorem 2. A random choice rule p satisfies Azioms 1-4 and Aziom 9 if and only

if it has a GAR representation.

6 Conclusion

We provide a simple model of random reference-dependent choice (RAR) in which
the reference point is endogenously determined a la Luce. The key innovation of the

paper is the idea that observations of stochastic choice behavior might be a product of
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stochastic reference points even though, from the point of view of the decision maker,
choices are deterministic.

We provide a set of behavioral postulates that characterize the empirical content
of RAR. We also illustrate how to identify RAR’s basic parameters from choice data.
The underlying preferences can be uniquely identified whenever they affect choice
and this strong identification is not due to the Luce structure on reference point
formation. We show that a similar revelation holds in a much general model that
we call GAR, as well as any model that lies “in between” RAR and GAR. We also
provide a characterization of GAR.

Unlike the classical model of Luce, RAR can accommodate violations of regu-
larity, as often displayed in experimental and empirical studies. In RAR regularity
violations only happen when an alternative that is chosen with zero probability trans-
fers its reference weight onto the maximizer of its reference-dependent preferences.
Hence, elimination of an alternative chosen with zero probability induces a regular-
ity violation on another. Having said that, it is rather straightforward to create a
modification of RAR where all alternatives are chosen with positive probability, yet,

regularity violations continue to occur. Consider the following model

p(z]S) = Z <Zwi> (el(xr=y)+ (1 —¢)l(x is >,-best in 5))

yES z€eS w(z)

where £ > 0. Ase — 0, this model converges to RAR. It replaces the zero probabilities
in RAR with ¢, yet continues to accommodate regularity violations. This model has a
bounded rationality interpretation where the decision maker maximizes her reference
dependent preferences with probability 1 — ¢ and sticks with her existing reference
point with the remaining € probability.

Another possible extension of RAR allows an exogenous reference point r to prob-

abilistically affect the reference formation process:

pr(]S) =) (zwi) 1(x is >,-best in )

y€eS z€S wT(Z)

where w,(r) = w(r) + b(r) and w,(z) = w(z) for all z # r. In this model, the
exogenously given reference point r receives a boost b(r) to its original reference

weight, and hence it becomes the reference point with a higher probability. As the
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boost b(r) — oo, this model converges to a deterministic choice model where the
DM maximizes >, when her reference point is 7. On the other hand, as b(r) — 0,
the model converges to RAR. Further analysis of such extensions is left for future

research.

A  Proof of Theorem 1

We first define reference-dependent preferences.

Definition 3. For any x and y # z, let yP,z if and only if there exists S O {y, z}
such that at least one of the following is satisfied:

L p(yls) =1,
2. p(y|S) >0 and x =y,

3. p(ylS) > p(ylS\ z).
Claim 1. If p(+|) satisfies Azioms 1-4, then P, is transitive for all x € X.

Proof. Let yP,zP,t. We will show that yP,t. There are nine cases (3 by 3) to consider.
Each case is named according to the corresponding conditions in the definition.
(1)-(i): There exist S D {y, 2z} and T' D {z,t} such that p(y|S) = 1 and p(z|T) = 1.
By Axiom 2, p(y|{y,z}) =1 and p(z|{z,t}) = 1. By Axiom 1, p(y|{y, 2,t}) = 1, and
yP,t follows.

(1)-(ii): There exist S O {y,z} and T D {z,t} such that p(y|S) =1 and p(z|T) > 0,
where x = z. Axiom 2 implies p(y|/{y,z}) = 1. Axiom 1 implies p(z|{z,t}) > 0 and
p(z{y, z,t}) = 0. Axiom 2 implies that either p(y|[{y, z,t}) = 1 or p(y|{y, z,t}) >
p(y|{y,t}). In both cases yP,t follows, and since x = z, yP,t follows.

(i)-(iii): There exist S O {y,z} and T D {z,t} such that p(y|S) = 1 and p(z|T) >
p(z|T\x). Axiom 2 implies p(y|{y, z}) = 1. Hence, Axiom 1 implies p(z|{z,y, 2,t}) =
0. Since p(2|T) > p(2|T \ z), Axiom 1 implies p(z|{x, z}) > 0 and p(z|[{z,t}) > 0.
Then, Axiom 2 implies p(z|{z, z,t}) > 0. Moreover, since p(z|T') > p(z|T'\ x), Axiom
3 implies p(z|T") = 0, and hence Axioms 2 and 4 imply p(z|{z, z}) = 0. Then, Axiom
1 implies p(z[{z,y,2,t}) = 0. Note that, by Axioms 1 and 2, p(t|{zx,y,z,t}) <
1 as p(z|{z, z,t}) > 0. In addition, since p(z|T) > p(z|T \ x), Axiom 4 implies
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p(tl{x,y, z,t}) < p(t|{y, z,t}). Therefore, by Axiom 2, either p(y|{x,y, z,t}) = 1 or
p(y{z,y, z,t}) > p(y|{y, z,t}). In both cases yP,t follows.

(ii)-(i): There exist S D {y, 2z} and T' O {z,t} such that p(y|S) > 0 and p(z|T) = 1,
where x = y. Axiom 1 implies p(y|{y,z}) > 0. Axiom 2 implies p(z[{z,t}) = 1.
Therefore, Axiom 1 implies p(t|{y, z,t}) = 0. Since p(y|{y, z}) > 0 and p(t|{y, z,t}) =
0, by Axiom 2, we cannot have p(y|{y, z,t}) = 0. Hence, p(y|{y, z,t}) > 0 which
implies yPyt, and since x =y, yP,t follows.

(ii)-(ii): There exist S D {y, 2z} and T' D {z,t} such that p(y|S) > 0 and p(z|T") > 0,
where x = y and x = 2. Since the definition of P, requires that y # z whenever yP, z,
this case is not possible.

(ii)-(iii): There exist S D {y, z} and T D {z,t} such that p(y|S) > 0 and p(z|T) >
p(z|T\x), where x = y. Axiom 1 implies p(y|{y, z}) > 0. Axiom 3 implies p(z|T") = 0.
Axioms 2 and 4 imply p(z|{z,z}) = 0. This contradicts p(y|{y,z}) > 0 as = = y.
Hence, this case is not possible.

(iii)-(i): There exist S D {y,z} and T D {z,t} such that p(y|S) > p(y|S \ x) and
p(z|T) = 1. Axiom 1 implies p(y|{z,y}) > 0 and p(y|{y, z}) > 0, and hence Axiom
2 implies p(y|{z,y,z}) > 0. Since p(z|T) = 1, Axiom 2 implies p(z|{z,t}) = 1,
and hence Axiom 1 implies p(t|{z,y,2,t}) = 0. Now since p(y|S) > p(y|S \ z),
Axiom 3 implies p(x|S) = 0, and hence Axioms 2 and 4 imply p(z|{z,y}) = 0.
Therefore, Axiom 1 implies p(x|{z,y,2,t}) = 0. Note that, by Axioms 1 and 2,
p(z{z,y,2z,t}) < 1 as p(y|{z,y,z}) > 0. Moreover, by Axiom 4, p(z|{z,y, z,t}) <
p(zl{y, z,t}) as p(y|S) > p(y|S \ x). Since p(x|{z,y,z,t}) = 0, by Axiom 2, either
p(y{z,y,2,t}) =1 or p(y{z,v,2,t}) > p(yl{y, z,t}). In both cases yP,t follows.
(iii)-(ii): There exist S D {y,z} and T" D {z,t} such that p(y|S) > p(y|S \ z)
and p(z|T) > 0, where x = z. Since x = z and p(y|S) > p(y|S \ z), Axiom 3
implies p(z|S) = 0, and hence Axioms 2 and 4 imply p(z|{y, z}) = 0. Now, Axiom 1
implies p(z|{y, z,t}) = 0 and p(z|[{z,t}) > 0. Hence, by Axiom 2, p(t/{y, z,t}) < 1.
Moreover, by Axiom 4, p(t|{y, z,t}) < p(t|{y,t}). Therefore, by Axiom 2, either
p(y{y, z,t}) = 1 or p(yl{y,z,t}) > p(y/{y,t}) > 0. In both cases yP.t, and hence
yP,t, follows.

(iii)-(iii): There exist S D {y,z} and T' D {z,t} such that p(y|S) > p(y|S \ =) and
p(z|T) > p(z|T \ z). By Axiom 3, p(z|S) = p(z|T) = 0. Axioms 2 and 4 imply
p(zl{z,y}) = p(z|{z,2z}) = 0. Then, Axiom 1 implies p(z|[{z,y, z,t}) = 0. Since
p(z|T) > p(z|T \ x), by Axiom 1, p(z|{z,z}) > 0 and p(z|{z,t}) > 0, and hence, by
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Axiom 2, p(z|{z, z,t}) > 0. Therefore, by Axioms 1 and 2, p(t|{z,y, z,t}) < 1. More-

over, by Axiom 4, p(t|{z,y,z,t}) < p(t|{y, z,t}). By the same argument, p(y|S) >

p(y|S\ z) implies that p(z|{z,y, 2,t}) < 1 and p(z|{z, v, 2,t}) < p(z|{y, 2,t}). Hence,

by Axiom 2, either p(y|{x,y, z,t}) = 1 or p(y|{z,y,2,t}) > p(y|{y, z,t}). In both
cases yP,t follows.

We have now shown that in all possible cases y P,t follows. Hence, P, is transitive.

0

Now let >, be an arbitrary completion of P,. The next claim shows that {>,},ex
satisfies the SQB property.

Claim 2. Ify >, z, theny =, 2

Proof. Suppose z >, y. Then it must be that there exists no S 2 {y,z} with
p(y|S) > 0. In particular, p(z|{y,z}) = 1. But then, by definition, zP,y which

contradicts y >, z. Hence, y >, z must be true. O]

Next, we let ¢ and T be defined as in the main text. The next claim shows that,

under Axiom 5, ¢ is generated by the Luce rule.

Claim 3. Suppose p(-|-) satisfies Azioms 1-4. If q satisfies Axiom 5, then there exist
weights {w, }rex such that for any S € T and x € S,

Wy

ZyES Wy

Proof. First, we construct a partition P of the set of alternatives as follows. Let x

q(z]S) =

and y belong to the same partition element P € P if there exist Sy,...,Sy_1 € 7 and
{z1,...,xn} such that x; = z, xy =y, and {x;, 2,41} C S; for i € {1,...,N — 1}.
We let P(z) denote the partition element corresponding to the alternative x.

Next, we construct the weights as follows. Pick an arbitrary element x € X and
let w, = 1. Choose y € P(z) and suppose Si,...,Sy_1 € T and {x1,...,zy} are
such that 1 =z, zxy =y, and {x;, 2,41} C S; for i € {1,..., N — 1}. Then, we let

H q 9171+1‘S
q(x;]S;)

=1
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To see that w, is well-defined, let S1,...,S%_; € T and {«,..., 2%} be such that
vy =z, 7% =y, and {x;,z;,,} C S} for j € {1,..., K}. Then, by Axiom 5, we get

q(@|S1)  q(@i1lS)  alen]Snvor) @@k a|Sk_y)  a(@lS)  q(@]S))
q(z1|S1) q(zi|S;) q(xn-1|Sn-1) q(@|SK_;) q(@,,1S5)  q(z5]S7)’

since zy = oy, x1 = 2} = z, and g(z|{z}) = 1. Hence,

H q $z+1’S Ii—[l q(z g+1|5l ‘
q(z;]5;) Pl q(z}S7)
If X\ P(x) is empty, then we are done. Otherwise, pick an alternative y ¢ P(x) and
repeat the procedure above until we are done.

Now let S € T be given. If S is a singleton, the claim follows trivially. Hence, let
y,z € S be given. Then, we know that S C P(z) for some x € X. Let Sy,...,Sy_1
and {xy,...,zn} be such that 1 = 2, xy =y, and {z;, x;4,} C S; fori < N—1, and
let Si,..., 8% and {},..., 2%} be such that 2| = z, 2% = 2, and {2},2),,} C 5]
for j < K — 1. Now, by Axiom 5,

qlS) _ alen|Sn-1)  q(@inlSi)  a(@2]Sy) q(@4]S])  a(@5lS)) gl 4]Sk )
q(z5)  glenalSva)  a(@ilS)  g(@lS) g(@slS)  g(@f]S)) q(@5| Sk 1)
Wy 17;z

since oy =y, ¥ = z, and z; = 2} = z. Hence, we get that for any S € 7 and any
Y,z €9,

Q<y|S) _ Wy
q(2]S)  w,
It then follows that
w
Ztes Wy
as desired. [

We next show that Axioms 1-5 guarantee that the characterization theorem holds

for all sets with at most three alternatives.

Claim 4. Suppose p(-|-) satisfies Azxioms 1-5, and let {>,}rex and {w,}.ex be de-
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fined as in the previous claims. Then, for any S with |S| < 3 and x € S,

p(x]S) = Z Ezes (x = argmax(>,, 5)).

yes

Proof. Let S with |S| < 3 and = € S be given. There are a few cases to consider.
Case 1: p(z|S) = 1 for some = € S. Then, by our definition of >,, z >, z for any
y,z € S. Since x is >,-maximal element in S for all y € S, the characterization
follows.

Case 2: p(z|S) > 0 for all x € S. B our definition of -, each x is >,-best element
in S. Moreover, by our definition of ¢(:|-), we have that p(z|S) = ¢(z|S). Since by
Claim 3

Wy
q(z|S) = S oy
the characterization follows.

Case 3: S = {z,y, 2}, p(z|S) > 0, p(y|S) > 0, and p(z|S) = 0. Note that by our
definition of >, and >,, x and y are >, and >, maximal elements in S, respectively.
Moreover, by Axioms 2 and 4, exactly one of p(z|S) > p(x|S \ z) and p(y|S) >
p(y|S'\ z) must hold. Without loss, suppose p(y|S) > p(y|S \ z). Then, we must have
that y is >.-maximal element in S, which shows that the representation holds for z.

In addition, by our definition of ¢(-|-), we have p(z|S) = ¢(z|S). Since by Claim 3

Wy

€T S = —
q(z|S) T
the representation follows for z. Since p(y|S) = 1 — p(z|S), the representation also

follows for y. This concludes the proof of Claim 4. O

The next claim shows that if we assume Axioms 1-6, the characterization holds

for all sets where all alternatives are chosen with positive probability.

Claim 5. Suppose p(-|-) satisfies Azioms 1-6, and let {~,}sex and {w,}.ex be de-
fined as in the previous claims. Then, for any S such that p(y|S) > 0 for all y € S,
and any x € S,

p(x]S) = Z ZzGS (x = argmax(>,, 5)).

yeS
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Proof. Let S be such that p(y|S) > 0 for all y € S and let z € S. By Axiom 1,
p(x|{z,y}) > 0 for any y € S. In addition, by our definition of >,, each y € S is
>,~-maximal element in S. Hence, by Claim 4, for any y € 5,

plel{z,y}) _ w.

ply{z,y})  w,

Now let z € S be given. By Axiom 3, we get p(z]S) < p(z[S\t) for all t € S\ .
Hence, by Axiom 6,
p(z]S) _ p(x[S 2)

pylS)  p(ylS\2)
for any y € S\ z. Now note that if {z,y} C T C S, then Axioms 1 and 2 imply that
p(t|T) > 0 for all ¢ € T. Hence, by repeatedly applying the above reasoning, we get

that for any y € '\ z,
p(|S) _ plel{z,y})  we
plS)  plylz,y})  w,

Hence,
1—p(x|S Y pesia Wy Wy
19 _ e ) =
p(z|S) Wy 2 yes Wy
as desired. Since x was arbitrary, this concludes the proof of the claim. n

For any S and = € S, let A(z]S) denote the set of alternatives in S for which z is

the maximal element in S:
A(z|S) = {y € S| x = argmax(>,, S)}.
Hence, the representation we want to prove can alternatively be stated as

ZaeA(x|S) Wa

ZbeS Whp

The last claim shows that Axioms 1-8 are sufficient for the representation.

p(z|S) =

Claim 6. Suppose p(-|-) satisfies Axioms 1-8, and let {>,}zex and {w;}.ex be de-

fined as in the previous claims. Then, for any S and x € S,

ZaeA(x|S) Wa

p(ﬂf|5) = Zygswb
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Proof. Note that we have already proven the result for S with |S| < 3. We will extend
the result for all S by induction. Suppose the characterization holds for all S with
|S| < n, where n > 3, and let S > x with |S| = n + 1 be given. If p(z|S) = 1 for
some = € S, then the same argument used in Claim 4 can still be used to show the
characterization. Hence, we can assume that p(z|S) = 1 for no x € S. In addition,
if p(x|S) > 0 for all x € S, then Claim 5 guarantees that the representation holds.
Hence, suppose there exists z € S such that p(z|S) = 0. There are two cases to
consider.

Case 1: p(z|S) = 0 and p(z|S) > 0 for all z € S\ z. By definition of >-,, we should
have that z € A(z|S) for some z € S\ z, and the representation holds for z. In
addition, every z € S\ z is »>,-maximal in S. Hence, assume A(z|S) = {z,z} for
some x € S\ z and A(y|S) = {y} for y € S\ {z,z}. Since |S| > 4, there exist at
least two alternatives y,y’ € S\ = such that p(y|S)p(y'|S) > 0. By Axioms 3 and 4,
p(ylS) < p(y[S\t) for all t € S\ y and p(y'|S) < p(y'|S\¢) for all t € S\ y". By
Axiom 6, for any ¢t € S\ {z,y, 2},

p(t[S) _ p(tS\y)
p(z|S)  p(z[S\y)

In addition, by Axiom 6,
pS) _ pylS\y)

p(z|S)  p(z|S\y)

By induction argument, we have

~—

p(t[S\y) wy q p(ylS\y

= Wy
p(z[S\y) w,+w, p(z|S\y)  w,+w,

Combining the previous two lines, we get

1— p(fl?‘S) _ ZtES\{x,z} Wt
p(x|S) Wy +w,

which implies

Wy + W,

Wt
= for t € S\ {z, z},
ZyES Wy

p(z]S5) = S e

and p(t]S) =

as desired.
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Case 2: p(z|S) = p(t|S) =0 for z # ¢t € S. There are two subcases to consider.
First, suppose z,t € A(z|S) for some x € S. Since we assumed that p(z|S) # 1,

Axiom 2 implies p(z|S) > p(x|S \ z) and p(z|S) > p(z|S \ t). By Axiom 8, for any
y € S\ x with p(y|S) > 0, we have

p(x]S) _ p(lS\2)  plelS\1)

N p(alS\ (=)
pOIS) ~ pGIS\2) T pGIS\D

p(ylS\ {zt})
Since A(y|S) = A(y|S\ z) = A(y|S\ t) = A(y|S\ {#,t}), by induction argument, we
get

p(z]S) _ ZaeA(x|S)\z Wa i ZaeA(x|S)\t Wa ZaeA(x|S)\{z,t} Wa ZaeA(x|5) Wa
p(ylS) ZbeA(y|S) Wy

2 e Agyls) W 2 e Afyls) Wo 2 bea(ls) W

Since this is true for any y € S\ x with p(y, S) > 0, we get

Wy a Wq
plals) = TN g ) - Zestun e
2 bes W 2 bes Wo
Next, suppose z € A(z|S) and t € A(y/|S) for some y' # z. Hence, we should

have p(z]S) > p(x|S \ z) and p(z|S) < p(z|S \ t). By Axiom 7, for any y # z such
that p(y|S) > 0, we have

p(z]S)
p(y|S)

p(x]S\ 2) p(z|S\ 1) p(ylS \ {z,1})
p(yIS\ 2) p(ylS\ 1) p(e|S\{z,t})
Note that for y # z, 1/, we have A(y|S) = A(y|S\z) = A(y|S\t) = A(y|S\{z,t}).

Similarly, we have A(x|S)\ z = A(z|S\t)\ z = A(z|S\ 2) = A(z|S\ {z,t}). Hence,
for y # x, 9/, the induction hypothesis implies

p(]S)  Daca@s)i: Wa dacwls) Wa Dbeals) Wb 2acAls) Wa

p(ylS) ZbeA(y\S)wb ZbeA(y|S)wb ZaeA(x\S)\zwa ZbeA(y\S)wb.

In addition, since A(y'|S)\t = A(W|S\ 2) \t = AW |5\ t) = A(Y|S\ {z,t}),

p(z]S) ZaeA(x\S)\z Wa ZaeA(xw) Wa ZbeA(y’|S)\t Wy ZaeA(x\S) Wa

PYIS)  Yieawis) Wo Lbeawisne Wb Zaca@sn: Wa  beawls) Wo
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Combining the previous two lines, we get

ZaeA(a:w) Wa

Zbes We

as desired. This concludes the proof of the theorem.

D acA(y)s) Wa

p(z|S) = ZbeS Wy

and  p(y[S) =

B Proof of Theorem 2

Suppose p has a GAR representation ({>,}zex,p). We first show that it satisfies
Axiom 9.

Let X = {zy,...,2x} so that | X| = N. We first introduce a binary relation > on
X. For any non-empty S C X, let k£(S) denote the smallest integer in {1,..., N} such
that x5y € S. Let S > S"if |[S]| < |S'] or |S| = |S'| and k(S \ S’) > k(S"\ S). Note
that > is irreflexive, and since S\ 8" # 0, S’\'S # 0, and (S\S")N(S"\S) = () for any
S # 5" with | S| = |5, it is weakly connected. In addition, suppose |S| = |S’| = |5”|,
E(S\S) > k(S"\S), and k(S"\ S”) > k(S”\ S’). Then, we must have that
either k(S"\ S) > k(S"\ S’) or k(S"\ S") > k(S \ 9) (equality is not possible since
(S"\S)N(S"\S") = 0). Since S and 5" have the same elements from {z1, ..., Tysn9)-1}
with zysns) € S'\S, and S” and S” have the same elements from {1, ..., Ty g)-1}
with zpgm gy € S\ S, in both cases above k(S'\ S”) > k(S"\ S) follows. Hence, >
is transitive. Let m : X — {0,1,2,... 2N — 2} be a numeric representation of > that
satisfies m(S) > m(S’) if and only if S > S’. Hence, m(X) =0, m({zy}) =2V — 2,
and etc.

We next define the vector of choice probabilities. For any S C X, let p(:|.S)
denote the vector of choice probabilities for the choice set S, where the probability
corresponding to alternative z; is placed higher in the vector (alternatively, has a lower
row number) than alternative x; if ¢ < j. Note that if z; ¢ S, then p(z;|S) = 0. Each
p(-|S) is an N x 1 vector. Let p denote the vector of choice probabilities [p(-, S)]scx
stacked as follows: if m(S) < m(S’), then the p(:|S) is placed higher in the vector p
than p(-]S’). Hence, the rows between m(S)N + 1 and (m(S) + 1)N in the vector p
correspond to p(+|S). Note that p is a (2¥ — 1)N x 1 vector.

We next define the vector of reference probabilities. Let p(:|S) denote the N x 1

vector of reference probabilities, where p(x;|S) = 0 if x; ¢ S. We stack the reference
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probabilities p(+|-) in the vector p in the same order as p.
Next, we encode the preferences in a matrix as follows. For any S C X, let A(S)

denote an N x N matrix of zeros and ones such that
[A(S)];; = 1 if and only if z; = arg max(>,,,S) and z; € S.
Note that if p(-|-) has a GAR representation, then for any nonempty S C X,

A(S)p(-5) = p(:|9).

We stack the matrices A(S) in a matrix A as follows. For a matrix A and integers
m,n, k,lsuch that n > mand ! > k, let Alm : n, k : {] denote the (n—m+1)x (I—k+1)
matrix consisting of elements A,;; such that ¢ € {n,...,m} and j € {k,...,l}. Then,
A is an (2V — 1)N x (2% — 1) N matrix given by

[A;;] = A(S) where 4,5 € {m(S)N+1,...,(m(S)+1)N} for some S € X

and A;; = 0 otherwise. If p(:|-) has a GAR representation ({>;}sex,p), then, by

construction,

Ap=p.

Our next step is to incorporate strict positivity and regularity constraints for
reference probabilities in a matrix. It will be convenient to introduce the following
function: for any S € X, let ng: {1,...,N} — {0,1,..., N} be given by

Now, let I(X) denote the N x N identity matrix. For any non-empty S C X, let
I(S) denote |S| x N matrix where the rows in /(X) which correspond to elements in
X \ S are eliminated. That is,

I(9)];; =1 1ifandonlyif ng(j)=1.
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We stack the matrices 1(S) in a (3 gcx [S]) x (2¥ — 1) N matrix By as follows:

[B1];; = 1if and only if j € {m(S)N +1,...,(m(S) +1)N} for some S € X

and i = ng(j — m(S)N) + Z |5
S'eX:m(S")<m(S)

The matrix B; encodes the requirement that p(x;|S) > 0 for any z; € S C X.

We use the matrix Bs to encode the regularity requirement: p(x;|S) < p(z;|S\ z;)
for any z; € S C X and x; € S\ z;. To this end, for any z; € S C X, let By(z;,S5)
denote the |S \ z;| x (2 — 1) N matrix where

-1 ifl=m(S)N +1,
[Ba(zi, S)l = § 1 if K =ngo,(j),l=m(S\ z;)N +iforax; € S\,

0 otherwise.

Stack the matrices Ba(z;,.S) in the matrix By(.S) where the matrix corresponding to
the element z; € S is ranked higher in the matrix than element z; € S if i < j.
Lastly, create a matrix Bg consisting of matrices Ba(.S), where By(.S) is placed higher
in By than By (S") if m(S) < m(95").

Now, let
B,
B»

B =

By construction, p(+|-) has a GAR representation ({>,}.cx, p) if and only if

Ap=p and Bp>0. (1)

A el

Then, we can alternatively write equation 1 as

C:

Cp<b and Bp>0. (2)

By Motzkin transposition theorem (Motzkin, 1936), the system described by equation
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2 has a solution if and only if for all vectors y > 0 and z > 0,
C'y =B’z = bly>0 (3)

with strict inequality if z # 0. Note that CTy and Bz are (2¥ — 1) N x 1 vectors.
Note that each row in the matrix B is associated either with a strict positivity
or a regularity constraint, and for each row ¢ in B there is a corresponding z; > 0
in the vector z. For row ¢ such that [B]; is associated with the positivity constraint
p(xk|S) > 0, we use the notation A, (S) = 2z; to indicate that row i represents
the strict positivity requirement for xj in S. Similarly, for row j such that [B]; is
associated with the constraint p(x|S) < p(xx|S \ 2;), we use the notation A, ,,(S) =

zj. Let A = z. Then, we can rewrite equation 3 as
Cly =B A = bly>0 (4)

with strict inequality if A # 0.
Now, let x = (2V — 1)N. We can express b’y as

bTy - Z Z p(xi|S) (ym(S)NJri - yn+m(S)N+i).

SeX ie{1,...,N}
For any S € X, let ng denote the function ng : {1,..., N} — {1,..., N} such that
ns(i) ={j €{l,...,N}| x; = argmax(>,,, 5)}.

Then, fori € {1,...,N} and S € X,

Ym(S)N+ns(i) = Yrtm(S)N4ns(i) if T; €S,
[CTY]m(S)N-i-i — ns m ns
otherwise.

and

Az (8) + 220, g5 A (S U k) — ijes\xi Aaiw; (S) i 2 €5,

otherwise.

B Aln(s)v4i =
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Hence, for z; € S C X, the constraint in equation 4 implies

Ym(5)N+15() — Yrebm($)N+ns() = Aei(9) + D A (SU@R) = D Aai (S). (5)
¢S xz;€5\x;

In addition, since p(z;|S) = 0 if and only if ng(i) # ¢, using the above equations, we

get
bly = Z Z xJS )+ Z gy, (S U xg) — Z Agia; (S
SeX ie{1,..., ¢S z;€58\x;
= ZA% Pl S) 430D DT My () (il S \ ;) = p(xilS))
SeX z;e8 SeX w,€S z €8\

Lastly, given the above equation, the only implication of equation 5 is that for x;, z; €
S such that ng(i) = ns(l), we have

(DD Ao (SUzR) = D N (S) = Ay (S)+ D A (SUzi) = D> A (S

¢S z;€5\7; xR ¢S x;€8\7y

Since for z; # x; in S, ns(i) = ns(l) = ¢ if and only if p(x;]S) = 1 or p(z4|S) >
p(a:]$\ 21), letting

Da(@,9) = A, (S) + D Aaa (SUT) — D Aaya (5)

¢S x;€5\x;

and

=33 @) DD DT N () (@il S\ 75) — p(wi]9)

SeX x;eS SeX z;€8 z;€5\z;

yields the axiom.

To prove sufficiency, we define preferences {>, }.cx as in the proof of Theorem 1.
By Claim 1, Axioms 1-4 guarantee that preferences are well defined. We then define
the vectors p, p, and matrices A, B as in the proof of the necessity of Axiom 9.
Here the vector p is unknown. Proving the representation is equivalent to showing
that equation 1, and hence equation 2, holds for some p. We can then use Motzkin
transposition theorem to show that the representation holds if and only if equation

3, and hence equation 4 holds. Let ng(i) be defined as in the proof of the necessity.

39



Notice that our definition of {>,},cx and the axioms guarantee that (i) ns(i) # i
if and only if p(z;|S) = 0, and (ii) ng(i) = ns(l) = i for x; # x; in S if and only if
p(z;|S) =1 or p(x;]|S) > p(x;|S \ 2;). The rest of the proof is the same as the proof

of the necessity.

C Related Literature: An Extended Discussion

Our paper also contributes to the growing decision-theoretic literature on stochastic
choice. Here we elaborate on the relationship between our model and several other
models mentioned in the introduction.

Our paper is closely related to a few recent papers which generalize the Luce model
(Ahumada and Ulku (2018), Echenique and Saito (2019), Horan (2021)) by relaxing
the requirement that an alternative must be chosen from every choice problem once
it is chosen from one choice problem. In these models, the DM first constructs a
consideration set by eliminating “dominated alternatives”. Within the DM’s consid-
eration set, choices are made according to the Luce rule. Hence, in these models ITA
holds once we restrict attention to chosen alternatives. On the other hand, in RAR
“dominated alternatives” influence the choice probability of chosen alternatives, and
ITA does not necessarily hold even if we restrict attention to chosen alternatives. In
addition, in contrast to these models, RAR requires that a regularity violation must
occur when there is an alternative that is chosen with zero probability unless one of
the alternatives is chosen with probability 1. The main difference is that while in RAR
zero probabilities occur due to reference-dependent preferences, in these models they
occur due to limited consideration. Hence, the ways in which RAR and these models
address zero probabilities are distinct. All these models (including RAR) require that
ITA is satisfied if all alternatives are always chosen with positive probability.

Kovach and Tserenjigmid (2019) study an extension of the Luce model, called
Nested Stochastic Choice (NSC). In their model, the set of alternatives is partitioned
into distinct categories. Each category X; is endowed with a choice set dependent
weight v(X; N.S), and each alternative z is endowed with a weight u(z). When faced
with a choice problem, the decision maker first picks a category via the Luce rule with
weights v(X; N S) and next picks an alternative within the category via the Luce rule
with weights u(z). Note that in their model ITA holds (i) for any two alternatives in

the same category, and (ii) for any two alternatives that have degenerate (singleton)
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categories. Consider a choice rule p that has a RAR representation with preferences
z,t =, x =, y and any alternative other than z is the best when it is the reference
point. We show that p is not NSC. First, since p is RAR, removing x from {z,y, z},
{z,y,t}, and {z, z,t} will cause an ITA violation. Then, observation (z) implies that
in any NSC representation y, z, and ¢ must be in distinct categories. On the other
hand, observation (i¢) implies that x must be in the same category with one of y
and z, one of y and ¢, and one of z and t. This is clearly impossible. Lastly, NSC
allows p(z|{z,y}) = 0 but p(z|S) > 0 for some S O {z,y} (a violation of Axiom 1).
Hence, RAR and NSC are distinct in terms of observed choices as well as behavioral
motivations.

Another strand of the literature focuses on the extensions or special cases of the
random utility model (RUM). Apesteguia et al. (2017) studies a RUM where the
support satisfies a single-crossing property. Relatedly, Filiz-Ozbay and Masatlioglu
(2020) extends randomization over utilities to randomization over deterministic choice
functions and study a random choice rule whose support satisfies a progressivity
property.!?

Another line of research studies random attention. Manzini and Mariotti (2014)
analyze a model where attention is independent between alternatives and each alter-
native is considered with a fixed probability, called the attention parameter. Brady
and Rehbeck (2016) consider a model where the attention set is formed & la Luce.
Aguiar (2017) generalizes the Manzini and Mariotti (2014) model by relaxing the
independence assumption.'® Cattaneo et al. (2020) analyze a general non-parametric
model of monotonic random attention.

Following the seminal work of Machina (1985), another important line of research
analyzes stochastic choice as maximization of preferences over lotteries. Fudenberg
et al. (2015) analyze perturbations of the expected utility model. This model satisfies
regularity. Cerreia-Vioglio et al. (2019) analyze an alternative deliberate random
choice model which allows regularity violations.

Our study is significantly different from the aforementioned papers on several

dimensions. In particular, the stochastic choice behavior in our model is due to

12With the exception of the general model in Filiz-Ozbay and Masatlioglu (2020), which is ir-
refutable, none of these models are logically related to ours.

13Kovach and Suleymanov (2021) show that when there is a reference alternative the Manzini and
Mariotti (2014) model is precisely the intersection of the Brady and Rehbeck (2016) and Aguiar
(2017) models.
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stochastic reference points and from the viewpoint of the decision maker, choices are
deterministic. To the best of our knowledge, our paper is the first study of random

endogenous reference formation.
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