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O In this paper, we consider a spatial-autoregressive model with autoregressive disturbances,
where we allow for endogenous regressors in addition to a spatial lag of the dependent variable.
We suggest a two-step generalized method of moments (GMM) and instrumental variable
(IV) estimation approach extending earlier work by, e.g., Kelejian and Prucha (1998, 1999).
In contrast to those papers, we not only prove consistency for our GMM estimator for the
spatial-autoregressive parameter in the disturbance process, but we also derive the joint limiting
distribution for our GMM estimator and the IV estimator for the regression parameters. Thus the
theory allows for a joint test of zero spatial interactions in the dependent variable, the exogenous
variables and the disturbances. The paper also provides a Monte Carlo study lo illustrate the
performance of the estimator in small samples.
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1. INTRODUCTION
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Abstract

In this paper, we consider a spatial-autoregressive model with autoregressive disturbances,
where we allow for endogenous regressors in addition to a spatial lag of the dependent vari-
able. We suggest a two-step generalized method of moments (GMM) and instrumental variable
(IV) estimation approach extending earlier work by, e.g., Kelejian and Prucha (1998, 1999).
In contrast to those papers, we not only prove consistency for our GMM estimator for the
spatial-autoregressive parameter in the disturbance process, but we also derive the joint lim-
iting distribution for our GMM estimator and the IV estimator for the regression parameters.
Thus the theory allows for a joint test of zero spatial interactions in the dependent variable,
the exogenous variables and the disturbances. The paper also provides a Monte Carlo study
to illustrate the performance of the estimator in small samples.!
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1 Introduction

Recent years have seen a rapidly growing number of theoretical®> and applied econometric
studies® which consider spatial interdependence among the cross-sectional units of observation.
The original form of the spatial model only considers spatial spillovers in the dependent variable,
and employs an endogenous weighted average of dependent variables corresponding to other
cross-sectional units on the right-hand side (RHS). This model is commonly referred to as
a spatial-autoregressive model or SAR (see Cliff and Ord, 1973, 1981, for early examples),
the weighted average is dubbed the spatial lag, the corresponding parameter is known as the
autoregressive parameter, and the matrix containing the weights as the spatial-weights matrix.
Generalized versions of this model also allow for the dependent variable to depend on a set of
exogenous variables and spatial lags thereof and, in particular, allow for the disturbances to be
generated by a spatial-autoregressive process. The combined spatial-autoregressive model with
(spatial) autoregressive residuals is often referred to as SARAR (see Anselin and Florax, 1995).

Estimation theory developed for the SARAR model typically assumed that — except for the
spatial lag — the regressors are strictly exogenous; see, e.g., Kelejian and Prucha (1998, 1999,
2010) and Lee (2003, 2004, 2007). This may be problematic in the context of many empirical
applications. One objective of our study is to relax the assumption of exogenous regressors
in a single-equation SARAR framework with homoskedastic innovations. Our work builds on
Kelejian and Prucha (2004), who developed a GMM/IV estimation framework for systems of
linear equations. However, that paper only derives the limiting distribution of the IV estimators
of the regression parameters, but not that of the GMM estimators of the spatial-autoregressive
parameters of the disturbance process, although the paper shows that the latter estimators
are consistent. Consequently the results in that paper do not allow for the testing of the
joint hypothesis of the absence of spatial spillovers in the dependent variables, the exogenous
variables and the disturbance process, which may be of interest in empirical work.

In light of the above, the other objective of our study is thus to derive the joint limiting
distribution of the IV estimators of the regression parameters and of the GMM estimators
of the spatial-autoregressive parameters of the disturbance process, and to provide consistent
estimators for the joint asymptotic variance-covariance matrix. Our analysis focuses on two
step estimators, because it is computationally convenient. As a by-product, the paper also
develops the joint asymptotic distribution of the GMM/IV estimators considered in Kelejian
and Prucha (1998, 1999), thus closing an existing lacuna in the estimation theory for those
estimators. One reason for this lacuna was that originally the authors lacked a useful central

?Recent theoretical contributions include Baltagi and Li (2001a, b, 2004), Baltagi et al. (2003, 2007), Bao
and Ullah (2007), Conley (1999), Das et al. (2003), Kelejian and Prucha (1998, 1999, 2001, 2004, 2007, 2010),
Kapoor et al. (2007), Lee (2002, 2003, 2004), LeSage (1997, 2000), Lee and Liu (2010), Lin and Lee (2010), Liu
and Lee (2011), Pace and Barry (1997), Pinkse and Slade (1998), Pinkse et al. (2002), and Rey and Boarnet
(2004). Classic references concerning spatial models are Anselin (1988), Cliff and Ord (1973, 1981), and Cressie
(1993).

*Recent applied studies include Audretsch and Feldmann (1996), Bell and Bockstael (2000), Besley and Case
(1995), Blonigen et al. (2007), Bollinger and Ihlanfeldt (1997), Case (1991), Coughlin and Segev (2000), Case et
al. (1993), Dowd and LeSage (1997), Holtz-Eakin (1994), LeSage (1999), Kelejian and Robinson (1997, 2000),
Pinkse and Slade (1998), Pinkse et al. (2002), and Shroder (1995).



limit theorem (CLT) for quadratic forms. Such a CLT was only developed in Kelejian and
Prucha (2001). Also, in contrast to Kelejian and Prucha (2004), the endogenous regressor
variables are not assumed to be generated by a linear system.*

The remainder of the paper is organized as follows. Section 2 specifies the SARAR model
with “outside” endogenous variables. In Section 3 we define and establish the large sample
properties of suggested GMM estimators for the spatial-autoregressive parameter of the dis-
turbance process and IV estimator for the regression parameters. Moreover, in this section we
derive the joint large sample distribution of the GMM and IV estimators. In Section 4 we ana-
lyze the small sample behavior of our suggested estimator and test statistics via a small Monte
Carlo study. Concluding remarks are given in Section 5. All technical details are relegated to
the appendices.

2 Model Specification

In this section, we specify a generalized spatial-autoregressive model with autoregressive dis-
turbances, and discuss the underlying assumptions. The specification is fairly general in that
it allows for some of the RHS variables to be endogenous in a general, unspecified form. More
specifically, we consider the following Cliff-Ord type spatial model relating a cross section of n
spatial units:

Yn = Xn/BOn + Y, mon + AOanYn +uy (1)
= Zn50n +u,
and
u, = ponMpuy, + €4, (2)

where Z,, = [X, Yy, Woyal, and 6o, = [Bh,,; Ty Aon)'- Here y,, is the n x 1 vector of the
dependent variable, X,, is the n X k matrix of the non-stochastic exogenous regressors, Y,
is an n X r matrix of endogenous regressors, W,, and M,, are n X n observed non-stochastic
weights matrices, u,, is the n x 1 vector of regression disturbances, and €, is an n x 1 vector of
innovations. The vectors W, y,, and M,, u,, represent spatial lags, the scalars \g,, and pg,, denote
the corresponding true parameters, typically referred to as spatial-autoregressive parameters,
and Sy, and mg, are k X 1 and r x 1 true parameter vectors. As indicated by the indexation,
our specification allows for the elements of all data vectors and matrices, as well as for all
parameters to depend on the sample size, i.e., to form triangular arrays. Among other things,
the specification thus accommodates formulations, as is frequently the case in applications,
where the spatial-weights matrices are normalized. In allowing also for the parameters to

*Kelejian and Prucha (2010) derive the joint asymptotic distribution for certain GMM/IV estimators for
a model with only exogenous regressors (except for a spatial lag) under the assumption of heteroskedastic
innovations. However, even in case all regressors are exogenous the results of that paper do not cover the class
of estimators considered in this paper in that we allow for a more general set of moment conditions. In a recent
paper Liu and Lee (2011) also allow for endogenous regressors. In contrast to that paper we also allow for
spatially correlated disturbances and focus on two-step estimation.



depend on n we can then assume a common parameter space for all sample sizes; see Kelejian
and Prucha (2010) for a more detailed discussion.

As discussed in the introduction, much of the existing literature on spatial Cliff-Ord models
assumes that, except for spatial lags, all of the RHS variables are exogenous. This is a strong
assumption that may not hold in many applications. The above specification explicitly accom-
modates endogenous regressors in addition to the spatial lag W,y,. Given the inclusion of
Y,, on the RHS of (1), the above model may be viewed as representing a single equation of a
system of equations. Our assumptions will be such that (1) could be a single equation of the
linear simultaneous equation system considered in Kelejian and Prucha (2004).> However for
generality we will maintain a high-level assumption regarding Y,, that allows for (1) to be part
of a more general system, e.g., a nonlinear system of equations.

In the above specification, spatial spillovers in the dependent variable and the disturbances
are modeled explicitly through the spatial lags W, y,, and M, u,, respectively. However, given
that our specification allows for the elements of all data vectors and matrices to depend on the
sample size, some or all of the column vectors of X,, and Y,, may also represent spatial lags of
some underlying exogenous and endogenous variables. Consequently the specification is fairly
general.%

We next give a detailed list and discussion of the maintained assumptions. In particular, the
spatial-weights matrices and the autoregressive parameters are assumed to satisfy the following
assumption.

Assumption 1 (a) All diagonal elements of W,, and M,, are zero. (b) sup, |\on| < 1,
sup,, |pon| < 1. (¢) The matrices I, — Ao, Wy, and 1, — po,M,, are nonsingular for all
Aon € (_17 1)> and Pon € (_17 1)'

Assumption 1(a) is a normalization rule. Assumption 1(b) determines the parameter space
of A\on, and pg,,. This assumption is not restrictive in that we can always re-normalize the weights
matrices such that the parameter space for the autoregressive parameters is the interval (—1,1);
see Kelejian and Prucha (2009) for a more detailed discussion. Assumption 1(c) ensures that
yn and u,, are uniquely defined by (1) and (2) as

Yn = (In - )\Onwn)ilznéon + (In - )\Onwn)ilunv (3)
U, = (In - pOnMn)_lsn'

5 As noted above, Kelejian and Prucha (2004) do not derive the limiting distribution of their estimator for
pon, which is one of the objectives of this paper.

%Badinger and Egger (2011) and Lee and Liu (2010) consider models with higher order spatial lags in the
dependent variable and disturbances, without allowing for general endogenous RHS regressors. We note that in
contrast to Lee and Liu (2010) the focus of this paper is on two-step estimation. While computationally simple,
it turns out that the technical derivation of the limiting distribution of those estimators is more involved. Liu
and Lee (2011) consider a spatial-autoregressive model with endogenous regressors. However this paper does
not allow for spatial correlation in the disturbances and focuses on an analysis with many instruments.
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We maintain the following set of assumptions with respect to the innovations &,,.

Assumption 2 The innovations {€;, : 1 <i <n, n > 1} are i.i.d. for each n with Ee;,, =0,
E(eZ,)=0*>0and E lein*™" < oo for some n > 0.
The above assumption imposes homoskedastic innovations. For simplicity of presentation

we assume that the moments do not depend on n, but note that this assumption could be readily
relaxed. We maintain the following assumption concerning the spatial-weights matrices.

Assumption 3 The row and column sums of the matrices W, and M,, are bounded uniformly
in absolute value by, respectively, one and some finite constant, and the row and column sums
of the matrices (I, — \on Wy) ™' and (I, — ponM,,) ™t are bounded uniformly in absolute value
by some finite constant, and the smallest eigenvalues of (I, — ponMy) " (L, — pon M)t are

bounded away from zero.

Given (3), Assumption 2 implies that Fu, = 0, and that the variance-covariance (VC)
matrix of u,, is determined as

Eunu'ln = Ugn(ln - pOnMn)_l(In - ponM;l)_l'

Assumptions 2 and 3 imply that the row and column sums of the VC matrix of u,, (and similarly
those of y,) are uniformly bounded in absolute value, thus limiting the degree of correlation
between, respectively, the elements of u,, (and of y,,).”

All estimators considered in the paper will correspond to a set of linear quadratic moment
conditions of the form:
Eel Age,=0,5=1,...,5, (4)
EH) e, =0,
where the n x n weighting matrices Ay, in the quadratic forms, and the n X p instrument
matrices H,, in the linear forms are non-stochastic, with p > k + r + 1. Specifications for A,
and recommendations for H,, will be given below. For initial estimators we will also consider

moment conditions of the form FH/ u, = 0.
Examples of sets of weighting matrices for quadratic moment conditions are

Al,n = Un [M%Mn — n_ltr(M;an)In] ,
o =1/ [1 + [n*ltr(M;Mn)ﬂ ,
Asy =M,

"Towards providing more insight as to how, say, the assumption that the row sums of the absolute elements
of (I, — ponM,,)™* are bounded can be implied, let ||.|| denote the maximum row sum norm. Suppose the
row sums are uniformly bounded by one in absolute value, i.e., ||My| < 1, then given Assumption 1 we have
[T — pon M) 7H| < 3232, [pon | [IMa]|* < 1/ [1 = sup,, |pon]] < oo.
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and

Ay, =M, M, — diag(M, M,),
Ay, =M,

The former are, e.g., used in Kelejian and Prucha (1998, 1999, 2004) and Lee (2003), the latter,
e.g., in Kelejian and Prucha (2010).

We maintain the following assumptions concerning the matrices Ag,, X,, and H,,:

Assumption 4 : The row and column sums of the matrices Ag,, s = 1,...,.5, are bounded
uniformly in absolute value by some finite constant. Furthermore tr(Ag,) = 0 for all s =
1,...,58. For s =1,...5 with 0 < S, < S the diagonal elements of the matrices Ag, are
assumed to be zero.

Notice that — unlike Kelejian and Prucha (2010) and Arraiz et al. (2010) — we do not
require the diagonal elements of A, to be zero. However, our approach allows a subset of
A, to exhibit zero diagonal elements. The adopted ordering of the matrices Ag, in the above
assumption is w.l.o.g.

Additionally we maintain the following assumptions regarding the exogenous and endoge-
nous regressors and the instruments.

Assumption 5 : The exogenous regressors X, are mon-stochastic, and the elements of the
matrices X, are uniformly bounded in absolute value (by some finite constant). The endogenous
regressors Y, have finite 2 + § absolute moments for some § > 0, that are uniformly bounded
in absolute value (by some finite constant). Furthermore, Y,, is such that for any n x n real
matriz A,, whose row and column sums are bounded uniformly in absolute value

n 'z Apw, —n T EZ Ay, = op(1),
where the variables Z,, are defined above after equation (2).

In appendix D we show that this assumption is satisfied if Y,, is generated from a system
as considered in Kelejian and Prucha (2004).

Assumption 6 : The instrument matrices Hy, are nonstochastic and have full column rank
p > k+r+1 (for all n large enough). Furthermore, the elements of the matrices H,, are
uniformly bounded in absolute value. Additionally H,, is assumed to contain, at least, the
linearly independent columns of (X, M, X,,).



In treating X,, and H,, as non-stochastic our analysis should be viewed as conditional on X,
and H,,. Also note that moment conditions (4) clearly hold under the above set of assumptions.
In the following Amin(.) denotes the smallest eigenvalue of a matrix.

Assumption 7 : The instruments H,, satisfy furthermore:
(a) Quu = lim,_..on *H,H, is finite, and nonsingular.

(b) Quz = plim,,_, n 'H,Z, and Qyrz = plim,_,, ,n 'H, M, Z, are finite and have full
column rank.

(c) Let Quz«(pon) = Quz — ponQuMmz; then Amin { [Qr2+(p0n) Qi1 Qri 2+ (pon)] 71} > ¢ for
some ¢ > 0.

The above assumptions are similar to those maintained in Kelejian and Prucha (1998, 2004,
2010), and Lee (2003), and so a discussion which is quite similar to the one given in those papers
also applies here.

As to the selection of instruments, for the case where there are no “outside” RHS endogenous
variables present, Kelejian and Prucha (1999) suggested for H,, to be a subset of the linearly
independent columns of

(X, W, X,,, W2X,,. ..., WIX,, M, X,,, M, W, X,,,,..., M, WiX,)

where ¢ is a pre-selected finite constant. The motivation for this recommendation was to achieve
a computationally simple approximation of the ideal instruments, which are given in terms of
the conditional means of the RHS variables.® Within our setting, since the system determining
y» and Y, is not completely specified, the ideal instruments are not known. A reasonable
suggestion may be to use a set of instruments as above with X,, augmented by other exogenous
variables expected to be part of the reduced form of the system.

Our discussions will also utilize the following spatial Cochrane-Orcutt transformation of (1)
and (2):
Yn*(p()n) = Zn* (pOn)(SOn + €n, (5)

where v« (pon) = ¥n — ponMpyn and Zy.(pon) = Zn — ponMpZ,,. The transformed model is
readily obtained by pre-multiplying (1) by I,, — ponM,,.

$We note that the inclusion of instruments involving M, in the instrument matrix H,, is only need needed for
the formulation of IV estimators applied to the spatially Cochrane-Orcutt transformed model (5) given below.
However, for simplicity of exposition we work with only one instrument matrix.
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3 Two-Step IV/GMM Estimators

In this section, we specify IV/GMM estimators for the model parameters dp, and pg,. Our
GMM estimators of pg, are based on n'/2_consistent residuals obtained in a prior step. As
it turns out, the asymptotic distribution of the estimator for pg, will generally depend on
the estimator for &g, employed in computing estimates of the disturbances. In the following
we will give results on the joint limiting distribution of second-step GMM estimators for dy,
and pon, say dogn and pon, where pg, is based on estimated disturbances which depend on d,,.
We note that in the appendix we give generic results concerning the consistency and joint
asymptotic normality of two-step IV/GMM estimators that are sufficiently general so that
they can be used readily to obtain the joint limiting distribution for alternative combinations
of IV/GMM estimators for dg, and pg,. To conserve space, we only provide results for the
final-step estimators.

Each step of the specific two-step IV/GMM estimators defined below consists of sub-steps
involving the estimation of pg, and dg,. In step 1, estimates are computed from the original
model (1). Those estimates are used in step 2 to compute estimates from the transformed
model (3), with po, replaced by an estimator.

3.1 Quadratic Moment Conditions
Define the vector of identically and independently distributed disturbances
En(e) = (In - pMn) [Yn - Zné] (6)
with § = (§',p) and § = (B',7',\). For further interpretation let u,(d) = y, — Z,d, and
U, (0) = M,u,(d), and observe that &,(0) can also be expressed as
en(0) = un(0) — pn(0) = yn«(p) — Zns(p)0. (7)

In the following we assume that our estimators utilize the following set of quadratic moment
functions:

en(0) A1pen(0) (1(3) = pTa(9)) At (un(6) — pT,(0))
m, (0) =n"" : =n! : . (8)
en(0)' Asnen(0) (1 (9) = pn(9))" Asn (un(9) — pT,(0))

Clearly, Em,,(0p,) = 0 under the maintained assumptions because €, = &, (6o,), with 0g, =
(00ns pon)- It proves convenient and it is instructive to re-write the moment conditions as

%—rn[pg”]—o (9)
Pon
where
Eul,Aipu, 2Eu/M) Ajpu, —Eu M/ A;,M,FEu,
’.)/TL - nil bl Fn - nil : :

2FEu/,M) Ag,Fu, —Eu,M/,As,M,FEu,
7



We maintain the following assumption, which is in essence an identification condition for
Pon -

Assumption 8 The smallest eigenvalue of 1";11"” 18 uniformly bounded away from zero.

3.2 Definition of Two-step IV/GMM Estimators
In the following we describe the steps to compute our suggested IV/GMM estimators.

Step 1la: 2SLS Estimator
In the first step, we apply 2SLS to model (1) using the instrument matrix H,, in Assumption
5 to estimate 6. The 2SLS estimator, say d,, is then defined as

gn = (Z%Zn)ilz;,}’m (10)
where Zn = PHnZn = (Xna?mv/\}:t—y/n): ?n = PHnYna m = PHanYm and where
Py, = Hn(H%Hn)le%

Step 1b: Initial GMM Estimator of p Based on 2SLS Residuals _
Let u, = un(gn) = yn — Z.n0, denote the 2SLS residuals, and define T, = M, 1, and T,
= M21,. Consider the following sample moments corresponding to (8) based on estimated
2SLS residuals: _ _

(a, — Pﬁn)lAln(ﬁn - Pﬁn)

mn<5m p) =n!

(un - pun)/ASn(ﬁn - pﬁn)
Our initial GMM estimator for p is now defined as

pn = argmin (my,(6,, p)my,(0,, p)| , (12)
pe[_ap7ap]

where a” > 1.

We note that moment conditions used in step 1b could differ from those in step 2b below,
as long as the estimator p,, is consistent. For example, users may simply employ the matrices
A, and Ag, which leads to the moment conditions used in Kelejian and Prucha (1999), and
which have been seen to obtain reasonably good estimates, even in small samples.

Step 2a: GS2SLS Estimator
Analogous to Kelejian and Prucha (1998), we next compute a generalized spatial two-stage
least-squares (GS2SLS) estimator of §. This estimator is defined as the 2SLS estimator of the



Cochrane-Orcutt transformed model (3) with the parameter p replaced by p,, computed in step
1b:

~

5n(ﬁn) = [Zn* (@zyzn* (571)]71271* (ﬁn)IYn* (571) (13)

where yn«(pn) = (In = puMp)yn, Zn«(pn) = (L — punMyp)Zy,, zn*(ﬁn) = PHnZn*(ﬁn)a and
Py, = Hn(H;LHn)*lH;l

Step 2b: Efficient GMM Estimator of p Based on GS2SLS Residuals
Let u, =Vn —Z,6,(pr) denote the GS2SLS residuals, and define T, = M, 4,, and T@,, = M?21,,.
Let m(dy, p) denote the sample moment vector obtained by replacing in (11) the 2SLS residuals

by the GS2SLS residuals u,, T,, and T,. The corresponding efficient GMM estimator for p
based on GS2SLS residuals is then given by

~ ~ ~ -1 ~
pu= arguin |G (#7G,.7)) " mG00)]. (1)

pel=a,a]

where \Tlﬁp (gn,ﬁn) = (Jfgn(gn,ﬁn)) is an estimator of the variance-covariance matrix of the
limiting distribution of the normalized sample moments nt/ 2m(6,, p). In particular we have

2L Oy o) = Ga(20) 71 [(Arn + ALL) (Agp + ALL)] (15)

rs,n
A2 1N~
T opn A, ,as,

+n (AW = 364 veep(Arn) veen (Asp)

+ 0 A (@] veen (Agn) + &L veep(Ana)]

where a,., = T, a;, and

’/fn = Tn(gm ﬁn) = an):
P =P} (pn) = (n "H,H,) " (n ' H), Zu (Pn)) X

(012, () ) (0 B L) 0 B 2 ()]

ar,n = ar,n(gm ﬁn) = _nil [Z;L (In - ﬁnM;L) (Ar,n + A;,n) (In - ﬁnMn) an]
and 02 = 8721(5”, Pn), ﬁﬁf") = ﬁﬁf") (gn, pn) and ﬁ%) = fu(;l) (gn, pn) are standard sample estimators
of 02, 3 = Esin, p = Eein based on &, = (I, — p,M,,) u,.

For s =1,...,5, (0 < S, < 9), the terms involving the third and fourth moments are zero
in the above expressions for Wg’,n(én,ﬁn) because we maintained in Assumption 4 that, the
diagonal elements of the matrices A, are zero for s = 1,...,5, (0 < S, < S). If S, = S, then
all terms involving the third and fourth moments no longer appear in the above expressions for

Tzfg,n(gna ﬁn)



3.3 Asymptotic Properties of Two-step IV/GMM Estimators

In the following we give results concerning the joint limiting distribution of the final stage
estimators p,, and d,,. As remarked above, in the appendix we also give generic results concern-
ing the consistency and joint asymptotic normality of two-step IV/GMM estimators that are
sufficiently general so that they can be used readily to obtain the joint limiting distribution for
alternative combinations of IV/GMM estimators for do, and poy,.

In preparation of the next theorem we first give, without proof, an expression for the
variance-covariance matrix used to normalize the limiting distribution of p,, and ¢,. In partic-
ular, consider

Q) i W
Q, = Qv o and U, = [ . — (16)

with

T

Q) = Pyw (W), (3,213

Q= [3,(w)713,]

v = o’n 'H,H,,

‘I’ip = o’n"'H), [@1m,...,a5,) + u(3)n_1H; [vecp(Ai1p),...,vecp(Asy)],

\Ilrpzp = ( ﬁsp,n)r,szl,...,sa
where

1
J, =T, .
|: 2p0n :|

The elements wﬁg’,n are defined as

P =o' ltr (AL, + Arn)Asn]
+ Jgn_la;masm
+ (,u(4) — 304)n_lvecD(Ann)lvecD(As,n)

+ ,u(?’)n_l [a;mvecD(As,n) + vecD(Ann)'aS,n]

with 43 = Ee? and p(®) = Ee}

in» and where a, , = Ty, with

T, =H,P;,

P} = Qppy Quze(00n) [ Qz. (00n) Qi Quze (pon)]

Qo = -n"'EZ! (In — ponMﬁl) (A, + A;,n) (I, — ponMy) uy,.

In the appendix we prove the following theorem concerning the joint limiting distribution
of p, and §,,.

10



Theorem 1 Suppose Assumptions 1-8 hold, sup,, |5on| < 00, sup,, |Ton| < 00, and that Apin(¥y,) >
const > 0. Then, p, is efficient among the class of GMM estimators based on GS2SLS resid-
uals, and

1/2gn_5n
m! 0)] L | '+ 0p(1),

[ P 0
n1/2 (//O\n - pOn)

0 [J,(®5)713,] 7 3L (L)
where

d
gn — ]\7(07 IerS)'

Furthermore Apin(§2,) > const > 0.

Kelejian and Prucha (1998) considered two-step GMM/IV estimation for a model with-
out outside endogenous variables. They only considered the first stage GMM estimator p,
and established its consistency. They also derived the limiting distribution of the S2SLS and
GS2SLS estimator for their setting, but did not derive the joint limiting distribution of the
GMM/IV estimators. The above joint-asymptotic-normality result fills in an important gap
in their theory toward allowing a joint test for the absence of spatial dependencies, i.e., for a
joint test Hy : Aop, = 0, pon, = 0. We also note that in contrast to Arraiz et al. (2010) and
Kelegjian and Prucha (2010), and as in Kelejian and Prucha (1998), we cover here quadratic
moment conditions corresponding to weights matrices Ay, with non-zero diagonal elements,
which leads to terms involving the third and fourth moments of the innovations in ¥,,.

Observe that

o _ [ PY 0 P 0
P00 [T TR T 0 ()L, (3 (eh) 1T,

Given that Apin(€2,) > const > 0 it follows from Corollary F.4 in Potscher and Prucha
(1997) that

ZS\n_(s(ln :|
BN ~ AN(0,9Q,/n). 17
[Pn—POn ( n/m) (17)

We next define a consistent estimator for €2,,. In particular, consider

. T  Jor
, %:[‘P" ‘I’] (18)

~

Q% Qo
S
Q' QL

n

\Ilff' o

11



with
Q= PLEP:
. PP SN U PRGNS I e
Q= Py (Br) T, [J;l (wer) Jn} ,
N s~ N-1a 17
o~ 1, (3)"5]”

66 _ =2 —1gy/
T = 52 'H H,,

n

U =520 "] [A1, ..., A50] + 080T HY, [vecp(Ary), . .., veep(Asn)]
W= (e )

where

=~ - 1
and where f’;;, EY 127’?5,”, and the estimators for the moments of the innovations ¢;, are
as defined after (14), but with p, replaced by pn.®  For interpretation, observe that Q% =
02| Zns (D) Zns(Pn)] ', .., the above expression for the estimator of variance-covariance matrix
of the joint distribution of d,, and p,, delivers the usual estimator for the variance-covariance
matrix of the GS2SLS estimator as a special case.

The next theorem establishes the consistency of ﬁn(ﬁn) for Q,,.

Theorem 2 Suppose Assumptions 1-8 hold, sup,, |Bon| < 00, sup,, |mon| < 00, and that Amin(¥r) >
const > 0. Then W, (pn) — ¥, = 0p(1) and Q,(pn) — Ly = 0p(1). Furthermore ¥,, = O(1),
vl =0(1), Q,=0(1) and Q! = O(1).

In light of the theorem inference can be based on (17) with €2, replaced by Q,,. The Monte
Carlo study in section 4 shows that this approximation of the small-sample distribution works
well.

4 Monte Carlo Study

In this section, we report on a small Monte Carlo study to explore the finite-sample properties
of the estimators proposed in this paper. The Monte Carlo design is influenced by those used
in Anselin and Florax (1995), Kelejian and Prucha (1999, 2007), and Arraiz et al. (2010).

9We note that the consistency result given below holds as long as a consistent estimator for po, is used in
the formulation of the estimators €2,, and W,,. The suggestion of using p,, rather than p, is motivated by the
fact p, is a more efficient estimator.

12



4.1 Monte Carlo Experiments

The model we employ in our Monte Carlo analysis is a special case of the one specified in
(1) and (2) with M,, = W,,, one outside endogenous variable in Y,, = y, and one exogenous
variable in X,, = x,,:

Yn = XpfB +Yom + AWy, +u, (19)
u, = pWuu, + €,

We have dropped the zero subscripts used to identify the true parameter values to simplify the
notation. The outside endogenous variable is assumed to be generated as:

yn = ing + Yn% + €, (20)

where X, is an exogenous variable, €, is an n X 1 vector of innovations, and 5 and T are
coefficients. To simulate the data we employ the reduced form of the models, which is given by

v\ (T-AW -\ /my .

G- 1) () ey

where m; = x8 +u, my = ig—i-g, u, = (I, — pW,) e, II = 71, and I = 71,,. We focus

on estimating the parameters § = (8,7, \) and p. For each configuration of parameters, we
generated 2500 Monte Carlo runs based on the (correlated) draws of €, and €,.

The two n x 1 regressors x, and X, are normalized versions of income per-capita and
the proportion of housing units, respectively, which are rental in 1980 for 760 counties in US
mid-western states. The data were taken from Kelejian and Robinson (1995). We use the
same normalization of the original data as in Arraiz et al. (2010), by subtracting from each
observation of each variable the corresponding sample average, and then dividing that result
by the sample standard deviation. We stack each vector of normalized observations twice
underneath each other and draw the first n values of these normalized variables in our Monte
Carlo experiments of sample size n. Hence, for sample sizes larger than 760 the last n — 760
observations were repeated. The set of normalized observations on these variables is fixed in
repeated samples in our Monte Carlo runs.

We considered five values for A and for p, namely: —.8, —.3, 0, .3. .8. In all of our experiments
we chose =3 =2, 7 =1, and T = —1. We assume that the innovations corresponding to
unit ¢, €, and €,, are i.i.d. draws from a bivariate normal distribution with mean zero and
covariance matrix

2 1
2
s [1 2} |
We consider two values for s, namely, .5 and 1.
We chose m = 1 and ™ = —1 to avoid identification problems. At the conventional choices

of m = 7 = 1 the matrix inverse in equation (21) does not exist when A = 0. We plan to discuss
the restricted parameter space in future research.

We consider 4 different spatial-weights matrices, that we refer to as weights matrix 1, ...,
4. We use north-east modified-rook matrices as in Arraiz et al. (2010).

13



The north-east modified-rook matrix corresponds to a space in which units located in the
northeastern portion are closer to each other and have more neighbors than the units in other
quadrants. This leads to a distribution of units in space akin to the one of northeastern versus
western states of the US. To define these matrices, assume a square grid with both the x and
y coordinates only taking on the values 1, 1.5, 2, 2.5,...,m. Let the units in the northeastern
quadrant of this matrix be located at the indicated discrete coordinates: m < x < m and
m < y < m. Let the remaining units be located only at integer values of the coordinates:
r=12,..,m—1and y = 1,2,...,m — 1. Accordingly, the number of units located in the
northeastern quadrant is inversely related to m in this set-up.

For this space, define the Euclidean distance between any two units, 47 and i with coor-

1/2
dinates of (x1,y1) and (x2,y2), respectively, as d(i1,i2) = [(a:l —22)2+ (y1 —92)?|  Now,

define the (7, j)-th element of our row-normalized weights matrix W,, as

n
% *
Wij _wij/E Wi
j=1

e [1 i 0<d(inia) <1
W10 else

We used four configurations of sample size n and reference coordinates on the lattice cap-
tured by m and m. We refer to the corresponding spatial-weights matrices as matrices 1 through
4. In terms of tuples (n;m;m) these matrices are described follows: Matrix 1 (486;5;15), which
has approximately 25% units in the north-east; Matrix 2 (974; 7;21), which has approximately
25% units in the north-east; Matrix 3 (485; 14; 20), which has approximately 75% units in the
north-east; and Matrix 4 (945;20;28), which has approximately 76% units in the north-east.
A north-east modified-rook matrix is illustrated in Figure 1 in Arraiz et al. (2010) for the case
in which m = 2 and m = 5.

The performance of our GMM/IV estimator depends on the relative noise in the system.
To provide information on the relative noise we now report for each experiments the Monte
Carlo average of an R? measure. This R? measure is calculate as the squared sample correlation

coefficient between y and
by (T-AW I\ (Bm,
Y=\ -m 1 Em, )

with Fm; = x5 and Emy = iE
The number of Monte Carlo repetitions was 2, 500.

4.2 Monte Carlo Results

The detailed Monte Carlo results are given in Tables 1-20 in appendix E. The tables present
the results for the final-stage GS2SLS estimator 6, = (B;, 7, An)’ and GMM estimator p,

ny ‘nsy\n
defined by (13) and (14), and Wald tests based on the variance covariance estimator €2,
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defined by (18). There are four parameters of interest (3, m, A, and p) and 5 true values
of p, causing there to be 20 tables of results. In all cases, we used the instrument matrix
H, = [x,%, Wx, Wx, W2x, W2x].

Each table presents the results for the estimator for a specific parameter and contains
12 columns. The first column specifies the true values of A, the second column specifies the
W-matrix. The third and fourth columns contain the median of the point estimates for the
parameter for the cases of s = .5 and s = 1, respectively. The fifth and sixth columns contain
the standard deviations (Std.Dev.) of the point estimates when s = .5 and s = 1. The seventh
and eighth columns contain the means of the estimated standard deviations (Est.Std.Dev.) of
the parameter estimates when s = .5 and s = 1. The ninth and tenth columns contain the
rejection rates (Rej.Rate) of Wald test at the 5% level against the true null hypothesis that
the parameter equals its true value when s = .5 and s = 1. The eleventh and twelfth columns
contain the average R? values when s = .5 and s = 1.

The Monte Carlo results are encouraging, and suggest that the derived large-sample dis-
tributions for our estimators provides a reasonable approximation to the actual small-sample
distributions. An inspection of the Monte Carlo results suggests (1) that the small-sample
biases of the estimators are small for each of the parameters, (2) that the rejection rates are
close to nominal size, (3) that the means of the estimated standard deviations of the parameter
estimators over the Monte Carlo repetitions are close to the actual standard deviations, and
(4) our estimator and our large-sample approximation to its distribution work well for the
considered experiments.

5 Conclusion

In this paper we develop an IV/GMM estimation framework for the estimation of a spatial-
autoregressive model with autoregressive disturbances, where the right-hand-side variables may
include “outside” endogenous variables in addition to a spatial lag in the dependent variables,
as well as exogenous variables. Our model includes the standard SARAR(1,1) model as a
special case. The focus of our paper is on two-step estimators, because of their computational
simplicity. Our analysis implicitly also contains the basic modules for an analysis of one-step
estimators, which is actually mathematically less challenging.

The paper establishes the consistency of our IV/GMM estimators. Furthermore, the paper
derives their joint asymptotic distribution, which can be readily used for, e.g., a Wald test
of the joint hypothesis that there are no spatial interactions in the dependent variable, the
disturbances and exogenous variables. Apart from deriving the asymptotic properties of the
IV/GMM estimators, we provide a Monte Carlo analysis which shows that the small-sample
distributions are well approximated by the derived large-sample distributions.
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A Appendix: Asymptotic Linearity of S2SLS and GS2SLS Es-
timators

Lemma A.1 : For fized q let a, = (ain) be some gn x 1 vector where the absolute elements
are uniformly bounded in n by some finite constant, and let A, = (a;jn) be some gn x qn
matriz, where the row sums of the absolute elements are bounded uniformly in n by some finite
constant. Let n, = (n;n) be some gn X 1 random vector with sup, max}; E|n; |’ < co for
some p > 1, and let &, = (i) = an + Apnpn. Then sup, max; E & [P < oco.

_ | _ N~ _ qn P
Proof.Let C, = sup, max;" |ain|, Ca = sup, max;"; > 77, |aijn| and Cy = sup, max;”; E [n;n|".
Clearly

qn qn
Ein| = lain| + Zaijmnjn <l|ain| + Z |aijnl [njnl
p= =1
an qn qn
= |ai,n| + Z|aij,n| ij,n|77jn| < Ca+CAZb‘,n|7]jn|
j=1 Jj=1 Jj=1

with bj, = |aij7n\/( ;1‘7;1 |a,-j7n|>. Since 0 < bj, < 1 and Z?Zl bjn = 1 it follows from
Lyapunov’s inequality that

an an 1/p
Z bjn [Mjn| < Z bjn [Mjnl”
j=1 j=1
and hence
qn qn
E ‘gm‘p < 2P Cg + Cﬁ ij,nE ’njn‘p <2P Cg + C,ZZ\CT) ij,n
j=1 j=1
=2P {Cé’ + CﬁCn} < 00
which proves the claim since C,, C4 and C}, do not depend on 7 and n. |

Lemma A.2 : Given Assumptions 1-8 and 5, and given that sup,, |Bon| < 0o and sup,, |mon| <
oo we have

E|zijn*™ < C < 0 (A1)

where C' does not depend on ©,j and n.
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Proof.Recall that Z,, = [X;, Yy, Wy,|. By assumption X,, is non-stochastic with sup,, sup; j, |Zix,»| <
0o, and so (A.1) holds trivially if z;;, corresponds to an element of X,. By assumption
sup,, sup; ; & \yil’n]%”; < oo and thus (A.1) also holds trivially if z;; , corresponds to an element
of Y,,. Next consider

Yo = Wuyn =¢1n+S2n+S3n,

1 = (In = Aon W) ™' X, Bon,

on = (In — Aon W) Y, 7on,

30 = (Tn = A0a W) " (In = ponMa) 'en.

Observe further that

_ s
E }ym‘ﬂ < 3+ {|§1z‘,n|2+§ +FE |§2i,n|2+6 +FE |§3i,n|2+6} .

Recall that by assumption the row and column sums of the absolute elements of (I,, — /\()an)_1
and (I, — pon,M,,) "%, and hence those of (I, — Aoy W) (I, — ponM,,) ! are bounded uniformly
in n by some finite constant. Given that the elements of X, 5p,, are uniformly bounded clearly
sup,, sup; |§1i,n|2+(S < 00. Under the maintained assumptions the 2+ ¢ absolute moments of the
elements of Y, 7y, and &, are uniformly bounded. Consequently we also have by Lemma A.1
that sup,, sup;, |§2i,n|2+6 < oo and sup,, sup; |§3i,n|2+6 < 00, which completes the proof. ]

Lemma A.3 : Suppose Assumptions 1-3, 6 and 7 hold. Consider the S2SLS estimator

gn = (zzzn)_lzg}’m

where 2n~: Pu,Z, and Py, = H,(H, H,,)"'H/,. Then
(a) n'/2(8,—80n) = n~/?Th e, + 0p(1) with T,, = F,P and where

P = QuuQuz(QuzQuyQuzl
F, = (L, — poaM,) " H,.

(b) n1V2T e, = Op(1). B
(¢) P is a finite matriz and P, — P = o0,(1) for

P, = (n'H, H,) ' (n'H,Z,)x
[(n'Z,Hy) (0" HL H,) (07 HL Z)]

(d) Amin(n YT, T,) > ¢ for some ¢ > 0 for all large n.
Proof.Clearly B B
n2(8, — don) = Pl n V2 ¢,
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where 13n and F,, are defined in the lemma. Assumption 7 entails f’n = P+0,(1) with P finite,
which establishes (b). Since by Assumption 3 the row and column sums of (I, — po,M,) ™!
are uniformly bounded in absolute value, and since by Assumption 6 the elements of H,, are
uniformly bounded in absolute value, it follows that the elements of F,, are uniformly bounded in
absolute value. By Assumption 2, E(e,) = 0 and E(e,e,) = 0%I,,. Therefore, En~—'/2F/ ¢, =0
and the elements of VC(n~'/2F¢,) = o*n 'F,F, are also uniformly bounded in absolute
value. Thus, by Chebyshev’s inequality n~'/2F’ e, = O,(1), and consequently n'/2(8,,—80,) =
P'n~Y/?F! ¢, + 0,(1) and P'n"1/2F’ e, = O,(1). This establishes (a) and (b), recalling that
T, = F,P. Next observe that

_ —1 — _
Amin(n lT{nTn) > >\min {(In - pOnM{n) (In - pOnMn) 1} >\min [TL IH%Hn]

Amin { [QuzQauQuz) ' QuzQur QunQuz[QuzQupQuz] '}
>c

for some ¢ > 0 in light of Assumptions 3 and 7, since Amin [nilH’an] > AminQur /2 > 0 for
n sufficiently large. This establishes (d). [ |

Lemma A.4 : Suppose Assumptions 1-3, 6 and 7 hold. Consider the GS2SLS estimator

gn(ﬁn) = [2n*<ﬁn)lzn*<ﬁn)]ilzn*(ﬁn)IYn*(ﬁn)
where in*( n) = Pu, Zn.(pn), where p, is any nl/2

1 D) -consistent estimator for pon. Then
(a) n'/2[8,(p

) —00n] = n2T¥e, + 0,(1) with T, = F5P% and where

P; = QuQuz«(pon) [ Qhz. (Pon) Qe Quzs (pon)] !
F: = H,.

(b) n 12T e, = 0,(1).
(c)P} = O(1) and P}, — P} = op(1) for

P} = (n'H,H,) " (" H, Zy. (50)) X
[(n—lzg* (b\n)Hn)(n_ngmHn)_l (n_lH;zZn* (ﬁn))}

(d) Amin(n YT TE) > ¢ for some ¢ > 0 for all large n.

-1

Proof.Note from (1) and (2) that

Yn*(ﬁn) = Zn*(ﬁn)(sOn +éen — (ﬁn - POn)Mnun

and hence
n2[8,(pn) — don
= [0 20 )] 12 () e — (P — pon) M)
= P}/ [ e — (pu — po)n ™2
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where P? is defined in the lemma, and with F* = H,, and F* = (I, — po.M.) M’ H,. In
light of Assumption 7, and since py, is n'/2-consistent, it follows that

n_lzé* (ﬁn)zn*(ﬁn) - Q/I—IZ* (pOH)Qﬁl}IQHZ* (/0071) = Op(l)'

Since by Assumption 7 we have Qlgz, (Pon) Qpr Quzs(p0n) = O(1) and
[Qaz (00n) Qprss Quazs (pon)] ™1 = O(1) it follows that

17 2 (50) e ()] " — [Qhirze (pon) Qi Quaze (p0n)] ™' = 0p(1);

compare, e.g., Pétscher and Prucha (1997), Lemma F1. In light of this it follows further that
P} — P} = o0,(1) and P} = O(1), with P}, defined in the lemma. By argumentation analogous
to that in the proof of Lemma A.3 it is readily seen that n~'/2F¥¢,, = O,(1) and n=V/?F}¢,, =
Op(1). Consequently nY2[8,(pn)—60n] = P 1/2F¥e, + 0p(1) and Pn=12F¥e, = O,(1),
observing again that p, —pon = 0p(1). This establishes (a)-(c) recalling that T} = FyP}. Next
observe that

Amin (VT T5) = A [ Q! 0 H L Qg
Amin {[QHz, (n0) QurQuz. (Pno)] !
X Q/HZ* (pnO)QI_JIH Quz. (pno) [th (pnO)QI_JIH Quz, (PnO)]_l }
> Amin [Qprh) Amin { [Qhz. (0n0) QurQuz. (pn0)] '} Amin [0~ H, H,, |
> Amin [Qpry) Amin { [Qhz. (2n0) Qa Quz. (Pn0)] '} Amin [Qp] /2

for some ¢ > 0 in light of Assumption 7, since Amin [n‘lH%Hn] > MninQuu/2 > 0 for n
sufficiently large. This establishes (d). [ |
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B Appendix: Generic Consistency and Asymptotic Normality
of Two-step Estimators

In the following we establish a generic consistency and asymptotic normality result for IV/GMM
estimators. In (10) - (12) we used the notation d,, u and p, for the 2SLS estimator for dg,,
2SLS residuals and the initial GMM estimator for pg,. In abuse of notation, we use in the
following the same symbols to denote a generic estimator for dg,, correspondingly defined
residuals, and a generic GMM estimator for pgy,.

B.1 Generic Consistency

In the following we provide a general consistency result for some generic GMM estimator for
pon defined as _ B B
pn=arg min my (8, p) Xomy, (8, p) (B.1)
pe[_apvap]
where (—1,1) C [~a”,a”], a” > 1. We will maintain the following assumptions regarding o
and Y,,.

Assumption B.1 : The estimator gn 18 asymptotically linear in the sense that
n'2[8, — 8on) = n V2T e, + 0p(1) (B.2)

with T,, = F,,P,,, where F,, and P,, are nonstochastic n X p and p X p matrices whose elements
are uniformly bounded in absolute value and where the smallest eigenvalue of n=t(T.T,) is
bounded away from zero.

Assumption B.2 : The moment weights matriz Y, satisfies that Y, - Y, = op(1), where
Y, are S X S non-stochastic symmetric positive definite matrices. Furthermore the smallest
eigenvalue of Y, is bounded away from zero, and the largest eigenvalue of X, is bounded from
above (by a finite constant).

We now have the following consistency result for p,.

Theorem B.1 (Theorem on Consistency of p,) Suppose Assumptions 1-5, 8, B.1 and
B.2 hold, and suppose sup,, |Bon| < 00 and sup,, |mo,| < co. Then,

ﬁn—pon&() as n — oo.
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Proof.Theorem on Consistency of p,.!' The existence and measurability of p, is

assured by, e.g., Lemma 3.4 in Potscher and Prucha (1997). The objective function of the
weighted nonlinear least squares estimator and its corresponding non-stochastic counterpart
are given by, respectively,

Ry(w, p) = mn(g aP)ITnmn(gnap)

= [f‘n(p> p2), - :?n},‘fn [f‘n(ﬁ’a 92), - &Jn}
Ro(p) = [Tulp, 02 = ) X [Tulp 02 — 7] .
where
u,Au, 2u, M/ A, —u, M/ A,Mu,
A =n"1 : ) T,=n : :
W, A5ty u, M Agnti, —i,M,Ag,M,i,

)

and the nonstochastic counter parts =, and I',, are defined in (9). To prove the consistency
of p, we show that the conditions of, e.g., Lemma 3.1 in Pétscher and Prucha (1997) are
satisfied for the problem at hand. We first show that pg, is an identifiably unique sequence of
minimizers of R,. Observe that R,(p) > 0 and that R,,(po,) = 0, since v, = Tn[pon, p3,)' by
(9)). Utilizing Assumption 8 and B.2 we get

Rn(p) — Ru(pon) = En(p)
= [p = Pon: 0* = 03] T X0l [0 — pons 0° — P’
> Amin(Yr) Mnin (T T0) [0 = pons 02 — 03] [0 = Pons 07 — 03]’
> Ao — pon)”

for some A, > 0. Hence for every > 0 and n we have:

inf R -R
(oelar alp—ponlizey 1 (P) ~ Finloon)]

>

inf A21p— pon)? = e >0,
— {p€l-ar,ar]:|| p—pon||>c} P = ponl

which proves that pg, is identifiably unique. Next let ®,, = [T, —y,] and o, = [f‘n, —nl,
then
[Ru(w,p) = Ralp)] = | [0:0%1]) [@4, Ty — 1,700 [p, 0% 1]
= = = 2
< @%@ - @, X0 | [lo. % 1]

[+ (a”)” + (@)").

< H?{Eﬁnin _ Y, ®,

10The basic structure of the proof is similar to the consistency proof for the GMM estimator for the spatial-
autoregressive parameter considered in Kelejian and Prucha (1999). The earlier paper considered a more restric-
tive set of moment conditions and did not allow for “outside” endogenous variables.
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Observe that
u, —u, = D,A,

where D,, = —Z,, and A,, = gn — don- In light of Lemma A.2 we have F |dij7n|2+6 < C < oo.
Under Assumption B.1 we have n='/2Te, = O,(1) and hence n'/? |A,| = O,(1). Next
observe that the elements of ®,, and ®,, are all of the form n1Eul, Apu, and n~lal, A,
where the row and column sums of A, are bounded uniformly in absolute value. It now follows
immediately from part (a) of Lemma C.1 in Kelejian and Prucha (2010) that ®,, — &, 2 0,
and that the elements of ®,, and ®,, are, respectively, O,(1) and O(1). The elements of Y,
and Y, have the analogous properties in light of Assumption B.2. Given this it follows from

the above inequality that R, (w,p) — R,(p) converges to zero uniformly over the optimization
space [—a”, a’], i.e.,

sup | Rulw, p) = Fonlp)| < | @4 Tn®n = 9,00, | [1+ (@) + ()] 2 0

pel—a.a]

as n — 00. The consistency of p,, now follows directly from Lemma 3.1 in Pétscher and Prucha
(1997). [ |

B.2 Generic Asymptotic Normality

We now establish the joint asymptotic normality of the estimator p;,, of Theorem B.1 and some

estimator 8,,. We maintain the following assumption regarding 5.

Assumption B.3 : The estimator gn 18 asymptotically linear in the sense that

n'/2[8, — 8on) = n V2T e, + 0,(1) (B.3)

with Ty = Fy Py, where Fy, and P}, are nonstochastic nxp® and p® xp® matrices whose elements
are uniformly bounded in absolute value and where the smallest eigenvalue of n~(TYT?) is

bounded away from zero.

~/

~ /
The limiting distribution of 6,, = <5n,ﬁn> will depend on the limiting distribution of

v = (V¥ vh) where

vo = 2R, (B.4)

n p—
/ /
enAinen + aj ,&n
_—1/2 .
Vfl =n / : )

/ /
EnAsnen + ag ,En
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with a,, = Thay, with oy, = —n 1EZ! (I, — ponM},) (A, + Al ) (In — ponMy) u,. By
Lemma A.1 in Kelejian and Prucha (2010) we have under Assumptions 1-5, 8, B.1 and B.3
that v,, has mean zero and its variance-covariance matrix is given by

5
v, = [ ‘I’g ;@? ] (B.5)
with
v = o’n 'FyF;,
O = o2 IR [ay ;... a5, + IR [veep(Aly), . . . veep(Asy)]
O = (VP )rs=1,..8
with

=o' r [(AL, + Arn)Asn] + 07 la) a0,
+ (u® — 30t)n " veep (A n) veep(As )
+ ,u(s)n_l [aLjnvecD(Asm) + vecD(Ar,n)'as,n]

where pu® = Esg”n and p = Esﬁn. Also let

3, =T, [ 2p10n ] (B.6)
and 5 5
Q, = gé}, ggz (B.7)
with

Q(S(S — POI‘II(S(SP.
QP =PYOY, I, (3, X, T,) 7
Q= (3 Y,3,) 13 X, e, J,(3.X,T,) "

We next give results concerning the asymptotic normality p,, and consequently concerning

~ ~! !
the joint asymptotic normality of 8,, = (6n, ﬁn> .

Theorem B.2 (Theorem on Asymptotic Normality of p,) Let p,, be the weighted non-
linear least squares estimators defined by (B.1). Suppose Assumptions 1-5, 8, B.1 and B.2 hold,
sup,, |Bon| < oo and sup,, |mon| < oo, and suppose the smallest eigenvalue of W, is bounded
away from zero, then

02 (Bn — pn) = —(I,0,3,) 1T, (BEYY2 68 1 0,(1), (B.8)
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where ;
& = — ()2 vE 5 N(0, 1),

Furthermore n'/2(p, — pon) = Op(1) and

QP (Y,) = (I X,T,) 1T X, PP Y, 3,(3 X, T,) "t > const > 0.

Proof.Theorem on Asymptotic Normality of p,.!! We have shown in Theorem B.1
that the GMM estimator p, is consistent. Apart on a set whose probability tends to zero the
estimator satisfies the following first order condition

5~ yar 0my(6n, pn)
my, 5napn /Tn ———= =0.
( ) p
Substituting the mean value theorem expression
T~ < 8rnn 5na_n ~
mn(any pn) - mn(any p()n) + %(pn - pOn)
I)
into the first order condition yields
amn g?h ~n ~ 8mn gna_n ~ 8mn gny ~n ~ <
épl P )Tn (8p £ )nl/z(pn - pOn) = _%Tnnlﬂmn(ampwﬂ (B.Q)
where p,, is some between value. Observe that
Omy, (Sm p) T 1
v -1, B.10
and consider the nonnegative scalars
= amn(gn Pn) amn(gn Pr) 1 1's & = 1
=2, = Y, Y = ~ Y., — |, B.11
17 1
=, = r.Y,r, .
[ 2pon ] [ 2pon }

In proving Theorem B.1 we have demonstrated that f‘n -T, 2,0 and th~at the elements of f‘n
and I',, are Op(1) and O(1), respectively. By Assumption B.2 we have Y,, — X, = 0,(1) and
also that the elements of Y,, and Y, are Op(1) and O(1), respectively. Since p, and p, are
consistent and bounded in absolute value, clearly

[
[1]

n

n0 (B.12)

" The structure of the proof is similar to that of the asymptotic normality proof for the GMM estimator of
the spatial-autoregressive paramter given in Kelejian and Prucha (2009). The earlier paper considered a more
restrictive set of moment conditions and did not allow for “outside” endogenous variables.
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as n — oo, and furthermore =, = Op(1) and E,, = O(1). In particular Z,, < AL* where AL is
some finite constant. In light of Ab&umptions B.2 and 8 we have Z;, > Apin(Yhn) Amin (T, Ty ) (14
4p2) > AL for some AL > 0. Hence 0 < E, ! < 1/AL < oo, and thus we also have E,1 = O(1).
Let :+ denote the generalized inverse of B =,. It then follows as a special case of Lemma F1 in
Potscher and Prucha (1997) that Z,, is nonsingular eventually with probability tending to one,
that ZF = O,(1), and that

120 (B.13)

[

+
n

[I]

n
as n — oo.
Premultiplying (B.9) by 1 and rearranging terms yields

—_—f — —_ 8Inn 6n7~n ~ <
1/2(ﬁ Pn) = [1 - :‘:Lr':‘ } 1/2(pn pn) - C‘Z%Tmnlmmn(&mpﬂn)'

In light of the above discussion the first term on the RHS is zero on w-sets of probability tending
to one. This yields

= amn ST‘UN'!L ~ <
W25 — ) = ~E DL o, B o) + 0p(1). (B.14)

Observe that

— n gna ~n Y I
E;%pp)rn - =, { ! ] I, Y, = o,(1), (B.15)

n

and observe that
B u;,Cy . (pon) Uy
my,(0p, Pon) = nt :
ﬁ%CS,n(pOn)ﬁn
with C1,,(p) = (1/2) (I — ponMy,) (Asn+A% ) (In — ponMy,), and that
u, —u, =D,A,

where D,, = —Z, and A, = &, — don. In light of Lemma A.2 we have E |dij,n|2+5 <C<
0o. Under Assumption B.1 we have n~'/2T/e, = O,(1) and hence n'/2||A, || = O,(1). Tt
now follows from part (c) of Lemma C.1 in Kelejian and Prucha (2010) that the elements of
m,, (0., pon) can be expressed as

n~ 2 1 Crn(pon)Un =n —1/2y 2 Cron(pon)un + a;. nn1/2 <gn — 60n> + 0p(1),
where
Qg = —2n*1EZ'nCS7n(pgn)un
Furthermore, the lemma implies that the elements of o, are uniformly bounded in absolute
value. Utilizing u,, = (I,, — ponl\/_[n)flsn and Assumption B.1 we have
%ag(ALn + A’Ln)sn + a/l’nsn
n'2my, (8,, pon) = n~ /2 : +0,(1) (B.16)
1el (Agn + Asn)sn +aj ,en
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where a;,, = Thospn, s =1,...,5. Observe that the elements of a,, are uniformly bounded
in absolute value. As discussed before the theorem the VC matrix of the vector of quadratic
forms on the RHS of (B.16) is given by W/’ = (4,,) as defined in (B.5). By assumption
Amin (¥57) > const > 0. Since the matrices A, , the vectors a,. ,, and the innovations e, satisfy
all of the remaining assumptions of the central limit theorem for vectors of linear quadratic
forms given as Theorem A.1 in Kelejian and Prucha (2010) it follows that

%dx(Al,n + All,n)gn + a/Lnen
¢h = (wer) 212 : < N(0,Ig). (B.17)

1_s ! !
5En(Agn + As,n)gn + ag,en

Since the row and column sums of the matrices A, , are uniformly bounded in absolute value,
and since the elements of ag, and the variances are uniformly bounded by finite constants it

is readily seen from (B.5) that the elements of ¥4” and hence those of (P41’ )1/ ? are uniformly
bounded. It now follows from (B.14), (B.15) and (B.17) that

_ =] 17
WG o) =Bt | r | T )R o) (B.15)
n

Observing that E,, = J), Y ,,J,,, where J,, = I';;[1, 2pg,]’, this establishes (B.8). Since all of the
nonstochastic terms on the RHS of (B.18) are O(1) it follows that n'/2(5, — pon) = Op(1).
Next recall that 0 < AL < &,, < A" < oco. Hence

Qr =213, ¥7Y,J,=2,"

> )\min (\I;yplp) [)\min (Tn)]Q /\mln(]-‘;l]-_‘n)(l + 4/)%”)/(/\2*)2 > const > 0.

This establishes the last claim of the theorem. |

~ /

Theorem B.3 (Theorem on Asymptotic Normality of 0, = <5n,ﬁn> ) Let p,, be the

weighted nonlinear least squares estimators defined by (B.1). Suppose Assumptions 1-5, 8,
and B.1-B.3 hold, sup,, |Bon| < 0o and sup,, |mon| < 00, and suppose additionally the smallest
eigenvalues of W, and P'P? are bounded away from zero, then

nt/2 gn — Oon, Py 0 1/2
[nlﬂ((ﬁn—pgn;][ 0 @r.d) e, | e et

where
€n =T 2y, 4 N(0,Te15).

Furthermore n1/2(5n —don) = 0p(1), nl/Q(ﬁn — pon) = Op(1) and

P 0 2 0

. — . >
)\mln(ﬂn) )\mm { |: 0 (J%Tan)_lJ%Tn :| \I’n |: 0 Tan(J;LTan)_l :| } = const > 0.
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=~/

~ !/
Proof.Theorem on Asymptotic Normality of 6, = (én,ﬁn> . By Assumption B.3

and Theorem B.2 we have

nV/2(8, — 8on) | _ P,
[n1/2<5:—po:> = | @) g | e

and hence clearly

n1/2(§ — 4 ) |: P 0 :| 1/2
n n — n _ \Iln n + 0 1
[ 2 o) 0 (3003, 13T, &n+0p(1)

where &, = ¥, 1 2vn. It is readily checked that the linear quadratic forms composing v,, satisfy
all the assumptions of Theorem A.l in Kelejian and Prucha (2010), and hence the claim that
&n 4N (0,I,015) follows directly from that theorem.

Next observe that

Nt (@) > A (@) Agmin 4 | £ 0 0
min\3&n) 2 Amin| ¥'n ) Amin 0 (J%Tan)_lJ%TnTan(J%Tan)_l
> Amin(\Iln) min {Amin(P;L/P;z)a Amin(Gn)}

with ©,, = (3, ¥, J,) I, X, Y0, (3, X J,) . Analogous as in the consistency proof of p,
we have

Amin(On) = [Amin (Tn)]2 Amin(rgmrn)(l + 49(2)n)/(>‘*5*)2 > const > 0.

Since Amin(¥y) and Apin (P/P?) are bounded away from zero by assumption it follows that
Amin(Q25,) > const > 0 as claimed. [ ]
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C Appendix: Proofs of Consistency and Asymptotic Normality
of Two-step IV/GMM Estimators

Lemma C.1 : Suppose Assumptions 1-8 hold, sup,, |fon| < o0 and sup,, |mon| < o0, and
suppose additionally that the smallest eigenvalues of W4’ are bounded away from zero. Let py,
and py, be the GMM estimators for po, defined in (12) and (14), respectively. Then p, — pon, =
0p(1) and s — pon = 0p(1).

Proof.The proof utilizes Theorem B.1. Given the maintained assumptions it suffices to
verify Assumptions B.1 and B.2 for the respective estimators.

(a) Proof of p, — pon, = 0p(1): The estimators p,, is based on S2SLS residuals. Assumption
B.1 is clearly satisfied in light of Lemma A.3. Next observe that for p, we have 'Yn =7, =1s.
Thus also Assumption B.2 clearly holds, which completes the proof of the claim.

(b) Proof of p, — pon = 0p(1): The estimator p,, is based on GS2SLS residuals. As-
sumption B.1 is clearly satisfied in light of Lemma A.4. Next observe that for p, we have
Y, = [\Tlff’(gn,ﬁn)} ' and Y, = [¥4°]"", where % is defined in (16). By assumption
the smallest eigenvalues of ¥}’ are bounded away from zero, and thus the largest eigenval-
ues of X, = [P}’ ]71 are bounded from above. We next show that the smallest eigenvalue
of X, = [¥%]" is bounded away from zero by showing that the largest eigenvalue of Wf
is bounded from above. For that it suffices to show that the elements of ¥/’ are uniformly

bounded in n. First note that the elements of ., are uniformly bounded in absolute value in
light of part (b) of Lemma C.1 in Kelejian and Prucha (2010). Hence

-1/ -1 7 */py/ *
nooa ar, =n o, P H H,P) o, =0(1)

T n

in light of Assumptions 6 and 7. Using the Cauchy-Schwartz inequality and taking into account
Assumption 4 it is then readily seen that the elements of ¥/ are O(1).
o~ —1

We next show that [\Ilﬁp(ﬁn,ﬁn)] — [\Ilflp]fl = 0p(1). Utilizing Lemma F.1 in Kelejian
and Prucha (1997) it suffices to show that W& — W5 = op(1). In light of Assumption 5 and
Lemma C.1 in Kelejian and Prucha (2010) we have &, , — a,, = 0p(1) and «,, = O(1). By
Lemma A.4 we have furthermore P}, — P} = 0,(1) and P} = O(1). Since n~'H/H,, = O(1)
by Assumption 6 we have

—1ar o 1 D, —1yy/ D~ e *11y/ *
n='a, ,as, = a,, Py (nT'H Hy,) Phas, =n""a; ,PyH H,Plag, +op(1)

— g 4 op(1)
and n~'al, ,a,, = O(1). Similarly

1

n= a, vecp(Ag ) = n_la'hnvecD(As,n) +0p(1)

and n_la’nnvecD(ASm) = O(l).A Obsierving that 52 = 02 + 0,(1), ﬁﬁf”) = 13 + 0,(1), ﬁf{" =
pt + 0p(1) it now follows that Y% ,(8n, pn) = 7, + 0p(1), which completes the proof. For
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later use we note that the above arguments also hold if p,, is replaced by any other consistent
estimator. [

Proof of Theorem 1: The proof utilizes Theorem B.3, which considers estimators 5, and

pn(dr), where the latter is defined in (B.1). For the problem at hand both b, and &, correspond
to the GS2SLS estimator d,. Thus in this case Assumptions B.1 for 4,, and Assumption B.3

for 8, coincide. It has been verified in the proof of Lemma C.1 that the GS2SLS estimator
~ - ~ -1

0, satisfies these assumptions. Furthermore, for the problem at hand Y, = (Wﬁp ) and
Y, = (P77 )_1 and it has also been verified in the proof of Lemma C.1 that those moment
weights matrices satisfy Assumption B.2. Also, given that Y, = (¥}’ )71 it follows immediately
from Theorem B.2 that p,, is efficient. For P} as defined in Lemma A.4 pertaining the the

GS2SLS estimator we have PP} = [QHZ*(pOn)’Ql}tiHZ*(pon)} ' and thus Amin(PYPE) > ¢
for some ¢ > 0 by Assumption 7. Observing that all other assumptions utilized by Theorem
B.3 concludes the proof. |

Proof of Theorem 2: In the proof of Lemma C.1 we have demonstrated that WP WP —
op(1), {\/I\’ﬁp}_l — (et = 0p(1) and that ¥7” = O(1) and [@/]7" = O(1). By similar
arguments we see that :Tlff—\lli” = op(1), \/I\'fl‘s—\Il?f = 0p(1), and WP = O(1) and ¥% = O(1).
This establishes that ¥,, — ¥, = 0,(1) and ¥,, = O(1). In the proof of Lemma C.1 it has
been verified that the moment weights matrices Y, = <\Tlﬁp )71 and Y, = (¥’ )71 satisfy

Assumption B.2. Hence it follows from the discussion around (B.12) and (B.13) in the proof of
-1

N1 -1 -1
Theorem B.2 that [J;L (\szf) Jn} . [J’n (\Ifﬁ”)_lJn] = 0,(1) and [J;L wey gl =
O(1). From the proof of Theorem B.1 we also have J,, — J,, = op(1) and J,, = O(1), and
by Lemma A.4 we have f’;‘l — Py = 0py(1) and P}, = O(1). Given this it is readily seen from
(18) that Q,-Q, = op(1) and @, = O(1). Since Apin(¥y) > const > 0 by assumption, and
Amin(€2) > const > 0 by Theorem 1 it follows further that ¥, ! = O(1) and Q! = O(1). ®
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D Appendix: Proof of Claims in Text

Assumption 5 maintains that the endogenous regressors Y, have finite uniformly bounded 2+ 4§
moments for some § > 0, and that

n1Z Anu, — EnZ) A, = op(1) (D.1)

for any matrix A, whose row and column sums are uniformly bounded in absolute value. In
the following we verify the claim, made in the text after this assumption, that those properties
are automatically implied if y,, and Y, are generated by a simultaneous system of m equations
with Cliff-Ord type spatial interactions as considered in Kelejian and Prucha (2004). For
definiteness, let y] denote the n x 1 vector of observations of the r-th endogenous variable in
the system, and w.l.o.g. let (1) represent the first equation in the system so that y, = y..
Under the assumptions maintained by Kelejian and Prucha (2004) it is readily seen that in
reduced form

Yn = ¢+ Covn (D.2)

where ¢} is a n x 1 nonstochastic vector with uniformly bounded element, C] is a n X nm
nonstochastic matrix whose row and column sums are uniformly bounded in absolute value,
and v, as an nm x 1 vector of i.i.d. (0, 1) innovations and finite fourth moments. (The vector c],
represents the reduced-form mean and is a function of the nonstochastic exogenous regressors
and parameters.) Let v} denote the first n x 1 subvector of v, then ¢, = ov}.

Since the elements of v, are i.i.d. with finite fourth moments it follows immediately from
Lemma A.1 that for any d, 0 < 0 < 2 the 2 + § absolute moments of the elements of y; and
thus of the elements of Y,, are uniformly bounded as claimed.

Next consider

nilngnun = nilngnun = Jn*IZ;Lan}1
with B, = A,, (I, — pOnMn)_l. Since by assumption row and column sums of the absolute
elements of (I,, — ponMn)fl are uniformly bounded, it follows that B,, has the same property.
The elements of n*IZ;LAnun are now seen to be of one of the following kind:

Sin =1 XMB, vl (D.3)

n

=17/ 1 —1_r 1 -1,/ ! 1
Som=n""y,Byv, =n""¢c,B,v,, +n v, C/'B,v,,
1

N B Y 1 —1/ Ol 1
=n ¢, W, B,v. +n v, C./ W _B,v,.

S3n = nily%W;LBnV
The mean of g, clearly exists. Thus to prove (D.1) it suffices to show that the variances of
Gin are o(1). Since the covariances can be bounded by variances it suffices to show that the
variances of each of the terms on the RHS of (D.3) are o,(1). In light of, e.g., Remark A.1 in
Kelejian and Prucha (2004) it follows that each of the first terms on the RHS of (D.3) are of
the form n~!'d/,vl where the elements of d,, are uniformly bounded by some finite constant,
say K, and hence var(n~'d,v}) < n71K? = o(1). In light of, e.g., Remark A.1 in Kelejian
and Prucha (2004) it follows furthermore that each of the second terms on the RHS of (D.3)
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are of the form
m D; 0 ... 0
nt ZV%,D‘Z@V}@ = n_IV%Dnvn, D, =
Jj=1 D, 0 ... 0

where the row and column sums of the n x n matrices D, and thus those of the matrix D,
are uniformly bounded by some finite constant. In light of, e.g., Lemma A.1 in Kelejian and
Prucha (2004) we have var(n='v,D,v,) = n"%tr {{D,, + D’] [D,, + D/,]} /4. Referring again
to Remark A.1 Kelejian and Prucha (2004) we see that also the row and column sums of
the absolute elements of [D,, + D}] [D,, + D}, are uniformly bounded by some finite constant,
again say K. Thus var(n='v,D,v,) < n"1K/4 = o(1), which completes the proof of the
claim.
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E Tables

E.1 Results for B

This subsection contains the tables of results for B\ when the true value of g = 2.

Table 1: E results when p=-0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 |2.001] 2.003 | .046 | .091 | .046 .091 .05 | .046 | .812 | .52
-8 1 2 ]2.000 | 1.998 | .034 | .067 | .033 .066 .056 | .05 | .803 | .503
-8 3 |2003 | 2011 | .049 | .101 | .049 .098 .045 | .059 | .757 | .44
-8 1 4 |2.002 | 2.006 | .036 | .071 | .035 .07 .058 | .053 | .752 | .433
-3 1 ]1.999 | 2.003 | .046 | .095 | .047 .094 .046 | .052 | .835 | .559
-3 2 | 2.000 | 2.002 | .035 | .067 | .034 .068 .058 | .044 | .827 | .544
-3 3 | 2.001 | 2.008 | .052 | .106 | .052 .104 .051 | .056 .8 )
-3 4 |2.002] 2004 | .037 | .072 | .037 .073 .054 | .048 | .793 | .49
0 1 |2.001 | 1.999 | .049 | .097 | .048 .096 .054 | .056 | .847 | .581
0 2 11.999 | 2.003 | .035 | .069 | .034 .069 .05 | .048 | .838 | .565
0 3 | 2.003 | 2.007 | .054 | .106 | .053 .106 .053 | .049 | .822 | .536
0 4 11.999 | 2.001 | .038 | .073 | .037 .075 .056 | .047 | .813 | .521
S| 1 | 2.000 | 2.003 | .049 [ .095 | .048 .097 .05 | .045 | .859 | .605
B 2 11999 ] 1.998 | .034 | .071 | .035 .069 .044 | .054 | .85 | .586
B 3 | 2.000 | 2.002 | .054 | .107 | .053 107 .058 | .051 | .842 | .572
3| 4 | 2.000 | 2.003 | .038 [ .076 | .038 .076 .051 | .05 | .832 | .552
L1 [ 1.998 | 1.998 | .05 | .099 | .049 .097 .053 | .052 | .884 | .657
81 2 12.000 | 1.999 | .035 [ .071 | .035 .07 043 | .048 | .873 | .631
81 3 |2.002 ] 1.995 | .054 | .107 | .054 .108 .056 | .048 | .88 | .645
8| 4 |2.002 | 2.000 | .038 [ .079 | .038 .076 .054 | .065 | .863 | .613
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Table 2: E results when p=-0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 12001 1.996 | .042 | .081 | .042 .083 .053 | .049 | .854 | .595
-8 2 ]2.000 | 1.999 | .031 | .061 | .03 .061 .05 | .048 | .845 | .B77
-8 3 |1.999 | 1.999 | .042 | .082 | .041 .083 .056 | .049 | .848 | .583
-8 4 | 1.998 | 1.999 | .03 | .059 | .03 .06 048 | .046 | .843 | .B74
-3 1 ]1.999 | 1.998 | .043 | .086 | .043 .086 .051 | .054 | .862 | .609
-3 2 |2.000 | 1.998 | .031 | .065 | .031 .063 .054 | .057 | .853 | .592
-3 | 3 |2.001 | 1.998 | .045 | .087 | .044 .087 .054 | .048 | .858 | .603
-3 4 |1.998 | 1.997 | .032 | .062 | .031 .063 .052 | .042 | .852 | .59
0 1 |2.002 | 1.999 | .044 | .089 | .044 .088 .054 | .056 | .868 | .621
0 2 | 1.998 | 1.998 | .032 | .065 | .032 .064 .047 | .053 | .858 | .603
0 3 1.998 | 1.997 | .046 | .09 | .045 .09 .053 | .05 | .866 | .618
0 4 11.999 | 1.996 | .032 | .064 | .032 .065 .048 | .045 | .858 | .601
3| 1 2001 1.997 | .045 | .091 | .045 .089 .051 | .052 | .874 | .635
B2 1 1.999 | 1.997 | .033 | .065 | .032 .065 .056 | .053 | .865 | .616
B3 | 1.999 | 1.999 | .047 | .094 | .047 .093 .052 | .048 | .875 | .636
3| 4 |2.000 | 1.997 | .033 | .066 | .033 .067 .05 | .042 | .865 | .616
S 11 | 1.998 | 1.999 | .046 | .092 | .046 .092 .062 | .052 | .892 | .673
81 2 [ 1.999 | 1.996 | .033 | .065 | .033 .066 052 | .049 | .88 | .647
81 3 | 2.002 | 2.002 | .049 [ .099 | .048 .097 .051 | .06 | .896 | .682
81 4 | 1.998 | 1.996 | .035 | .068 | .034 .069 .057 | .051 | .881 | .648
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Table 3: E results when p= 0.0

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 11999 | 1.994 | .04 | .082 | .041 .082 .044 | .052 | .861 | .607
-8 2 120011998 | .03 |.059 | .03 .06 .051 | .047 | .851 | .589
-8 3 |2.000 | 1.998 | .041 | .081 | .041 .082 048 | .052 | .86 | .605
-8 4 11999 | 1.998 | .03 | .061 | .03 .06 .052 | .05 | .855 | .596
-3 1 11999 | 1.996 | .042 | .082 | .042 .083 .054 | .049 | .865 | .616
-3 2 11999 | 1.999 | .03 | .062 | .03 .061 .05 | .054 | .857 | .599
-3 3 | 1.998 | 1.995 | .04 | .082 | .041 .083 .046 | .053 | .864 | .614
-3 4 11999 | 1.998 | .031 | .061 | .03 .061 .056 | .052 | .858 | .602
0 1 ] 2.000 | 1.995 | .042 | .084 | .042 .085 .05 | .055 | .87 | .624
0 2 | 2.000 | 2.000 | .031 | .062 | .031 .062 048 | .053 | .861 | .607
0 3 11.999 | 1.998 | .043 | .085 | .042 .085 .054 | .051 | .869 | .624
0 4 11.999 | 1.998 | .031 | .061 | .031 .061 .045 | .049 | .862 | .609
S| 1 | 1.997 | 1.995 | .043 | .086 | .043 .086 .055 | .049 | .875 | .636
B2 [ 1.998 | 1.997 | .031 | .063 | .031 .063 .044 | .049 | .865 | .617
B3 | 1.999 | 2.000 | .043 | .087 | .043 .087 .048 | .051 | .876 | .639
3| 4 |2.000 | 1.99 | .031 | .062 | .031 .062 .054 | .056 | .866 | .618
81 1 |2.000 | 1.995 | .045 | .089 | .044 .088 .053 | .063 | .89 | .668
81 2 | 1.998 | 2.000 | .032 | .064 | .032 .064 048 | .047 | .878 | .643
81 3 |2.000 | 1.996 | .046 | .092 | .045 .09 .055 | .06 | .893 | .674
8| 4 |2.000 | 2.001 | .032 |.065 | .032 .064 .046 | .056 | .878 | .643
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Table 4: E results when p= 0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 |2.001]1.997 | .043 | .088 | .042 .085 .05 .06 | .863 | .611
-8 2 ]2.000 | 1.997 | .031 | .062 | .031 .062 .051 | .052 | .853 | .593
-8 3 | 1.997 | 1.997 | .044 | .085 | .044 .088 .053 | .048 | .863 | .611
=81 4 ]1.999 | 2.001 | .033 | .064 | .032 .064 .058 | .047 | .859 | .603
-3 1 |2.000 ] 1.993 | .042 | .086 | .042 .084 .048 | .055 | .865 | .615
-3 2 1999 | 1.998 | .031 | .06 | .031 .061 .048 | .046 | .856 | .598
-3 3 |2.000 | 1.993 | .044 | .087 | .043 .085 .058 | .061 | .863 | .612
-3 4 11999 | 1.998 | .031 | .063 | .031 .063 .046 | .052 | .857 | .601
0 1 | 1.998 | 1.997 | .043 | .085 | .042 .084 .059 | .054 | .867 | .62
0 2 | 1.998 | 1.999 | .031 | .062 | .031 .061 .061 | .054 | .859 | .603
0 3 [ 1.997 | 1.993 | .042 | .083 | .042 .085 .049 | .046 | .866 | .617
0 4 11.999 | 1.999 | .031 | .061 | .031 .062 .049 | .051 | .858 | .602
B 1 [ 1.998 | 1.992 | .042 | .084 | .042 .084 .056 | .058 | .871 | .628
B 2 |2.000 ] 1.998 | .031 | .062 | .031 .061 .045 | .05 | .862 | .609
B 3 [ 1.998 | 1.994 | .042 | .084 | .042 .084 049 | .05 .87 | .625
B4 [ 1.998 | 1.999 | .03 | .061 | .031 .062 043 | .049 | .86 | .606
81 [ 1.999 | 1.994 | .042 | .084 | .043 .085 047 | .048 | .883 | .653
81 2 [ 1.999 | 1.996 | .031 | .061 | .031 .062 043 | .044 | .871 | .628
S 13 | 1.998 | 1.992 | .043 | .085 | .043 .085 .052 | .05 | .883 | .654
81 4 [1.999 | 1.998 | .03 | .062 | .031 .062 .044 | .055 | .867 | .62
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Table 5: E results when p= 0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 ]1.999 | 2.007 | .05 |.102| .05 .099 .053 | .058 | .846 | .58
-8 2 ]2.001 |1.999 | .035 | .07 | .035 .07 .049 | .046 | .836 | .561
-8 3 | 2.001 | 2.006 | .054 | .109 | .054 .108 .058 | .055 | .841 | .568
-8 1 4 |2.000 | 1.997 | .039 | .077 | .038 .076 .055 | .055 | .836 | .561
-3 1 ]2.004 |2.009 | .05 | .098 | .049 .098 .055 | .053 | .839 | .565
-3 2 |2.001|2.004 | .036 | .072 | .035 .069 .056 | .058 | .829 | .549
-3 3 | 2.001 | 2.006 | .054 | .107 | .053 .106 048 | .058 | .826 | .b44
-3 4 | 2.000 | 2.006 | .038 | .076 | .038 .075 .052 | .063 | .819 | .531
0 1 ] 2.001 | 2.009 | .05 | .098 | .048 .096 .059 | .057 | .834 | .B57
0 2 | 2.002 | 2.002 | .035 | .069 | .034 .068 056 | .05 | .824 | .54
0 3 |2.003|2.011 | .052 | .103 | .052 .104 .05 | .046 | .819 | .53
0 4 1 1.999 | 2.005 | .037 | .073 | .037 .074 .048 | .044 | .809 | .513
B 1 | 2.002 | 2.005 | .047 | .095 | .047 .095 .046 | .046 | .829 | .548
B 2 | 2.002 ] 2.007 | .034 | .069 | .034 .067 .056 | .056 | .818 | .53
B 3 | 2.006 | 2.013 | .053 | .101 | .051 .101 .058 | .05 | .812 | .518
3| 4 |2.002 | 2.003 | .036 [ .073 | .036 .072 .05 | .056 | .798 | .496
81 1 |2.001]2.008 | .046 | .092 | .046 .091 .051 | .052 | .821 | .534
81 2 |2.000 | 2.002 | .033 | .065 | .033 .065 .052 | .048 | .806 | .509
81 3 | 2.006 | 2.005 | .048 [ .096 | .048 .095 .057 | .049 | .802 | .503
81 4 | 1.999 | 2.004 | .035 | .069 | .034 .069 .058 | .05 | .778 | .468
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E.2 Results for 7

This subsection contains the tables of results for 7 when the true value of 7 = 1.

Table 6: 7 results when p=-0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 | 1.000 | 0.994 | .031 | .064 | .032 .063 .047 | .054 | .812 | .52
-8 1 2 | 1.000 | 0.997 | .023 | .045 | .023 .045 .06 | .056 | .803 | .503
-8 1 3 | 1.000 | 0.999 | .033 | .067 | .033 .066 .056 | .054 | .757 | .44
-8 4 | 1.001 | 1.001 | .024 | .047 | .024 .047 .05 | .056 | .752 | .433
-3 1 10.999 | 0.996 | .032 | .066 | .032 .064 .058 | .058 | .835 | .559
-3 2 10.999 | 1.000 | .023 | .046 | .023 .046 .046 | .052 | .827 | .544
-3 3 | 1.000 | 1.000 | .034 | .067 | .033 .067 .06 | .048 .8 )
-3 4 | 1.001 | 1.000 | .024 | .047 | .024 .048 .055 | .061 | .793 | .49
0 1 10.999 | 0.997 | .033 | .066 | .032 .064 .059 | .055 | .847 | .581
0 2 | 1.000 | 1.000 | .023 | .047 | .023 .046 .051 | .056 | .838 | .565
0 3 | 1.000 | 0.999 | .034 | .067 | .033 .067 .055 | .047 | .822 | .536
0 4 10.999 | 1.000 | .025 | .048 | .024 .049 .054 | .048 | .813 | .521
BT 10999 | 0996 | .032 [ .065 | .032 .064 .051 | .052 | .859 | .605
B2 10999 | 0998 | .023 | .046 | .023 .046 .045 | .053 | .85 | .586
3| 3 | 1.001 | 0.997 | .034 | .066 | .033 .067 .058 | .045 | .842 | .572
3| 4 | 1.000 | 0.999 | .024 | .049 | .024 .049 .054 | .05 | .832 | .552
S 1 10998 | 0995 | .033 | .063 | .032 .064 057 | .047 | .884 | .657
.8 | 2 | 1.000 | 0.998 | .023 | .047 | .023 .047 .055 | .054 | .873 | .631
.81 3 | 1.000 | 0.995 | .034 | .066 | .033 .067 .055 | .048 | .88 | .645
8| 4 | 1.001 ] 0.999 | .024 | .051 | .024 .049 .046 | .064 | .863 | .613
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Table 7: 7 results when p=-0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 | 1.000 | 0.997 | .033 | .064 | .032 .065 .056 | .046 | .854 | .595
-8 1 2 | 1.000 | 0.997 | .023 | .046 | .023 .045 .052 | .057 | .845 | .B77
-8 1 3 10.999 | 0.997 | .033 | .067 | .033 .065 .059 | .058 | .848 | .583
=81 4 10.998 | 0.999 | .023 | .046 | .023 .046 .049 | .053 | .843 | .b74
-3 1 10.999 | 0.995 | .032 | .064 | .032 .065 .044 | .055 | .862 | .609
-3 2 | 1.000 | 0.999 | .023 | .046 | .023 .046 .056 | .053 | .853 | .592
-3 3 10.999 | 1.000 | .033 | .066 | .033 .066 .048 | .049 | .858 | .603
-3 4 10.999 | 0.998 | .023 | .046 | .023 .047 .044 | .049 | .852 | .59
0 1 | 1.000 | 0.997 | .033 | .065 | .033 .065 .06 | .051 | .868 | .621
0 2 10.998 | 0.998 | .023 | .046 | .023 .046 .044 | .052 | .858 | .603
0 3 | 1.000 | 0.996 | .034 | .066 | .033 .066 .052 | .052 | .866 | .618
0 4 10.999 | 0.997 | .023 | .047 | .023 .047 .04 | .052 | .858 | .601
B 1 10999 | 0994 | .033 | .065 | .033 .065 .05 | .052 | .874 | .635
3| 2 | 1.000 | 0.998 | .024 | .046 | .023 .046 .067 | .049 | .865 | .616
B3 10998 | 0997 | .033 | .066 | .033 .066 .055 | .057 | .875 | .636
B4 10999 | 0998 | .024 | .047 | .024 .047 .053 | .051 | .865 | .616
S 11 10999 | 0996 | .033 | .065 | .033 .066 .055 | .048 | .892 | .673
8| 2 | 1.000 | 0.997 | .023 | .046 | .023 .046 047 | .05 .88 | .647
S 13 10999 | 0997 | .034 | .066 | .033 .067 .05 | .048 | .896 | .682
81 4 10999 | 0997 | .024 | .047 | .024 .048 .054 | .047 | .881 | .648
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Table 8: 7 results when p= 0.0

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 1 10999 | 0.994 | .033 | .067 | .033 .066 .051 | .054 | .861 | .607
=81 2 10.998 | 0.999 | .023 | .045 | .023 .046 .045 | .052 | .851 | .589
-8 1 3 10.999 | 0.998 | .033 | .067 | .033 .066 .05 | .0564 | .86 | .605
-8 4 10.998 | 0.998 | .024 | .047 | .024 .047 .055 | .052 | .855 | .596
-3 1 10.999 | 0.997 | .033 | .066 | .033 .066 .055 | .05 | .865 | .616
=31 2 10999 | 0.997 | .023 | .046 | .023 .046 .051 | .054 | .857 | .599
-3 3 10.999 | 0.997 | .033 | .065 | .033 .066 .048 | .052 | .864 | .614
-3 4 10.999 | 0.996 | .024 | .047 | .023 .047 .063 | .049 | .858 | .602
0 1 10.998 | 0.997 | .033 | .066 | .033 .066 .051 | .053 | .87 | .624
0 2 | 1.000 | 1.000 | .023 | .047 | .023 .046 .052 | .056 | .861 | .607
0 3 10.998 | 0.999 | .033 | .066 | .033 .066 .054 | .049 | .869 | .624
0 4 10.999 | 0.999 | .023 | .047 | .023 .047 049 | .05 | .862 | .609
S 1 10999 | 0995 | .034 | .066 | .033 .066 .055 | .053 | .875 | .636
B2 10999 | 0998 | .023 | .047 | .023 .046 .05 | .053 | .865 | .617
B3 10998 | 0997 | .033 | .066 | .033 .066 .053 | .052 | .876 | .639
3| 4 | 1.000 | 0.996 | .023 | .046 | .023 .047 .048 | .052 | .866 | .618
S 11 10998 | 0996 | .034 | .068 | .033 .066 .057 | .055 | .89 | .668
812 10999 | 0999 | .023 | .045 | .023 .046 049 | .05 | .878 | .643
.81 3 | 1.000 | 0.997 | .033 | .065 | .033 .066 048 | .048 | .893 | .674
81 4 10999 | 0998 | .023 | .047 | .023 .047 .048 | .057 | .878 | .643
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Table 9: 7 results when p= 0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 | 1.000 | 0.997 | .033 | .069 | .033 .067 .048 | .057 | .863 | .611
-8 2 | 1.001 | 1.000 | .023 | .046 | .023 .046 .052 | .052 | .853 | .593
-8 1 3 | 1.000 | 0.993 | .035 | .067 | .034 .068 .061 | .049 | .863 | .611
-8 4 10.999 | 0.998 | .024 | .049 | .024 .049 .049 | .05 | .859 | .603
-3 1 ]10.998 | 0.996 | .033 | .069 | .033 .067 .051 | .064 | .865 | .615
-3 2 10999 | 0.998 | .024 | .046 | .023 .046 .054 | .049 | .856 | .598
-3 3 | 1.000 | 0.994 | .033 | .068 | .033 .067 .056 | .056 | .863 | .612
-3 4 | 1.000 | 1.000 | .024 | .048 | .024 .048 .05 | .053 | .857 | .601
0 1 10.998 | 0.996 | .033 | .067 | .033 .066 .047 | .056 | .867 | .62
0 2 | 1.000 | 0.997 | .023 | .047 | .023 .046 .052 | .052 | .859 | .603
0 3 10999 | 0.995 | .033 | .067 | .033 .066 .053 | .059 | .866 | .617
0 4 10.999 | 0.998 | .023 | .047 | .024 .047 .052 | .047 | .858 | .602
BT 10999 | 0994 | .033 | .067 | .033 .066 .054 | .053 | .871 | .628
B2 10999 | 0999 | .023 | .046 | .023 .046 .061 | .053 | .862 | .609
B3 10999 | 0994 | .033 | .066 | .033 .066 049 | .052 | .87 | .625
B4 10999 | 0998 | .023 | .046 | .023 .047 048 | .045 | .86 | .606
S 11 10998 | 0994 | .034 | .066 | .033 .066 .054 | .054 | .883 | .653
812 10999 | 0999 | .023 | .047 | .023 .046 .046 | .054 | .871 | .628
S 13 10999 | 0994 | .034 | .065 | .033 .065 .06 | .055 | .883 | .654
81 4 10999 | 0997 | .023 | .046 | .023 .046 .05 | .048 | .867 | .62
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Table 10: 7 results when p= 0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 10.999 | 1.000 | .034 | .069 | .034 .068 048 | .05 | .846 | .58
-8 1 2 | 1.000 | 0.997 | .024 | .047 | .024 .048 .051 | .046 | .836 | .561
-8 1 3 | 1.000 | 0.998 | .035 | .07 | .035 .07 .054 | .047 | .841 | .568
=81 4 10.999 | 0.999 | .026 | .053 | .026 .052 .052 | .057 | .836 | .561
-3 | 1 | 1.001 | 0.998 | .034 | .069 | .034 .068 .054 | .042 | .839 | .565
-3 2 |1.000 | 0.999 | .024 | .049 | .024 .048 .055 | .06 | .829 | .549
-3 3 | 1.000 | 0.999 | .035 | .07 | .035 .07 .054 | .053 | .826 | .b44
-3 4 | 1.000 | 1.001 | .025 | .051 | .026 .051 .046 | .051 | .819 | .531
0 1 10999 | 0.996 | .034 | .07 | .034 .068 .05 | .058 | .834 | .557
0 2 | 1.001 | 1.001 | .024 | .047 | .024 .047 .049 | .053 | .824 | .54
0 3 | 1.000 | 1.000 | .035 | .067 | .035 .069 052 | .04 | .819 | .53
0 4 | 1.000 | 1.000 | .025 | .05 | .025 .051 .052 | .048 | .809 | .513
3| 1 | 1.000 | 0.997 | .033 | .067 | .034 .068 .044 | .047 | .829 | .548
3| 2 | 1.000 | 1.002 | .023 | .047 | .023 .047 .052 | .063 | .818 | .53
3| 3 | 1.002 | 1.000 | .035 [ .068 | .034 .069 .057 | .051 | .812 | .518
3| 4 | 1.000 | 1.001 | .025 | .05 | .025 .05 045 | .05 | .798 | .496
8| 1 | 1.001 | 1.001 | .034 | .067 | .034 .067 058 | .05 | .821 | .b34
.81 2 | 1.000 | 1.001 | .024 | .047 | .023 .046 .059 | .057 | .806 | .509
81 3 | 1.003 | 0.997 | .033 | .067 | .033 .067 .052 | .046 | .802 | .503
8| 4 | 1.000 | 1.002 | .024 | .049 | .024 .048 048 | .055 | .778 | .468
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E.3 Results for p

This subsection contains the tables of results for p. The true value of p is given in the title of
each table.

Table 11: p results when p=-0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
$=.9 s=1 | s=.5|s=1]|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 ]-0.798 | -0.789 | .062 | .082 | .062 .071 .04 .06 | .812 | .52
-8 1 2 |-0.801|-0.796 | .045 | .054 | .044 .05 .051 [ .052 | .803 | .503
-81 3 |-0.796 | -0.793 | .04 | .052 | .04 .048 .051 | .053 | .757 | .44
-8 4 |-0.799 | -0.796 | .029 | .037 | .029 .035 .056 | .057 | .752 | .433
-3 1 ]-0.798 | -0.796 | .061 | .075 | .06 .066 .047 | .044 | .835 | .559
-3 2 |-0.798 | -0.798 | .043 | .048 | .043 .047 .05 .05 | .827 | .5b44
-3 3 |-0.798 | -0.796 | .038 | .044 | .038 .043 .051 | .053 .8 35)
-3 1| 4 ]-0.799 | -0.798 | .027 | .032 | .028 .031 .044 | .056 | .793 | .49
0 1 ]-0.800 | -0.796 | .063 | .072 | .06 .064 .052 | .049 | .847 | .581
0 2 | -0.798 | -0.798 | .042 | .047 | .042 .046 .051 | .044 | .838 | .565
0 3 [-0.799 | -0.797 | .038 | .043 | .038 .041 .047 | .052 | .822 | .536
0 4 1-0.800 | -0.798 | .027 | .03 | .027 .03 .052 | .046 | .813 | .521
B 1 1-0.801 |-0.796 | .061 | .071 | .06 .063 .042 | .04 | .859 | .605
3] 2 [-0.8011-0.798 | .042 | .046 | .042 .045 .041 | .055 | .85 | .586
31 3 |-0.800 | -0.798 | .037 | .042 | .037 .04 .049 | .062 | .842 | .572
3 4 |-0.800 | -0.800 | .027 | .029 | .027 .029 .048 | .047 | .832 | .552
81 1 |-0.801|-0.799 | .059 | .07 | .059 .061 .046 | .054 | .884 | .657
81 2 [-0.800 | -0.799 | .041 | .044 | .042 .044 .044 | .044 | .873 | .631
81 3 1-0.799 | -0.798 | .038 | .039 | .037 .038 .056 | .047 | .88 | .645
81 4 |-0.800 | -0.800 | .027 | .028 | .027 .028 .051 [ .056 | .863 | .613
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Table 12: p results when p=-0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.5 s=1 | s=.5]|s=1|s=.5 s=1 s=.5 | s=1 | s=.5 [ s=1
-8 1 [-0.300 | -0.299 | .093 | .109 | .094 11 .049 | .052 | .854 | .595
-8 2 |-0.300 | -0.303 | .068 | .08 | .068 .083 .051 | .044 | .845 | .577
-8 3 |-0.298 | -0.297 | .071 | .086 | .071 .086 .049 | .054 | .848 | .583
-8 4 |-0.300 | -0.295 | .051 | .064 | .051 .064 .049 | .05 | .843 | .574
-3 1 [-0.304|-0.298 | .092 | .106 | .094 107 .053 | .055 | .862 | .609
-3 2 |-0.304 | -0.301 | .068 | .079 | .067 .079 .057 | .052 | .853 | .592
-3 3 |-0.298 | -0.295 | .07 | .08 | .07 .083 .052 | .045 | .858 | .603
-3 4 |-0.302|-0.299 | .052 | .06 | .051 .061 .055 | .052 | .852 | .59
0 1 [-0.306|-0.302 | .09 | .103 | .093 105 .048 | .047 | .868 | .621
0| 2 [-0.301]-0.302 | .067 | .076 | .067 077 .049 | .051 | .858 | .603
0 3 [-0.303|-0.301 | .069 | .08 | .069 .08 .053 | .051 | .866 | .618
0| 4 [-0.301]-0.297 | .051 [ .059 | .05 .059 .056 | .056 | .858 | .601
31 1 [-0.305]-0.308 | .092 | .103 | .092 102 .064 | .059 | .874 | .635
B30 2 [-0.302 | -0.299 | .067 | .075 | .066 .075 .062 | .058 | .865 | .616
31 3 [-0.305]-0.299 | .068 | .078 | .069 .078 .05 | .056 | .875 | .636
3| 4 [-0.300 | -0.299 | .049 [ .058 | .05 .058 .048 | .051 | .865 | .616
81 1 [-0.309|-0.302 | .09 | .099 | .091 .098 .052 | .063 | .892 | .673
81 2 [-0.304 | -0.304 | .065 | .071 | .065 .072 .055 | .048 | .88 | .647
81 3 [-0.302 | -0.300 | .067 | .074 | .068 .074 .05 | .049 | .896 | .682
8 4 |-0.301 | -0.304 | .049 | .054 | .049 .054 .053 | .05 | .881 | .648
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Table 13: p results when p= 0.0

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.5 s=1 | s=.5]|s=1|s=.5 s=1 s=.5 | s=1 | s=.5 [ s=1
-8 1 |-0.007 | -0.003 | .095 | .11 | .094 A1 .054 | .06 | .861 | .607
-8 2 |-0.001 | -0.005 | .067 | .085 | .068 .082 .053 | .072 | .851 | .589
-8 3 |-0.001 | -0.002 | .074 | .086 | .074 .088 .056 | .055 | .86 | .605
-8 4 |-0.000 | 0.003 | .054 | .064 | .054 .065 .06 | .047 | .855 | .596
-3 1 |-0.007 | -0.005 | .093 | .107 | .094 .109 .048 | .053 | .865 | .616
-3 2 |-0.002 | -0.002 | .065 | .081 [ .067 .081 .048 | .051 | .857 | .599
-3 3 |-0.002 | -0.004 | .074 | .086 | .074 .087 .051 | .047 | .864 | .614
-3 | 4 |-0.000 | -0.000 | .055 | .065 | .054 .065 .062 | .054 | .858 | .602
0 1 [-0.005]-0.004 | .091 | .107 | .093 .108 052 | .05 | .87 | .624
0| 2 [-0.004 | -0.002 | .068 [ .08 | .067 .08 .052 | .056 | .861 | .607
0| 3 [-0.004|-0.003 | .072 | .085 | .074 .086 .049 | .049 | .869 | .624
0| 4 | 0.001 | -0.003 | .054 | .065 | .054 .064 .051 | .056 | .862 | .609
3| 1 [-0.005]-0.005 | .092 | .105 | .093 .106 .054 | .05 | .875 | .636
3| 2 [-0.004 | -0.005 | .066 | .08 | .067 .078 .052 | .059 | .865 | .617
3| 3 [-0.002 | -0.003 | .073 | .085 | .073 .085 .055 | .053 | .876 | .639
3 | 4 [-0.000| 0.000 | .053 [ .062 | .053 .063 .055 | .047 | .866 | .618
81 1 [-0.009 | -0.006 | .094 [ .099 | .092 102 062 | .046 | .89 | .668
.81 2 [-0.004 | -0.007 | .067 | .077 | .066 .075 .054 | .057 | .878 | .643
.81 3 [-0.007|-0.005 | .074 | .08 | .072 .082 .058 | .049 | .893 | .674
.81 4 [-0.001| 0.000 | .053 [ .062 | .053 .061 .052 | .054 | .878 | .643
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Table 14: p results when p= 0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 1 10.296 | 0.294 | .083 | .093 | .083 .095 .054 | .047 | .863 | .611
=81 2 10.299 | 0.297 | .058 | .07 | .06 .07 .046 | .054 | .853 | .593
-8 1 3 10.298 | 0.299 | .066 | .076 | .068 077 .048 | .051 | .863 | .611
-8 1 4 10.300 | 0.296 | .049 | .056 | .049 .056 .056 | .052 | .859 | .603
-3 1 10.295 | 0.290 | .083 | .098 | .083 .097 .051 | .054 | .865 | .615
-3 2 10293 1]0.297| .06 |.072| .06 .072 .052 | .058 | .856 | .598
-3 3 10.295 | 0.292 | .069 | .082 | .068 .079 .057 | .061 | .863 | .612
-3 4 ]0.298 | 0.295 | .049 | .057 | .049 .059 .047 | .049 | .857 | .601
0 1 10.294 | 0.293 | .082 1 .083 .097 .047 | .06 | .867 | .62
0 2 10.298 | 0.295 | .06 [ .073 | .06 .072 .055 | .053 | .859 | .603
0 3 10.299 | 0.295 | .069 | .082 | .068 .08 .059 | .056 | .866 | .617
0 4 10.300 | 0.299 | .05 .06 | .049 .059 .051 | .054 | .858 | .602
3| 1 10.291 | 0.291 | .083 1 .083 .097 .05 | .062 | .871 | .628
B2 1029 | 0294 | .06 |.074 | .06 .072 .05 | .058 | .862 | .609
B3 10.297 | 0.296 | .069 [ .08 | .068 .08 .055 | .053 | .87 | .625
B 4 |0.298 | 0.295 | .049 | .06 .05 .06 .049 | .047 | .86 | .606
S 11 10.288 | 0.290 | .083 | .095 | .083 .096 .049 | .055 | .883 | .653
81 2 10.297 | 0.296 | .059 | .072 | .06 .071 .054 | .052 | .871 | .628
813 10.297 | 0.294 | .067 | .078 | .068 .079 048 | .046 | .883 | .654
81 4 10.298 | 0.295 | .05 | .061 | .049 .06 .056 | .055 | .867 | .62
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Table 15: p results when p= 0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.0 | s=1 | s=.5]s=1|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-8 1 10799 | 0.796 | .042 | .047 | .042 .045 .046 | .052 | .846 | .58
-8 2 10798 | 0.799 | .03 | .033 | .03 .033 .047 | .05 | .836 | .561
=81 3 10.801 |0.799 | .035 | .038 | .035 .037 .053 | .048 | .841 | .568
-8 1 4 ]10.800 | 0.798 | .026 | .027 | .025 .027 .059 | .049 | .836 | .561
-3 1 10.797 | 0.793 | .044 | .053 | .043 .048 .051 | .056 | .839 | .565
-3 2 10799 | 0.797 | .031 | .036 | .031 .035 .052 | .056 | .829 | .549
-3 3 |10.798 | 0.795 | .037 | .042 | .036 .04 .056 | .062 | .826 | .544
-3 4 10.799 | 0.799 | .026 | .029 | .026 .028 .046 | .055 | .819 | .531
0 1 10796 | 0.792 | .046 | .056 | .043 .05 .058 | .06 | .834 | .557
0 2 10.798 | 0.796 | .032 | .037 | .031 .036 .054 | .046 | .824 | .54
0 3 10.797 | 0.795 | .036 | .045 | .036 .041 .049 | .056 | .819 | .53
0 4 10.798 | 0.798 | .027 | .03 | .026 .029 .057 | .048 | .809 | .513
B 1 10797 | 0.790 | .046 | .062 | .044 .053 .049 | .065 | .829 | .548
B2 10798 | 0.793 | .033 | .041 | .032 .038 .05 | .061 | .818 | .53
B3 10797 | 0.792 | .038 | .046 | .037 .043 .053 | .055 | .812 | .518
B4 10799 | 0.798 | .026 | .032 | .027 .031 048 | .058 | .798 | .496
S 11 10792 | 0.785 | .048 | .067 | .046 .058 .06 | .072 | .821 | .534
81 2 1079 | 0.794 | .034 | .045 | .033 .042 .052 | .064 | .806 | .509
S 13 10797 | 0.788 | .039 [ .053 | .038 .047 .058 | .071 | .802 | .503
81 4 10798 | 0.795 | .028 | .036 | .028 .034 .049 | .062 | .778 | .468
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E.4 Results for X

This subsection contains the tables of results for A. The true value of \ is given in each table.

Table 16: A results when p=-0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
$=.9 s=1 | s=.5|s=1]|s=.5 s=1 s=.5 | s=1 | s=.5 | s=1
-81| 1 |-0.804 |-0.814 | .052 | .109 | .052 .103 .05 | .066 | .812 | .52
-8 2 |-0.801|-0.803 | .04 |.083 | .04 .079 .056 [ .061 | .803 | .503
-81| 3 |-0.806 | -0.820 | .052 | .107 | .052 .103 .054 | .067 | 757 | .44
-81| 4 |-0.803|-0.809 | .04 | .082 | .039 .078 .053 | .064 | .752 | .433
-3 1 ]-0.302|-0.310 | .042 | .089 | .043 .085 .047 | .062 | .835 | .559
-3 | 2 |-0.301|-0.302 | .034 | .067 | .033 .066 .061 | .058 | .827 | .b44
-3 3 |-0.302 | -0.309 | .044 | .088 | .043 .086 .049 | .053 .8 35)
-3 | 4 |-0.301|-0.305 | .033 | .066 | .033 .065 .049 | .053 | .793 | .49
0 1 ] -0.001 | -0.003 | .037 | .076 | .037 .073 .056 | .058 | .847 | .581
0 2 |1 -0.002 | -0.002 | .028 | .057 | .028 .057 .046 | .051 | .838 | .565
0 3 |-0.002 | -0.004 | .038 | .077 | .037 .074 .056 [ .06 | .822 | .536
0 4 | 0.000 | -0.006 | .028 | .056 | .028 .056 .06 | .049 | .813 | .521
S 1 | 0300 | 0.295 | .031 | .063 | .031 .062 .053 | .058 | .859 | .605
B 2 10301 | 0.299 | .024 | .05 | .024 .048 .048 | .056 | .85 | .586
B3 | 0.29 | 0.297 | .031 | .063 | .031 .061 .052 [ .056 | .842 | .572
31 4 | 0.300 | 0.297 | .023 | .047 | .023 .047 .053 | .054 | .832 | .552
S 1 | 0799 | 0.798 | .023 | .047 | .023 .046 .048 | .057 | .884 | .657
81 2 | 0.800 | 0.799 | .017 | .035 | .017 .035 .05 | .046 | .873 | .631
81 3 | 0.800 | 0.798 | .022 | .045 | .022 .044 .054 | .048 | .88 | .645
81 4 | 0.800 | 0.801 | .016 | .033 | .016 .033 .053 | .047 | .863 | .613
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Table 17: X results when p=-0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.5 s=1 | s=.5]|s=1|s=.5 s=1 s=.5 | s=1 | s=.5 [ s=1
-8 1 |-0.802 | -0.805 | .049 | .098 | .048 .096 .051 | .055 | .854 | .595
-8 2 |-0.801 | -0.800 | .039 | .076 | .038 .076 .058 | .054 | .845 | .577
-8 3 |-0.801 | -0.806 | .041 | .08 | .04 .081 .055 | .057 | .848 | .583
-8 4 |1-0.799 | -0.803 | .03 | .06 | .031 .061 .046 | .052 | .843 | .574
-3 1 [-0.301 | -0.304 | .044 | .086 | .043 .087 .053 | .052 | .862 | .609
-3 2 |-0.301 | -0.300 | .034 | .07 | .034 .068 .054 | .062 | .853 | .592
-3 3 |-0.301 | -0.304 | .039 | .076 | .038 .076 .058 | .053 | .858 | .603
-3 4 |-0.299 | -0.302 | .03 | .058 | .029 .059 .057 | .053 | .852 | .59
0 1 [-0.001]-0.002 | .039 | .08 | .039 .078 .052 | .056 | .868 | .621
0 | 2 | 0.001 | 0.002 | .031 | .062 | .031 .062 .05 | .055 | .858 | .603
0 | 3 [-0.001]|-0.003 | .034 |.071 | .035 .07 .047 | .054 | .866 | .618
0| 4 [ 0.000 |-0.002 | .027 | .055 | .027 .055 .05 | .055 | .858 | .601
S0 1 (0299 | 0.299 | .035 | .072 | .035 .069 .051 | .057 | .874 | .635
31 2 | 0301 | 0.299 | .027 | .056 | .027 .054 .049 | .054 | .865 | .616
B30 3 0300 | 0.298 | .03 | .063 | .031 .063 .041 | .057 | .875 | .636
B0 4 0299 | 0.300 | .025 | .049 | .025 .049 .048 | .052 | .865 | .616
B 1 [ 0800 | 0.799 | .028 | .057 | .028 .056 .058 | .048 | .892 | .673
81 2 | 0.801 | 0.800 | .021 | .043 | .021 .043 .051 | .055 | .88 | .647
81 3 [ 0800 | 0.799 | .025 | .052 | .025 .051 .052 | .053 | .896 | .682
81 4 (0800 | 0.799 | .02 [.039 | .02 .039 .049 | .051 | .881 | .648
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Table 18: \ results when p= 0.0

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.5 s=1 | s=.5]|s=1|s=.5 s=1 s=.5 | s=1 | s=.5 [ s=1
-8 1 [-0.802 | -0.804 | .048 | .095 | .047 .095 .053 | .06 | .861 | .607
-8 2 |-0.799 | -0.799 | .037 | .075 | .038 .075 .049 | .058 | .851 | .589
-8 3 |-0.802 | -0.803 | .036 | .072 | .036 .072 .045 | .05 | .86 | .605
-8 4 |-0.799 | -0.804 | .027 | .054 | .027 .054 .051 | .053 | .855 | .596
-3 1 |-0.300 | -0.301 | .045 | .09 | .045 .09 .049 | .056 | .865 | .616
-3 2 1-0.299 | -0.303 | .036 | .073 | .036 .071 .054 | .056 | .857 | .599
-3 3 |-0.300 | -0.301 | .036 | .074 | .036 .073 .05 | .057 | .864 | .614
-3 4 |-0.300 | -0.300 | .029 | .058 | .028 .057 .053 | .061 | .858 | .602
0 1 [ 0.003 |-0.001|.043 | .085 | .042 .085 .057 | .054 | .87 | .624
0 | 2 | 0.000 | -0.000 | .033 | .069 | .034 .067 .054 | .065 | .861 | .607
0 | 3 [-0.001]|-0.002 | .035 | .07 | .035 .07 .044 | .051 | .869 | .624
0 | 4 [-0.001]| 0.002 | .028 | .057 | .028 .056 .054 | .058 | .862 | .609
S 1 (0300 | 0302 | .04 [ .08 | .039 077 .06 | .058 | .875 | .636
B30 2 0300 | 0.301 | .03 | .063 | .031 .061 .049 | .054 | .865 | .617
B0 3 (0301 | 0.300 | .033 | .066 | .033 .066 .056 | .052 | .876 | .639
3 4 | 0299 | 0.299 | .026 | .053 | .026 .053 .044 | .054 | .866 | .618
81 1 [ 0800 | 0.800 | .032 | .064 | .032 .064 .054 | .05 | .89 | .668
B2 (0799 | 0.802 | .025 | .051 | .025 .05 .041 | .062 | .878 | .643
81 3 [ 0802 | 0.799 | .028 | .057 | .028 .057 .054 | .046 | .893 | .674
81 4 0800 | 0.799 | .023 | .046 | .023 .045 .053 | .055 | .878 | .643
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Table 19: X results when p= 0.3

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.5 s=1 | s=.5]|s=1|s=.5 s=1 s=.5 | s=1 | s=.5 [ s=1
-8 1 |-0.799 | -0.800 | .048 | .095 | .048 .095 .051 | .051 | .863 | .611
-8 2 |-0.801 | -0.799 | .038 | .076 | .038 .076 .046 | .054 | .853 | .593
-8 3 |-0.800 | -0.799 | .034 | .066 | .033 .067 .053 | .05 | .863 | .611
-8 4 |-0.800 | -0.798 | .025 | .049 | .025 .049 .055 | .055 | .859 | .603
-3 1 [-0.298 | -0.296 | .05 | .101 | .049 .098 .06 | .068 | .865 | .615
-3 2 1-0.299 | -0.299 | .039 | .078 | .039 .078 .054 | .052 | .856 | .598
-3 3 |-0.298 | -0.298 | .038 | .074 | .037 .074 .056 | .054 | .863 | .612
-3 4 |-0.300 | -0.295 | .028 | .058 | .029 .057 .048 | .051 | .857 | .601
0 1 [ 0001 | 0.002 |.049 | .095 | .048 .096 .058 | .057 | .867 | .62
0| 2 [-0.002| 0.001 | .039 | .078 | .038 .076 .059 | .054 | .859 | .603
0 3 | 0.001 | 0.001 | .037 |.079 | .038 .075 .046 | .06 | .866 | .617
0| 4 | 0001 | 0.000 | .03 [.059]| .03 .06 .054 | .052 | .858 | .602
S 1 0301 | 0.301 | .046 | .093 | .046 .092 .05 | .057 | .871 | .628
B30 2 (0300 | 0.303 | .036 | .072 | .036 .072 .049 | .057 | .862 | .609
31 3 [ 0300 | 0.300 | .037 | .076 | .037 .075 .048 | .053 | .87 | .625
31 4 (0300 | 0301 | .03 [ .06 | .03 .06 .051 | .05 | .86 | .606
8] 1 | 0801 | 0.802 | .04 | .081 | .039 .079 .058 | .056 | .883 | .653
.81 2 | 0.801 | 0.801 | .031 | .062 | .031 .062 .054 | .051 | .871 | .628
81 3 [ 0800 | 0.799 | .035 | .068 | .034 .068 .057 | .047 | .883 | .654
81 4 [ 0800 | 0.800 | .029 [ .055 | .028 .055 .056 | .052 | .867 | .62
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Table 20: \ results when p=0.8

AW Median Std. Dev. | Est. Std. Dev. | Rej. Rate R2
s=.5 s=1 | s=.5]|s=1|s=.5 s=1 s=.5 | s=1 | s=.5 [ s=1
-8 1 |1-0.799 | -0.786 | .052 | .113 | .05 101 .06 | .08 | .846 | .58
-8 2 |-0.798 | -0.795 | .04 | .082 | .039 .078 .054 | .059 | .836 | .561
-8 3 |-0.799 | -0.793 | .033 | .068 | .031 .063 .056 | .072 | .841 | .568
-8 4 |-0.800 | -0.797 | .023 | .045 | .022 .044 .053 | .056 | .836 | .561
-3 1 [-0.293 | -0.275 | .063 | .135 | .06 121 .065 | .087 | .839 | .565
-3 2 |-0.297 | -0.284 | .049 | .098 | .047 .094 .058 | .068 | .829 | .549
-3 3 |-0.299 | -0.289 | .043 | .096 | .042 .084 .059 | .084 | .826 | .544
-3 4 |-0.299 | -0.289 | .031 | .064 | .031 .062 .053 | .066 | .819 | .531
0| 1 | 0.006 | 0.029 | .07 | .145 | .065 13 .064 | .094 | .834 | .557
0| 2 | 0.002 | 0.016 | .051 | .104 | .05 1 .054 | .064 | .824 | .54
0 3 | 0005 | 0.018 | .05 |.106 | .048 .096 .063 | .076 | .819 | .53
0| 4 | 0.003 | 0.007 | .037 | .074 | .036 .072 .064 | .059 | .809 | .513
S 1 (0309 | 0.337 | .075 | .145 | .069 137 077 | .082 | .829 | .548
B0 2 (0306 | 0.321 | .053 | .109 | .053 104 .054 | .07 | .818 | .53
B0 3 [ 0307 | 0.327 | .056 | .111 | .053 .106 .068 | .08 | .812 | .518
31 4 (0301 | 0308 | .04 |.083] .04 .08 .051 | .06 | .798 | .496
81 1 [ 0809 | 0.839 | .073 | .147 | .071 138 .07 | .094 | .821 | .534
81 2 [ 0806 | 0.820 | .054 | .109 | .053 105 .067 | .079 | .806 | .509
81 3 | 0811 | 0.824 | .059 | .116 | .058 114 .066 | .073 | .802 | .503
81 4 [ 0803 | 0.815 | .045 | .092 | .045 .089 .058 | .067 | .778 | .468
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