Solution to Shea’s question in January 2005 Comp

PART A
State variables: Endogenous:Dy.;, A¢
Exogenous: y;

Control variables: C,, F, Dy, X;

The problem faced by the household is given by
max, . , £, B'U(C.S)

subject to St =Q(Dy, Xy)

D¢ = (1-6)D¢. 1+ F;

A1 = (H1)(Acty-Ce-pXi-qFy)
Then,

Bellman’s equation

V(A,, Di1) = max {U[C,; Q ((1-8)Dyi+ Fe, X)]+ ...

Ct,Ft,Xt ... T B Et Vv [(1+r)(At+yt-Ct-pXt-qFt) ) (1-8)Dt_1+Ft]}
First Order Conditions
Ucy (Ct, St) - B(H‘r) E; VAt+1(At+l 5 Dt) =0 (1)
Ust (Cy, Sp) QDt(Dt , Xi) - B(1+r)q Ei Vari(Awr , D) + B Ei Vpi(Aw1,Dr)=0 (2)
Us; (Ct, St) Qx«(Dx, Xt) - B(H'I')P E; VAt+1(At+1 5 Dt) =0 (3)

Envelope Conditions
VAt(At 5 Dt—l) = B(H‘r) E: VAt+l(At+l ;Dt) (4)
Vpei(At, D) = (1-6)Us; (Cy, So) Qpi(Dy , Xi) + B(1-0) E¢ Vit (A1, Dy ) Q)




PART B
From (2) we have that
B Et Vbt (A1, Dy ) = B(141)q Bt Va1 (A1, Dy) — Use (Cy, St) Qpe(Dy, Xo) (6)
replacing (6) in (5), we get
Vpei1(A¢; Dir) = (1-0)Us; (Cy, Sp) Qpe(Dy, Xi) + B (1-8) (1+1)q E Vawr1(A , Dy)
- (1-8) Ust (Ci, Sp) QoD , Xo)
the first and the last term of the right hand side cancel out. Therefore we get that

Vpe1(Ae; Dir) =B (1-8) (141)q E¢ Var1(Aw , Dy) (7)
Replacing (4) in (7), we obtain that
Vbii(Ad; Dep) = (1-0) q Va(Ar, Der) )
PART C
From (1) and (4) we get that
Uct (Cy, Sp) = ValA¢;Der) )
Forwarding (9) one period
Uce1 (Cest, Stn1) = Varri(As, Dy) (10)
Replacing (10) in (1)
Uct (Cy, S9) = B(1+1) E Ucest (Cust, Sern) (11)
For the functional forms given
Uct (Cy, Sp) = 1/C,
Then, (11) becomes
1/Ci = B(1+r) E{1/Ci11} (12)

This is the Euler Equation describing the evolution of nondurable consumption over time.

From equation (8) and (9), we get that
Vbe1(Ay, Der) = (1-8) q Ut (Cy, Sy) (13)
Replacing (1) and (13) forwarded one period in (2),
Ust (Cy, St) Qpi(Dy, Xi) - q Ut (Cy, So) + B(1-0)q Et Uttt (Cit, Ser) =0 (14)
Replacing equation (11) in (14)
(1+1)Us; (Cy, Sp) QoD , Xi) — (141)q Uy (Cy, Sp) + (1-8)q Ut (Cr, S =0 (15)
which implies

(1+1r)Us¢ (Cy, St) Qpe(Dy, Xo) = (r+0)q Ut (Cy, Sp) (16)



For the functional forms given
Ust (Cy, Sp) = v/S¢

QoD , Xo) = a (X¢yD)"™?

Uct (G, Sy) = 1/C

Then, (16) becomes

(141) vy o (X¢/D) = (r + 8)q S, /C, (17)
remember that S; = Q(Dy, X;) = D* X; "™ Replacing S; in (17)
(1+r)y a X" DM = (r +8)q D X, ™ /C, (18)
simplifying we get
Di=(1+r)ya C/ (r +9)q (19)

This equation relates today’s optimal nondurable consumption to today’s optimal durable

stock.

Equation (1) and (3) imply
Usi (Ci, Sp) Qxi(Dr, Xo) =p Uct (Cy, So) (20)
For the functional forms given
Us (Cy, So) =v/Sq
Qx«(Dy, Xo) = (1-0) (DyXy)*
Uct (Cy, Sp) = 1/Cy
Then, (20) becomes
v (1-a)) (DYXy)*=p SY/C; (21)
remember that S; = Q(D; , X,) = D" X, "™ Replacing S, in (14)
y(1-0) D& X *=p D X' X /C,
simplifying we get
Xi=v(1-a) Ci/p (22)
This equation relates today’s optimal nondurable consumption to today’s optimal

purchase of the complementary input.

Impacts holding nondurable consumption fixed,
dDyJor = - (1-8) y o qC¢/ [(r + 8)q]* dDyoq = -(141) y a Ci/ (r + 8)q° dDy/op =0
OXy/or = 0X/6q =0 dXyop = -y (1-0) C,/ p*



Comment: Equation (20) can be rewritten as

MRScixt = Ust (C, St) Qxe(Dx, Xo) / Uct (G, S)) = p
Note that this is the usual intratemporal maximization condition for nondurable goods
stating that the marginal rate of substitution must equal relative prices (remember that the
price of the nondurable good is the numeraire).
Equation (16) also gives us an intratemporal condition but this one doesn’t look like the
usual one because D is a durable good.
So, in this problem the agent is maximizing along two margins. He is deciding how much
to consume today and tomorrow. This is governed by the Euler Equation (11). He is also
deciding how much of each good to consume in each period. This is governed by the

intratemporal conditions (20) and (16).



