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Equicontinuity-type concepts for random functions, which are important for establishing conver-
gence results for such functions, have increasingly been used in the econometrics literature. In this
paper we define and discuss various equicontinuity-type concepts for random functions and employ
those concepts to provide sufficient conditions for uniform convergence and, in particular, for
uniform laws of large numbers. Furthermore, we clarify the differences and similarities between
uniform laws of large numbers based on pointwise and local laws of large numbers given in the
recent literature as they relate to differences in the employed equicontinuity-type concepts.
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1. Introduction

Equicontinuity-type concepts for random functions are basic notions that
facilitate convergence results for such functions. Those concepts have been used
widely in the statistics and probability literature [see, e.g., Pollard (1984, 1989)
and Alexander (1987) for some recent references]. Equicontinuity-type concepts
for random functions have recently also been utilized more widely in the
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econometrics literature. In particular, and as will be explained in more detail
below, all of the recent uniform convergence results for random functions in
Andrews (1987, 1989c), Bierens (1981, 1989), Newey (1989), and Pétscher and
Prucha (19864, b, 1989a, b) can be viewed as having been obtained by verifying
implicitly or explicitly some equicontinuity-type conditions for the underlying
random functions. Furthermore, equicontinuity-type concepts for random func-
tions have also been used in Andrews (1989a, b) and Poétscher and Prucha
(1991a, b).

One goal of this paper is to clarify some aspects of these recent uniform
convergence results as they relate to differences in the employed equicontinuity-
type conditions, and to extend and consolidate these results. The uniform
convergence results in Andrews (1987), Bierens (1981, 1989), and Pétscher and
Prucha (1986a, b, 1989a, b) were obtained from a verification of the so-called
first-moment continuity condition, which is actually a first-moment equicon-
tinuity-type condition, and from local laws of large numbers. (The term local
laws of large numbers refers to laws of large numbers that hold for certain local
bracketing functions.) Alternatively, Newey (1989) and Andrews (1989c¢) derived
uniform convergence results from the verification of a ‘stochastic’ equicontinu-
ity-type condition, which is actually a ‘stochastic’ uniform equicontinuity-type
condition, and from pointwise laws of large numbers.* These results essentially
use a stochastic version of Ascoli-Arzela’s theorem. We show below that given
a standard domination condition the first-moment equicontinuity-type condi-
tion used by the approach based on local laws of large numbers and a suitably
defined ‘stochastic’ equicontinuity-type condition are in fact equivalent. We
show furthermore that, given a standard domination condition, a suitably
defined first-moment uniform equicontinuity-type condition and the ‘stochastic’
uniform equicontinuity-type conditions used by the approach based on point-
wise laws of large numbers are in fact again equivalent.> Therefore it is the
difference in the degree of the uniformity in the employed equicontinuity-type
conditions that represents the essential difference between the two approaches.?

Except for Andrews (1989¢) all uniform convergence results in the literature
cited above use a compact parameter space. The latter paper shows that totally
boundedness of the parameter space suffices. (For the approach based on local
laws of large numbers the maintained assumptions have to be appropriately

'The term pointwise laws of large numbers refers here to laws of large numbers that hold at all
points of the parameter space.

2Actually, also the former approach requires some degree of uniformity (which however need not
be postulated explicitly if the parameter space is compact). However, as discussed in more detail
later, the degree of uniformity required by the former approach is much less than that required by
the latter approach.

3The uniform equicontinuity-type conditions used in Andrews (1989c) and Newey (1989) only
differ in inessential details in regard to the derivation of uniform convergence results.
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modified.) While a weakening of the compactness assumption may be useful
from a practical point of view, we also show below that the uniform convergence
result on a totally bounded parameter space in Andrews (]989c) is only appar-
ently more general as any uniform convergence result on a totally bounded
parameter space can be deduced from a uniform convergence result on a com-
pact parameter space by an extension argument.

Equicontinuity-type concepts are not only of interest for establishing uniform
convergence results. A simple but important application of equicontinuity-type
concepts arises if we want to establish that the difference between the random
functions evaluated at some estimator and at the probability limit of that
estimator converges to zero. To illustrate this let Q, denote some sequence of
random functions which are indexed by some parameter 6 ©, let g, denote
some estimator for 8, with 6, —8, — 0 ip. as n — o0, and let P denote the
probability law. (For simplicity assume for this illustration that @ is a subset of
Euclidean space.) Clearly for every ¢ > 0 and é > 0 we have

P(1Q4(0,) — Qu(8,) > )
< P(10.(0,) — Qu(0.)| > 10, — 6, < 9)
+ P(1Q4(0,) — Qu(0,)) > &,160, — 6,] = 6)
< P(sUPyco SUPjo-) <3| Qul0) — Qu(0)] > &) + P(16, — 0] = 5).

Consequently, Qn(é,,) —0.(0,) > 0 ip. as n —» oo, given Q, satisfies the
equicontinuity-type condition lim P(supgco SUpjo-g|<sl @n(0) — Qn(0')] > ¢)

n—o_

— 0 as 6 > 0 for every ¢>0. If 0, =6, the less stringent equicontinuity-
type condition lim,_  P(supyp_gy<s/Qn(@) — Qu(¢')] > = 0 as J - 0 for
every ¢ > 0 and ¢’ = 0 suffices, as is easily seen. Clearly, if we are concerned
with as. or L, convergence, then we need corresponding as. or L,
equicontinuity-type concepts.

The above discussion indicates that we are confronted with a manifold of
equicontinuity-type concepts, which are useful in different contexts and which
differ in their degree of uniformity and whether those concepts are defined as i.p.,
a.s., or L, statements. Given this manifold of different but related equicontinu-
ity-type conditions, it seems of interest to explore their relationships and
differences in more detail. Hence, another goal of this paper is to carefully define
and distinguish between different equicontinuity-type concepts for random
functions and to analyze the relationship between those concepts.

Section 2 defines respective equicontinuity-type concepts for random func-
tions and establishes various implications and certain equivalencies between
these notions. In section 3 we give two theorems that provide basic conditions
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under which pointwise and local convergence results can be transferred into
uniform ones. One of those theorems is a stochastic version of Ascoli-Arzela’s
Theorem. Section 4 applies the results of sections 2 and 3 to the derivation of
uniform laws of large numbers, ie., to the important special case of sample
averages of random functions. In that section we also present several sets of
sufficient conditions for the existence of uniform laws of large numbers and
discuss their relationship to the results in Andrews (1987, 1989c), Newey (1989),
and Pdtscher and Prucha (1986b, 1989a,b). Section 5 shows that any uniform
convergence result on a totally bounded parameter space can always be reduced
to a uniform convergence result on a compact parameter space. Section 6
contains some illustrative counterexamples concerning uniform laws of large
numbers and the relationship of the respective equicontinuity-type concepts.
Proofs are given in the appendix.

2. Equicontinuity concepts for random functions

2.1. Definitions of and relationships between equicontinuity concepts

Let (@, p) be a (nonempty) metric space, let (2, &7, P) be a probability space
and let Q,: @ x @ — R be a sequence of functions that are measurable in their
first argument. The dependence of Q, on w € Q will frequently be suppressed in
the notation below. All suprema and infima over subsets of ® of random
functions used below are assumed to be (P-a.s.) measurable.* With B(¢', §) we
denote the open ball {e @: p(0,8') < §}. We now define various equicontinu-
ity-type concepts for @,. Definition 2.1 presents equicontinuity-type concepts
for a sequence of random functions at a given parameter value. As mentioned in
the Introduction, uniform versions of equicontinuity-type concepts of a se-
quence of random functions are needed to establish certain uniform convergence
results. Definitions 2.2 and 2.3 present two alternative formulations of such
uniform versions of equicontinuity-type concepts, which facilitate two alterna-
tive approaches to uniform convergence results.

Definition 2.1.  Q, is asymptotically L, equicontinuous (AL,EC) at 6'€ © for
p>0iff

lim E sup Q.0 — Q.(0))P >0 as 5 — 0 (2.1a)

n—cow fecB(8’, d)

“For sufficient conditions see, e.g., Pollard (1984, app. C) and PStscher and Prucha (1989b, lemma
A2). We note that some of the results below can also be shown to hold without this measurability
condition, given their proper formulation in terms of outer probabilities.
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0, is asymptotically L, equicontinuous (AL, EC) at '€ @ iff for every ¢ > 0

lim P( sup 10.(0) — 0.(0)] > g> ~0 as § -0 (2.1b)

n—ao 6eB(0’', d)
0, is a.s. asymptotically equicontinuous (a.s.AEC) at §' € @ iff

lim sup |Q,(0)— 0,0) -0 as. as 0 — 0. (2.1¢)

n—c 9eB(0’, 5)

If (2.1a) [(2.1b)] {(2.1c)} holds with lim__, _ replaced by sup,, then Q, is said to
be L, equicontinuous (L,EC) at 8" [L, equicontinuous (L,EC) at 0'] {as.
equicontinuous (a.s.EC) at 0'}. If any of the above properties holds for all '€ ©
(with a common exceptional null set for the a.s. case), then we say that this
property holds on ©.

Definition 2.2.  Q, is uniformly asymptotically L, equicontinuous (UAL,EC)
on @ for p > 0 iff

sup im E sup [0,(0) — 0,(@))P - 0 as J — O (2.22)

8'c® n>oo 8eB(8’,9)

@, is uniformly asymptotically L, equicontinuous (UAL,EC) on @ iff for every
e>0

sup lim P( sup |Q.(6) — 0,.(0)] > 8) -0 as 6 - 0 (2.2b)

€@ n—w 8eB(8’,9)
Q. is a.s. uniformly asymptotically equicontinuous (a.s.UAEC) on @ iff

sup lim sup [Q,(0) — 0, (@) —» 0 as. as & — 0. (2.2¢)

0'e® n— oo 6eB(9’',0)

If (2.2a) [(2.2b)] {(2.2¢)} holds with li—m,ﬁoo replaced by sup,, then Q, is said to
be uniformly L, equicontinuous (UL,EC) on @ [uniformly L, equicontinuous
(ULoEC) on @] {as. uniformly equicontinuous (a.s.UEC) on ©}.

Definition 2.3. Q, is asymptotically L, uniformly equicontinuous (AL,UEC)
on @ for p > 0 iff

lim Esup sup |Q.(6) — Q.(0))F » 0 as & — 0 (2.32)

n—w &'cO 8eB(0’,d)
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0, is asymptotically L, uniformly equicontinuous (AL UEC) on @ iff for every
e>0

lim P<Sup sup [Q,(0) — Q.(0')] > 8) -0 as 00 (2.3b)

n—oc 6’c®@ 8eB(8’',d)

0, is a.s. asymptotically uniformly equicontinuous (a.s. AUEC) on @ iff

lim sup sup [0,(0)—Q,0) -0 as. as § - 0. (2.3¢)

n—oc 8'e0 6eB(8°.9)

If (2.32) [(2.3b)] {(2.3¢)} holds with lim, , _ replaced by sup,, then Q, is said to
be L, uniformly equicontinuous (L, UEC) on © [L, uniformly equicontinuous
(LoUEC) on @] {as. uniformly equicontinuous (a.s.UEC) on @}.5

In the literature some of the above distinct concepts have been referred to by
one and the same name: for example, AL, EC is called stochastic equicontinuity
in Andrews (1989a, b). Andrews (1989¢) and Pollard (1989) on the other hand use
stochastic equicontinuity to refer to AL,UEC, which — as shown below — is
much stronger than AL,EC even for compact @. For compact @, a variant of
AL UEC was called uniform stochastic equicontinuity by Newey (1989). By
introducing the above definitions for equicontinuity of random functions we
hope to avoid this clash of terminology in the literature. Furthermore, by
distinguishing between asymptotic and nonasymptotic equicontinuity concepts
we achieve that the definitions adopted here are in case the functions are not
random in accordance with standard definitions of equicontinuity and uniform
equicontinuity.

The above equicontinuity-type conditions essentially control the size of the
modulus of continuity or uniform continuity. The ability to control the size of
such moduli has proven to be essential for deriving convergence results for
stochastic processes as it basically implies tightness of the sequence of stochastic
processes; see, e.g., Billingsley (1968, ch. 2, 3) and Pollard (1984).

The following remarks explore positive and negative results regarding the
existence of implications between the respective equicontinuity concepts. The
negative results are based on counterexamples collected in section 6. For
nonrandom functions it is well-known that equicontinuity and uniform
equicontinuity coincide if @ is compact. The remarks explore, among other
things, to what extent a generalization of this result is possible for random
functions.

SOf course, if Hnn is replaced by sup,. then conditions (2.2¢) and (2.3c) coincide.
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Remark 2.1. (i) The following implications among the equicontinuity con-
cepts are obvious:®

AL,EC[L,EC] = AL,EC [LoEC] <« asAEC [asEC],

I 1 1
UAL,EC [UL,EC] = UALGEC [UL,EC] < as.UAEC [as.UEC],
1 1 I

AL,UEC [L,UEC] = AL,UEC [LoUEC] « as.AUEC [as.UEC].

(i) If @ 1is compact, we have furthermore: AL,EC [L,EC] on
® <« UAL,EC [UL,EC], p >0, and as.AEC [as.EC] on @ = as UAEC
[a.s.UEC] < as. AUEC [as.UEC]. If (O, p) is totally bounded, we only have:
a.s.UAEC [as.UEC] < as.AUEC [a.s.UEC].” For a proof of these results see
Lemma A.2.

(i) We emphasize that — in contrast to the a.s. case — the implications
UAL,EC [UL,EC] = AL ,UEC [L,UEC] (and hence the implications
AL,EC [L,EC] on ® = AL, UEC [L,UEC]), p > 0, do not hold in general,
even if @ is compact (and Q, = Q); see Example 1 in section 6.

(iv) If © is not compact, then the implications AL,EC [L,EC] on
© = UAL,EC [UL,EC], p=>0, as well as asAEC [asEC] on
O = asUAEC [a.s.UEC] clearly do not hold in general. This is readily seen by
choosing 0, = Q nonrandom and observing that continuity and uniform conti-
nuity do not necessarily coincide if @ is not compact.

5The implications in the first line of the diagram hold whether the equicontinuity properties in this
line are all interpreted to hold at a given #€® or on ©. Note also that as. AEC at § for all 0@
implies ALoEc_on ©. Furthermore, to_establish the implications indicated in the diagram by <,
observe that lim,., P(|X,| > &) < P(lim,. . | X,| > &2) holds for any sequence of random vari-
ables X,,.

"A metric space (@, p) is totally bounded if for every 6 > 0 there exist finitely many 0;,
1 < i< M(3), such that the open balls B(6;,d) cover @. Note that total boundedness is not
a topological concept as it is possible to have two metrics p and ¢ on © that induce the same
topology, but where (0, p) is totally bounded while (@, o) is not. However, if © is compact, then
(O, p) is totally bounded for any p generating the given topology. If @ is a subset of Euclidean space
and p is the Euclidean metric, then (@, p) is totally bounded iff © is bounded as a subset of Euclidean
space.

8If (@, p) is totally bounded, LUEC can be implied from UL,EC if we impose a rate of
CONVETEence on SUPg ¢ SUP, P(SUPgegp 51 Qnl0) — 0,(0") > £): More specifically, let .47(5) denote the
smallest number of open balls B(8;, §) necessary to cover @, i.e., .47(d) is the covering number of &.
Then, if 47(6)sUpg o SUP,P(SUPsepp . 25100(0) — 0,(0) > €) — 0 as & — 0, it follows that Q, is
LoUEC, since  P(supgeeSUPscsw.a|Qu(0) — 0n(0)] > &) < P(max, - i . v SUPses:. 251Qn(0) —~
Q.(0))] > &/2) < A(0)SUPgco P(SUPgep. 26) |Qnll) — Qn(0'| > £/2). Compare Billingsley (1968,
theorem 8.3) for a result that is similar in spirit.
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(v) If (@, p) is not totally bounded, then the implication as.UAEC
= a.s.AUEC does not hold in general (even if Q, is nonrandom); see Example
2 in section 6.

(vi) In general, even on compact @, also the following implications do not
hold: AL,EC [L,EC] = as.AEC [as.EC], UAL,EC [UL,EC] = as.UAEC
[as.UEC], AL,UEC[L,UEC] = as.AUEC [as.UEC]. In fact, even the im-
plication L,UEC = a.s.AEC does not hold as shown in Example 3 in section 6.

(vii) If Q,is nonrandom, the equicontinuity concepts in each row of the above
diagram coincide, as can be readily seen. Therefore, it foliows from (ii) that if
Q. is nonrandom and if furthermore @ is compact, all asymptotic equicontinuity
concepts coincide and also all nonasymptotic equicontinuity concepts coincide,

Remark 2.2. (i) If Q, = 0, the equicontinuity concepts given in Definitions
2.1-2.3 reduce to corresponding continuity concepts. (The term ‘equicontinuity’
is then to be replaced with ‘continuity’ in the above definitions.) We note that
L, continuity at ' <> a.s. continuity at &, and L, uniform continuity < a.s.
uniform continuity, since SUpg e .s Q) — Q)| and supy .o SUPpepe-. s
|Q(6) — Q(0')| are monotone in 8. However, L, continuity on & does not imply
a.s. continuity on @; even uniform L, continuity does not imply a.s. continuity
on O, as is readily seen from Example 1 in section 6, recalling that a.s. continuity
on O requires a common exceptional null set.

(i) It should be noted that L, continuity is a stronger concept than continuity
in probability, where the latter is defined as Q(6) — Q(f') in probability as
f — @', or equivalently, supg.pe.5P(1Q(0) — Q)] >¢ - 0asd — 0.

We next discuss conditions, apart from the trivial case Q, = Q, under which
the respective asymptotic and nonasymptotic versions of Definitions 2.1-2.3
coincide.

Remark 2.3. (i) Ifeach Q,is L, continuous at §’ [on @], p > 0, then AL,EC at
¢ [on @] < L,EC at ¢ [on @]. If each Q, is L, uniformly continuous, p > 0,
then AL,UEC < L,UEC. However, if each Q, is uniformly L, continuous (or
even L, uniformly continuous), p > 0, then UAL,EC does not in general imply
UL,EC unless, e.g., @ is compact; cp. Example 2 in section 6 and Remark 2.1(ii).

(i) If each Q, is a.s. continuous at § [on @], then as.AEC at 6" [on
@] < asEC at ¢ [on @). If each Q, is as. uniformly continuous, then
a.s.AUEC < as.UEC. However, if each @, is as. uniformly continuous,
a.s.UAEC does not in general imply as.UEC unless, e.g., (©,p) is totally
bounded; cp. Example 2 in section 6 and Lemma A.2.

In Remark 2.1(J) we noted the obvious fact that the respective
L, equicontinuity concepts imply the corresponding L, equicontinuity con-
cepts. We next show that also the reverse implication holds under the following
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uniform integrability type conditions for p > 0:

lim E(D?1(D, > M)) > 0 as M — oo, (2.4a)
sup E(D?1(D, > M)) > 0 as M — o, (2.4b)

where D, = supgeo | Q,(0)|. Note that (2.4a) and (2.4b) are equivalent if ED§ < oo
for all n > 1. The following result is of importance as it will allow us to
demonstrate the similarities in the different approaches taken in the literature to
establish uniform convergence results.

Theorem 2.1.° (a) For 0 <r <p:

AL,EC[L,EC] at 0'c® = AL EC[L,EC]at0'c0, (2.5a)
UAL,EC[UL,EC] = UAL,EC[UL,EC], (2.5b)
AL, UEC[L,UEC] = ALUEC [L,UEC). (2.5¢)

(b) Under (2.4a) [(2.4b)] with p > 0 also the reverse implications in (2.5a)—(2.5¢)
hold for 0 <r < p.

A simple sufficient condition for (2.4a) or (2.4b) is clearly given by En‘,,_.w
E(D5) < oo or sup, E(D3) < oo, respectively, for some s > p. Theorem 2.1 is
similar in spirit to Theorem 6.1 of Poétscher and Prucha (1991a).

2.2. Some sufficient conditions

In the following we discuss several sufficient conditions for the respective
equicontinuity-type conditions. A further discussion of such conditions for the
important special case where Q, is an average is given in section 4.

Simple sufficient conditions are provided by Lipshitz-type conditions [cp.
Andrews (1987, 1989¢)]. First consider the following global Lipshitz-type condi-
tion: There exists an # > 0 and a null set N such that for all §,8'e®@ with
p(0,0') < n and all weQ2 — N we have

1Q4(8) — @.(0))1 < B,h(p(6,0), (2.6)

°For the reverse implication of (2.5a) and (2.5b) in part (b), we could replace D, with
D, (0') = supgeper, 5| Qa(0)) in (2.4); however for the reverse of (2.5b), we then have to modify (2.4) by
also taking the supremum over @ in the expressions in (2.4).
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where B,: Q — [0, o0), h:-[0, o0) — [0, o0) with h(x) | 0 as x | 0, and where the
Lipshitz bounds B, do not depend on 8 or 0 and satisfy either!®

lim EB? < 0 [sup EB? < oo] for some p >0, or (2.7a)
supP(B,>M) -0 asM — oo, or (2.7b)
lim B, <o as. [sup B, < o a.s.]. (2.7c)
n—aoo n

Then (2.6) and (2.7a) imply that the random functions @, are AL ,UEC
[L,UEC], (2.6) and (2.7b) imply that the Q, are L,UEC, and (2.6) and (2.7¢)
imply that the Q, are as. AUEC [as.UEC].

Next consider the following local rather than global Lipshitz-type condition:
For each 0’ ® there exists an # = n(f’) > 0 and a null set N(¢') such that for all
@ with p(0,0') < n and all weQ — N(0') we have that

1Q4(0) — (0| < B.h(p(0, 6)) (2.8)

holds, where now the Lipshitz bounds B, = B, (") are allowed to depend on ¢’
and satisfy

lim EB2(#') < oo [sup EBE(O) < oo] for some p>0, or (2.9a)

n—aoc

sup P(B,(0')>M) >0 as M — oo, or (2.9b)

lim B,(#) < o0 as. [sup B,(0') < o0 a.s.]. (2.9¢)

h= X n

Then (2.8) and (2.9a) imply that the random functions Q, are AL, EC [L,EC],
(2.8) and (2.9b) imply that the Q, are L,EC; furthermore (2.8) and (2.9¢c) imply
that the Q, are a.s.AEC [a.s.EC] on @ if the null set N(#) and the exceptional
null set in (2.9¢) do not depend on 6"

19Note that sup,P(B, > M) — 0as M — oo is equivalent to lim,- . P(B, > M) » 0as M —cx.
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Finally, let

sup lim EB#(0) < « [sup sup EB#(F') < Oo:l for some p >0, or (2.10a)

0'e0 n—wx 8'e@ n

sup lim P(B,(0)> M) - 0 [sup sup P(B,(0') > M) — O] as M — «c, or

8'e@ n—wo 0'e®@ n

(2.10b)
sup lim B,(6)< o as [sup sup B,(8') < « a.s}. (2.10c¢)
9O n—x 0'e@ n

If n in the definition of the local Lipshitz-type condition (2.8) does not depend on
0, then (2.8) and (2.10a) imply that the random functions Q, are UAL EC
[UL,EC], (2.8) and (2.10b) imply that the @, are UAL,EC [UL,EC], and if
additionally N(8') does not depend on 6', then (2.8) and (2.10c) imply that the
Q. are as. UAEC [as.UEC].

The verification of any of the equicontinuity conditions LoEC, UL4EC, or
Lo UEC or the asymptotic counter parts involves the establishing of a maximal
inequality. The Lipshitz-type condition discussed above essentially allows one
to imply this maximal inequality from bounds on P(B, > ¢/h(p(d, 0')) >
P(1Q.(0) — Q.(0)] > &). For further techniques for verifying L, EC, UL,EC, or
LoUEC see, e.g., the Chaining Lemma in Pollard (1984).

3. Approaches to uniform convergence and Ascoli-Arzeld’s theorem

In this section we compare two basic approaches for the derivation of uniform
convergence results. The first approach utilizes a stochastic variant of
Ascoli-Arzela’s Theorem and is based on asymptotic Ly uniform equicontinuity,
ie, AL,UEC, and pointwise convergence i.p. of @, [or a.s. asymptotic uniform
equicontinuity, ie., as.AUEC, and pointwise a.s. convergence of Q,]. The
second approach adopts Wald’s (1949) bracketing idea and is based on uniform
asymptotic L, equicontinuity, i.e, UAL,EC, of Q, and convergence i.p. [a.s.
convergence] of certain local bracketing functions derived from Q,. (If @ is
compact, only AL, EC of 0, has to be verified for the second approach since in
this case AL, EC and UAL,EC are equivalent.) We give two basic theorems that
describe these two approaches. The first one of these results is a slightly
generalized version of results in Andrews (1989¢) and Newey (1989) and only
requires pointwise convergence on a dense subset of @. The second result
essentially only reformulates the strategy used to prove ULLNs in, e.g., Andrews
(1987) and Pdtscher and Prucha (1986a, b, 1989a, b).
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We shall need the following asymptotic variant of Ascoli-Arzela’s Theorem:!*

Ascoli-Arzela’s Theorem. Let f,: © — R and fu: @ - R be sequences of func-
tions and assume f, to be asymptotically uniformly equicontinuous.

(@) If (@, p) is totally bounded, if f,(8) — f,(8) —» 0 as n — oo for all 8€O,,
where O is a dense subset of ©, and if f, is asymptotically uniformly equi-
continuous, then supgeo|f,(0) — fo(6)] = 0 as n —c0.

(b) If supgco| fo(6) — fu(8)] = 0 as n — oo, then the sequence f, is asymp-
totically uniformly equicontinuous and f,(6) — f,(6) —» 0 as n —co for all
feo.

If £, =f, and if @, = @ or fis continuous, then for part (a) of the theorem
the assumption that £, is asymptotically uniformly equicontinuous (i.e., f is
uniformly continuous) can be dropped; in fact, uniform continuity of f then
follows as a conclusion of part (a). We now present the first basic uniform
convergence result for random functions. The proof of the as. part crucially
utilizes the feature that in part (a) of the above Ascoli-Arzela Theorem pointwise
convergence is only required to hold on a dense subset of @ and the fact that
a totally bounded metric space is separable. The i.p. part of the following result
with @, = @ has been given in Newey (1989, theorem 1) for compact & and
Andrews (1989c¢, theorem 1) for totally bounded @; also, the i.p. part is a special
case of Theorem 10.2 in Pollard (1989).

Theorem 3.1.'* Let Q,: ©® — R be an asymptotically uniformly equicontinuous
sequence of nonrandom functions.

(a) If (O, p) is totally bounded, if 0,(6) — Q.(6) = 0 a.s. [i.p.] asn — oo for all
0e@q, where Oy is a dense subset of @, and if Q, is a.s. AUEC [ALyUEC],
then supgeo|Q.(0) — 0.(0)| — 0 as. [i.p] asn —» 0.

(b) If supy.6]0,(0) — 0,(0)] - 0as. [ip.]asn — o, then the sequence Q, is
a.s.AUEC [ALoUEC] and Q,(0) — 0,(0) = 0 a.s. [i.p.] asn — oo for all
fe®.

Obviously, the above theorem also covers the case @, = @. Recall also that
a.s. AUEC implies AL, UEC, and hence the i.p. part of the theorem clearly also

"1 Ascoli-Arzela’s Theorem is typically stated for an equicontinuous sequence of functions on
a compact space; see, €.g., Dunford and Schwartz (1957, theorem IV.6.7). Of course, for sequences of
[uniformly] continuous functions the properties of asymptotic [uniform] equicontinuity and [uni-
form] equicontinuity coincide; cp. Remark 2.3(ii). Furthermore, if @ is compact, [asymptotic]
uniform equicontinuity and [asymptotic] equicontinuity coincide; cp. Remark 2.1(ii).

120f course, in Theorem 3.1 we could have absorbed @, into @, without loss of generality.
However, this is not the case in Theorem 3.2 given below. We have chosen the above formulation of
Theorem 3.1 for reasons of comparability.
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holds under the stronger a.s. AUEC assumption. Furthermore note that, in view
of Lemma A.2, the assumptions that Q, is a.s. AUEC and that Q, is AUEC in
Theorem 3.1(a) could be replaced, respectively, by as UAEC and UAEC (or
even by a.s.AEC on @ and AEC on 0 if @ is compact).

The second basic uniform convergence result for random functions is modeled
on the method of proof used in Wald (1949), Andrews (1987), and P6tscher and
Prucha (1986a,b, 1989a,b), and represents the ‘first-moment equicontinuity’
approach. In the next theorem the expectations are assumed to be finite.

Theorem 3.2. Let Q, = EQ,, let (O, p) be totally bounded, and assume that

sup Q,(0)—E sup Q,0) -0 as. [ip] as n -, (3.1a3)

8eB(8’, o) 0eB(9’, dx)

inf Q60 —E inf Q,0) >0 as [ip] as n -0, (3.1b)

0B, 51) 0eB(O’, 51)

for all k=1 and all 8'€®, where 6, is some sequence of positive numbers
converging to zero. Let Q, be UAL, EC, then sup,_,|0.(0) — Q,(0)] = 0 as.
[ip.] as n - 0.

Recall that if @ is compact, UAL{ EC reduces to AL, EC. Furthermore, if @ is
compact, the sequence J; in (3.1) can be allowed to depend on &', as can be seen
from the proof of the theorem.

Before discussing Theorems 3.1 and 3.2 in more detail, we give a result which
shows that L, equicontinuity-type conditions on Q, with p > 1 already imply
equicontinuity-type conditions for EQ,.

Theorem 3.3. Let Q, = EQ,, which is assumed to be finite, and let p > 1. If Q, is
AL,EC [L,EC], then Q, is AEC [EC]. If Q, is UAL,EC [UL,EC], then Q, is
UAEC [UEC]. If Q, is AL,UEC [L,UEC], then Q, is AUEC [UEC].

Given the uniform integrability type condition (2.4a) [(2.4b)] holds, Theorem
3.3 also applies [in view of Remark 2.1(1) and Theorem 2.17] if Q, satisfies
asymptotic [nonasymptotic] a.s. or L, r < 1, equicontinuity-type conditions.

If in Theorem 3.1 Q, = EQ,, then the condition that Q, is asymptotically
uniformly equicontinuous is already implied by the assumption that Q, is
as. AUEC [AL,UEC] in Theorem 3.1(a), given the uniform integrability-type
condition (2.4a) with p > 1 is satisfied; this follows from Theorem 2.1(b), which
then implies that Q,, is AL,UEC, and Theorem 3.3. Similarly, the assumption in
Theorem 3.2 that Q, is UAL,EC implies that Q, = EQ, is UAEC in view of
Theorem 3.3; in view of Lemma A.2, Q, = EQ, is then even AUEC.
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Sufficient conditions for the equicontinuity-type conditions employed in
Theorems 3.1-3.3 have been given in section 2.2. For the special case of uniform
laws of large numbers further sufficient conditions will be discussed in section 4.

Comparing the approaches corresponding to Theorems 3.1 and 3.2 in the
context of convergence in probability we see that the first approach, which
transforms pointwise convergence into uniform convergence, requires more
uniformity in the equicontinuity-type condition than the second approach,
which transforms local convergence into uniform convergence and which only
assumes UAL,EC rather than the stronger AL, UEC condition. [Since a uni-
form integrability-type condition like (2.4) will typically hold in a given applica-
tion, the fact that Theorems 3.1 and 3.2 use L, and L, equicontinuity concepts,
respectively, seems rather immaterial since under (2.4) AL, UEC is equivalent to
AL,UEC in view of Theorem 2.1.] Comparing the approaches corresponding to
Theorems 3.1 and 3.2 in the context of a.s. convergence we see again that the
condition that Q, is a.s. AUEC maintained by Theorem 3.1 is — given a uniform
integrability type condition — stronger and again requires more uniformity than
the condition UAL,EC maintained in Theorem 3.2. [Note that despite the
equivalence of a.s. AUEC with as.UAEC for totally bounded (O, p) and its
equivalence even with a.s.AEC on ® for compact @, a.s.AUEC still not only
implies UAL,EC but even AL, UEC, given a uniform integrability type condi-
tion!] Example 4 in section 6 shows that the equicontinuity-type condition
UAL,EC maintained in Theorem 3.2 (and even UL, EC with arbitrarily large p)
is in general not sufficient to allow the transformation of pointwise convergence
into uniform convergence.

For a compact parameter space, the condition in Theorem 3.2 that the
sequence Q, is UAL,EC reduces even to AL, EC. The former condition repre-
sents the appropriate assumption needed to cover the case of a totally bounded
parameter space. In contrast, in the convergence i.p. part of Theorem 3.1 the
condition that Q, is AL, UEC has to be assumed even if @ is compact [and also
represents the appropriate assumption for the case of totally bounded (©, p)].

In comparing the two approaches it is furthermore important to observe that,
given the uniform integrability-type condition (2.4a) holds with p =1, the
assumptions of Theorem 3.2 deliver — via its conclusion and Theorem 3.1(b)—the
assumptions maintained by Theorem 3.1(a).*? (In particular, the assumptions of
the a.s. [i.p.] convergence part of Theorem 3.2, which include the condition
UAL,EC, imply the even stronger equicontinuity condition as.AUEC
[AL,UEC].) Conversely, given that (2.4a) holds with p = 1, the assumptions of

13This can be seen as follows: Since @, is UAL, EC, it follows from Theorem 3.3 that Q, is UAEC,
and hence is AUEC in view of Lemma A.2. Since total boundedness is assumed in Theorem 3.2, the
remaining conditions in Theorem 3.1(a) follow immediately from uniform convergence in view of
Theorem 3.1(b). That Q, is even AL,UEC follows then from Theorem 2.1. Note that (2.4a) was
actually only used in the last step to imply AL, UEC of Q,.
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Theorem 3.1(a) (with 0, = EQ, assumed finite for n > 1) deliver—via its con-
clusion and Lemma A.3 - the assumptions maintained by Theorem 3.2.1* Thus,
given the uniform integrability-type condition (2.4a) holds with p = 1, the two
approaches are equivalent in that they cover the same class of problems.'*

As discussed above, if we use Theorem 3.2, we only have to verify UAL, EC
{or AL,EC for compact @) rather than a.s.AUEC or AL,UEC. This may be
advantageous especially in situations where verifying local convergence is easy
(or at least not more difficult than verifying pointwise convergence). We also
note that a potential advantage of Theorem 3.2 in an application may be that
one only has to verify UAL,EC for both as. and i.p. uniform convergence
results.

Andrews (1989c) defined a further stochastic equicontinuity-type concept
which he labeled ‘strong stochastic equicontinuity’ to derive a strong uniform
convergence result. In light of Theorem 2 in Andrews (1989¢) and Theorem 3.1
we see that a.s. AUEC and ‘strong stochastic equicontinuity’ are equivalent given
(@, p) is totally bounded and Q,(8) —» 0 as. as n —» oo for all f#e@. [As in
Andrews (1989c) we assume here without loss of generality 0, = 0.]'¢

4. Uniform laws of large numbers

In this section we consider uniform convergence for the special case where
0.0)=n"*Y"_ q(w,0) and Q,(0) = EQ,(H), i.e., we consider uniform laws of
large numbers (ULLNs), as an important application of equicontinuity-type
concepts for random functions. We maintain throughout this section that the
functions ¢,: 2 x ® — R are measurable in their first argument and integrable
for each 9 ® and ¢ > 1. Again, we shall frequently suppress the dependence of
¢, on w in the notation.

4.1. Cesaro equicontinuity-type concepts

Of course, for the above choice for Q, and @, Theorems 3.1 and 3.2 represent
ULLNs. However, in applications it is often more natural to imply the con-
ditions on @, from conditions on g,. This can be accomplished in different

!4This can be seen as follows: The conditions a.s. AUEC [AL,UEC] clearly imply UAL,EC in view
of Remark 2.1(i) and Theorem 2.1. The local convergence conditions (3.1) follow from Lemma A.3,

"*Implicitly the discussion has also established the following partial converse to Theorem 3.2: If
SUPgeo | Qn(0) — Q.(0)| — Oas. [ip.]asn — oc with Q, = EQ, (assumed to be finite for n > 1) and if
(2.4a) with p = 1 holds, then Q, — Q, is UAL,EC (and even AL, UEC) and the local convergence
conditions (3.1) are satisfied.

161t is readily seen that in general as.AUEC implies strong stochastic equicontinuity, but not
conversely. [Note that in order to be well-defined the definition of strong stochastic equicontinuity
in Andrews (1989c¢) has to be amended by, in our notation, the condition sup, , .| @.(0)} < o for all
0e@ as.]
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ways. One route of verifying the equicontinuity-type conditions employed in
Theorems 3.1 and 3.2 that proves useful is to introduce intermediate equicon-
tinuity-type concepts for ¢, which can be used to imply the equicontinuity-type
conditions for Q,. Sufficient conditions for these intermediate equicontinuity-
type concepts for g, will be discussed in more detail below. We now introduce
such intermediate equicontinuity-type conditions for g, as analogs to Defini-
tions 2.1-2.3.

Definition 4.1. g, is asymptotically Cesaro L, equicontinuous (ACL,EC) at
§'e@ for p > 0 iff

lim n~! > E sup [q(0)—q(0))F >0 as & >0 (4.1a)
t=1

n—w 8eB(8’,d)

g, is asymptotically Cesaro Ly equicontinuous (ACL,EC) at 8'€® iff for every
e>0

E"“‘ZP< sup Iq,(H)—qt(H’)I>s>—>0 as 6 —»0; (4.1b)
t=1

n—w 0eB(6°,9)

g, is a.s. asymptotically Cesaro equicontinuous (a.s.ACEC) at '€ @ iff

lim n! Y sup |q(0)—q0) -0 as. as & - 0. 4.1¢)

n— oo t=1 0eB(0’,0)

If (4.1a) [(4.1b)] {(4.1c)} holds with lim, _,  replaced by sup,, then g, is said to be
Cesaro L, equicontinuous (CL,EC) at §' [Cesdro L, equicontinuous (CLy,EC)
at 0'] {a.s. Cesaro equicontinuous (a.s.CEC) at §'}. If any of the above properties
holds for all 8’ @ (with a common exceptional null set for the a.s. case), then we
say that this property holds on ©.

Definition 4.2. ¢, is uniformly asymptotically Cesdaro L, equicontinuous
(UACL,LEC) on @ for p > 0 iff

_— n
sup lim n=' Y E sup [q(0) —q(6))F >0 as & -0 (4.2a)
8’e®@ n—w t=1 geB(0’, )

g, is uniformly asymptotically Cesaro L, equicontinuous (UACL4EC) on O iff
for every ¢ > 0

sup lim n~! Y P( sup [q:(0) — q.(@)| > 8) — 0 as § » 0; (4.2b)

8'c@ n—w t=1 8eB(0’, )
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g, 1s a.s. uniformly asymptotically Cesaro equicontinuous (a.s. UACEC) on O iff

sup lim n™! Y sup |g(0)—q(0) -0 as. as 50 (42c)

8'c® n— o t=1 0eB(8',d)

If (4.2a) [(4.2b)] {(4.2¢)} holds with lim,_, _ replaced by sup,, then g, is said to be
uniformly Cesaro L, equicontinuous (UCL,EC) on @ [uniformly Cesaro
L, equicontinuous (UCL,EC) on @] {a.s. uniformly Cesaro equicontinuous
(a.s.UCEC) on @}.

Definition 4.3. g, is asymptotically Cesaro L, uniformly equicontinuous
(ACL,UEC) on & for p > 0 iff

lim n™'' Y Esup sup |q,(0) —q(@))P >0 as 6 —0; (4.3a)

n—w t=1 6'e@ 8eB(8',8)

g, 1s asymptotically Cesaro L, uniformly equicontinuous (ACL, UEC) on @ iff
for every e >0

lim n™! P(sup sup |q.(0) — q.(0)] > g) —>0as 6—0; (43b)
t=1

n— oo 0'cO 8eB@', §)

q, is a.s. asymptotically Cesaro uniformly equicontinuous (a.s.ACUEC) on @ iff

lim ! Y sup sup |q,(0) —q(0)) >0 as. as 5 -0. (43¢

n— oo t=108'cO BeB(.,9)

If (4.3a) [(4.3b)] {(4.3¢c)} holds with lim,_, _ replaced by sup,, then g, is said to be
Cesaro L, uniformly equicontinuous (CL,UEC) on @ [Cesaro L, uniformiy
equicontinuous (CL, UEC) on @] {a.s. Cesaro uniformly equicontinuous (a.s.
CUEC) on 0}.

The concept of ACL,UEC was introduced in Andrews (1989¢) under the
name of ‘termwise stochastic equicontinuity’. We note that most but not all of the
implications discussed in Remarks 2.1 and 2.3 also hold for the corresponding
Cesaro equicontinuity concepts.!” Certain of these implications are collected in
Lemmata A.2 and A4. For later use we note that in particular ACL,UEC
[CL,UEC] = UACL,EC [UCL,EC] for p > 0.

'"E.g., a8.UACEC does in general not imply a.s.ACUEC even for compact .
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Similar as in section 2 we now give a theorem that shows that the various
Cesdro L, equicontinuity concepts coincide for different values of p under the
following uniform integrability-type condition:

limn™ 'Y E@1(d,>M)) >0 as M —oo, (4.4)

n—w t=1

where d, = sup,_o|q.(w, 0)|. Note that (4.4) implies that Ed} < oo for all ¢t > 1
and hence (4.4) is equivalent to sup, n~! Z:‘=1 E(d?1(d,> M)) - 0as M — co.

Theorem 4.1. (a) ForO<r<p:
ACL,EC[CL,EC]at#e® = ACLEC[CL.EC]att'c®, (45a)
UACL,EC[UCL,EC] = UACL,EC[UCL,EC], (4.5b)
ACL,UEC[CL,UEC] = ACL UEC[CL,UEC]. (4.5¢)

(b) Under (4.4) with p > 0 also the reverse implications in (4.5a)—(4.5¢) hold for
O0<r<p.

The next theorem relates Cesdro equicontinuity-type concepts for g, to
corresponding equicontinuity-type concepts for Q, =n~'Y"_ L Q-

Theorem 4.2. (a) If q, is a.s.ACEC [a.s.CEC], then Q, is a.s.AEC [a.s.EC]. If
q,isas.UACEC [as.UCEC], then Q,is asUAEC [as.UEC]. Ifq,isas.ACUEC
[a.s.CUEC], then Q, is as.AUEC [as.UEC].

(b) Suppose that r > 1, or suppose that (4.4) holds for some p=>1 and
O0<r<p If q is ACL.LEC [CL,EC], then Q, is AL EC [L,EC]. If q, is
UACL,EC [UCL,EC], then Q, is UAL,EC [UL,EC]. If q, is ACL,UEC
[CL,UEC], then Q, is ALLUEC [L,UEC].

4.2. ULLNs based on Cesaro equicontinuity-type conditions

In this subsection we give, as corollaries to Theorems 3.1 and 3.2, two ULLNs
that utilize the above-defined Cesaro equicontinuity-type concepts. We then
give results concerning sufficient conditions for the assumptions of those corol-
laries that are easier to verify in applications.

The in probability part of the following ULLN with @, = @ corresponds to
Theorem 4 in Andrews (1989c¢). The a.s. part of the following ULLN differs from
Theorem 6 in Andrews (1989¢); in particular, the a.s. part of the following ULLN
only requires strong pointwise laws of large numbers, whereas Andrews’ The-
orem 6 assumes a strong law of large numbers for certain suprema.
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Corollary 4.3. Let (O, p) be totally bounded, let
n~ 'Y [g(»,0) — Eq(w,0)] - 0 as. [ip] as n >, (4.6)
=1

for all 6e @, where @ is a dense subset of ©. Let q, be a.s. ACUEC[ACL,UEC]
and assume that (4.4) holds for some p > 1. Then (a) supgcaln™' Y _, [g/(w, 0)
— Eq(w, 0)]1 - 0 as. [ipJasn —oc, and (b) n™' Y7_ | Egq, is asymptotically
uniformly equicontinuous.

The above ULLN is readily obtained from Theorem 3.1, utilizing the building
blocks provided by Theorems 2.1, 3.3, 4.1, 42 and Lemma A.4. Since
a.s. ACUEC implies ACL,UEC by Lemma A.4, the i.p. part of the theorem
clearly also holds under the a.s. ACUEC assumption.

Assuming g, to be UACL, EC and combining Theorems 3.2, 3.3, and 4.2
immediately yields a ULLN, but the convergence conditions (3.1) are then not in
the form of a law of large numbers. It turns out, however, that the proof of
Theorem 3.2 can be readily modified to yield the following ULLN, where now
the convergence conditions take the form of laws of large numbers. In the
following corollary the expectations are assumed to be finite.

Corollary 4.4. Let (O, p) be totally bounded and assume that

nty { sup q(w,6) —E sup g, (o, 9)} - 0 as. [ip] (4.7a)
=1 Ge B9, dk) feB(0’, 0x)
as n-o,
nty { inf  q,(w,0—E inf gqlo, 0)} -0 as [ip] (4.7b)
t=1 8eB (8, dk) geB(8’, dx)
as n-—oo,

forallk > 1 and all 6'cO, where d, is some sequence of positive numbers converging
to zero. Let g, be UACL,EC, then (a) supy.o|n~'Y"_ [q/(w,6) — Eq,(w,0)]]
— 0 as. [ip] as n—oo, and (b) n=' Y,_ | Eq, is asymptotically uniformly
equicontinuous.

We note that, analogously to the comments after Theorem 3.2, for compact
© the condition UACLEC reduces to ACL,EC; cp. Lemma A.2. Furthermore,
for compact © the sequence J, in (4.7) can be allowed to depend on 6’ as can be
seen from the proof of the corollary. We emphasize that (4.7) does not represent
a uniform convergence condition, but simply laws of large numbers for certain
suprema and infima of g,.
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The following remarks discuss modifications of Corollaries 4.3 and 4.4 and
relate those corollaries to ULLNs introduced recently in the literature.

Remark 4.1. (i) If in Corollary 4.3 the uniform integrability-type condition
(4.4) is replaced by (2.4a), then the part based on a.s. ACUEC still holds. This is
seen as follows: ¢, is a.s.ACUEC = @, is as.AUEC = Q,is AL,UEC = Q,, is
AL,UEC by (2.4a) and Theorem 2.1(b), and hence Q, = EQ, is AUEC by
Theorem 3.3, observing that E|g,| < oo for all t > 1 is maintained throughout
this section. Consequently Theorem 3.1 applies.

(11) If g, is assumed to be ACL, UEC rather than ACL,UEC in Corollary 4.3,
then the i.p. part holds without condition (4.4), since it then follows immediately
from Theorems 4.2 and 3.3 that Q, is AL, UEC and Q, is AUEC, observing that
Elg,| < o0. Consequently Theorem 3.1 applies.

(iii) If in Corollary 4.3 the condition that ¢, is a.s.ACUEC [ACL,UEC] is
strengthened to a.s.CUEC [CL,UEC], then in part (b) of the corollary
n~'¥"_ Eq, is even uniformly equicontinuous. A similar remark applies to the
modifications of Corollary 4.3 discussed in (i) and (it) [if in (i) also (2.4a) is
strengthened to (2.4b)].

(iv) If in Coroliary 4.4 the condition that g, is UACL,EC is strengthened to
UCL,EC, then in part (b) of the corollary n™'Y7_, Eg, is even uniformly
equicontinuous; ¢p. Theorem 3.3.

Remark 4.2. (i) The ULLNs in Andrews (1987) and Poétscher and Prucha
(1986a, 1989a) have been derived by the approach outlined in Corollary 4.4.
These ULLNSs transform strong [weak] local laws of large numbers, i.e., (4.7),
into strong [weak] ULLNs. The proofs in both papers proceed by verifying the
so-called first-moment continuity condition, which is actually, as remarked
earlier, a first-moment equicontinuity-type condition. In the present terminol-
ogy this condition amounts to the property that the g, are CL,EC, which is
equivalent to UCL,EC, as @ is assumed to be compact in those papers. Since
UCL,EC and not only UACL,EC is verified in those papers, equicontinuity
(which coincides with uniform equicontinuity since @ is compact) and not only
asymptotic equicontinuity of n~*Y/_, Eq, is obtained.

(ii) By essentially following the approach outlined in Corollary 4.3, Newey
(1989) as well as Andrews (1989) obtained versions of the ULLNSs in Andrews
(1987) and Pétscher and Prucha (1989a); those versions transform weak point-
wise laws of large numbers, i.¢., the weak version of (4.6), into weak ULLNs. The
proofs in Andrews (1989) and Newey (1989) proceed by verifying explicitly or
implicitly that the g, are ACL,UEC.

Comparing the approaches corresponding to Corollaries 4.3 and 4.4, we see
that the first approach, which transforms pointwise laws of large numbers into
ULLN:Ss, requires more uniformity in the Cesaro equicontinuity-type condition
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than the second approach, which transforms local laws of large numbers into
ULLNsS; cp. the corresponding discussion after Theorems 3.1 and 3.2. Example
4 in section 6 shows that the Cesaro equicontinuity-type condition UACL ,EC
maintained in Corollary 4.4 (and even UCL_ EC with arbitrarily large p) is in
general not sufficient to allow the transformation of pointwise laws of large
numbers into a ULLN.

For a compact parameter space, the condition in Corollary 4.4 that the
sequence ¢, is UACL,EC reduces even to ACL,EC. The former condition
represents the appropriate assumption needed to cover the case of a totally
bounded parameter space. In contrast, in the convergence i.p. part of Corollary
4.3 the condition that ¢, is ACL,UEC has to be assumed even if ® is compact
[and this condition also represents the appropriate assumption for the case of
totally bounded (©, p)]; cp. the corresponding discussion after Theorems 3.1
and 3.2.

The assumptions of Corollary 4.3 that g, is a.s. ACUEC or ACL,UEC imply
that ¢, is ACL, UEC [since (4.4) is assumed to hold]. A potential advantage of
the approach given in Corollary 4.4 is that it only requires the weaker Cesaro
equicontinuity-type condition UACL,EC (or ACL,EC for compact @) for g,.
While various sufficient conditions are available to imply UACLEC or even
ACL,UEC, sufficient conditions for a.s. ACUEC seem to be scarce as discussed
in section 4.3 below. Hence, especially in order to derive strong ULLN:Gs, it seems
that the approach of Corollary 4.4 is more flexible than the approach of
Corollary 4.3.

The assumption of pointwise rather than local laws of large numbers might be
considered an advantage of the approach of Corollary 4.3. However, mixing
type conditions on g,, which are usually used to imply pointwise laws of large
numbers, will typically carry over to mixing type conditions for the local
bracketing functions supgcg-, 4. and infy g 54:; €p.. €.8., Andrews (1987) and
Potscher and Prucha (1989a) for results regarding ergodic, a-mixing or ¢-mixing
processes, and Potscher and Prucha (1991a) for results regarding L -approxi-
mable processes and near-epoch-dependent processes.

The above discussion of the different degrees of uniformity in the Cesaro
equicontinuity-type conditions maintained by Corollaries 4.3 and 4.4 explains
why Newey (1989) had to sharpen Andrews’ (1987) local Lipshitz-type condition
to hold globally in order to obtain a ULLN which is based on pointwise laws of
large numbers rather than local laws of large numbers. (Recall from section 2.2
that local Lipshitz-type conditions are in general only sufficient to imply
UAL,EC but not AL,UEC for Q,=n"'Y"_, q,; see also section 4.3 and the
discussion in Example 4 in section 6 below.)

The above discussion also helps to clarify the relationships of the ULLNs in
Potscher and Prucha (1989a) and Newey (1989). Potscher and Prucha (1989a)
verify from their catalogue of assumptions that ¢, is UCL,EC which allows, in
light of Corollary 4.4, the transformation of strong and weak local laws of large
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numbers into strong and weak ULLNs. Newey (1989) showed that the same
catalogue of assumptions also allows the transformation of pointwise weak laws
of large numbers into weak ULLNS; ¢p. also Andrews (1989). The latter result is
possible since the catalogue in Pétscher and Prucha (1989a) happens to be such
that it not only implies that the g, are UCL,EC but even CL, UEC, as can, e.g.,
be seen from a simple modification of the proof in Pétscher and Prucha (1989a);
see also Theorem 4.5 below. Hence also the assumptions for the convergence in
probability part of Corollary 4.3 can be implied from the catalogue in Potscher
and Prucha (1989a). (It is less than obvious how one would imply the assump-
tions of the a.s. part of Corollary 4.3 from that catalogue of assumptions.) The
ULLN given in Potscher and Prucha (1989a) is essentially a special case of the
ULLN in Pétscher and Prucha (1989b). It is therefore interesting to note that
Example 4 in section 6 shows that under the weakened assumptions of the latter
ULLN the assumption of the existence of local laws of large numbers can now
no longer be replaced by that of pointwise laws of large numbers.

4.3. Sufficient conditions for Cesaro equicontinuity and ULLNs

Various sets of sufficient conditions are available to imply that ¢, is
UACLEC or ACLyUEC; cp. Andrews (1987, 1989¢), Newey (1989), Potscher
and Prucha (1986a, 1989a, b). In light of Corollaries 4.3 and 4.4 those conditions
then permit the derivation of weak and strong ULLNs based on local laws of
large numbers or weak ULLNs based on pointwise laws of large numbers. In
contrast, the only simple and useful sufficient condition implying that ¢, is
a.s. ACUEC (or more directly that n ™'} 7_, g, is a.s.AUEC), which — in light of
Corollary 4.3 (or Theorem 3.1) — then permit strong ULLNs based on strong
pointwise laws of large numbers, seems to be a Lipshitz-type condition as will be
discussed later in this section.

In the following we now discuss several sets of sufficient conditions for the
assumptions of Corollaries 4.3 and 4.4. We introduce the following assumption.'®

Assumption 4.1.  Let (z,),ey be a stochastic process on (£, s/, P) taking its
values in Z, where (Z, Z) is a measurable space.

(a) Let ¢,(0)= Zf:  Pee(2)8. (20, 0), where the r, are real functions on
Z which are Z-measurable and satisfy sup,n™'Y,_ E|ry(z,)| < oo for all
1 < k < K. The s, are real functions on Z x & which are Z-measurable for each

'8As remarked above all suprema and infima as, e.g., SUPyc (o', 5., 4: (@, 0) are assumed to be (P-a.s.)
measurable functions on Q. If g,(w, 0) is of the form s,(z,, 8), it is often useful to know under which
conditions such suprema and infima are Z-measurable functions of z, (or coincide with such
functions a.s.), €.g., to know that supg.pe- s95.(2, 6) is #-measurable. This is often helpful for the
transfer of mixing properties of the process z, to such suprema and infima, which then allows
straightforward verification of local laws of large numbers. Cp., e.g., Potscher and Prucha (1989a,
p. 676) and Lemma A2 and AS in Potscher and Prucha (1989b).
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6 ®, and for a sequence of sets (K,,) with K,eZ the families {s;,(z,.): zeK,,
t > 1}, 1 < k < K, satisfy the following uniform asymptotic equicontinuity-type
condition:

sup lim sup sup |[si(z, 0) — si(2,0)] - 0 as 6 — 0. (4.8)

0'c® t—w zeKm 9cB(8',5)

(b) The sequence (K,,) also satisfies

lim {ﬁ n"'Y P(z¢ K,,,)} =0. (4.9)

m—=wo Ln-w =1

The following theorem is deduced from Corollaries 4.3 and 4.4 by showing
that under its assumptions ¢, is ACL, UEC. As a result we obtain both weak and
strong ULLNs from Corollary 4.4, but only a weak ULLN from Corollary 4.3.

Theorem 4.5. Assume that (O, p) is totally bounded, that Assumption 4.1 holds,
and that (4.4) is satisfied for some p > 1. If the weak pointwise laws of large
numbers defined in (4.6) or the weak local laws of large numbers defined in (4.7)
hold [If the strong local laws of large numbers defined in (4.7) hold], then:'®

(8) SuPgep|n ™" e, [0(@,0) — Equ@,0)1] — ip. [as] asn — oo,
(b) n= 1Y 7_ Eq, is asympiotically uniformly equicontinuous. [If lim in (4.8) and
(4.9) is replaced with sup, then n=' Y7_| Egq, is uniformly equicontinuous.]

Condition (4.8) has appeared in the literature in different guises: It is a gener-
alization of condition (Ia) in Potscher and Prucha (1989b) for noncompact €.
A version of (4.8) is also verified in the proof of Pétscher and Prucha’s (1989a)
ULLN; ¢cp. Lemma Al in that paper. In order to generalize PStscher and
Prucha’s (1989a) ULLN to noncompact @, Andrews (1989¢) introduced a close
relative of Assumption 4.1, which he labeled TSE-2. However, as shown in
Example 6 in section 6 below, Andrew’s (1989¢) condition TSE-2 is not sufficient
to allow the derivation of a ULLN, and hence the parts of his Lemma 4 and
Theorem 5 corresponding to TSE-2 are not valid.

Given (0, p) is totally bounded it follows from Lemma A.l1 that (4.8) is
equivalent to the (formally stronger) condition

lim sup sup sup |sy(z,0) —s,(z,0) - 0 as & - 0. 4.8")

t—~o zeK,, €@ 0eB(0,9)

'®Asin Corollary 4.3 the pointwise laws of large numbers only have to hold for 0 in a dense subset
of @. As in Corollary 4.4 the local laws of large numbers are assumed to hold for all #¢@® and
a sequence ¢, as in that corollary.
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If © is compact, Lemma A.l implies further that (4.8) as well as (4.8') are each
equivalent to

lim sup sup sz, 0) — si(z,6)] -0 as 6 -0, Voe®. (4.87)

t—> oo zeKm 8eB(6’,0)

The equivalence of (4.8) and (4.8') for totally bounded (0, p) explains why it is
possible to establish that g, is ACL; UEC and not only UACLEC in the proof
of Theorem 4.5. (This observation is closely related to the discussion in the last
paragraph of section 4.2.)

In the following remark we discuss several sufficient conditions for Assump-
tion 4.1.

Remark 4.3. (i) Assumption 4.1(b) can usually be implied by weak moment
conditions on the marginal distributions of z, or asymptotic stationarity as-
sumptions on z,; see Potscher and Prucha (1989a, b) for details. If the sets K, can
be chosen to be compact, then Assumption 4.1(b) becomes an asymptotic
tightness condition for the average of the marginal distributions of z,.

(i) Let (@, p) be a totally bounded metric space and (Z,v) a metric space.
Define the distance between two points (z,60) and (z,0) in Zx® by
max{v(z, z'), p(6, &) }. (Of course, this metric induces the product topology on
Z x 0.) Let sy k,, x o denote the restriction of sy, to K,,, x ©. A sufficient condition
for (4.8) is that the families {syk,.«e: t = 1} are asymptotically uniformly
equicontinuous on K,, x @. (Of course, this condition is in turn implied if the
families {s,,: t = 1} are asymptotically uniformly equicontinuous on Z x €.
However, except for, e.g., compact Z, this latter condition is rather restrictive.)
For the important case where the sets K, are compact, a sufficient condition for
the families {8y x,.<o: ! = 1} to be asymptotically uniformly equicontinuous on
K,, x @ (which coincides with uniformly asymptotically equicontinuous since
K,, x @ is totally bounded w.r.t. the above metric) is that for all z’e Z

sup lim sup |$(2, O) — 5,2, ) - 0 as 6 — 0,
0'¢® t— o (z,0)eB((z',0'),0)

where B((zZ, §), ) is the open ball with center (z/, ') and radius 6 in Z x &; cp.
Lemma A.5.2°

20Lemma A.5 actually shows that the sufficient condition can be slightly weakened to: for all
Z’eK,

sup lim sup | sz, 0) — 82, @) -0 as 6 - 0,
¢'€B6 t— o (z,0)eB*((z',8).8)

where B*((z, 9'), §) is the open ball with center (2, §') and radius J in K,, x ©.
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(iii) Let ® be compact and let (Z, v) be a metric space. Then condition (4.8)
reduces to condition (4.8"). Suppose further that the sets K,, are compact: Then
similar as in (ii) a sufficient condition for (4.8”), and hence for (4.8), is in view of
Lemma A.1 that the families {5y x,,xo:t > 1} are asymptotically equicontinuous
on K,, x @. This in turn is clearly implied by the condition that {s,,: t > 1} is
asymptotically equicontinuous on Z x O, ie, for all (z', #)eZ x @

lim sup [$ke(z, 8) — 5(2,0)] = 0 as & = 0.
t— o (z,0)eB((z’,6'),0)

Potscher and Prucha (1989a) used the slightly stronger condition that {s:
t > 1} is equicontinuous on Z x @ as a basic assumption of their ULLN.

(iv) Clearly, if the averages of the marginal distributions of z, are tight and if
(4.8) — or any of the sufficient conditions given in (i1) and (iii) — holds for any
compact set K,,, then Assumption 4.1 holds.

A further sufficient condition for the basic condition in Corollary 4.3, namely
that g, is ACL,UEC, is Andrews’ (1989¢) condition TSE-1. This condition may
be useful for certain processes but only applies to processes with a limited degree
of heterogeneity. To see this, consider the following example: Suppose the
process z, satisfies P(z, = ¢;) = « > 0 for all t > 1, where ¢, is a sequence such
that e, # ¢, for t # 5. Then TSE-1 is violated as is easily seen by choosing
Ay = {€ms €m+1, - - . } in TSE-1.2' This example also shows that TSE-1 cannot
be inferred from simple moment conditions on z,.

Next we discuss how Lipshitz-type conditions can be employed to establish
ULLNSs. This discussion draws on section 2.2, which shows how Lipshitz-type
conditions can be used to imply equicontinuity-type conditions for random
functions.

Observe that, whenever ¢, satisfies a global or local Lipshitz-type condition
with Lipshitz bound b,, then clearly Q, =n"'Y7_, g, satisfies the global or
local Lipshitz-type condition (2.6) or (2.8), respectively, with Lipshitz bound
B, =n"'Y7_, b,. The equicontinuity-type conditions on Q, in Theorem 3.1, i.c.,
as.AUEC or AL, UEC, then follows if g, satisfies a global Lipshitz-type condi-
tion with Lipshitz bound b, and if B, =n"! ¥/_, b, satisfies (2.7c) or (2.7b).
A ULLN based on pointwise laws of large numbers can now be obtained
directly from Theorem 3.1. [Alternatively, the Cesaro equicontinuity-type con-
ditions on ¢, in Corollary 4.3, i.e,, a.s.ACUEC or ACL,UEC, follow if g, satisfies
a global Lipshitz-type condition with Lipshitz bound b, and B, =n"'Y7_, b,

21Of course, we assume that {e,}eZ. More generally TSE-1 is violated if z, is such that
P(z.eE;)> a >0 for all t>1 where E,c2 is a pairwise disjoint sequence; to see this put
Am=Ji2mE: in TSE-1.
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satisfies (2.7¢) or lim,, ,n™ ' 37_,P(b, > M) - 0as M — co. A ULLN based
on pointwise laws of large numbers can then be obtained directly from Corol-
lary 4.3.]

Furthermore, the Cesaro equicontinuity-type condition on g, in Corollary 4.4,
i.e.,, UACL,EC, follows if g, satisfies a local Lipshitz-type condition of the form
(2.8) with Lipshitz bound b,, where #n does not depend on ¢, and
B,(0')=n"1Y"_, b(0) satisfies (2.10a) with p = 1. [As noted in Lemma A.2, if
©® is compact, UACL,EC reduces to ACL,EC, and then it suffices to verify
a Lipshitz-type condition of the form (2.8), where # may now depend on &', and
the simpler condition (2.9a) for B,(6')=n"'Y/_, b,(0").] A ULLN based on
local laws of large numbers can then be obtained directly from Corollary 4.4.

Global Lipshitz-type conditions have been used in Andrews (1989c) and
Newey (1989) and local Lipshitz-type conditions have been used in Andrews
(1987), respectively, to derive ULLNS.

4.4. ULLNs based on a truncation approach

Apart from Lipshitz-type conditions another sufficient condition for
Q,=n"1Y7_,q, to be a.s. AUEC would be Hoadley’s (1971) assumption that
g, is a.s. uniformly equicontinuous (which for compact @ coincides with a.s.
equicontinuity on @). But, as discussed in Andrews (1987) and Pétscher and
Prucha (1986b, 1989a), this condition is very restrictive for typical applications.
(Observe that the condition that the sequence g, is a.s. uniformly equicontinuous
is far more restrictive than the condition that g, is a.s. Cesaro uniformly
equicontinuous or that Q,=n"'Y"_ g, is as. uniformly equicontinuous.)
However, this is not necessarily the case if the a.s. uniform equicontinuity
assumption is made for suitably truncated versions of the g¢,. Pdtscher and
Prucha (1986b, 1989b), motivated by this observation, introduced a general
truncation device that gives conditions under which ULLNs for truncated
versions of g, imply a ULLN for the functions g, themselves. We emphasize that
the truncation device depends only on the existence of a ULLN for the truncated
versions of the g, (and not on the particular catalogue of sufficient conditions from
which it may have been derived); cp. Pétscher and Prucha (1989b, lemma 1).

The ULLN given as Theorem 2 in P6tscher and Prucha (1989b) assumes that .
© is compact and that the truncated versions of ¢, are a.s. equicontinuous on
©.22 The proof of that ULLN proceeded by first verifying a ULLN for the
truncated versions of g, along the lines of Corollary 4.4 and then by applying the
truncation device. The truncation device only assumes that @ is a metric space
and hence does not rely on the compactness of &. Therefore we can use the

22The following discussion relates to the version of that theorem which maintains Assumption 2’
of that paper.
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truncation device and Corollary 4.4 to obtain a version of Theorem 2 in
Potscher and Prucha (1989b) for totally bounded O, if we assume that the
truncated versions of g, are a.s. uniformly equicontinuous on @. In the following
we now develop variants of that theorem based on pointwise and local laws of
large numbers using the truncation device and Corollaries 4.3 and 4.4.

More specifically, assume that (z,),. 18 a stochastic process on (£,.9/, P)
taking its values in Z, where (Z, ) is a measurable space. Furthermore, let
q.(0) = s,(z,, 0), where each s, is a real function on Z x @ which is Z-measurable
for ecach 6e®. For a sequence of sets (K, )my with K,eZ let
Stml(z,0) = sz, 001k, (2), et di = supgcolsi(z, 01k, (z)], and let d, .
=SUPgeo | $:(z:, 0) 17—, (2,)]-

Assumption 4.2.  For a sequence of sets (K, )men With K,,eZ let for each meN
the sequence of random functions s, ,(z,,0) be a.s UAEC. Furthermore let

lim lim n™' Y Ed,,..=0, (4.10)
t=1

and let d, . . satisfy a weak [strong] law of large numbers for each meN.

Theorem 4.6. Assume that (0, p) is totally bounded, that Assumption 4.2 holds,
and that (4.4) is satisfied for some p > 1. Given that for each meN the sequence
S m(2;, 8) satisfies weak [strong] pointwise laws of large numbers or weak [strong]
local laws of large numbers, then:?*

(@) supgeoln”' Y- [ado, 0) — Eqifw, 0)]| —» 0 ip. [as] asn — oo,

(b) n= ' ¥.7_ | Eq, is asymptotically uniformly equicontinuous. [Ifﬁ in (4.10) is
replaced with sup, and if a.s.UAEC in Assumption 4.2 is replaced by a.s.UEC,
then n=' 37_ Eq, is uniformly equicontinuous.]

Remark 4.4. (i) The part of Theorem 4.6 based on pointwise laws of large
numbers also holds if condition (4.4) is replaced by (2.4a) and if Ed, < oo for
all teN is assumed. (This can be shown by using Theorem 3.1 rather than
Corollary 4.3))

(1) In view of Lemma A.2 the condition that s, ,(z,, 6} is a.s.UAEC clearly is
equivalent to a.s. AUEC since (@, p) is assumed to be totally bounded. For
compact @ it is even equivalent to a.s.AEC on @, cp. Assumption 2’ in Pdtscher
and Prucha (1989b). If @ is compact, the part of Theorem 4.6 based on local

23Cp. footnote 19. We also note that the dense subsets on which the pointwise laws of large
numbers for s, ,, are assumed to hold may depend on m.
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laws of large numbers also holds if a.s. AEC on @ is weakened to a.s. AEC at ¢
for all 8'€®; cp. also Assumption 2 in Pétscher and Prucha (1989b).

(iii) Condition (4.8) applied to s,(z, 6) is sufficient for s, ,,(z,, 6) to be a.s. UAEC.

(iv) If only asymptotic uniform equicontinuity of n~'Y7_, Eq, has been
deduced from Theorem 4.6, uniform equicontinuity can be obtained by showing
that n=*Y7_, Eq, is continuous for each neN; cp. Remark 2.3. (Of course, this
continuity follows if n™'Y7_ | ¢, is assumed to be continuous and a uniform
integrability condition holds.)

We note that Theorem 4.6 maintains the assumption that a law of large
numbers holds for d, ,, .. That is, similarly as in Theorem 6 of Andrews (1989c),
we need in the above theorem the assumption that a law of large numbers holds
for certain suprema, even if the theorem is based on pointwise laws of large
numbers.

5. Compactness versus total boundedness

Uniform convergence results formulated for totally bounded and not only for
compact parameter spaces are clearly convenient, as in applications parameter
spaces of interest may, e.g., not be closed (as subsets of Euclidean space). In this
section we show, however, that from a mathematical point of view uniform
convergence results on a totally bounded parameter space are not really more
general than those on a compact parameter space. More precisely, recall from
Theorem 3.1 that (given Q, is AUEC) for totally bounded (@, p) as. [ip.]
pointwise convergence of Q,—Q, to zero on a dense subset of @ plus a.s. AUEC
[AL,UEC] of Q, is equivalent to a.s. [i.p.] uniform convergence of Q, — Q, to
zero.?* In the following we show that for a totally bounded parameter space it is
always possible to extend the given functions Q, and Q, to a larger compact
space in such a way that these equicontinuity-type conditions as well as the
pointwise convergence property carry over to the extended functions on the
larger and compact parameter space. That is, whereas the formulation of
uniform convergence results in terms of a totally bounded parameter space is
convenient, such results do not really cover a wider class of problems than
uniform convergence results that assume a compact parameter space.

Recall the following elementary facts about metric spaces [see, €.g., Royden
(1968)]: Every metric space (O, p) can be isometrically embedded into a com-
plete metric space (@*, p*) as a dense subspace. (@%*, p*) is unique up to
isometries and is called the completion of (O, p). If we identify @ with i(®),

24The assumption that 0, is AUEC is no restriction of generality, as we can always replace Q, by

Q. — Q, and set Q, equal to zero.
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where i: ® — O* is the isometric embedding, then we can view © as a subspace
of @*. If (@, p) is totally bounded, then (@*, p*) 1s compact.

Lemma 5.1.2°% Let (@, p) be a totally bounded metric space and let Q, be
a.s., AUEC on @ [AL,UEC on © for some p = 0]. Then there exists an extension
Ok QxO* - R which is as.AUEC on @* [AL,UEC on ©*], and is </-
measurable for each 8 @%*,

Clearly, it follows from the above lemma (as a nonstochastic special case) that
if 0, is asymptotically uniformly equicontinuous on the totally bounded space
(O, p), then there exists an extension QF: @* — R which is asymptotically
uniformly equicontinuous on @*. Also the convergence of Q,(0) — 0,(0) — 0
a.s. [i.p.] for @ belonging to a dense subset @, of @ automatically implies that
Q*(0) — QX¥(0) — 0as. [ip.] on a dense subset of @*, since @, is also dense in
©@*. Hence all assumptions maintained by Theorem 3.1(a) for Q, (and Q,) on
@ also hold for the extended functions Q¥ (and Q*) on ©*. Thus, whenever
SUPge | @u(6) — Qu(0)| — Oas. [i.p.], then also supgee+| Q¥ (6) — Q¥(6)] — Oas.
[i.p]. Hence uniform convergence on a totally bounded parameter space can in
principle always be reduced to uniform convergence on a compact parameter
space.

Lemma 5.1 clearly is similar in spirit to the well-known fact that any uni-
formly continuous function on a metric space can be extended to the completion
of the metric space as a uniformly continuous function.

6. Counter examples

Example I: Let @ =Q=1[0,1], let P be the Lebesgue measure, and
let Quw,0)=14(w). Then @, is ULEC (for all p=0) as
SUPy o SUP, ESUPgcner, 5| 0n(0) — 0.(8')|7 < 25. Although @ is compact, Q, is
not AL, UEC for any p > 0 since we have supg. oSUpypg-. 5| Qn(6) — Q,(6")]
= 1. Furthermore note that Q,(6) — 0 a.s. for each 8e®, since Q,(0) = 0 a.s. for
each 0@, but supy.o|Q.(0)| = 1, and hence no uniform convergence result
holds.

Also the following a.s. continuous version of the above example is UL,EC but
not AL,UEC: Let f(x) =1 —|x]| for |[x| <1 and f(x) =0 else and choose
On(w, 0) = f({w — O)n). 1

Example 2. Choose ©® = R with p as the usual metric, 0, nonrandom,

0.(0) = nf(6 — n), where f is defined as in Example 1 above. Then @, is not
a.s.AUEC (and hence not UL _EC since @, is nonrandom), but Q, is a.s.UAEC

250%* is an extension of Q, in the sense that Q*(w, 8) = Q.(w, 8) holds for all (w, )eQ x O.
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(which coincides here with UAL,EC since Q, is nonrandom). Furthermore each
0, is a.s. uniformly continuous (which coincides here with L, uniform continuity
since Q, is nonrandom). The fact that (0, p) is not totally bounded is csscntial in
this example in view of Remark 2.1(ii). ||

Example 3: Let Z, be bounded in probability and satisfy lim __, _|Z,| = o0 a.s.
[e.g., Z,isiid. N, 1)], @ = [a, b], Q,(0) = 8Z,. Then @, is not a.s.AEC at any
g, but 0, is LoUEC on @ (and even L,UEC if sup,E|Z,|P < o) since
sup, P(Supy. .o SUPgepe. 5| @n(0) — 0u(0) > &) < sup,P(|Z,| > ¢/0) > 0 as 0 - 0
in view of the assumed boundedness in probability. (Note that each Q, is of
course continuous in 8 for all weQ.) |

Example 4: let ®© =Z =Q=1[0,1], let P be the Lebesgue measure, put
z(w) = w, and q,(z,, 0) = 1,p;(w). Hence Q,(0) = n_12:=1 q:(z;, 0) = 1 (w).
From Example 1 we know that Q, is UL,EC for all p = 0, but not AL, UEC.
(Since ¢, is independent of ¢, it follows that g, is UCL,EC but not ACL,UEC)
As noted in Example 1, Q,(0) = n" 'Y, q(z,.0) > 0 as. as n —» o for each
0e0, ie., the g, satisfy pointwise laws of large numbers since Eg,(z,, 0) = 0.
However, as pointed out in Example 1, neither a weak nor a strong ULLN holds
since supsee| 0n(6) — EQu(0)] = supyeo|0,(6)] = 1 for all wee.

The given example clearly satisfies Assumptions 1, 2, 3 and 4(b) in Pdtscher
and Prucha (1989a) with K,, = Z = [0, 1]. Since no ULLN holds it follows from
Theorem 2 in Pdtscher and Prucha (1989a) that the bracketing functions ¢/ and
4.+ do not satisfy (weak or strong) laws of large numbers. This example hence
shows that in Theorem 2 in Pétscher and Prucha (1989a) the assumption of the
existence of local laws of large numbers cannot be replaced by the assumption of
the existence of pointwise laws of large numbers. The example also satisfies all
assumptions of Andrews’ (1987) ULLN based on Lipshitz-type conditions
[with, e.g., h(x) = x'/*] except the local laws of large numbers. This shows that
the Lipshitz-type conditions have to be assumed to hold globally in order to
imply a ULLN from pointwise laws of large numbers.

The example exploits the fact that Assumption 2’ (and even an asymptotic
version of this assumption) but not Assumption 2 in Pétscher and Prucha
(1989a) is violated, i.e., the null sets, on which equicontinuity fails, depend on
0.26 I

The next example shows that it is possible that the assumptions for the i.p.
part of Corollary 4.4 are satisfied (and hence that a weak ULLN holds), but that

251 g,(z,, 0) is defined as a,1,g(w) with a,eR, a, > 0, g, — 0, then Assumption 2’ of PStscher and
Prucha (1989a) still fails. However, in this case a strong ULLN holds, since Assumptions 1,2, 3, 4(a),
4(b) in Potscher and Prucha (1989a) are satisfied. Note that in this modified example an ‘asymptotic’
version of Assumption 2’ holds.
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no strong ULLN holds despite the existence of strong pointwise laws of large
numbers.

Example 5: Let ® = Q = [0, 1], let P be the Lebesgue measure, g,(w, ¢) =
a,()g(w), where «, satisfy 0 < a, <1 and n”'}"_ a, — 0 ip. but not as;
clearty such a sequence exists. Since Eq,{w, #) = 0 and sup,_oin~' ¥, qdw, 6}
=(n"'Y]_ e (0)suppee L () = n7 'Y aw) it follows immediately that in
this example a weak but not a strong ULLN holds. Clearly ¢,(w, &) satisfies
a strong law of large numbers for cach 8, as g,(w, 8} is a.s. equal to zero for each
f. Furthermore q,(m,#) satisfies weak local laws of large numbers since
SUPgeio — s.0 + (@ O) = ) Vg _5 5, () € aw) and infy 5 515l 0) = 0.
Clearly, g,(w. ) is also UCL,EC for ail p > 0 and hence all assumptions of the
i.p. part of Corollary 4.4 are satisfied. ||

The following example shows that Theorem 5 in Andrews (1989c¢) is incorrect;
cp. the discussion after Theorem 4.5.

Example 6: Choose Z = {0y u{a " ieN}u{ —a™" ieN} and @ = {ca™"
ieN} Ul —ea " ieN), with a > 2 and ¢ =(a + 1)/(2a). Let z; = a7'{;, where
£ is Lid. with P(& = 1} = P(&, = — 1) = 1/2. Define g(z, 0} = sign{z)/(iz| — &)
for - # 0 and ¢(0, 6) = 0. Observe that the points in @ are the midpoints of
adjacent points in Z. Hence © and Z arc disjoint and g(z, 0} is well-defined on
Z % 0. Clearly, @ (with the standard metric) is totally bounded. Furthermore,
Eq(z,, ) = 0 for all 6e@ since £, is symmetricaily distributed and 4(..8) is
antisymmetric. Observe that for cach 6 = +ca™' we have jz|— 0|2
(@ — 1/(2a"* "y = 0 for all 1. Hence the variance of g(z,, 8) is bounded in ¢ {or
cach e ®. Therefore ¢(z,. 0) satisfy strong pointwise laws of large numbers as
the conditions of Kolmogorov’s strong law of large numbers are satistied. Next
observe that supg.e|qg(z, @) =2a’"*Ha— 1) il z= +a 7 and sups.e|q(0, 0]
=0. Therefore, lim, ., n 'Y Edld, > M) =lim,_ n 'SIH02% " a — 1)
=0, where L{M) is the smallest integer such that 2a*'*2j(a — 1) > M. This
shows that the domination condition DM in Andrews (1989¢) is satisfied. Next
we show that also Assumption TSE-2 in Andrews (1989c¢) is satisfied: Put K = 1,
ru = 1,5 =g, and choose C; = {0} U {a i<l u{ —a "i<j}, which arc
clearly compact, nondecreasing, and whos¢ union is Z. By construction of Z and
© we have for each z = + a ' thatinf, g [1z] — 8] = (a — 1)/(2a'* 1) > 0. Hence
¢(z, ) is uniformly continuous on @ for any given z # 0. [Of course ¢(0,.) is also
uniformly continuous on @.] Since C; is finite, g(z, ) is continuous in & uniformly
over #c® and :eC;. Hence Assumption TSE-2(a) is satisfied. Assumption
TSE-2(b) holds trivially. Assumption TSE-2(c) is satisfied if we choose C, = Z
since Z is compact. Consequently, all assumptions in Theorem 5 in Andrews
(1989¢) are satisfied but a ULLN does not hold as is seen from the following
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argument:
A, =sup|n”' ) [4(21,9)—134(2:,0)]’ = sup Z /@™ — 0)
0e® =1 fecO 1=
>|n! Z &a'l,
t=1

since for any n > 1 the map x > n~'Y7"_ & /(a™" — x) is continuous in a neigh-
borhood of zero and since zero is a limiting point of @. From a > 2 we have that
@ —Y'"lad =aa—2/a—1)+afla—1)> 0. Hence 4, > n"'|a" ) h

>n ta" =Y la' | =n"{d"(a 2)/(a—1)+a/a—1}—>ooasn—>oo |

Appendix

Lemma A.1. Let (Y, d) be a metric space, let X be a set, letf: XxY > R for
J = 1 be a sequence of functions, and let B(y', 8) = {ye Y: d(y, y') < 8}. Consider
the following conditions:

(1) im;_,  sup, y Sup,. ., SUp, g, o lfi(x, ¥) — fi(x, y')| = 0asé — 0,
(2) supy.y Ej_‘m SUP,cx SUP, gy, | 5% ¥) — filx, ¥')| = 0asd = 0,

(3) ﬂj_,wsupxex SUPyep(y. 8 | fi(X ¥) = fi(x, y')| = 0 as 6 — O for all y'eY.
We then have:

@ () = () = (3).

b) If (Y, d) is totally bounded, then (1) <(2) = (3).

(©) If Y is compact, then (1) < (2) < (3).

If lim is replaced by sup, then the analogous implications hold also, and (1) and (2)
coincide trivially.)

Proof. The implications (1) = (2) = (3) are trivial. We first show (3) = (1)
for compact Y. From condition (3) we have that for every n >0 and yeY
there exists a (7, y') > 0 such that for 0 <8 < d(n,y') we have lim;.,
SUPxex SUDyen(y. 5 | fi(X, ¥) — fi(x, V)| <n. Hence there exists an index
m(y’, é(n, y')) such that for each y'e ¥, m > m(y’, 8(n, y')), and 0 < § < é(y, ')

supsup sup |fi(x, y) —fi(x, y) <n, (A1)

j=zm xeX yeB(y’,d)
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observing that the expression on the Lh.s. is monotone in §. By compactness of
Y we can find finitely many open balls B(yi, d(n, yi)/2), 1 <i< K = K(n),
covering Y. Define d(n) = min{d(n, yi): 1 <i < K}. Then we have for all jeN
and all xeX, y'eY:

sup |f}(x7 y) _f;'(x’ y’)| < 2 sup |f;'(x’ y) _f;‘(x9 y:)la

yeB(y',8(n)/2) yeB(yi,6(n,y7)

where i is an index for which d(y}, y') < d(n, yi)/2, observing that d(y, y') <
d(n)/2 and d(y;, y') < 6(n, yi)/2 imply d(y, yi) < 6(n, yi). Hence for all jeN,

supsup  sup | fi(x, y) — filx, ¥

y'eY xeX yeB(y'.d(n)/2)

<2sup max  sup | fi(x,y) —f; (% yi)l

xeX 1 <i<K yeB(y;.8(n,y})

Now choose m > max{m(y;, 6(n, yi)): 1 <i < K(n)}. It then follows from (A.1)
that

limsupsup  sup | fi(x, ¥) — fi(x, )

j—x y'eY xeX yeB(y',d(n)/2)

< 2sup sup max sup | fi(x, y) = f;(x, y)| < 2.

j2m xeX 1 <i<K yeB(y{,d(n,})

This establishes condition (1) observing that the Lh.s. of the last inequality does
not increase if §(n)/2 in that expression is replaced by some ¢ < d(y)/2. This
proves the claim for ¥ compact. That the implication (2) = (1) also holds for
(Y, d) totally bounded can be shown analogously, observing that &(y, y') can
now be chosen independently of y' and hence a finite cover of balls B(y;, §(7)/2)
exists. The proof for the claim in the parenthesis is analogous. |

Lemma A.2. (a) Let (O, p) be a totally bounded metric space. Then Q, is
asUAEC on @ < Q, is a.s.AUEC on 6.
(b) Let (O, p) be a compact metric space and p > 0, then:

(bl) Q,is AL,EC [L,EC] on @ <« Q, is UAL,EC [ULp,EC] on 6.

(b2) Q, is as.AEC [as.EC] on @ = Q, is as.UAEC [as.UEC] on © < Q, is
a.s.AUEC [as.UEC] on 0.

(b3) g, is ACL,EC [CL,EC] on © <> q, is UACL,EC [UCL,EC] on 6.

(b4) g, is as.ACEC [a.s.CEC] on @ < q, is a.s.UACEC [as.UCEC] on 0.

Proof. Parts (a) and (b2) follow easily from Lemma A.1 choosing X as a set
containing exactly one element. To prove (bl) we first show that



56 B.M. Pjtscher and I.R. Prucha, Equicontinuity concepts for random functions

"

AT T L 17 0o n 4 - ra
A

ALp L = UALPL or p > wu. Given g,, is HLPEK/, then for ev Iy 1 > 0 and
0'e© there exists (11, 0') > 0 and an index m(8',d(n, 6')) such that for each
0e®, m=m(@, ( 6)), and 0 < 6 < d(n, 6")

sup E sup [Q,(0) — Q.07 <, (A2)

n>m 6eB(@,9)

observing that the expression on the Lh.s. is monotone in 6. By compactness of
O there are finitely many open balls B(0;, d(n, 07)/2), 1 <i < K = K(y), covering
©. Define 6(n) = min{d(n, ;) 1 <i < K}. Then we have for all neN and all
0eo:

sup  [Q,(0) — Qu(0)1F <2771 sup [ Qu(0) — Qu(0))17,

0eB(0°,6(1)/2) 0eB(8;, 5(n.0)))

where i is an index for which p (8}, 6') < 8(y, 9;)/2. Hence for all neN and 0’ @,
E sup Q.0 — Q.(8)F

8eB(0’, 5(n)/2)

<27*' max E  sup  [Q,(0) — Q.(6))7, (A.3)

1<i<K 0eB(9;.5(n,0}))

which implies that for all 7¢® and all m > 1,

im E  sup Q.0 — Q.0

n— o 6eB(0’,8(m)/2)

<2°*! max sup E  sup |Q,.(0) — Q.(0)|" (A4)
1<i<Knz>m 9cB(8;,5(n,.8}))
Now choose m > max {1(9;., d(n, 0))): 1 <i < K(n)}. It then follows from (A.2)

and (A.4) that supy e lim,_. . ESupgcpe:, smy2) | Qa(6) — Qu(8') |7 < 2P* 'y, Since
the latter inequality obviously holds also with d(1)/2 replaced by any smaller
o we have established UAL EC. The proof of the implication L,EC = UL,EC
is identical except that (A.2) now holds for all m > 1. The reverse implications
UAL,EC = AL,EC and UL,EC = L,EC hold trivially. The case p =0 as
well as parts (b3) and (b4) can be shown analogously. |

Proof of Theorem 2.1. (a) Follows from Lyapunov’s and Markov’s inequality.
(b) It suffices to give the proof for r = 0. Assume that Q, is AL EC at §’. Choose

¢>0 and M such that lim,., E(D?1(D, > M)) <277 ¢ and define Z,(5)
=SUPyepe’. 5| Cn(0) — @u(0)]”. Then lim,.. Esupscpe,slQa(0) — Qu(6)17 <
lim,, EZ,(5)I(Z,(6) < &) + lim,_,, EZ,(6) 1(Z,(5) > ¢) < & + 2°* lim,_., ED? x
WZ,(0) > e D, > M)+ 22" im,, ,ED? 1(Z,(0) > &, D, < M) < 26 + 27" ' M7 x
E,,_.wP(suposB(gl‘éﬂQ,,(B) — Q,(0)] > &) < 3¢ if 6 is small enough. Hence @, is
AL_EC at 0. The proof for all other cases is analogous. |
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Proof of Ascoli-Arzeld’s Theorem. Without loss of generality we may put
f = 0. (a) Choose ¢ > 0. Then there exists a 8{¢) > 0 such that for 0 < § < (g)
we have lim,_, . SUPg-co SUPgener.s) | [u(0) — fu(6)| < e. Let 0;,1 <i < K = K(e),
be such that the open balls B(0;, d(¢)/2) cover the totally bounded space @. Find
0;€ 0, such that p(6;, 6;) < 5(¢)/2. Then the open balls B(0;, 4(¢)) also cover ©.
Now for every #e@ there exists a @ such that for all neN:
| fa(O)] < SUPgeB,.aeen | [u(0) — fu(0)] + 1 fu(0:)| and  hence supgee | fu(0)]<
Max, < ;< kSUPsend;. o | fu(0) — fu(0:)] + max, ;. K|fn(@i$ SUPg'co SUPseB®", 5(¢))
ful6) = £,(0)] + max, - < k| fu(8)]. This proves 0 < lim,_... suppeo| f,(6)] < &
since f,,(9~,-) converges to zero by assumption. (b} Asymptotic uniform equicon-
tinuity follows from supg .o SUDscrie. s | fo(0) — [{l0)} < 2supgeo| f,(0)], the rest
is trivial. |

Proof of Theorem 3.1. For the as. part of (a) observe that, since (@, p) is
separable and metric, we can find a countable subset &@; of @, which is also
dense in ©. Since @, is countable we can, after exclusion of a common
exceptional null set, assume that for each w outside this nuil set Q,(w, ) — Q,,(H)
satisfies all the assumptions of Ascoli-Arzela’s Theorem with @, in place of @,
and hence the result follows from that theorem. Also the a.s. result in (b) follows
immediately from Ascoli-Arzeld’s Theorem. The i.p. part can be proved sim-
ilarly; cp. also Andrews (1989c, proof of theorem 1), observing that 6; can be

chosen to belong to ®,. |

Proof of Theorem 3.2. The proof is similar to the argument given in Potscher
and Prucha (1989a, p. 681) and Andrews (1987, pp. 1469-1470). Since Q, is
UAL,EC, for every n > 0 and 6'e® we can find a é() > 0 and an n(f’, n)eN
such that Esupg.pe.s ! 0n(0) — Q.(0')] < y for all 0 < 6 < d(y) and n > n(@, n).
Choose 9, < 6(y) such that (3.1) holds. Since @ is totally bounded there exist
finitely many 0;, 1 <i < K = K(»), such that the open balls B(6;, é,;) cover ©.
For each 8 €® choose 0; such that 0’eB(0;, J,), then we have for all neN:
infOEB(a;.ak)Qn(H) - Einfeea(e;.ak) Q.(0) + EinfOsB(G,’.ék)Qn(O) - ESUpeeB(a;,o‘k)Qn(@)
< 0.8 — EQ.(0) < SUPge ;.50 @n(0) — ESUDpers;. 50 0n(0) + ESUpeeB(eg.ak)Qn(O)
— Einfy.p: 5, Qu(0). For n > non) = max{n(®,n) 1 <i< K} and all 0'e®
it now follows: min, _; < g {infoepp:, 5, Qn(0) — Einfoepio: 5,,Qu(0)} — 21 < Q,(6)
— EQ,(0) < max; - ; < k {SUPscse;. 5, Qn(0) — Esupscpe:.5,Qn(0)} + 21. For
n = ny(n) we hence have supg.o|Q,(0) — EQ,(0)| < A4, + 24, where 4, = A4,(n)
converges to zero a.s. fi.p.] as n — oc as a consequence of (3.1). The claim now
follows since n was arbitrary. |

Proof of Theorem 3.3. QObvious. |

Lemma A.3. Let (2.4a) hold for some p > 1 and let supyeo|0,(0) — 0,(6)] - O

as. [ip.] as n — oc, where Q, = EQ,. Then for any nonempty subset B < ©
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we have
sup 0,(8) — Esup Q,(8) - 0 as.[ip.] as n — oo, (A.5a)
6cB 9¢B
inf 0,(8) — Einf Q,(8) - 0 as. [ip] as n — . (A.5Db)
fcB 6ecB

Proof. Note that in view of (2.4a) the expectations Esup,.zQ, and Einf, 3@,
are finite and hence supy.3Q, and infs. 5 Q, are as. finite, except possibly for finitely
many n. ClearIY7 |SUP05§Qn - SupOeBQn| S_Sup0e3| Qn - Qn| § SupOe(—)‘Qn - in
and |infOEBQn - inf()eB_Qnt < SupﬂeB' Qn in < SUpes@ | Qn in Consequently’
| E supecpQy — Suppep@nl < E[supsepQn — SuPocp@n| < E suppco| 0n — Q.| and

I E infGEB Qn - infﬂeBQn' <E | infGEB Qn lnfﬂeB Qn! <E SUPgeco I Qn Qn| The
conclusion of the lemma now follows from the above inequalities and the

triangle inequality if we can show that E sup.¢|Q, — 0, — 0asn— . Since
SUpgco |0, — 0,1 — Oas.[i.p.]asn — oo, thisis the case if we can establish that

lim, ., EC,1(C,> M) - 0 as M — oo, where C, = supco|Qy — 0,]. Now
observe that (2.4a) implies hm,HOOED < 0. Also llm,,aw EC,1(C,> M)
< lim,.  E[(D,+ ED,)1(D,+ ED,> M)] < lim,.,E[(D,+ ED,) x
1D, > M')] for any M’ <M - lim,. ED,. Hence Osli—m,,_.wEC,,x
1(C, > M) <lim,.,ED, 1(D,> M')+ lim,.,ED,E1(D,> M) - 0 for
M’ — oo because of (2.4a). |

Lemma A4. (a) q,is a.s.ACEC[as.CEClon® = q,is ACL,EC [CLyEC] on
©,(b) g, is as.UACEC [as.UCEC] on © = q,is UACL,EC [UCLyEC] on ©,
(€) q, is a.s.ACUEC [a.s.CUEC] on © = q, is ACL,UEC [CL,UEC] on 0.

Proof. (a) Let R(6, 8) = supgeper.5!4:(0) — ¢,(0')| and for ¢ > Olet ¢,(x) = x/¢
for 0 < x < ¢and ¢,(x) =1 for ¢ < x < oo. Then

lim lim n™! Z P(R(0, 5) > ¢) = lim lim n™" Z El,. . (R.(6, 9))

60—-0 n>w t=1 d-+0 n—~owo =1

<lim lim n~ ' ¥ E¢y(R(,0)) < lim lim E¢E<n_1 S R0, 5))
t=1

8=+0 n—>w t=1 840 n—>w

< Ed)E(hm lim n~? Z R,(9', 6))

6—=0 n— w0 =1

by Jensen’s inequality, since ¢, is concave, and by dominated convergence
observing that ¢, is monotone, bounded, and continuous. The last expression in
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the above inequality is zero since ﬁ,;_.o li_m,,_.00 n 'Y R(0,5)=0 as. in
view of (4.1c) and since ¢.(0) = 0. (b) and (c) are proved analogously. [I

Note that Lemma A.4(a) also holds if g, is only a.s. ACEC [a.s.CEC] at § for
all f'e0@.

Proof of Theorem 4.1. Analogous to the proof of Theorem 2.1. ||

Proof of Theorem 4.2. (a) Obvious from the triangle inequality. (b) If r > 1, the
claim follows from Jensen’s inequality. Otherwise, if ¢, is ACL,EC, it follows
from Theorem 4.1(b) that g, is ACL,EC. Since p = 1, it follows by the previous
argument that Q, is AL,EC and by Theorem 2.1(a) that it is AL,EC. The proof
of the remaining claims is analogous. ||

Proof of Corollary 4.3. q, is as.ACUEC = ¢q, 1s ACLJUEC = ¢, is
ACL,UEC = @, is AL,UEC, where the implications follow from Lemma A 4,
Theorem 4.1(b) and condition (4.4), and Theorem 4.2(b), respectively. Hence
under both sets of assumptions on g, in the corollary, 0, = EQ, is AUEC by
Theorem 3.3. (Note that E|q,| < oo for all ¢t > 1 is maintained.) Furthermore, if
q,1s a.8.ACUEC, then Q,, is a.s. AUEC by Theorem 4.2(a), and if g, is ACL,UEC,
then Q, is AL,UEC by Theorem 2.1(a), as it is even AL, UEC as shown above.
The corollary now follows from Theorem 3.1. ||

Proof of Corollary 4.4. The proof of part (a) is similar to the argument in
Potscher and Prucha (1989a, p. 681) and Andrews (1987, pp. 1469-1470) with
modifications as in the proof of Theorem 3.2. To prove part (b) observe that @, is
UAL, EC in view of Theorem 4.2(b), and hence Q, is UAEC in view of Theorem
3.3. Since (6, p) is totally bounded, it follows furthermore from Lemma A.2 that
Q. is even AUEC. |} ‘

Proof of Theorem 4.5. We first verify that the g, are ACL,UEC, i.e., that for
any ¢ >0

lim n~! > P{sup sup [q,(0)— q(6) > e) -0 as & 0. (A6)

n— oo 1=1 <G'G(:) GeB(6'.9)

Clearly the expression in (A.6) is bounded by ligm,,ﬂ(,A am(0) + liim,,ﬂw A2,(5), with

Apm(@) =n"1 Y P<Sup sup |q,(6) — qi(6)]1,, (Z,)>€/2>

t=1 8'c@ 0eB(6,0)

Ay =n""! Z P<sup sup Iq,(9)—q,(0’)|1zxm(zt)>s/2>,

8'e® BeB(6.9)
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where we use the convention 00.0 = 0. From Lemma A.1 it follows that (4.8) is
equivalent to (4.8), and hence we have that for each n > 0, for each meN, and all
1 <k <K there is a do(y,m) >0 and a ty(n, m) > 1 such that for t > t,,
0<d<6y,meN,and 1 < k € K,

sup sup sup |[sy(z, ) — si(z, )| <n. (A7)

zeKm 0@ 0eB(0',0)

Now

K n
Z nt P<lrm(2,)| sup  sup |su (2, 0) — sz, 0)11k,,(2) >8/2K>

8'e0 deB(8,9)

< ynt i P(lrkt(zt)} sup sup sup |s,(z, ) — su(2, 6] >8/2K>-

k t=1 zeKy 8’0 0eB(6'.9)

Now for 0<é<d, and n=>t, we have from (A7) that
Ar(d) < Zf:l[(to —Dn7t+ 07 Y0 Plrklz)in > ¢/2K)]  which  implies
that lim, ., A%.(8) < n2K/e) Y x_, lim,.on 'Y"_ E|ru(z)]. Since sup,n 'x
i, Elru(z)] < oo by Assumption 4.1(a) and # was arbitrary, we have hence
shown for each meN that limg.qlim, ., Asa(d) = 0. Next observe
that 42,(8) <n™ 'Y P(z ¢ K,,) holds for all 6 > 0. By Assumption 4.1(b) we
hence have lim,,_ ., lim;_, lim, ., 42,(8) = 0. This establishes (A.6). Since (4.4)
is assumed in Theorem 4.5, it follows furthermore from Theorem 4.1(b) that g, 1s
also ACL,UEC, and hence clearly UACL EC. Theorem 4.5 now follows from
Corollaries 4.3 and 4.4. The remaining claims follow analogously in light of
Remark 4.1(iii).

Lemma A.5. Let (X,d,) and (Y,d,) be metric spaces, with X compact, and f;:
XxY — R Let X xY be endowed with the metric d = max(d,, d,). If for each
x'eX

suplim  sup [ filx. ) —f(x.))] >0 as 5 =0,

yeY 1= o (x,y)eB((x’,y'),5)

where B((x', V'), 8) is the open ball with center (x', y') and radius é in X x Y, then
{ fi: t = 1} is uniformly asymprotically equicontinuous on X x Y. Furthermore, if
(Y,d,) is also totally bounded, then { f,: t = 1} is even asymptotically uniformly
equicontinuous on X x Y.

Proof. To prove the first claim observe that by assumption for every # > 0 and
x'e X there exists a 6(y, x') > 0 such that for all y’eY and all 0 < § < 4(», x') we
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have li—m,_.oo SUD(x, peB(x,y).0 | fi(%, ¥) — fi(x', ¥)| < n. Hence there exists an in-
dex m(x', ¥, é(n, x'}) such that for each (x’, y')eX x Y, all t > m(x’, y’, é(n, x)),
and 0 < 6 < 6(, x'),

sup Lfi(x, y) — (X ) < m, (A.8)

(x,»)eB((x",y),9)

observing that the expression on the Lh.s. is monotone in §. By compactness of
X we can find finitely many open balls B(xj, d(n, xi)/2), 1 <i< K = K(#),
covering X. Define 6(n) = min{d(n, x}): 1 <i < K}. Now for every (x/, y') there
exists an index i, 1 <i < K, such that d((x', y'), (x}, ¥)) < d(n, x;)/2. Hence for
all teN and any y'eY:

sup sup | filx, ¥) = filx, V)

x'eX (x.y)eB((x',y"),8(m)/2)

<2 max sup LA, ¥) — fillxi ¥

1 <i< K (x,9)eB((x{.y"),8(n.x}))

Observing that for all y’e Y and all t > max{m(xi, ¥, d(n, xj)»: 1 <i < K()} the
r.hs. of the above inequality is, in view of (A.8), not larger than 2x, we have for all
v'eY.

lim sup sup | /106 ¥) — [, ¥ < 20,

oo x'eX (x,MeB((x’.y),d(m)/2)

Hence clearly,

sup sup lim sup | /i, y) = £, y)] < 2.

y'eY x’eX t—~w (x,y)eB((x'.y"),5n)/2)

Since # was arbitrary and the Lh.s. of the above inequality does not increase if
0(n)/2 is replaced by some § < d(1)/2, this establishes that f, is UAEC on X x Y.
The second claim follows now immediately from Lemma A.2. observing that
(X x Y, d) is totally bounded. |

Lemma A.6. Let h,(8) and h,, (6) be real functions on the metric space (O, p) for
m, neN. If the family {h, ,: neN} is asymptotically uniformly equicontinuous
[uniformly equicontinuous] for each meN and lim,,, ., lim,_ . SUpgeo | Am (&) — h,(0)]
= 0[lim,, . .. SUP,SUPgeo | Hm.o(0) — h,(8)) = O], then {h,: neN} is asymptotically
uniformly equicontinuous [uniformly equicontinuous].

Proof. For n>0 there exists an index mo=mg(n) such that
lim,, . o SUPgeg | .o (0) — H,(0)| < 5. Hence for some ng = ng(y, my) we have
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SUPgeo | Amo.n(6) — hy(8)] < for n>n,. Furthermore there exists a
0 = 6(n, mg) > 0 such that p(6, 0') < 6 implies lim,_, ., | Ay n(0) — Fpg. 2(0)] < 1.
Therefore there exists an index n, = n,(n, 6, my) such that for n > n, and
p(0,0') <6 we have |h,, ,(8) — Ry, n(0)| < 1. Let n, = max{ng, n, }. Then if
p(6,0) <3 and n>n, we get|h(0) — h(@)] < |1y(0) — hug n(O)] + | n0) —
P (O] 4 1 o n(8) — B, (6')] < 3n. This proves that {h,: neN} is asymptotically
uniformly equicontinuous. The proof for the second claim is analogous. |

Proof of Theorem 4.6. Observe that in light of Lemma A.2 the sequence s; (2, 6)
is as. AUEC since (@, p) is totally bounded. Since condition (4.4) implies that
d, < oo as. for all teN, it follows that s, ,,(z,, 8) is as. ACUEC. If s, ,(z,, 6) satisfies
weak [strong] pointwise laws of large numbers, then it follows from Corollary 4.3
that s, .(z,0) satisfies for each meN a weak [strong] ULLN and
n 'yt Es, m(z, 0) is AUEC. Observe that as. ACUEC implies ACL,UEC by
Lemma A.4. Since (4.4) holds with p > 1, Theorem 4.1(b) shows that s, ,(z,, 0) is
ACL,UEC for all meN and hence is UACL,EC. If s, .(z,, 0) satisfies weak [strong]
local laws of large numbers, then it follows from Corollary 4.4 that s, ,(z,, 0) satisfies
for each meN a weak [strong] ULLN and n™'Y."_ | Es, ,(z,, 8) is AUEC. Therefore
all assumptions of Lemma 1(a) in Pétscher and Prucha (1989b) are satisfied. (An
inspection of the proof of that lemma shows that the lemma also holds if as.
convergence is replaced by i.p. convergence.) This proves part (a) of the theorem.

The claim in part (b) of the theorem that n='Y"_ Egq, is AUEC follows from

Lemma A.6_observing lim,,_ . lim,_, ., supgoln™ 'Y _, [ES: (2, 0) — Es,(z, 6)]]
<lim,,_, , lim,, n~ 'Y  Ed, , .= 0. The claim in parenthesis in part (b) follows
in view of Remark 4.1(iii) and Lemma A.6. ||

Proof of Lemma 5.1. Since (@, p) is totally bounded, there exists a countable dense
subset @, of @. Observe that O is also dense in @*. Choose J, >0, 6, — 0 as
n — oo. For 0e@* — @ we define Q¥ (w, 0) = inf{Q,(w, 0). 0€O,, p*(0, 0) < 9,} if
inf{Q,(w, 0): 9O, p*(,0) < 8,} > — oo and Q¥(w, 6) = 0 if the infimum equals
— oo. For 8e® we put QF(w, 8) = Q,(w, ) for all weQ. Let & > 0 be arbitrary.
Then for n > ny = ne(d) we have J, < §/3. Now, for any 6,0 e@* satisfying
p¥(,0) < 6/3 we have from the very definition of the extension that
|0X(0) — Q()] < SUPj-05uPseni, 5| 0n(0) — Qu(@)| [where B(@,6) denotes
the open ball in @] Hence supg.e+Suppepre.s3 |QF(0)— OFO)I<
SUP3co SUPGen(@.s) | On(0) — 0u(67)] holds for n > ny(d) [where B*(0', §/3) denotes
the open ball in ®*]. Hence we have bounded the modulus of uniform continuity of
QX by that of Q,. This establishes the lemma. |
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