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Abstract

This supplement provides additional technical material, expanded proofs, and

reports on a Monte Carlo study that explores the small sample properties of

our estimators. For the main Assumptions, notations and definitions of various

quantities appearing in the sequel, the reader is referred to the main paper.



D Supplement to Appendix A

Proof of Lemma A.1: Let CA = supn maxmn
i=1

∑n
j=1 |aij,n|, Cµ = supn maxmn

i=1E |µi,n|p

and Cη = supn maxmn
i=1E |ηi,n|p. Clearly

|ξi,n| ≤ |µi,n|+
mn∑
j=1

|aij,n| |ηjn| ≤ |µi,n|+ CA

mn∑
j=1

bij,n |ηjn|

with bij,n = |aij,n| /
(∑mn

j=1 |aij,n|
)
if
∑mn

j=1 |aij,n| > 0 and bij,n = 0 if
∑mn

j=1 |aij,n| =
0. Clearly E |ξi,n|p ≤ Cµ for

∑mn

j=1 |aij,n| = 0. For
∑mn

j=1 |aij,n| > 0 observe that

since 0 ≤ bij,n ≤ 1 and
∑mn

j=1 bij,n = 1 it follows from Holder’s inequality that∑mn

j=1 bij,n |ηj,n| ≤
[∑mn

j=1 bij,n |ηj,n|
p
]1/p

and consequently

E |ξi,n|p ≤ 2pE |µi,n|p + 2pCp
AE

mn∑
j=1

bij,n |ηj,n|

p

≤ 2pE |µi,n|p + 2pCp
A

mn∑
j=1

bij,nE[|ηj,n|p] ≤ 2pCµ + 2pCp
ACη <∞

which proves the claim since CA, Cµ and Cη do not depend on i and n. ■

Proof of Lemma A.2: By assumptionXn is non-stochastic with supn supi,k |xik,n| <
∞, and so (A.1) holds trivially if zij,n corresponds to an element of Xn. Next

observe that by (7) and (9) we have

yn = an +Anνn,

an = (InG −B∗
n)

−1
C∗

nxn,

An = (InG −B∗
n)

−1
(InG −R∗

n)
−1

(Σ′
⋆ ⊗ In).

In light of Assumptions 1-3 the absolute elements of an are uniformly bounded,

and furthermore the row and column sums of the absolute elements of An are

uniformly bounded; compare, e.g., Remark A.1 in Kelejian and Prucha (2004).

By Assumption 4 the elements of νn are i.i.d. with finite fourth moments. Thus

it follows immediately from Lemma A.1 that supn supi,lE |yil,n|4 < ∞. Next

observe that the columns of Yn are of the form yl,s,n = Ws,nyl,n. Since by As-
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sumption 1 the row and column sums of the absolute elements of Ws,n are uni-

formly bounded it follows further from Lemma A.1 that supn supi,l,sE
∣∣yil,s,n∣∣4 <

∞, which completes the proof. ■

Proof of Lemma A.3: In light of the proof of Lemma A.2, and observing that

un = (InG − R∗
n)

−1(Σ′
∗ ⊗ In)νn, it is readily seen that under the maintained

assumptions ug,n and all columns of Zn are of the generic form

Cg,nνn, cg,n or cg,n +Cg,nνn, (D.1)

where cg,n is an n × 1 nonstochastic vector with uniformly bounded elements

and Cg,n is an n × nG nonstochastic matrix whose row and column sums are

uniformly bounded in absolute value. By Assumption 4 the elements of the

nG × 1 vector νn are i.i.d. (0, 1) with finite fourth moments. Given this,

it is readily seen that n−1u′
h,nAnug,n and the elements of n−1Z′

nAnug,n and

n−1ZnAnZn are of the generic form dn, n
−1d′

nνn or n−1ν′nDnνn, or sums

thereof, where |dn|, the absolute elements of dn and the row and column sums

of the absolute elements of Dn are uniformly bounded by some finite con-

stant, say K. In the following let Dn = (dlk,n) = (Dn + D′
n)/2. Observe

that E
[
n−1d′

nνn

]
= 0 and E

[
n−1ν′

nDnνn

]
= n−1tr(Dn) = O(1). Further-

more observe that var(n−1d′
nνn) ≤ n−1K2 = o(1), and that in light of, e.g.,

Lemma A.1 in Kelejian and Prucha (2004) and Remark A.2 in Kapoor et al.

(2007), we have var(n−1ν′
nDnνn) ≤ n−2tr(D

2

n) + n−2K
∑

i,g

∣∣Ev4ig,n − 3
∣∣ ≤

n−1K∗ = o(1) for some finite constant K∗. Thus clearly n−1u′
h,nAnug,n =

Op(1), n
−1ZnAnug,n = Op(1) and n−1ZnAnZn = Op1). The third claim in

the lemma follows from Chebychev’s inequality. ■

Proof of Lemma A.4: Clearly,

n1/2(δ̃g,n − δg,n) = P̃′
gg,nn

−1/2F′
gg,nεg,n,

where P̃gg,n and Fgg,n are defined in the lemma. Given Assumption 6 clearly

P̃gg,n = Pgg + op(1) with Pgg being finite, which establishes (c). Since by As-

sumption 2 the row and column sums of (In −R∗′
g,n)

−1 are uniformly bounded

in absolute value, and since by Assumption 5 the elements of Hn are uni-

formly bounded in absolute value, it follows that the elements of Fgg,n are

uniformly bounded in absolute value. By Assumption 4, E(εg,n) = 0 and

E(εg,nε
′
g,n) = σggIn. Therefore, En−1/2F′

gg,nεg,n = 0 and the elements of
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V C(n−1/2F′
nεg,n) = σggn

−1F′
gg,nFgg,n are also uniformly bounded in absolute

value. Thus, by Chebyshev’s inequality n−1/2F′
gg,nεg,n = Op(1), and conse-

quently n1/2(δ̃g,n−δg,n) = P′
ggn

−1/2F′
gg,nεg,n+op(1) and P′

ggn
−1/2F′

gg,nεg,n =

Op(1). This establishes (a) and (b), recalling that Tgg,n = Fgg,nPgg,n. Next

observe that

λmin(n
−1T′

gg,nTgg,n)

≥ λmin

[(
In −R∗′

g,n

)−1 (
In −R∗

g,n

)−1
]
λmin

[
n−1H′

nHn

]
λmin

{
[Q′

HZ,gQ
−1
HHQHZ,g]

−1Q′
HZ,gQ

−1
HHQ−1

HHQHZ,g[Q
′
HZ,gQ

−1
HHQHZ,g]

−1
}

≥ c

for some c > 0, since in light of Assumptions 1 and 2 the largest eigenvalue of(
In −R∗

g,n

) (
In −R∗′

g,n

)
is bounded from above, and thus the smallest eigen-

value of
(
In −R∗′

g,n

)−1 (
In −R∗

g,n

)−1
is bounded away from zero, and since

λmin

[
n−1H′

nHn

]
≥ [λmin(QHH)] /2 > 0 for n sufficiently large in light of As-

sumption 6. This establishes (d). ■

Proof of Lemma A.5: Note from (1) and (10) that

y∗g,n(ρ̂g,n) = Z∗g,n(ρ̂g,n)δg,n + εg,n − (R̂∗
g,n −Rg,n)ug,n

and hence

n1/2[δ̂g,n − δg,n]

=
[
n−1Ẑ′

∗g,n(ρ̂g,n)Z∗g,n(ρ̂g,n)
]−1

n−1/2Ẑ′
∗g,n(ρ̂g,n)

[
εg,n − (R̂∗

g,n −Rg,n)ug,n

]
= P̃∗′

gg,n

n−1/2F∗′
gg,nεg,n −

∑
r∈Ig,ρ

(ρ̂g,r,n − ρg,r,n)n
−1/2F

∗′
gg,r,nεg,n

 ,
with R̂∗

g,n = R∗
g,n(ρ̂g,n), and where P̃∗

gg,n is defined in the lemma, F∗
gg,n = Hn,

and F
∗
gg,r,n =

(
In −R∗′

g,n

)−1
M′

r,nHn. In light of Assumption 6, and since ρ̂n

is consistent, it follows that

n−1Ẑ′
∗g,n(ρ̂g,n)Z∗g,n(ρ̂g,n)−Q′

HZ,g∗(ρg,n)Q
−1
HHQHZ,g∗(ρg,n) = op(1).

Since by Assumption 6 we have Q′
HZ,g∗(ρg,n)Q

−1
HHQHZ,g∗(ρg,n) = O(1) and
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[Q′
HZ,g∗(ρg,n)Q

−1
HHQHZ,g∗(ρg,n)]

−1 = O(1) it follows that

[n−1Ẑ′
∗g,n(ρ̂g,n)Z∗g,n(ρ̂g,n)]

−1 − [Q′
HZ,g∗(ρg,n)Q

−1
HHQHZ,g∗(ρg,n)]

−1 = op(1);

compare, e.g., Pötscher and Prucha (1997), Lemma F1. In light of this it follows

further that P̃∗
gg,n −P∗

gg,n = op(1) and P∗
gg,n = O(1), with P∗

gg,n defined in the

lemma. By argumentation analogous to that in the proof of Lemma A.4 it is

readily seen that n−1/2F∗′
gg,nεg,n = Op(1) and n

−1/2F
∗′
gg,r,nεg,n = Op(1). Conse-

quently n1/2[δ̂g,n−δg,n] = P∗′
gg,nn

−1/2F∗′
gg,nεg,n+op(1) andP∗′

gg,nn
−1/2F∗′

gg,nεg,n =

Op(1), observing again that ρ̂g,n −ρg,n = op(1). This established (a)-(c) recall-

ing that T∗
gg,n = F∗

gg,nP
∗
gg,n. Next observe that

λmin(n
−1T∗′

gg,nT
∗
gg,n)

≥ λmin

[
Q

′−1/2
HH n−1H′

nHnQ
−1/2
HH

]
λmin

{
[Q′

HZ,g∗(ρg,n)Q
−1
HHQHZ,g∗(ρg,n)]

−1
}

≥ λmin(Q
−1
HH)λmin

{
[Q′

HZ,g∗(ρg,n)Q
−1
HHQHZ,g∗(ρg,n)]

−1
}
λmin

[
n−1H′

nHn

]
≥ λmin(Q

−1
HH)λmin

{
[Q′

HZ,g∗(ρg,n)Q
−1
HHQHZ,g∗(ρg,n)]

−1
} [
λmin(Q

−1
HH)

]
/2 ≥ c∗

for some c∗ > 0 in light of Assumption 6, and observing that λmin

[
n−1H′

nHn

]
≥

[λmin(QHH)] /2 > 0 for n sufficiently large. This establishes (d). ■

Proof of Lemma A.6: Note from (1) and (11) that

y∗n(ρ̂n) = Z∗n(ρ̂n)δn + εn − (R̂∗
n −Rn)un

and hence

n1/2[δ̂n − δn]

=
[
n−1Ẑ′

∗n(ρ̂n)(Σ̂
−1
n ⊗ In)Z∗n(ρ̂n)

]−1

n−1/2Ẑ′
∗n(ρ̂n)(Σ̂

−1
n ⊗ In)

×
[
εn − (R̂∗

n −Rn)un

]
=

[
n−1Ẑ′

∗n(ρ̂n)(Σ̂
−1
n ⊗ In)Z∗n(ρ̂n)

]−1

diag
[
n−1Z′

∗g,n(ρ̂g,n)Hn

]
×
[
Σ̂−1

n ⊗ (n−1H′
nHn)

−1
]
(IG ⊗ n−1/2H′

n)
[
εn − (R̂∗

n −Rn)un

]

= P̃∗∗′
n n−1/2F∗∗′

n εn + P̃∗∗′
n


∑

r∈I1,ρ
(ρ̂1,r,n − ρ1,r,n)n

−1/2F
∗∗′
11,r,nε1,n

...∑
r∈IG,ρ

(ρ̂G,r,n − ρG,r,n)n
−1/2F

∗∗′
GG,r,nεg,n

 ,
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with R̂∗
n = diagGg=1

[
R∗

g,n(ρ̂g,n)
]
, and where P̃∗∗

n and F∗∗
n are defined in the

lemma, and F
∗∗
gg,r,n =

(
In −R∗′

g,n

)−1
M′

r,nHn. Observe that the (g, h)-th block

of

n−1Ẑ′
∗n(ρ̂n)(Σ̂

−1
n ⊗In)Z∗n(ρ̂n)−diag

[
Q′

HZ,g∗(ρg,n)
] [
Σ−1 ⊗Q−1

HH

]
diag [QHZ,g∗(ρg,n)]

is

σ̂gh,nn
−1Ẑ′

∗g,n(ρ̂g,n)Z∗h,n(ρ̂h,n)− σghQ
′
HZ,g∗(ρg,n)Q

−1
HHQHZ,h∗(ρh,n) = op(1)

in light of Assumption 6, and since ρ̂n and Σ̂n are consistent. By Assumption

6 we have diag
[
Q′

HZ,g∗(ρg,n)
] [

Σ−1 ⊗Q−1
HH

]
diag [QHZ,g∗(ρg,n)] = O(1) and

λmin

{
diag

[
Q′

HZ,g∗(ρg,n)
] [

Σ−1 ⊗Q−1
HH

]
diag [QHZ,g∗(ρg,n)]

}
≥ λmin

{
Σ−1 ⊗ I

}
λmin

{
diag

[
Q′

HZ,g∗(ρg,n)Q
−1
HHQHZ,g∗(ρg,n)

]}
≥ c∗

for some c∗ > 0. This in turn implies that

{
diag

[
Q′

HZ,g∗(ρg,n)
] [
Σ−1 ⊗Q−1

HH

]
diag [QHZ,g∗(ρg,n)]

}−1
= O(1).

Consequently{
n−1Ẑ′

∗n(ρ̂n)(Σ̂
−1
n ⊗ In)Z∗n(ρ̂n)

}−1

−{
diag

[
Q′

HZ,g∗(ρg,n)
] [
Σ−1 ⊗Q−1

HH

]
diag [QHZ,g∗(ρg,n)]

}−1
= op(1);

compare, e.g., Pötscher and Prucha (1997), Lemma F1. In light of this it is now

readily seen that P̃∗∗
n − P∗∗

n = op(1) and P∗∗
n = O(1), with P∗∗

n defined in the

lemma. By argumentation analogous to that in the proof of Lemma A.4 it is

readily seen that n−1/2F∗∗′
n εn = Op(1) and n−1/2F

∗′
gg,r,nεg,n = Op(1). Conse-

quently n1/2[
̂̂
δn−δn] = P∗∗′

n n−1/2F∗∗′
n εn+op(1) with P∗∗′

n n−1/2F∗∗′
n εn = Op(1),

observing again that ρ̂g,n−ρg,n = op(1). This establishes (a)-(c), recalling that
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T∗∗
n = F∗∗

n P∗∗
n . Next observe that

λmin(n
−1T∗∗′

n T∗∗
n )

≥ λmin(Σ
−1)λmin

[
Q

′−1/2
HH n−1H′

nHnQ
−1/2
HH

]
×λmin

[{
diag

[
Q′

HZ,g∗(ρg,n)
] [

Σ−1 ⊗Q−1
HH

]
diag [QHZ,g∗(ρg,n)]

}−1
]

≥ λmin(Σ
−1)λmin(Q

−1
HH)λmin

[
n−1H′

nHn

]
×λmin

[{
diag

[
Q′

HZ,g∗(ρg,n)
] [

Σ−1 ⊗Q−1
HH

]
diag [QHZ,g∗(ρg,n)]

}−1
]

≥ λmin(Σ
−1)λmin(Q

−1
HH)[λmin(Q

−1
HH)/2]

×λmin

[{
diag

[
Q′

HZ,g∗(ρg,n)
] [

Σ−1 ⊗Q−1
HH

]
diag [QHZ,g∗(ρg,n)]

}−1
]
≥ c∗

for some c∗ > 0 in light of Assumption 6, and observing that λmin

[
n−1H′

nHn

]
≥

[λmin(QHH)] /2 > 0 for n sufficiently large. This establishes (d). ■

Proof of Lemma A.7: Without loss of generality, assume that σ2 = 1, since

the model in Assumption A.1 can always be normalized accordingly.

We first prove part (a) of the lemma. Let ϑn = n−1u′nA
∗
nun and ϑ̃n =

n−1ũ′nA
∗
nũn, then, in light of Assumption A.1, we have ϑn = n−1e′nB

∗
nen with

B∗
n = (1/2)R−1′

n (A∗
n+A∗′

n )R
−1
n . Furthermore, by Assumption A.1, the row and

column sums of the matrices Rn are uniformly bounded in absolute value. Since

this property is preserved under matrix addition and multiplication - see, e.g.,

Remark A.1 in Kelejian and Prucha (2004) - it follows that also the row and

column sums of the matrices B∗
n and B∗

nB
∗
n are uniformly bounded in absolute

value. In the following let K <∞ be a common bound for the row and column

sums of the absolute elements ofB∗
n andB∗

nB
∗
n, and of their respective elements.

Then, using the triangle inequality and the Cauchy-Schwarz inequality, we have

E |ϑn| = n−1
n∑

i=1

n∑
j=1

∣∣b∗ij,n∣∣E |ei,n| |ej,n| ≤ n−1
n∑

i=1

n∑
j=1

∣∣b∗ij,n∣∣ ≤ K.

Furthermore, utilizing the expression for the variance of linear quadratic forms

given in Lemma A.1 in Kelejian and Prucha (2007) we have in light of Assump-

tion A.1

var(ϑn) = n−22tr(B∗
nB

∗
n) + n−2

n∑
i=1

b∗2ii,n
[
Ee4i,n − 3

]
≤ n−12K + n−1K2 sup

i

[
Ee4i,n − 3

]
.
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Given that the fourth moments of the ei,n are uniformly bounded in light of

Assumption A.1, this establishes the first two claims of part (a) of the lemma.

We next prove the last claim of part (a) of the lemma. The above discussion

implies that ϑn −Eϑn = op(1). Hence it suffices to show that ϑ̃n − ϑn = op(1).

By Assumptions A.1 and A.2

ϑ̃n − ϑn = ϕn + ψn

with

ϕn = n−1∆′
nD

′
n (A

∗
n +A∗′

n ) un = n−1∆′
nD

′
nC

∗
nen,

ψn = n−1∆′
nD

′
nA

∗
nDn∆n,

and C∗
n = (c∗ij,n) = (A∗

n +A∗′
n )R

−1
n . The row and column sums of the matrices

C∗
n are again seen to be uniformly bounded in absolute value. Let K < ∞

denote a uniform bound for the row and column sums of the absolute elements

of the matrices A∗
n and C∗

n, and let c∗i.,n and di.,n denote the i-th row of C∗
n

and Dn, respectively.

To prove the claim we now show that both ϕn and ψn are op(1). Using the

triangle and Hölder inequality we get

|ϕn| =

∣∣∣∣∣n−1
n∑

i=1

∆′
nd

′
i.,nc

∗
i.,nen

∣∣∣∣∣ (D.2)

≤ n−1 ∥∆n∥
n∑

i=1

∥di.,n∥
n∑

j=1

∣∣c∗ij,n∣∣ |ej,n| ≤ n−1 ∥∆n∥
n∑

j=1

|ej,n|
n∑

i=1

∥di.,n∥
∣∣c∗ij,n∣∣

≤ n−1 ∥∆n∥
n∑

j=1

|ej,n|

(
n∑

i=1

∥di.,n∥p
)1/p( n∑

i=1

∣∣c∗ij,n∣∣q
)1/q

≤ Kn1/p−1/2
(
n1/2 ∥∆n∥

)n−1
n∑

j=1

|ej,n|

(n−1
n∑

i=1

∥di.,n∥p
)1/p

for p = 2+ δ and 1/p+1/q = 1, and where δ > 0 is as in Assumption A.2. The

last inequality utilizes the observation of Remark C.1 in Kelejian and Prucha

(2007). Since the ej,n are independent with bounded second moments, it follows

that n−1
∑n

j=1 |ej,n| = Op(1). The terms n1/2 ∥∆n∥ and n−1
∑n

i=1 ∥di.,n∥
p
are

Op(1) by Assumption A.2. Since n1/p−1/2 → 0 as n → ∞ it follows that ϕn =

op(1).
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Again, using the triangle and Hölder inequality yields

|ψn| =

∣∣∣∣∣∣n−1
n∑

i=1

n∑
j=1

∆′
nd

′
i.,na

∗
ij,ndj.,n∆n

∣∣∣∣∣∣ (D.3)

≤ n−1 ∥∆n∥2
n∑

i=1

∥di.,n∥
n∑

j=1

∥dj.,n∥
∣∣a∗ij,n∣∣

≤ n−1 ∥∆n∥2
n∑

i=1

∥di.,n∥

 n∑
j=1

∥dj.,n∥p
1/p n∑

j=1

∣∣a∗ij,n∣∣q
1/q

≤ Kn1/p ∥∆n∥2
(
n−1

n∑
i=1

∥di.,n∥

)n−1
n∑

j=1

∥dj.,n∥p
1/p

≤ Kn1/p−1/2n−1/2(n1/2 ∥∆n∥)2
(
n−1

n∑
i=1

∥di.,n∥p
)2/p

with p and q as before. By Assumption A.2 both n−1
∑n

i=1 ∥di.,n∥
p
and n1/2 ∥∆n∥

are Op(1). Since n
1/p−1/2 → 0 as n → ∞ it follows that ψn = op(1). From the

last inequality we see also that n1/2ψn = op(1).

We next prove part (b) of the lemma. In the following let ϑs,n denote

the s-th element of n−1D′
nA

∗
nun. Observe Eunu

′
n = R−1

n R−1′
n . Then given

Assumptions A.1 and A.2 there exists a constant K < ∞ such that Eu2i,n ≤
K and E |djs,n|p ≤ K. WLOG assume that the row and column sums of the

matrices A∗
n are uniformly bounded by K. Utilizing the Cauchy-Schwarz and

Lyapunov inequalities we then have E |ui,n| |djs,n| ≤
[
Eu2i,n

]1/2 [
Ed2js,n

]1/2 ≤[
Eu2i,n

]1/2
(E |djs,n|p)

1/p ≤ K
1/2+1/p

with p as before and, hence,

E
∣∣ϑs,n∣∣ = n−1

n∑
i=1

n∑
j=1

∣∣a∗ij,n∣∣E [|ui,n| |djs,n|] ≤ K
1/2+1/p

n−1
n∑

i=1

n∑
j=1

∣∣a∗ij,n∣∣ ≤ K
3/2+1/p

<∞,

which shows that indeed E
∣∣n−1d′.s,nA

∗
nun

∣∣ = O(1) where d.s,n denotes the s-th

column of Dn. Of course, the argument also shows that α∗
n = n−1ED′

n(A
∗
n +

A∗′
n )un = O(1). Next observe that

n−1D′
nA

∗
nũn = n−1D′

nA
∗
nun + ψ

n
,

where ψ
n
= n−1D′

nA
∗
nDn∆n. By argumentation analogous to that employed

8



to demonstrate that n1/2ψn = op(1) it follows that also ψ
n

= op(1), which

completes the proof of part (b).

We next prove part (c). In light of the proof of part (a) we have

n−1/2ũ′nA
∗
nũn = n−1/2u′nA

∗
nun + [n−1u′n(A

∗
n +A∗′

n )Dn]n
1/2∆n + n1/2ψn

with n1/2ψn = op(1). In light of part (b) and Assumption A.3 we have n−1u′n(A
∗
n+

A∗′
n )Dn−α∗′

n = op(1). The claim follows since n1/2∆n = Op(1) by Assumption

A.2. ■

Remark A.1: For future reference it proves helpful to note that in light of

Remark A.1 in Kelejian and Prucha (2004) the constant K used in proving the

last claim of part (a) of the above lemma can be chosen as K = 2cP cA where cP

and cA denote a bound for the row and column sums of the absolute elements

of R∗−1
n and A∗

n. Furthermore it proves helpful to observe that in light of (D.2)

and (D.3) ∣∣∣ϑ̃n − ϑn

∣∣∣ ≤ 2cP cAςn,

where ςn = op(1) does not depend on A∗
n.

Proof of Lemma A.8: Given Assumption A.1 and the maintained assumptions

on An it follows that the row and column sums of A∗
n = R′

nAnRn are bounded

uniformly in absolute value. Thus by Lemma A.7(c), and utilizing Assumption

A.4, we have

n−1/2ũ′nR
′
nAnRnũn

= n−1/2u′nR
′
nAnRnun +α′

nn
1/2∆n + op(1)

= n−1/2ε′g,nAnεg,n + n−1/2α′
n

[
G∑

h=1

T′
h,nεh,n + op(1)

]
+ op(1)

= n−1/2ε′g,nAnεg,n + n−1/2
G∑

h=1

a′h,nεh,n + op(1).

The last inequality holds since αn = O(1); see the remark in Lemma A.7(c).

Given this and the maintained assumption on Ph,n it follows that ch,n =

(ch1,n, . . . , chp∆,n)
′ = Ph,nαn = O(1). Since ah,n = Fh,nch,n we have

|ahi,n|η =

∣∣∣∣∣
pF∑
s=1

fhis,nchs,n

∣∣∣∣∣
η

≤ pηFK
η

p∆∑
s=1

|fhis,n|η ,

9



using inequality (1.4.4.) in Bierens (1994). Thus

sup
n
n−1

n∑
i=1

|ahi,n|η ≤ pηFK
η

pF∑
s=1

sup
n
n−1

n∑
i=1

|fhis,n|η <∞

in light of Assumption A.4(a). This proves part (a). Part (b) follows readily

from, e.g., Lemma A.1 in Kelejian and Prucha (2010). ■
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E Supplement to Section 6

In the following we provide more details on the derivation of the results in the

Section on Limited and Full Information One-Step Estimators. We first discuss

limited information estimators. Let θg,n = [δ′g,n,ρ
′
g,n]

′ and θ̂o
g,n = [δ̂o′g,n, ρ̂

o′
g,n]

′,

then by argumentation analogous to those for two-step estimators we have

(Φo
gg,n)

−1/2n1/2(θ̂o
g,n − θg,n)

d→ N [0, I] with

Φo
gg,n −

[∂mg,n(θg,n)

∂θ′
g,n

][
ΨLL

gg,n 0

0 ΨQQ
gg,n

]−1 [
∂mg,n(θg,n)

∂θg,n

]−1

= op(1),

where

ΨLL
gg,n = σgg,n

[
n−1H′

nHn

]
,

ΨQQ
gg,n = σ2

gg,nK
QQ
n ,

with KQQ
n = (kQQ

rs,n) and

kQQ
rs,n = (2n)−1tr

[
(Ar,n +A′

r,n)(As,n +A′
s,n)
]
.

Recall that

yg,n = Zg,nδg,n + ug,n,

ug,n = Ug,nρg,n + εg,n = R∗
g,n(ρg,n)ug,n + εg,n,

with R∗
g,n(ρg,n) =

∑
r∈Ig,ρ

ρg,r,nMr,n. Consequently

εg,n = [In −R∗
g,n(ρg,n)]ug,n

= [In −R∗
g,n(ρg,n)][yg,n − Zg,nδg,n]

and

H′
nεg,n = H′

n[In −R∗
g,n(ρg,n)][yg,n − Zg,nδg,n],

ε′g,nAs,nεg,n = u′
g,n[In −R∗′

g,n(ρg,n)]As,n[In −R∗
g,n(ρg,n)]ug,n

= u′
g,nAs,nug,n − 2u′

g,nR
∗′
g,n(ρg,n)As,nug,n

+u′
g,nR

∗′
g,n(ρg,n)As,nR

∗
g,n(ρg,n)ug,n.

11



Thus

∂

∂δg,n
[H′

nεg,n] = H′
n[In −R∗

g,n(ρg,n)]
∂ug,n

∂δg,n
= −H′

n[In −R∗
g,n(ρg,n)]Zg,n,

∂

∂δg,n
[ε′g,nAs,nεg,n] = 2u′

g,n[In −R∗′
g,n(ρg,n)]As,n[In −R∗

g,n(ρg,n)]
∂ug,n

∂δg,n

= −2ε′g,nAs,n[In −R∗
g,n(ρg,n)]Zg,n

= −ε′g,n(As,n +A′
s,n)[In −R∗

g,n(ρg,n)]Zg,n,

and

∂

∂ρg,n
[H′

nεg,n] = −[H′
nMrg,1,nug,n, . . . ,H

′
nMrg,qg ,n

ug,n],

∂

∂ρg,n
[ε′g,nAs,nεg,n] = −2[u′

g,nM
′
rg,1,nAs,nug,n, ...,u

′
g,nM

′
rg,qg ,n

As,nug,n)]
∂r1,g,n
∂ρg,n

+[u′
g,nM

′
rg,1,nAs,nMrg,1,nug,n, ...,u

′
g,nM

′
rg,qg ,n

As,nMrg,qg ,n
ugg,n]

∂r2,g,n
∂ρg,n

+2[Eu′
g,nM

′
rg,1,nAs,nMrg,2,nug,n, ..., Eu′

g,nM
′
rg,qg−1,nAs,nMrg,qg ,n

ug,n]
∂r3,g,n
∂ρg,n

.

Recalling that

mδ
g,n(ρg,n, δg,n) = n−1H′

nεg,n,

mρ
g,n(ρg,n, δg,n) =


n−1ε′g,nA1,nεg,n

...

n−1ε′g,nAS,nεg,n

 ,
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we have

∂mδ
g,n

∂δg,n
= −n−1H′

nZ∗g,n(ρg,n) = −n−1

H′
nZg,n −

∑
r∈Ig,ρ

ρg,r,nH
′
nMr,nZg,n


= −QHZ,g∗(ρg,n) + op(1),

∂mδ
g,n

∂ρg,n
= −n−1[H′

nMrg,1,nug,n, . . . ,H
′
nMrg,qg ,n

ug,n] = op(1),

∂mρ
g,n

∂δg,n
=


−n−1ε′g,n[A1,n +A′

1,n][In −R∗
g,n(ρg,n)]Zg,n

...

−n−1ε′g,n[AS,n +A′
S,n][In −R∗

g,n(ρg,n)]Zg,n

 =


α′
g,1,n

...

α′
g,S,n

+ op(1),

∂mρ
g,n

∂ρg,n
= −Γg,n(δg,n)

∂rg,n(ρg,n)

∂ρg,n
+ op(1) = −Jg,n + op(1),

withαg,r,n = −n−1EZ′
g,n(In−R∗′

g,n(ρg,n))(Ar,n+A′
r,n)εg,n and Jg,n = Γg,n

∂rg,n(ρg,n)
∂ρg,n

.

Consequently, we have
∂mg,n

∂θg,n
= Gg,n + op(1)

with

Gg,n =

[
GLL

g,n GLQ
g,n

GQL
g,n GQQ

g,n

]
=

[
−QHZ,g∗(ρg,n) 0

α′
g,n −Jg,n

]
where αg,n = [αg,1,n, . . . , αg,S,n]. Furthermore

Sg,n = G′
g,n

[
(ΨLL

gg,n)
−1 0

0 (ΨQQ
gg,n)

−1

]
Gg,n =

[
SLL
g,n SLQ

g,n

SQL
g,n SQQ

g,n

]

where

SLL
g,n = GLL′

g,n (ΨLL
gg,n)

−1GLL
g,n +GQL′

g,n (ΨQQ
gg,n)

−1GQL
g,n

= σ−1
gg,nQHZ,g∗(ρg,n)

′(n−1H′
nHn)

−1QHZ,g∗(ρg,n) + σ−2
gg,nαg,n(K

QQ
n )−1α′

g,n,

SLQ
g,n = SLQ′

g,n = GQL′
g,n (ΨQQ

gg,n)
−1GQQ

g,n = −σ−2
gg,nαg,n(K

QQ
n )−1Jg,n,

SQQ
g,n = GQQ′

g,n (ΨQQ
gg,n)

−1GQQ
g,n = σ−2

gg,nJ
′
g,n(K

QQ
n )−1Jg,n.
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The submatrices of Sg,n can be estimated consistently by

Ŝo,LL
g,n = σ̂−1

gg [n
−1Ẑ∗g,n(ρ̂

o
g,n)

′Ẑ∗g,n(ρ̂
o
g,n)] + σ̂−2

gg,nα̂
o
g,n(K

QQ
n )−1α̂o′

g,n,

Ŝo,LQ
g,n = Ŝo,LQ′

g,n = −σ̂−2
gg,nα̂

o
g,n(K

QQ
n )−1Jg,n(ρ̂

o
g,n),

Ŝo,QQ
g,n = σ̂−2

gg,nJ
′
g,n(ρ̂

o
g,n)

(
KQQ

n

)−1
Jg,n(ρ̂

o
g,n),

where α̂o
g,n = [α̂o

g,1,n, . . . , α̂
o
g,S,n] with

α̂o
g,r,n = −n−1

[
Z′

∗g,n(ρ̂
o
g,n)(Ar,n +A′

r,n)(In −R∗
g,n(ρ̂

o
g,n))ûg,n

]
.

We next discuss full information estimators. Let θn = [δ′n,ρ
′
n]

′ and
̂̂
θ
o

n =

[
̂̂
δ
o′

n ,
̂̂ρo′
n ]

′, then by argumentation analogous to those for two-step estimators we

have (Φo
n)

−1/2n1/2(
̂̂
θ
o

n − θn)
d→ N [0, I] with

Φo
n −

[∂mn(θn)

∂θ′
n

][
ΨLL

n 0

0 ΨQQ
n

]−1 [
∂mn(θn)

∂θn

]−1

= op(1),

where

ΨLL
n = Σn ⊗

[
n−1H′

nHn

]
,

ΨQQ
n =


ΨQQ

11,n . . . ΨQQ
1G,n

...
. . .

...

ΨQQ
G1,n . . . ΨQQ

GG,n

 = ΣSQ,n ⊗KQQ
n ,

with ΨQQ
gh,n = σ2

gh,nK
QQ
n and ΣSQ,n = (σ2

gh,n).

Observe that for g ̸= h,
∂mg,n

∂θh,n
= 0,

and thus
∂mn

∂θn
= Gn + op(1)

with

Gn =

[
diagGg=1[G

LL
g,n] diagGg=1[G

LQ
g,n]

diagGg=1[G
QL
g,n] diagGg=1[G

QQ
g,n ]

]

=

[
−diagGg=1[QHZ,g∗(ρg,n)] 0

diagGg=1[α
′
g,n] −diagGg=1[Jg,n]

]
.
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Furthermore

Sn = G′
n

[
(ΨLL

n )−1 0

0 (ΨQQ
n )−1

]
Gn =

[
SLL
n SLQ

n

SQL
n SQQ

n

]

where

SLL
n = GLL′

n (ΨLL
n )−1GLL

n +GQL′
n (ΨQQ

n )−1GQL
n

= diagGg=1[QHZ,g∗(ρg,n)
′][Σ−1

SQ,n ⊗ n−1H′
nHn]

−1diagGg=1[QHZ,g∗(ρg,n)]

+diagGg=1[αg,n][Σ
−1
SQ,n ⊗ (KQQ

n )−1]diagGg=1[α
′
g,n],

SLQ
n = SLQ′

n = GQL′
n (ΨQQ

n )−1GQQ
n

= −diagGg=1[αg,n][Σ
−1
SQ,n ⊗ (KQQ

n )−1]diagGg=1[Jg,n],

SQQ
n = GQQ′

n (ΨQQ
n )−1GQQ

n

= diagGg=1[J
′
g,n][Σ

−1
SQ,n ⊗ (KQQ

n )−1]diagGg=1[Jg,n].

Let σ̃gh,n denote some consistent estimator for σgh,n, and let Σ̃n = (σ̃gh,n)

and Σ̃SQ,n = (σ̃2
gh,n). The submatrices of Sn can be estimated consistently by

̂̂
S
o,LL

n = n−1Ẑ′
∗n(
̂̂ρo

n)(Σ̃
−1
n ⊗ In)Ẑ∗n(̂̂ρo

n)

+diagGg=1[
̂̂αo

g,n][Σ̃
−1
SQ,n ⊗ (KQQ

n )−1]diagGg=1[
̂̂αo′
g,n],

Ŝo,LQ
g,n = Ŝo,LQ′

g,n = −diagGg=1[
̂̂αo

g,n][Σ̃
−1
SQ,n ⊗ (KQQ

n )−1]diagGg=1[Jg,n(̂̂ρo

n)],

Ŝo,QQ
g,n = diagGg=1[J

′
g,n(

̂̂ρo

n)][Σ̃
−1
SQ,n ⊗ (KQQ

n )−1]diagGg=1[Jg,n(̂̂ρon)],
where ̂̂αo′

g,n = [ ̂̂αo

g,1,n, . . . ,
̂̂αo

g,S,n]
′ with

̂̂αo

g,r,n = −n−1
[
Z′

∗g,n(
̂̂ρo

g,n)(Ar,n +A′
r,n)(In −R∗

g,n(
̂̂ρo

g,n))
̂̂ug,n

]
and ̂̂ug,n = yg,n − Zg,n

̂̂
δ
o

n.
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F Supplemental Remarks on Identification Con-

dition

In the following we provide a number of observations on the identification condi-

tion maintained by Assumption 6. As discussed in the text, in general, this high-

level condition is a necessary condition for the identification of the regression

parameters, based on linear moment conditions only. For ease of presentation

we focus the discussion on moment conditions corresponding to the untrans-

formed model (8), and we drop subscripts n. For clarity we denote the true

regression parameters of the g-th equation as δog , and thus ug = yg − Zgδ
o
g .

The 2SLS estimator exploits the population moment condition En−1H′ug =

0, or asymptotically plimn→∞n
−1H′

nug = 0. The corresponding sample mo-

ment vector satisfies

n−1H′(yg − Zgδg) = n−1H′ug + n−1H′Zg(δ
o
g − δg)

=
[
plimn→∞n

−1H′Zg

]
(δog − δg) + op(1).

Under the maintained assumptionsQHZ,g = plimn→∞n
−1H′Zg = limn→∞n

−1H′EZg.

Assumption 6 maintains that QHZ,g has full column rank. This ensures identifi-

cation through the instruments H in that then δg = δog is seen to be the unique

solution of the QHZ,g(δ
o
g − δg) = 0. For ease of presentation we will proceed by

discussing the finite sample analogue of the above assumption, i.e., that H′EZg

has full column rank. We will first relate this assumption to the rank condition

in a classical simultaneous equation system, and then discuss some situations

where the condition does not hold.

F.1 Interpretation from the Perspective of a Classical Sys-

tem

Our simultaneous equation model with network interactions contains the classi-

cal simultaneous equation model without network interactions as a special case.

For the classical simultaneous equation model it is well known that a necessary

and sufficient condition for the identification of the structural parameters of an

equation is that the matrix of reduced form parameters corresponding to the

exogenous regressors, which do not appear in that equation, has full column

rank; see, e.g. Dhrymes (1978, p. 283). In the following we show that in this

special case the identification condition maintained in Assumption 6 is equiva-
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lent to the classical assumption. WLOG we consider the first equation of (8),

which under the classical setting reduces to

y1 = Z1δ1 + u1,

where Z1 = [Y1,X1] and δ1 = [β′
1,γ

′
1]

′. For ease of presentation we assume

furthermore that the exogenous regressors are arranged such that X = [X1,X
∗
1],

where X∗
1 represents the matrix of observation on the exogenous variables that

do not appear in the first equation. Then EY1 = X1Π1 + X∗
1Π

∗
1, where Π1

and Π∗
1 are the K1 ×G1 and (K −K1)×G1 matrices of reduced form param-

eters corresponding to X1 and X∗
1 respectively. For the classical simultaneous

equation model we have H = X. Thus, observing that

EZ1 = [EY1,X1] = XF1, F1 =

[
Π1 IK1

Π∗
1 0

]
,

we have H′EZ1 = (X′X)F1. Provided the X are not perfectly multicollinear it

follows that H′EZ1 has full column rank iff F1 has full column rank. However,

F1 has full column rank iff Π∗
1 has full column rank. This proves that for a

classical system the assumption that H′EZ1 is equivalent to the classical rank

condition. Of course, the order condition K−K1 ≥ G1 is necessary for the rank

condition to hold.

F.2 Interpretations from a Stylized Two-Equation Model

with Network Interactions

In the following we consider the simple stylized two-equation model:

y1 = y2β1 +X1γ1 + λ1Wy1 + u1 = Z1δ1 + u1,

y2 = X2γ2 + u2,

where Z1 = [y2,X1,Wy1] and δ1 = [β1,γ
′
1, λ1]

′. While the setup is simple

it permits us to highlight several important scenarios where the identification

condition for the parameters of the first equation fails.

We first compute the best instruments EZ1 for Z1. Observe that

y1 = (X2γ2 + u2)β1 +X1γ1 + λ1Wy1 + u1

= Xπ1 + λ1Wy1 + u1 + u2β1

17



with π1 = (γ′
1, β1γ

′
2)

′
, and the reduced form for y1 is given by

y1 = (In − λ1W)
−1

[Xπ1 + u1 + u2β1].

Consequently the best instruments EZ1 for Z1 is given by

EZ1 = [Ey2,X1,WEy1] = [X2γ2,X1,W(In − λ1W)
−1

Xπ1]

= [X2γ2,X1,

∞∑
s=0

λs1W
s+1Xπ1].

The best IV estimator for δ1 is then given by

δ̂B1 = [(EZ1)
′Z1]

−1(EZ1)
′y1.

From the above we see that the moment condition E(EZ1)
′u1 = 0 corresponding

to the best instruments is a weighted average of the basic underlying moment

conditions

E(WsX)′u1 = 0, . . . , s = 0, 1, . . . ,∞. (F.1)

The best instruments EZ1 depend on the inverse of the n×n matrix In−λ1W,

which may be computationally challenging in large samples. In light of (F.1),

adapting Kelejian and Prucha (1998), we can define H to be composed of the

linearly independent columns of WX, . . . ,WSX for some S ≥ 1, and work with

the moment condition

EH′u1 = 0.

The corresponding optimal GMM estimator is the S2SLS estimator

δ̂1 = [(Ẑ1)
′Z1]

−1(Ẑ1)
′y1

with Ẑ1 = H(H
′
H)

−1
H′Z1, and where Ẑ1 can be viewed to represent an ap-

proximation of the ideal instruments.

Kelejian and Prucha (1998) discuss identification based on linear moment

restrictions for a single equation cross sectional spatial model. In line with their

discussion, clearly for H′EZ1 to have full column rank we need EZ1 to have full

column rank. To provide guidance on where this condition may fail, we next

discuss several such scenarios.

■ Scenario 1: Suppose the true model does not contain any exogenous variables,
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i.e., γ1 = 0 and γ2 = 0. Obviously in this case π1 = 0 and WEy1 = 0, and

thus EZ1 does not have full column rank. Apart from a complete failure of

identification by linear moments under this scenario, we expect the instruments

X, WX, W2X, . . . to be weak, and estimators based only on linear moment

conditions to perform poorly, when the parameters of the exogenous variables

are “small”. Since the values of γ1 and γ2 depend on the chosen units of

measurement of the exogenous variables, it seems intuitive that “small” is best

interpreted as to correspond to a small ratio of the variance/signal stemming

from the exogenous variables to the variance/noise of the disturbances.

■ Scenario 2: Suppose W is such that W2 = c1In + c2W, which implies that

(In−λ1W)
−1

= d1In+d2W where the constants d1 and d2 depend on λ1, c1, c2.
1

Suppose further that X1 = [X1,WX1], and correspondingly γ1 = [γx′
1 ,γ

w′
1 ]′,

and that β1 = 0. In this case we have

WEy1 = W(In − λ1W)
−1

Xπ1 = (d1W + d2W
2)Xπ1

= [c1d2In + (d1 + d2c2)W][X1γ
x
1 +WX1γ

w
1 ]

= c1d2X1γ
x
1 + (d1 + d2c2)WX1γ

x
1

+c1d2WX1γ
w
1 + (d1 + d2c2)[c1In + c2W]X1γ

w
1

= c1d2X1γ
x
1 + (d1 + d2c2)c1X1γ

w
1

+(d1 + d2c2)WX1γ
x
1 + c1d2WX1γ

w
1 + (d1 + d2c2)c2WX1γ

w
1

which is clearly collinear with the columns of X1. We note that the result is

specific. It would generally not extend to the case where X1 only contains a

subset of spatial lags of the exogenous variables. It would generally also not

extend to the case where β1 ̸= 0, i.e., to the case where additional endogenous

variables are present that would depend on additional exogenous variables that

can serve as instruments.

A leading example where W2 = c1In + c2W, and instrumentation in terms

of neighbor’s characteristics fails arises if there are R groups of size mg, g =

1, . . . , R, and social interactions take place only within groups, and all members

of a group are friends of equal importance. If the calculation of group means

includes all members we have W = diagRg=1(Wmg
) with Wmg

= emg
e′mg

/mg,

where emg
denotes anmg×1 vector of ones. If the calculation of group means af-

fecting the i-th member excludes the i-th member we have W = diagRg=1(Wmg
)

1This is readily verified by observing that In = (In − λ1W)(d1In + d2W) and utilizing
the expression for W2.
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with Wmg = (emge
′
mg

− Img )/(mg − 1). Both in the first case and, provided

that all groups are of the same size, also in the second case we have W2 =

c1In + c2W and identification via instruments fails. However, in the latter case

identification is achievable if there is variation in the group size. For a further

discussion of these cases for cross sectional data see Bramoulle, Djebbari and

Fortin (2009) and Paula (2017), and Kelejian and Prucha (2002) and Kelejian

et al. (2006) for an early discussion of identification in case of equal weights.

■ Scenario 3: Consider the model

y1 = X1γ
x
1 +WX1γ

w
1 + λ1Wy1 + u1 − λ1Wu1.

Then EZ1 = [X1,WX1,WEy1] does not have full column rank for parameter

constellations where γw
1 = −λ1γx

1 . To see this observe that for those parameter

constellations Ey1 = X1γ
x
1 . For interpretation, we note that the above model

is observationally equivalent to y1 = X1γ
x
1 +u1, since pre-multiplication of this

model with In − λ1W yields the above model.

F.3 Identification from Linear and Quadratic Moment Con-

ditions

A standard assumption in the literature on GMM estimation is that the prob-

ability limit of the matrix of first order derivatives of the moment vector w.r.t.

to the parameters has full column rank when evaluated at the true parame-

ter (or a small sample analogue thereof). Let mδ,u
g (δg) = n−1H′ug(δg) with

ug(δg) = yg −Zgδg. Then plimn→∞∂m
δ,u
g (δog)/∂δg = QHZ,g. Furthermore, let

mδ
g(ρg, δg) and mρ

g(ρg, δg) be defined as in (12) and recall the equivalent defini-

tion of the latter in (14). Then, plimn→∞∂m
δ
g(ρ

o
g, δ

o
g)/∂δg = QHZ,g∗(ρg) and

plimn→∞∂m
ρ
g(ρg, δg)/∂ρg = Γg[∂rg/∂ρg]. From this we see that the nature

of Assumptions 6 and 7 is in line with assumptions maintained by the classical

GMM literature; observe that ∂rg/∂ρg has full column rank.

As remarked in the text, the conditions postulated in Assumption 6 are

sufficient conditions to ensure identification of the regression parameters δg

from the linear moments only. Given δg is identified, the conditions postulated

in Assumption 7 are sufficient to ensure the identification of the autoregressive

parameters ρg. Assumptions 6 and 7 are geared towards two-step estimation.
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Within the context of one-step estimation identification is still possible with

the use of the quadratic moment conditions, even if identification by the linear

moment conditions fails. In this case a sufficient condition for the parameters

θg = [ρ′
g, δ

′
g]

′ to be identified is that plimn→∞∂mg(θ
o
g)/∂θg has full column

rank, where mg(θg) denotes the stacked vector of linear and quadratic moment

conditions. For contributions on identification with the help of quadratic mo-

ment conditions that ensure that plimn→∞∂mg(θ
o
g)/∂θg has full column rank

see, e.g., Lee (2007a) and Kuersteiner and Prucha (2020) within a single equa-

tion framework, and see, e.g., Liu (2014, 2019, 2020), Liu and Saraiva (2019),

and Yang and Lee (2017,2019) for contributions within a systems framework.

These contributions focus on the case where the disturbances are uncorrelated

in the cross section, i.e. where θg = δg.
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G Monte Carlo Study

To analyze the small sample properties of our estimators we have conducted

a Monte Carlo study. The study considers both weights matrices motivated

by social interactions and spatial interactions. The study explores situations

where the parameters are identified by the linear moment conditions alone. It

also considers situations where the parameters are identified from utilizing both

linear and quadratic moment conditions jointly, but where identification from

the linear moment conditions alone is weak.

In Appendix G.1 we describe the Monte Carlo design and provide highlights

of the study for two-step estimators for the case where the parameters are iden-

tified by linear moment conditions. The simulation results in Appendix G.1

are based on weights matrices corresponding to an underlying social interac-

tions structure. In Appendices G.2 and G.3 we report on additional Monte

Carlo simulations for the identified case for weights matrices motivated by so-

cial interactions as well as by spatial interactions. We also report on results

for the three scenarios where identification is weak discussed in the Appendix

F included in this Online Supplementary Appendix.

G.1 Monte Carlo Design and Main Results

For the Monte Carlo results below we considered the following two equation

system as a special case of (2):

y1 = b21y2 + [λ11,1M1 + λ11,2M2]y1 +
∑3

k=1 ck1xk + u1,

y2 = b12y1 + [λ22,1M1 + λ22,2M2]y2 +
∑6

k=4 ck2xk + u2,

ug = [ρg1M1 + ρg2M2]ug + ϵg, g = 1, 2.

(G.1)

The stylized social-network design employes a group structure, which can be

viewed as emulating groups of friends in a classroom setting. More specifically,

suppose there are P schools, and each school has three classrooms of size m1,

m2, and m3. Now consider the matrix

E = (eij) = IP ⊗

 Em1
0 0

0 Em2
0

0 0 Em3


where the Emq

, q = 1, 2, 3, are mq×mq matrices with zeros on the diagonal and

with ones off the diagonal. Then the elements of E can be viewed as indicator
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variables that are equal to one if two students belong to the same classroom,

and zero otherwise. The matrix E is of dimension n× n, where the sample size

is n = mP with m = m1+m2+m3. We used the following values in our Monte

Carlo simulations:

m1 = 10, m2 = 15, m3 = 25, P = 10 or 20,

which implies a sample size of n = 500 or 1, 000.

To generate the weights matrices M1 and M2, let ξGi and ξIi be, respec-

tively, an i.i.d. binary random variable taking values 0 and 1 with equal proba-

bility, and an i.i.d. discrete random variable taking values 1, 2, . . . , 10 with equal

probability, and let µi be i.i.d. N(0, 1). Furthermore, (ξGi), (ξIi) and (µi) are

generated independently. Now define

dij = [cG(ξGi − ξGj)/σG + cI(ξIi − ξIj)/σI + cµ(µi − µj)] /σµ

where σ2
G = 1/4, σ2

I = (100 − 1)/12, σ2
µ = 1 denote the variances of ξGi,

ξIi, and µi, respectively. For an exemplary interpretation, ξGi could be an

indicator for the gender of an individual, ξIi could represent the family income

decile of an individual, the µi are unobserved characteristics, and dij could then

be interpreted as a measure of similarity between two individuals. With this

interpretation we define

m∗
1,ij = 1(|dij | < d∗)eij ,

m∗
2,ij = 1(d∗ ≤ |dij | < d∗∗)eij ,

where m∗
1,ij and m∗

2,ij are now indicators that equal one, respectively, if two

individuals are best friends or just friends, and zero otherwise.

Specific values that generate on average about 29% best friends and 40%

friends are:

cG = .4, cI = .4, cµ = .2, d∗ = .3, d∗∗ = .8.

The weights matrices M1 = [m1,ij ] and M2 = [m2,ij ] are then obtained by

applying the following normalization (s = 1, 2): ms,ij = m∗
s,ij/

∑n
j=1m

∗
s,ij if∑n

j=1m
∗
s,ij > 0 andms,ij = m∗

s,ij if
∑n

j=1m
∗
s,ij = 0. Note that the design allows

for situations where an individual has no close friends or only close friends. That

is, we allow for a row of M1 or M2 to only contain zeros. If a row contains
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nonzero elements, then that row is normalized so that the row sum is one.

We consider three sets of parameters of model (G.1). Set I corresponds to

positive spillovers, Set II to negative spillovers and Set III to zero spillovers. In

particular, we consider the parameter values as given in Table 1:

Table 1: Configuration of Autoregressive Parameters in Set I-III

Auroregressive Parameters
Equation 1 Equation 2

λ11,1 λ11,2 ρ11 ρ12 λ22,1 λ22,2 ρ21 ρ22
Set I 0.30 0.20 0.20 0.10 0.30 0.15 0.10 0
Set II -0.30 -0.20 -0.20 -0.10 -0.30 -0.15 -0.10 0
Set III 0 0 0 0 0 0 0 0

The remaining parameters are selected as b12 = 0.3, b21 = 0.15 , c1k = 1

for k = 1, 2, 3, and c2k = 1 for k = 4, 5, 6. The observations on the exogenous

regressors x1, . . . ,x6 are kept fixed for all Monte Carlo iterations, and are gen-

erated as independent of each other and as cross sectionally i.i.d. N(1,3). The

disturbances ϵ1, ϵ2 are generated as cross sectionally i.i.d. normal with mean

0, variance 1 and covariance .5.

In Table 2, given at the end of this subsection, we report on the bias and root

mean squared error (RMSE) of the maximum-likelihood estimator (ML), the

GS2SLS, and the GS3SLS estimator for parameter Set I based on 1, 000 Monte

Carlo repetitions.2 More specifically, to simplify the presentation, in Table 2

we only report on a subset of the parameters of the first equation of Model

(G.1), corresponding to y2 as well as on the autoregressive parameters. For all

estimators the biases are fairly small, indicating that the linear moments alone

are able to identify the regression parameters. As expected, the ML estimator

has the smallest RMSE. In general, in terms of RMSE, the ML only dominates

GS3SLS slightly, and GS3SLS dominates GS2SLS. The differences in RMSE are

the most pronounced for the estimates of the autoregressive parameters in the

2Our measure of bias is defined as the difference between the median and the true parameter
value. Our measure corresponding to the RMSE is defined as [bias2 + (IQ/1.35)2]1/2 where
IQ is the inter-quantile range. That is, IQ = c1 − c2 where c1 is the .75 quantile and c2 is
the .25 quantile. If the distribution is normal, IQ/1.35 is (apart from rounding errors) equal
to the standard deviation. In the following we will refer to our measures simply as bias and
RMSE.
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disturbance process. As expected, biases and RMSE decline with the sample

size.

The results in Table 2 represent a subset of the results reported in Tables 4-6

in Appendix G.2. In Tables 4-6 we report on the estimators of all the parameters

of both equations for parameter Sets I-III. In addition to considering the above

described scenarios with social network interactions, we also report in Tables

7-9 in Appendix G.2 on results from scenarios with spatial network interactions,

using a spatial rook design. In general, the results are in line with those reported

above. In the Appendix G.3 we also cover several scenarios where identification

by linear moment conditions alone is weak, and where in consequence GS2SLS

and GS3SLS can be substantially biased. Our extended Monte Carlo results

also report on the performance of LQ-GS2SLS and LQ-GS3SLS. Under weak

identification LQ-GS2SLS and LQ-GS3SLS can greatly outperform GS2SLS and

GS3SLS. However, for the well identified scenarios underlying the results in

Tables 4-9 the benefit of combining linear and quadratic moment conditions

seems limited.

A leading hypothesis of interest is the absence of spillovers. Focusing on

equation 1 we can test the hypothesis H0 : λ011,1 = λ011,2 = ρ011 = ρ012 = 0. In Ta-

ble 3, given at the end of this subsection, we report on the power of the Wald test

for this hypothesis based on GS2SLS and GS3SLS estimates. More specifically,

we explore the power of the test for parameter values (λ011,1, λ
0
11,2, ρ

0
11, ρ

0
12) =

κ(λI11,1, λ
I
11,2, ρ

I
11, ρ

I
12) where (λI11,1, λ

I
11,2, ρ

I
11, ρ

I
12) = (.30, .30, .20, .10) is equal

to the values considered by parameter Set I, and where the factor κ = 0, 0.05, .., 0.30.

All other parameter values are kept as in parameter Set I. The significance

level of the tests are close to the nominal 5 percent, especially for sample size

n = 1, 000, and the tests seem to have good power.
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Table 2: Bias and RMSE of MLE, GS2SLS and GS3SLS Parameters of Equation
1, Social Interaction Weights Matrices

Soc. Interact. Matrices; n = 500 Soc. Interact. Matrices; n = 1000
MLE GS2SLS GS3SLS MLE GS2SLS GS3SLS

Parameter True Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
Eq. 1 Set I
b21 0.15 0.00047 0.01372 0.00304 0.01358 0.00074 0.01357 -0.00004 0.00973 0.00175 0.01011 0.00031 0.00978
λ11,1 0.3 0.00030 0.01556 0.00156 0.01708 0.00281 0.01551 -0.00089 0.01129 -0.00084 0.01276 0.00016 0.01147
λ11,2 0.2 -0.00028 0.01651 -0.00366 0.01849 -0.00209 0.01800 0.00072 0.01093 -0.00029 0.01202 -0.00007 0.01121
ρ11 0.2 -0.00536 0.05467 -0.00261 0.05724 -0.00271 0.05807 -0.00157 0.03793 0.00074 0.04028 0.00021 0.04068
ρ12 0.1 -0.00113 0.06185 0.00162 0.07189 0.00137 0.06941 -0.00338 0.04305 -0.00043 0.04806 -0.00046 0.04829
Eq. 1 Set II
b21 0.15 0.00051 0.01319 0.00451 0.01360 0.00208 0.01333 -0.00005 0.00963 0.00225 0.01002 0.00095 0.00952
λ11,1 -0.3 0.00057 0.02187 -0.00054 0.02364 -0.00017 0.02262 -0.00124 0.01310 -0.00185 0.01475 -0.00152 0.01313
λ11,2 -0.2 0.00013 0.02256 -0.00204 0.02572 -0.00096 0.02267 0.00160 0.01311 0.00039 0.01462 0.00053 0.01359
ρ11 -0.2 -0.00583 0.06664 0.00098 0.06941 -0.00040 0.07170 -0.00098 0.04289 0.00198 0.04644 0.00138 0.04717
ρ12 -0.1 -0.00048 0.07936 0.00398 0.08989 0.00403 0.09009 -0.00279 0.05461 -0.00069 0.06176 -0.00095 0.05952
Eq. 1 Set III
b21 0.15 0.00051 0.01351 0.00411 0.01367 0.00153 0.01336 -0.00019 0.00980 0.00216 0.01014 0.00073 0.00982
λ11,1 0 0.00064 0.02031 0.00157 0.02164 0.00258 0.01980 -0.00137 0.01282 -0.00125 0.01434 -0.00053 0.01274
λ11,2 0 -0.00035 0.02179 -0.00331 0.02369 -0.00211 0.02164 0.00117 0.01311 0.00020 0.01429 0.00034 0.01296
ρ11 0 -0.00538 0.06453 -0.00145 0.06674 -0.00351 0.06660 -0.00084 0.04160 0.00055 0.04401 -0.00010 0.04533
ρ12 0 -0.00066 0.07220 0.00343 0.08182 0.00414 0.08272 -0.00404 0.05041 -0.00108 0.05518 -0.00073 0.05425

Table 3: Power Function of Joint Wald Tests Corresponding to GS2SLS and
GS3SLS for H0 : λ011,1 = λ011,2 = ρ011 = ρ02 = 0. The True Autoregressive
Parameters Equal Those of Set I Scaled by κ. The Significance Level is Displayed
at κ = 0.

Social Interactions Matrices
n = 500 n = 1000

κ GS2SLS GS3SLS GS2SLS GS3SLS
0 0.068 0.072 0.058 0.054
0.05 0.129 0.170 0.226 0.272
0.1 0.423 0.514 0.773 0.840
0.15 0.832 0.889 0.993 0.999
0.2 0.987 0.994 1 1
0.25 1 1 1 1
0.3 1 1 1 1
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G.2 Additional Monte Carlo Simulations for the Identi-

fied Case

Tables 4-6, given at the end of this subsection, are an expansion of Table 2.

In Tables 4-6 we report additionally on the performance of the one-step LQ-

GS2SLS and LQ-GS3SLS estimators, as well as on a larger set of parameters.

More specifically, in Tables 4-6 we provide information on the bias and RMSE

for various estimators of the parameters in equations 1 and 2 of Model (G.1) for

parameter Sets I-III and sample sizes n = 500 and n = 1, 000 each. Tables 4-6

are based on the same design of the social network weights matrices as those

underlying Table 2.

The results in Tables 4-6 are in line with the subset of results reported in

Table 2. For all estimators the biases are fairly small, indicating that the linear

moments alone are able to identify the regression parameters. As expected, the

ML estimator has the smallest RMSE. In general, in terms of RMSE, the ML

only dominates GS3SLS slightly, and GS3SLS dominates G2SLS. The differ-

ences in RMSE are the most pronounced for the estimates of the autoregressive

parameters in the disturbance process. The differences in RMSE for the pa-

rameters of the exogenous parameters are especially small. As expected, biases

and RMSE decline with the sample size. In Tables 4-6 we also report on the

performance of the LQ-GS2SLS and LQ-GS3SLS. While LQ-GS2SLS and LQ-

GS3SLS have the potential to greatly outperform GS2SLS and GS3SLS under

weak identification, for the well identified scenarios underlying the results in

Tables 4-6 the benefit of combining linear and quadratic moment conditions

seems limited.

In Tables 7-9, given at the end of this subsection, we provide information

on the bias and RMSE for the same estimators for the parameters of Model

(G.1) as in Tables 4-6, but for an alternative set of weights matrices. We

explore the same parameter specifications, but now generate the data based on

weights matrices “inspired” by a spatial network. More specifically, we derive

the weights matrices from a classical rook design. In more detail, to define

locations and neighbors, consider a square grid with both the x and y coordinates

only taking on the values 1, 2, ...,m. Next, define the Euclidean distance between

any pair of units, i1 and i2 with coordinates (x1, y1) and (x2, y2), respectively,

as d(i1, i2) =
[
(x1 − x2)

2 + (y1 − y2)
2
]1/2

. Moreover, define the cutoff distances

d∗ = 1 and d∗∗ = 2 to determine inner- and outer-ring neighbors, respectively,

around any spatial unit on the lattice. Now define the (i, j)-th element of a
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row-normalized weights matrix M1 and M2 as

mr,ij = m∗
r,ij/

n∑
j=1

m∗
r,ij , r ∈ 1, 2, (G.2)

m∗
1,ij =

{
1 if 0 < d(i1, i2) ≤ d∗

0 else
, (G.3)

m∗
2,ij =

{
1 if d∗ < d(i1, i2) ≤ d∗∗

0 else
. (G.4)

We consider two configurations. The two configurations correspond to m = 22

and m = 31, which implies a sample size of n = 484 and n = 961, respectively.

The finding in Tables 7-9 are similar to those in Tables 4-6.
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Table 4: Bias and RMSE of Various Estimators for Parameters of Equation 1
and 2, Parameter Set I with Social Interaction Weights Matrices

Soc. Interact. Weights Matrices; n = 500
Parameter True MLE GS2SLS GS3SLS LQ-GS2SLS LQ-GS3SLS
Eq. 1 Set I Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
b21 0.15 0.00047 0.01372 0.00304 0.01358 0.00074 0.01357 0.00538 0.01459 0.00256 0.01356
λ11,1 0.3 0.00030 0.01556 0.00156 0.01708 0.00281 0.01551 -0.00178 0.01656 -0.00076 0.01570
λ11,2 0.2 -0.00028 0.01651 -0.00366 0.01849 -0.00209 0.01800 -0.00294 0.01911 -0.00146 0.01784
ρ11 0.2 -0.00536 0.05467 -0.00261 0.05724 -0.00271 0.05807 0.03205 0.07140 0.03635 0.07269
ρ12 0.1 -0.00113 0.06185 0.00162 0.07189 0.00137 0.06941 0.01227 0.07803 0.01232 0.07579
c11 1 -0.00072 0.02415 -0.00124 0.02677 -0.00131 0.02407 -0.00090 0.02739 -0.00065 0.02393
c12 1 -0.00089 0.02580 -0.00385 0.02596 -0.00189 0.02559 -0.00289 0.02587 -0.00218 0.02561
c13 1 0.00034 0.02428 -0.00288 0.02531 -0.00040 0.02425 -0.00336 0.02558 -0.00037 0.02454
Eq. 2 Set I
b12 0.3 -0.00068 0.01335 0.00219 0.01356 -0.00121 0.01331 0.00388 0.01374 0.00031 0.01320
λ22,1 0.3 0.00061 0.01451 0.00194 0.01540 0.00271 0.01496 -0.00041 0.01579 0.00030 0.01509
λ22,2 0.15 -0.00052 0.01457 -0.00321 0.01693 -0.00130 0.01547 -0.00199 0.01685 -0.00093 0.01584
ρ21 0.1 -0.01171 0.05897 -0.00924 0.06391 -0.00992 0.06379 0.01850 0.07065 0.02952 0.07403
ρ22 0 -0.00412 0.06792 -0.00091 0.07142 -0.00213 0.07009 0.00954 0.07986 0.01287 0.07974
c24 1 -0.00118 0.02173 -0.00160 0.02191 -0.00157 0.02139 -0.00112 0.02288 -0.00011 0.02193
c25 1 0.00175 0.02423 -0.00100 0.02605 0.00190 0.02437 -0.00068 0.02658 0.00222 0.02438
c26 1 0.00192 0.02268 0.00005 0.02285 0.00128 0.02266 0.00008 0.02326 0.00207 0.02313

n = 1000
Eq. 1 Set I
b21 0.15 -0.00004 0.00973 0.00175 0.01011 0.00031 0.00978 0.00264 0.01025 0.00138 0.00968
λ11,1 0.3 -0.00089 0.01129 -0.00084 0.01276 0.00016 0.01147 -0.00221 0.01308 -0.00132 0.01161
λ11,2 0.2 0.00072 0.01093 -0.00029 0.01202 -0.00007 0.01121 0.00038 0.01202 0.00039 0.01140
ρ11 0.2 -0.00157 0.03793 0.00074 0.04028 0.00021 0.04068 0.01550 0.04566 0.01838 0.04524
ρ12 0.1 -0.00338 0.04305 -0.00043 0.04806 -0.00046 0.04829 0.00305 0.04854 0.00448 0.04896
c11 1 -0.00001 0.01585 -0.00108 0.01704 -0.00060 0.01586 -0.00132 0.01711 -0.00011 0.01604
c12 1 -0.00026 0.01632 -0.00130 0.01798 -0.00079 0.01634 -0.00146 0.01786 -0.00016 0.01630
c13 1 -0.00025 0.01661 -0.00107 0.01858 -0.00050 0.01661 -0.00136 0.01911 -0.00033 0.01636
Eq. 2 Set I
b12 0.3 -0.00001 0.00912 0.00140 0.00949 0.00003 0.00941 0.00198 0.00953 0.00080 0.00931
λ22,1 0.3 0.00034 0.00957 0.00106 0.01111 0.00152 0.01020 -0.00025 0.01136 -0.00002 0.01017
λ22,2 0.15 0.00012 0.01052 -0.00231 0.01154 -0.00107 0.01058 -0.00158 0.01154 -0.00041 0.01074
ρ21 0.1 -0.00593 0.04269 -0.00494 0.04359 -0.00404 0.04287 0.00970 0.04726 0.01557 0.04763
ρ22 0 -0.00424 0.04485 -0.00132 0.04997 -0.00365 0.04912 -0.00089 0.05335 0.00104 0.05281
c24 1 0.00051 0.01672 -0.00047 0.01858 0.00056 0.01685 -0.00075 0.01876 0.00089 0.01671
c25 1 0.00004 0.01698 -0.00065 0.01838 0.00003 0.01667 -0.00056 0.01795 0.00019 0.01634
c26 1 -0.00046 0.01745 -0.00087 0.01894 -0.00037 0.01749 -0.00067 0.01843 -0.00005 0.01771
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Table 5: Bias and RMSE of Various Estimators for Parameters of Equation 1
and 2, Parameter Set II with Social Interaction Weights Matrices

Soc. Interact. Weights Matrices; n = 500
Parameter True MLE GS2SLS GS3SLS LQ-GS2SLS LQ-GS3SLS
Eq. 1 Set II Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
b21 0.15 0.00051 0.01319 0.00451 0.01360 0.00208 0.01333 0.00522 0.01390 0.00320 0.01369
λ11,1 -0.3 0.00057 0.02187 -0.00054 0.02364 -0.00017 0.02262 -0.00193 0.02467 -0.00248 0.02260
λ11,2 -0.2 0.00013 0.02256 -0.00204 0.02572 -0.00096 0.02267 -0.00259 0.02628 -0.00122 0.02354
ρ11 -0.2 -0.00583 0.06664 0.00098 0.06941 -0.00040 0.07170 0.01529 0.08047 0.01857 0.08446
ρ12 -0.1 -0.00048 0.07936 0.00398 0.08989 0.00403 0.09009 0.01167 0.09889 0.01737 0.09786
c11 1 0.00081 0.02336 -0.00170 0.02603 0.00043 0.02369 -0.00181 0.02624 0.00060 0.02415
c12 1 -0.00103 0.02473 -0.00270 0.02627 -0.00073 0.02483 -0.00270 0.02603 -0.00027 0.02502
c13 1 -0.00064 0.02382 -0.00328 0.02435 -0.00088 0.02387 -0.00385 0.02484 -0.00063 0.02430
Eq. 2 Set II
b12 0.3 -0.00051 0.01284 0.00368 0.01333 0.00063 0.01272 0.00460 0.01373 0.00183 0.01314
λ22,1 -0.3 -0.00001 0.02002 -0.00048 0.02121 -0.00035 0.02044 -0.00236 0.02247 -0.00223 0.02137
λ22,2 -0.15 -0.00011 0.02255 -0.00181 0.02561 -0.00109 0.02320 -0.00095 0.02537 -0.00107 0.02332
ρ2,1 -0.1 -0.01172 0.06573 -0.00280 0.07240 -0.00337 0.07011 0.01500 0.07719 0.02104 0.07884
ρ2,2 0 -0.00309 0.07527 0.00096 0.08191 0.00067 0.08050 0.01465 0.09191 0.01799 0.08863
c24 1 -0.00137 0.02099 -0.00218 0.02283 -0.00098 0.02083 -0.00211 0.02312 0.00028 0.02141
c25 1 0.00188 0.02360 -0.00094 0.02559 0.00193 0.02378 -0.00080 0.02598 0.00219 0.02341
c26 1 0.00154 0.02132 0.00044 0.02186 0.00186 0.02115 -0.00006 0.02244 0.00263 0.02185

n = 1000
Eq. 1 Set II
b21 0.15 -0.00005 0.00963 0.00225 0.01002 0.00095 0.00952 0.00276 0.01010 0.00164 0.00944
λ11,1 -0.3 -0.00124 0.01310 -0.00185 0.01475 -0.00152 0.01313 -0.00248 0.01496 -0.00200 0.01315
λ11,2 -0.2 0.00160 0.01311 0.00039 0.01462 0.00053 0.01359 0.00064 0.01485 0.00041 0.01369
ρ11 -0.2 -0.00098 0.04289 0.00198 0.04644 0.00138 0.04717 0.00584 0.05098 0.00817 0.04907
ρ12 -0.1 -0.00279 0.05461 -0.00069 0.06176 -0.00095 0.05952 0.00522 0.06380 0.00545 0.06143
c11 1 -0.00005 0.01546 -0.00106 0.01656 -0.00043 0.01574 -0.00120 0.01689 -0.00002 0.01566
c12 1 -0.00084 0.01666 -0.00189 0.01768 -0.00079 0.01661 -0.00186 0.01789 -0.00063 0.01655
c13 1 -0.00031 0.01654 -0.00131 0.01828 -0.00033 0.01661 -0.00148 0.01816 0.00014 0.01655
Eq. 2 Set II
b12 0.3 -0.00024 0.00878 0.00135 0.00868 0.00021 0.00876 0.00209 0.00885 0.00079 0.00874
λ22,1 -0.3 0.00054 0.01225 0.00063 0.01402 0.00008 0.01245 -0.00016 0.01392 -0.00099 0.01262
λ22,2 -0.15 0.00016 0.01450 -0.00128 0.01557 -0.00078 0.01466 -0.00122 0.01616 -0.00086 0.01457
ρ21 -0.1 -0.00490 0.04463 -0.00314 0.04672 -0.00352 0.04549 0.00840 0.04993 0.00925 0.04872
ρ22 0 -0.00564 0.05227 -0.00058 0.05685 -0.00180 0.05542 0.00351 0.06174 0.00394 0.06008
c24 1 0.00065 0.01635 -0.00079 0.01796 0.00075 0.01611 -0.00106 0.01797 0.00128 0.01631
c25 1 -0.00005 0.01689 -0.00066 0.01835 0.00042 0.01672 -0.00066 0.01816 0.00035 0.01691
c26 1 -0.00020 0.01705 -0.00054 0.01800 0.00040 0.01720 -0.00040 0.01794 0.00008 0.01758
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Table 6: Bias and RMSE of Various Estimators for Parameters of Equation 1
and 2, Parameter Set III with Social Interaction Weights Matrices

Soc. Interact. Weights Matrices; n = 500
Parameter True MLE GS2SLS GS3SLS LQ-GS2SLS LQ-GS3SLS
Eq. 1 Set III Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
b21 0.15 0.00051 0.01351 0.00411 0.01367 0.00153 0.01336 0.00532 0.01429 0.00296 0.01359
λ11,1 0 0.00064 0.02031 0.00157 0.02164 0.00258 0.01980 -0.00137 0.02182 -0.00065 0.02038
λ11,2 0 -0.00035 0.02179 -0.00331 0.02369 -0.00211 0.02164 -0.00256 0.02472 -0.00116 0.02210
ρ11 0 -0.00538 0.06453 -0.00145 0.06674 -0.00351 0.06660 0.02438 0.07803 0.03037 0.08000
ρ12 0 -0.00066 0.07220 0.00343 0.08182 0.00414 0.08272 0.01411 0.09080 0.01733 0.08996
c11 1 -0.00008 0.02398 -0.00109 0.02643 -0.00098 0.02389 -0.00140 0.02655 0.00016 0.02400
c12 1 -0.00064 0.02561 -0.00349 0.02604 -0.00152 0.02548 -0.00307 0.02642 -0.00157 0.02532
c13 1 0.00004 0.02425 -0.00380 0.02496 -0.00081 0.02396 -0.00412 0.02459 0.00003 0.02428
Eq. 2 Set III
b12 0.3 -0.00058 0.01339 0.00296 0.01351 -0.00019 0.01331 0.00444 0.01403 0.00156 0.01321
λ22,1 0 0.00022 0.01861 0.00168 0.02032 0.00204 0.01930 -0.00131 0.02129 -0.00100 0.01936
λ22,2 0 -0.00003 0.02049 -0.00322 0.02294 -0.00204 0.02120 -0.00174 0.02329 -0.00087 0.02135
ρ21 0 -0.01218 0.06197 -0.00768 0.06843 -0.00745 0.06707 0.01536 0.07472 0.02470 0.07542
ρ22 0 -0.00391 0.07103 0.00116 0.07894 0.00047 0.07619 0.01238 0.08824 0.01798 0.08705
c24 1 -0.00168 0.02193 -0.00191 0.02265 -0.00146 0.02148 -0.00153 0.02323 -0.00036 0.02207
c25 1 0.00202 0.02401 -0.00112 0.02574 0.00178 0.02385 -0.00108 0.02594 0.00186 0.02404
c26 1 0.00165 0.02223 0.00001 0.02288 0.00163 0.02225 0.00002 0.02297 0.00251 0.02240

n = 1000
Eq. 1 Set III
b21 0.15 -0.00019 0.00980 0.00216 0.01014 0.00073 0.00982 0.00270 0.01020 0.00148 0.00983
λ11,1 0 -0.00137 0.01282 -0.00125 0.01434 -0.00053 0.01274 -0.00243 0.01458 -0.00166 0.01262
λ11,2 0 0.00117 0.01311 0.00020 0.01429 0.00034 0.01296 0.00049 0.01457 0.00066 0.01320
ρ11 0 -0.00084 0.04160 0.00055 0.04401 -0.00010 0.04533 0.01129 0.04862 0.01391 0.04871
ρ12 0 -0.00404 0.05041 -0.00108 0.05518 -0.00073 0.05425 0.00526 0.05768 0.00658 0.05572
c11 1 -0.00017 0.01602 -0.00130 0.01694 -0.00051 0.01604 -0.00150 0.01737 -0.00018 0.01606
c12 1 -0.00070 0.01680 -0.00204 0.01831 -0.00084 0.01676 -0.00202 0.01841 -0.00055 0.01661
c13 1 -0.00007 0.01704 -0.00142 0.01850 -0.00001 0.01701 -0.00155 0.01874 -0.00004 0.01669
Eq. 2 Set III
b12 0.3 -0.00006 0.00933 0.00141 0.00931 0.00051 0.00958 0.00216 0.00943 0.00102 0.00936
λ22,1 0 0.00036 0.01268 0.00117 0.01364 0.00112 0.01266 0.00000 0.01386 -0.00014 0.01250
λ22,2 0 -0.00027 0.01352 -0.00190 0.01480 -0.00093 0.01373 -0.00146 0.01491 -0.00062 0.01395
ρ21 0 -0.00587 0.04305 -0.00522 0.04489 -0.00467 0.04487 0.00870 0.04900 0.01195 0.04819
ρ22 0 -0.00412 0.04906 -0.00045 0.05481 -0.00189 0.05234 0.00245 0.05758 0.00334 0.05741
c24 1 0.00060 0.01659 -0.00079 0.01826 0.00057 0.01656 -0.00093 0.01864 0.00076 0.01653
c25 1 -0.00011 0.01692 -0.00058 0.01836 0.00026 0.01674 -0.00060 0.01811 0.00036 0.01664
c26 1 -0.00019 0.01755 -0.00100 0.01838 -0.00011 0.01741 -0.00057 0.01812 0.00001 0.01753
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Table 7: Bias and RMSE of Various Estimators for Parameters of Equation 1
and 2, Parameter Set I with Spatial Rook-type Weights Matrices

Rook-type Weights Matrices; n = 484
Parameter True MLE GS2SLS GS3SLS LQ-GS2SLS LQ-GS3SLS
Eq. 1 Set I Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
b21 0.15 0.00030 0.01395 0.00435 0.01465 0.00117 0.01405 0.00594 0.01540 0.00283 0.01471
λ11,1 0.3 0.00011 0.01822 -0.00208 0.02199 -0.00112 0.01904 -0.00171 0.02134 -0.00096 0.01863
λ11,2 0.2 -0.00027 0.01813 -0.00202 0.02055 0.00016 0.01813 -0.00390 0.02091 -0.00242 0.01926
ρ11 0.2 -0.00284 0.05874 -0.00119 0.06197 -0.00082 0.06418 0.00668 0.06494 0.00552 0.06381
ρ12 0.1 -0.00731 0.05813 -0.00547 0.06625 -0.00582 0.06349 0.01667 0.07192 0.02253 0.06910
c11 1 0.00017 0.02225 -0.00171 0.02517 -0.00029 0.02214 -0.00215 0.02463 -0.00042 0.02203
c12 1 -0.00092 0.02288 -0.00353 0.02509 -0.00174 0.02278 -0.00361 0.02606 -0.00216 0.02249
c13 1 0.00039 0.02429 -0.00124 0.02531 -0.00008 0.02425 -0.00181 0.02564 -0.00018 0.02391
Eq. 2 Set I
b12 0.3 0.00042 0.01300 0.00345 0.01401 0.00044 0.01340 0.00460 0.01420 0.00151 0.01346
λ22,1 0.3 -0.00097 0.01852 -0.00265 0.01951 -0.00244 0.01884 -0.00188 0.01960 -0.00111 0.01854
λ22,2 0.15 0.00026 0.01878 0.00029 0.02081 0.00137 0.01903 -0.00228 0.02195 -0.00142 0.01938
ρ21 0.1 0.00073 0.06013 0.00307 0.06813 0.00118 0.06898 0.00316 0.07124 0.00520 0.07404
ρ22 0 -0.00393 0.05632 -0.00543 0.06503 -0.00569 0.06153 0.01548 0.07350 0.01855 0.07269
c24 1 -0.00136 0.02601 -0.00336 0.02745 -0.00211 0.02571 -0.00275 0.02854 -0.00005 0.02615
c25 1 0.00135 0.02378 0.00018 0.02529 0.00165 0.02374 0.00107 0.02505 0.00284 0.02382
c26 1 0.00064 0.02272 -0.00100 0.02444 0.00089 0.02278 -0.00088 0.02485 0.00135 0.02316

n = 961

Eq. 1 Set I
b21 0.15 -0.00020 0.00994 0.00213 0.00997 0.00057 0.00985 0.00291 0.01039 0.00137 0.01003
λ11,1 0.3 0.00011 0.01352 -0.00205 0.01516 -0.00111 0.01333 -0.00200 0.01520 -0.00122 0.01369
λ11,2 0.2 -0.00049 0.01325 0.00018 0.01531 0.00015 0.01369 -0.00088 0.01560 -0.00093 0.01364
ρ11 0.2 -0.00232 0.04129 0.00099 0.04607 0.00009 0.04424 0.00234 0.04798 0.00135 0.04576
ρ12 0.1 -0.00231 0.04338 -0.00043 0.04829 -0.00213 0.04669 0.01064 0.05075 0.01222 0.04986
c11 1 0.00047 0.01766 -0.00118 0.02092 -0.00007 0.01789 -0.00133 0.02058 0.00003 0.01759
c12 1 -0.00015 0.01756 -0.00107 0.01857 -0.00093 0.01723 -0.00121 0.01807 -0.00072 0.01741
c13 1 0.00018 0.01677 -0.00100 0.01879 -0.00053 0.01696 -0.00112 0.01907 -0.00025 0.01729
Eq. 2 Set I
b12 0.3 -0.00005 0.00988 0.00176 0.00988 0.00010 0.00984 0.00223 0.00991 0.00048 0.00970
λ22,1 0.3 0.00083 0.01260 -0.00072 0.01500 0.00027 0.01288 -0.00035 0.01545 0.00047 0.01291
λ22,2 0.15 -0.00085 0.01385 -0.00089 0.01509 -0.00003 0.01399 -0.00129 0.01495 -0.00133 0.01355
ρ21 0.1 -0.00295 0.04679 -0.00214 0.05208 -0.00179 0.05039 0.00034 0.05322 0.00105 0.05215
ρ22 0 -0.00502 0.04425 -0.00498 0.04669 -0.00673 0.04552 0.00361 0.04921 0.00553 0.04831
c24 1 -0.00025 0.01627 -0.00113 0.01750 -0.00014 0.01633 -0.00111 0.01757 0.00046 0.01627
c25 1 0.00193 0.01854 0.00104 0.02031 0.00199 0.01834 0.00108 0.02028 0.00236 0.01872
c26 1 -0.00002 0.01765 -0.00024 0.01862 0.00012 0.01764 -0.00041 0.01872 0.00056 0.01791
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Table 8: Bias and RMSE of Various Estimators for Parameters of Equation 1
and 2, Parameter Set II with Spatial Rook-type Weights Matrices

Rook-type Weights Matrices; n = 484
Parameter True MLE GS2SLS GS3SLS LQ-GS2SLS LQ-GS3SLS
Eq. 1 Set II Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
b21 0.15 -0.00006 0.01373 0.00475 0.01461 0.00228 0.01399 0.00584 0.01461 0.00308 0.01421
λ11,1 -0.3 0.00045 0.01847 -0.00196 0.02171 -0.00230 0.01901 0.00049 0.02111 -0.00015 0.01959
λ11,2 -0.2 -0.00055 0.01779 -0.00040 0.02000 -0.00030 0.01798 -0.00360 0.02016 -0.00253 0.01860
ρ11 -0.2 -0.00300 0.06501 0.00157 0.06740 0.00245 0.06735 -0.00580 0.07495 -0.00761 0.07299
ρ12 -0.1 -0.00452 0.05882 -0.00295 0.06462 -0.00408 0.06426 0.01089 0.07022 0.01641 0.06848
c11 1 0.00038 0.02213 -0.00269 0.02446 -0.00012 0.02218 -0.00282 0.02527 0.00036 0.02140
c12 1 -0.00033 0.02182 -0.00202 0.02491 -0.00088 0.02176 -0.00321 0.02532 -0.00127 0.02231
c13 1 -0.00001 0.02382 -0.00076 0.02489 -0.00008 0.02342 -0.00137 0.02492 0.00038 0.02388
Eq. 2 Set II
b12 0.3 0.00038 0.01337 0.00382 0.01357 0.00132 0.01304 0.00486 0.01361 0.00237 0.01324
λ22,1 -0.3 -0.00028 0.01615 -0.00384 0.01746 -0.00352 0.01687 -0.00144 0.01812 -0.00132 0.01735
λ22,2 -0.15 0.00040 0.01871 0.00151 0.02009 0.00093 0.01886 -0.00270 0.02092 -0.00204 0.01890
ρ21 -0.1 0.00231 0.05824 0.00559 0.06581 0.00496 0.06723 -0.00082 0.07060 -0.00308 0.06936
ρ22 0 -0.00225 0.05764 -0.00465 0.06666 -0.00518 0.06369 0.01972 0.07576 0.02030 0.07460
c24 1 -0.00167 0.02478 -0.00270 0.02770 -0.00118 0.02492 -0.00279 0.02755 -0.00089 0.02507
c25 1 0.00167 0.02311 0.00043 0.02466 0.00247 0.02307 0.00132 0.02549 0.00372 0.02373
c26 1 0.00043 0.02266 -0.00114 0.02475 0.00133 0.02278 -0.00050 0.02506 0.00165 0.02258

n = 961
Eq. 1 Set II
b21 0.15 -0.00011 0.00966 0.00263 0.01011 0.00133 0.00982 0.00290 0.01024 0.00169 0.01006
λ11,1 -0.3 -0.00040 0.01361 -0.00183 0.01531 -0.00231 0.01383 -0.00110 0.01557 -0.00106 0.01378
λ11,2 -0.2 0.00017 0.01322 0.00040 0.01476 0.00078 0.01342 -0.00052 0.01499 -0.00063 0.01366
ρ11 -0.2 -0.00160 0.04336 0.00207 0.04970 0.00114 0.04733 -0.00482 0.05256 -0.00571 0.05156
ρ12 -0.1 -0.00155 0.04317 -0.00096 0.04821 -0.00084 0.04759 0.00781 0.05042 0.00993 0.05103
c11 1 0.00062 0.01648 -0.00116 0.01963 0.00056 0.01658 -0.00114 0.01942 0.00073 0.01659
c12 1 -0.00061 0.01827 -0.00117 0.01840 -0.00084 0.01825 -0.00165 0.01857 -0.00110 0.01856
c13 1 -0.00018 0.01717 -0.00169 0.01856 -0.00018 0.01727 -0.00194 0.01857 -0.00053 0.01708
Eq. 2 Set II
b12 0.3 -0.00007 0.01019 0.00205 0.01025 0.00066 0.00994 0.00230 0.01002 0.00109 0.00978
λ22,1 -0.3 0.00016 0.01393 -0.00141 0.01486 -0.00138 0.01383 -0.00070 0.01518 -0.00085 0.01406
λ22,2 -0.15 -0.00072 0.01295 0.00010 0.01378 0.00011 0.01288 -0.00118 0.01409 -0.00128 0.01283
ρ21 -0.1 -0.00120 0.04742 0.00031 0.05182 -0.00029 0.04901 -0.00144 0.05227 -0.00320 0.05098
ρ22 0 -0.00526 0.04545 -0.00502 0.04915 -0.00615 0.04796 0.00688 0.05104 0.00824 0.05135
c24 1 -0.00038 0.01584 -0.00090 0.01691 0.00004 0.01600 -0.00119 0.01723 0.00035 0.01593
c25 1 0.00232 0.01822 0.00116 0.01978 0.00255 0.01816 0.00112 0.02001 0.00274 0.01842
c26 1 0.00011 0.01678 -0.00064 0.01853 0.00034 0.01653 -0.00092 0.01872 0.00069 0.01707
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Table 9: Bias and RMSE of Various Estimators for Parameters of Equation 1
and 2, Parameter Set III with Spatial Rook-type Weights Matrices

Rook-type Weights Matrices; n = 484
Parameter True MLE GS2SLS GS3SLS LQ-GS2SLS LQ-GS3SLS
Eq. 1 Set III Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
b21 0.15 0.00006 0.01409 0.00481 0.01473 0.00164 0.01413 0.00604 0.01520 0.00287 0.01447
λ11,1 0 0.00049 0.01856 -0.00249 0.02100 -0.00185 0.01905 -0.00088 0.02125 -0.00081 0.01923
λ11,2 0 -0.00052 0.01833 -0.00103 0.02026 -0.00008 0.01808 -0.00350 0.02026 -0.00270 0.01909
ρ11 0 -0.00328 0.06282 0.00100 0.06496 -0.00031 0.06585 0.00211 0.06942 0.00081 0.06853
ρ12 0 -0.00586 0.05788 -0.00460 0.06559 -0.00365 0.06381 0.01654 0.07267 0.02004 0.07024
c11 1 0.00052 0.02259 -0.00258 0.02475 -0.00010 0.02211 -0.00284 0.02491 -0.00009 0.02209
c12 1 -0.00062 0.02244 -0.00276 0.02536 -0.00166 0.02224 -0.00340 0.02553 -0.00159 0.02303
c13 1 0.00020 0.02385 -0.00107 0.02594 -0.00019 0.02377 -0.00170 0.02576 0.00023 0.02408
Eq. 2 Set III
b12 0.3 0.00042 0.01381 0.00390 0.01438 0.00114 0.01395 0.00500 0.01457 0.00209 0.01349
λ22,1 0 -0.00073 0.01763 -0.00285 0.01822 -0.00266 0.01756 -0.00146 0.01870 -0.00087 0.01763
λ22,2 0 0.00010 0.01939 0.00088 0.02074 0.00149 0.01963 -0.00256 0.02204 -0.00164 0.01976
ρ21 0 0.00189 0.05972 0.00508 0.06761 0.00385 0.06899 0.00152 0.07181 0.00129 0.07172
ρ22 0 -0.00346 0.05684 -0.00583 0.06572 -0.00563 0.06269 0.01748 0.07473 0.01955 0.07454
c24 1 -0.00182 0.02561 -0.00292 0.02810 -0.00190 0.02554 -0.00312 0.02827 -0.00044 0.02600
c25 1 0.00155 0.02290 0.00019 0.02515 0.00217 0.02307 0.00117 0.02570 0.00333 0.02380
c26 1 0.00077 0.02280 -0.00111 0.02489 0.00104 0.02282 -0.00070 0.02444 0.00169 0.02290

n = 961
Eq. 1 Set III
b21 0.15 -0.00014 0.00983 0.00254 0.01020 0.00094 0.00975 0.00298 0.01036 0.00156 0.01015
λ11,1 0 0.00002 0.01279 -0.00200 0.01454 -0.00135 0.01310 -0.00156 0.01482 -0.00097 0.01308
λ11,2 0 -0.00005 0.01349 0.00046 0.01501 0.00091 0.01360 -0.00090 0.01537 -0.00037 0.01352
ρ11 0 -0.00247 0.04337 0.00111 0.04784 0.00067 0.04729 -0.00025 0.05003 -0.00013 0.04842
ρ12 0 -0.00140 0.04384 -0.00116 0.04852 -0.00188 0.04792 0.00981 0.05217 0.01188 0.05151
c11 1 0.00044 0.01753 -0.00116 0.02016 0.00018 0.01746 -0.00118 0.02024 0.00041 0.01719
c12 1 -0.00037 0.01807 -0.00074 0.01888 -0.00071 0.01797 -0.00151 0.01862 -0.00108 0.01811
c13 1 0.00015 0.01709 -0.00125 0.01883 -0.00018 0.01698 -0.00128 0.01906 -0.00040 0.01712
Eq. 2 Set III
b12 0.3 0.00017 0.01017 0.00186 0.01019 0.00059 0.00994 0.00238 0.01023 0.00086 0.00994
λ22,1 0 0.00010 0.01292 -0.00102 0.01478 -0.00069 0.01295 -0.00045 0.01513 -0.00065 0.01288
λ22,2 0 -0.00076 0.01333 -0.00014 0.01479 0.00005 0.01361 -0.00137 0.01452 -0.00120 0.01347
ρ21 0 -0.00222 0.04786 -0.00085 0.05181 -0.00219 0.04922 -0.00087 0.05351 -0.00023 0.05171
ρ22 0 -0.00493 0.04463 -0.00465 0.04706 -0.00625 0.04630 0.00571 0.04953 0.00730 0.05053
c24 1 -0.00011 0.01627 -0.00134 0.01729 0.00019 0.01625 -0.00125 0.01746 0.00067 0.01606
c25 1 0.00231 0.01865 0.00101 0.02021 0.00271 0.01862 0.00107 0.02007 0.00250 0.01910
c26 1 0.00030 0.01714 -0.00041 0.01869 0.00029 0.01736 -0.00069 0.01880 0.00062 0.01717

34



G.3 Monte Carlo Simulations for the Weakly Identified

Case

In Appendix F included in this Online Supplementary Appendix we discussed

three scenarios where identification from the linear moment conditions fails. In

this case the two step GS2SLS and GS3SLS estimators, which rely on the linear

moment conditions, will be inconsistent. In the following we illustratively report

on the performance of ML, and one-step and two-step estimators for scenarios

that are “close” to the non-identified scenarios. We refer to those experiments

as Weak Identification Scenario 1, 2 and 3.

■ Weak Identification Scenario 1

To explore this scenario we consider a simplified variant of the first equation

of the model discussed in Appendix G.1, based on parameter Set I, but with

b21 = λ11,2 = ρ11 = ρ12 = 0. To explore the effect of the X instruments being

weak we consider a case where the parameters on the exogenous variables in

equation 1 are c1k = 0.0001, k = 1, 2, 3. The simulations employ the social

interaction weights matrix M1 with sample size n = 500. The results reported

in Table 10 at the end of this subsection show that in this case the GS2SLS

estimator for autoregressive parameter λ11,1 is substantially biased, in contrast

to ML and LQ-GS2SLS.

■ Weak Identification for Scenario 2

To explore the effect when the weights matrix is close to the case where all

weights are equal (except for the zero diagonal elements) we consider a simplified

variant of the first equation of the model discussed in Appendix G.1, based on

parameter Set I, but with b21 = λ11,2 = ρ11 = ρ12 = 0. For this simulation the

social interaction weights matrix M1 with sample size n = 500 is generated as

in Appendix G.1, however with d∗ = 1.5 (instead of d∗ = .3). This leaves most

of the 500 considered individuals with more than 400 friends in the simulations

presented in Table 11 at the end of this subsection. As expected, all estimators

show bias for the autoregressive parameter λ11,1. The absolute bias for the ML

is close to 0.1. All other estimators exhibit even larger biases.

■ Weak Identification for Scenario 3

To explore this scenario we consider the single equation case with the data
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generated from the following model:

y1 = λ11,1M1y1 +
∑3

k=1 ck1xk +
∑3

k=1 ck+3,1M1xk + u1,

u1 = ρ11M1u1 + ϵ1.

The matrix M1, the exogenous covariates xk and corresponding parameters ck1,

k = 1, 2, 3, and the innovations ϵ1 are as described in Appendix G.1. For the case

where ck+3,1 = −λ11,1ck1 and ρ11 = −λ11,1 the above model is approximately

equal to the following model without network interdependencies:

y1 =

3∑
k=1

ck1xk + ϵ1.

This is readily seen upon pre-multiplying the last equation with I−λ11,1M1 and

exploiting the approximation u1 = (I− ρ11M1)
−1ϵ1

.
= ϵ1 + ρ11M1ϵ1 for the

disturbance process. Now let ck+3,1 = −(λ11,1 + ν)ck1 and ρ1 = −(λ11,1 + ν),

then we expect the parameters to only be weakly identified for ν small. (Of

course, proximity to the non-identified set of parameters can be modeled in

various ways. We adopted this approach for its simplicity.) In Table 12 at

the end of this subsection we report on the small sample behavior of various

estimators for λ11,1 = .5 and ν = .3. The results in Table 12 indicate that

for v = .3 the ML estimator, and to a lesser degree the LQ-GS2SLS estimator,

are still able to estimate the parameters λ11,1, ρ11, c41, c51, c61 reasonably well,

while GS2SLS is already severely biased.
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Table 10: Bias and RMSE under Scenario 1 of Various Estimators for Pa-
rameters of a Simplified Version of Equation 1. Parameter Set I, except that
b21 = λ11,2 = ρ11 = ρ12 = 0 and c1k = 0.0001 for all k = {1, 2, 3}.

Parameter Soc. Interact. Matrix; n = 500
MLE GS2SLS LQ-GS2SLS

One equ. True Bias RMSE Bias RMSE Bias RMSE
λ11,1 0.30 -0.00134 0.04676 0.17807 0.50151 0.00179 0.04714
c11 0.0001 0.00013 0.02149 0.00182 0.02158 0.00034 0.02149
c12 0.0001 -0.00050 0.02439 -0.00090 0.02529 -0.00064 0.02449
c13 0.0001 0.00015 0.02417 0.00058 0.02314 0.00049 0.02410

Table 11: Bias and RMSE under Scenario 2 of Various Estimators for Pa-
rameters of a Simplified Version of Equation 1. Parameter Set I, except that
b21 = λ11,2 = ρ11 = ρ12 = 0. Social Interaction Weight Matrix with High
Number of Friends

Parameter Soc. Interact. Weights Matrices; n = 500
MLE GS2SLS GS3SLS LQ-GS2SLS LQ-GS3SLS

Eq. 1 True Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
b21 0.15 -0.00009 0.01357 0.00273 0.01387 0.00143 0.01383 0.00316 0.01389 0.00198 0.01378
λ11,1 0.30 -0.09312 0.44336 0.20473 0.36126 0.20307 0.36233 0.23556 0.43856 0.22588 0.47735
c11 1 0.00037 0.02424 -0.00013 0.02642 0.00076 0.02461 -0.00033 0.02644 0.00084 0.02434
c12 1 -0.00113 0.02546 -0.00142 0.02556 -0.00064 0.02534 -0.00125 0.02591 -0.00004 0.02560
c13 1 -0.00071 0.02450 -0.00155 0.02584 0.00001 0.02476 -0.00189 0.02559 -0.00003 0.02482

Table 12: Bias and RMSE under Scenario 3 of Various Estimators in Neighbor-
hood of Parameter Singularity (where Order of Spillovers is Overspecified)

Parameter Soc. Interact. Matrix; n = 500
MLE GS2SLS LQ-GS2SLS

One equ. True Bias RMSE Bias RMSE Bias RMSE
λ11,1 0.3 -0.03320 0.17906 -0.34951 0.69577 0.06243 0.20602
ρ11 -0.3 0.03192 0.21385 0.36910 0.55993 -0.08737 0.27132
c11 1 -0.00103 0.03952 -0.00992 0.04777 0.00161 0.03982
c12 1 -0.00511 0.04634 -0.01437 0.05319 -0.00274 0.04586
c13 1 -0.00280 0.04570 -0.01507 0.05369 0.00051 0.04810
c14 -0.4 0.03411 0.18339 0.30034 0.62913 -0.04263 0.18271
c15 -0.4 0.04620 0.18502 0.29730 0.64222 -0.04365 0.18606
c16 -0.4 0.02592 0.16655 0.28633 0.63019 -0.05244 0.19939
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