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Abstract

This paper develops an estimation methodology for network data generated
from a system of simultaneous equations, which allows for network interdepen-
dencies via spatial lags in the endogenous and exogenous variables, as well as
in the disturbances. By allowing for higher-order spatial lags our specification
provides important flexibility in modeling network interactions. The estimation
methodology builds, among others, on the two-step generalized method of mo-
ments (GMM) estimation approach introduced in Kelejian and Prucha (1998,
1999, 2004). The paper considers limited and full information estimators, and
one- and two-step estimators, and establishes their asymptotic properties. In
contrast to some of the earlier two-step estimation literature our asymptotic

results facilitate joint tests for the absence of all forms of network spillovers.

Key Words: Cliff-Ord spatial model; Limited information estimation; Full in-
formation estimation; Two-stage least squares estimation; Three-stage least

squares estimation; Generalized method of moments estimation

JEL Classification: C21, C31



1 Introduction'

In this paper we develop a generalized estimation theory for simultaneous equa-
tion systems for cross sectional data with possible network interactions in the
dependent variables, the exogenous variables and the disturbances. A leading
application will be spatial networks. However, since network interdependen-
cies are modeled only to relate to a measure of proximity, without assuming
that observations are indexed by location, the developed methodology can be
of interest to the estimation of a much wider class of networks, including social
networks.

There is substantial empirical evidence of cross sectional interdependence
among observations in many areas of economics both at the macro level, where
cross sectional units may, e.g., be countries, states or counties, as well as at
the micro level where cross sectional units may, e.g., be industries, firms or
individuals.?

An important class of models for spatial networks originates from the seminal
work by Whittle (1954) and Cliff and Ord (1973, 1981). In those models cross-
sectional interactions are modeled through spatial lags, where the weights used
in forming the spatial lags are reflective of the relative importance of the links
between neighbors for the generation of spillovers. In a spatial setting the
relative importance would typically be taken to be inversely related to a measure
of distance. The usefulness of those models for the analysis of a wide class of
networks beyond spatial networks stems from the recognition that the notion of

distance is not confined to geographic distance.?

1We are grateful to the editor, a guest editor, and three anonymous referees for their very
helpful comments. We gratefully acknowledge financial support from the National Institute of
Health through SBIR grants R43 AG027622 and R44 AG027622. We also thank the CESifo
for their hospitality.

2For instance, Conley and Ligon (2002) or Ertur and Koch (2007) document spatial
spillovers in economic growth. Holtz-Eakin (1994) or Audretsch and Feldmann (1996) put
forward evidence for spatial spillovers in productivity. Egger, Pfaffermayr, and Winner (2005)
provide evidence for spatial interdependencies of value added tax rates, and Devereux, Lock-
wood, and Redoano (2008) for spatial corporate tax rates. Case, Hines, and Rosen (1993)
report on spatial budget spillovers. The results in Behrens, Ertur, and Koch (2012) suggest
that bilateral trade flows exhibit spatial interdependence, and Baltagi, Egger, and Pfaffermayr
(2007, 2008) and Blonigen, Davies, Waddell, and Naughton (2007) illustrate that the same
holds true for bilateral foreign direct investment.

Pinkse, Slade, and Brett (2002) provide evidence for spatial price competition among
wholesale-gasoline terminals. For contributions to the literature on social interactions see,.e.g.,
Ballester, Calvé-Armegol and Zenou (2006), Lee (2007b), Calvé-Armengol, Patacchini and
Zenou (2009), Blume, Bock, Durlauf and Ionnides (2011), Cohen-Cole, Liu and Zenou (2018),
and Liu (2014).

3 As stated, we think Cliff-Ord type models provide important tools for analyzing networks.
However, we also want to point out an important literature in statistics where spatial depen-



Spatial econometrics has a long history in geography, regional science and
urban economics; see, e.g., Anselin (1988). For the last two decades the devel-
opment of econometric methods of inference for Cliff-Ord type models has also
been an active area of research in economics.* Most of the literature focused on

single-equation models where a single dependent variable, say, y;, is determined

for units ¢ = 1,...,n. However, in economics it is frequent that the outcomes for
several dependent variables, say, y;1, - - -, ¥ig, are determined jointly by a system
of equations for units ¢ = 1,...,n. In this case the simultaneous nature of the

outcomes can stem from two sources, interactions between different economic
variables as well as interactions between cross sectional units.

Surprisingly, the literature on the estimation of simultaneous systems of spa-
tially interrelated cross sectional equations has been quite limited until recently.
Kelejian and Prucha (2004) provide, by extending the methodology developed in
Kelejian and Prucha (1998, 1999) for single equations, an early development of
generalized method of moments (GMM) estimators for such models. However,
as discussed in more detail below, they do not provide a full asymptotic the-
ory for all considered estimators and their setup only covers first-order spatial
lags. Liu (2014, 2019, 2020), Cohen-Cole, Liu, and Zenou (2018), and Liu and
Saraiva (2019) build and extend the methodology of Kelejian and Prucha (2004)
within the context of social interaction models with first order spatial lags, and
cross sectionally independent disturbances. Their contributions include one-step
GMM estimation methods that utilize both linear and quadratic moment condi-
tions, identification conditions, bias correction procedures for many instruments,
heteroskedasticity, and an estimation methodology for a simultaneous system of
equations with binary outcomes generated from an incomplete information net-
work game. Other recent contributions to the literature on spatial simultaneous
equation models are Baltagi and Deng (2015), who consider an extension of a
two-equation system with first-order spatial lags to panels. Wang, Li, and Wang
(2014) analyze the quasi maximum likelihood estimator for such a system in the
cross section. Yang and Lee (2017) consider identification and quasi maximum
likelihood estimation for a multi-equation system with a first-order spatial lag
in the dependent variable. Yang and Lee (2019) provide an extension to dy-
namic panel data models allowing for multiple weights matrices. In contrast to

the current paper, the above cited literature only considers first-order spatial

dence is molded via random Markov fields and conditional autoregressive models; see e.g.,
Cressie (1993).
4See, e.g., Anselin (2010) for a review of the development of spatial econometric methods.



lags in the dependent variable, and does not also consider spatial spillovers in
the disturbance process. Those papers also differ in terms of the considered
estimation methodology. In particular, a methodological focus of this paper is
on two-step estimation, while also covering one-step estimation.

Within the context of Cliff-Ord type models two-step procedures are gen-
erally less efficient than one-step procedures. However, they are attractive,
especially for situations where the instruments are strong and the efficiency
loss is small, because of their relative computational simplicity. An important
limitation of the two-step estimation methodology developed in Kelejian and
Prucha (2004) is that the paper only establishes the consistency of the estima-
tor for the spatial autoregressive parameter in the disturbance process, but not
its asymptotic normality. As a result, the methodology does not facilitate a
joint test for the absence of spatial interactions in the dependent variables, the
exogenous variables and the disturbances. Closely related to this is that Kele-
jian and Prucha (2004) do not consider efficiently weighted GMM estimators for
the spatial autoregressive parameters, since that paper lacked the knowledge of
the limiting distribution for those estimators.

Another important limitation of the earlier paper is that it only allowed for
first-order spatial lags. Allowing for higher-order spatial lags is important for
at least two reasons. First, the researcher may not be sure about the chan-
nel through which interactions occur — e.g., though geographic proximity, or
technological proximity, or both. By allowing for higher-order spatial lags the
researcher can consult the data on this issue. Second, as argued below, higher-
order spatial lags can be used to partially relax the requirement regarding a
priori knowledge of what weights should be assigned to different units in the
construction of a spatial lag.> Given the complexity of our systems specifica-
tion, we do not pursue nonparametric estimation here.

The paper is organized as follows: Section 2 specifies the considered simulta-
neous equation system with spatial /cross sectional network interactions. In this
section we also discuss two exemplary applications. The first example highlights
how higher-order spatial lags can be used to achieve a more flexible specification
of the spatial weights. The second example considers a social interaction model

where individuals make interdependent choices on the level of effort for multi-

5The term higher-order spatial lags seems to have been imported from the time series
literature. However, in contrast to the time series literature there is not a natural ordering
of the lags. Different spatial lags model different pathways for network dependence, and the
corresponding spatial autoregressive parameters reflect their importance.



ple activities. In Section 3, we discuss the moment conditions underlying the
considered GMM estimators for the regression parameters and the parameters
of the disturbance process. The paper focuses on two-step estimation proce-
dures. It turns out that the distribution of the GMM estimator for the spatial
autoregressive parameters of the disturbance process depends on the estimator
of regression parameters. Section 4 is hence devoted to give generic results con-
cerning the consistency and asymptotic normality of two-step GMM estimators.
In particular, we give generic results concerning the joint limiting distribution
of estimators for all model parameters of interest, which can be utilized in the
usual way to form general Wald tests regarding the model parameters. Results
for one-step estimators are in essence delivered as a special case of two-step
estimation. In Section 5 we consider specific limited and full information two-
step estimators, and provide specific expressions for consistent estimators of the
associated asymptotic variance-covariance (VC) matrices of those estimators.
In Section 6 we consider limited and full information one-step estimators that
combine the linear and quadratic moment conditions used by the two-step esti-
mators. The last section concludes with a summary of our findings and possible
directions for future research. All technical derivations are given in appendices
and in an Online Supplementary Appendix. In the Online Supplementary Ap-
pendix we also report on a Monte Carlo study of the small sample properties of
the various estimators and test statistics.

Throughout the paper we adopt the following notations and conventions. Let
(A,)nen be some sequence of matrices, then we denote the (i, j)-th element of
A, with a;j,. If A, is nonsingular, then we denote its inverse with Agl7 and
the (i, j)-th element of A ! with a¥. Let A, be of dimension p, x p,, then
the maximum column sum and row sum matrix norms of A,, are, respectively,

defined as

Al = 1%2);% Z€;1 |ijnl and [Anll, = 122};71 Z§;1 |aijnl -
If |A,ll; < cand ||A, |, < cfor some finite constant ¢ which does not depend
on n, then we say that the row and column sums of the sequence of matrices
A,, are uniformly bounded in absolute value. We note that if the row and
column sums of the matrices A, and B, are uniformly bounded in absolute
value, then so are the row and column sums of A, + B,, and A, B,; cf., e.g.,
Kapoor, Kelejian and Prucha (2007, Remark A2). For any square matrix A,,,
A, = (A, +A’)/2, and for any vector or matrix A,,, |A,|| = [tr(A,,A,)]Y/?,



where tr denotes the trace operator. Let A, 4, g = 1,...G, be a sequence of
matrices, then diagf:l(An,g) denotes the block diagonal matrix, where A,, 4 is
the g-th diagonal block.

2 Model

In the following, we specify our simultaneous system of G equations for G en-

dogenous variables observed for n cross sectional units.

2.1 Structural Form Model

In specifying the system we allow for two sources of simultaneity. First, the
observations for the g-th endogenous variable for the i-th unit may depend
on observations of the other endogenous variables for the i-th unit, as in the
classical text book simultaneous equation system.® Second, simultaneity may
stem from Cliff and Ord (1973, 1981) type higher-order cross-sectional network
interactions, where spatial interactions represent a leading application.

As remarked, the model specification will be fairly general and allows for
network interactions modeled by, possibly, higher-order spatial lags in the de-
pendent variables, the exogenous variables and the disturbances. More specifi-
cally, let g denote the equation index, then we assume that the cross-sectional

data are generated by the following system (¢ = 1,...,G):

G K G
Ygn = E blg,nyl;n + § Ckg,nXk,n + §
=1 k=1

=1

q
Ugn = [E :pg,r,thn‘| Ugn t+Egn,

r=1

p
Z )\Zg,s,nws,n‘| Yin + ug,na(l)
s=1

where y, , is the n X 1 vector of cross-sectional observations on the dependent
variable in the g-th equation, xy, ,, is the n x 1 vector of cross-sectional observa-
tions on the k-th exogenous variable, which is taken to be nonstochastic,” Ugn
is the n x 1 disturbance vector in the g-th equation, W ,, and M,.,, are n x n

weights matrices, €4 5, is the n X 1 vector of innovations entering the disturbance

60ur specification differs from, e.g., Anselin (1988) and Wang, Lee and Bao (2018) who
consider systems for one variable.

"In treating the exogenous variables as non-stochastic, the analysis may be viewed as
conditional on the exogenous variables.



process for the g-th equation, and n denotes the sample size. With b, and
Ckg,n We denote the (scalar) parameters corresponding to the I-th endogenous
and k-th exogenous variables, respectively. Of course, the structural model pa-
rameters are not identified without certain restrictions. Those restrictions will
be introduced below.

Consistent with the usual terminology for Cliff-Ord type network interac-

tions, we refer to Wy, and M, ,, as spatial weights matrices, to
Yisn = Win¥in and Ug,rn = M;nugn

as spatial lags, and to the (real scalar) parameters A\ig s, and pg ., as spatial
autoregressive parameters. The weights matrices carry the information on the
links between units and on the relative weight of those links, and the spatial
autoregressive parameters describe the strength of the spillovers. Although
originally introduced for spatial networks, Cliff-Ord type interaction models
do not require the indexing of observations by location. In general they only
rely on a measure of distance in the formation of the spatial weights. Since the
notions of space and distance or proximity are not confined to geographic space,
these models have, as discussed in the introduction, also been applied in various
other settings. This includes social interaction models, where one considered
specification has been to assign to each of the i-th individual’s friends a weight
of 1/n;, where n; denotes the total number of friends of 4, while assigning zero
weights to individuals not belonging to the circle of friends. In the following,
we continue to refer to Yisn and Uy, and A\ig s and pg ., as spatial lags and
spatial autoregressive parameters, but note the wider applicability.

The reason for allowing the elements of the spatial weights matrices to de-
pend on the sample size is to permit — as is frequent practice in applications —
normalizations of these matrices where the normalization factor(s) depend on
the sample size.®> The i-th element of y; , ,, is given by g, . ,, = Z;;l Wij s nYjl,n-
We note that even if the elements of the spatial weights matrices do not depend
on the sample size, the elements of the spatial lag y, . ,, and, analogously, the
elements of Uy, , will generally depend on the sample size. This in turn implies
that also the elements of y, , and u, , will generally depend on the sample size,

i.e., form triangular arrays. In allowing the elements of x;, to depend on the

8The normalizing factors may in turn affect the parameters of the spatial lags, which is
the reason for allowing the parameters in (1) to depend on the sample size; see, e.g., Kelejian
and Prucha (2010) for further discussions regarding normalizations.



sample size, we implicitly also allow for some of the exogenous variables to be
spatial lags of exogenous variables. For example, the elements of xj, ,, could be
of the form x;, = Z?’Zl wij,s,n€; Where &; is some basic exogenous variable.
Thus the model accommodates, as remarked above, cross-sectional interactions
in the endogenous variables, the exogenous variables, and the disturbances.

The above model generalizes the spatial simultaneous equation model con-
sidered in Kelejian and Prucha (2004) in allowing for higher-order spatial lags.”
Consistent with the terminology introduced by Anselin and Florax (1995) in a
single-equation context, we refer to the above model as a simultaneous spatial
autoregressive model of order p with spatially autoregressive disturbances of or-
der g, for short, a simultaneous SARAR(p,q) model.!® One reason for allowing
for multiple spatial weights matrices is that they can capture different forms
of proximity between units. For example, within the context of R&D spillovers
between firms, one matrix may refer to geographic proximity between firms, and
the other may correspond to a measure of proximity in the product space. As
another example, as discussed in more detail below, within the context of a so-
cial interaction model different matrices may refer to different circles of friends,
e.g., one matrix may identify the very close friends, and a second matrix the
other friends. Additionally, as discussed below, an estimation theory that allows
for multiple spatial weights matrices can also be used to accommodate certain
parameterizations of the spatial weights.

Model (1) can be written more compactly as

Y, = Y,B,+X,C,+ YA, +U,, (2)
Un = ﬁn]Rn + En
with
n = Yin, ~'~aYG,n)n><Ga X, = (Xl,na "'aXK,n)nXKa
n = ui n, ---qu,n)nxGa E, = (El,na -~-a5G,n)n><G7

yl,l,na "'ayl,p,*rm "'7?6‘71,77,7 "',yG,p,n)nxpG7

SRR
I

ui,i,n, ~~7ﬁ1,q,n7 '~-7ﬁG,1,na -~~7ﬁG,q,n)n><qG7

and where the parameter matrices B, = (bign)axa, Cn = (Cign)kxa, An =

9Extensions of the estimation methodology will be discussed later.
10For single equations higher order SAR models have been considered by Blommestein (1983,
1985) and Huang (1984), among others, and more recently by Bell and Bockstael (2000), Cohen
and Morrison Paul (2007), Badinger and Egger (2010), and Lee and Liu (2010).



(Mig,s.n)paxcs and Ry, = (pg.rn)eaxa are defined conformably.'?

2.2 Exemplary Applications

We next motivate the importance of considering higher-order spatial lags with
two examples. The first example illustrates how higher-order spatial lags can be
useful for certain parameterizations of the spatial weights. The second example
formulates a social interaction model where the utility maximizing solution is

described by a system of equations with higher-order spillovers as defined in (1).

2.2.1 Parameterized Spatial Weights

As part of the specification of the model in (1) the researcher has to specify
the elements of the spatial weights matrices. When those elements are specified
incorrectly, the model is misspecified and the estimates will generally be in-
consistent. Allowing for higher-order spatial lags provides important flexibility
and robustness in modeling network interactions. However, while adding higher
order spatial lags helps to address potential specification errors, it does not, of
course, eliminate the possibility; for a recent contribution on an omnibus test
for weights matrix misspecification see Lee, Phillips and Rossi (2021).

In the following we discuss exemplarily how higher-order spatial lags can be
used to allow for certain flexible parameterizations of the spatial weights. For
simplicity of notation we drop subscripts n. Spatial weights are often specified
as a function of some distance measure, possibly combined with some contiguity
measure. Let W = (w;;) be the basic spatial weights matrix, let d;; denote some
distance measure between units ¢ and j, and let d7; be some contiguity measure
taking on values of one or zero. Then, the researcher may specify the weights
as the product of the contiguity measure and a polynomial in d;;, treating the

coefficients of the polynomial as unknown parameters:'2

wij = dj; Aidij + ...+ )\pdfj] .

Now, suppose the researcher models y, as a function of, say, A\ Wy,, then

clearly

P P
/\lgWyz = [Alg Z Asws] Y = [Z /\lg,sWs‘| Yi
s=1

s=1

HUFor clarity, we note that the g-th column of A, and R, are, respectively, given by
[>\Ig,1,n» B /\lg,p,na ceey >\Gg,1,n7 sy )‘Gg,p,n]l and [07 <3 0,0g.1,m5 45 Pg,q,m5 051 1y 0]/'
12 Alternatively the researcher could specify a polynomial in 1/dsj.



with A\ig s = AigAs, W, = (wij’s), and w;; s = d;‘jdfj. In allowing for higher-order
spatial lags, model (1) covers this specification as a special case. Of course, the
above specification of spatial weights is entirely illustrative, and model (1) will
cover many other specifications, including specifications with alternate basis
functions instead of power functions, and more general measures of distance
and contiguity. The same ideas also apply to the modeling of the disturbance

process. '3

2.2.2 Social Interactions in Multiple Activities

The following example extends Cohen-Cole, Liu and Zenou (2018). We follow
their basic setup, but allow for more flexible peer effects. More specifically,
consider a model where n individuals choose effort levels for G activities, say
Yil, - - -, Yic, allowing for peer effects among p groups of peers, e.g., for p = 2 we
may distinguish between very close friends and other friends. Now let w;; ; be
one or zero depending on whether individual j belongs to the s-th peer group
of individual 4, and let n;s be the size of that peer group. Let w;; s = w;-“jys/nis
denote the corresponding normalized weights, let y;, . = E;Zl Wij,sYjg denote
the average effort level for activity g by the s-th group of peers, and assume

that the utility of individual ¢ is of the following linear-quadratic form:

U(Z/il; s vin) = U(yilv s 7ina?il,l’ e '?il,pa ce 7?1‘6*,1’ te ?in,p) (3)

G G G p 1 G G G
* E * 2 *
= Z TigYig + Z Yig Z Z ANg,sYil,s ) Z beYig — Z Z bigYigVit-
g=1 g=1 =1 s=1 g=1 g=11=1,l#g
payof f cost

The specification considered in Cohen-Cole, Liu and Zenou (2018) corresponds

to p = 1. The first-order conditions for the maximum of u(y;1, ..., y:iq) yield

G G p
Yig = Tig + Z bigya + Z Z Aig,sYil,s

I=1,l#g =1 s=1

13The above observations are related to Pinkse and Slade (1998), who estimate, in a single-
equation context, the spatial weights corresponding to the dependent variable nonparamet-
rically. Given the complexity of our systems specification, we do not pursue nonparametric
estimation here.



with m;y = w;‘g/b;, big = —bl"g/b;7 Nig,s = /\Z‘g,s/b;, or in matrix notation

G G p
Yg=Tg+ Z bigy: + Z Z Aig,s Wsy1 (4)

I=1,l£g =1 s=1
with 7y = [m1g,...,Tng) . Similar to Cohen-Cole, Liu and Zenou (2018) assume
that 7, can be modeled as
K
Ty = z ChgXk + Ug. (5)
k=1

Substituting (5) into (4) then shows that the utility maximizing vectors of effort
for the G activities are defined as the solution of a model of the form specified
in (1).

We note that by specifying the W, to be block diagonal, we can accom-
modate situations where the individuals ¢ = 1,...,n belong to, say, C groups
which, e.g., represent class rooms. Also, some of the x; covariates may rep-
resent group indicator variables, and others may be spatial lags of some basic

covariates.

2.3 Reduced Form and Structural Model with Exclusion

Restrictions

Towards computing the reduced form of the above model, let
vn =vec(Yy), xp,=vec(X,), u,=vec(Uy,), &, =vec(E,),
and let

W, =[Wi,....W,.]". M,=[M,

p,n 1,no

ML)

Observing that vec(Y,,) = (I¢ ® W,,)y, and vec(U,) = (I¢ ® M) u,, and
that vec(A1As) = (A} ® I)vec(A;) for any two conformable matrices A; and
A, it is readily seen that the spatial simultaneous equation system (2) can be

re-written in stacked notation as

Yn = B:LYn + C;xn + u,, (6)

u, Riu, +e,,

10



where B =[B!/, ®1,)+ (A, ®1I,) (Ic ® W,,)], C: = (C/, ®1,), and RX =
(R! ®1,) (I ® M,,) . Assuming invertability of I, — B¥ and I, — R}, the
reduced form of the system is now given by

Yn (InG - B:L)_l [szn + un] ) (7)

u, = (Lig—R:) e,

As remarked, the structural parameters of the spatial simultaneous equation
system (1) and (2) are not identified unless we impose exclusion restrictions. Let
Bg.ns Ygns Agn, and pg ., denote the Gy x 1, K4, x 1, pg x 1 and g4 x 1 vectors of
non-zero elements of the g-th column of B,,, C,,, A,,, and R,,, respectively, and
let Yy, Xgn, ?g,n, and ﬁgm be the corresponding matrices of observations
on the endogenous variables, exogenous variables, spatially lagged endogenous
variables, and spatially lagged disturbances appearing in the structural equation

for the g-th endogenous variable. Then, system (2) can be expressed as (g =

1,...,Q):
Yon = Zgndgn+ugn, (8)
Ugn = ﬁg,npg,n + Egm;

where Zg ., = [Ygn, Xg,n,?g,n] and 8y, = | ;,n’7g;,n’ A;Ln]/'

2.4 Model Assumptions

We maintain the following assumptions regarding the spatial weights matrices

and model parameters.

Assumption 1 For s = 1,...,p and r = 1,...,q: (a) All diagonal elements
of Wy, and M, ,, are zero. (b) [W,ll, < ¢, [[Mynll, < ¢ for some finite

constant ¢ which does not depend on n, and [|[Wy || =1, [M,,| . =1.

‘ o0

Assumption 2 (a) The matrices I, — B,

n

autoregressive parameters satisfy sup,, ZTGIg , |pgrm| < 1 forg =1,...,G,

are nonsingular. (b) The spatial

where Iy, = {rg1,...,794,} € {1,...,q} denotes the set of indices associated
with the elements of pg.n. (¢) The row and column sums of the matrices [I,q —

B! are uniformly bounded in absolute value.

The above assumptions are in line with the recent spatial literature. Assump-

tion 1(a) entails a normalization rule. Assumption 1(b) implies that the row and

11



column sums of the matrices W ,, and M,. ,, are uniformly bounded in absolute
value. The assumption that [|[Wy [/ =1 and [[M, || = 1 implies a normal-
ization for the parameters. For interpretation, let W{ , be some spatial weights
matrix with HW*

57'”Hoo

gressive parameter on W} vy;,. Now define W, = W;,/ ||W:"Hoo and
Ngs;n = Ng.sn HW* , then [[W |l o =1 and g s WWsn = Aj, Wi ..

s,n”oo lg,s,n

Thus the normalizations [|[W, || = 1 and |[[M,,||,, = 1 can always be

# 1 and let \} be the corresponding spatial autore-

lg,s,n

achieved by appropriately re-scaling the elements of the spatial weights matrix,
provided the corresponding spatial autoregressive parameter is correspondingly
redefined; for further discussions see Kelejian and Prucha (2010).1
Assumption 2(a) ensures that the first equation of the expression for the re-
duced form in (7) is well defined. In allowing in Assumption 2(b) for the index
set I, , to vary with g we allow for different orders of spatial lags in the distur-
bance process of different equations. Next observe that R} = diaggG=1 [R;n]
with R} ,, = R}, (pgn) = Zrelg,p PgrmMy . In light of this it follows from
Assumptions 1(b) and 2(b) that |R} ||, < max, Zrelg,,, |pg,rn] < 1, which
in turn implies that I, — R/, is nonsingular. Consequently, also the second
equation of the expression for the reduced form in (7) is well defined, and

thus y,, is uniquely defined by the model. Assumptions 1(b) and 2(b) imply

sonll
91 oo

[In - R;n]f are uniformly bounded in absolute value. To see this observe
that || [T = R,] 7 e 1/ 1= IRy | <1/ [1 = sup, Ry ] < oo

The above arguments use results in Horn and Johnson (1985, p. 301).

even that sup,, HR < 1, which implies that the row sums of the matrices

Assumption 3 (a) The matriz of (nonstochastic) exogenous regressors X,, in
(2) has full column rank (for n sufficiently large). Furthermore, the elements
of X, are uniformly bounded in absolute value by some finite constant. (b) The
elements of the parameter matrices B,,, C,, and A,, are uniformly bounded in

absolute value.

An assumption such as Assumption 3(a) is common in the spatial literature.

In treating X,, as nonstochastic, our analysis should be viewed as conditional on

4The suggested re-scaling is simple and practically implementable even if n is large. In
situations where n is sufficiently small such that the eigenvalues of the spatial weights matrices
are computable, one could alternatively normalize each spatial weights matrix by its spectral
radius, which would in conjunction with the next assumptions entail an expansion of the
admissible parameter space.

12



X,,. Note that in part (b) of Assumption 3 uniformity refers to n. Assumption
3(b) is trivially satisfied, if the parameters do not depend on the sample size,

since any real number is finite.

We next state the assumptions maintained w.r.t. &,. In the following let
V. = [Vin,---,Van] be an n x G matrix of basic innovations and let v,, =
vec(Vy,).

Assumption 4 The innovations €, are generated as follows:
En = (2; by In)v'rw (9)

where X', is a nonsingular G x G matriz and the random variables {vign : i =
1,...,n,g = 1,...,G} are, for each n, identically and independently distributed
with zero mean, unitary variance, and finite 4 + v moments for some v > 0,

and their distribution does not depend on n. Furthermore, let ¥ = 3/ 3,.

The above assumption on the innovation process is in line with the speci-
fication of the disturbance terms for a classical simultaneous equation system.
Let €,(i) denote the i-th row of E,, then, observing that E,, = V,, X, it is
readily seen that the innovation vectors {e,(7) : 1 <4 < n} are i.i.d. with zero
mean and VC matrix X. With respect to the stacked innovation vector, the
assumption implies that Ee, =0 and Fepe,, =X ®1,.

Given (7), we note that Assumption 4 implies furthermore that Fu, = 0
and By, = (I,g — B,’i)_1 Crxy, and that the VC matrices of u,, and y,, are

given by, respectively,

Qun = (Inc — R:L)_l(x ® L) (Inc — R:L/)_la

Q. = (Lic—BL) 'Qu,.(Ic—-B)™"
Assumptions 2 and 4 imply that the row and column sums of the VC matrix
of u,, (and similarly those of y,,) are uniformly bounded in absolute value, thus

limiting the degree of correlation between, respectively, the elements of u,, and

of y,.

Remark: Under the above assumptions it is shown in Lemmata A.2 and A.3

that all random variables in [Y,, X,,, Y,,] have uniformly bounded finite fourth
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moments, and that
n 'z, Anug, —n'EZ,  Ayug, = o,(1)

for any n xn real matrix A,, whose row and column sums are bounded uniformly

in absolute value.

For purposes of estimation it proves helpful to apply a spatial Cochrane-
Orcutt transformation to the model. In particular, premultiplying (8) by L, —
R} . (pgn) yields

Yegn = ZLixgnOgn + g, (10)
with yign = Yign(Pgn) = [In - R;,n(p%nﬂ Yo and Zign = Zign(pgn) =
[In — R;n(pg,n)] Z,.,,. Stacking the transformed equations yields

Yin = LunOn + €n, (11)

. !/ . i
with y., = [yfkl’n,...,yfkan] s Ly, = dzaggG:1 Zig ], 0, = [6'17n,...,5'c7n]
and where g, is as defined above.

3 Moment Conditions

Recall that from the Cochrane-Orcutt transformed form of the model (10) we

have

€g,n = Eg,n(Pg,m 5g,n) = [In - Rz,n(pg,n)] [Yg,n - Zg,n‘sg,n] .

The estimators for the model parameters pg , and g, considered in this paper

will utilize a set of linear and quadratic moment conditions of the form (g =
1,...,G)
Emgvn(pgyn,(sgyn) = Enle;Eg,n =0, (12)
nlel A1 nEgn
Emz,n(Pg,m‘sg,n) = E =0, (13)
n el AsnEgn

where the n X py instrument matrix H,, in the linear form and the nxn weighting

matrices A, in the quadratic forms are non-stochastic. In the following we

14



will also simply write mg’n and m{ ,, for the sample moment vector at the true
parameter values.'®

We maintain the following assumptions regarding the instruments H,,. Spe-
cific choices of instruments and a discussion of how the nonlinearity of Fy,, in
the parameters generates instruments from within the model are given after the

assumptions.

Assumption 5 : The instrument matrices H,, are nonstochastic and have full
column rank pag > Gy + Ky + pg (for all n large enough). Furthermore, the
elements of the matrices H,, are uniformly bounded in absolute value. Addi-
tionally H,, is assumed to contain, at least, the linearly independent columns of
H, =[X,, M, X,,...,M,,X,].

The inclusion of H,, in H,, ensures that the exogenous variables on the right
hand side (r.h.s.) of the Cochrane-Orcutt transformed model serve as their own
best instruments. For limited information estimators it suffices to postulate
that H,, is assumed to contain, at least, the linearly independent columns of
Xy M1y Xgn,. ... My X, 0]

Assumption 6 The instruments H,, satisfy furthermore:
(a) Quu = lim, oo n 'H, H,, is finite and nonsingular.

(b) QHZ79 = phmn%oonilH;LZgyn and QH]WZ,T,Q = phmn%oonilH;LMT’nzgvn

are finite and have full column rank.

(c) Let Quzgx(Pgn) = Quzg = Xyer, , PornQHMZrg; then
Amin [Quz,gx(Pgn) Qi Q2,9+ (Pg.n)] = ¢ for some ¢ > 0.

The above assumptions are in the spirit of those maintained, e.g., in Kelejian
and Prucha (1998, 2004, 2010) and Lee (2003). We first discuss Assumption 5.
The best instruments for Y, ,, and ?g,n are given by their conditional means.
Observe that in light of (6) we have

Ey, = (I,c - B) ' Cix,

with B = [(B,, ® I,) + (A}, ® I,) I¢ ® W,,)]. For large n the accurate com-

putation of the inverse of I,,¢ — B, which is of dimension nG x nG and depends

15We note that our setup could be readily modified to accommodate for H,, and for the
A n to vary with g at the expense of further complicating the notation.
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on unknown parameters, will be challenging if not impossible, unless the weights
matrices are sparse. Furthermore, even in the single equation case existing re-
sults on the asymptotic properties of GMM estimators based on the best instru-
ments have so far only been obtained by restricting the parameter space to a
compact interval in, say, (—1,1). To avoid those difficulties and limitations we
employ an approximation of the best instruments, which is consistent in spirit
with the approach adopted in the above cited literature.

Given |BX| < 1 we have (I,¢ —BX)™' = 3202 (B*)¢ and thus Ey, =
>avo (B*)? C2x,. In light of the structure of B it is not difficult to see that
the blocks of (I,g —BX)™" can be expressed as infinite weighted sums of the

matrices I, {thn}?l:lv {le,nwjg,n}i,]‘z:p {le7nWj2anWj37n}§1,j2,j3:1’
... Adopting the notation [E;|’", := [E1,...,Ey] for any set of conformable
matrices Eq, ..., E,,, define

Xl,” = [than]?l:l 3

XZH = [le,nwjz’nxn]§1,j2:1 )

XR,n = [le,nwjzﬂt s WijX”]?l,jQ,...,,jR:l ’

and let Hg ,, = [Xn,ilm, . ,XRW]. Now suppose Wy, ..., W,  are the spa-
tial weights matrices appearing in Y, ..,

dependent columns of [HR,n, W Hran,...,Ws, HR,nL we may view the fitted

then by including in H,, the linearly in-

values of Z, ,, as computationally simple approximations of the best instruments
EZ, . Suppose further that M, ,..., M, are the spatial weights matrices in
the disturbance process of the g-th equation, then by including in H,, also
the linearly independent columns of M, [HR,n,WslHR,n, . ,WSQHRm] yen o
M,, [Hgn, Wy Hg,,..., W, Hg,| we may view the fitted values of Z,,, as
computationally simple approximations of the best instruments EZ.,,. The
Monte Carlo results presented in the Online Supplementary Appendix suggest
that in many situations relatively low values of R are sufficient for providing
a good approximation. A discussion, in a simplified context, as to how instru-
ments are generated from within the model is given in Appendix F in the Online
Supplementary Appendix.

Assumption 6(a) is standard. Assumption 6(b) is a sufficient condition that
ensures the identification of d,, from linear moment conditions corresponding

to the untransformed model (8). Assumption 6(c) is used to ensure identification

16



from linear moment conditions corresponding to the transformed model (10).
Those assumptions are crucial for the consistency of the first-step estimators
of 8,4, from linear moment conditions only. A more detailed discussion of
those assumptions, including scenarios where those conditions will not hold,
are provided in Appendix F in the Online Supplementary Appendix. Of course,
within the context of one-step estimation identification is still possible with
the use of the quadratic moment conditions, even if identification by the linear
moment conditions fails. More detailed remarks and references are provided in
Appendix F in the Online Supplementary Appendix.

We will maintain the following assumptions regarding the matrices A, in

the quadratic moment conditions (12).

Assumption 7 : The row and column sums of the matrices As ,,, s =1,...,.5,
are bounded uniformly in absolute value by some finite constant and, further-

more, all diagonal elements of A, ,, are zero for any s =1,...,S.

The assumptions that the diagonal elements of A, , are zero ensures that
the moment conditions are robust against heteroskedasticity. Exemplary speci-

fications for A, include

Mr,n7 M/r,nMT/ﬂ - diag(er,nMT,n)7
Ws,n; W;nws,n - diag(W;,nWS,n)’ Mls,nw&n - diag(M;,nWSm)'

For computational purposes and for proving consistency, it is convenient to

re-write the moment conditions in (13) as

Yg,n — Fg,nrg,n(pg,n) =0, (14)
where
'71,g,n Fll,g,n F12,g,n FlS,g,n rl,g,n
Ygn = s Lo = s Tgn(pgn) = | Tagnm
Sx1 qu; qy %1
RENED Lsign Is2gn Tssgn 3
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with

_ -1 I A

Ys,gm = T Eug,nAsnugynv

r = n '(2Ed,,M. A, ,u 2B, , M/ A u,,)

sl,gm = g,n =TTy 1,nT TS, G,y gnT g qq,m TSN RGN )
_ -1 I ! A i ’ A

Togn = —n "(Bug M AgaMy, o, B M A My, ot ),
_ -1 1 ’ A I / A

T390 = —n (2Eug,nMTgylvnAs,nMrg)Zmug’n,...,2EugynMrg)qg_hnAs,nMTg,qg7nug7n),
_ I

ign = (pg,rg,l,ru -”7pg,'r‘g,qg,n> )
— 2 2 /

r2,g,n - (pgﬂ‘g,l,n’ ""pgﬂ‘g,qg,n) ’
= ( )

I3.9n = \Pgrg1,nPgrg2,ns - Pgrg1,nPgrg q,,m0 1 Pgrg q,-1,nPg,7g,q5,m)

recalling the definition of the index set I , = {rg.1,...,79,4,} € {1,...,¢} and
where ¢ = 2q, + q4(qy — 1)/2.1°

For the case of two-step estimation, let d,, be some estimator for &g,
let Uy, = Ygn — nggg_yn, and let f‘gm, and v, denote the corresponding
estimators of I'y, and =, ., respectively, which are obtained by suppressing
the expectations operator and replacing ug, by Uy, in the above expressions.
Then

mz,n(pgv 59%) = :/g,n - I‘gmrg,n(pg)' (15)

4 Generic Asymptotic Properties

In this section we give a generic discussion of the asymptotic properties of GMM
estimators for py ., and &y, corresponding to the moment conditions in (12)
and (13). A main focus is on two-step estimators. Two-step estimators are
appealing, since they are computationally simple, and since in a single-equation
context the loss of efficiency has been found to be small under various reasonable
scenarios, provided that the instruments are not weak; see, e.g. Das et al. (2003)
and the Monte Carlo results presented in the Online Supplementary Appendix.
A two-step procedure may also provide some robustness for the estimation of
44, against misspecification of the disturbance process. As will be seen below,

the limiting distribution of the GMM estimators for p, , will depend on the

16To clarify the double indexing notation, consider the example where I,, ={2,4,5} and
thus gy = 3. In this case, and dropping the subscript n, r1,g = (pg,2, pg,4, Pg,5), T2,g = (,og127

93,41 93,5), and r3qg = (pg,2pg,47 Pg,2Pg,55 Pg,4pg,5)/- The weight matrices in Fsl,ga F52,97
and I's3 4 are indexed analogously.
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estimator of d, , used in computing the estimated residual. That is, d,,, is not a
nuisance parameter for py , (although the reverse is true). As a consequence, the
derivation of the limiting distribution of the two-step estimators is technically
more challenging. We will discuss one-step estimators later on in the paper.
In essence the results in this section also deliver the limiting distribution of
one-step estimators as a special case.

The GMM estimators for the autoregressive parameter vectors p,, intro-
duced below generalize the GMM estimators in Kelejian and Prucha (2004). In
contrast to Kelejian and Prucha (2004), we not only accommodate higher-order
spatial disturbance processes, but we also provide for a full asymptotic theory
for those estimators. As a result, we are able to introduce more efficient esti-
mators, and provide results on the joint limiting distribution of the estimators

for all model parameters.

4.1 Consistency of GMM Estimator for p

Let ng,n be some S x S symmetric positive semidefinite (moments) weighting
matrix. Then a corresponding GMM estimator for pg , can be defined as

5g,n = 5g,n(ng,n) = argmin mg,n(ﬁg, 5g,n)/ng.,nm§,n(ﬁg, ‘sg,n)
ﬁgizrelg,ﬂ |ﬁg,r|€[7ap»ap]

(16)
with a, > 1. We note that the objective function for p, ,, remains well defined
even for values of p, for which I, =R}/, (p,) is singular, which allows us to take
as the optimization space a compact set containing the true parameter space.

We postulate the following additional assumption to establish consistency of
Pg,n-

/

Assumption 8 The smallest eigenvalue of I'y

L'y . is uniformly bounded away

from zero.

Assumption 9 Y,,, — Y., = 0,(1), where Y ., is an S x S non-stochastic
symmetric positive definite matriz. The largest eigenvalues of X4, are bounded
uniformly from above, and the smallest eigenvalues of X4, are bounded uni-
formly away from zero (and, thus, by the equivalence of matriz norms, Y4,
and XL are O(1)).

g,n

Assumption 8 requires I‘;’nI‘gm to be nonsingular and in conjunction with

Assumption 9 ensures that the smallest eigenvalue of T'y , Y, ,T'y ,, is uniformly
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bounded away from zero. This will be sufficient to demonstrate that pg , is
identifiable unique w.r.t. the nonstochastic analogue of the objective function
of the GMM estimator!”

Emf;’,n(ﬁgv 6g7n)/T9,nEm§,n(ﬁgv dg.n)

= [7517" - Fgmrg,n(pg,n)}/ Ygn [7g7n - I‘gmrg,n(ﬁg,n)} .

Some additional remarks on this assumption and connections to the GMM lit-
erature are provided in Appendix F in the Online Supplementary Appendix.
Assumption 9 ensures that 'Y'g’n is positive definite with probability trending
to one. Of course, Assumption 9 is satisfied for ?g,n = Yy, = Is. In this
case, the estimator defined by (16) reduces to a nonlinear least squares estima-
tor. Choices of Tg,n which result in efficient estimates of p,, will be discussed
below in conjunction with the asymptotic normality result.

Our basic consistency result for pg ,, is given by the next theorem.

Theorem 1 (Consistency) Let pg,, = ﬁg,n(Tg,n) denote the GMM estima-

tor for pg.n defined by (16). Suppose Assumptions 1-9 hold, and suppose that
n2(8yn — 84.n) = Op(1), then,

~ P
Pgn — Pgn — 0 as n — oo.

4.2 Asymptotic Distribution of GMM Estimator for p

The limiting distribution of the GMM estimator pg , will generally depend on
the estimator gg,n used to compute estimated disturbances. To define GMM
estimators for d,, we can employ the moment conditions (12). Leading exam-
ples for limited and full information GMM estimators for d, , will be the spatial
2SLS and 3SLS estimators defined in the next section. To keep the discussion

general we maintain the following assumption regarding gg,n.

Assumption 10 The estimator ggyn is asymptotically linear in €, in the sense
that

G
2 (8ym — Ogm) = n-1/2 Z T} pn€hn + 0p(1)
h=1

with Tgn.n = Fgn nPghn, where Fgpn and Pyp, , are, respectively, n x pr and

pr X ps, real mon-stochastic matrices whose elements are uniformly bounded

17For a definition of identifiable uniqueness, see, e.g., Definition 3.1 in Pétscher and Prucha,
(1997).
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in absolute value by a finite constant, and where ps, is the dimension of the
parameter vector 0g.,. (We note that under the maintained assumptions the
elements of Typ,n are again uniformly bounded in absolute value by a finite

constant).

In the Appendix A we show that our spatial 2SLS and 3SLS estimators sat-
isfy this assumption. For 2SLS estimators of the parameters of the, say, first
equation, Zle T, ,€h,n Teduces to Ty ,€1,. Also note that under Assump-
tions 4 and 10 we have nl/Q(SQ’n —0g.n) = Op(1), as is assumed by Theorem
1.

In preparation of our result concerning the asymptotic distribution of the
GMM estimator we next define the matrices that will compose the limiting VC

matrix. In particular, consider the S x g, matrix

8 n a n\Pn
Jyn=-FE Myn _ T, rg.n(p ,g)7 (17)
9Pg.n Pg.n
and the S x S matrix ¥/ = ( fg’)gg,n) where
reggn = U;g(Qn)_ltr [(ANL + A/rn) (As,n + A;n)} (18)
G G
+n*1a;mn ZZO’th;hngl,n Qg sn,
h=1l=1
with
Qgrn = _”_1E [qu,n(l’ﬂ - R;:n(pg,n))(Ar,n + A/r,n)(In - R;,n(pg,n))ug,n] .

As shown in the proof of the subsequent theorem, W77 is the asymptotic
VC matrix of the sample moment vector m/ , (pg,ggyn). The second term in
(18) stems from the fact that the sample moment vector depends on estimated
residuals. If the true residuals could be observed, we could take gg,n =04, Or

Tyn,n = 0, in which case the second term in (18) is zero.

Theorem 2 (Asymptotic Normality) Let pg.,, = ﬁgyn(’fgyn) denote the GMM
estimator for pg, defined by (16). Then given Assumptions 1-10, and given

that Amin(\Il_{]’g,n) > ¢y >0, we have

~ -1
n1/2<pg,n - pg,n) = [J/g,nrg,nJg,n] Jlg,nrg,ngg,n + Op(1)7 (19)
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where

G
ggl,n %Eg,n(AL’ﬂ + A/l,n)egan + a;,l,n Zh:l T;h,nshan
€n=1| 1 |=-n'" :
1 G
fgS’,n §€;,n (AS,n + A{S',n)eg," + afq,S,n Zh:l T;}ngh,n
(20)

and (@00 V712¢, 4 N(0,1g). Furthermore n2(pgn — pgn) = Op(1) and
Amin [QZZJL(T%”)} > const > 0 fO’/’

leg),n(rgﬂl) = (Jlgmrgm']g,n)_1J/g,nTg7n‘I’Zg,nrngQ,n(J;7nrg,nJ97n)_1-
(21)

The above theorem implies that the difference between the cumulative distri-
bution function of n'/2(p,,,, —py.n) and that of N [0, Q;, ] converges pointwise

to zero, which justifies the use of the latter distribution as an approximation of

the former.'8

Remark. Clearly, Q60 ((®06 )~1) = [J]  (®0F )’1Jg7n]71 and Q722 (Tgn)—

gg9,n gg,n gg,n 9g9,n

Qoo ((®or )71 is positive semi-definite for any Ty ,,. Thus, choosing Yy.n as

a consistent estimator for (‘ng,n)_l leads to the efficient GMM estimator. As

discussed in the proof of the above theorem, the elements of W27 are uniformly

bounded in absolute value and, hence, Apax (\Ilpp ) < ¢y for some ¢ < oo.

99:n
Since by assumption also 0 < ¢, < /\min(\Ilf]’f’n), it follows that the conditions on
the eigenvalues of Y, postulated in Assumption 9 are automatically satisfied
by (®rr )L

g9g9,n

We next define a consistent estimator for Q% (Y, ). As a preliminary

result we have the following lemma.
Lemma 1 : Suppose Assumptions 1-4 hold. For g,h =1,...,G define
Ggh’n = nil%vng'h,n (22)

with €45 = Yign(Pgn) — Z*g,n(ﬁgyn)gg,n and assume ggyn — 04 = 0p(1) and

Pgn — Pgn = 0p(1), then Gypn — ogn = 0p(1).

We note that in the above lemma p, ,, and gg,n can be any consistent esti-

18 This follows from Corollary F4 in Pétscher and Prucha (1997). Compare also the discus-
sion on pp. 86-87 in that reference.
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mators. Now let f‘g’n be defined as in (15) and corresponding to (17) define

J T argﬁn(ﬁn.g) .

Joo = Lon =5 (23)
g,n

Furthermore, corresponding to (18) consider the following estimator Wrr =

9g,n
pp PP
(wrs’gg’n) for ¥ where

gg9,n?
_ Y
Pogn = Foon()7Hr (A + AL (Avn + AL)] 29
G G " _
nlE,, [Zzﬁm,nT;h,nTgm
h=11=1
with
Qgrn = —n~! [Zlgvn(ln - RZ:n(ﬁgm))(AT»" + A;“,n)(I" - R;»n(ﬁgvn))ﬁg’"] ’

where Ty, is some estimator for Ty, and Uy, = Ygn — Zgndgn. Given
estimators for J,,, and ¥/ we can now formulate the following estimator for

gg,n
pp -
Qgg,n'

Q8 (Tyn) = (Jlg,n‘rg,n']g,n)71J;,n’rg,n‘1’55,n‘ry,n']g,n(Jlg,n‘rg,n‘]g,n)fl-
(25)

The next theorem establishes the consistency of {Ivlgf’n and ﬁgg”n.

Theorem 3 (VC Matriz Estimation) Suppose all assumptions of Theorem 2

hold, except for Assumption 9, and suppose that n_l’i‘;hyn’i‘gl,n—n_lT;h’nTgm =

op(1). Then, provided that pg., — Pg.n = 0p(1),

Bop L~ @ = op(1), (Bh,) 7= (@00 ) = 0, (1),

g9g9,n gg9,n gg,n gg9,n

and ©PP = O(1), (T2 V=1 = O(1). If furthermore Assumption 9 holds, then,

gg9,n gg9,n

QL — Q0 =0,(1), (9245,)7" — (Q5,)7" = 0,(1),

9g9,n gg.n g,n g,n

and Q2° . = O(1), (Qer )~ = O(1).

gg,n

Note that for the first part of the above theorem pg , can be any consistent

estimator.
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4.3 Joint Asymptotic Distribution of Estimators for p and
é

In the following, let §,= [6’1’n, oy 00, and pp,= [p/l’n, s Pa.pls and let 5,= [
011> 0a.,) and pp=[p} ,,, ..., PG )" denote the corresponding estimators as
defined in the previous subsections. In this section, we derive the joint limiting
distribution of Sn and p,. Knowledge of the joint asymptotic distribution of
all model parameters will then enable the researcher to test for the presence of
network spillovers in any of the dependent variables, explanatory variables, or
disturbances in the system.

As shown in the proof of the next theorem, the joint limiting distribution
of the estimators will depend on the joint limiting distribution of the following
vector of linear and quadratic forms [n;,, &, ] with n;, = [n] ,,,...,n5,,] and
&, = [, -.&.,), where ng, = n~'/? PO T, .€hn and the &, are
defined in (20). Let

Tiin - Tain

Tign .- Taan

then the VC matrix of [n/,, £.]" is given by

o Wiy
‘Pn == [ \I,flp/ \I]ﬁp ) (26)
where

vy, . WG,
L O : : ;

‘I’gpl,n ce ‘I’ng',n
e = Enq,=n'T, (Z®1,)T,,
‘I’(S’np = E"]né% = nilT’/n(E ® In)Tndlag§:1 [ag,l,TH AR ;ag,S,n )
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and where the (r, s)-th element of 77 is given by

e = @) (A AL) (A + AL)]
G G
+n_1a;,r7n [ZZU“U7”T;u,nThvyn Ch,s,n-
u=1v=1
Analogous to (24) consider the following estimator W9p = = ( f;’,g,w) for
\Ilgfw, where
fsp,gh,n = 5§h7n(2n)_1tr [(Aﬂn + A/T,n) (Asv” + A/S:”)]
¢ L
18 [$ 3 T
u=1v=1
with
ag,r,n = —n! [Z;an(ln - Ran(ﬁg,n))(Ar,n + A;’,n)(I” - R;n(ﬁg,n))ﬁg,n] ’

with Ty, », being some estimator for Ty, and Ug, = Ygn — Zgndgn. Next,

consider the estimators

TP = T (2,01,)T,,
T = 7 'T,(2,0L,)T,diags, (61, .- &gsn)),

then our estimator for ¥,, can be formulated as

- \i;ff \f;ip
¥, = l o G | 27)

We now have the following theorem concerning the joint limiting distribution

of gn — 0, and p, — pn.

Theorem 4 (Asymptotic Normality) Let p,= [P} ,,,---,Pg.,)" where pyn =
ﬁgyn(fgyn) denotes the GMM estimator for pg », defined by (16), and let b= [gin,

be an estimator for §, where ggm is asymptotically linear in €,. Then given

/!

Assumptions 1-10, n‘l'ﬂIv‘ghyn'ﬂfklm —n T, Thn = 0p(1), and given that

Amin(¥r) > ¢ for some ¢ > 0, we have

+ Op(l)a

n1/2 gn - 6n o I 0 Nn
~ - . -1
Pn — Pn 0 dzagg[[Jlg,nTgm‘]g,n] Jlg,n‘rgv”] &n
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with
4 N(0,1,),

n

P—1/2 l Nn

where d = Ele(Gg + K, +py +qq). Furthermore, let

I 0
Q, = , v, (28)
0 dzag‘f:1 ((J;,nTg,nng) 1J’ e
I 0
X
0 dz'ag;;:1 (Tngg,n(J'ngg,nJg
Q ! 0 v
"o 0 diaggG:1 ((ij’n:fg,njg,n)713;’71?‘9,11) "
I 0
X ) ~ o~ = o= o~ .
0 dzagg":l (Tgynng(J;’nTg,nJg’n) 1)
Then, W,, — ¥, = 0,(1), ¥;' — W1 = 0,(1), ¥, = O(1), ¥;' = O(1) and

Q _Qn—op()ﬂl szl:OP(l); H_O() 1 ()

Theorem 4 implies that the difference between the joint cumulative distri-
bution function of the estimators of all model parameters nl/z[(gn —30n), (Pn—
pn)']’ and that of N(0,£,) converges pointwise to zero so that using the latter
as an approximation of the former is justified.'® The theorem also states that
fln is a consistent estimator of €2,,. Of course, since the marginal distribution of
a multivariate normal distribution is normal, the above theorem also establishes

the limiting distribution of any subvector of n*/2[(8, — 8,)", (Pn — pn)’]'-

5 Limited and Full Information Two-Step Esti-

mators

In the previous section we developed generic results regarding the asymptotic
properties of two-step GMM estimators for the parameters of model (1). The
results show that the limiting distribution of GMM estimators for pg 5, which
employ an initial estimator for d,, in computing estimated residuals, will gen-
erally depend on the limiting distribution of the latter. Thus, establishing the

proper asymptotic theory for specific estimators is “delicate”. In this section,

19This follows from Corollary F4 in Pétscher and Prucha (1997). Compare also the discus-
sion on pp. 86-87 in that reference.
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we define specific limited and full information estimators and provide specific

expressions for their asymptotic VC matrices.

5.1 Definition of Limited Information Estimators

In the following we define, in a sequence of steps, a specific generalized spatial
two-stage least squares (GS2SLS) estimator of §,, and a GMM estimator of
Pg.n based on GS2SLS residuals. WLOG we consider the estimation of the
parameters of the g-th equation.

Step la: 2SLS estimator of §,,

As a first step, we apply 2SLS to the g-th equation of the untransformed model
(8) using the instrument matrix H,, in Assumptions 5 and 6 to estimate Jg .
The 2SLS estimator, say gg,n, is then defined as

5g7n = (Z/g,nzg,n)_lzngLYg,m (29)
where ng =Pu,2yn = (?g-,nvxgmv?g,n)’ ?gm =Pu, Yy, ?gm =Pu ?g,m
and where Py, = H,,(H, H,,)"'H/,.%°

Step 1b: Initial GMM estimator of the vector p,, based on 2SLS
residuals

Let Uy = Uyp(Bgm) = Ygm — Zgndgn denote the 2SLS residuals of the g-
th equation, and let mgﬁn(ﬁg’n, gg,n) denote the corresponding sample moment
vector as defined in (15). Our initial GMM estimator for p, ,, is now defined as

ﬁg,n = argmin mgp],n(bg,na agyn)lmg,n(ﬁg,n7 69,”) (30)
ﬁytzrelg,p|ﬁgm|€[7aﬂvaﬂ]

with a, > 1.

Step 2a: GS2SLS estimator of J,,,

Analogous to Kelejian and Prucha (1998), we next compute a generalized spatial
two-stage least squares (GS2SLS) estimator of dg ,, ng(ﬁg,n). This estimator
is defined as the 2SLS estimator of the g-th equation of the spatially Cochrane-
Orcutt transformed model (10) with pg ., replaced by pg.n, ie.,

‘Sg,n = ‘sg,n(ﬁg,n) = [Z*g,n(ﬁg,n)/z*g,n(ﬁg,n)]71Z*g,'n(ﬁg,n)IY*g,n(ﬁg,n)a (31)

20In the previous section we used tilde to denote generic estimators. In the following tilde
is used to denote our initial 2SLS based estimators.
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Wherf Y*g,n(ﬁg,n) = [In - Rz,n(ﬁg,n)] Yg.n Z*g,n(ﬁg,n) = [In - R;,n(ﬁg,n)] Zg’m
and Zig n(Pg.n) = Pu, Zign(Pg,n). We shall also utilize the following estimator
for the (g, g)-th block of ¥2° (corresponding to gg,n):

0 =gl Zagn(Pgn) Lgn (Pgn)] ",

where Gygn = n7'€) ,€gn With €51 = Yugn(Pgn) — Z*g)n(ﬁg,n)gg’n.

Step 2b: Efficient GMM estimator of p,, based on GS2SLS residuals
Let Uy, = Ygn —Zgyngg’n denote the GS2SLS residuals of the g-th equation,

and let m?n(ﬁgm,ggW) denote the corresponding sample moment vector as

defined in (15). Then, the corresponding efficient GMM estimator for pg .,

based on GS2SLS residuals is given by

~

ﬁg’" = argmin mg,n(ﬁg,nﬂ 69a"),(‘I’§fq),n)_1mg,n(ﬁg,n’ 6.9,”)’ (32)
ﬁgizrel_q,p|ﬁg,r|€[*amap]

where \ilgg)n = (12557997,1 ) is an estimator of the VC matrix of the limiting dis-
tribution of the normalized sample moments n1/2m§7n(pg’m dg.n). Specifically,
we have

= (271)7182 tr [(AT,n + A;»,n)(AS,n + A;,TL):I

{Z;pp
7s,99,n gg,m

~

~/ 80 =
T 0¥ gg,n0g.s.ms

with
ag,r,n = _nil [Z;g,n(ﬁgm)(AT,n + A;",n)<1n - R;,n(ﬁg,n))ﬁg,n] :

The claim that (\fi%’n) ~! provides the efficient weighting of the sample moments

will be established by Theorem 5 below.

5.2 Asymptotic Properties of Limited Information Esti-

mators

In this subsection, we derive results concerning the joint limiting distribution
of the GS2SLS estimators pg , and Sg,n by applying the generic limit theory
developed in Theorem 4. In preparation we first specialize the expressions for
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estimators of the (g, g)-th blocks of W WrP and Q2° Q. QFPas implied by

the specific structure of Sgﬁn and p, . More specifically, let

—1
~ ~ ~ ~ ~ ~ ~ ~ -1
68 _ Jydo Sp  _ awmpr ~ pp ’ pp
QQQ,” - \Ilggvn’ Qggfﬂ - ‘I’gg,n‘jgm? Qgg,n - ']g,n ‘I’gg,n ng )
with
IJ,0 T,00 -~ ~
Woomn = YounlQgin, .. 8gsn],

=)
e
3

Il

N -1 . N 1. 7171
(‘Ilzfq)n) Jg,n |:J/g,n (‘I’Z’;,n> Jg,n:| )

and Jg, = Jyn(Pgn). We now have the following result concerning the joint

asymptotic distribution of gg)n and py p.

Theorem 5 (Joint Asymptotic Normality of pg., and gg’n) Suppose Assump-

tions 1-8 hold, and that the smallest eigenvalues of ¥,, are bounded away from

zero.?! Then, Py, is efficient among the class of GMM estimators based on

GS2SLS residuals, and

~ P S0
691" - 69771) ~ AN 'fl_l Qgg,n Qgg,n
N Py ~ .
Pgn = Pgn Qogn  Uon

In the above theorem the estimators for the asymptotic VC matrix of pg ,
and Sgyn employ pg , as an estimator for p, ,. The theorem continues to hold

if py n is replaced by p, . (or any other consistent estimator).

5.3 Definition of Full Information Estimators

In the previous section we discussed GS2SLS estimation, where the parameters
of each equation are estimated separately from the spatially Cochrane-Orcutt
transformed model (10). In the following, we consider full information esti-
mation, where all parameters are estimated jointly from the stacked spatially
Cochrane-Orcutt transformed model (11). In particular, we will consider a gen-
eralized spatial three-stage least squares (GS3SLS) estimator.

Step 3a: GS3SLS estimator of §,

21 Explicit expressions for the sub-matrices composing W,, specialized to Pg,n and gg,n are
given in the proof of the theorem.
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The GS3SLS estimator of d,, based on the stacked spatially Cochrane-Orcutt

transformed model (11) is given by
On = (2, (Pn) (2" @ 1) Zin ()] 2Ly (Pn) (B @ 1) yun(Bn),  (33)

~ ~ ~ / ~ . ~
where Yo (Pn) = [Yi1n(PLn), - ¥ign(Pen)]' Zun(Pn) = diagg_y [Zugn(Pg,n)l;
Zn(pn) = diagS, [Z*g’n(ﬁgm)} with Z.g n(Pgn) = Pu, Zign(Pg,n), and where
2n = (agh,n) with 8gh,n = n_l%,né\h,n and é\g,n = Y*g,n(ﬁg,n)_z*g,n(ﬁg,n)gg,n-
Below, we shall also utilize the following estimator for ¥9 (corresponding to

g\n):

2066 ~ ~ ~ -1
V= [0 2 (5 (B © L) ()
65 85
and we denote the (g,h)-th blocks of W% and ¥, with \Ilg‘fl , and W, o,

respectively.

Step 3b: GMM estimator of p,, based on GS3SLS residuals

In a final step we compute a further GMM estimator of p, ., based on the
GS3SLS residuals U ug n=Ygn —Z,, nég n, Where (5g n denotes the g-th component

of 6 Let mf (B, . 59 n) denote the corresponding sample moment vector as
defined in (15). Then, the corresponding GMM estimator for p,, based on
GS3SLS residuals is given by

-1

o~ = PP =~

= _ . p (= ’ P (=

pgﬂ’b - argmin mg,n(pgm’ 69777‘) (‘ngxn> mg7”(pgan’ 69,71)7
p_q:z'yvelg’p|pg,7‘|6[_a07a0]

(34)
N

where ¥ is an estimator of the VC matrix W08 n O of the limiting distribution

of the normalized sample moments n'/ 2qu’m,(pg,n,(ng). Towards presenting

the asymptotic distribution of ﬁlm, -+ PG, We need estimators not only for

the (g, g)-th block of ¥/, but more generally for the (g, h)-th block 77 . Let
N N
¥, and ¥, denote the estimators for ¥#? and \Ilgz n» respectively, then the

(r, s)-th element of \Il is defined as

gh n

=xppP
wrs,gh,n = (Qn)_la_gh,ntr [(AT,N + A;‘,n)(AS,’ﬂ + A;,n)] (35)
~ 388

~1 = ~
=

+ag,r,n‘I’gh7nah;S7n7
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With Gg.rn = =171 [Zg (L = Ry (Byn))(Ar + AL (T = Rj o (Byn)) gun |-

5.4 Asymptotic Properties of Full Information Estimators

In this subsection, we derive results concerning the joint limiting distribution
of the GS3SLS estimators Z\n and gn by applying again the generic limit theory
developed in Theorem 4. In preparation, we first specialize the expressions for
estimators of Wir Wwer and Q% Q9 QFP as implied by the specific structure

of z\n and gn More specifically, let

x5 268 x0p 20p G 2 NS c =/ N G 2
Qn = ‘I’n ’ Qn = ‘Iln dla’gg:1 (t‘g,n) ) Qn = dzaggzl (\’g,n) ‘I’n dzaggzl < g,n) )
with

~0p ~ 06 G ~ ~

vo= v, dzagg:1 ([a%l,n, R ag7s7n]) ,

-1
2 2 \ T < 2 \ 7L
g = ‘I’gg,n Jgm Jg,n ‘Ilygm Jgm )

and with jg’n = Jgn(Pgn). The next theorem establishes the joint limiting

~

distribution of //F\)\n and 0,,.

Theorem 6 (Joint Asymptotic Normality of En and gn) Suppose Assumptions
1-8 hold, and that the smallest eigenvalues of ¥,, are bounded away from zero.??

Then,

= I~ ~0p

_ Q Q
l (?n ) ~ AN |n7! :glp/ QZP
(Py, — Pn) Q Q

The estimators Egm based on GS3SLS residuals are efficient within their class.

In the above theorem the estimators for the asymptotic VC matrix of /ﬁn
and §,, employ Pg.n s an estimator for py . The theorem continues to hold if

Pg.n is replaced by Eg,n (or any other consistent estimator).

22Explicit expressions for the sub-matrices ¥, are given in the proof of the theorem.
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6 Limited and Full Information One-Step Esti-

mators

In the following we discuss the one-step analogues to the two-step estimators
considered in the previous section. For simplicity we assume the availability of
a consistent estimator for X, say f]n = (Tghn)-

Towards defining our one-step limited information GMM estimator, consider

the stacked moment vector

m_gn(pgm’ 9.n)

mL”l p TL76
mg,n(pg,még,n) = [ g,L( 95 5g,n) 7

where m_qL,n(pgmv Ogn) = mg,n(pgmv dg,n) and m_?,n(l)g,m dgn) = m_é’,n(ﬂg,m dg.n)
are the vectors of linear and quadratic sample moments for the g-th equation
as defined in (12) and (13).%% Let

WL =000 [nTH,H,] and ¥29 =02 K99,

with K99 = (k2%) and

k2 = (2n) " 'tr [(Ar, + AL (Asn + AL

[N

Then, Emy ,(pg.n,dgn) = 0 and

0 W

gg9,n

‘I,LLn 0
VC(n'?my . (pgn, 0gm)) = [ 99 ] )

Let {Ivlég%n and i’?g?n denote the corresponding estimators, where og44 ., is re-

placed by some consistent estimator gq . Then the one-step limited informa-
tion GMM estimator is defined as

~ —1
<o -~ : — S / \Ilﬁgl:n 0 — S
(ég,na pg,n) = arg Hlln mg,n(pg,nv 69,71) 0 {IVIQQ mg»”(pg,rw 69;”)'
Py,nOg.n gg,n

(36)
For ease of distinction from the two-step limited information estimators de-

fined in the previous section we refer to this estimator as the Linear-Quadratic

23The purpose of switching the superscripts from § and p to L for “linear” and Q for
“quadratic” is to emphasize that for one-step estimators both moment vectors are used for
estimating both pg n and dg,n.
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Generalizes Spatial 2SLS (LQ-GS2SLS) estimator. A simple adaptation of the
methodology used to derive the limiting distribution of two-step estimators

yields

~ AN [0,n7190,,].

g,n g
g — | Sont Si®
g,n ’
Sg Sg?
SZ;ﬁL = a‘;g_'}L[n_lz*g n(pg n)lz*g n(ﬁz,n)] + U;g %AZ n(KQQ) 1&\2:717
S_gisz = SZ,gL/ = 8251 31/\2 n(KQQ) 1Jg,n(//)\§,n)a
A ~ -1
nggQ = ;g ?LJ; n(ﬁz,n) (KSQ) Jg,n (ﬁ;,n)3
where 3, , =n" '€y €7, with &) y*gn(ﬁg ) = Ziug.n (0, n)&gn, and where
ag,n = [ag,Ln? e g,S,n} with & aq rn [Z:kq7 ( g,n )(A’I‘ n+ A;‘,n)(In - Rz,n(i)\gm))ﬁg,n]

and Uy , = yg.n — Zg.n0y.

The one-step estimator defined in (36) is efficient among GMM estimators
based on the moment conditions Emyg ,(pg,n,04,n) = 0. However, a comparison
of the above expressions for the asymptotic VC matrix of the one-step estimator
with those for the two-step estimator given by Theorem 5 reveals that in the
case where Z,, only contains exogenous variables, and thus a4, = 0, both
estimators have the same limiting distribution.

Our setup contains as an important special case models without spatial lags
in the disturbances (i.e., where pg , = 0 is known). Obviously the LQ-GS2SLS
estimator, which combines both linear and quadratic moment conditions, re-
mains well defined in this case, and we obtain (59 n—0gn) ~ AN [0, n_l(gg’ﬁL)_
as a special case. The use of quadratic moment conditions may be especially
beneficial in cases where identification by the linear moments is weak; see, e.g.,
Kuersteiner and Prucha (2020) for a recent discussion.

Towards defining our one-step full information GMM estimator consider the
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stacked sample moment vector

m%,n(plﬂla 51,71)

mé,n(pG,na 5G,n)

le,n(pl,nv 61,”)

| m&,(pcn: Ocn) |

Let
vl = 2,9 [n'HH,],
LA L
wpe = Lo | = Psa 9 KRS,
QQ QQ
‘I’Gl,n e lIIGG,’n

with \Ilggn = Ush,anQ and Xgg., = (agh,n). Then, Em(p,,d,) =0 and

LL
VC’(mn(pn,&n)):n_ll\Il" 0 ]

0 Wwee

Let \/I\lﬁL and \/I\ISQ denote the corresponding estimators where oy, is replaced
by some consistent estimator o4 . Then the one-step full information GMM

estimator is defined as

(3,,5y) = argmin  m,(5,,8,) | "

~0 _, B ‘i,LL 0
Brsdn 0 wpe

] m,,(P,,,0n)-

For ease of distinction from the two-step full information estimators defined in
the previous section we refer to this estimator as the Linear-Quadratic Gen-
eralizes Spatial 3SLS (LQ-GS3SLS) estimator. Again, a simple adaptation of
the methodology used to derive the limiting distribution of two-step estimators

yields
=0 ~o
[ O = 0) | L AN [nlﬂ} 7
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o o

with , = (S,,)~! and

~2LL o ALQ
N S, S,
S, = ~QL ~QQ |
Sn S’ﬂ
~o,LL 15, 20 ~o . N ~0
. ~o =0 -~ - . ~ol
+dzagf:1[ag,n][(25‘@,n) ! ® (KgQ) 1]d2agg;:1[ag,n]7
a a . ~oo o 20 17 =0
SZ?%“;Q = SgiﬁQl = _dza’gle[ag,n][(ESQ,n) ! ® (KgQ) l]dlag‘?:l[Jg’n(pn)]a
~ . ~o0 N _ -~ . ~0
Sy = diagg\[3y (P [(Zsq,) " © (KI9) ™ diags_, [Ty (p,)];
X0 ~o X0 ~02 . ~o ~o/ ~o ~0
where 3, = (G,,,,) and Xgq,, = (G,4.,) With G, , =n"'€, €, , and €, , =
=0 PN =0 =0 =0 .
y*gm(pgm) — Z*gm(pgm)égm, and where &, ,, = [ag,lm, ol ag,S,n] with

~0 -~

B = =1 |2y (Py) Arin + AL Ly = Ry (By.0)) g

0
~

and ﬁ;n =Vgn — Lgnb,.

A comparison of the above expression for the asymptotic VC matrix of the
one-step full information estimator with that for the two-step estimator given
by Theorem 6 reveals that in the case where the Z, , only contain exogenous
variables, and thus «g, = 0, both estimators have the same limiting distribu-

tion.

7 Concluding Remarks

This paper develops estimation methodologies for a cross-sectional simultaneous
equation model in G variables, where simultaneity stems from interdependencies
in the G variables as well as from network interdependencies. Taking guidance
from the spatial literature network interdependencies are modeled in the form of
weighted averages. For simplicity, and consistent with the spatial literature, we
refer to those weighted averages as spatial lags. We allow for higher order spatial
lags in the endogenous variables, exogenous variables and disturbances. As a
consequence, the model provides for significant flexibility in modeling network
effects.

The paper develops an estimation theory for both limited and full informa-
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tion generalized method of moments estimators, which utilize both linear and
quadratic moment conditions. We consider both two-step and one-step estima-
tors. An important aim in specifying our estimators was that the estimators
remain feasible even for very large data sets and general weights matrices.

To explore the small sample properties of our estimators we conducted a
Monte Carlo study. The details of the design and the results of that study are
given in Appendix G in the Online Supplementary Appendix. In general, the
results are encouraging. We consider scenarios where the parameters are well
identified by the linear moment conditions as well as scenarios where they are
not. The study includes the maximum likelihood (ML) estimator for compari-
son. In the well identified case the biases of all considered estimators are fairly
small. As expected, the ML estimator has the smallest root mean squared error
(RMSE). However, in general, the ML estimator only dominates the GS3SLS
estimator slightly, and the GS3SLS estimator dominates the GS2SLS estima-
tor. The differences in RMSE are the most pronounced for the estimates of
the autoregressive parameters in the disturbance process. For the scenarios
where identification by linear moment conditions alone is weak, the GS2SLS
and GS3SLS estimators can, as expected, be substantially biased. In these sce-
narios the LQ-GS2SLS and LQ-GS3SLS estimators can greatly outperform the
GS2SLS and GS3SLS estimators. However, for the well identified scenarios the
benefit of combining linear and quadratic moment conditions seems limited.

We expect the model will be helpful for empirical research in both macro and
micro economic settings, as well as areas outside of economics. As illustrated
in the paper, one potential application is for modeling social interactions in
different activities; e.g., the level of different physical activities among groups of
friends connected via an activity tracker such as Fitbit. Suggestions for future
research include an extension of the methodology to panel data, as well as an

extension that allows for measurement errors in the data.
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A Appendix: Preliminary Results

In this appendix we collect some preliminary results. All proofs are relegated

to the Online Supplementary Appendix.

A.1 Asymptotic Linearity of S2SLS, GS2SLS and GS3SLS

Assumption 10 postulates that the estimators of the regression parameters are
asymptotically linear. In the following we show that the S2SLS, GS2SLS and

GS3SLS estimators are indeed asymptotically linear.

Lemma A.1 : Let A,, = (ai;n) be some my, x m,, real matriz where the row
sums of the absolute elements are bounded uniformly in n by some finite con-
stant. Let pn, = (W1my - - s fmp.n) a0 M = (Mons - - - My ,n)’ b sSOME My X 1
p

<
oo for some p > 1, and let &, = (§1n,---3Emnm) = n + Apnn.  Then

. My P m )
random vectors with sup, max; E|u; »|” < oo and sup, max;'" E|n; »

sup,, max,} E|& |7 < oc.

Lemma A.2 : Suppose Assumptions 1-4 hold. Let Z, = [Y,, Xy, Y,], then

Elzijn|' < € < o, (A1)

4
l]n|

where C' does not depend on v,j and n.

Lemma A.3 : Suppose Assumptions 1-4 hold. Let Z, = [Yn, X, Y] and
let A, = (a;5,n) be some n X n matriz, where the row and column sums of the
absolute elements are bounded uniformly in n by some finite constant. Then
n_luﬁmAnug,n =0,(1), n"'Z,Apuy, = O0,(1) and n='Z,A,Z, = Op,1) and
furthermore

nflznAnugﬁn - nilEZnAnug,n = o,(1).

Lemma A.4 : Suppose Assumptions 1-4, 5 and 6 hold. Consider the S2SLS

estimator
3 _ —1rp/
69,” - (ngzg,n) Zg,nygyn’
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where Zy,, = Pu, Zy., and Py, = H,(H,H,) H/,. Then,
(a) nl/z(ggyn —0gn) = n~t/20 €gmn + 0p(1) with Ty, = FggnPygn and

9g,m
where
Py, = QI_{iiQHZg[QIHZ,gQI_{i{QHZ,g]_la
FQQJL = (I" - R;:w) - Hn

(b) n=V2T! ey n = O,(1).

9g.:n
(¢) Pyy is a finite matriz and Pyg , —Pgg = 0p(1) for

Pogn = (n_lH%Hn)_l(”_lezg’n)X
[(n_lz,:;,an)(”_lH;LHn)_l(n_lH/rLZg,n)]_l~

(d) Amin(n™ Ty, . Tgg.n) > ¢ for some ¢ > 0 for all large n.

Lemma A.5 : Suppose Assumptions 1-4, 5 and 6 hold. Consider the GS2SLS

estimator

~ ~ ~

dg,n = [Z*g,n(ﬁg,n)lz*gm(ﬁgmﬂ _1Z*9,n(ﬁg,n)/Y*gm(ﬁg,n)a

where Ziyg r(Pgn) = PH, Zign(Pgn), where py p is any consistent estimator for

Pgn- Then,
(a) n'2[8yn — 8yn) = nil/QT;’gynsg,n + op(1) with Ty, ,, = ¥, Py, . and
where
PZg,n = Qﬁi{QHZ,g*(pg,n)[Q/HZ,g*(pg,n)QﬁlfIQHZ,g*(pg,n)]_l
Fogn = Hu
(b) n= 2Ty g0 = Op(1).
(¢c) Pyyn=0p(1) and P, —P; . =o0,(1) for
Plyn = (07THLHL) ™ (07 H Zg o (Bg,0)) X

_ ~ _ 1, _ ~ -1
[(n 1Z:«g,n(Pg,n)Hn)(n 1H;Hn) 1(” 1Han*g,n(Pg,n)ﬂ .

(d) Amin(n™ T30 T, ) > ¢ for some ¢ > 0 for large n.
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Lemma A.6 : Suppose Assumptions 1-4, 5-6 hold. Consider the GS3SLS

estimator

o~
N

50 = [Z(p) (B © L2 (5]

~

1
me(pn)(Efll ® L)y un(Pn),

where Zyy (Pr) = diag§, {Zigyn(ﬁg’n)} with i*g,n(ﬁgyn) =Pu,Zign(pn), and
Pn = [ﬁ’lm, . 7i)\/G,n]/ is any consistent estimator for p, and S, is any con-
sistent estimator for 3. Then

(a) n'/2[8, — 8,] = n~Y/2T e, + 0p(1) with T* = F*Pr*, and where

n o’

P = [27© Quy] diag [Quz,g.(pg.n)]
X {diag [QIHZ,g*<P9,n)] [2_1 ® Q;IlH} diag [QHZ,g*(pg,n)}}_l

and
F:L* =1 ®H,,.

(b) n=Y2T5 e, = 0,(1).
(¢) P2* = 0,(1) and P5* — P5* = 0,(1) for
P — [2;1 ® (n-lﬂgﬂn)—l] diag [n""H!, Zg (g )]
~ ~ —1
X [0 2, (50) (57 @ L) Zn(Bn)| -

(d) Amin(n 1T TE*) > ¢ for some ¢ > 0 for large n.

A.2 Auxiliary Results for Linear Quadratic Forms

In the following we establish some auxiliary results on the relationship between
linear and quadratic forms based on some n x 1 disturbance vector u, and

corresponding forms based on a predictor u,.

Assumption A.1 Forn > 1 the n x 1 disturbance vector u, is generated by

mn Up = €n,
nxnnxl1 nx1

where R, is a non-stochastic nonsigular n X n matriz, and the row and column
sums of the absolute elements of R, and R ' are bounded uniformly by some

finite constant, and the innovations e, = (e1m,-..,enn) have the following
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properties: For each n > 1 the random variables ¢ p, ..., e are totally inde-
pendent with Ee;,, = 0, E(¢7,) = 0% >0, and sup;<;<p, 51 E |ei7n|4+v < 00

for some v > 0.

Assumption A.2 : The predictor u, for u, satisfies that

U, —Up = 33nAn;

where D, = (035,) s an n X pa random matriz and A, is a pa x 1 random
vector. Furthermore sup,, SUpy<;<p 1< j<pa E|Oij7n|2+5 < oo for some § > 0,
and n'/? || A, = O,(1).

*
n’

Assumption A.3 For any n x n real matriz A%, whose row and column sums

are bounded uniformly in absolute value,

n'D) Afu, —n T EDL AN, = o,(1).

Remark: The above assumptions are formulated in a general fashion, so that
the results on the properties of linear quadratic forms established below can also
be utilized in a variety of contexts. For an interpretation of the results specific
to this paper, suppose that u, corresponds to the disturbance term of the g-
th equation of the model defined by (1)-(8). Then the quantities considered
in Assumptions A.1-A.3 should be interpreted as u, = ugn, On = — Zgy,
R =1-3 1, , PgrnMpn, tn = €gn, and Ay, = 8gn — Og.n, where d,, is
some estimator for the parameter vector d, ,. Observe that under Assumptions
1-4, and given gg’n a n'/2-consistent estimator, these quantities clearly satisfy
Assumptions A.1-A.3 in light of Lemmata A.1 and A.2.

Lemma A.7 : Let A} be an n X n real matriz whose row and column sums are
bounded uniformly in absolute value. Suppose Assumptions A.1 and A.2 hold,
then:

(a) nTlE [, A%u,| = O(1), var(n™u,,A%u,) = o(1) and
n~ ', AL, — nT P Bul, A, = o,(1).
(b) nE|D,Aku,| = O(1), and
ntDL A, — D Ak, = 0,(1).
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(c) If furthermore Assumption A.3 holds, then
n VAL AT, = n VA A, + adnt2A, + o,(1)

with o}, = n~'ED] (A% + A )u,. (Of course, in light of (a) and (b) we
have e, = O(1) and n='D! (A} + A, — o, = 0,(1).)

We next state an additional assumption regarding A,,, which is satisfied
by the various IV estimators considered in the paper; compare Lemmata A.4-
A.6. This assumption then permits a specialization of the r.h.s. expression for
n~1/2u! A*1, given in Lemma A.7(c) for the case where A* = R/ A, R,,, which
will be helpful for deriving its limiting distribution. Note that given Assumption
Al and A} =R, A, R, we have u), A*u, = u, R, A, Ru, =c, Aye,.

Assumption A.4 (a) The vector of innovations €, = [€' ,,,...,€q,|" satisfies

Assumption 4. (b) The estimator A, is asymptotically linear in the sense that

G
n'2A, = n~1/? Z T, nEhm + 0p(1),
h=1
with Tp,, = Fp Pp, where the ¥, = (frisn) are n X pp dimensional

real nonstochastic matrices with sup, n=' > i | frisn|" < 0o with n > 2 for
h=1,...,G,s=1,...,pr, and Py, = (Dnkin) are pr X pa dimensional real

nonstochastic matrices whose elements are uniformly bounded in absolute value.
We now have the following specialization of Lemma A.7(c).

Lemma A.8 : Suppose Assumptions A.1-A.3 hold where A,, is asymptotically
linear satisfying Assumption A.4, and suppose e, = €4.. Furthermore, let A,
be an n x n real matrix whose row and column sums are bounded uniformly in

absolute value.

(a) Then
G
n~V2 R AL R, = n’1/25;7nAn€g7n +n 1?2 Z aj, ,€nn + 0p(1),
h=1
where apn = (Anin, - Ahnn) = Thpo, with o, = n~lED' R (A, +

Al)Rnuy,. Furthermore, sup, n™ ! >0 | |apin|" < oo forn > 2.
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(b) If furthermore the diagonal elements of A,, are zero, then

G
—1/2_1 —1/2 /
E|nY egynAnz-:g,n+n / g ah,neh,n‘| =0,

h=1

G
—1/2 1 —1/2 /
var [n / sg,nAnsg,n—&-n / E ahmsh,n}
h=1

G G
= n ol tr [An(An + A+t Y Y onal, L.
h=11=1

~

B Appendix: Proofs for Section 4

Proof of Theorem 1: The existence and measurability of p, , is assured by,
e.g., Lemma 3.4 in Potscher and Prucha (1997). The objective function of the
weighted nonlinear least squares estimator and its corresponding non-stochastic

counterpart are given by, respectively,

Rn(w7bg) = ms,n(ﬁg7697H)IT9aan,n(ﬁg7agan)

—~ ! ~
= [I‘gmrgm(bg) - '79771] Yon {Fgmrg,n(ﬁg) - '79771}

Rn(ﬁg) = [I‘g,nrg,n(ﬁg) - 'Yn]/Tn [I‘g,nrg,n(bg) - 7n] )

where the quantities appearing in the above equation are defined before the
theorem in the text. To prove the consistency of p,, we show that the con-
ditions of, e.g., Lemma 3.1 in P6tscher and Prucha (1997) are satisfied for the
problem at hand. We first show that p,, is an identifiably unique sequence
of minimizers of R,,. Observe that R, (P,) > 0 and that R, (py.n) = 0, since
Vn =Ty nrgn(pgn) by (14). Utilizing Assumptions 8 and 9 we get
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En(ﬁg) = Ru(pgn) = Rn(ﬁg)

_ / _
[I‘gmrg,n(pg) - Fg,nrg,n(pg,n)] T, [Fg,nrg,n(pg) - I‘g,nrg,n<pg,n)]
[rg,n(ﬁg) - rg,n(pg,n)]/rlg,nr7zrg,n [rg,n(bg) - rg,n(pg,n)]

> Amin(Yn) Amin (T Tgn) [rg,n(ﬁg) - rg-,n(Pg,n)}l [rg,n(ﬁg) — g (Pgn)]
q
Z )\* Z [5975 - pg,s,n]2
s=1

for some A, > 0. Hence, for every > 0 and n we have

_ _ inf _ (R0 (Py) — Ru(pg,n)]
pg:EreIg)p‘pg‘r|e[_aﬁiap] and ||Pg_Pg,n||ZE

. _ 2
> inf A E [pg’r — pgmn] = A2 > 0,
Fg:zrglg,p‘Eg‘rle[_aﬁaaﬂ] and ||5g_99,n”28 rel,,,

which proves that pg, is identifiably unique. Next let ®, = [I',, —v,] and
(Sn = [f‘nv 7:);7L]5 then

|R7L(w?ﬁg) _En(ﬁg”
[rg,n(ﬁg)/v 1] [(Ff';i.n:}gn - ¢{n‘rnq’n:| [rg,n(ﬁg)/a 1]
|8, X080 — 2,000 | [[1r4.0(5,) 1]

{1+ [2¢+q(qg—1)/2] aﬁ}.

/

IA

IN

H%ﬂnén — P Y,

Next observe that the elements of ®,, and ‘in are all of the form n='Eu/, 4,u,
and n~'u/,A,0,, where the row and column sums of A, are bounded uni-
formly in absolute value. Recall that u,, = [Zrelw pgﬂ«,anL} Uy, +€gn
and observe that Uy, — Uy = —Zgn(0gn — 0g,n). By Assumption 1 and 2

the row and column sums of the absolute elements of ZTGIM Pg.rnMr, and

ZTGI” PgrmnMp o are bounded in absolute value by some finite constant.
By Assumptions 4 the elements of €, ,, are totally independent with zero mean,
positive variance and finite 4 + v absolute moments for some v > 0. Further-
more, observe that by Lemma A.2 the fourth absolute moments of the elements
of Zy , are uniformly bounded by a finite constant and n'/2 (Eg,n—ég,n) = 0,(1).
It now follows immediately from Lemma A.7(a) that ®, — &, % 0, that the

clements of ®,, are O(1) and, consequently, that the elements of ®,, are 0,(1).
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The elements of Tn and Y,, have the analogous properties in light of condi-
tion (b) in the theorem. Given this it follows from the above inequality that

R, (w,p,) — Rn(p,) converges to zero uniformly over the optimization space,

ie.,

sup ’Rn(w’ﬁg) - R"(ﬁg”

ﬁg:ZreIgyp ‘ﬁg,r|e[7apfap]

< Héﬂnén 9 Y, P,

{1+ 2¢+aqlg—1)/2at} 50

as n — oo. The consistency of pg, now follows directly from Lemma 3.1 in
Potscher and Prucha (1997). |

Proof of Theorem 2: We have shown in Theorem 1 that the GMM estimator
Pgn defined in (16) is consistent. Apart on a set, whose probability tends to

zero, the estimator satisfies the following first-order condition

Omg . (Pg,n; 0g,n)

=0.
opy

my . (Pg.ns0g.n) Lgn
Substituting the mean value theorem expression

~ < e 3mp (ﬁ s ag s ) ~
mg,n(pg’n’ 69,71) = mg,n(pg,m 69,71) + o 6; e (pg,n - pg,ﬂ)y
g

where pg ., is some between value, into the first-order condition yields

oM’ (Pyn:0gm) ~ OMP. (Pgnsbgn)

g,n g,ny¥vg,n g,n g,ny¥g,n 1/2 ~ _ B 1
n n Pgn — Pg.n .
apfq g apg ( g g ) ( )
ampn<ﬁg,nagg,n) ~ ~
_ T ¥ Tg’nmg’n(pg’még’n).
Observe that _

5m§7n(l)g, 6g,n) _ 71:‘97” 3rg,n(pg) (BQ)

opy opy
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and consider

6m§,n(5g7nv 5g,n) = 3m§,n (Fv'g’nv 69,71)

Z,, = n B.3
g, 6/); 9, apg ( )
_ Orgnlpen) i 3§ Ogn(Pgn)
- dp' g,n - g,n+ g,n F) ,
Py Py
—_ Org n(pgn) 9rg.n(Pgn)
':g,n = 6p/g I‘;,HT%"I‘Q,” apg .

In proving Theorem 1 we have demonstrated that fg,n -Iyn %, 0 and that the
elements of f‘g,n and I'y ,, are O,(1) and O(1), respectively. By Assumption 9
we have Y, — X4, = 0,(1) and also that the elements of Y, and Y, are
Op(1) and O(1), respectively. Since py , and pgy,, are consistent for py ,, and

the elements of pg , are bounded in absolute value, clearly

l

—
=)
—

g,n

[1]

gn 20 (B.4)

as n — oo, and furthermore ég,n = 0p(1) and E,, = O(1). In particular
Amax(Zg.n) < AL where AL" is some finite constant. Observe that in light of

Assumptions 8 and 9 we have

Orgn(Pgn) Oy n(Pg.n)
>\min = n > )\min Y n )\min F/ r n )\min " i i i > )\*T
(Z0m) 2 Auin (g Vo (T o) i | 500) 0 :

for some AL > 0, observing that

a n n a n n . o, . .
Amin { Lo, Sf,)g" ) ul ] Epg, ) } = Amin {Iqq + semi-positive matrlx} > 1.
ap,, ap, ‘

Hence 0 < Anax{E; 5} = 1/ min(Egn) < 1/AL < o0, and thus we also have

=-1

B, =0(1). Let é;j“n denote the generalized inverse of ég,n. It then follows
as a special case of Lemma F1 in Potscher and Prucha (1997) that ég,n is
nonsingular eventually with probability tending to one, that é;n = 0p(1), and
that

=, -2 250 (B.5)

as n — oQ.
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Premultiplying (B.1) by é;‘n and rearranging terms yields

nl/Q(ﬁgm —Pgn) = [I - Eg-‘_,nEmH} nl/z(ﬁgm ~ Pg,n)

—_ Omy (ﬁg,m‘sg,n) > 1/2 <
*ﬁzn g.n o0, Y,nn / mgm(pgyn,i)‘g,n).
9

In light of the above discussion the first term on the r.h.s. is zero on w-sets of

probability tending to one. This yields

_ =, Omf (Pgn,04n) = =

n1/2(pg,n - pg,n) = _:‘;—,n = 85’ ! Tg,nnl/gmg,n(pg,m 5g,n) + op(1).
g
(B.6)

Observe that

= Om, (Pyn 89n) 2 Org.n(Pn.g)

[ g,m\Fg,n> ~g,n _ =1 g,nm\Mn.g / _

—g,n ap; Tg’n —g,n aplg I‘g,nrg,n - Op(l)' (B7)

In light of (15) the elements ofnl/zmg’n(pgm, gg,n) are of the form (s = 1,...,5)

”71/2ﬁfq,n [In - RZ:n(pgm/)] A [In - RZ,n(Pgm)] ﬁg,n

with
[In - R;n(pg,n)] Ugn = Egn,
Uy —Ugn = —Zgn(dgn—0gn)
G
028y n = 8gn) = 072D Ty nenn + 0p(1).
h=1

Recall that if we define w,, =g pn, Up = Ugp, ¢y =g pn, Rp =1, — R;’n(pg,n),
Dn=Zgn, Ay = gg,n — 8,4, these quantities satisfy Assumptions A.1-A.3 in
light of Lemmata A.1-A.3. Hence it follows from Lemma A.8 that

nil/Qﬁ;m [In - R;:n(l’g,n)] A [In - Rz,n(pg,n)] Uy,

G
_1/21 _
= n 1/2§E;,n(A5’n + A;,n)sg,n +n 1/2a;,s,n Z T;hmgh”ﬂ + OP(1)7
h=1

where ag o = —n'EZ] , [I, — R}, (pgn)] (Asn + AL, )egn. Furthermore,

the lemma implies that for some 1 > 2 the sample moments of the absolute
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elements T 0y s are uniformly bounded. We now have

n/?>m 2 (Pgins Og.n) (B.8)
% _i] (Al n Al n)egm + ag 1,n Zh 1 qh,nshm
= n'/? +0p(1)~
% (ASn+ASn)€!]"+agSnZh 1 ghnEhn
Let Woe = (Yff ;) denote the VC matrix of the vector of linear quadratic

forms on the r.h.s. of (B.8), then observing that the diagonal elements of A,
are zero and that the VC matrix of €,, is X ® I,,, it follows from Lemma A.1 in
Kelejian and Prucha (2010) that

1
ﬁg,gg,n = %Jigtr [(A”'an + A;',n)(ASJL + A;,n)} (Bg)
1 G G
+ﬁafq,7'7n Z Z Uth;]h’nTgl,n Qg s,n-
h=11[l=1

We note that Apin (¥57 ) > const > 0 by assumption. Since the matrices A,
the vectors of the linear forms, and — in light of Assumption 4 — the innovations
e, satisfy all of the remaining assumptions of the central limit theorem for
vectors of linear quadratic forms given in Kelejian and Prucha (2010) it now

follows that

%5 n(Al nt Al n)sg n+ ag 1,n Zh 1 gh,nghﬂl
Eon = ()70

G
3 n(Asn + A% )egmn + 0 g S Ty hm
4 N(0,1Ig). (B.10)

— 1/2 _ :
Next observe that 72 = O(1), and hence (¥/7 ) /2 = O(1), since the row

and column sums of the absolute elements of A, ,, are uniformly bounded by as-
sumption, and since in light of the above assumptions the terms n~'a// g Tonn
Ty1.n0 ; , are uniformly bounded in absolute value. It now follows from (B.6),

(B.7) and (B.10) that

nl/Z(ﬁg,n — Pgn) = [Jlg,n‘rg,n']g,n} 1'];; n (‘I’gg n) €y nt+op(l), (B.11)

observing that E,, = J{ ,Y,,J,,. This establishes (19). Since all of the
nonstochastic terms on the r.h.s. of (B.11) are O(1), it follows that n'/2(p, , —
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Pg.n) = Op(1). Next recall that 0 < A\ < Apin(Bgn) < Amax(Egn) < AE < 00

and observe that Awin(Z;,) = 1/A .. (Eg,n). Hence

[=-ly pp =
Amin {‘='g,n']g7n‘r97"\1’gg7n‘rgv"']gv"‘:g,n}

Amin (‘I’Zg,n) Amin (Tg,n) Amin(Eg_,}lqu,n‘rg,nJg,nEg_’}l)
Z )\min (lI’pp ) )\min (Tg,n) /)\;* Z const > 0.

Y

gg,n
This establishes the last claim of the theorem. ||
Proof of Lemma 1: Observe that Uy, = ug, — Zg,Ay, with Ay, =

0g.n — Og,n, and thus

gg,n = [In - Rz,n(ﬁg,n)] ﬁg,n
Egmn — R;,n(ﬁg,n — Pgn)Ugn — [In - R;,n(ﬁ%”)] ZgnAgn.

Consequently

1 —1_

~ 1~ ~
Oghn = TN Eng?h’n:n Eg,neh,n

— * [~ [ ~
+n 1ulgyn [Rgm(pgm - Pg’n)} Rh,n(Ph,n - Ph,n)uh,n

— g~ ’ s~
+A) 0 2 L =Ry (Pgn)] [In — Rpy (Phon)] ZnnAnn
*”71€;,nRZ,n(ﬁh,n - ph,n)uhm - nilelh,nRZ,n(ﬁg,n - pg,n)ug,n
—nflsfq’n I, — R . (Phn)] Zhn Anp — nile;z,n L, — R;,n(ﬁgyn)} ZgnBDgn

_ o~ ’ . s~
+n7tag, (R (Pgn = Pgn)] [In = Ry (Phin)] ZnnBnn
_ gy~ / o~
+n 1“%,71 [Rh,n (ph,n - ph,n)] [In - Rg,n(pg,n)] V/PRA PR
By Assumption 4 we have oy, = Zlcil OsigOxn and g4 = Elcil TsigVi- Since
the elements of v are i.i.d. (0,1), it follows that n~!'vjv; = 1+ 0,(1) and
n~tvivy = o,(1) for | # k. Hence

¢ ¢ G
n_ls;mehyn = Z Zo*lga*khn_lvak = Zg*lga*lh + Op(l) = 0Ogn + Op(l).
1=1 k=1 =1
Next observe that, taking into account that €,, = [I, — R}, (pgn)] ugn,

all the other terms consist of expressions of the form op(l)n_lu’g)nAnuh)n,
op(l)n_lugynAnZh’n and op(l)n_lzgynAnZh’n, where A,, is a matrix whose
row and column sums of the absolute elements is uniformly bounded. In light

of Lemma A.3 all those expressions are seen to be o0,(1), and thus 745, p, —0gp =
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op(1) as claimed. |

Proof of Theorem 3: We first demonstrate that \I"g’gn — v, = op(1),
where the elements of \Ilgg , and WHO  are defined in (18) and (24). By Lemma

1 we have dgp, . — 0gn = 0p(1). Furthermore, by assumption n 1Tgh Tyin —
Ty,n = O(1) in light of Assumption

10. Next, observe that under the maintained assumption the row and column

n‘lT;hvnTgl,n = 0,(1), where n 1T;h n
sums of the absolute elements of the matrices A, , and A, are uniformly
bounded, and thus clearly are those of the matrices A,, = (a;j,) with a;;, =
(@ijrm + jirn)(@ij s + Gjism). It then follows directly from Lemma A.7 that
Qg rn—0grn = 0p(1), where oy, ,, = O(1) and &g rn = Op(1). Hence, clearly
VL g — Vi ggm = 0p(1)s VL gg = O(1) and 922, . = Op(1), as well as

\11%’7 — W, = op(1), ¥, = O(1) and \Ilggn = O »(1). Observing that
Amin (¥50 ) > ¢ > 0 it follows further that ('Ilgg W)= (e )T = 0,(1),
(22,071 = 0(1) and (¥25,)7 = 0,(1).

By Assumption 9, Yy, — Yy = 0,(1), ¥y = O(1) and thus X, = Op(1).
In proving Theorem 2 we have verified that ng Jon 5o, Jon = O(1)
and jg’"~: OJ’(lL and furthermore that (j;’n'fg’nJgﬁn) — (I, Togndgn) ' =
op(1), (3}, Ygndgn)™ = Op(1) and (I}, TgnJyn)™" = O(1). The claim

that Qggn - Qggn = 0y(1) and QP = O(1) is now obvious. Observing

that Amin I:Qggn(Tg, )] = const > 0 by Theorem 2 it follows further that
~pp

(Qyy.) ™t = (@5 ,) 7 = 0,(1), (R%5,)7 = O(1) and (R45,)7 = 0p(1). W

We shall utilize the following lemma.

Lemma B.1 : Suppose the nG x 1 vector of innovations €, is generated as pos-
tulated in Assumption 4. Let A = dmgg:l(Agg), and B = dmggzl(ng) be sym-
metric nG x nG matrices with zero diagonal elements, and let a:[all, .oag]
and b=[b],...,bl]" be nG x 1 nonstochastic vectors. Then

E(e'Ac+a’e) = 0

cov(e'Ae +a'e,e’Be +be) = 2r[AZDBExI)]+a(ZxI)b
¢ G

G G
= QZZO’%ZH‘ Athll +ZZUhlahbl

h=1Il=1 h=11=1
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Proof. The result follows immediately from Lemma Al in Kelejian and Prucha
(2010), observing that the diagonal elements of A, = (2, @ )A(X, ® I) and
B. = (2, @ I)B(X, ® I) are zero. |

Proof of Theorem 4: Observe that 1, = n~'/2T/e, and thus clearly ¥% =
Enyml, =n"'T, Fe,e, T, =n"'T, (X ®1,)T, as claimed.

Next observe that &, ,, = n~'/? [¢/, Be,, + b'e,,] with B = diag(0,...,Bg,,...,0),
where By = (As}n+Ag’n)/2 andb =Ty o s, with Ty, = [T’gl’n7 ... 7TlgG,n]I-
It now follows from Lemma B.1 that
coV(Mn,Egsn) = cov(n Y?*The,, n"V? el Be, + b'ey))=cov(n=?n,,n"/?be,,)

= ' T (ZeL,)T, , a.n
and thus
cov(Np,€gn) =n'TH(E® L)T,  lagin . agsn
and
WP = cov(n, &) =n" ' TL(Z® In)TndioLg_g’;1 [@g1m,- Qg 8n
as claimed.
Define ¢, = n~'/2[e! Ae,, + a’e,] with A = diag(0, ..., Ay, ...,0) where

Ay =(Arn+AL,)/2and a=T,a,,. Then applying Lemma B.1 we see
that

CO’U(€Q7‘;7“ fhsm) = U;h7n(2n)_1tr [(Ar,n + A;',n) (AS,W + A;,n)]
G G
+a;,r7n [Z Zo—uv,nT;u_’nThv,n Qh,sn,
u=1v=1

which verifies the expressions for the elements of ¥,, = cov(&,, &,).

In light of Assumption 10 and Theorem 2 we have

+ 0p(1).

a1/ gn -0, | |1 0 M
~ = ) -1
Pn — Pn 0 dzagg[[J’g,nTngg,n] Jlg,n‘rg,n] &n

The vector of linear-quadratic forms [n),,£]]" is readily seen to satisfy the as-

sumptions of Theorem A.1 in Kelejian and Prucha (2010). Hence it follows from
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that central limit theorem that

n

wo1/? l " ] 4 N(0,1,),

n

which proves the first part of the theorem.
Note that Amin (P22 .) > Amin(P2P) > Amin(Pr) > const > 0. In proving

9g.n
?heorem 3 we have shown that \Elgg’n = wor = op(1), wre . = O(1) and
?ng = O,(1). The proof that \IIZZ,E - oo = op(1), ¥Ip . = O(1) and
whr . = Op(1) is analogous. Thus WfP — WrP = o,(1), ¥7» = O(1) and

Urr = Op(1). Observing that Amin(¥2°) > const > 0 it follows further that
(F07) 1 = (WE2) 1 = 0, (1), (%47)"1 = O(1) and (F£7)~1 = 0, (1).

Next recall that in proving Theorem 3 we demonstrated that oy ;. n—0tg rn =
op(1), agrn = O(1) and &g, = Op(1), and furthermore that Ggp n — ogn =
op(1). Since n_l’T;h771Tkl)n—n_lT;hmTkl’n = 0,(1) it follows that \FIVJ‘,SL‘S—\II‘EJS =
op(1) and Wor — Wor — op(1). Also observe that in light of Assumption 10 we
have W% = O(1) and W% = O(1). This and the above results imply that
U, — W, = 0,(1), ¥, = O(1) and ¥,, = O,(1). Recalling that Apin(¥,) >
const > 0, it follows further that ¥, 1 — 1 = 0,(1), ¥, = O(1) and ¥ ! =
O, (1). N N

By Assumption 9, X, — X, = 0,(1), X4, = O(1) and thus X, ,, = Op(1).
Also recall from the proof of Theorem 3 that Jg,, — Jgn = 0p(1), Iy = O(1)
and 39’,1 = 0,(1), and furthermore that (j;’nfg,njg}n)"’ — (I Togndgn) ' =
op(1), (3, TgnIgn)t = 0p(1) and (I}, , Ty nJyn)~" = O(1). The claim that
Q, — Q, =0,(1) and 2,, = O(1) is now obvious. Observing that

Amin (22) > Amin () Amin {diagg[(J;7nTg7nJg7n)_l]} > const > 0
utilizing that Ay, [J;’nTngg,n)_l} > const > 0 as demonstrated in the proof

of Theorem 2, it follows further that Q1 — Q1 = 0p(1), 2,1 = O(1) and
Q1 =0,(1). [ |

C Appendix: Proofs for Section 5

Lemma C.1 : Suppose the assumptions of Theorem 5 hold. Let pg, be the
initial GMM estimators defined in (30). Then pgn— pgn = 0p(1).
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Proof. To prove the claim we verify the assumptions of Theorem 1. Assump-
tions 1-8 are maintained. Assumption 9 holds trivially with Tg,n =Yy,=1L
Observing furthermore that by Lemma A.4 we have n'/2(8,,, — 8,,) = Op(1)
completes the proof. [ |

Proof of Theorem 5: The proof of Theorem 5 is based on the generic
limit theory developed in Theorem 4. In light of that theorem it proves con-
venient to first derive the limiting distribution of &, = (Ain,...,g’an)’ and
B = (Bl Pl
tained as a trivial specialization. For clarity we divide the remainder of the

The limiting distribution of ggm and p, ., is then ob-

proof into several parts.

Part 1: (Verification of Assumption 10 for ggm) In light of Lemma A.5 we have

028y — 8] =0 VT eg . + 0p(1) with

Tygn = HyPggn with Pyg,, = QﬁhQHZ,g* (Pg,n)[Q/HZ,g*(Pg,n)Q;IhQHZ,g*(pg,n)]_lv

and thus

nilT;g,nThh,n = [Q/HZ,g* (pg,n)Q;ﬁ—IQHZ,g*(pgyn)]ilQ/HZ,g* (pg,n)Q;ﬁ{
x(n”"H}, H,) Q1 Quz, hx (Ph.n) [Qtiz, +(Ph.n) Qe Quz hx (P1n)]

The remaining conditions of Assumption 10 are also seen to hold in light of
Lemma A.5.

Part 2: (Specialized Expressions for ¥, and the Corresponding Estimator)
Next observe that the components of ¥, defined in (26) simplified in obvious
ways in that T, = diagy(Tg4.n), and thus all terms involving a T,y , with

g # h are zero. In particular, the (g, h)-th blocks of ¥2° and W?? are given by

) —1m

ghn = OghT ng,nThhm?

op —1mv

gh,n = OghN ngmThh,n [ah,l,na R ah,S,n] ;

and the elements of ¥?? ie., the elements of the (g,h)-th block of ¥ are

gh,n’
given by
PP _ 2 —1 / /
P ahm = Tgna(2n) 7 tr (A, + Ann) (Agn + As,n)]
-1 7 /
+Ug;mn a977.7nng7nTh;L7nah7s7n.
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Now consider the estimator

Ty = Hu(n "H,H,) (0 "H, Zugn(Pym)) X
_ ~ _ _ _ ~ —1
[(n'Z,, . (Pgn)Hn)(n " H,Hy) (07 H, Zug n(Pgn))]

where p, ,, denotes the first-stage estimator for pg ,, let

agmn = _nil [Zlg,n(ln - R;fn(ﬁg,n))(Ar,n + A;ﬂ,n)(In - R;,n(ﬁgyn))ﬁgm]

. ~ o i~ ~ R ~ . ~ o ~
with Uy n = Ygn—2gn0gn, andlet ogp n = n""€, ,Enn With €y n = Yign(Pgn)—

Z*g7n(ﬁg7,,b)gg,n. Then the components of the estimator for ¥,, defined in (27)
simplify to

3,96 ~ —1v T
Wohn = g Tyg Thnn,
Fop ~ -y} f ~ ~
U = g Ty Thnn [@nin, - Qs
; T PP pp ;
and the elements of the estimator ¥ Ghin of ¥ gh.n T€ given by
Tpp =2 -1 1 /
rs,ghn Ugh,n(2n) tr [(AT,n + Ar,n) (As,n + As,n)]

~ —1~7 N/ ™ ~
+09h7nn ag,nnng,nThh?nah,s,n-

Note that
~ A~ = ~ - ~ -1 —17 Y 7 N
n_lT;]!J-,nThh,n = [n_lZ;g,n(pg’n)z*gm(pg’n)} n 1Z;g,n(p9’”)z*h’"(ph’”)
R - —1
X |:’I7,_1Z;h’n(phm)z*h,n(phm)} )
and

-1

~

~ ~ ~ _ _ -1 S _ _
nilTlgg,nng,n = [n71Z;g,n(pg,n)z*g,n(pg,n)} = [n 1Z;g,n(pg,n)z*g,n(pg,n)

Also note that in light of Lemma A.5 we have n=1T" T‘hh,n—n_lT’ Thhn =

gg.n gg,n
op(1).

Part 3: (Verification of Assumption 9 for Y,, = (®2 )1 and Y,, =

9g,n
(wer )t with Wee = (¢£e ). Observe that the assumption that Apin (¥5,) >
c for some ¢ > 0 implies that also Apin(¥H7 ) > c. Recall furthermore that by

Lemma C.1 we have pg ,— pg.n = 0p(1). It now follows directly from Theorem 3
that WPe —Wee — o (1), (®Pe Y=L — (@PP )~ = ¢, (1), and ®*? = O(1),

g9g9,n gg9,n gg9,n gg9,n gg9,n

]



(wer )~' = O(1), which verifies Assumption 9.

Part 4: (Limiting Distribution of gg,n and pg ) Recall that Assumptions 1-
8 are maintained. Thus, in light of the above discussion, all assumptions of
Theorem 4 are satisfied. Next observe that since Typ, ,, = 0 for g # h the

expression for €, given in (28) simplify to:

956 Qép
Q=1 5 o
Qip/ Qe
with
Q% — g%
bep = \I]ff’diag?zl ((\IIZZ”L)*ng’n(J;,n(\]:/Zg7n)71Jg7n)71) )
e, PG,
O = diagly (T (955,) " Ty, (0,07 | -
lIlgan 'I’gpcyn

Xdiagle ((‘I’pp )71Jg,n('];,n(‘1’pp )71Jg7n)71)~

gg,n gg,n

By Theorem 4, n'/2[(8,,— 8,), (B — pn)']’ A N(0,9,,), and as a specialization,

5 86 s
n1/2 (/S\gvn - 69777«) E) N ﬂgg;n gg,n (C].)
Pgn = Pgn) Qoo o
with
&8 58 —
Qgg,n = ‘I’gg,n = O'ggn 1T;g,nT99>n7
o § — — _
Qgg,n = ‘ng,n(‘I’SZ,n) 1J97H(J;},n(‘I’§§,n) 1']97”) 1’
= UggnilT/gg,nng,n [Ctg,1,m5 -5 Qg5 0] (‘I’Zﬁ,n)71-]g,n(J;,n(‘I’ZZ,n)fng,n)fl,
Q. = (T (®50.) " Tem) "

Observe from part 3 of the proof that

~ ~ —~ —~ —1
n_lT/ggvnng)n = [n_lZ;g’n(pg7n)z*g7n(pg7n):|

and that nil’i‘;g’n'i‘gg,n —n Ty, Tggn = 0p(1). The asymptotic normal-

ity result of the theorem now follows immediately from (C.1), observing that

o4



Theorem 4 also established the consistency of the VC estimators. |

Proof of Theorem 6: The proof is again based on the generic limit theory
developed in Theorem 4. For clarity we divide the proof, analogous to the proof

of Theorem 5, into several parts.

Part 1: (Verification of Assumption 10 for 3n) In light of Lemma A.6 we have

nt/2[8, — 8,] = n"Y?T!e, + 0,(1) with

Tn = (IG & Hn)Pn7 (02)
P, = [E_l ® QﬁlH} diagle [QHZ,g*(pg,n)}

X {diagle [Q/Hz,g*(Pg,nﬂ [2_1 ® Qﬁi{] diagle [QHZ,g*(pg,n)]}il

Now let Typ ,, and Py, 5, denote the (g, h)-th block of T, and P,,, then Ty, ,, =
FynnPgnrn with Fgp , = H,,. The remaining conditions of Assumption 10 are
then seen to hold in light of Lemma A.6.

Part 2: (Specialized Expressions for ¥,, and the Corresponding Estimator) Spe-
cialized expressions for each of the submatrices W9°, WO WPP of W,, defined in
(26) are readily found by substituting into those expressions the formulae for T,,
given in (C.2), and by observing that 25:1 ZUG:1 qu,anqqhnTh?),n represents
the (g, h)-th block of ¥2° = T/ (Z @ I)T,,.

Next let

~
N

(IG &® Hn)Pna
2t (07 HLH,) 7 diag [0 H Zgn(Pon)]

oy =
3
I

3
|

~ —~ —1
x (1712, (Bn) (B0 @ L) Zn(Ba)]|

Let ’/I\‘ghm and l/sghyn denote the (g,h)-th block of ’i‘n and f’n, respectively.
Then, clearly, ’i‘gh’n = Hnl?’ghm. Next observe that

o~ ~ ~ -1 AP =
¥, = (172 (p)(E @ L) Zun(pn)] =T TS0 0 LT,

n

~ 00 ~ 00 ~/ ~

and thus the (g, h)-th block of ¥, is givenby ¥, , = ZG Zszl 3uv,nT9u,nThv,n~

u=1
206 20p 2pp 206 26p =pp
From this we see that the estimators ¥, , ¥, ¥ Q. Q €  are special
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cases of the class of VC estimators considered by Theorem 4. Also note that in
light of Lemma A.6 we have that

—~/ ~
n_ngh,nTgl”ﬂ - T;h,nTgl,n = Op(l)’
which verifies that also this condition of Theorem 4 holds.

Part 3: (Verification of Assumption 9 for Y, , = (¥4 )~' and 'fg,n =

~

N N ~pp
(W) twith®, = (1, 5 ,)) Observe that the assumption that Apin (¥,,) >

c for some ¢ > 0 implies that also Apin(¥50 ) > c. Recall furthermore that by

Lemma C.1 we have ﬁg’n— Pgn = 0p(1). It now follows directly from Theorem 3
2P 2P

that ¥, —Wr, = op(1), (\Ilgg}n)_1 — ('E[l‘g’;n)_1 = 0,(1), and v, = 0(1),

(wee )~' = O(1), which verifies Assumption 9.

Part 4: (Limiting Distribution of ggyn and ;\g,n) Recall that Assumptions 1-
8 are maintained. Thus, in light of the above discussion, all assumptions of

Theorem 4 are satisfied. It thus follows from that theorem that

~

(An_én) d Q?f QZP
LGl s ] o

where
QP =, QY =Wrdiagl | (J,.), QU =diagt(J,,) 0 diags (Jg.n)
with

p) 88 1 G
v = v dzaggzl[ag’l’n, 0 S,

~ — — -1
= (U0) T [T (200 0) " Tgn]

gg9,n

o
Q
3

|

The asymptotic normality result of the theorem now follows immediately from
(C.3), observing that Theorem 4 also establishes the consistency of the VC

estimators. | |

96



Online Supplementary Material

Drukker, D.M., P.H. Egger, and I.R. Prucha (2021): Supplement to “Simul-
taneous Equations Models with Higher-Order Spatial or Social Network Inter-

actions”, Econometric Theory Supplementary Material. To view, please visit:

[[doi will be inserted here by typesetter]]

References

[1]

Anselin, L. (1988) Spatial Econometrics: Methods and Models.Kluwer Aca-

demic Publishers.

Anselin, L. (2010) Thirty years of spatial econometrics. Papers in Regional
Science 89, 3-25.

Anselin, L. and R. Florax (1995) New Directions in Spatial Econometrics.
Springer.

Audretsch, D.B. and M.P. Feldmann (1996) R&D spillovers and the geogra-
phy of innovation and production. American Economic Review 86, 630-640.

Ballester, C., A. Calv6-Armengol and Y. Zenou (2006) Who’s who in net-
works. Wanted: The key player. Econometrica 74, 1403-1417.

Baltagi, B.H. and Y. Deng (2015) EC3SLS estimator for a simultaneous
system of spatial autoregressive equations with random effects. Fconomet-
ric Reviews 34, 659-694.

Baltagi, B.H., P. Egger and M. Pfaffermayr (2007) Estimating models of
complex FDI: Are there third-country effects? Journal of Econometrics
140, 260-281.

Baltagi, B.H., P. Egger and M. Pfaffermayr (2008) Estimating regional
trade agreement effects on FDI in an interdependent world. Journal of
FEconometrics 145, 194-208.

Behrens, K., W. Koch and C. Ertur (2012) Dual gravity: Using spa-
tial econometrics to control for multilateral resistance. Journal of Applied
FEconometrics 27, 7T73-794.

o7



[10]

[21]

Bell, K.P. and N.E. Bockstael (2000) Applying the Generalized-Moments
estimation approach to spatial problems involving microlevel data. Review
of Economics and Statistics 82, 72-82.

Blonigen, B.A., R.B. Davies, G.R. Waddell and H.T. Naughton (2007) FDI
in space: Spatial autoregressive relationships in foreign direct investment.
Furopean Economic Review 51, 1303-1325.

Blume, L.E., W.A. Brock, S.N. Durlauf and Y.M. Toannides (2011) Identi-
fication of social interactions, In: J. Benhabib, A. Bisin, and M.O. Jackson
(eds.), Handbook of Social Economics, Vol. 1B, pp. 853-964. Elsevier Pub-

lisher.

Calvé-Armengol, A., E. Patacchini and Y. Zenou (2009) Peer effects and
social networks in education. Review of Economic Studies 76, 1239-1267.

Case, A., J. Hines Jr. and H. Rosen (1993) Budget spillovers and fiscal pol-
icy independence: Evidence from the States. Journal of Public Economics
52, 285-307.

Das, D., H.H. Kelejian and I.R. Prucha (2003) Finite sample properties
of estimators of spatial autoregressive models with autoregressive distur-

bances. Papers in Regional Science 82, 1-26.
Dhrymes, P.J. (1978) Introductory Econometrics. Springer Verlag.

Ertur, C. and W. Koch (2007) Growth, technological interdependence and
spatial externalities: Theory and evidence. Journal of Applied Economet-
rics 22, 1033-1062.

Cliff, A. and J. Ord (1973) Spatial Autocorrelation. Pion.

Cliff, A. and J. Ord (1981) Spatial Processes, Models and Applications.

Pion.

Cohen, J.P. and C.J. Morrison Paul (2007) Higher order spatial autocorrela-
tion in a system of equations: The impacts of transportation infrastructure

on capital asset values. Journal of Regional Science 47, 457-478.

Cohen-Cole, E., X. Liu and Y. Zenou (2018) Multivariate choice and identi-

fication of social interactions. Journal of Applied Econometrics 33, 165-178.

98



[22]

[23]

[25]

[26]

[27]

[31]

[32]

Conley, T.G. and E. Ligon (2002) Economic distance and cross-country
spillovers. Journal of Economic Growth 7, 157-187.

Devereux, M.P., B. Lockwood and M. Redoano (2008) Do countries com-

pete over corporate taxes? Journal of Public Economics 92, 1210-1235.

Egger, P., M. Pfaffermayr and H. Winner (2005) Commodity taxation in a
linear’ world: A spatial panel data approach. Regional Science and Urban
FEconomics 35, 527-541.

Holtz-Eakin, D. (1994) Public sector capital and the productivity puzzle.
Review of Economics and Statistics 76, 12-21.

Horn, R.A. and C.R. Johnson (1985) Matriz Analysis. Cambridge Univer-
sity Press.

Kapoor, M., H.H. Kelejian and I.R. Prucha (2007) Panel data models with
spatially correlated error components. Journal of Econometrics 140, 97-
130.

Kelejian, H.H. and I.R. Prucha (1998) A generalized spatial two-stage least
squares procedure for estimating a spatial autoregressive model with au-
toregressive disturbances. Journal of Real Estate Finance and Economics
17, 99-121.

Kelejian, H.H. and L.R. Prucha (1999) A generalized moments estimator
for the autoregressive parameter in a spatial model. International Economic
Review 40, 509-533.

Kelejian, H.H. and I.R. Prucha (2004) Estimation of simultaneous systems
of spatially interrelated cross sectional equations. Journal of Econometrics
118, 27-50.

Kelejian, H.H. and I.R. Prucha (2007) HAC estimation in a spatial frame-
work. Journal of Econometrics 140, 131-154.

Kelejian, H.H. and I.R. Prucha (2010) Specification and estimation of spa-
tial autoregressive models with autoregressive and heteroskedastic distur-

bances. Journal of Econometrics 157, 53-67.

Kuersteiner, G.M. and L.R. Prucha (2020) Dynamic spatial panel models:
Networks, common shocks, and sequential exogeneity. Econometrica 88,
2109-2146.

99



[34]

[35]

[45]

Lee, J., P.C.B. Phillips and F. Rossi (2021) Specification testing in spatial

autoregression. Working Paper.

Lee, L.-F. (2003) Best spatial two-stage least squares estimators for a spa-
tial autoregressive model with autoregressive disturbances. FEconometric
Reviews 22, 307-335.

Lee, L.-F. (2007a) GMM and 2SLS estimation of mixed regressive, spatial

autoregressive models. Journal of Econometrics 137, 489-514.

Lee, L.-F. (2007b) Identification and estimation of econometric models with
group interactions, contextual factors and fixed effects. Journal of Econo-
metrics 140, 333-374.

Lee, L.-F. and X. Liu (2010) Efficient GMM estimation of high order spatial
autoregrssive models with autoregressive disturbances. FEconometric Theory
26, 187-230.

Liu, X. (2014) Identification and efficient estimation of simultaneous equa-
tions network models. Journal of Business €& Economic Statistics 32, 516-
536.

Liu, X. (2019) Simultaneous equations with binary outcomes and social

interactions. Econometric Reviews 38, 921-937.

Liu, X. (2020) GMM identification and estimation of peer effects in a system

of simultaneous equations. Journal of Spatial Econometrics 1, 2-27.

Liu, X. and P. Saraiva (2019) GMM estimation of spatial autoregres-
sive models in a system of simultaneous equations with heteroskedasticity.
FEconometric Reviews 38, 359-385.

Livanis, G., C.B. Moss, V.C. Breneman and R.F. Nehring (2006) Urban
sprawl and farmland prices. American Journal of Agricultural Economics
88, 915-929.

Pinkse, J. and M.E. Slade (1998) Contracting in space: An application
of spatial statistics to discrete-choice models. Journal of Econometrics 85,
125-154.

Pinkse, J., M.E. Slade and C. Brett (2002) Spatial price competition: A

semiparametric approach. Econometrica 70, 1111-1153.

60



[46]

[47]

Pétscher, B.M. and L.R. Prucha (1997) Dynamic Nonlinear Economeltric
Models, Asymptotic Theory. Springer Verlag.

Wang, W., L.-F. Lee and Y. Bao (2018) GMM estimation of the spatial
autoregressive model in a system of interrelated networks. Regional Science
and Urban Economics 69, 167-198.

Wang, L., K. Li and Z. Wang (2014) Quasi maximum likelihood estima-
tion for simultaneous spatial autoregressive models. MPRA Working Paper
59901.

Whittle, P. (1954) On stationary processes in the plane. Biometrica 41,
434-449.

Yang, K. and L.-F. Lee (2017) Identification and QML estimation of multi-
variate and simultaneous equations spatial autoregressive models. Journal
of Econometrics 196, 196-214.

Yang, K. and L.-F. Lee (2019) Identification and estimation of spatial dy-
namic panel simultaneous equations models. Regional Science and Urban
Economics 76, 32-46.

61





