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Abstract

We study linear peer effect models where peers interact in groups and individual’s outcomes
are linear in the group mean outcome and characteristics. We allow for unobserved random
group effects as well as observed fixed group effects. The specification is in part motivated by
the moment conditions imposed in Graham (2008). We show that these moment conditions
can be cast in terms of a linear random group effects model and that they lead to a class of
GMM estimators with parameters generally identified as long as there is sufficient variation
in group size or group types. We also show that our class of GMM estimators contains a
Quasi Maximum Likelihood estimator (QMLE) for the random group effects model, as well
as the Wald estimator of Graham (2008) and the within estimator of Lee (2007) as special
cases. Our identification results extend insights in Graham (2008) that show how assumptions
about random group effects, variation in group size and certain forms of heteroscedasticity
can be used to overcome the reflection problem in identifying peer effects. Our QMLE and
GMM estimators accommodate additional covariates and are valid in situations with a large
but finite number of different group sizes or types. Because our estimators are general moment
based procedures, using instruments other than binary group indicators in estimation is straight
forward. Our QMLE estimator accommodates group level covariates in the spirit of Mundlak
and Chamberlain and offers an alternative to fixed effects specifications. This model feature
significantly extends the applicability of Graham’s identification strategy to situations where
group assignment may not be random but correlation of group level effects with peer effects can
be controlled for with observable group level characteristics. Monte-Carlo simulations show that
the bias of the QMLE estimator decreases with the number of groups and the variation in group
size, and increases with group size. We also prove the consistency and asymptotic normality of
the estimator under reasonable assumptions..
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1 Introduction

Peer effects are of great interest to empirical researchers and policy makers. The idea that individu-
als are affected by their peers motivates policies that try to manipulate peer composition for better
outcomes. Peer effects are often confounded by group level effects. An example are teacher effects
in a class room setting. Identifying peer effects is notoriously challenging due to the reflection prob-
lem (Manski, 1993; Angrist, 2014) as well as due to spurious peer effects originating from group
level effects. Random group allocation may be one way to overcome these identification problems.
With groups formed at random, a random effects specification for group level characteristics can
be adopted. An alternative approach consists in postulating that, conditional on observed group
level characteristics, group level effects can be viewed as randomly assigned. Regression control
techniques based on observed group characteristics then lead to a similar random effects specifi-
cation, but without the need to appeal to random group assignment. We propose estimators that
can accommodate both scenarios.

Random group assignment plays a prominent role in the empirical peer effects literature in a
number of fields including education, labor, firm, finance and development studies. Recent ex-
amples from this literature include Sacerdote (2001); Duflo and Saez (2003); Zimmerman (2003);
Stinebrickner and Stinebrickner (2006); Kang (2007); Graham (2008); Guryan et al. (2009); Car-
rell et al. (2009, 2013); Duflo et al. (2011); Sojourner (2013); Booij et al. (2017); Garlick (2018);
Fafchamps and Quinn (2018); Cai and Szeidl (2018); Frijters et al. (2019). Assuming group effects
to be independent of observed individual and group characteristics is plausible when groups are
formed at random. Ignoring group effects or assuming fixed group effects (Lee, 2007) leads to
consistent but less efficient estimators. Random group effects themselves have important empirical
interpretations. For example, researchers in education policy often treat random class effects as
unobserved teacher effects (e.g., Nye et al. 2004; Rivkin et al. 2005; Chetty et al. 2011). Absent
random group assignment, the estimators we propose can accommodate observed group level effects
that can come from information about group characteristics such as the training and experience of
teachers, or averages of individual group member characteristics. Group level characteristics can be
interpreted as parametrizations of group effects in the spirit of Mundlak (1978) and Chamberlain
(1980). The choice between a random effects or fixed effects estimator then depends less on random
group assignment but more on whether group specific effects are believed to be observable or not.
In some cases there may be independent interest in the effects of group specific covariates. An
example is the effect of teacher training on student performance. In such cases a random effects
estimator is the preferred choice because fixed effects estimators are often unable to identify these
types of group level effects.

Our analysis extends insights in Graham (2008) that show how assumptions about random group
effects, variation in group size and certain forms of heteroscedasticity can be used to overcome the
reflection problem in identifying peer effects. We give an interpretation of the conditional variance
(CV) estimator of Graham (2008) in terms of a GMM estimator based on moment conditions

for the within-group variance and between-group variance. We show that the moment conditions



underlying Graham (2008) are the score function of a quasi maximum likelihood (QML) estimator
for a random group effects model. The QMLE can be shown to be the best GMM estimator in
the class of estimators using moment conditions for the within and between variances of outcomes
individually, rather than combining them into a single moment condition as is the case for the CV
estimator, or focusing only on the within variation as is the case of the CMLE of Lee (2007).

One limitation of the conditional variance estimator proposed by Graham is the fact that it
amounts to a difference in difference identification strategy for the variances that requires groups
to fall into two size categories. As shown in Graham (2008) the resulting procedure takes the form
of a Wald estimator for a set of binary instruments. This setting is restrictive in applications where
groups may not be easily separated into two categories or where a more general set of instruments
needs to be considered. The estimators that we propose are general GMM based procedures
that accommodate additional covariates as well as offer flexibility in terms of the instruments
and the number of moment conditions that are being used. We illustrate these points by explicitly
considering moment based estimators that exploit exogenous variation in group size as well as
general group level heteroscedasticity as instruments. In contrast to the CMLE of Lee (2007),
which is a member of the class of GMM estimators we consider, our QMLE uses both the within
and between variance. This leads to efficiency gains under correct specification but comes at the
cost of potential miss-specification bias if the assumption of observed fixed and unobserved random
group effects is incorrect. The trade-offs are similar to related results for fixed and random effects
in the panel literature.

Our work is also related to the literature in spatial econometrics started by the work of Cliff
and Ord (1973, 1981) and Anselin (1988).! Recently, there is a growing number of studies using
spatial methods to model social network effects, e.g., Lee (2007), Bramoullé et al. (2009), and
Kuersteiner and Prucha (2020). The strength of social links can be characterized by proximity
in the social network space. We extend Kelejian et al. (2006) and Lee (2007) by considering a
random group effects specification. Spatial models were traditionally estimated with maximum
likelihood (ML), e.g., Ord (1975). Kelejian and Prucha (1998, 1999) develop generalized method of
moments (GMM) estimators based on linear and quadratic moments. While this paper utilizes a
quasi-maximum likelihood estimation method, the score function depends on linear quadratic forms
of the error terms. Properties of quadratic moment conditions were introduced by Kelejian and
Prucha (1998, 1999) in the cross section case, and Kapoor et al. (2007) and Kuersteiner and Prucha
(2020) in a panel setting. Moreover, Kelejian and Prucha (2001) and Kelejian and Prucha (2010)
develop a central limit theorem for linear quadratic forms, which is the basis for the asymptotic
analysis in this paper.

The linear-in-means peer effect model in Manski (1993) is a special case of a spatial model with
group-wise equal dependence, see Kelejian and Prucha (2002) and Kelejian et al. (2006). Kelejian
and Prucha (2002) were the first to study the group-wise equal dependence spatial model. They

! Anselin (2010) offers a brief review of the development of spatial econometrics literature over the past thirty
years.



show that if there is one group in a single cross section and the model has equal spatial weights, two-
stage least squares (2SLS), GMM and QMLE methods all yield inconsistent estimators, although
consistent estimation with 2SLS and GMM is possible for panel data. However, Kelejian et al.
(2006) point out that if group fixed effects are incorporated and the panel is balanced, the estimators
are inconsistent. The results in Kelejian et al. (2006) show the importance of variation in group
size in identification of spatial models with blocks of equal weights. The QMLE developed in this
paper and the conditional maximum likelihood estimator in Lee (2007) both rely on group size
variation for identification although we show that identification exploiting heteroscedastic errors is
also possible. Extensions include Lee et al. (2010) who allow for specific social structure within
each group and Liu and Lee (2010) and Liu et al. (2014) who allow for non-row normalized weight
matrices. The linear spatial model has also been applied to the empirical evaluation of peer effects
by Lin (2010) and Boucher et al. (2014). Bramoullé et al. (2009) study a broader range of social
interaction models and give conditions for identification.

The paper is organized as follows. In Section 2 we consider identification of endogenous peer
effects in a simple setting without covariates for the CV, CML and QML estimators. Section 3
presents the full model that allows for covariates and general variation in group size. Section 4
summarizes the technical conditions we impose and presents theoretical results for the QMLE.

Section 5 contains a small Monte Carlo experiment. Proofs are collected in an appendix.

2 Peer Effects with Random Group Effects

We start the discussion by presenting a simple model without covariates, to introduce and discuss
basic features of our new quasi-maximum likelihood estimator (QMLE), and connect it to the
conditional variance (CV) estimator in Graham (2008) and the conditional maximum likelihood
(CMLE) estimator in Lee (2007). The model decomposes variation in outcomes of a cross-section of
individuals into idiosyncratic noise, group level random effects and correlation that is due to group
level interaction. Quadratic moment conditions implied by this random effects specification lead
to efficient GMM, quasi maximum likelihood, and under additional distributional assumptions,
maximum likelihood estimators. Estimators based on these moment conditions include the CV
estimator of Graham (2008), the QMLE as well as the CMLE of Lee (2007) as special cases.

Let y;- be an observed outcome of individual ¢ in group r which has m, members, let «, be
an unobserved group level effect and let €;. be unobserved individual specific characteristics. We
observe data for R groups as well as a categorical variable D, which determines group type. An
example is when there are three group sizes such that D, € {small’, medium’, large’} . However,
D, could be a characteristic that is not necessarily related to group size. An example is when
groups are defined by classrooms of schools in urban, suburban or rural districts and D, is used
to denote urbanicity. Classes could also be categorized by sociodemographic composition such as
whether English or other languages are the native language spoken by students in the class. We

allow for type-dependent heteroscedasticity. Types add flexibility to the specification by relaxing



the constraints the model imposes on the relationship between group variance and group size. In
some cases type specific heteroscedasticity provides identifying variation that is separate from group
size variation.

The peer effects model is stated in terms of a structural equation
Yir = )‘g(—z)r + ar + €, (1)

where y_;), = ﬁ Z;’;ﬁgi yjr is the leave-out-mean of the outcome variables. The parameter A
captures the endogenous peer effects, see Manski (1993). The structural form emphasizes the de-
composition of ;- into a social interaction term Ay _;),., a group level effect o, and an idiosyncratic
error term ¢;.. For example, when y;,. is a measure of student performance and r is a class-room
index then «,. can be interpreted as a class-room or teacher effect while ¢;,. are unobserved student
characteristics for student ¢ in classroom r. Cross-sectional independence of ¢;. can be justified by
random group assignment such as in the application of Graham (2008). The assumptions we impose
on €;, and «, are in line with the random effects panel literature where group level dependence
of unobservables is modeled with the common factor «,. We leave possible generalizations of this
framework to cases where ¢;,. is allowed to be dependent for future work.

Following Graham (2008) who emphasizes random assignments of individuals to groups, we
assume that a, is a random effect independent of €;.. As shown by Graham (2008) for a slightly
different model based on full rather than leave-out means, the random effects nature of the model
leads to a set of quadratic moment conditions that can be exploited for identification. We expand
on these ideas by showing that the implied moment conditions are related to the moment conditions
of a random effects pseudo likelihood estimator. Transformations of these moments turn out to
coincide with moments used by Graham (2008) as well as Lee (2007) who considers a fixed effects
version of the model. Lee (2007) focuses on identification of A based on group size variation.
Here we emphasize a random effects specification where identification is driven by heterogeneity at
the group level that could result from sources including but not limited to class size variation. A
literature on linear instrumental variables methods gives conditions under which A can be identified
in models that have additional exogenous covariates Z,, e.g., Angrist (2014) or Bramoullé et al.
(2009).2 Besides the conventional instrumental variables strategies, alternative strategies are also
available, see Lee (2007), Graham (2008) for a modified model or Kuersteiner and Prucha (2020).
Let Y, = (y1r, ..., ymr,,)l, er = (€1ry ey emﬁ,),, and let I, denote the m—dimensional identity matrix,

let ¢, denote the m—dimensional column vector of ones, and define the weight matrix W, for

/

m, — Im,). The off-diagonal elements of this matrix are all equal to

1
group 7 as Wi, = = (tm, L

1
my—1

and the diagonal elements are 0. The model can be written in matrix notation as

Y, = AWh, Y + apim, + €. (2)

2The leave-out-mean U(—i)r can be viewed as a special case of a Cliff-Ord-type (Cliff and Ord 1973, 1981) spatial
lag. Kelejian and Prucha (1998) give an early basic condition for identification by IV.



To isolate or identify the social interaction effect, we impose the following restrictions on unobserv-

ables.

Assumption 1. For r = 1,..., R the r-th group is associated with a categorical variable D, €
{1,2,...,J} with J > 1 being fizred and finite, and for each category j € {1,2,...,J} there is at
least one group r with D, = j. Forr = 1,..,.R and i = 1,...,m, the disturbance terms €; are
independently distributed across all i and v, with E [€;r|Dr,m;] = 0 and E [¢2.|Dy,m,| = U?O’Dr ,
0 <a < 06207DT < @ < oo and where 0'6207DT is a function only of D,. There exists some ne > 0
such that Ef|e;|*T7] < oco.

Note that the variance E [€},|D,, m,] = 0% p_has the representation 0%, , = 0% ,1{D, = 1} +

ot 06207J1 {D, = J} where 062071, sy 0'5207J are fixed parameters to be estimated.

Assumption 2. Forr =1,..., R, the group effects o, are independently and identically distributed,
with E [o|Dyymy] = 0 and E [o2|Dy,m,] = 02, where 0 <c2, < @, < oo. There exists some
Na > 0 such that E [|a,|*T] < co. Also, {a : v = 1,..., R} are independent of {e;y : i =
1,...,mpsr=1,.., R}

Assumption 1 implies in particular that individuals do not self select into groups based on
unobserved characteristics and Assumption 2 suggests that there is no matching between group
characteristics and individual characteristics. This no sorting or matching assumption can some-
times be motivated by specific empirical designs. For example, in the Project STAR experiment
that Graham (2008) considers, kindergarten students and teachers are randomly assigned to class-
rooms. This random assignment mechanism justifies interpreting a, as the classroom or teacher
effect. It also justifies assuming that «, and ¢;. are mutually independent random variables, see
Graham (2008) Assumption 1.1. Assumption 1 allows €; to be homoscedastic across all groups
when J = 1 or heteroscedastic across different categories of D, when J > 2. This formulation
contains the case considered by Graham (2008) where J = 2 as a special case. In line with Graham
(2008) we assume that «, is homoscedastic across different categories for ease of exposition. It is
possible to relax this assumption under scenario (i) of Lemma 2.1 but we leave a full development
of the heteroscedastic case to future work.

Assumptions 1 and 2 above imply moment conditions. These moment conditions take the form
of restrictions on the within and between group variance. As discussed in more detail below, these
moment conditions are fundamental to the ML estimator. In particular, we show that the score of
the ML estimator is a weighted average of those fundamental moment conditions.

To derive the moment conditions, define the composite error term U, = a;ty,, + €, where U, is
an m, X 1 vector with elements u;. = a, + €;-. Let 4, and €, be the mean of u;. and ¢;. in group
r. Let U, = U, — Uplm, be the vector of within-group deviations from the mean of U, and let Y,

and €, be defined in a similar manner. It can be shown that g, = @, /(1 — A) = (@, + &)/(1 = X)

. _ _ o o ome—1 7T . mp—1 s s
with 4, = o, + €., and Y, = P By U, = Py by {2 Two conditional moment conditions, one for

the within-group variance, the other for the between group variance, arise from the model in (2)



under Assumptions 1 and 2. The expected value of the within-group and between-group squares

of group r are

vy, (m, — )00, (m, = 1)°
w E r T?DT = E - T‘)DT = o . 9 ’ 3
var, [mr — |m ] [(mr 1+ [m ] (mr — 1+ )\)te,DT (3)
_ 2
b_ [ N _ 1 (2, %D
var} = B [g|my, D] = B [(1 ~ N2 ‘m“D’”] BRTEDNE (UC“ T ) ’ W

where US’DT = 062’11 {D, =1} + ...+ (762’]1 {D,=J}.
To see how these moment conditions can achieve the identification of A consider the case where

o2 p, = 02 p, but m, # m,. Then, Equation (3) implies that

s (my—1)° E {Ys’?;|m5,Ds}
~ (ma =D B [V¥im,, D]

my — 14+ A
ms—1+ A

( ) ()

Alternatively consider the case where m, = ms = m and 0627 D, 7 0627 p.» then combining (3) and (4)

gives
(m—1+X)? _ E [y7lm, Dr] — E [y3|m, Ds]

(L= E[V¥/lm(m — 1)3]|m, D] — E [V /lm(m — 1)3]|m, Dy|

(6)

Expressions on the left hand side of both (5) and (6) in principle can be solved for A if we restrict
A € (—1,1) and m, > 2, as both expressions are monotonic functions of \. Equation (6) is a modified
version of Equation (9) in Graham (2008) that accounts for the leave-out-mean specification we
consider. The numerator differences out the variance of «, which is assumed constant across types.
This restriction is also imposed by Graham (2008) in his Assumption 1.2. In Lemma 2.1 below we
outline the exact conditions under which identification is possible.

The discussion above shows that under additional assumptions on A and group size, identifi-
cation of A is possible through moment conditions related to within and between variance when

there is variation in either group size m, or idiosyncratic error variance 062 p,- We now formal-
/
ize the discussion into Lemma 2.1 below. Let the parameter vector be 6 = ()\, 0'3, 021, e 062 J>

/
and, for clarity, let the true parameter vector be denoted by 6y = ()\0, 030, 0620’1, -'-70520, J> . For

identification, we further assume that group size m, > 2 and impose the following assumption on
A

Assumption 3. The parameter of the endogenous peer effects A\g € A, where A is a compact subset
of (=1,1). Assume that 6y € © with © = A x [0,adq] X [, Ge| X ... X [ag, G| compact.

The estimation procedures we propose in this paper can be implemented with the availability
of a general set of valid instruments and are valid for cases where J > 1 as long as J is fixed and
finite. In the simple model without covariates the available instruments are group size m, and
categorical variable D,. These instruments are valid if assignment to groups is random in a way

that generates random variation in group size or category. Utilizing Equation (3) and (4), and



using group size m, and the categorical variable D, as instruments yields the following conditional

moment restriction E[x,(6p)|m,, Dy] = 0 with

S
o(6) = l XE(6) ] fme AT — (my — 1)0? o
' - 0.2
() (1 NP2 - o - %o,

Identification of the parameter 6 is possible with variation in group size for a given category or
variation in the idiosyncratic variance over categories for the same group size. This is summarized

in the following lemma. The proof of the lemma is given in Appendix C.

Lemma 2.1. Suppose Assumptions 1-8 hold. Then the parameter 0y is identified under the follow-
ing two scenarios:

(i) There are two groups r and s such that m, # ms and D, = Dy, and therefore 06207DT = U?QDS.
Then the parameter 0y is identified in ©. In particular, the moment conditions E[xy (0)|mg, D] = 0
and E[XZ(9)|mq,Dq] =0 for ¢ = r,s with x¥(0) and x2(0) defined in (7) identify Xo, US{),DT’and
o2y. If J > 1 the remaining parameters J?OJ with j € {1,...,J} and j # D, are identified by
E(xy (0)|mg, Dg) =0 for g #1 or s and Dy = j.

(ii) There are two groups r and s, such that m, = mg and 06207DT # UEO’DS. Then the parameter
8o is identified in ©. In particular, the moment condition Evy(8)|mgq, Dy] = 0, ¢ = 7,5 uniquely

identifies Ao and o2, where

Xq (0)
mg(mg — 1)

mg — 1+ )2V,
—(1—\ 2-2 2_( q q-9d 8
R 0

vq(8) = xq(0) —

with x; () and Xg(@) defined in (7). The remaining parameters O’EQOJ are identified by E(xy (0)|mgq, Dy) =
0 for Dy =73 forj € {1,...,J}.

Full identification is achieved in Scenario (i) with group size variation in at least one category. As
an example, consider types that describe urbanicity such that D, = Dy = 1 denotes two classrooms
r and s that are both located in an urban school but where m,. # ms such that the classrooms differ
in size, while the remaining categories d = 2, ..., J may have the same group sizes. In this setting
is identified without any further constraints on the variances 0627]-. If the number of distinct group
sizes exceeds the number of categories J then it automatically must be the case that there exist
some category that is associated with at least two distinct group sizes. Note that the result holds
irrespective of whether the constraint of homoscedastic errors 06207 D, = 06207 p, is imposed on the
model or not. From Scenario (i) we see that variation in group size alone can provide variation that is

sufficient for identification. Furthermore, in the homoscedastic case where only a common variance

2

parameter o

is specified, two distinct group sizes are sufficient for identification by the result in
Scenario (i). This corresponds to the identification result of the conditional maximum likelihood
estimator (CMLE) in Lee (2007), the score function of which can be written as ¢(m,)x¥(6), where
©(m,;) is a function of m,..

While variation in group size serves as the source of identification in Scenario (i), identification



based on the moment condition E[x,(#)|m,,D,| = 0 is also possible without group size variation
as long as there is some other form of group heterogeneity. As is shown in the proof for Scenario
(ii) of Lemma 2.1, utilizing my = m and E [v4(0)|mgq, Dy] = 0 for ¢ = r, s yields (6). From (6) we
see that the endogenous peer effect parameter A is identified if there is heteroscedasticity across
groups of the same size for at least one size, and that A can be estimated from the sample analog
of (6). The intuition of identification in Scenario (ii) echoes that of the conditional variance (CV)
estimator of Graham (2008). Similar to Graham (2008), (8) is based on the relationship between
the within-group and between-group variance as captured by v,.(6) , and can be used to construct
a Wald type moment condition like in (6) using the categorical variable as the instrument.

The above discussion focused on identification based on the moment vector x,(6). We next
discuss the importance of these moment conditions for efficient estimation, and their relationship

to the score of the Gaussian ML estimator. The optimal moment function corresponding to x,(6)

is given by x*(0) = ¢*(m,, D,)x,(0) where, focusing on the case with J = 2 for exposition, 3
* 0 / -1
@ (my, Dy) = E[%XT(QONT”T’DT] (E[XT(GO)XT’(QO) |mraD7‘])
1 _ my
(mrflJr)\)crzo,DT (17/\)(0307D5+mrcr(2¥0)

0 S S
_ 2(o2, Dy +meoz,)?

- _ YD,=1} __1{D;=1}m, : )
20501 202y 1 +mroz,)?

1{D,=2} 1{D,=2}m,

B 2‘7210,2 _2(‘7620,2+mTUio)2

Clearly, it follows that E[x}(6y)] = 0 by iterated expectations. We note that the moment condition
in (6) underlying the CV estimator is based on a linear transformation of ¢* (m,, D,) . Furthermore,
as we shall see in the next section, under the additional assumption that « and e follow a Gaussian
distribution, the score function of the log likelihood for group r is exactly the negative of x:(6),
that is

dInLy(60)/00 = —x;(6o),

where In L, (0) denotes the log likelihood function for group r conditional on (my, ..., mg, D1, ..., DR).
From these observations we see that the matrices ¢* (m,., D,) can be viewed to provide the optimal
weighting for the basic moment functions x,(d); compare also the corresponding discussion for the
general model for more details.

The result that d1n L, (6p)/00 = —x3(6p) for the score function under Gaussianity establishes
the asymptotic efficiency of the GMM estimator based on E [x,(6)|m,, D,] = 0 under the assump-
tion of Gaussian distributions for the unobservables. When the unobservables are not Gaussian
then the GMM estimator has the interpretation of a quasi maximum likelihood estimator (QMLE).

Similarly, in Lee (2007) the score function of the conditional maximum likelihood estimator (CMLE)

3See our Online Appendix for details. The derivation uses Lemma B.1 and the special properties of matrices
Q(0), I — AW and W described in Appendix B.1. In the Online Appendix we also give an explicit expression for the
variance covariance matrix of x,(d).



for group r is the optimal moment function corresponding to E [x¥(0)|m,] = 0 under the assump-
tion of homoscedastic and normally distributed errors €;.. While the CMLE of Lee (2007) is not
efficient under the assumptions we postulate in this paper, it shares robustness properties of within
group panel estimators in cases where the group effects are possibly correlated with covariates in
the model. Under those circumstances, random effects quasi maximum likelihood estimators are
generally not expected to be consistent.

Our discussion so far highlights variance as the source of identification, with variation in either
size m,. or variance of the idiosyncratic error terms 062’ D, ACross groups as conditions. We show that
variation in group size and error term variance is a source of identification in the QMLE, CVE and
CMLE. In all, the CMLE utilizes how the within-group variance changes with A and size when error
terms are homoscedastic, while the CVE exploits the relationship between the within-group variance
and between-group variance in relation to A and size when there is either variation in group size or
heteroscedasticity across groups. Our QMLE uses both pieces of information. All three estimators
remain valid without covariates, and may achieve identification as long as there are at least two
different group sizes in the limit in the case of homoscedasticity. This complements other results in
the literature. For example, Proposition 4 in Bramoullé et al. (2009) states that in the setting of
Lee (2007), A is identified by instrumenting (I — W)WY with (I —W)W?2Z, (I - W)W?3Z, where Z
is a matrix of exogenous covariates, in line with the spatial literature on the estimation of Cliff-Ord
type models. Their result is due to the fact that they only exploit restrictions for the conditional
mean of e. In Graham (2008) as well as in this paper additional constraints on the distribution
of a and € are imposed and shown to be useful in the identification of peer effects. Under these
conditions including Z offers additional sources of variation, but identification is possible with or
without it.

Adding covariates is critically important in empirical applications. Consider adding the co-
variate matrix Z. This leads to two additional moment conditions F {Z,',Ur|mT,DT} = 0 and
E [z, |m,, D;] = 0, where 2z, = 1, Z./m, is the group mean of Z, and Zy = Zyp — tm, Zr is the
deviation from group mean. Moreover, Y, and g, now need to be replaced by Y, — Wm;i;;zﬁ and
Zr

Yr — 725 respectively. The score function of the QMLE then is the same as the moment condi-

tions of the best GMM corresponding to these two moment functions in addition to the moments
E [xr(0)|my, D;] = 0. In the same way, in the presence of covariates and assuming homoscedasticity
of ¢, Lee’s CMLE estimator is based on E [ZﬁUr} = 0 in addition to E [x¥(0)|m,] = 0 and the
relative efficiency considerations discussed in this section continue to apply to the situation with

covariates.

3 General Model

In this section we generalize the model to allow for individual characteristics, average individual
characteristics of peers and group level covariates. We assume that we have access to observations

on R groups belonging to J categories, where 1 < J < oo is fixed. We consider asymptotics where
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the number of groups R tends to infinity and where the number of different group sizes is finite.
For the asymptotic identification of \g and o2, this setup assumes that in the limit we observe
infinitely many groups for at least two group sizes or two categories, echoing the requirement of
variation in either group sizes or categories for identification in Section 2. In designs that allow for

heteroscedasticity, we also need infinitely many groups for each category j € {1, ..., J} to identify

2

the variance parameters 70,5

Let r = 1,..., R denote the group index, let D, denote the category of
group r, and let m, denote the size of group . The total sample size is then given by N = Zf‘:l M.
Suppose further that interactions occur within each group, but not across groups, and that peer
effects work through the mean outcome and mean characteristics of peers in the same group. The
linear-in-means peer effects model that includes endogenous as well as exogenous peer effects then
is given by

Yir = B1 + Ny + T1irB2 + To (—4)r B3 + 23,81 + i + €4y, (10)

where z1 4, and x4, are both row vectors of predetermined characteristics of individual ¢ in group
Ty Ty (—i)yr = ﬁ ZT;L T2 jr is a vector of average characteristics of i’s peers, 3, is a vector of
observed group characteristics. The variables in x1 ;- and w2 ; can be non-overlapping, partially
overlapping or totally overlapping. The error term consists of two components, the group effect
a, and the disturbance term ¢;,.. We treat 1., 24, 23,, D, and m, as non-stochastic, while
noting that at the expense of more complex notation we could also think of the analysis as being
conditional on these variables. In this model, peer effects work through the mean peer outcome
Y(—i)r and mean peer characteristics o (_;),. In Manski’s terminology, Ay, in (10) reflects en-
dogenous peer effects, and 3 (_;),f3 is the exogenous peer effect, also referred to as contextual
peer effects. The covariates Ty (_;), and x3, contain group level information and can be interpreted
as parametrizations of group level fixed effects in the spirit of Mundlak (1978) and Chamberlain
(1980). For example, x3, can contain full group averages of individual characteristics or be com-
posed of other characteristics that only vary at the group level. The CMLE, as in the conventional
panel case, cannot account for this group level information. This can be a limitation in cases where
the effects of group level characteristics are of independent interest in the analysis. An example is
the effects of teacher education and training on class test scores.

Let 2 = (1, 21,ir, To,(—i)r, Z3,r) be the row vector of all exogenous variables, let 8 = (51, 35, 33, 1)’
be the corresponding coefficient vector, and let kz denote the number of columns in z;.. A compact
form of model (10) is

Yir = NY(—i)r T 2irB + Q@ + €. (11)
The model can be further written as a Cliff-Ord type spatial model. To see this let Y, =
W1rs ooy Ympr)'s Zr = (21 s 2o ) s € = (€175 - €m,r)’. The model for group 7 can be expressed in
matrix form as

Y, = )\er}/r + Z?”B + Ura (12)

where U, = apim, + €. Let Y = Y|, Y5, ... YL, Z = [Z,2,...,ZR), U = [U{,U3,...,Ug), and
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W = diag® ;{W,,} such that the model for the whole sample is given by
Y = \WY + ZB +U. (13)

In the spatial literature W is referred to as a spatial weight matrix and WY as a spatial lag. In
analyzing the model in (13) we maintain the random effects specification detailed in Assumptions
1 and 2 of Section 2, which imply that ;. ~ (0,02) and €; ~ (0, aiDr), where D, € {1, ..., J} with
J > 1 fixed and finite. The specification allows for heteroscedasticity at the group level as long as
there are only a finite number of different parameters. For example, we could allow for (752, p, to be
different for small and large groups, or more generally for all groups of a certain size m,. On the
other hand we do not cover the case where (752, p, differs for each individual group r, as this would
lead to an infinite dimensional parameter space.

The parameters of interest are )\,03,021,...,03 y and 3. Their respective true values are
)\0,020,03071, ...,06207 ; and fp. In analyzing the model it will be convenient to concentrate the
log-likelihood function with respect to 3 for given values of § = (X, 02,02, ...,0° 7). Let © de-
note the parameter space for 6 , and let 6 = (¢, 3")’ denote the vector of all parameters. Under

Assumptions 1 and 2 the expression for the variance covariance matrix €y of U is
Qo = Q(bo) = diag; Q,(00) = diag/ {02 p, Im, + Taotm,tm, }-

To define the quasi-maximum likelihood estimator (QMLE) for the peer effects model in (11)
note that solving for Y from (13) yields the reduced from:

Y = (I - AW)'Z8+ (I - W)U (14)
If o, and ¢, follow normal distributions,
Y ~ N((I=XW)"1ZB, (I = AW)~1Q0)(I — W)~ 1). (15)
The corresponding log likelihood function is

InLy(6,8) = —g In(27) + %ln (I — AW)2Q(0)7

1

(Y = AWY — ZBYQO)H Y — A\WY — Zp) (16)

and the corresponding QMLE is given by
oy = (éfv, BAEV)/ = argmaxy g In Ly (0, 3). (17)
It is convenient to concentrate out 5 and to obtain the QMLE for 6 first. The first order condition

for B is
Oln Ly(0,5)

93 = (Y = AWY — Z8)Q(0)"'Z =0, (18)
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which leads to
B (0) = (Z'Q(0)7 2)7 2'(0) " (1 - AW)Y. (19)

Plugging S () back into (16) yields the following concentrated log likelihood function,

Qn(6) = In L(0, A (6))
_ In(27) 1 _ L, /
= 2 (T AWPQ(0) | - oY (- AWYMa(0)(T - W)Y, (20)
where

Mz(0) =Q0) —QO) 1 Zz(Z00) " 2) 1 Z'Q(0) L. (21)

Then the QMLE for 0, Oy = (An,62 v, 62 v, ...,62, )" is given by
On = argmax,Qn(h). (22)

Plugging 6y back into (19), the QMLE for f is

Bn = Bn(On) = (Z'U0Nn) " 2) 1 Z'Q(0n) " (T — ANW)Y. (23)

A formal result regarding the asymptotic identification of the model parameters is given in
the next section. We provide some intuition for that result, by extending our earlier discussion of
identification for the canonical model without covariates to our model (13) with covariates. Let ||.||
be the Euclidean norm on R¥, where k is a generic positive bounded integer. Using the relationships
U, = LH{\O)YT — Z.Bo and @, = (1 — Xo)yr — Zrf0, the moment functions related to the full

my—

model can be written as follows

. . 2
X (6) |52 = 2o = e = o,
(5) X7 () — (1= Ngr — 20> — 05 — %
v 2 (6) 71 (=Y, - 7,)
r T\ my—1 °T r

X2 (6) Z((1= NGy — 28)

where ¥ (8) and x%(8) summarize the restrictions on the unobservables, and are natural extensions
of the moment conditions considered before in (7) for the model without covariates. The additional
moment restrictions X (§) and x?* (§) relate to the exogeneity of Z, relative to ¢, and a,. A

formal asymptotic identification result will be given in the next section. Intuitively, for given A

2

the last two moment conditions identify 8, while the first two identify A, o2

,O‘ij,j =1,..,J in an

analogous manner as described in the discussion of Lemma 2.1 for the model without covariates.
As for the model without covariates there is a representation of the score of the log-likelihood

in terms of the fundamental moment conditions. To describe the relationship between moments

and the score we define the matrix
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1 _ my 1 ﬁ, _ my /8/
(my—14X0)0? 2.0, (17)\0)(06207D2T+mroio) (mr71+)\0)o€207DT 0 (17)\0)(0'307Dr+mro-io) 0
0 _2#22 0 0
2(050,DT+mT‘7a0)
_ 1(D,=1) _ mpl(Dr=1) 0 0
gﬁ(mh DT) = 2(760,1 2(0520,1+m’“0(210)2
1(Dy=J) _ mel(De=J) 0 0
2050, 2(05 j+mrog,)?
My
0 0 B 50D IkZ _U?O,DT+mTOiO Ikz
(24)
Furthermore observe that the log-likelihood function can be written as In Ly (6) = —% In(27) +

S 2 | In L,.(6) where

InL,(8) = %m (I, — AWy, )22,(0) 7
1

- i(Y;’ - )\Wm,Y;’ - Zrﬁ)/ﬂr(a)il(yrr - )\erY;, - ZT‘B)

is the log-likelihood function for group r. Then it can be shown that?

Oln L, (4 .
LU0~ a(60) =~ Do) (50).

ZR M can be inter-

As is well known, the score of the log-likelihood function, S(d) =
preted as a moment function corresponding to the moments F [S(Jp)] = — 21 {%g@o)} =0.
Furthermore, under a Gaussian assumption the score is an optimal moment funct10n.5 From this
we see that the matrices ¢(m,, D,) can be viewed to provide the optimal weighting for the basic
moment functions x,(d). Under Gaussian assumptions the optimal GMM estimator coincides with

the maximum likelihood estimator and is asymptotically efficient under the stated assumptions.

4 Theoretical Results

We next state our assumptions for the general model. We maintain Assumptions 1-3 on €, o and A.

In the following we add assumptions regarding the exogenous variables, and the sizes and relative

4See our Online Appendix for details. The derivation uses Lemma B.1 and the special properties of matrices
Q(0), I — AW and W described in Appendix B.1. In the Online Appendix we also give an explicit expression for the
variance covariance matrix of x, ().

5Observe that

85 (d0) . % [82InL.(60) B oL (80) OnLn(6) ]\
[ 95 ][V‘W(s(dﬂ))] S(do) = _ZE{B(S&S']> (ZE[ a5 05 :|> S(do)

=1

= 5(50;.

in light of the information matrix equality.
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magnitudes of groups in the sample. Let Z,, ; C {1, ..., R} be the index set of all groups in category j
with size equal to m. Thusifr € Z,, j, then D, = j and m, = m. Let R,, ; be the cardinality of Z,, ;,
in other words R, ; is the number of groups in category j with size equal to m, and let R; be the
number of groups in category j, that is R; = 25:1 (D, =j)= Zn]rf:z R, j, where the upper bound
M on the group size is specified in the next assumption below. Furthermore let W = Rmj/R
denote the share of groups in category j with size equal to m, and let w; = R;/R = 2%22 Wi, j
be the share of groups in category j. Below we maintain the following assumption regarding the

group sizes and their relative magnitudes.

Assumption 4. (a) The sample size N goes to infinity; (b) The group size is bounded in the sense
that there exists some positive constant M such that 2 < m, < M < oo for r =1,2,...,R; (c) The
lz'm_it W;Fn,j = limN_ o0 Wm,; exists and w:‘mj <1 forall2 <m < M and 7, and w;f =limy_ o wj =
Z%:Q Wy, ; > 0 for all j.

The restriction that the minimal group size is 2 rules out singleton groups. A member of
such a group has no peers. Assumption 4(b) imposes a fixed upper bound on group size. In
many applications this is not a serious constraint. The assumption is more restrictive than Lee
(2007) who allows for group size to grow with sample size. It is worth pointing out that increasing
group sizes generally reduce the convergence rates for estimators of peer effects parameters, and as
demonstrated by Kelejian and Prucha (2002) in some cases lead to inconsistency of these estimators.

Assumption 4(c) states that asymptotically, no single type-group size combination can dominate
the sample by requiring that wy, ; <1 for all 2 < m < M and j. In addition, all types j occur in
the sample in an asymptotically non-negligible way because wj > 0 for all j. On the other hand,
we do allow that for certain combinations of j and m the limit wy, ; is zero, allowing for some group

J
sizes of type j to occur infrequently or not at all in the sample.

Observe that N = % m, = }]:1 2%;2 mR,, ;. Since group size is bounded, the num-
ber of groups R goes to infinity as N goes to infinity. Since Z}]:1 Z%zg R, ; = R, we have
3]:1 S my = Z}'le wj = 1 and thus Z}']:1 M, Wi = 3-]:1 wj = 1. Since w; > 0 by
Assumption 4(c) it follows that also R; goes to infinity, which is needed to facilitate the consistent

estimation of Uzyj. Assumption 4(c) implies that the limit of the average group size is given by

N J M A J M
m* = lim 7= lim ZZ R’]m:ZZw;Jm. (25)

Clearly 2 < m* < ]\_4, since 2 < m, < M.
/
Observe that in light of Assumptions 1, 2, and 3 the parameter space © for § = ()\, 0306271, . ‘752, J)
is a compact subset of the Euclidean space R**/. Observe further that

A
m, — 1

Iy, — AWy, = (14 M, + 1 =N, (26)

* _ / * _ / . .
where I}y, = Im, — tm, ty, /My and J}s = Ly, 07, /M, are symmetric, idempotent, orthogonal, and
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sum to the identity matrix. Furthermore from the results in Appendix B.1 we have |,,, =AW, | =
[1+X/(m, —1)]™ (1= \).% Thus the matrix I,,,, — AW, is nonsingular if 1+\/(m, —1) # 0 and
1— A # 0. Assumption 3 ensures the non-singularity of I,,,, — A\W,,,., and hence the non-singularity
of I — \W = diag® | {I,,, — A\W,,, }, since for m, > 2 and A < 1 we have 1 + A/(m, —1) > 0 and
1-X>0.

Let z, = =4/ Z,. be the row vector of column means of Z,, and let Z. =7, — Lm, Zr be the

my My

deviations from the column means. Then Z/I%, Z, = Z.Z,, ZL.J}, Z, = m,z.%,.

Assumption 5. (a) The N X kz matriz Z is non-stochastic, with rank(Z) = kz > 0 for N
sufficiently large. The elements of Z are uniformly bounded in absolute value.
(b)For 2 <m < M, and 1 < j < J the following limits exist:

im N™' > 217, = stmy,

N—oo
TGIm,j

im N7' Y mzz = s,

N—o0
Tern,j
. -1 -
lim N Zr = Zm,j-
N—oo ’
T’EIm’j

(c) For at least one pair of (m,j) such that wy, ; > 0, and N sufficiently large, the smallest

eigenvalues of N~! Y oreTnm,; 7! Z, = N~} Y oreTom,; 27, + N1 Y e, mz,.z, are bounded away

from zero, uniformly in N, by some finite constant £, > 0.

Suppose we have some N x N matrix Ay(0) = diagﬁzl{p(mr,Dr,H)I;W + s(my, Dy, 0)J5, },
where p(m,, D,,0) and s(m,, D,,0) are positive, uniformly continuous and bounded on ©. An
example of an expression of this form is (#)~! which is obtained in closed form in Equation (B.3)
in Appendix B.1. Then under Assumption 5(b), the limiting matrix of N~'Z'Ax () Z always exists,

is continuous in @ and takes the form

1 M
lim NZ’AN(H)Z =" 3" Ip(m, §,0)30m,; + s(m, j,0)5m ;).

N—oo

j=1m=2

Furthermore, N~'Z’An(0)Z converges to its limiting matrix uniformly on ©. With p(m,., D, 6) >
0 and s(m, D,,0) > 0, Assumption 5(a) ensures that N=1Z’Ay(0)Z and its limiting matrix are
invertible, with the elements of the inverse matrix uniformly bounded in absolute value. In the
special case when Ay (6) is the identity matrix, limN_)oo%Z/Z = ijl ZHAZ[ZQ[%m,j + %y, j], which
has the smallest eigenvalue bounded above zero by some finite constant £, > 0. See Lemma B.5
for details and a proof.

As shown by Lemma 2.1 in Section 2, identification of A and o2 requires variation in the group

5In Appendix B.1 we review additional properties of matrices of the form pI}, +s.J7, , which will be used repeatedly
in this paper. In particular, their multiplication is commutative. The products of such matrices are also of the form
of pI, + sJi, and |pI, + sJi| = p™ s, (pIf, +sJ5) P =117 + %an.

T
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size or variance of the error terms. The following assumption ensures this so that in the limit we
have non-negligible samples for at least two different group sizes or two different categories with

different variances of the idiosyncratic errors €;,.

Assumption 6. For some sizes m and m', and some categories j and j' we have Wy, > 0 and
I

*
m/,

(a) m #m/, and 06207]- = 0620’]-/ for some j,j' € {1,....J} with j =37 orj#7.
(b) m=m/, and J?O’j # 0?07]-, for some j, 5" € {1,..., J} with j # j'.

Wy jr >0, and either of the following two scenarios hold,

The conditions in Assumption 6 are the asymptotic analogs of identification conditions imposed
in Lemma 2.1. Assumption 4 by itself is not sufficient for identification because it only implies that
no single pair (m, j) asymptotically dominates the sample. Assumption 4 alone does not guarantee
that there is enough variation in the underlying group sizes m or the variances 0307]-. For example,
it is possible under Assumption 4 that all groups are of the same size and that all variances ‘7620,]‘
are the same. Assumption 6 rules out such cases. Assumption 6(a) is related to Assumption 6.1
and Footnote 9 of Lee (2007) which requires group size variation to achieve identification for the
case where group sizes are bounded, the only case we consider. Assumption 6(b) has no analog in
Lee (2007) because of his Assumption 1 which imposes homoscedasticity on the errors €;,. We show
that identification is possible purely based on group level heteroscedasticity even if all group sizes
are the same. This insight also extends the analysis of Graham (2008) where types and class sizes
are linked.

Below we give results on the consistency and asymptotic normality of the QMLE dx = (9%, By’
defined in (17).

Theorem 4.1. Suppose Assumptions 1-6 hold, then

(a) The parameter &y is asymptotically identified in the sense that it is the unique mazimizer
of the criterion R(0,3) = limy_o F [%lnL(@, B)]

(b) The QMLE 8y is consistent, i.e., dx - 6y as N — co.

A detailed proof of the theorem is given in Appendices E.1 and E.2. As can be seen from the
proof, the argumentation that ensures part (a) of the theorem is analogous to the argumentation
used in establishing Lemma 2.1. Here is a sketch of the proof to provide some intuition. The

limiting expected value of the concentrated log likelihood function @y () is

1
2m*

J M
S5 W a(m,5,0) + QP(6),

j=1m=2

Q) =C"+

where C* is a constant term, g(m, j,0) = In|G(m, j,0)| — tr G(m, j,0) with

J*

m»

Ugo,j<m—1+)\>2 N (030,j+m030)<1—A)2

) =
G(m. j,0) o2; \m—1+4X/) ™ (0Z;+mo2) \1-X

€7j
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and Q@*(0) = limy oo Q¥ (8) where Q(0) = —5kiiz(0) Mz ()iiz(6) with Mz (6) = I —
Q0)"V22(Z'0)"1Z) 1 Z'Q(0)~/? and

fiz(0) = QO)V2(I — AW — NW) ™1 Z,.

It is easy to see that 6 is a global maximizer of Q(®)*(6), given that —QE\?) (0) is the quadratic form of
an idempotent and thus positive semi-definite matrix, and Q(2)*(90) = 0. However, this does not en-
sure that 0 is a unique global maximizer. Identification thus comes from ijl 2%22 Wrn j g(m,7,0).
Note that for any symmetric positive definite m x m matrix A, In|A| — tr(4) < —m with equal-

T For any m and j, g(m,7,0) is maximized if and

ity if and only if A is an identity matrix.
only if G(m,j,60) = I,,, which is equivalent to E[x,(6)/m, =m,D, =j] = 0 with x,(0) =
(x2(0),x2(0)) defined in (7). It now follows from an asymptotic analogue of Lemma 2.1 that
in either case (i) or (ii) of Assumption 6, 6y is the only solution to E [x,(0)|m, =m,D, =j] =0

and E [x,(0)|m, = m/, D, = j'] = 0. Thus for any 6 # 6o,

min (g(maja 00) - g(m’j’ 9)7g(m/7j/790) - g(mlvj/ae)) > 0.

As a result, fp is the unique global maximizer of Q*(#) when one of the two scenarios holds true
for some wy, ; > 0 and wy, 5 > 0.

To study the asymptotic distribution of the estimator, first note that under Assumptions 1 and 2,
the third and fourth moments of €;, and ;. exist. Let E [€}.|D, = j] = ,ugg?j, Ele}|D, =j] = ,ugé?j,
E[a}] = ,u(30) and E [a}] = ,uglo). Also, define T’y and T as

«

_ 821nLN(50)
— : 1 _
Ty = ]\}lm N E[ 9595 ,
. _ OlnLy(60) OlnLn(dp)
T m ip
0 = J\}l—ﬂ)oN { 06 00’ }

As shown in Appendix E.3, the two limiting matrices exist. Specific expressions are given in
Appendix F. When ¢;, and «a, both follow normal distributions, Tg = I'g.
The next lemma shows that I'g is positive definite under the maintained assumptions. The

lemma also provides a sufficient condition on the moments of ¢ under which Y is p.d..

Lemma 4.1. Suppose Assumptions 1-6 hold, then Iy is positive definite. Under the additional

assumption that ugé?j — 0 > (ugg?j)Q/agoyj for all j € {1,...,J}, Yo is also positive definite.

(4)

The proof of the lemma is in Appendix F. Note that from Holder’s inequality we have p. .

O'?OJ 2 (M%L)Q / U?O’j. The sufficient condition is mild in that it only postulates that the inequality
holds strongly. Of course, the condition holds, e.g., for the Gaussian distribution.

With both Tg and I'y ensured to be positive definite, we have the following theorem.

"To see this, note that under the maintained assumptions the eigenvalues of A, say, \;, are positive and In |A] —
tr[A] = > [In(A:) — Ai]. The claim is seen to hold by observing that the function f(z) = In(z) — 2z < —1 for
z € (0,00) with a unique maximum at = 1, and observing that A = I,,, if and only if \; =1 fori=1,...,m.
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Theorem 4.2. Under Assumptions 1-6, and assuming that dg is in the interior of the parameter
space © defined in Assumption 3 and that ugé),j — Ugo,j > (ugg?j)z/ag(),j for 3 € {1,...,J}, we have
VN(@y = 60) S N(0,T5 "ol Y) as N — oo.

The proof of the theorem is given in Appendix E.3. We next discuss consistent estimators for the
matrices I'g and Ty composing the asymptotic variance covariance matrix. An inspection shows that
3) @ (3 3 4 4 .
I'o = T'(d0, 50) and Yo = T (do, u&&u&&uﬁo?h "'quO?J’:U’EO)'“a Mgo?p s0), with so = (so,1, ..., 80,7, m")
and

. . _ _ _ _ X .
s0.j = |32, e BERL i P2 g s N s B2 e ENT o W35 ""WM,j]’

and where the functions I'(.) and Y(.) are continuous. Since the functions I'(.) and Y(.) are
continuous, consistent estimators for I'y and T can be readily obtained by replacing the arguments
of those functions by consistent estimators thereof. Let 5y be the sample analogue of sg, then clearly

sy 2 so in light of Assumptions 4 and 5. Recall further that by Theorem 4.1 the QMLE estimator

Sy is consistent for do, and suppose we have consistent estimators for ,uS’O) , ugg , HE(S)?D - ugg) 7, and

,ugé?l..., ,ugé?J, denoted as ﬂg’), ﬂgfl), ﬂg), ﬂg’}, ,&Eﬁ), ﬂgl} Now define I'y and Ty as

'y =T(0n,8N), (27)
» R ~ ~ ~ ~ ~ ~(4)
TN = T((SNa Mgg) ) Ngl)’ :U’£31)7 M£3}7 :U'£41)a Mé}a SN)v (28)

) )

then it follows from Slutsky’s theorem that fN and T N are consistent estimators for I'g and Y.
A consistent estimator for the variance covariance matrix of the limiting distribution is given by
| R N R

The above discussion assumed the availability of consistent estimators for the third and fourth
3)

moment of the error components. In the following we now define consistent estimators for p.g,

,uglo) and ugg?j, ugé?j, 7 =1,...,J. To motivate the estimators consider the composite error term

for individual ¢ in group r, u; = @, + €, and let 4, = miT > Wi, and iy = Wi — Uy . Then
Uy = a + € and il = €; — €., where €, is the group mean of ¢;.. It is readily verified that under

Assumptions 1 and 2, we have

) 3 2 4
E {U;ﬂ =(1- o W)MEO?DM

(mr - 1) (3)

E [uQ U ] = W
ir 9T 2 €0,D,.’
mg 4

(3) N(g)D
_ €0,D,
E [uﬂ = gy + —"
T

3 2
4 my —4m; +6m, —3 (4 3(my —1)(2m, — 3) 4
E [uzr} - - ;ng - MeO,DT + . m; - UeO,DTa
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1 m
B [af] = 18 + ol +3

r

Next define for group 7,

50 = {";ZZ 1u (1_"Tr+mlz) my >3
€, ) )
er ZZ 1 uzru’f’/ - ng) my =
18 =l — £ m3,
3 mr

£ ms 1 . )_B(mr —1)(2m, — 3) .-

o mE—dmi 4+ 6m, -3 m, =T m3 D

3(my, —1) 4 6

4) _ —4 4 3 2 2
f ) = U — f( )/mr - UeO,DT - m O-OlOO-EO,DT'
r

€T m§

hen 5[182] = il 2 [02] =, B[] = il (18] = 45 B Lo 540
1%25:11( r = J)fe, () ,ug))j andRZ 1far g()) for | =3,4and j =1,...,J as R goes to
infinity.
To construct feasible counterparts of these estimates, consider the estimated disturbances ;. =
Yir — 5\5( -) - zirﬁ, where \ and B denote the QML estimators, and let Uy = n’% > Gy and
Uy = gy — U;. Feasible counterparts say, f(3) far, fgr , Aoé o of fgr , f(&?’}, fe(%,), féfr can now be
with their QML estimators. Now
con51der the followmg estlmators for the thlrd and fourth moments of the error components: u( ) =
r:l fa,v"/Ra Noz = r:l fa,v"/Ra Ne,j = 1 (D, = J)fer /R;, M54]) r:l U(D, = ])fe,r /Rj,
ji=1,...J.

The next theorem establishes that valid inference based on standardized statistics is possible.

defined by replacmg @, and ;. with u, and Uiy, and Uao and er J

At the core of this result is the fact that I'y & I'y and Ty & T as shown in Appendix E.

Theorem 4.3. Under Assumptions 1-6, and assuming that ,ugé)j — 0210] (,ueoj) /erj for j €

1
{1,....,J}, and Ty, T defined in (27) and (28) wehcwe\ﬁ( 1TNF ) /(5N—50)—>N(O,I)
as N — oo.

The proof of the theorem is in Appendix E.

5 Monte Carlo Results

We conduct Monte-Carlo (MC) experiments to assess the finite sample properties of the quasi-
maximum likelihood (QML) estimator on. The data generating mechanism is determined by the
main model in (10). For simplicity, 1 4, 2 and x3, each only includes a scalar variable. We set
the true value of the parameters to Ao = 0.5, 02, = 0.25, 810 = 1, Bao = 1,830 = 1, and By = 1,

while 02, = 1 in the case of homoscedasticity. The model for the data generating process (DGP) is
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thus
Yir = 0.5y + 1+ T1ir + To (Ciyr + T3 + 0 + €ir (29)

The inputs x;;-, o, and €, are generated as follows. In the case when x1 = x2, 1,3 = X2, ~
iid.N(0,1). In the case when x1 # x2, 14 and x2;, are generated mutually independently, each
drawn from an i.i.d. N(0,1). We then calculate the leave-out-mean Zo (_s), = 3,4 T2,/ (my — 1).
Group characteristics are drawn as x3, ~ i.i.d. N(0,1). In the case of homoscedastic normal errors
in Tables 1 to 5, the idiosyncratic error terms €. are i.i.d N(0,1) and group effects «, are i.i.d
N(0,0.25). Both €; and «, are drawn independently of x1 ;r, 22, 23, and of each other. The
dependent variable y;, is calculated using Equation (14). In Table 6, we use homoscedastic but
nonnormal errors. In the case of the skew-normal distribution, we set the location parameter to
0, scale to 1 and shape to 0.9/ V1 —0.92. Therefore, skewness is 0.472 and kurtosis is 3.321. In
the case of the student distribution, degrees of freedom are set to 6. Therefore, skewness is 0 and
kurtosis is 6. In both cases, «;, and ¢;,. are independently drawn from identical distributions and
then standardized to have mean 0 and variances 0.25 and 1 respectively. In Table 7, group effects
o, are still i.i.d N(0,0.25), €, follow normal distributions but are allowed to be heteroscedastic.
In the first case (Columns 1-2), we randomly select half of the groups into category 1, with €;,
ii.d N(0,0.5). The other half of the groups have ¢;. i.i.d N(0,1.5). In the second case (Columns
3-4), €y are i.i.d N(0,1). But we randomly divide the groups into two categories and allow for
heteroscedasticity of €;, between categories in estimation. In the third case (Columns 5-6), groups
are randomly divided into two categories, with o2, € {0.5,1.5} and €, i.i.d N(0,02.). In the fourth
case, groups are randomly divided into four categories with o2. € {0.4,0.8,1.2,1.6} and ¢;, i.i.d
N(0,02).

The number of groups R is selected from the set {50, 100, 200, 400, 800, 1600}. In Tables 1, 2 and
6, group size m, is drawn from a discrete uniform distribution ¢/{2, 6} so that the average group size
is 4. Small group sizes are motivated by applications to college room mates, friendship networks
in the Add Health data set or golf tournaments, see Sacerdote (2001), Goldsmith-Pinkham and
Imbens (2013) and Guryan et al. (2009). In Tables 3 and 4, group size is drawn from U/{13,25}.
The distribution is motivated by Project STAR where class size ranges from 13 to 25. We also
consider the case when m, is drawn from U{3,5}, U{4,8}, U{8,30} and U/{10,22} in Table 5 to
examine how the distribution of group size affects the performance of the estimator. Note that
U{3,5} has the same mean as U{2,6} but smaller variance, U{4,8} has the same variance as
U{2,6} but larger mean. Meanwhile Z/{8,30} has the same mean as U/{13,25} but larger variance,
U{10,22} has the same variance as U/{13,25} but smaller mean.

In Tables 1-6, we compare our QML estimator with the conditional maximum likelihood (CML)
estimator of Lee (2007). Table 7 does not present CMLE estimates as it does not allow for het-
eroscedasticity. Lee (2007) assumes normality of the error terms. Our discussion suggests that the
CMLE is in fact consistent under nonnormal errors, as it can be viewed as a GMM estimator based
on the moment conditions from the within equation. When group effects are in fact independent of

the observed characteristics, the CML estimator is still consistent but less efficient than our QML
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estimator. The comparison thus helps to evaluate the efficiency gain of our estimator over the CML
estimator in finite samples. The CML estimator is based on within-group variation hence o2, £
and 4 are not identified.

We generate 5000 repetitions for each of the experiments. Tables 1-7 summarize the results of
the Monte Carlo (MC) experiments. Each panel displays the MC median, MC robust standard
errors (Rob.Std.Dev.), MC sample standard deviation (Std.Dev.), MC median of the estimated
standard deviation (Est.Std.Dev.), and the mean rejection rate of the Wald test with significance
level 0.05 of our QMLE and Lee’s CMLE across 5000 repetitions. The robust standard errors are
defined as 1Q/1.35, where IQ denotes the inter-quantile range, that is 1Q = Cpr5 — Cp.25 with
Co.75 and Cy 95 being the 75th and 25th percentile respectively. If the distribution of the estimate
is normal, 1Q/1.35 is (apart from rounding errors) equal to the standard deviation. The null
hypothesis for the Wald test is that the estimate equals its true value. Critical values for the test
are obtained at 5% significance level and are based on the asymptotic approximation in Theorem
4.3.

Identification of our models is more challenging, the larger group sizes are, all else equal. This
follows from the work of Kelejian and Prucha (2002). Identification is also more difficult when
there is less variation in group sizes, or less variation in type specific variances or both. Finally,
identification is more difficult in designs where x1 ;» = 22 because the implied correlation between
T14r and Ty (), reduces the overall variation in the covariates. Standard finite sample theory for the
Gaussian regression model shows that maximum likelihood estimators for the variance parameters
are biased in finite samples. In fixed effects panel regressions this finite sample bias can lead to
inconsistent estimates of the variance parameter due to incidental parameter bias, as demonstrated
by Neyman and Scott (1948). In the current context, we expect the CML estimator to suffer
from such incidental parameter bias because the moment conditions that identify A depend on the
estimated variances. We also expect Wald type statistics, such as the t-ratio, to perform poorly in
designs where identification is problematic, in line with insights from Dufour (1997).

Tables 1 and 2 contain results for small groups and homoscedastic Gaussian errors. In Table
1 where x1 # x5, both the QMLE and CMLE perform well, with the CMLE being more biased
for the parameter A in sample sizes where R is below 200. The QMLE is generally less biased and
significantly more precise than CMLE, demonstrating the expected efficiency gains of QMLE. Size
is better controlled for CMLE but the size distortions for the parameters A and 8 do not exceed
7% in the smallest sample sizes even for the QMLE. Size distortions for the t-ratios of the two
estimated variance parameters are somewhat larger, reaching 11.6% for the t-ratio for o2 when
R = 50. The size distortion seems to be due both to some estimator bias as well as standard errors
that are a bit too small. Size distortions for all parameters disappear in the larger samples. In
Table 2 where x1 = x5 the CMLE for A is even more biased in small samples, and considerably
more volatile than in the design in Table 1. The performance of the QMLE is not very different
from the case with x; # zo. The standard deviation measured by 1Q/1.35 is somewhat larger than

when x1 # x2, as are size distortions, confirming the intuition that this design is more difficult to
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identify.

Tables 3 and 4 differ from Tables 1 and 2 in that they consider the same designs but with
larger group sizes, now drawn from the uniform distribution on the interval [13,25]. In Table 3
we consider the case with ;1 # z2. The QMLE remains roughly unbiased across all sample sizes.
The robust standard deviation roughly doubles relative to the small group size case and the size
properties for t-ratios of the parameters A and [ deteriorate in samples where R < 100 with size
reaching around 10% in some cases. Size remains well controlled in larger samples with R > 200.
The size distortions for the variance parameters are not much affected by the larger class sizes.
The CMLE is even more biased when R = 50 but less biased for larger sample sizes compared to
Tables 1 and 2. This is consistent with incidental parameter bias which is expected to decrease
with increasing group size. In addition the CMLE now is significantly less precise. This is in line
with results by Lee (2007). Table 4 contains results for the case 1 = z9 and large group sizes.
The QMLE remains largely unbiased across all sample sizes but there is notable loss in estimator
precision as measured by 1Q/1.35, indicating the more challenging estimation environment. In line
with theoretical predictions, estimator precision increases monotonically with sample size. Size
distortions are now pronounced with empirical size reaching more than 20% in the smaller samples.
The CMLE controls size well across all four designs. This comes at the cost of much less precise
and sometimes more biased estimated parameters.

Table 5 explores the effects that variation in group size has on both estimators. The case with
U{3,5} maintains the same mean group size as in Table 2 but reduces the group size variance. We
only report results for A. The bias of the QMLE is not affected while the CMLE is somewhat less
biased. The variance of both estimators increases. For the QMLE size distortions are somewhat
larger than in Table 2. The design with ¢/{4, 8} increases the mean while leaving the variance of
class sizes unchanged relative to Table 2. Overall, the results for this case are quite similar to the
scenario with U{3,5}. The designs with 2/{8,30} and U/{10,22} both improve identification relative
to the design in Table 4. For the QMLE this results in unchanged good unbiasedness properties
except when R = 50 where we now see a small amount of bias, somewhat lower variance and slightly
improved size properties. For the CMLE bias increases while variance somewhat improves relative
to the results in Table 4 and the size properties remain similar.The larger bias for the CMLE may
be related to a larger fraction of smaller classes in both designs. Smaller group sizes tend to amplify
incidental parameter bias.

Table 6 explores the effects that non-Gaussian error distributions have on the estimators. For the
skew-normal distribution we see little difference to the results in Table 2 both for the QMLE and the
CMLE estimator. The QMLE is also robust to the second design which uses a t-distribution with
6 degrees of freedom. The CMLE is more sensitive to this fat-tailed distribution. It is somewhat
more biased and has higher variance compared to the Gaussian case. In addition, we now observe
size distortions for the t-ratio related to the parameter A. These size distortions don’t disappear in
larger samples and seem to be due to the fact that the standard errors show a significant downward

bias. This is most likely due to the fact that Lee (2007) bases standard errors on Gaussian error
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distributions. The final set of results we discuss are in Table 7 where we examine the effects of
heteroscedasticity on the QMLE. We do not report results for the CMLE since this estimator was
designed for the homoscedastic case only. The first set of results are based on a design where
class size varies according to a U{2,6} distribution and where we maintain x; = x2. Compared
to a homoscedastic design the QMLE is somewhat less variable with no change in bias. The size
properties of the t-ratio are overall comparable between the two cases, with slightly smaller size
distortions in the heteroscedastic case when R = 50. We also consider a scenario where group size
is fixed at m = 4 while the type specific variances vary. While the QMLE continues to be nearly
unbiased it has a higher variance. The size properties of t-ratios are slightly worse than in the

homoscedastic case. For larger sample sizes both standard errors and t-ratios are well behaved.

6 Conclusion

In this paper, we show that moment conditions underlying the conditional variance method of
Graham (2008) can be related to and motivated from a general class of linear peer effects models
with random group effects. When augmented with group specific covariates our specification of
the peer effects model is appropriate for settings where people are randomly assigned to groups or
where group level heterogeneity is credibly controlled for with observed group level characteristics.
We show that the quasi maximum likelihood estimator (QMLE) related to a linear Gaussian spec-
ification, as well as Graham’s estimator and the fixed effects estimator of Lee (2007) are contained
in the class of GMM estimators we consider. Under Gaussian error assumptions the QMLE is the
most efficient estimator in this class. We study conditions of identification, extending results in
Graham (2008) and Lee (2007) for a simple model without covariates and a general model with
covariates estimated by QML. We also establish that our QMLE is asymptotically normal and we
construct consistent standard error formulas. Monte Carlo results show that our QML estimator
has good small sample properties. Our model allows for heteroscedasticity in idiosyncratic terms,
while maintaining the assumption of homoscedastic group effects. We leave the development of

estimators for heteroscedastic group effects to future work.
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Appendix

A Monte Carlo Simulation Results

Table 1: Simulation Results: m, ~ U{2,6}, Homoscedastic Normal Errors, x1 # x2
QMLE CMLE
A oz o? B B2 B3 B A o? B2 Bs
True value
0.500 0.250 1.000 1.000 1.000 1.000 1.000 0.500 1.000 1.000 1.000
50 groups, 200 observations
Median 0.500 0.214 0.979 0.999 0.998 0.998 1.001 0.541 1.004 1.018 1.025
Rob.Std.Dev. (0.070) (0.177) (0.118) (0.173) (0.076) (0.162) (0.178) (0.379) (0.239) (0.132) (0.274)
Std.Dev. [0.074] [0.198] [0.119] [0.184] [0.076] [0.162]  [0.184] [0.428] [0.275] [0.139]  [0.294]
Est.Std.Dev. 0.067 0.163 0.110 0.166 0.075 0.153 0.168 0.370 0.131 0.272
Rej. 0.070 0.116 0.095 0.074 0.050 0.063 0.064 0.036 0.039 0.041
100 groups, 400 observations
Median 0.498 0.233 0.990 1.002 0.998 0.997 0.999 0.524 1.007 1.008 1.012
Rob.Std.Dev. (0.049) (0.128) (0.084) (0.122) (0.053) (0.110) (0.121) (0.257) (0.162) (0.091) (0.190)
Std.Dev. [0.050] [0.131] [0.085] [0.126] [0.053] [0.109]  [0.125] [0.280] [0.176] [0.095] [0.195]
Est.Std.Dev. 0.048 0.120 0.081 0.119 0.053 0.109 0.120 0.256 0.091 0.191
Rej. 0.057 0.099 0.074 0.059 0.052 0.051 0.059 0.046 0.043 0.044
200 groups, 800 observations
Median 0.500 0.241 0.995 1.000 1.000 1.001 0.998 0.512 1.003 1.004 1.004
Rob.Std.Dev. (0.035) (0.089) (0.060) (0.085) (0.037) (0.080) (0.087) (0.182) (0.116) (0.066) (0.134)
Std.Dev. [0.035] [0.092] [0.060] [0.087] [0.038] [0.078] [0.087] [0.188] [0.119] [0.066] [0.138]
Est.Std.Dev. 0.034 0.087 0.059 0.085 0.038 0.077 0.085 0.178 0.064 0.134
Rej. 0.051 0.078 0.062 0.054 0.048 0.054 0.057 0.052 0.051 0.054
400 groups, 1600 observations
Median 0.500 0.245 0.998 1.000 1.000 0.999 1.001 0.504 1.001 1.002 1.001
Rob.Std.Dev. (0.024) (0.061) (0.041) (0.059) (0.027) (0.056) (0.060) (0.129) (0.081) (0.045) (0.093)
Std.Dev. [0.024] [0.063] [0.042] [0.060] [0.027] [0.054]  [0.060] [0.129] [0.082] [0.045]  [0.094]
Est.Std.Dev. 0.024 0.062 0.042 0.060 0.027 0.055 0.060 0.125 0.045 0.094
Rej. 0.049 0.061 0.054 0.048 0.050 0.046 0.051 0.046 0.047 0.049
800 groups, 3200 observations
Median 0.500 0.247 0.999 0.999 0.999 0.999 0.999 0.504 1.001 1.001 1.000
Rob.Std.Dev. (0.017) (0.045) (0.031) (0.043) (0.019) (0.038) (0.043) (0.090) (0.056) (0.032) (0.066)
Std.Dev. [0.017] [0.046] [0.030] [0.043] [0.019] [0.039] [0.043] [0.088] [0.056] [0.031] [0.067]
Est.Std.Dev. 0.017 0.044 0.030 0.043 0.019 0.039 0.043 0.089 0.032 0.066
Rej. 0.056 0.064 0.053 0.053 0.048 0.054 0.054 0.044 0.043 0.051
1600 groups, 6400 observations
Median 0.500 0.249 0.999 1.001 1.000 0.999 1.000 0.503 1.002 1.001 1.002
Rob.Std.Dev. (0.012) (0.032) (0.021) (0.031) (0.013) (0.027) (0.030) (0.063) (0.040) (0.022) (0.046)
Std.Dev. [0.012] [0.032] [0.021] [0.031] [0.013] [0.027] [0.031] [0.063] [0.041] [0.023] [0.047]
Est.Std.Dev. 0.012 0.032 0.021 0.030 0.013 0.027 0.030 0.063 0.022 0.047
Rej. 0.055 0.057 0.052 0.054 0.047 0.046 0.057 0.050 0.050 0.048

1. Median value, robust standard deviation (IQ/1.35), standard deviation, median of estimated standard deviation and mean rejection
rate of the Wald test of our QMLE and Lee’s CMLE across 5000 repetitions. The CMLE is based on the within-group variation hence

02, B1, Bs are not estimated. Also, Lee(2007) does not offer estimate of the variance for o,

2. Data generating process is based on model (10): yir = B1 + AJ—iyr + T1,irfB2 + T2 (—i)yrB3 + 3,-01 + @ + €ir , with the true
parameter values given in the top panel of the table. Group size m, is drawn from a discrete uniform distribution 4{2,6} . Sample
is generated by: x1,4 ~ N(0,1), z2ir ~ N(0,1), and Zo (—;), is the leave out mean of 2 ir, x3,» ~ N(0,1), or ~ N(0,0.25), and
€ir ~ N(0,1). All variables are independent of each other across i and r .
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Table 2: Simulation Results: m, ~ U{2,6}, Homoscedastic Normal Errors, 1 = x2
QMLE CMLE
A oo o? b1 B2 B3 B4 A ol B2 B3
True value
0.500 0.250 1.000 1.000 1.000 1.000 1.000 0.500 1.000 1.000 1.000
50 groups, 200 observations
Median 0.501 0.202 0.976 0.992 0.999 0.994 0.989 0.592 1.036 1.013 0.995
Rob.Std.Dev. (0.114) (0.241) (0.130) (0.251) (0.122) (0.338) (0.246) (0.514) (0.313) (0.198) (0.455)
Std.Dev. [0.114] [0.275) [0.129] [0.250] [0.122] [0.336] [0.253] [0.632] [0.417] [0.222] [0.533]
Est.Std.Dev. 0.106 0.230 0.116 0.236 0.115 0.313 0.235 0.488 0.193 0.444
Rej. 0.090 0.120 0.100 0.084 0.081 0.091 0.082 0.042 0.040 0.036
100 groups, 400 observations
Median 0.499 0.230 0.988 0.999 1.001 0.998 1.003 0.539 1.019 1.011 1.008
Rob.Std.Dev. (0.081) (0.179) (0.090) (0.179) (0.084) (0.243) (0.180) (0.335) (0.197) (0.136) (0.304)
Std.Dev. [0.080] [0.190] [0.092] [0.177] [0.085] [0.239] [0.17§] [0.375] [0.237] [0.141] [0.326]
Est.Std.Dev. 0.077 0.172 0.085 0.170 0.083 0.227 0.170 0.327 0.133 0.303
Rej. 0.077 0.104 0.078 0.079 0.070 0.077 0.074 0.040 0.044 0.044
200 groups, 800 observations
Median 0.501 0.239 0.995 0.999 0.999 0.996 0.995 0.528 1.013 1.005 1.000
Rob.Std.Dev. (0.055) (0.128) (0.065) (0.119) (0.060) (0.164) (0.119) (0.231) (0.142) (0.092) (0.206)
Std.Dev. [0.055] [0.129] [0.064] [0.122] [0.059] [0.163]  [0.120] [0.241]  [0.147] [0.094] [0.213]
Est.Std.Dev. 0.055 0.126 0.062 0.121 0.059 0.163 0.121 0.229 0.093 0.208
Rej. 0.061 0.082 0.062 0.060 0.054 0.058 0.057 0.042 0.043 0.044
400 groups, 1600 observations
Median 0.500 0.243 0.999 0.998 1.000 0.998 0.998 0.509 1.005 1.002 1.000
Rob.Std.Dev. (0.040) (0.091) (0.045) (0.087) (0.042) (0.117) (0.085) (0.159) (0.097) (0.064) (0.143)
Std.Dev. [0.039] [0.090] [0.045] [0.087] [0.042] [0.117]  [0.086] [0.163] [0.098] [0.065] [0.147]
Est.Std.Dev. 0.039 0.090 0.044 0.086 0.042 0.117 0.086 0.159 0.065 0.146
Rej. 0.055 0.068 0.058 0.058 0.048 0.055 0.055 0.046 0.046 0.049
800 groups, 3200 observations
Median 0.501 0.248 0.999 0.999 0.999 0.999 0.999 0.509 1.004 1.001 0.999
Rob.Std.Dev. (0.027) (0.062) (0.031) (0.060) (0.030) (0.080) (0.060) (0.111)  (0.069) (0.047) (0.103)
Std.Dev. [0.028] [0.064] [0.031] [0.061] [0.030] [0.083] [0.061] [0.115]  [0.070] [0.046] [0.104]
Est.Std.Dev. 0.028 0.064 0.032 0.061 0.030 0.083 0.061 0.113 0.046 0.103
Rej. 0.049 0.059 0.043 0.050 0.050 0.053 0.054 0.049 0.048 0.050
1600 groups, 6400 observations
Median 0.500 0.249 1.000 1.000 1.000 0.999 1.000 0.503 1.001 1.001 1.000
Rob.Std.Dev. (0.020) (0.047) (0.023) (0.043) (0.021) (0.060) (0.043) (0.078) (0.047) (0.032) (0.073)
Std.Dev. [0.020] [0.046] [0.023] [0.043] [0.021] [0.059]  [0.043] [0.078] [0.048] [0.032] [0.072]
Est.Std.Dev. 0.020 0.046 0.022 0.043 0.021 0.059 0.043 0.079 0.032 0.072
Rej. 0.052 0.056 0.054 0.048 0.049 0.052 0.053 0.042 0.048 0.048

1. Median value, robust standard deviation (1Q/1.35), standard deviation, median of estimated standard deviation and mean rejection
rate of the Wald test of our QMLE and Lee’s CMLE across 5000 repetitions. The CMLE is based on the within-group variation hence

02, B1, Ba are not estimated. Also, Lee(2007) does not offer estimate of the variance for o

2. Data generating process is based on model (10): y;r = (1 +AY(—i)r +1,ir B2+ Ta,(—i)r B3 + 3, B4+ o + €, with the true parameter
values given in the top panel of the table. Group size m, is drawn from a discrete uniform distribution {2, 6} . Sample is generated
by: 1 ~ N(0,1), x2ir = T1,ir , and Ty (_;), is the leave out mean of x2 ir, 3., ~ N(0,1), . ~ N(0,0.25), and €;- ~ N(0,1). All
variables are independent of each other across i and r .
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Table 3: Simulation Results: m, ~ U{13,25}, Homoscedastic Normal Errors, 1 # x4

QMLE CMLE
A oo o? b1 B2 B3 B4 A ol B2 B3
True value
0.500 0.250 1.000 1.000 1.000 1.000 1.000 0.500 1.000 1.000 1.000
50 groups, 950 observations
Median 0.500 0.224 0.994 0.999 0.998 0.992 0.999 0.599 1.007 1.005 0.991
Rob.Std.Dev. (0.151) (0.184) (0.050) (0.311) (0.035) (0.370) (0.323) (1.781) (0.198) (0.101) (0.597)
Std.Dev. [0.255]  [0.970] [0.054] [0.519] [0.035] [0.384] [0.518] [1.840] [0.214] [0.104] [0.611]
Est.Std.Dev. 0.140 0.167 0.050 0.291 0.034 0.362 0.292 1.732 0.099 0.601
Rej. 0.097 0.166 0.054 0.096 0.054 0.080 0.094 0.044 0.046 0.046
100 groups, 1900 observations
Median 0.501 0.235 0.997 0.999 0.999 0.996 1.000 0.510 0.999 1.001 0.988
Rob.Std.Dev. (0.105) (0.132) (0.036) (0.219) (0.024) (0.258) (0.217) (1.216) (0.136) (0.071) (0.422)
Std.Dev. [0.121] [0.185] [0.036] [0.250] [0.024] [0.265]  [0.249] [1.264] [0.143] [0.073] [0.427]
Est.Std.Dev. 0.101 0.125 0.035 0.210 0.024 0.256 0.210 1.206 0.069 0.422
Rej. 0.072 0.119 0.053 0.071 0.045 0.067 0.070 0.058 0.057 0.049
200 groups, 3800 observations
Median 0.500 0.243 0.999 0.999 1.000 0.994 1.000 0.517 1.001 1.002 0.997
Rob.Std.Dev. (0.073) (0.092) (0.026) (0.151) (0.017) (0.182) (0.151) (0.849) (0.094) (0.050) (0.302)
Std.Dev. [0.077] [0.107] [0.025] [0.159] [0.017] [0.184]  [0.160] [0.847] [0.095] [0.049] [0.301]
Est.Std.Dev. 0.072 0.091 0.025 0.149 0.017 0.181 0.149 0.853 0.049 0.298
Rej. 0.060 0.084 0.049 0.056 0.051 0.060 0.057 0.046 0.048 0.050
400 groups, 7600 observations
Median 0.500 0.246 0.999 1.000 1.000 0.999 1.001 0.490 0.999 0.999 1.000
Rob.Std.Dev. (0.052) (0.068) (0.018) (0.109) (0.012) (0.127) (0.112) (0.606) (0.068) (0.034) (0.211)
Std.Dev. [0.054] [0.071] [0.018] [0.111] [0.012] [0.130] [0.111] [0.605] [0.068] [0.035] [0.212]
Est.Std.Dev. 0.051 0.065 0.018 0.106 0.012 0.128 0.106 0.600 0.034 0.210
Rej. 0.051 0.065 0.051 0.055 0.054 0.056 0.050 0.051 0.050 0.052
800 groups, 15200 observations
Median 0.499 0.249 1.000 1.001 1.000 1.000 1.001 0.499 0.999 1.000 1.003
Rob.Std.Dev. (0.036) (0.047) (0.013) (0.075) (0.008) (0.093) (0.074) (0.426) (0.047) (0.024) (0.152)
Std.Dev. [0.037] [0.049] [0.012] [0.077] [0.008] [0.092] [0.077] [0.434] [0.048] [0.025] [0.151]
Est.Std.Dev. 0.036 0.047 0.012 0.075 0.008 0.091 0.075 0.424 0.024 0.149
Rej. 0.056 0.062 0.050 0.054 0.052 0.052 0.055 0.054 0.054 0.055
1600 groups, 30400 observations
Median 0.500 0.249 1.000 1.001 1.000 1.000 1.000 0.500 1.001 1.000 1.002
Rob.Std.Dev.  (0.025) (0.033) (0.009) (0.052) (0.006) (0.063) (0.053) (0.306) (0.033) (0.017) (0.108)
Std.Dev. [0.026] [0.033] [0.009] [0.053] [0.006] [0.064] [0.053] [0.300] [0.033] [0.017] [0.106]
Est.Std.Dev. 0.026 0.033 0.009 0.053 0.006 0.064 0.053 0.300 0.017 0.105
Rej. 0.051 0.054 0.054 0.055 0.051 0.049 0.049 0.047 0.043 0.050

1. Median value, robust standard deviation (1Q/1.35), standard deviation, median of estimated standard deviation and mean rejection
rate of the Wald test of our QMLE and Lee’s CMLE across 5000 repetitions. The CMLE is based on the within-group variation hence

02, B1, Ba are not estimated. Also, Lee(2007) does not offer estiamte of the variance for o2,

2. Data generating process is based on model (10): yir = f1 + AY—iyr + 1,irP2 + 5227(,1-)7463 + 3,04 + ar + € , with the true
parameter values given in the top panel of the table. Group size m, is drawn from a discrete uniform distribution ¢/{13,25} . Sample
is generated by: x1: ~ N(0,1), z24 ~ N(0,1), and Zo (), is the leave out mean of x2 i, 3, ~ N(0,1), a, ~ N(0,0.25), and
€ir ~ N(0,1). All variables are independent of each other across i and r .
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Table 4: Simulation Results: m, ~ U{13,25}, Homoscedastic Normal Errors, z; = x4

QMLE CMLE
A oo o? b1 B2 B3 B4 A ol B2 B3
True value
0.500 0.250 1.000 1.000 1.000 1.000 1.000 0.500 1.000 1.000 1.000
50 groups, 950 observations
Median 0.500 0.225 0.987 1.001 1.005 0.995 0.995 0.545 1.003 0.999 0.898
Rob.Std.Dev. (0.553) (0.788) (0.073) (1.121) (0.091) (2.123) (1.109) (2.141) (0.241) (0.163) (3.344)
Std.Dev. [0.592] [1.868] [0.078] [1.198] [0.093] [2.076] [1.194] [2.301] [0.272] [0.167] [3.482]
Est.Std.Dev. 0.634 0.836 0.079 1.251 0.109 2.517 1.265 2.120 0.162 3.336
Rej. 0.230 0.238 0.066 0.231 0.114 0.242 0.229 0.045 0.045 0.043
100 groups, 1900 observations
Median 0.486 0.253 0.991 1.032 1.004 1.055 1.025 0.490 0.996 1.001 1.036
Rob.Std.Dev. (0.439) (0.625) (0.055) (0.888) (0.070) (1.669) (0.870) (1.463) (0.160) (0.112) (2.286)
Std.Dev. [0.422] [0.931] [0.056] [0.849] [0.070] [1.566] [0.851] [1.512] [0.171] [0.116] [2.366]
Est.Std.Dev. 0.473 0.599 0.059 0.940 0.082 1.883 0.931 1.475 0.113 2.321
Rej. 0.221 0.231 0.067 0.218 0.129 0.224 0.220 0.049 0.052 0.049
200 groups, 3800 observations
Median 0.500 0.241 0.996 0.994 1.001 0.994 0.999 0.515 1.000 0.999 0.947
Rob.Std.Dev. (0.320) (0.414) (0.040) (0.636) (0.052) (1.218) (0.639) (1.062) (0.119) (0.079) (1.659)
Std.Dev. [0.308] [0.572] [0.040] [0.619] [0.051] [1.153]  [0.620] [1.055] [0.118] [0.080] [1.643]
Est.Std.Dev. 0.340 0.416 0.043 0.677 0.059 1.341 0.678 1.044 0.079 1.638
Rej. 0.195 0.208 0.066 0.190 0.132 0.189 0.189 0.046 0.052 0.047
400 groups, 7600 observations
Median 0.495 0.252 0.997 1.011 1.002 1.019 1.009 0.480 0.998 1.000 1.024
Rob.Std.Dev. (0.248) (0.320) (0.031) (0.495) (0.041) (0.939) (0.498) (0.712) (0.078) (0.057) (1.154)
Std.Dev. [0.236] [0.381] [0.030] [0.474] [0.039] [0.889] [0.473] [0.735] [0.081] [0.057] [1.178]
Est.Std.Dev. 0.249 0.307 0.031 0.494 0.043 0.968 0.497 0.735 0.056 1.153
Rej. 0.171 0.181 0.073 0.169 0.134 0.172 0.170 0.048 0.056 0.052
800 groups, 15200 observations
Median 0.498 0.250 0.998 1.004 1.000 1.010 1.004 0.505 1.000 1.000 0.992
Rob.Std.Dev. (0.175) (0.219) (0.022) (0.351) (0.030) (0.672) (0.351) (0.517)  (0.058) (0.040) (0.821)
Std.Dev. [0.168] [0.242] [0.022] [0.336] [0.029] [0.641] [0.337] [0.523] [0.058] [0.040] [0.826]
Est.Std.Dev. 0.178 0.218 0.022 0.356 0.030 0.684 0.356 0.520 0.040 0.817
Rej. 0.129 0.144 0.073 0.130 0.113 0.132 0.127 0.052 0.051 0.052
1600 groups, 30400 observations
Median 0.497 0.253 0.999 1.005 1.001 1.007 1.007 0.498 1.000 1.001 1.004
Rob.Std.Dev. (0.127) (0.158) (0.016) (0.254) (0.021) (0.484) (0.253) (0.369) (0.041) (0.028) (0.586)
Std.Dev. [0.123] [0.165] [0.016] [0.246] [0.021] [0.468]  [0.246] [0.368] [0.041] [0.028] [0.577]
Est.Std.Dev. 0.126 0.155 0.016 0.253 0.021 0.484 0.253 0.368 0.028 0.577
Rej. 0.111 0.120 0.076 0.110 0.093 0.108 0.111 0.047 0.050 0.050

1. Median value, robust standard deviation (1Q/1.35), standard deviation, median of estimated standard deviation and mean rejection
rate of the Wald test of our QMLE and Lee’s CMLE across 5000 repetitions. The CMLE is based on the within-group variation hence

02, B1, Ba are not estimated. Also, Lee(2007) does not offer estiamte of the variance for o2,

2. Data generating process is based on model (10): yir = f1 + AY—iyr + 1,irP2 + 5227(,1-)7463 + 3,04 + ar + € , with the true
parameter values given in the top panel of the table. Group size m, is drawn from a discrete uniform distribution ¢/{13,25} . Sample
is generated by: x1:r ~ N(0,1), T2 = 14 , and Ty (), is the leave out mean of 2, 23, ~ N(0,1), a» ~ N(0,0.25), and
€ir ~ N(0,1). All variables are independent of each other across i and r .
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Table 5: Simulation Results for A : Alternative Group Size Distributions, Homoscedastic Normal
Errors, x1 = 29

m, ~U{3,5} m, ~ U{4,8} m, ~ U{8,30} m, ~ U{10,22}
QMLE CMLE QMLE CMLE QMLE CMLE QMLE CMLE
A A A A A A A A

True value
0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500

50 Groups
Median 0.502 0.561 0.494 0.575 0.487 0.545 0.481 0.567
Rob.Std.Dev. (0.222) (0.916) (0.257)  (0.993) (0.331) (1.090) (0.457)  (1.682)
Std.Dev. [0.201]  [1.580] [0.241]  [1.193] [0.340]  [1.136] [0.451]  [1.777]
Est.Std.Dev. 0.205 0.887 0.243 0.953 0.330 1.088 0.483 1.603
Rej. 0.163 0.064 0.175 0.058 0.175 0.040 0.209 0.051

100 Groups
Median 0.500 0.542 0.497 0.549 0.493 0.531 0.496 0.550
Rob.Std.Dev. (0.164) (0.629) (0.184) (0.667) (0.243)  (0.758) (0.329) (1.140)
Std.Dev. [0.151]  [0.734] [0.175]  [0.736] [0.237]  [0.785] [0.325]  [1.184]
Est.Std.Dev. 0.152 0.614 0.179 0.659 0.242 0.761 0.348 1.129
Rej. 0.140 0.054 0.145 0.049 0.151 0.050 0.188 0.046

200 Groups
Median 0.502 0.534 0.503 0.518 0.498 0.534 0.500 0.537
Rob.Std.Dev. (0.110) (0.437) (0.127)  (0.459) (0.171)  (0.529) (0.249) (0.812)
Std.Dev. [0.108]  [0.464] [0.127]  [0.481] [0.169]  [0.534] [0.240]  [0.811]
Est.Std.Dev. 0.110 0.430 0.129 0.460 0.173 0.538 0.254 0.793
Rej. 0.113 0.046 0.119 0.049 0.121 0.047 0.168 0.047

400 Groups
Median 0.497 0.507 0.500 0.517 0.499 0.511 0.497 0.501
Rob.Std.Dev.  (0.081) (0.298) (0.095) (0.333) (0.124)  (0.383) (0.183) (0.552)
Std.Dev. [0.079] [0.312] [0.093] [0.332] [0.124] [0.381] [0.173]  [0.561]
Est.Std.Dev. 0.080 0.299 0.093 0.325 0.125 0.379 0.185 0.557
Rej. 0.085 0.046 0.093 0.050 0.105 0.046 0.135 0.049

800 Groups
Median 0.501 0.508 0.500 0.505 0.498 0.501 0.501 0.499
Rob.Std.Dev. (0.058) (0.211) (0.067) (0.229) (0.088) (0.265) (0.129) (0.388)
Std.Dev. [0.057]  [0.216] [0.065]  [0.232] [0.087]  [0.266] [0.127]  [0.388]
Est.Std.Dev. 0.057 0.211 0.066 0.228 0.089 0.267 0.130 0.394
Rej. 0.067 0.051 0.072 0.049 0.080 0.047 0.107 0.046

1600 Groups
Median 0.499 0.506 0.500 0.499 0.501 0.504 0.499 0.497
Rob.Std.Dev.  (0.040) (0.150) (0.046) (0.161) (0.062) (0.188) (0.093) (0.274)
Std.Dev. [0.040]  [0.152] [0.047]  [0.163] [0.062]  [0.187] [0.091] [0.278]
Est.Std.Dev. 0.040 0.149 0.047 0.161 0.063 0.189 0.093 0.278
Rej. 0.059 0.048 0.061 0.052 0.066 0.044 0.077 0.050

1. Median value, robust standard deviation (IQ/1.35), standard deviation, median of estimated standard
deviation and mean rejection rate of the Wald test of our QMLE and Lee’s CMLE across 5000 repetitions.
For simplicity, we only present estimates of the endogeneous peer effects (\).

2. Data generating process is based on model (10): yir = B1+AY(—iyr +T1,ir B2+ To,(—i)r B3+ 23,0 fa+ r +€ir
, with the A = 0.5 and all 8 s being 1. Sample is generated by: z1,r ~ N(0,1), 2, = z1,» and To,(—i)r 1S
the leave out mean of x2;r, 3~ ~ N(0,1), ar ~ N(0,0.25), and €;» ~ N(0, 1). All variables are independent
of each other across i and r.

3. Group size m, is drawn from U{3,5} (Case 1), U{4,8} (Case 2), U{8,30} (Case 3), U{10,22} (Case 4).
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Table 6: Simulation Results: Homoscedastic but Nonnormal Errors, m, ~ U{2,6}, 1 = xo

Skew Normal Student Distribution
QMLE CMLE QMLE CMLE
A B3 A B3 A B3 A B3

True value
0.500 1.000 0.500 1.000 0.500 1.000 0.500 1.000

50 Groups
Median 0.500 0.993 0.580 0.991 0.499 1.004 0.610 1.010
Rob.Std.Dev. (0.119) (0.345) (0.525) (0.443) (0.106) (0.303) (0.633) (0.386)
Std.Dev. [0.114] [0.339] [0.634] [0.516] [0.109] [0.315] [0.862] [0.470]
Est.Std.Dev. 0.107 0.314 0.483 0.446 0.099 0.288 0.487 0.390
Rej. 0.091 0.089 0.047 0.033 0.084 0.084 0.078 0.034

100 Groups
Median 0.501 1.002 0.539 0.993 0.500 1.001 0.553 1.007
Rob.Std.Dev. (0.080) (0.241) (0.346) (0.309) (0.074) (0.213) (0.422) (0.268)
Std.Dev. [0.080] [0.236] [0.380]  [0.325] [0.075] [0.219] [0.468]  [0.284]
Est.Std.Dev. 0.077 0.228 0.326 0.301 0.070 0.207 0.328 0.262
Rej. 0.082 0.070 0.046 0.043 0.070 0.071 0.085 0.042

200 Groups
Median 0.501 1.000 0.520 0.998 0.499 1.001 0.534 1.002
Rob.Std.Dev. (0.057) (0.169) (0.235) (0.209) (0.051) (0.152) (0.295) (0.186)
Std.Dev. [0.058] [0.171] [0.254] [0.217] [0.052] [0.154] [0.313] [0.189]
Est.Std.Dev. 0.055 0.164 0.228 0.208 0.051 0.149 0.229 0.182
Rej. 0.074 0.068 0.058 0.046 0.065 0.062 0.121 0.047

400 Groups
Median 0.500 1.000 0.515 0.999 0.501 0.998 0.516 0.998
Rob.Std.Dev. (0.039) (0.115) (0.169) (0.143) (0.036) (0.107) (0.204) (0.128)
Std.Dev. [0.039] [0.116]) [0.172] [0.148] [0.036] [0.109] [0.219] [0.131]
Est.Std.Dev. 0.039 0.117 0.160 0.146 0.036 0.106 0.159 0.127
Rej. 0.054 0.053 0.059 0.047 0.056 0.056 0.131 0.052

800 Groups
Median 0.500 1.000 0.504 0.998 0.501 0.998 0.510 0.998
Rob.Std.Dev. (0.028) (0.086) (0.116) (0.104) (0.026) (0.076) (0.152) (0.091)
Std.Dev. [0.028] [0.084] [0.119] [0.104] [0.026] [0.077] [0.155]  [0.093]
Est.Std.Dev. 0.028 0.083 0.112 0.102 0.026 0.075 0.112 0.089
Rej. 0.052 0.055 0.062 0.052 0.056 0.052 0.137 0.058

1600 Groups
Median 0.500 1.000 0.504 0.999 0.501 1.000 0.504 1.001
Rob.Std.Dev. (0.019) (0.057) (0.084) (0.071) (0.018) (0.052) (0.103) (0.064)
Std.Dev. [0.019] [0.058] [0.085] [0.071] [0.018] [0.054] [0.106] [0.064]
Est.Std.Dev. 0.020 0.059 0.079 0.072 0.018 0.054 0.079 0.063
Rej. 0.045 0.045 0.068 0.043 0.054 0.053 0.136 0.051

1. Median value, robust standard deviation (IQ/1.35), standard deviation, median of estimated stan-
dard deviation and mean rejection rate of the Wald test of our QMLE and Lee’s CMLE across 5000
repetitions. For simplicity, we only present estimates of the endogeneous peer effects (A) and exoge-
nous peer effects (83).

2. Data generating process is based on model (10): y;r = 1+ AY(—iyr +z1,ir B2 +£27(,i>rﬁ3 +x3 .04+
ar~+é€ir , with A = 0.5 and all 8 s being 1. Group size m, is drawn from a discrete uniform distribution
U{2,6}. Sample is generated by: 1, ~ N(0,1), Z2.4r = Z1ir , and Ty (_;), is the leave out mean of
Z2,ir, T3, ~ N(0,1). All variables are independent of each other across i and r .

3. In the case of Skew normal distribution, location is 0, scale is 1 and shape is 0.9/4/1 — 0.92. In the
case of student distribution, degree of freedom is 6. In all cases, o, and €;, are indepdently drawn
from identical distribtion and standardized to have mean 0 and variance 0.25, 1 respectively.
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Table 7: Simulation Results: Heteroscedastic Normal Errors, x1 = x9

m, ~ U{2,6} m, = 4 for all
02 €{05,1.5} e =1 for all 0?2 €{0.5,1.5} 02€1{0.4,0.8,1.2,1.6}
A B3 A B3 A B3 A B3

True value
0.500 1.000 0.500 1.000 0.500 1.000 0.500 1.000

50 Groups
Median 0.502 0.994 0.504 0.990 0.485 1.047 0.499 1.003
Rob.Std.Dev. (0.097) (0.298) (0.116) (0.352) (0.246)  (0.794) (0.305) (0.989)
Std.Dev. [0.100]  [0.299] [0.118]  [0.352] [0.783]  [2.493] [0.969] [3.083]
Est.Std.Dev. 0.090 0.265 0.106 0.311 0.173 0.566 0.172 0.545
Rej. 0.079 0.085 0.093 0.098 0.104 0.103 0.144 0.141

100 Groups
Median 0.502 0.996 0.501 0.999 0.500 1.003 0.500 1.002
Rob.Std.Dev. (0.067) (0.196) (0.080) (0.239) (0.147)  (0.479) (0.182) (0.591)
Std.Dev. [0.067]  [0.200] [0.079]  [0.235] [0.479]  [1.509] [0.639] [2.012]
Est.Std.Dev. 0.064 0.191 0.077 0.227 0.125 0.410 0.130 0.422
Rej. 0.077 0.076 0.074 0.074 0.085 0.081 0.122 0.114

200 Groups
Median 0.500 1.004 0.500 0.998 0.496 1.011 0.498 1.007
Rob.Std.Dev.  (0.046) (0.140) (0.055) (0.168) (0.099) (0.321) (0.114) (0.365)
Std.Dev. [0.047]  [0.140] [0.056]  [0.166] [0.187]  [0.593] [0.327] [1.018]
Est.Std.Dev. 0.045 0.136 0.055 0.163 0.092 0.300 0.096 0.312
Rej. 0.068 0.065 0.068 0.067 0.070 0.067 0.093 0.086

400 Groups
Median 0.500 1.002 0.500 1.000 0.498 1.002 0.500 1.000
Rob.Std.Dev. (0.033) (0.098) (0.040) (0.122) (0.068) (0.221) (0.072) (0.236)
Std.Dev. [0.032]  [0.097] [0.040] [0.119] [0.088]  [0.283] [0.128] [0.405]
Est.Std.Dev. 0.032 0.097 0.039 0.117 0.066 0.214 0.069 0.222
Rej. 0.056 0.057 0.059 0.059 0.057 0.055 0.067 0.061

800 Groups
Median 0.500 0.999 0.500 1.000 0.500 1.002 0.500 1.001
Rob.Std.Dev. (0.023) (0.071) (0.028) (0.082) (0.049) (0.161) (0.050) (0.160)
Std.Dev. [0.023]  [0.069] [0.028]  [0.083] [0.053] [0.171] [0.056] [0.180]
Est.Std.Dev. 0.023 0.069 0.028 0.083 0.047 0.152 0.049 0.159
Rej. 0.055 0.050 0.059 0.054 0.050 0.050 0.056 0.055

1600 Groups
Median 0.500 1.001 0.500 1.001 0.499 1.003 0.500 0.998
Rob.Std.Dev. (0.016) (0.048) (0.020)  (0.060) (0.033) (0.109) (0.035) (0.116)
Std.Dev. [0.016] [0.049] [0.020]  [0.059] [0.034] [0.111] [0.037] [0.120]
Est.Std.Dev. 0.016 0.049 0.020 0.059 0.033 0.108 0.035 0.113
Rej. 0.053 0.053 0.055 0.059 0.046 0.044 0.050 0.045

1. Median value, robust standard deviation (IQ/1.35), standard deviation, median of estimated standard deviation
and mean rejection rate of the Wald test of our QMLE across 5000 repetitions. For simplicity, we only present
estimates of the endogeneous peer effects (\) and exogenous peer effects (83).
2. Data generating process is based on model (10): yir = B1 + AY(—iyr + T1,irB2 + T2, (—i)rP3 + T3, 01 + v + €ir
with A = 0.5 and all 8 s being 1. Sample is generated by: x1,i» ~ N(0,1), Z2,ir = T1,5» and To,(—i)r 18 the leave
out mean of z2:r, 3,» ~ N(0,1), ar ~ N(0,0.25). When there are more than one category of o., groups are
equally distributed into different categories. All variables are independent of each other across i and r.
3. In the first case (Columns 1-2), the model has both heteroscedasticity and group size variation. In the second
case (Columns 3-4),the DGP has homoscedastic o2 and group size variation. But the estimation process assumes
two categories of o2. In both case 1 and case 2, group size m, is drawn from U{2,6}. In Cases 3 and 4, group
size is 4 for all.
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B Preliminaries

In proving consistency and asymptotic normality of the QMLE estimator we encounter linear
quadratic forms of the form
SN(0) =UAN(O)U + U'an(0) (B.1)

where Ay () is an N x N non-stochastic matrix, an () is an N —dimensional non-stochastic column
vector, and where Ay () and apn () exhibit some special structures. In the following we describe
that structure in more detail, and collect some basic lemmata used in proving the consistency and
asymptotic normality of the QMLE.

We adopt the following notation: Partition an N x N matrix Ay into R X R submatrices, with
the (r,7’)-th submatrix being an m, x m, matrix, r,’ = 1,..., R. We then denote the (r,r’)-th
submatrix of Ay as A,y n, and the (i, j)-th element of Ay as a;n, 1 <i < N, 1< j<N.
Partition an N x 1 vector apy into R subvectors, with the r-th subvector being an m, x 1 vector.
We then denote the r-th subvector of ay as a(,) y and the i-th element of ay as a; y. In line with
Kelejian and Prucha (2001), we call the column and row sums of an N x N matrix Ay () uniformly
bounded in absolute value if there exists some finite constant C' (which does not depend on N or
6) such that

supgeo >iey [a(0)ijn] < C, suppee Y0 la(8)ijn| < C.

A corresponding definition applies to rectangular matrices. Of course, if the row sums of Ay (6)
are uniformly bounded in absolute value, and the elements of ay(f) are uniformly bounded in
absolute value, then the elements of Ay (0)an(0) are uniformly bounded in absolute value. Note
that if the row and column sums of Ax(0) and By(f) are uniformly bounded in absolute value,
then An(0) + Bn(0) and Ax(60)Bn(6) (if dimension permits addition or multiplication) also have

row and column sums uniformly bounded in absolute value.?

B.1 Basic Properties of Matrices Forming the Log-Likelihood Function

Recall that § = (01,...,0742), with 6, = X\,0 =02, and 6,2 :Uz,j for j = 1,...,J, and that
in light of Assumptions 1, 2, and 3 the parameter space © is compact. An inspection of the
expression of the log-likelihood function shows that it depends on the following set of matrices:
I =AW, (I = XW)~L Q@), Q)~!, W. For generic functions p(m,, D,,6) and s(m,., D,,0) all

these matrices are symmetric block diagonal matrices of the form

An(0) = diagf | {p(m,, D, 0)I}, + s(my,D,,0)J5 }. (B.2)

8This is readily seen by argumentation in line with Kelejian and Prucha (1999).
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In particular, by replacing p (.) and s (.) with specific functions ¢g, pq, dw, Vs, o and Yy defined

below, one obtains

I-\W = diagl, {¢s(m, 0)I}, +bs(my,0)J5, } (B.3)
(I=2W)™t = diaglhy {5" (me,00) 1, +v5"' (mr, 00) T, }
Qo = diagfh {¢a(my, Dy, 00)I} +va(my, Dy, 600)J% },
QO) = diagl, {¢g (mr, Dy O)I%, + g (my, Dy, 0) 5 1,
W= diagll {ow (my,0)I, + Yw(m.,0)J5, },

where
¢S(m7’50) = mrﬁ?\’ ¢S(mr’9) =1-A
¢Q(mr’ DT79) = UE,DT, wﬂ(mra D, 9) = (7527DT + mrUg- (B'4)
¢W(m7“70) = _ﬁu wW(m’l’ae) =1

It is readily seen that there exists an open bounded set ©, such that © ¢ ©, C (—1,1) x R/+!
such that the placeholder functions p(m,, D,,6) and s(m,, D,, ), explicitly defined in (B.4), are
continuously differentiable on ©,. Thus, by Bolzano-Weierstrass’ extreme value theorem there

exists a positive constant C, which does not depend on 6, such that
0 < |p(my, Dy, 0)|,|s(my, Dy, 0)|,|0p(my, Dy, 0)/00;| ,|0s(my, Dy, 0)/06;| < C < o0, (B.5)

for all # € ©. ? This implies that p(m,., D,,0) and s(m,., D,,#) are both uniformly continuous on
O. Observing that ¢q(m,, D,,8) and ¥q(m,, D,,0) are positive on O it follows further that there

exists a positive constant ¢, which does not depend on 6, such that
O<C§¢Q(mT7DT79)7¢Q(mT‘7DT79) SC<OO (B6)

Since I;, and Jy, are orthogonal and idempotent, the multiplication of block diagonal matrices,
where the blocks are of the form p(m,, D,,0)I, + s(m;,D,,0)J;

m,> yields a matrix with the same

structure. Furthermore the multiplication of those matrices is commutative. More specifically, let

An(0) = diagf,%:l {p(m,,D,,0)I, + s(m;,D,,0)J, }

and Ay (0) = diagh | {p(m,, Dy, 0)I%, + §(my, Dy, 0)J7, }, then

AN(H)AN(G) = diagﬁzl {p(m;, Dy, 0)p(m,, D,,0) I, + s(my, Dy, 0)5(m,, D, 0)J;, }.

90f course, since m, only takes on finitely many values, the constants can also be taken such that they do not
depend on m,. We note, although not stated explicitly, all subsequent uniformity results also hold uniformly for
my € {m:2<m< M}
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In addition, Ay (#) and Ay (#) commute, Ay (0)An(0) = An(0)An(6). Also,

p(m, j,0) I}, + s(m, j,0)J5 [ = H H[ p(m, 5,0)™ 18(m,j,9)}Rm’j, (B.7)
j=1m=2

I, I:]il

J
| AN (0) H

as is readily checked observing that pI}, + sJ;5, = p{In + [(s — p)/(pm)]tmt,, } and applying Propo-
sition 31 in Dhrymes (1978), Section 2.7 on p. 38, to compute the determinant of the matrix in

curly brackets. Furthermore,

M
tr (AN(G)) - Z Z Rm,j ((m - 1)p(m7j7 9) + 8(m7j7 9)) :

j=1m=2

and

1 R
—Z'AN0)Z = = (p(me, Dp,0)Z/1}, Zp + s(my, Dy, 0)ZJ, Zy) (B.8)
r=1

=

J M
—ZZ(pmJ, NZZZJF””J’ ZWZT)

j=1m=2 r€Lm, i T‘G.Zm ;

We note that the row and column sums of any matrix Ay (6) of the form (B.2) are uniformly
bounded in absolute value, if p(m,, D,,0) and s(m,, D, 8) are uniformly bounded in absolute value
(observing that m,. is bounded by Assumption 4). We note further that in light of Assumption 5 the
elements of N1 Z’ An(0)Z are uniformly bounded in absolute value. If additionally p(m,., D, ) and
s(my, Dy, 0) are positive and bounded away from zero, then also the elements of (Nle’AN(G)Z)_l
are uniformly bounded; see Lemma B.5. Consequently the elements of (N~1Z'Q(0)Z )_1 are uni-
formly bounded, and the row and column sums of Z(Z'QU(0)Z)"1Z' = N~1Z (Nle’Q(G)Z)_l z',
Qo) 1z (N_IZ’Q(@)Z)_1 Z'Q(0)~! and Mz(#) are uniformly bounded in absolute value. As a re-
sult, Mz (6) and OM~(6)/06; = —Mz(0) (0Q2(6)/06;) Mz(0) have row and column sums uniformly
bounded in absolute value.

In all, if a matrix Ay(#) is the product of I — AW, (I — AW)~L, Q(0), Q(0)~, W, 92(0)/06;,
and Myz(0), then both An(0) and 0AN(0)/00; have row and column sums uniformly bounded in
absolute value, and the elements of Ay (6)Z 3 are uniformly bounded in absolute value over 6 € ©
and N.

B.2 Limit Theorems for Linear Quadratic Forms in U

The following result follows trivially from Lemma A.1 in Kelejian and Prucha (2010), and is only

given for the convenience of the reader.

Lemma B.1. [Mean and Covariance] Let A and B be N x N nonstochastic symmetric matrices,
which are partitioned into R? submatrices and let a and b be N x 1 vectors, which are conformably

partitioned into R subvectors. Let a;j and b;; denote the (i, j)-th element of A and B, let A, ,+y and
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By,.,+y denote the (r,7")-th block of dimension m, x m,, let vecp(A(y.,y) and vecp(By,.,)) denote the
column vectors of the diagonal elements of Ay and By, let a; and b; denote the i-th element
of a and b, and ay and b,y denote the r-th subvectors of dimension m, x 1. Let Jp, be the m x m

matriz of ones. Then, under Assumptions 1 and 2,

E(U'AU + U'a) = tr(Q0A),
COV(U’AU + U’CL, U'BU + U’b) = 2tr (AQ()BQ(]) + CL/Qob

R R
4 4
+ 3 veen(Ag ) veen (B (1o p, — 307 p,) + 3 [tl"(A(rr)JmT)} [U‘(B(rr)er)} (149 — 30o)
r=1

r=1

R R
3 3
+ 3 (veen (A by + veen (B aw) 1), + 3 [th, Ar) I bie) + tin, Bery Ime oy | 150
r=1 r=1

Proof. Let H = [040diagl | {tm,},diagl {oc0.p,I;m, }]. Consider the (N + R) x 1 dimensional
vector

5 = (Oél/o-aO, ceeey aR/O-OzO, E/1/0-60,D1, ceey 6/}2/060,1712)/’

Then U = HE, and
U'AU +U'a = ¢ (H AH)¢ + € (H'a). (B.9)

Note that by Assumptions 1 and 2, the elements of £ are independently distributed with E [§] =

O(n4+R)x1> Var (§) = Inyr. Denote the i-th entry of { as &;, 1 <4 < N + R. Denote the third and
fourth moments of §; as ,ug’) and ,ug) respectively. Under Assumptions 1 and 2, when 1 < i < R,
MS) = M(a?’o)/aio and MS) = M((jo)/fféo- When R+mj + ...+ my_1 +1 <i < R+mqg + ... +my,
Hg’) = :U’E(?;?DT/ U?O,DT and MS)
Bllg|*7] < 0.

Using the transformation of linear quadratic forms in (B.9) and applying Lemma A.1 in Kelejian

and Prucha (2010) yields,

= “Eé)Dr Jod p,- Furthermore, there exists some 7¢ > 0 such that

E[U'AU + U'a) = E[¢'(H'AH)¢ + ¢ (H'a)] = tr(H'AH) = tr (AQ)

observing that
HH' = o} diag," {tmtm, } + diag/" {USO,DTI’VTW} = (.

39



Furthermore the variance of the linear quadratic forms in U is given by

Cov(U'AU + U'a,U'BU + U'b)
= Cov (§'(H'AH)¢ + §'(H'a), ' (H'BH)S + §'(H'D))
=2tr (H'AHH'BH) +d' HH'b

N+R N+R

+ 30 (H'AH)(H' BH () —3)+ S [(H'AH)is(H'b); + (H'BH)ii(H'a)i] )
i=1 i=1

=2tr (AQQBQ()) + a/Qob

R R
4 4
+ 3" veen(Ag)' veep (B (1o p, — 30%.p,) + Y [tr(A(rr)er)] [tr(B(rr)er)} (19 — 30o)
r=1 r=1
R

R
+ Y (veen(Ag) by + VeCD(B(r,r))’a(r))Mgg?DT + (L{mTA(rr)erb(r) + U, B(rr)era(r)) u-
r=1

r=1

O

Lemma B.2. [Central Limit Theorem] Suppose Assumptions 1-6 hold. Forl =1,...,L let A%)
be non-stochastic N x N matrices where the row and column sums of the absolute elements are
uniformly bounded in N, and let ag\l,) be N x 1 non-stochastic vectors where the absolute elements
are uniformly bounded in N. Let Sy = [S](\}),S](\?), ..,S’](\%)]’ be an L x 1 wvector of linear quadratic
forms of U, with

SO =vAVv+val), 1=1,..L

Let ¥ g n denote variance covariance matriz of Sy, where explicit expressions for the elements of
YsN are readily obtained from Lemma B.1, and assume that pmin(Xsn) > ¢ for some constant

c>0. Let Ygny = Z}q/f\,Eg/]QV, then

Son (S — E[Sx]) % N(0,11)

as N — oo.
(Note that under Assumption 5 the conditions postulated for as\l,) hold if ag\l,) = B](\l,)Zﬁo, and the
B](\l,) are non-stochastic N x N matrices where the row and column sums of the absolute elements

are uniformly bounded in N.)
Proof. Let H and & be defined as in the proof of Lemma B.1, so that U = H¢. Upon substitution
of this expression for U we have
l (1 ~(I
SN = E AN, g€ + €A, g

where flg\l,)JrR = (1/2)H’(A§\l,) + A%)/)H, dg\l,)JrR = H’a%). Clearly, in light of Assumptions 1 and
2, ¢ satisfies Assumptions A.1 and A.3 in Kelejian and Prucha (2010). Furthermore, given the

. . . l l . .
maintained assumptions on Ag\,) and agv), and since the row an column sums of H are uniformly
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bounded in absolute value, it follows that the row and column sums of flg\lf) 4+ and the elements

of &g\l[) +r are uniformly bounded in absolute value. This verifies that those matrices and vectors
satisfy the conditions of Assumption A.2 in Kelejian and Prucha (2010). The lemma now follows

from Theorem A.1 in Kelejian and Prucha (2010). O
As above, let ©, be an open bounded set with © ¢ ©, C (—1,1) x R/*+1.

Lemma B.3. [Uniform Convergence] Let ©g be an open set containing ©. Let An(0) and By (0)
be N x N matrices and let Sn(0) be a linear-quadratic form of U:

Sy(0) = U'AN(0)U + U'By(0)Z B

where An(0) and By (6) are differentiable N x N matrices defined for 8 € ©q. Suppose Assumptions
1-5 hold, and suppose the row and column sums of An(0), BN(0), 0AN(0)/00; and OBN(0)/00;, i =
1,...,J +2, are bounded in absolute value uniformly in N and 0. Then N~1Sn(0)— N-'E[Sn(6)]

converges uniformly to zero i.p., i.e.,

plim sup [N"1Sx(8) — N"'E[Sx(0)] | = 0.

N—000€0
Remark B.1. Given the uniform convergence in probability of N=1Sy(6) to its mean and the
equicontinuity of N~'Sx(6), we have plim |[N 'Sy (Oy)—N"'E [Sy(60)]| = 0 as N goes to infinity

R N—o0
if O — 6.

Proof. To prove the lemma we verify that N~1Sy(0) and N=1Sy(0) = N~1E [Sy(0)] satisfy the
conditions postulated by Corollary 2.2 of Newey (1991); cp., also Theorem 3.1(a) and the discussion
after eq. (2.7) in Potscher and Prucha (1994).

The parameter space © is compact by assumption. We next verify that N~'Sy(6) is uniformly
equicontinuous. By Lemma B.1, N~1Sy(0) = N~ 'tr(QoA(#)). Let 6,6 € O, then by the mean
value theorem

DA (6%)
a0,

ot (2 22N g gy,

tr(QoAn(0)) = tr(QoAn () + [tr(Qp 90142

where 6* is a “vector of between values”. Note that the row and column sums of Ay (), Vg, An(0) =
0AN(0)/00;, Q, and consequently the row and column sums of QpAn(0) and (20Vy, An(0)), are
uniformly (in # and N) bounded in absolute value. Consequently there exists a constant Cy which
does not depend on 0, &', or N such that

]N—l tr (QoAy(0)) — N~ tr (QOAN(G’))‘ <Callo -9, (B.10)

which establishes that N™1Sy(#) = N~ tr(QoAn(#)) is uniformly equicontinuous on ©.
We next prove point-wise convergence i.p. of N~1Sx(0) — N71E[Sn(0)] to zero. In light of
Chebychev’s inequality it suffices to show that the variance of N~1Sy(6) converges to 0 for any
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6 €O. Let Ay = (An(0) + A\ (0)) /2 and an = Bn(0)Zfp, then by Lemma B.1, the variance of
Sn(0) is

Var (N7128x(0)) =N~" tr (AnQ0An Q0 ) + N~ @y Qoan

N R

_ _ 4 _ — 2

+N7 Z(aiLN)z(:“’EO?DT(i) ~300,0,,) TN 'Y (tr(A(rr%Ner)) (15 — 30%0)
=1 r=1

N R
+2N71 Zai@Na@Nﬂgg?Dr(i) + oN 1 Z (lerz(rr),Nerd(r),N) ,U,S’).

i=1 r=1
Under our assumptions the row and column sums of €y, Ay, and thus of AxQ¢A N are uniformly
bounded. Furthermore, it is readily seen that the elements of @y are uniformly bounded in absolute
value. Consequently N~ !tr (ZNQOZNQO), N *16§VQOEN, and all sums in the above expression are
seen to be bounded by a finite constant uniformly in N. In turn this implies that Var(N =Sy (6)) —
0.

Finally we prove that N~!'Sy(6) satisfies the following Lipschitz condition:

[N"LSn(0) — NS (@)

<Cn o -l

for all 0,60’ € © and some nonnegative random variable Cy that does not depend on 6,0’ and where
Oy = O,(1). Tt proves again convenient to rewrite as Sy(0) as Sy(0) = &’ Ax(0)€ + €'ay(0) with
An(9) = H'An(0)H and ay(0) = H'Bn(0)ZBy, where H and ¢ are defined as in the proof of
Lemma B.1. Under the maintained assumptions Ay (6) and ay(6) are differentiable for 6 € ©,,
and the row and column sums of Ay (6), AN (0)/06; and the elements of dx(0), day(0)/d6; are
uniformly bounded in absolute value in 8 and N, with i = 1, ..., J 4+ 2. Consequently, for some finite

constant, say K, we have |@; y()| < K/2 and, using the mean value theorem,

N+R N+R
> N (0) — agn (@) < D 1065 (0.)/00]|0 — 0’| < K [0 — ¢,
j=1 j=1

with 0. a “between value”. Observing further that |£;¢;| < (€2 + 5]2)/2 we have for any 6,60 € ©

’N*lsN(e) — NSy (0)

= N7l [An(0) — An(0)] €+ N1 [an(9) — an(@)]]

) N+R N+R ) ) 92 N+R
~ ~ / ~ ~ /
< NTE ; ; @i (0) = @i (0] (& + )2+ ¢ ; [la;, N (0)] + |ai,n (0)]] 1]
1 N+R 2N+R 1 N+R 2N+R
~ ~ / ~ ~ /
S ¥TE ; & le @i, (8) — @i ()] + o3 ]Zl £ ; |aij v (0) — aijn ()]
ok N
+ > &l
N+R &
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and consequently [N~1Sy(0) — N71Sn(6")| < Cn [0 — €| where

ok NR
Cv =57 X (€ +leD:

Since E¢Z = 1, it follows that ECy < 4KE(£2 + |&]) < 8K, and thus Cy is O,(1). Having verified
all conditions of Corollary 2.2 of Newey (1991), this concludes the proof of the lemma. O

The following Lemma is helpful in proving Theorem E.1 later. Motivated by the proof of
Theorem E.1, we define the following variables: ¢ = 11 /\/\f 0 _ B, p = m Zr = — ZZ 1 Zirs

T mp—1+4A A e A=A s
Or = m: 1+)\050 B, ¢r=1+ mT,1+O)\07 Zir = Zir — Zr.

Lemma B.4. Suppose Assumptions 1-5 hold, and let ¢(.) be a finite positive scalar function of
mp, 0 < ¢y < Y(my) < Cy < oo forr=1,...,R. Assume that XNE X and BB By.Let py and py
be integers such that p1 =0, p2 20 and p1 + p2 < 4, then:

(a) The term R R D, = j)(my) S i ab2 has a finite expected value, and its deviation

from the expected value converges in probability to zero as R — oo.

(b) For integers 0 < s1 < p1, 0 < so < pa, and s1+s2 > 1,
1 B mro _
ﬁ Z 1(Dr = ])@Z’(mr) Z(éirgbr)sl (‘)bTuiT)pl_sl (zr‘d’)” (@ar)pQ_SQ —p 0.
J r=1 =1

(c) As R goes to infinity,

1 & myr
20 UD = )lme) Y (i (5 = 7] =, 0,
r=1 i=1

Proof. (a) With both m, and 1(D, = j)i(m,) being finite and 0 < p; + p2 < 4, Assumptions 1 and
2 imply that E [|1(D, = j)i(m,) S il ab2|' ] < C), < oo uniformly in r for some constant
C,, and some 1, > 0, and that 1(D, = j)¢(m,) > i@l ub? are independently distributed across
r. The claim thus follows from Theorem 5.4.1 and Corollary(ii) to that theorem in Chung (2001).

(b) Under Assumption 5, the elements of z, and Z; are uniformly bounded in absolute value
by some constants 0 < Cz < co. Under Assumptions 3 and 4, |¢| and |p| are uniformly bounded
by some constants 0 < C, < oco. Let \bel1, 1801, 180 — Bh be the ¢ norm of é,, By and By —
respectively. Observe that m, — 1 4+ Ay > € for some €) > 0, and thus

mr—l—i—S\

|prl1 = \mﬁo—ﬁh
(A =208 5
= \m—F(ﬁo—ﬁ)h

. 1 .
<A - AoHBoha + B0 — B1-
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Therefore,

|9 (m,)| |2i7“€57"|81 |ty [P~ ‘ET(Z_SPZ |t P22

~ 1 N _
<C¢C§1+82059p1+p2—s1—s2)(|)\ _ )\0||l30|1a + |50 B /8‘1)81|¢|82|ﬂir|p1_51|ﬂr|p2_82,

R my
% Y UDy = i)(me) D (Zirdr)™ (riiar ) (200)°2 (P )P
=1

7 r=1
R m
1 N s e pi—s1= TlS2l—— Ipa—
Ezl(Dr=J)ZIw(mr)llzz‘rﬁbrlslIsﬂruz'r\pl 2ol pun P2
Jr=1 i=1
ez
<CyCy ool msims)(|f — Ao\|ﬁo|1—+|ﬁo—6| ) el = 21 v =) D N [P [ P2,
R; r=1 i=1

Note that ¢ —, 0. With s; >0, s > 0 and s1 +s2 > 1, (|A = Xol[Boh & + |80 — B11)*[¢]* = 0.
By part (a) of the Lemma, R%_ SR LD, = §) S i [P~ @, [P2~%2 is bounded in probability.

Consequently the equation above converges to 0 in probability.
(c) We can rewrite ¢, = 1+ ¢, and ¢ = 1+ ¢, where ¢, = m:‘:il)f)\o , ¢ = —i‘:i‘g. Since

m,— 1+ Xy > €) for some €y > 0 and ]5\ — Ao| < 2, both ¢, and ¢ are uniformly bounded in absolute
value and there exists some constant 0 < C, < oo such that |&.| < C.|A — Ao| and |G| < Cc|A = Agl.
Next observe that by the mean-value theorem, for p > 1 we have (1 +x)P = 1+ px(1+2)P~! where

Z lies between x and 0. The equation also holds trivially for p = 0. Consequently,

e =1 = |(1+p&(1+ 977 (14 o5 (1+ 7 7) = 1]
= |p1paée (1 4+ PTG (1 4+ P 4 prge (14 P 4 pos (14 )|

< P2l G| (L 4+ P H L+ P2+ pr Gl (L + P 4 p2G (L + )P

where ¢ lies between ¢ and 0, ¢ lies between ¢ and 0, and thus ¢ and ¢ are both uniformly bounded
in absolute value. Therefore |(1+)P1=1(1+S)P27L|) |(14<)Pr 1| and |(1+4S)P27 L] are all uniformly

bounded. Therefore there exists some constant 0 < ), < oo such that
@1 gP2 — 1] < CplA = Aol

and
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1 U

- Z (D, = j)v(m,) Z ((@riigr )P (Bl P2 — P uP?)

R i=1
1 ] mT A A . —_
<, 221D =) X om0 1 i
r= i=1

; 1 ¢ AR
SCoCplh = Xol 7= > UDr = ) ) _ Ly a2
=1

7 r=1

By part (a) of the lemma, R%- SR 1D, = j) X Jiibtak?| is bounded in probability. The lemma
then follows. O

Lemma B.5. Suppose Assumption 5 holds. Let
An(0) = diag,Ly {p(mr,0) L, + s(my,0) T3, }

where, for 2 < m, < M, the scalar functions p(m,,0) and s(m,.,0) are positive and continuous on
the compact parameter space ©. Let Sn(0) = N~'Z'An(0)Z, then there exist positive constants c
and C that do not depend on 0 and N such that

0 < ¢ < Amin [SN(0)] < Amax [Sn(0)] < C < 0. (B.11)
Furthermore
sup |Sy(0) —S(0)] = 0 as N — oo, (B.12)
6cO

where S(6) = 2%22 Z}-le[p(m, 0)3tm.; + s(m, 0)%y, ;). The elements of S(6) are continuous on ©,
and

0 < ¢ < Amin [S(0)] < Amax [S(0)] < C < 0. (B.13)

Remark B.2. It follows from the uniform convergence of Sy (#) and the continuity of S(#) that if
éN —p 0y, then ‘SN(QAN) - S(@o)‘ —p 0as N — .

Proof. Observe that by the Bolzano-Weierstrass’ extreme value theorem there exist positive con-

stants ¢ and C, which do not depend on 6, such that
0 <c<p(mg,0),s(m,,0) <C < oo.

Since m, only takes on finitely many values the constants ¢ and C' can be chosen such that the
above inequalities hold for all m. By Assumption 5 we have 0 < §, < Apin [V -1 Y oreTm, Z 7, +
Nt doreT, mz,.z,] for some pair of (m,j). Since the elements of Z are bounded in absolute
value it follows further that there exists a finite constant £, such that for all pairs of (m,j),
Amax[IN 71 > r€Tm,; 7'7,] < €, < 0o and Apax|[N ! Yoret,,, Mezr] < £, < oo; see, e.g., Johnson
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and Horn (1985), Lemma 5.6.10 and the equivalence of matrix norms. Next observe that

Sn(0) = N> (p(my,0)Z, 1, Zy + s(my, 0) 2] Ty, Zr)
=1

— %i(pm&]\f ZZ’Z—i—s(mﬁN Zmzzr)

<

m:2]:1 TeIm ,J T'GIW 7
Consequently
. ¢'Sn(0)¢
Amin [SN(0)] = f —
= Jz\/[: XJ: m le (p(m’ G)N_l ZTEIm’j Z;“ZT + S(mv Q)N_l Zrelm’j mZLZT) ¢
2 jo1 ¢ERZ o
Mo J ¢ (NS, Z’Z + NIy, mzzr 10)
> ¢ Z Z inf ( (S / €lm )
m=2 j=1 ¢€sz d) gb
> C§Z >0
and
¢'Sn(0)¢
Amax [SN(0)] < sup —————
[Sn ()] P A
M SN ez, 21210 ¢ N Yez,,, M7
< m,0) sup i + s(m, 0) sup m.j )
;2; ( : pERFZ P'é ( ) peRFz g
Mo J
<2 >N ¢y <.

3
[
[\
<
I
_

This proves the first part of the lemma. Next observe that

sup [Sn(0) — S(6)]

< sup Z Z p(m,0) [N~! Z 217, — Sem ;| + s(m,0) N1 Z MZZp — %m,
Oeem 2] 1 TGImy]' TGImyj
M J .. ..
< CY DY AN D) ZZ—sang|+ | N7V Y mzz — smy| | 20
m=2j=1 7€Lm,j T€Lm,

by Assumption 5. Clearly S(#) is continuous given the assumptions maintained w.r.t. p(m,, ) and
s(my,0). Recall that by Assumption 5 we have 0 < ¢, < Amin[N 1 > €T, 7' Z, 4N~ ZTGI mzl.z]

for some pair of (m, j). Therefore and since the eigenvalues of a matrlx are continuous functlons
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of the elements of the matrix we have for some pair of (m, j)

0<€, < Jim Au [Nl S 24N Y mz;zr]

TEZm’j T'El-m’j

N—o0 —00
TEImﬂj T‘EIm’j

= Amin { lim N7t Y Z;ZrJr]\}im NP mz;zr]
= )\min [.%'m,j + ?m,j] ;

and we have for all pairs of (m, j),

)\max(j.{m,j) - )\max[]\}iinoo N_l Z Z;Zr] - ]\}gnoo )\max[N_l Z Z;Zr] S EZ < 00,
TGImJ TGImyj
Amax (Fm.j) = Amax| Jim N1 e; .m,E;ZT] = Jim Amax [N7! e; .miﬁr] <&, < oo
m,j m,J

The remainder of the proof of (B.13) is analogous to the proof of (B.11).
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C Proof of Lemma 2.1

We first consider Scenario (i) . By assumption there are two groups r and s such that m, # msg

and E [;.|m,, D;] /E [€lms, Ds] = 0% p. /0% p, = 1 - Now consider

(my — 14 \)2E [Y,{YT}

B ) Dr] = ——

— ol p, (mp,—1)=0. (C.1)

Using B |[V1¥,| = (m, = 1)%/ (m, — 14+ Xo)* 0% 1, gives

(mr — 14 X202 p,

E[x¥(0)|m,,D,] = (m, — 1 —025]1=0
[ (0)Imy, Dy] = (my i (my — 1+ )\0)2 €7Dr:|
which leads to the equation
(my —1+ )‘)QGEO,Dr = 0'627177" (mr — 14 X0)*. (C2)

Now use the moment condition for groups r and s and noting that 06207 b,/ 0?07 D, = 0627 b,/ 027 p, =1

It follows that )
(my —14+X)?  (my — 1+ Ao)

(ms—1+ X2 (my—1+X)?
Clearly the equation in (C.3) holds for A = \g. The RHS is constant in A. The LHS is a monotonic
function in \. To see this, compute the derivative dh (A) /OX of

(C.3)

(mr_1+)\)2
h(\) = ——=
( ) (m5_1+)\)2
given by

Oh(X)  2(my—14+2X)  2(my, — 14+ X)*(ms — 14 A)

O (ms— 14 ))2 (ms — 14+ A)*
~2(mp — 14 X)(ms — 1+ X) (ms — my)
B (ms — 1+ )4 ’

Since A > —1, m, > 1 and mg > 1 then sign (Oh (\) /OX) = sign (ms — m,) . This implies that (C.3)

can only have one solution when m, # mg. Thus E [x{(0)|mg, Dg] = 0, ¢ = r, s alone identifies

A under Scenario (i). Plugging A = g into (C.2) and noting that m, — 1 + A\g > 0 shows that

0?07 p,is identified. By assumption, ‘7520, D, = U?o, p, such that 0'520, p, is also identified. The remaining
2

moments E [x;’(0)|mg, Dg] = 0, ¢ # r, s now determine the remaining parameters o ;.
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Now consider

_ Ge,DT
E [X2(0)[m,, D, = (1=\2Eg} - o2 — -

T
1- )2 & ol
( ) . 0270 + 0,Dr | Ui + ,Dr
(1 - /\0) my my
We already established that E [X}]“(H)]mq, Dq} =0, ¢ = r,s imply that A = \g, 052, D, = 06207 Dy

_ _ 2 _ 2
for ¢ =r,s. Then, for A = Xo,07p =05 p,

1-x)? 02,0, olp,
E {ng)‘mmDr} = ((1_)\0))2 (Ui,o + %) - <Ui + mi =0 (C.4)

reduces to o2 = 0370, and thus also 0370 is identified. If there are additional groups with sizes

different from m, and mg then moment conditions related to these groups constitute overidentifying
restrictions.

Now consider Scenario (ii). By assumption, m, = ms; = m and 0620, D, 0620? p,- Thus

E [VT(9)|mr7Dr] ) [Vs(9)|m37Ds]
=(1=A? (B [gIm. D, | - E [g2|m. D.|)

—(m — 14+ \)? (E [mm,pr] - E lmm,mb :
(1=X22  (m—1+)\7?

_ ‘7620,D,. - U?o,Ds
(1 - )\0)2 (m —-1- )\0)2

m
observing that,
2 72,0 2 9%.D 2 2
_ _ Toot =" Oaot =5 %D, — %e0,D
E\i2|/m,D,| — E |§2m,Dy| = -9~ m a0 m _ ~<hor Ds
{yr‘m7 T} [ys’m7 5} (1_)\0)2 (1_)\0)2 m(l_)\O)Q ’

and

Y'Y, Y'Y, 1
E|—"" _|\m,D,| —E|——=">—|m,D,| = pA— .
lm(m —1) I, r] lm(m —-1)3 . S] m(m—1—X)? <UEO’DT JGO’DS)

Since 0% p, — 0% p, 7 0 it follows that E [v(6)|m,, D;] — E [v5(8)|ms, Ds] = 0 implies

(m—1+X)?%  (m—1+X)?
(1-=XN2 (11— X)?

_ 2
Define ¢ = %, then the equation is equivalent to

(m—1+AN2=c(1-\)>?
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which in turn is equivalent to the following polynomial in A:,
(m—1>%=c+2((m—-1)+c) A+ (1—c)X> =0.
Clearly, A = Ag is a solution. Consider the derivative

m—1+X)2
O(SHE) am—142)  2m—141?

X (1- )2 (1- )3
S 2((m =1+ X)L =X+ (m—1+X)?)
a (1=A)?
B (T=XN)+(m—-=1+N)
=2(m—1+)) TENE
2(m—14XA)m
BNV .

Since m > 2 and A € (—1,1) it follows that (m —1+A)m > 0 and 1 — X > 0 such that the derivative
is positive for all values of A on the parameter space. This implies that A = Ag is the only solution

to the moment condition. Once A is identified, E [v,-()] = 0 identifies 02 as

77,
2 2.2 rXr 2
=E|[(1-A\ - | =05
Ou ( 0) Yy mr(mr _ 1)3 a0
Finally, note that v,.() is a function of x,(#), and thus the moment conditions E[x,(0o)|m,, D;] =0
are sufficient to identify the parameter A and o2.

Identification of the remaining parameters af’j follows trivially from an inspection of x¥(6) as
once A is identified, Jij is identified from ' (0) recalling that by Assumption 1 there exists some

r such that D, = j.

D The CV estimator of Graham (2008)

In this appendix we interpret the CV estimator of Graham (2008) as based on moment conditions
developed in Section 2. Specifically, we show that the identification results in Graham (2008) can
be seen as an adapted version of Scenario (ii) of Lemma 2.1.

The peer effects model of Graham (2008) can be written as
Yir :Ur+€ir+(7_1) €rs (Dl)

where € = m, ! > € is the group average of unobserved characteristics. The parameter ~
captures the peer effect. Taking group averages on both sides of (D.1), we get €, = %@r — Up).
Plugging back into (D.1), and letting A = 1 — 1/ as well as a, = v,/7, we get the following
structural model

Yir = Ay + o + €51 (D.2)
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The specification differs from our main model in (1) in that it uses the full group mean ¥, rather than
the leave-out-mean y_;),. The leave-out-mean specifications are often preferred in the literature,
see for example Angrist (2014) for a discussion. Defining W,,, = mirbmr Ly, » We can rewrite (D.2)

in matrix form as

Y, = S\Wm,,YT + Qi + €.

Using the same notation as in Section 2, it can be shown that y, = u, /(1 — 5\) with u, = o, + €,
and Y, = U, = ¢,. Note that in the context of Model (D.2) the results in Manski (1993), Kelejian
et al. (2006) or Bramoullé et al. (2009) show that X cannot be identified by instrumenting W,,, Y,
with W,%T Z, when Wm,« Z, is included as a covariate, observing that W%r = er.

To isolate or identify the social interaction effect Graham (2008) imposes restrictions on the
unobservables and group size. Graham considers the case when J = 2 and D, is a categorical
variable for small/regular classes, which are coded as D, = 1 whenever m, > m for some constant m
and D, = 2 otherwise. Assumptions 1.1 and 1.2 in Graham (2008) amount to Assumptions 1 and 2
in Section 2. Assumption 1.3 in Graham (2008) imposes that £ [YT’YT\DT = 1] #FE {YT’YADT = 2} .
Observing that E [Y}’Y}\DT = d} = ‘752, 4(my—1) the latter condition is seen to be satisfied if Scenario
(ii) in Lemma 2.1 holds true. In addition, the condition is also true if m, varies and the idiosyncratic
errors ¢;, are homoscedastic as in Scenario (i).

The parameter 42 = 1/(1 — A)? is identified under Assumptions 1.1-1.3, see Proposition 1.1 in
Graham (2008). Below we prove the proposition by adapting the proof for Scenario (ii) in Lemma
2.1 to the full-mean specification, thus verifying that the CV estimator is a special case of the
moment based estimators studied in Section 2.

Under the full-mean specification of Graham (2008), our moment conditions in (7) change

correspondingly to

X (0) = Y/, — (m, — D)ol p, (D.3)
R0 = (1= 022 — o2 - Do, 0.4

The combined moment condition in (8) is now

N ~w _ Y/Y;«
a2y =) - — O jpp g2 N

=) 2 (D.5)

my(my — 1)
Note that by design E(#,(\, 02)|m,, D,) = 0 at the true parameter vector .

The restriction that group effect variances are homoscedastic can be exploited by taking dif-
ferences E [Vr()\ o2)|my, D, = 1} { (N, 02)|m,, D, = 2} to eliminate 02. This implies the

«

following population equation for (1 — )\)

1 _ E [gg‘mﬁDT = 1] - L [g%’mer = 2] (D.6)
=X Bl teg|m, D, =1] - E [&ymr,p = 2}

my(my—1) mq(my—1
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which is a modified version of (6). The Wald estimate for A can then be calculated from the sample
analog of the right-hand side above. Two points are worth noting. First, identification is possible
under Scenario (ii) of Lemma 2.1, i.e., when there exists some m, = m; and 037 D, # 037 p, - This
confirms the applicability of Lemma 2.1 to the full-mean specification. Second, due to the full-mean
specification, identification is also possible even when 06271 = ‘752,2 as long as there is variation in
m,-. So, in the case of homoscedasticity, group size variation alone is enough for the CV estimator
to identify X. It can be shown that the score of a Gaussian likelihood estimator is a function of
xr(0) = ()Z;U(G), 22(9))/ and therefore the Gaussian maximum likelihood estimator shares the same
identification properties.

It is well known that identification for the case of peer effects captured by full group means
is difficult, see Manski (1993), Bramoullé et al. (2009) or Angrist (2014). In the case of the
conditional variance restrictions or likelihood approaches considered here, this manifests itself in
the fact that (1 — 5\)2 but not \ is identified without additional constraints on the parameter space.
An inspection of (D.6) shows that while 4% = 1/ (1 - 5\>2 is identified, the sign of v =1/ (1 - 5\)
is not identified, unless A is constrained to take values in (—oo, 1). The reason is that the function
1/ (1 — /N\>2 is monotonically increasing on the interval (—oo, 1) and (1 - 5\) >0 for A € (—o0,1).
The implied range for « then is (0, 00) and the permissible parametrizations of the term €, in (D.1)

is (—1,00) . For the latter, the positive values are most relevant in peer effects applications.
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E Proofs of Theorems 4.1, 4.2, and 4.3

We collect the proof of Theorem 4.1 in Sections E.1 and E.2. This theorem establishes the identi-
fication and the consistency of the quasi-maximum likelihood estimator. Then we provide a proof
of Theorem 4.2 and Theorem 4.3 in Section E.3 and Section E.4, respectively. These theorems
establish the asymptotic distribution of the QMLE and the consistency of our estimators for the

third and fourth moments.

E.1 Proof of Theorem 4.1(a)

For the un-concentrated log likelihood function in (16), let
R(,B) = lim E {11 L0 ﬁ)}
’ N Ngnoo N t ’ '

Let 5() be the maximizer of R(6, §) with respect to 3,

R(9,5(0)) = max R(0,5),

and let

Q™ (0) = R(0,5(0))-

For the concentrated log likelihood function in (20), let Q*(6) = limy o0 F [Qn(0)]. To prove that
0o is identifiably unique, it suffices to show that Condition 1(a) and Condition 2 below hold; cp.,
e.g., Definition 3.1 of identifiable uniqueness and the subsequent discussion in P&tscher and Prucha
(1991). In fact, under Condition 1(a) and Condition 2 the identifiable uniqueness of the parameter
vector 6y is equivalent with 6y being asymptotically identified in the sense that it is the unique

maximizer of Q*(6).

Condition 1. (a) The non-stochastic functions Q*(#) and Q**(6) exist, and Q*(6) = Q**(0) are
continuous and finite ;

(b) As N goes to infinity, supycgq ’E [Qn(0)] — Q*(Q)‘ — 0.

Condition 2. The parameter space © is compact, the true value 6y is the unique maximizer of
Q*(0) (and hence Q**(#)) on © and () = Bo.

Condition 1(b) is used for the proof of consistency that is presented in Section E.2 below.
Given Condition 1(b) and the identifiable uniqueness of the true parameter vector consistency of
the QMLE follows immediately from, e.g., Lemma 3.1 in Poetscher and Prucha (1997), p. 16.

We combine conditions 1(a) and 1(b) as they can be established together.

B Verification of Condition 1: To prove that Q*(0) = limy_o E [Qn(6)] exists, it is readily
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seen that

piox@)] = -0 L - awyzam) (B.1)

— e {1 = AW Y M(0)(T — AW)(E [Y¥])}
In(27) 1 -
= gyl Aw)*ee)

—% tr [(1 = AW) Mz(0)(1 = AW)(I = \W) ™ (0 + ZBoBeZ") (I = XW) ']

= QWO +QV0)+ QY ),

with
Qv = -MCT L awyae) (B2)
_% tr (7 W) 2T = AW)%Q(0) 1 |
QP = _% tr [562’(1' — XoW) NI = AW)Mz(0)(I — AW)(I — AoW)_lzﬁo} ;
QRO = St (1= W) (T = AW)0(0) " Z(2'0(0) " 2)7 2/62(6) )]

recalling that Mz(#) = Q(0)~' — QO)~1Z(Z'Q0)~1Z2)"1Z'Q(#)~! and that the matrices (I —
XoW),(I — AW), (0)~! and € all commute.
We show that the limits of Qg\lf) (9), Qﬁ)(e) and QS\?)(G) exist, in reverse order. Observe that

QW) = gt [(;Vz/me)—lszo(f M) - AW(6)72) (}Vz’mm—%)l] -

Both matrices in square brackets are of the form considered in (B.8) with p(m,., D,, 0) and s(m,, D, 0)
satisfying the assumptions of Lemma B.5. Thus their elements, and in turn the trace, are bounded in
absolute value by respective constants that do not depend on § and N. Consequently supgcgo QS\?}) 0) <
const/N — 0 as N — oo and limy_,o0 Qgs)(H) = 0.

Second, observe that
20'9(0) = A, <]1sz(1 W) 21— AW)2Q(9)‘1Z> 5o
— By { (lez’(f — AoW) NI - AW)Q(0)1Z> (;]2’9(9)1@ B

X (;fz’ﬂ(e)—l(f — AW)(I — )\OW)_lz) } Bo. (E.3)

In light of (B.3) and (B.4) and using Lemma B.5 we see that supycgo |QS\2,)(0) — Q@) —, 0,
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where

QP (0) = 56 (11(6) ~ T(6) Y5 (0)T2(0)) o

IR & (m. 0) Um0 )
ne = ;,;2(%(77%90)@@,],) " Rt boatm g0 ) B
_ & dw (m, ) bw(mo)
o= §§2<¢W<m,eo>¢g<m,],> mi o) ()
S U 1 1
10 = 33 (Gamra ™t ™) (B6)

and where Q®*(8) is finite and continuous on © by Lemma B.5.
Third, observe that

~(1) B _111(271') 9
1 —2 2 —1 1 —2 2 —1
gl = XW) (1 = AW)*2(0) '] — ﬁ e [(1 = 2W) ~2(I = AW)2Q(0) ™' Q]
1L & R, 1
_ - m,j - m,j .
= Cy+ 2;7”2:2 N In|G(m, j,0 2;;2 tr[G(m, 7,0)]

with

G(m,j,0) = (Im = AWm)*Qnj(0) " (Im — XoWim) > Qm jo

_ ¢124/(m70)¢9(m7]7 90)[* + w%/(mae)¢9(ma]a 90)
¢I2/V(m700)¢9(m7]70) " ¢%V(m790)¢9(m,J,9> "

02 m—14 ) 0% +maly) 1\
R R i RV L
oc; m—14X (02, +mog) "1—=Xo

and Cy = —2C7 15~ M B g | (1 — AoWin) 2@ jol. Under Assumption 4, Ry, j/N —

w;kn,j/m*. Let C* = limy_ oo Cn and

~ 1
Q(l)*(H — Z W j9(m, 5,0 (E.8)
j=1m=2

with
g(m7j7 9) =In ]G(m,],ﬁ)\ - tr[G(m,j, 9)]7

then clearly sup ) — QW — 0 with Q* nite and continuous on ©. In all,
hen clearl seo 1QW(0) — QW (9 0 with QM*(0) fi d ©. In all
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supyco |[E [QN(0)] — Q*(G)\ — 0, where

QO =W O +QP(O) =C"+

and where Q*() is continuous and finite.

For the un-concentrated likelihood function,

R(6,8) = lim %E In Ly (0, 5)]

N—oo
=1 {—Nl (2 )+11 (I = AW)2Q(0)"
TNDe N | 2 T

— %tr [(I — W) H(I - AW)29(9>‘190]

—5 (= W) = 20W) 2 - 25)'2(6) ™ (2~ W)L~ xaW) 280 — 25) |

_ 1 ~(1) T 1 Loty 207 2 -1
= lim QF(0) — lim o (B02'(1 = AW)*(I = XW)*Q6) ' Z0)
. i ! 7! —1 R E 1 ! 7! -1
+ lim 5 Z (1 = AW = A W)QO) ™25 — lim -5 2°0(0)"" 25

~ 1 1
= QU (8) — ZAT1(B)60 + BoY2(0)8 — 55 T3(6)5,
where 171(6), 72(0), T5(0) are defined in Equations (E.4),(E.5), and(E.6). Taking the derivative of
R(#, B) with respect to 3,

OR(0, -
20— gima(o) - FTa(0) = .

Since 73(0) is non-singular by Assumption 5 and Lemma B.5,
B(8) = T3(0) ' 12(6) o (E.9)

Let Q**(0) = R(0, 3(0)) and plug 3(#) above back into R(6, 3),

Qi

Q"(0) = Q" (0) — 55 (T:(0) ~ T3 (0)7:(0)) o

QW (8) + QP (0) = Q" (0).

Note that the second order derivative

62R(97 6) . ! -1
is negative definite by Assumption 5 and Lemma B.5 uniformly in 6, thus 3(6) is the unique
maximizer of R(6,3) over 3. In all, we have Q*(6) and Q**(6) both exist and Q*(#) = Q**(6).

B Verification of Condition 2 Since 13(6y) = 12(6p), B(6p) = Po is readily seen. Next we show

that 6 is the unique global maximizer of Q*(#) on ©. We first show that f is a global maximizer of
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Q®@*(#). To see this observe that we can rewrite QS\Q,) (0) as Qg\?) (0) = —ﬁﬁz(e)’MZ(G)ﬁZ(Q), where
Mz(0) = I —Q Y22/ (2'Q0)2)"*ZQ~'/? is idempotent and positive semidefinite, and 7j;(6) =
Q0)"V/2(I — AW)(I — AW)~1ZBp. Thus Q'Y (6) < 0 and consequently also Q*() < 0. Next
observe, as is readily checked, that Q(®*(6y) = 0. Therefore Q*(0) < Q@*(6y) for all § € ©.

To show that 6y is the unique global maximizer of Q*(6) it thus suffices to show that 6 is the

unique maximizer of ZJ M, Wy, ;9(m, j,0). Observe that

J M J M

Z Z w:n,jg(majv 9) = Z Z 1H|G m ]7 )| - tr[G(m,j, 0)]) < _m*a (El())
j=1m=2 j=1m=2

where m* = 3-]:1 27{\;4:2 w;*wm.w The equality holds if and only if g(m, j,0) = —1 or equivalently

G(m, j,0) = I, for all m and j with wy, ; > 0. Under the two scenarios described by Assumption
6 this is the case if and only if § = 6y, which establishes that 6y is the unique maximizer of
Z -1 Zm oWy 79(m, j,0). To see this, observe that in light of (E.7) the equality G(m,j,0) = I,
only holds if

m—1+ X\ 20520j
= =1 E.11
( _1+)\0) 62,]' ’ ( )

(o eo]+maao> (1—A>2
( 67] +m03) 1 —)\0

= 1 (E.12)

Note that (E.11) and (E.12) are equivalent to E [x¥(0)|m, = m, D, = j] = 0 and
E [\o(0)lm, = m, D, = j| = 0

respectively, where y*(#) and x}(0) are defined in (7). See Equations (C.2) and (C.4) in Appendix
C. Thus mathematically G(m,j,0) = I, is equivalent to E [x,(6)|m, = m, D, = j] = 0, with
xr(0) = (x¥(0), x%(0)). Utilizing Lemma 2.1, 6 = g is the only solution to E [x,(0)|m, = m, D, = j]
0 and E [x,(6)|m, = m/, D, = j'] = 0 under Scenarios (i) or (ii). Therefore, 6 is the unique global
maximizer of Zj 1 Zm o Wy 79(m, j,0) and thus of Q*(0).

E.2 Proof of Theorem 4.1(b)

To prove the consistency of the QMLE estimator Oy we utilize Lemma 3.1 of Pétscher and Prucha
(1991). Previously we have shown that  is the unique maximizer of Q*(f) on ©, where Q*()
is finite and continuous. The compactness of © follows from Assumptions 1, 2, and 3. To prove
consistency of 0, it then suffices to have Condition 3. Since 3 (0o) = Bo, once we have shown that

On —p 0o, consistency of B N (éN) follows from Condition 4.

Condition 3. As N — oo , supgee |@Qn(0) — Q*(8)| —, 0

108ee Footnote 7 for details.
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Condition 4. As N — 00, supyce |BN(9) - 5(9)\ —p 0.

B Verification of Condition 3: Verification of Condition 1 has shown that supyeg |E [Qn(6)] —
Q*(0)] — 0as N — oo. It remains to show that as N goes to infinity, supyee |Qn (0)—E [Qn ()] | —
0 . Upon substitution of Y = (I — \oW)~1(ZB + U) into (20) we have

Qn(60) ~ B[Qx(0)] = 5 (U Agy (0)U + 20" Aq (6) 250 — trlAgy ()]).

where
Ay (8) = — (T = XoW) ™ (T = XY M(6)(T — NW)(T ~ MoTW) "

The row and column sums in absolute value of (I — A\W)™!, (I — AW), Mz(6) and their first
derivatives are all uniformly bounded in absolute value. It now follows from Lemma B.3 that
Qn(9) — E[Qn(0)] —p 0 uniformly in 6.
B Verification of Condition 4:

In light of (23) we have

Bu(0) = (Z'UO)2) 20T - W)Y
- (N—lz/ﬂ(e)—lz)_1 (N=1Z°Q(0) (I = AW)(I = W) Z) o

—1
+ (NT'Z0)7'z) (NTZ00) I = AW) (T = A W)TU)
By Lemma B.3,

sup (N~12/Q(0) 71 (I = AW)(I = AW) U ) =, 0,
0cO

Also (N71Z'Q(0n)1Z )_1 is uniformly bounded in absolute value. By Lemma B.5,

sup ((N‘lZ’Q(H)_lZ>_1 _ T3(a)—1) 0
and
sup (N=1Z'Q(0) (I = AW)(I = W) Z = 15(6)) — 0.

In all, we have supyceo |5AN(9) - 5(9)’ —p 0.

E.3 Proof of Theorem 4.2

To derive the limiting distribution of the QMLE dy = (é?v, BAEV)’ it proves more convenient to work
with the unconcentrated log-likelihood function defined in (16). Applying the mean value theorem,
the first order condition for the QMLE can be written as

1 81nLN(8N) 1 8IDLN(50) i&lnLN(SN)

0=N72 " T N2 95 N 9606

Nl/Q(SN - 60)7
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where & n denotes a “between” value vector. Given that 5 ~ was shown to be consistent, it follows

that also the “between” value dy is consistent for do. It is not difficult to see that

Oln Ly (9)

0

—tr[(I = AW)"IW] + U(0)Q WY
— L[t diaght, {m,J}, }] + 2U(8)Q  diagft | {m,J%, } Q71U(9)
Ll ding" {1(D, = 1)l )] + U~ ding, {1(D, = 1)L, }U(5)

— S tr[Q Y diaglt  {1(D, = J) I, }] + U (6)Q 2 diaglt  {1(D, = J)Ln, }U(6)
Z'Q7U(6)

with U(§) =Y — A\WY — Zf, and thus

0ln Ly (dp)

00

[ —te[(1 = XW) YW+ U'Q5 W (I — AW) =1 (ZBy + U)
—1tr[Qg diaghty (T, m,}] + 2U'Qg ! diaglt {7, m,} Qo U
—5 tr[Qg " diag/L {1(Dy = 1)1, }] + 53U diag/" {L(Dy = 1)1, }U

—5 t2(Q ! diagL ) {1(Dy = J) I, }] + 5U'Q* diag,Ly {L(Dy = J) I, }U
7'0,'U

(E.13)

Furthermore, it is not difficult to see that with 6 = o2, oy = ‘762,1" 7 =1,...,J, the elements

of the Hessian matrix are

with 4,j = 2,3,...,2 4 J and

821’2@@ = —tr[(1 = AW)2W2] - Y'W'Q0)'WY, (E.14)
W —U(é)’Q(G)‘lagé?)ﬁ(e)‘IWY, (E.15)
82(1;5 igzevj(é) %tr[Q(H)_Q gg :;Z ] (E.16)

—U(a)’Q(e)—l820(?)Q(e)—lage(f)g(e)—lU(a), (E.17)
W —Z’Q(é))lagéf)ﬂ(H)lU(é), (E.18)
W ~7'00)"'wy, (E.19)
9°InLy(9) lanﬁgg,(é) —7'0(0)"' 2, (E-20)
s = el m ) G ding (1D = ) ).

Since Y = (I — \W) Y (ZBg +U) and U(6) = (I — A\W)(I — \oW) Y (ZBy + U) — Zp, each
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element of N~19?In Ly (5)/9608' is a linear quadratic form of U or Z in the form of LU'A(6)U,
+Z'A0)U, +Z'A(0)Z, and their products with 8: +8'Z'A(0)U, +2'A(0)ZB, +5'Z' A(0)Z B, etc.,
where A(9) = diag’,{p(m., D;,0)I%, + s(m,,D,,0)J, } satisfies the conditions in Lemma B.3
and Lemma B.5. By these two lemmas, if On —p 0o, all three types of linear quadratic forms

converge to the limit of their expected value at 8y in probability. That is as N — oo,

. 1
‘NU AON)U — i 7 tr[A(6) o] | — 0,
L,
|—Z AO)U| =, 0
‘N GN)Z — hm NZ A(6p)Z ’ » 0.

Also, we have 31\[ —p Bo. Thus by Slutsky’s theorem, the products of the linear quadratic forms
with BN converge in probability to the products of the expected values with 5y. Therefore, as
5 N —7p 50,

1 81nLN(5N) . 62 IIILN(d())
il VATV 1 E ———— | =-T
N 9608  "NS%N 2505' >
where the specific structure of 'y is given in Appendix F.
We next show that N'/291n Ly (89)/05 4 N(0,Yp). Each element of the score function in
(E.13) can be written as a linear quadratic form of U in the form of U’ Ay (60)U + U’ By (60)Z By +
C(dp), which has zero mean and where the row and column sums of Ay(fy) and By(6p) are

uniformly bounded in absolute value and where C(dy) are constants. Using Theorem B.2,

N=Y291n Ly (80)/05 % N (0, To)

with To = limy_yeo + E[aln%g’ (%) 8ln§§,’(5°)], whose expression is given in Appendix F. In all,

VN (6n — &) 4 N(0,Tg*ToTy!) as N goes to infinity.

E.4 Proof of Theorem 4.3

The proof of the theorem follows from the definition of I'y and Ty in (27) and (28), Lemma E.1
which is stated below in this section, Assumptions 4 and 5 and Theorem 4.1 which together imply
that Iy 2 T and Ty & Yy. Since by Lemma 4.1 the matrices T¢ and I'y are full rank, and
thus FalTofal is full rank, it follows that (f‘jvl ?Nf‘f\}) 2 RN (Fal’fof‘al) _1/2. The result then

follows from the continuous mapping theorem and Theorem 4.2.

Lemma E 1. Suppose Assumptions 1-5 hold, then [ A(3) ,ug’o), ﬂ((f) ugg, and ,&9]) ,u,gg)y

HEJ') = Mer: forany j € {1,...,J}.

First note that fa s fm«, fﬂ and f(4) can all be rewritten as a linear combination of finitely

many terms in the form of ¢ (m,)> " @t'uP? and some nonstochastic function f(m,,0), with
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1(m,) being a finite function, p; > 0,p2 > 0 and p; + p2 < 4, and f(m, ) being continuous in 6.
Also note that

lzfa) _ Z& iszl(Dr — )0
R —~ a,r - R Rj - a,r
r= 7j=1 r=1
for [ = 3 and 4. Thus our estimates for the third and fourth moments, & Z 1 fa r and
S 0
o ( ) fe T
7 2!

I = 3,4 can all be written as a weighted sum of finitely many terms of the form

R
7 2 HDy = j)t(mr) ZUZIU%?Q, (E.21)

and

— Z 1(D f(m,.,0). (E.22)

L et
The former converges to its mean by Lemma B.4 (a) and the latter is nonstochastic. Consequently,
RZrl ar—>p,u((x0and Z " 1(Dy _j)fer—)p/,LEO)JfOFZ—?)Zland]—l ,J as R goes to
infinity. For the feasible counterparts of the terms in (E.21) and (E.22), note that 6 — 6, —p 0 and

f(m,0) is continuous in . We have

R
Z f(m,,0 —RiZl f(my,6p) =5 0

by the continuous mapping theorem as. It thus remains to show that

1 R . My
= > UD: = jylmy) Y (@ — i) —, 0. (E.23)
) r=1 =1

Let U, = (17, -, Um,r)', then

Oy = (I = AW)Y, = ZoB = (I = AW)(L = XW) ™M (Z:Bo + Uy) = Z:
= (L= AW) (I = XgW) 7' 2,y — ZoB) + (I = AW)(L = AW) U,
Note that A A
. 14\ 1— X
7 7 1 _ M T T A .
(I =AW = A W) ™ = e I+ e

where J3 = tm, ty, /myand I}, = I, —J7 are two orthogonal idempotent matrices that generate
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vectors of group means and vectors of deviations from the group means. Thus

. o =NB 1_x

qub + puy,

T (1=A Ao~ 1-A 1 . 2 8 B /
where ¢ = % - B, 0= Tokgr or = —— > zip. Let Up = (Uir, ..., Um,r), then

my

A . . =1+ ) . R R
O, =12 U, = 2, (Mﬁo—ﬁ> I

m, — 14 Ao m, — 14+ Ag
and
Ui = 2ir¢r + Sbruira
i p—14A s _
where ¢, = m,li_)\O/BO /87 Sor—l‘i'm r = Zir — Zr-
In all,
bt ar? — i ul? = (Zirgr + Griiee )P (200 + G, )P — b uk2.

Given that p; and ps are nonnegative integers with p; + ps < 4, the above equation can be
written as a linear combination of terms of the form (2@, )% (@it )P 1 (Z,6)°2 (P0G, P22, and
(Griiir )P (puy)P2 — il uP2 with 0 < s1 < p1, 0 < s2 < p2 and s1 + s3 > 1. The claim in (E.23) now
follows immediately from Lemma B.4(b)-(c).

F Variance-Covariance Matrix and Proof of Lemma 4.1

F.1 Variance-Covariance Matrix

Recall that T'g =limy_s —%E [%} and Yo = Imy 00 3 LE [alnlgg(éo) 8lng§/,(6o)]' These
matrices are of dimension (2 + J +kz) x (2+ J + kz), symmetric, and underlie the expression for
the limiting variance covariance matrix of the QMLE estimator for dp. In the following we give

explicit expressions for ['y and Ty. Detailed derivations are provided in the Online Appendix. We

have
J M
= > > w(m,§)¥(m,j)e(m,j), (F.1)
j=1m=2
and .
J M -
Lo=2_ > ¢(m.j)¥c(m, j)p(m,j), (F.2)
j=1m=2
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where

1 _ m 1 /6/ _ m /
(m—1+4+Xg)o? 050, (lon)(Ufo’jeroio) (m71+)\0)o'€207j 0 (17/\0)(0'307].+m0i0) 0
0 m” 0
2(030’j+mo§0)2
_ 1(]4 1) _ ;ﬂl(jzl)z 0 0
dmy=| TEh TR S
_1(g=J) __ ml(j=J)
20210,]. 2(030,j+m‘7a0)2 0 0
1
0 0 _Ugo,jlkz _Uzo,jfmgao kz
(F.3)
which is given in (24) and repeated here for the convenience of the reader,
7 4 . 4 7] 30,] 2Winj 2 2 ‘7520,]' Hm,j
\I/G(mh]) - dlag{Q(m - 1)UEOJ 2( 000 + ) * 7050%m,]7 ( a0 + 7)7}7 (F4)
m m m
— . \Illl(mhj) \1/12(7”7]
U(m, j) = l . : : (F.5)
\IlQI(m7]) \IIQQ(m,]
with
wr 2(m —1)og, 0
Pii(m,j) = — - SOJ (4) 4
0 2( 040 + ) + (Mao - 30&0)
Wt | m=D? (m—1)
+(M£0)g 3080]) n?’;] (mo1) nf ,
oo -3
_ , 0 0 .
a1 (m, j) 3) - 3) 3) ] = Uiy (m, 5),
7'“60] m] [Mao + m2 Heo j] m,j
— X U ‘%m,j 0
\:[122(m7.7) = [ £0:J Hm ] .
0 (020 + 02 j/m)
4) (4) B _ 3

Note that Wg(m,j) can be obtained by setting Heo,j — 3‘7?0,3‘ = Uoo — 3000 = Hep = Heo,; = 0 in
T (m, 7). When € and « are both Gaussian, Ty = Iy, consistent with what is expected from the

information matrix equality.
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F.2 Proof of the Positive Definiteness of Ty and I'y
Let ¢(m,j) , ¥g(m,j) and ¥(m, j) be as defined in (F.3), (F.4) and (F.5) respectively. We can

partition p(m,j) as @(m,j) ( mj Bum.j ), where

0 Chy
1 _ m
(m—l—&—)\o)o‘?&j (1—)\0)(0'620! ‘+mago)
0 _m72
2( 90 J+maa0)2
_1G=1) ___mi(j=1)
Am,j = ZJ?OJ. 2(c EOJ—l—maao)2 (F6)
_1u=J) ___mlG=])
2UEOJ 2( 90 J+mUOéO)2
isa (2+J) x 2 matrix , B,, ; is the upper right block,
Cos = [——T UL (F.7)
i =17 oa ke — s Ika :
" go,j 7 Tt mogy "’

Let £ = (¢1,02,05,0}) be a (2 + 2kz) dimensional vector, where ¢; and /5 are scalars and ¢3 and ¢4

are both kz dimensional vectors. To prove Lemma 4.1, we introduce the three lemmas below.

Lemma F.1. Suppose Assumptions 1-5 hold and wy, ; > 0, then I'Ug(m,§)¢ = 0 if and only if
61 = 52 = O, egkm,j&; =0 and &;ﬂm?j&; =0

Lemma F.2. Suppose Assumptions 1-5 hold and assume further that ug),j —oly; > (/"LEOJ) /02,

and wy, ; > 0, then O (m, )0 =0 if and only if {1 = lo =0, U35y, jl3 = 0 and L4y, jly = 0.

Let {(m, j)|wy, ; > 0} be the set of all pairs of (m, j) such that wy, ; > 0, and index its elements
with p =1, ..., P. We therefore have w;, oy > 0 for p=1,..., P. Note that for all j =1, ..., J, there
exists some p such that j, = j This is because for each j there exists some m such that wy, ; > 0,
observing that wj = M, ;> 0all j, and m < M is bounded. The set of all A,, j deﬁned in
(F.6) with wy, ; > 01is {Amd\wmd- >0} ={Am, i, }. The Lemma below states that the

column by column concatenation of all matrices in thls set has full row rank.

mPv]P

Lemma F.3. Suppose Assumptions 1-6 hold, then the matriz ® = [Ap, j, .., Amp.j5] has full row

P
rank.

Lemma F.1 follows easily from (F.4), observing that wy, ; > 0, o2 j > 0. The proofs of Lemma
F.2 and Lemma F.3 are given in the Online Appendix.

We can now utilize the above lemmas to prove that under the maintained assumptions I'g is
positive definite, and that the matrix T is positive definite for ,ugé? i aﬁOJ > (,ugg?j)z / UEQOJ. We
present a proof for the positive definiteness of Y. The proof for the positive definiteness of I'y is

analogous.
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Let a = (o), ) be a (24 J + kz) vector, where ay is a (24 J) x 1 vector and ay is a kz x 1
vector. To show that Y is positive definite is equivalent to showing that o/ Ta = 0 if and only if
a1 = 0 and ag = 0. Observe that

7 J7 )
O/TOO[ = Z Z O/@(mvj)‘ll(mvj)@(m7j)/a

Jj=lm=2w> j>0

J M _

j=1m=2.w;, >0

where

A/ ek
b = (m,j) a = . ,
m.j = ¢(m, j) ( Bl on + C!) a )
with Ay, j and Cy, ; defined in Equations (F.6) and (F.7). It thus suffices to show that £;,, ; W (m, §)lm.j =
0 for all m,j with w;‘n’j > 0 if and only if @1 = 0 and ag = 0. Given Lemma F.2, if me > 0 and

0, ;9 (m, j)lmj = 0 then A}, ;a; = 0. Lemma F.3 indicates that for A, ;a1 =0 to hold for all m
and 7, we must have a; = 0. With a1 =0,

0
0 1
ém] = = — 0_2 OéQ
Ch o "
eO ]+mo—(2x0 2
Utilizing Lemma F.2 again and noting that then > 0 and W > 0, we have a3, jop =0
eO Ni €0,j a0

and ah ey jag = 0 for all m and j. Consequently,

J M

/

aQZ Z (3tm.,j + %m j)oe = 0.
j=1m=2

This gives ag = 0 as ijl E,J\,;{:Q(i'{mj + p;) is positive definite under Assumption 5. In all,
o/Toa = 0 if and only if a = (o], ) = 0 hence Yy is positive definite. The proof of the positive

definiteness of 'y follows similarly.
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Online Appendix: Efficient Peer Effects Estimators with Group
Effects

Guido M. Kuersteiner, Ingmar R. Prucha, and Ying Zeng

March 5, 2023

In this online appendix we present more details of the mathematical derivations which underlie
some of the results stated in the the main text. The subsequent derivations are given for the general
model. The results stated in Section 2 for the model without covariates are readily verified in an

analogous manner.

1 Preliminaries

In this section, we recall some of the notation and definitions from the main paper. In deriving the
results in the main text, we utilize the properties of matrices of the form of diagf;l {p(my, Dy, 0) 1, +
s(my, Dy, 0)J7%, } discussed in Appendix B.1. Let A = diag!™,{p(m., D,,0)I};, + s(m,D,,0)J% }
and A = diagf, {p(m,, Dy,0)I%, + §(m,, Dy, 0)J% }, then

e Inverse: If p(m,, D,,0) # 0 and s(m,, D,,0) # 0, A is invertible with

Al = diagle{p(mr, D, 9)_112;% + s(my, D, 0)_1J:nr}'

o Trace: tr[A] = S [(m, — V)p(my, Dy, 0) + s(my, Dy, 0)].

e Multiplication: AA = AA = diag?_,{p(m,, D, 0)p(m,, D, 0)1, +s(my, Dy, 0)s(m,, Dy, 0)J7 }.

Recall that

I-X\W = diagll, {¢s(m,, 0L}, +s(me,0), } (0.1)
(I=XxW)™" = diag, {¢g" (ms,00) I, + 5" (mr, 00) T3, }
Qo= Q) = diagi {da(me, Dr,00)I} +ba(my, Dbo)Jh },
Q0) = diagl, {¢g (my, Dy, O)I%, + g (my, Dy, 0) 5 1,
W= diagll {ow (my,0)I, + Yw(m.,0)J5, },



with

¢S(m’r‘56) = 7%:75&_1)\7 ¢S(m'f‘)9) =1- )‘a
¢Q(m7‘7 Dme) = UzDra wﬂ(mra D,, 9) = 0—627D’l‘ + mrng (02)
¢W(mr79) = _mTl_lu lbw(mr,@) =1L

To simplify notation, we use ¢g for ¢g(m,,0), dso for ¢(m.., bp), etc.
Let r = 1,..., R be the group index, and let m, denote the size of group r. The model with
covariates is given by
Y, =AWn, Y+ Z.8+ U, U = iy, + €,

and the reduced form is given by
Y= (- A\W,)  (Z,8+U,).

For each r we define the row vector of group means z, = m, IL;,LT Zy and the matrix of deviations

from group means Z, = Z, — i1, 2,. We define Y, 4, U, and %, in a similar manner. Furthermore,

note that Equations lh and 1D imply that (I — AW,,, )" = (m’:‘j;i/\)f;"m—i—ﬁtffnr. Observing
that I}, Z, = Z,, I}, U, = Uy, J}, Zy = Zpim, and J%, Up = Gyl we have Y, = Yy + §rtym,, where

- (m:”:iA) (26+0,).

Z 3 + ur
1—X 7

=

Next, we rewrite the moment functions in terms of U,(8) = ”"#E{AYT — 7.8, 4 (8) = (1= NG — %
and ¢ and 1 in (0O.2). The moment function for group r is

U (8)'Uy(8) = (mr = 1) 02, Uy (9) ;‘; Up (6) — (my — 1) ¢q
_ uz(0) = (04 + 02 p, /M) _ U} (8) 222U, (8) — o /m,
xr(6) = 2100.(5) = Z/U 5) (0.3)
Z iy (6) 2ty Ur (9)

with U, (6) =Y, — A\W,,,. Y, — Z,. 3.

We haveR = Z‘j]:l R; = Z}]:1 Z%:Q R, ; , where R; denotes the number of groups in category
J ,and R, ; denotes the number of groups of size m in category j. We assume that as N — oo we
have R; — oo for all j. Denote the index set of groups with size m in category j as Z,, j. Observe
that

R, j 1 w*
M,y = lim — E Z’ Zr = lim ]I\{, Z,'“ZT — M iy E Z’
k2 iV . *
N—oco N o7 N—>oo & Rm,ﬂ &7 m* N—ooo R m,j o7
TCLm,j TCLim,j TCLm,j



and

o)
3

2. * .
— 71 1 = = 1 R 1 = = m,J) 1 1 —/ —
A = sz_,OON mz, 2z, = Ngn MZ. 2y = im Mz, 2y
00 .
TEZmyj

==
S|
3

with wy, = lmy_e0 Ry, j/R and m* =limy_,o N/R. From this we see that

lim N™' " Z/Z,=0

N—o0
r€Lm,j
and
li ! 202y =
Am N Z mz,z, = 0
r€Lm,j
if wy, ; =0, as will be the case if Ry, ; does not tend to infinity.

2 Score Function for the General Model

In this section, we rewrite the score function of the QMLE in terms of moment functions. Note that
InLy(6) =% InL, (6) where

my

1
InL, (§) = Y In(27) +In|I — AW, | — B In |©2,(0)]
1
= (Vo = AW, Yo = Z,B) 0 (0) 71 (Yy = AW, Y, — Z,3).

Utilizing the special properties of matrices Q(6), W and I — AW discussed in the previous section,
the elements of the gradient of In L,.(0) w.r.t. 0 are

Oln L, (9)

2 = 0T, = AWo,) ™ W, ]+ (Vs = AW, Vi = Z,8)00(6) ™ Wi, Vs

= —tr[(¢g ow )L, + (g Yw) i, ]+ Ur(0)Q(0) " Wi, [ = AWi, |71 [Z:8 + Ur(6)]

= —[(my — D)5 ow + g vw] + Upn(6) (05 dwog ) I, + (g vwiog) I 1(Z:8 + Urn(9))

= (65" owes") (U-0)T;(8) = (mr = D) +v5 vwvs m, (,(9)° — va/m,)
+ (60 0w o5")B' Z,0-(0) + g bwig me B 2 (8),



0ln L, ()

1 _1 . 1 1 * —1
b gt gy, )+ 0 0) 7 () 9710, )
_ _1 t 71[* 71(]* J*
=75 r[(¢Q my + ¥q mr)mr mr]

1 / — * - * * — * — *
+ U (8) (0 I, + 00 T ) (e, (00 T, + 10 T YU ()

[\)

1 U L
— —5 tr[mr¢91JmT] + iUT (5)/ (wQQmTer)UT (5)

1 _ 1 _ _
= —imﬂbgl + 51/}927”1%“72"(6)

1 _ _
= S¥o’m; (@(0) = va/mr)
For D, = j,

dln L, (6)
0o? .

67]

uﬁnq+%wwﬂy%m®

1
(¢g tr [15,] +vg" tr [J3,]) + S U0) (60" I, + 0" 5, ) U (6)

N = N

= —5 ((my — 1)6g" +4g") + 505205 U () + suigPme?
= 500 (00 0(5) — (my — 1)60) + Sm, (#2(65) — ba/m,).

For D, # j
0ln L, (9)

2
0o

:()7

dln L, (6)

% = Z,'0.(0)" (Y, — AW, Yy — Z,.8) = Z,/Q,.(0) " U,.(6)

=2 (¢ ()L}, + g T, ) Ur(6)
= 60" 21U, (8) + g ' mr 2, (6),

As a result, 8lngg(50) = —p(my, D) xr(80), where




@(mT7 DT)

1 -1 ,-1 -1,,-1 1 -1 ,-1 -1,,—1
i —1) P50 P00 —Mr Y50V i —1) P50 P20 Bo —mrtbggtaoBo
0 —Im2yod 0 0
—1oaol(Dy =1) —imyoiL(D, =1) 0 0
~30q01(Dr = J)  —gmigil(Dy = J) 0 0
0 0 ~6a0lks —my oIk,
1 _ My 1 5/ _ My 6/
(m,\—l—i-/\o)UEOYDT (I_AO)(USO,DT'H”TUELO) (m?“_1+>‘0)"30,DT 0 (1_>‘0)(‘7€20,Dr+mr‘7c210) 0
m;
0 B 2(‘7;20 Dy +mr‘7§0)2 0 0
_ 1(Dy=1) _ myl(Dy=1) 0 0
2U§O,D7- 2(U§o,D,,.+mT‘7<2xo)2
By _matpee) : :
2"éo,DT 2(030,DT +mr030)2
1 .
0 0 B U?O,DT IkZ _J?o,D:‘T:‘mTU?xO IkZ
(0.4)

To adjust the discussions to the model discussed in Section 2 of the main text, we just need to

drop the covariates Z and the moment functions related to Z.

3 Variance Covariance Matrix of Moment Vector y,(d)

In the following lemma we give explicit expressions for the elements of the variance covariance

matrix x,(dp), which will be used in the derivation of the Variance-Covariance matrix of our QMLE

and the proof that Tg and I'g , the matrices composing the V-C matrix, are both positive definite.

Lemma O.1. Suppose the maintained assumpiions hold, then

¥, = Cov(x; (o)) =

(0.5)




with

v 2(my —1)0 p 0
1y = o
' 0 2(020 + USO,DM%V + (N((;t)) —30,0)
(mr=1)2  (mr—1)
4 2
+(M£O)DT 3U§O7DT) [ (mn:::l) £
m? mi
o 0 0 ,
2 = N _ 3 3) - 12,5
mmrlﬂio)p z, [:“Exo) + o MEO)D 1z, '
Uy, — JeO,DrZ':’ZT 0 '
i 0 (020 + Ugo,DTm%)zﬁr

Proof. For notational simplicity, we drop the subscripts 0 and r in the proof such that, for example,
x(6) = x+(6) and I, = Iy, . To prove the lemma, recall that

Unu—-(m-1)o
U’%U — (05 +02p/m)
Z'U
2/U

x(6) =

U=ay, +e= [Lme]??a

where n = [a, €], Observe that

Ir*n[LTmIm] = [Ovl;kn]v
J:;@[Lmalm] = [LTmJ:;@]?
0 0
lm, Im /IT*n lm, Im = )
o L il [O m]
1 -1,/
(0 AR O8N A [ T o8 [me:[ 1 mm]
m ity mooJ)

It follows that

Unu = nAn, U'(m™YJ U =/ Bn,
Zru = dn  Z'm7Nn)U =,

with
4 - |00 | B 1 m~t!, ’
0 I m~ Yy, mTLE
d = Z'0,I}) V=m" 2 1y, T



Now let

o2 0
¥, = (0,4i) = @ ,
n ( B .7) [ 0 0'37DI
then
Var(n'dn) = VA4 = VAL v,
va 2tr [AX,AY,)] = 202 ptr 1] = 2(m — 1)o2 > 0,
AA = 2,4 2 (m—1)* () 4

Vs Z gty — 30544) = T(Mg,p —30.p);

i=1

Var(n/Bn) VBB VBB ‘/2337

VBB 2tr [BY, BY,)| = 2(02 + 02 p/m)? > 0,

m—+1 1

4
VQBB Z bzz :um n,u) = (Mt(;:l) - 30’3) + ﬁ(ﬂé,)D - 3U§,D)a
Var(a'n) V =d'¥,a= agyDZ’I,le = o?}DZ’Z >0,
Var(b'n) VP =¥'%,b = (02 + UE’D/m)Z’(mflJﬁl)Z = (02 + ava/m)z’z >0
and
Cov (i An,n'Bn) = VAP = VAP 4 VA5,
VP = 2tr[AY,BY,]
0 0 1 —Ly
= 2tr 2 1 " 1Lm En = 07
0 oZpl; m ly moJk
m+1 (m . 1) A
VQAB = Z a;ibii an - 777“) T e (M;)D - 3U§,D>
!/
Cov(a'n,bt'n) = VP =d%S,b=m"12'[0,021}) [ ;T Z =0,




Cov(a'n,n' An)

Cov(b'n,n'An)

Cov(a'n,n'Bn)

Cov(b'n,n'Bn)

and thus

with
Vi =
Vo =
Woy =

O
— VaA = CL/ @ 3) VeCD(A)
0 ME,DIm
(3)
o 0 0
= 20,1 [ g ]vecD<A> = 210, ) 13 [ L ] = 0;
0 e plm ’ T bm
(3)
16} 0
= yraoy | F 3) vecp (A)
0 IU’E"DIm
3)
0
= m 2 (i, JF, He vecp (A
[ ] 0 MSI):) I p(A)
0 -1 -1
- W | | = = T
Tm o m me ’
(3) (3)
(e} 0 Mo 0
vaB =g | F veen(B) = Z'[0, I%] [ ] veen (B)
[ 0 uig,);, m] 0 uS}))Im
. 1
2'[0,1l°L 1] [ _2 ] —0;
m “im
(3) (3)
(03 0 ,LLoé 0
veB —y | # ] veep(B) = m 2 [tm, 7] [ ] vecp(B)
[ 0 uhim 0y
_ 3) x 1 I 3.
m A2 [0 e, u) %) [ —— <#&3) + mg“ﬁ)a) Z
Uy, U
¥ = Cov(y) o
Vo1 W
vAL VAR o(m - 1)ol 0
veA yBa 0 2(05 + 02 p/m)* + (g — 303)
(m=1)*  (m-1)
4 m m
+(M£1)) 30?,D) [ (m—1) 12 ]
m? m3
0o 0 | 0 0 _
VbA  bB m 1NS)D§/ [ (3) + m2 NeD 5 12>
ver 0| o p2'Z
0o v 0 (08 + 02 D/m




4 Variance-Covariance Matrix of the QMLE

In this section, we provide details of the derivation of the Variance-Ccovariance matrix of the QMLE.

As we have shown in the Section [2] of this online appendix

8111[/7«(50) o
T - _QO(mraDr)Xr((sO)v

where x,(do) and ¢(m,., D,) are defined in (0.3) and (O.4)). Consequently,

8 In Lr(éo) 8 In LT(50)

E 00 0o’

] — ey Do) Elxr (00)xr (00) (e Dy Y.

The limiting variance covariance matrix of the score is given by

TO = lim 7E

OJln LN((S()) Oln LN((S())
00 0o’

B .1 0ln L, (o) 01n Ly (o)
= 22 Jm oy ;E[ a6 a5’

- ZZNIE&,N S o(m,§) Bl (Bo)xe (o) i m, )
Jj=1m=2 €L,

= Z Z o(m, ) (m, j)e(m, j),

j=1m=2

where gp(m,j) = @(mra Dr) ‘mr:m,DFj and

= . . Rm j .
U(m,j) =lmy e % doper,  ¥r= lim N’J\I/(m,]) (0.6)

™. N—o0

with

\I}(mv.]): Rl ) Z \I/r(muj)v

m,j TeZm,j
and W, (m, j) = Vr(my, Dr) |m,=m,n,=; where ¥;(.) is given in Lemma [01] Recall that N =
Zf:l my = Zj:l Zm:Q mRmJ and thus

Ry, i N
. j . %JJV Win,j
lim 2 = lim N = :
N—oo N—oo —=— m*
N
.

The upper left block of ¥(m, 7) is ¥11(m, j) = wT:L";j Uy1(m, j), where \Ifn(m,j) = ﬁj Zrelmj Uit
is obtained by setting m, = m and D, = j in ¥y, of Equation . Using Lemma and noting

that by Assumption 5in the main text, limy_s0 % ZreIm ; Z/ = tm.j, lmy e N Dorer,.  MZ 2 =

m,j

P, j and lHmpy oo + ~ ZTGI Zp = Zpy,j we have



= . ‘I’11 m,j ‘I’12 m,j
Wm,j) = | Lubmd) Pulmg) | ©0.7)
Wor(m, j) Waa(m, ]
with
* 4
Ui (m,j) = “mg | 207~ 1oz, y 4
m* 0 2020+ 0%,5/m) + (g — 30)
* (m—1) (m—1)
(4) Wng | Tz
+(/‘L 30 0 ) * m’z m )
€0,5 €0.37 4, (m21) #
T1(m, ) s | Wy (m, )
21\m,3) = m— 3 3) Y\ = = Y12, ),
1Iu’£0?j 7/71,] (Mc(yg + #Ngo?g) Z;n,j
_ 02 St 0
Unp(m,j) = | 7097 .
0 (030+U§O,j/m) e
In all, we have
J M B
= > w(m,)T(m, j)e(m, ), (0.8)
j=1m=2

where p(m, j) and ¥(m,j) are defined in (0.4) and (0.7) respectively.

The limiting Hessian matrix I'g can be derived by arguments analogous to those used in deriving
To. The matrix I'g is seen to be a special case of the expression for Yy, obtained by setting
ugé?j — 30307j = u((m) 304, = /‘Eo)g = /h(xo) = 0. Of course, this ensures as expected that I'g = T

when both € and « follow Gaussian distributions. In particular,

J M
I‘0 = Z Z Qp(maj)@G(m7])90(m7])/7
=1 m=2
where

* *

Ua(m, j) = diag{2(m—1)o} Tc0, ;J72(030+0'520,j/m)2 7;;:133030]%“%]7( §0+U§O,j/m) :;L’J , (0.9)

which is obtained by setting ,ugé)j 304 Oc0, = uglo) — 30k, = ,ug‘g?j = /LSO) =0in ¥(m,j).

5 Proof of Lemma F.2

Let ¢ = (¢1,02,05,0)) be a (2+ 2kz) dimensional vector, where ¢; and ¢y are scalars and ¢3 and /4
are both kz dimensional vectors. Lemma F.2 in Appendix F states that ¢'¥(m, j)¢ = 0 if and only
it {1 =10y =0, l332,, ;{3 =0 and E4%mJ€4 = 0. The following lemma proves the claim.

Note that by (0.6) ¥(m,j) = -2 limy_ec ¥(m, j).
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Lemma O.2. Suppose the maintained assumptions hold and suppose that ugé)j—ago,j > (,ugg)j)Q/UEQOJ

and wy, i > 0, then
(1) ¥ (m, j)¢ = 0if and only if {1 = la = 0, ﬁ’j doreTn, €3Z’Z l3=0and 7— s ZTGI Uz Z 0 =

(2) €' (m, )¢ =0 if and only if €1 = by =0 and €432, ils = 0 and U)3m jls = 0.

Proof. We drop the subscript 0 indicating true parameter values in this proof for notational sim-

plicity. By Holder’s inequality ugl) o> (u (3))2/02 and M?]) ’]_ (,ug)) /Og,j' The lemma
maintains that the last inequality holds strictly, and thus Mé j) — O’ (ug)) / USJ. + ¢ for some

c > 0. then
(1, £2) 11 (m, ) (01, 6a) = G2(m =)ol ; +£32(05 + 02 ;/m)* + 63(u) — 3073)
(4) iy [ p(m—1) (m—-1) 1
+ (:U’s,j _30'87]‘) (glm +2€ E T g m
B2(m — 1), + 320" + eggagﬁ,j% 430202,
(3)y2
b e _203>
—_1)2 _
+ c<£%(ml)+2£1£2(m 21) +e§13>
m m m
(3)y2
. 1 1 1
+ <<’“‘€;) — 202 ) (ﬁ( - ik +2£1£27( ) 02— >
g
2(m 1 1
= o 7( )<£1—£2) + 40352 gj

@2 2
,u 1 1

+ ( E’J > (zl( —1)+£2> ,
m

(3)

v

SIm

. — 1 3) 1 _ ,U
() ¥ (m, j)(01,00) = ﬂj B 2 haht )+
Tezm ,J TEI’” 5
‘ 1 - -
(0, €)W (m, ) (U, 0))' = 0255— D B2 Zels + (0] (e
M) e, J reZm,;
Next observe that
o (pa’)” (3)) (3)
3 +2u§ <3> >tz + o), Y UEnEb = =Y, (ha +00501)?
O‘ ™, rel, Rm,j rELy,. i o
m,j m,J
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and

J TEIm J »J TeIm j
1 3o 1 1\2
:H{(Nij)ym <€1( —1)4—52)
E’J
(3) 2 4
1 1 _ o, 1
+ 1/2 <£1( 1)+ €2> 172 R Z (Zrla) + —* Z (2r4)
") el ; ") el ;
o2 »_ 1 (, 1 5 2 o)
=0 Z 1/2 1(m=1) + —4 Tej 1/2 (zrl4)
JoreT,
Consequently
OV (m, )0
= (€1, 02) W11 (m, ) (L1, £a)" + 2(L5, £4) U1 (m, j)(fla@)/ + (5, €3)Waz(m, ) (L3, £})
2(m —1 1 1
> gji( ) <£1—£2> + 4630202 ; Z 7! Z,0s
mn m ] r€lm,
2 (/’Lg?)) 2 1 / — —
+ 62 03 +2lua i Z £4 62‘*'0'0(ij Z 4ZTZTE4
’ TEImj > T‘GIm,]'
12\ 1 1
+ <C+O_2J m([l(m1)+€2m> +7 JR o Z 64262
’ Vor€l,
m— ’ 1
+ 2— nd) R >tz +o? 7L
TEIm] TEIm]
2(m — 1) 1 1
_ 4 2 2 2
= %eiT <51 —€2m> + 4l50 - ; AV

1
tool 3 (Gl +odnb)?
m?]

reIm,j

1 1\2
+ oc— <£1( ~1) +£2)
m m

o 1 3) 1 1 , 1 2
+oodn— 2 (Wl (-4 D) ot shE) )

7€Lm,;

Observe that all terms on the r.h.s. of the last equality are non-negative. Also observe that if

3)

2 =0 we have ps’ = 0 and all terms involving moments of a drop out.
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Of course, £'¥(m)f = 0 if £ = 0. Since o7 ; > 0 and ¢ > 0 it follows that £'¥(m, j)¢ > 0 unless
ly — 62% =0 and ¢1(m — 1) —1—525 = 0. Consequently, {'U(m)¢ > 0 unless {1 = ¢ = 0. For
{1 =0,¢5 =0, we have

O (m, )t = (fé,fﬁ;)\lfaz(m,j)(ﬁé,%)’

= o2, R > 67 Z s+ (o > Uz E

m.j r€Lm,; m.J T€Lm,j

Since a ; and o2+ a / m are bounded from below by a positive constant by Assumptions 1,2 and
4, part(1l ) of the Lemma follows in light of Assumption 5(c).

Secondly, since ¥(m, j) = U(m,j), ﬁd_ > €T, Z' 7y — S, R ZTEI ZNZ —
#m,j, part (2) of the Lemma follows similarly. O

6 Proof of Lemma F.3

A :
Note that p(m,j) = ( gL’J Cm’] ), where
m7j

1 - m
(m—14+Xg)02 7%, (1=Xo0)(o on—i-ma 0)
0 SR —
2(c 503+ma 0)2
A = _1yg=1 ___ ml@y=l)
m, — 2erg 2(c 6OJ+mo'aO)2 )
_1G=0) ___ml(g=J)
20’EOJ 2(c 60]4»7)10'0(0)2
. . e . R l _ m
is an (2 + J) x 2 matrix , By, ; is the upper right block, Cp, ; = | s Iy, o ol It,]

2
For all 4, ; in (Amhjl’ ...,Amp,jp), we subtract the product of (Uzmjrj% with the entry in
€0,7 «0
the first column from the second column and noting that ’

2
€0,7

(1= o)(02 00, +mogy) ~ (m—1+ X)o? e()j ) (o 50;+m‘720)2
B ml(m —1+ )‘0)(050,3‘ + maaO) (1= Xo)o% B
(1 —Xg)(m — 14 Xo)(0? oot mo2)?
B m?[(m — 1+ Xo)o 30““760]‘]
(1= Xo)(m — 14 Xo)(0? ;. + ma?,)?

m 1 mo

er

2
= — m2 30 _|_ 607]
(on—l-mo ) 1—)\0 (1—)\0)(771—1—}—)\0) ’
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then A,, ; becomes

1 _ m? o2, + ‘730,;'
m—1ea0)e%,, (0%, +moZy? \T-Ag T T A0 im—1120)
0 m?
] 2(‘7620,]""7”030)2 A i o
_1(]:1) 0 — m,j m,j
204 . ) )
€0,7 em,] O
1G=J)
T 204 0
€0,7

where a,, ; = (W,O)’, em; = [1(j = 1),...,1(j = J)]' is a unit vector with the j — th

€0,7

: : 2 2 92,5 1
element being 1 and others being 0, and d,, ; = _(Ufo,jfmaio)i’(lia)(\)o (1_/\0)(”2’3_1+A0) ,5). Conse-
quently,
a . d . . Ao - 7~ d g
rank (Am17j17 - Amp,jp) — rank mi1,J1 mi1,J1 mp,Jjp mp.Jp
€ma,j1 0  Cmp,jp 0
— rank Umigi 0 Ompjp Gmigi 0 dmpp
Cmigr T Cmp.jp 0 0
irst note that (em; iy ..., €m=. i) has full row ran ecause the categories j are mutually exclusive
First note that Lj1s e €mp,jp) has full kJ,b the categories j tually exclusi
‘752 . ‘7520,', .. .
and exhaustive. Under Assumption 6, (mp—oi]f-' o) #* (mp/_ii o) for some p # p’. This implies that the

first row of d =(dm, j;; ---» dmp,jp) has entries that are not all the same, while the second row of d is
made up of entries that are all the same. Then d has full row rank 2. In all, ® = (Am17j17 ey Amﬁdﬁ)

has full row rank.
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