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1 Introduction

Economic payoffs often depend on individual actions relative to the actions of others. How

do people make choices in such interdependent settings? One possibility is that they employ

a model-based, deductive approach: They make decisions given some understanding of the

structure of their environment and based on some assumptions about the actions of others.

Indeed, this is the quintessential approach to modeling decision-making in economics, and the

resulting rational expectations equilibrium (REE) is the fundamental organizing principle of

modern macroeconomic thought. However, empirical studies often find only limited evidence

that decision-makers (DMs) engage in very sophisticated strategic thinking. For example, in

a range of one-shot experiments testing strategic thinking in even the simplest environments,

the typical finding is that while most subjects exhibit some degree of strategic thinking, the

degree of strategic sophistication is quite limited, with most strategic subjects performing

only one or two iterations when trying to infer what others might be thinking. Although

this literature has found that experience with the task improves the degree of sophistication

to some extent, the estimated levels are far from the infinite level of higher order thinking

required by the REE model.1

Alternatively, decisions may be guided by past experience of actions and payoffs. People

may pay attention to patterns in the data and gradually learn the statistical properties of

their environment. Even if their choices resemble those that might be generated by a model-

based approach, DMs might not explicitly consider what is driving these patterns, namely

what model might generates the data they observe, or what these data imply about the

actions of others. This has been the focus of a large learning literature in macroeconomics.2

Given enough depth of reasoning or accumulation of data, both the deductive and the

experiential approach can bring an economic system to a (REE), and in some contexts,

it may not matter how the system might get there—whether through gradual adaptation

or model-based reasoning—especially if one believes that the system is already in a REE.

However, this distinction becomes important in the presence of structural or policy changes

that trigger transitions to new equilibria. For example, the welfare benefits of a policy

change often depend on the speed with which the new equilibrium is reached. Such regime

changes also make it possible for us to identify agents’ reasoning modes. In the face of a

credible and well-understood policy announcement, for instance, model-based agents will

adjust immediately to the new regime, while experience-based agents will respond only

1Nagel (1995); Stahl & Wilson (1994, 1995). For a recent comprehensive review of this literature, see
Mauersberger & Nagel (2018).

2See Evans & Honkapohja (1999) for the classic survey and more recently, Evans & Honkapohja (2013);
Eusepi & Preston (2018).
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gradually, as they accumulate data under the new regime.

In this article, we present a controlled laboratory experiment that gives participants the

opportunity to use either type of approach, and we ask to what extent the subjects’ behavior

is indicative of an introspective, model-based way of reasoning, versus an experience-based

approach. Our experimental design includes occasional regime changes over the course of

many trials, that are clearly displayed on the participants’ screen. This design allows for a

sharp identification of the two modes of decision-making.

The experiment is a probability estimation task in a group setting in which the probability

to be forecast depends on both an exogenous term and the average forecast of the group. The

experimental design and the instructions provided to participants ensure that both modes of

reasoning are useful to inform choices and also easy to apply, but neither is explicitly favored

by the way we present the task. The participants make estimates for many periods and are

shown realizations and payoffs in real time, so there is ample opportunity to extrapolate

patterns. On the other hand, they are also given the information needed to form a strategic

best response: they are shown the structure of the payoffs and the value of the fundamental,

which they can use for strategic analysis. The experiment is designed to minimize adjustment

costs, habits or other constraints on behavior, and it excludes any idiosyncratic shocks to

individual payoffs, so that in principle it has none of the features that have typically been

used to rationalize deviations from REE patterns of adjustment.

We identify subjective modes of reasoning by studying the extent to which individual

forecasts conform to the predictions of a level-k model of rationality generalized to allow

for various assumptions of how participants use the information on the screen and whether

they attempt to forecast the forecasts of others. Our framework features three deviations

from typical models of bounded level-k reasoning: (i) we incorporate adaptive expectations

forecasting as the non-strategic behavioral rule, (ii) we allow for inattentiveness to the

fundamental regime shifts in the strategic behavioral rule, and (iii) we explicitly model

stochasticity in forecasts using entropy-based cognitive costs. Each of these features has

been studied in isolation and found to be relevant in macro models. Here, we study their

interaction in a controlled laboratory environment.

Both level-k models and adaptive expectations weaken the REE assumptions about peo-

ple’s abilities to reason or to learn about their environment, by lowering either the level of

strategic sophistication or the ability to accumulate data in the learning process. As shown in

applied work, these frameworks also open gaps between the outcomes of the thus-constrained

economy and those of the REE economy. As a result, they have gained attention in macroe-

conomics, as a way to dampen equilibrium forces and forward looking behavior. See, for

instance, Evans & Honkapohja (1999), Evans & Honkapohja (2013), Woodford (2003) Farhi
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& Werning (2019), Garćıa-Schmidt & Woodford (2019), Vimercati, Eichenbaum & Guerreiro

(2021). But which is a more relevant behavioral model for typical macroeconomic settings?

And what speed of adaptation or degree of strategic sophistication should be assumed in

those settings? Thus far, much of the work measuring the degree of strategic sophistication

comes from static beauty contest games. Conversely, the work on adaptive expectations

in dynamics settings has largely abstracted from strategic considerations in the learning

process.

Our experimental results show that model-based reasoning fails even when the mapping

is transparent. Forecasts are far from the REE, and they are noisy and biased, despite the

relative simplicity of the task and of computing the REE. More importantly, approximately

36% of the subjects appear to be level-0. This finding contrasts results from a wide range of

largely one-shot games, in which most subjects exhibit some degree of strategic thinking, with

only a small fraction of participants (usually around 5%) behaving entirely non-strategic.

The reason for this gap is that our experiment offers participants a useful alternative to

strategic thinking: they can monitor the realizations for patterns, and indeed it seems that

is what many of them do. Since depth of reasoning is not observable, forecasts that track

patterns in the data may be mistakenly labeled as being strategic. For instance, if we estimate

the level-k models with a naive level-0 rule that averages out to the mean of the expected

outcome, the degree of estimated strategic reasoning shifts up by about 1.3 to 2.3 levels,

relative to the level-k models with adaptive learning. Furthermore, we estimate that an

additional 43% of participants are level-1. Overall, we uncover a prevalence of experience-

based rather than model-based forecasting. Together with the limited degree of strategic

sophistication, noisy adjustment leads to very slow aggregate convergence to the theoretical

equilibrium. This suggests that macro models may need to incorporate much more bounded

higher order beliefs than is currently the norm.

Our paper contributes to a large literature using controlled experiments to test rationality

in strategic contexts. It provides further evidence that limitations in perception, information

processing, and reasoning have significant and pervasive effects on economic decision-making.

And it directly measures to what extent people’s behavior incorporates attempts to predict

the actions of others in their group. Laboratory settings are valuable for testing hypotheses

regarding the formation of expectations since they allow the researcher to control not only

the subjects’ payoffs, but also the data generating process and the flow of information shown

to the subjects. Hence, deviations from RE forecasts can be precisely measured both over

the course of the experiment and in the cross-section. The literature has shown that arriving

at a REE puts demands on individual decision-makers that may be unrealistic given the

practical cognitive constraints that limit our ability to think strategically and to accumulate
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Clock counts down 
until next ring draw!

Subjects respond 
by clicking and 
dragging this 
slider bar!

Rings will appear 
out of this box 
every 3 seconds!

My Cumulative Payoff: $5.68 Time Until Next Ring

15% 

85% 

Figure 1: Screenshot of the experiment

data.

The experimental setting departs from the static environments that have been the focus

of the beauty contest literature, bringing the design closer to the dynamic macro setup.

We study a dynamic setting with a very long sequence of realizations of the exogenous

random variable and with many repetitions of the task. Our experiment is designed to inform

macroeconomic models more directly, hence the setting is akin to an economic decision-maker

making the same kind of decision repeatedly, in a familiar context, much like a consumer

purchasing a staple good or a firm updating the price of an existing product.

Section 2 describes the experiment and Section 3 discusses the main empirical patterns

of adjustment. Section 4 presents the forecasting models we compare and Section 5 discusses

the estimation results. Section 6 concludes.

2 Experiment

The experiment is an incentivized probability estimation task in which participants are placed

in groups and are asked to repeatedly record their individual estimates of the probability of

drawing a green ring from a virtual box that contains a mix of green and red rings.
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2.1 Design

In each group, the true probability pt of drawing a green ring on trial t depends on an

exogenous term and on the group’s average forecast on that trial:

pt = zt + αP̂t, (1)

where zt is the exogenous “fundamental,” P̂t is the average of the group’s current forecasts

and α ̸= 0 measures the nature and strength of strategic interactions. The value of zt

remains fixed for a random number of trials and changes infrequently over time, as described

below. The rational expectations equilibrium forecast, which emerges as a fixed point of

equation (1), is given by

pREE
t =

zt
1− α

. (2)

The payoff per trial for each participant i is proportional to

vit = 1− (st − p̂it)
2, (3)

where st is the realized state (equal to 1 for a green ring draw and 0 for a red one) and

p̂it is the subject’s recorded probability forecast for that trial. The total payment is a fixed

participation amount plus an amount proportional to the total points earned in the session,∑T
t=1 vit.

Figure 1 shows a screenshot of what the participants see on their monitors. On the right

side of the screen is the virtual box from which rings appear, one at a time, according to

the hidden probability of green rings, pt. In the center, a graph shows the individual best

response probability on the y-axis, as a function of the group average belief P̂t on the x-

axis. The line shown corresponds to the current fundamental zt. The endpoints of the line

(representing the best response probabilities associated with beliefs P̂t = 0 and P̂t = 1) are

explicitly labeled. Whenever zt changes, the line shifts and the extreme values are updated.

This makes the strategic interaction explicit: participants are directly shown how their

optimal forecast depends on what they think others believe for each possible value of the

fundamental. This is explained to the subjects in the instructions preceding the experiment.

The left side of the screen has a vertical slider that participants use to choose a probability.

Participants can freely move the slider up and down between 0 and 1, and a numeric display

of their current forecast is also shown alongside the slider. Crucially, participants can map

their chosen slider position onto the best-response graph in the center: for a given belief

about the forecasts of others, participants can read off the slider what their implied best
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response would be. This feature helps make deductive reasoning as salient as possible.

Hence, any limitations to the use of the model-based approach that we might uncover are

likely to understate the limitations that would arise in practice, when people face much more

complex environments.

Lastly, at the top of the screen, participants see their current cumulative payoff and the

time remaining until the next ring is drawn from the box and displayed. For each trial,

participants have three seconds to record their forecast. At the end of the three seconds,

the computer draws a ring in accordance with equation (1), where the average forecast is

computed based on the participants’ slider positions in place at that time. Imposing the

three-second time limit reflects practical considerations. Since the proportion of green rings

in the box depends on the group average, having a time limit ensures that the experiment is

not held up by any individuals taking a long time to record forecasts. This time limit also

ensures that the task does not take too much time to complete. Each member of a group is

shown the same information, but members cannot communicate with each other and must

form their estimates on their own.

After each ring draw, the updated cumulative payoff is displayed, and there is a small

probability δ of a change in zt, in which case a new value is drawn independently from a

uniform distribution that can take on three values: low, medium, and high. Whenever the

value of zt changes, the best-response line instantly shifts up or down to the new intercept,

and the extreme values are updated.

2.2 Timeline

For clarity, the timeline of each trial and for each group is as follows:

1. A value of the fundamental zt is realized and the associated best response function is

displayed on the screen.

2. Each player in the group has three seconds to report their forecasts by adjusting the

slider bar displayed on their screen.

3. After three seconds, a virtual box is formed with the proportion of green rings given

by zt + αP̂t, where the forecasts that make up the average forecast P̂t are the slider

positions recorded by all the players in the group at the end of the three-second interval.

4. A ring is drawn from this box and displayed on the screen. Players’ scores are updated

as a function of the realized ring draw relative to each player’s individual forecast, and

the individual score is updated on the screen of each player.
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5. If the maximum number of trials has been reached, the session ends. Otherwise, with

probability δ, a new value of the intercept z is drawn and a new best response function

is displayed on the screen; with probability 1 − δ, z and the best response function

remain unchanged; the session continues with step 2.

2.3 Settings

We ran this experiment in the spring and summer of 2017 at Columbia University’s Ex-

perimental Laboratory for the Social Sciences with undergraduate and master students. At

the start of each session, subjects received written instructions and completed a 15-minute

practice session. The participants were given all the information summarized in model (1)

and instructions regarding the payoff structure and the incentives of the other participants.

They completed the task at individual computer stations, and they were not allowed to

communicate in any way with others in the group. They also wore earplugs to cover the

sound of other participants’ mouse clicks.

We conducted 18 sessions with 70 participants for a strategic complements treatment

with α = 0.7 and z ∈ {0.05, 0.15, 0.25} and 15 sessions with 57 participants for a strategic

substitutes treatment with α = −0.7 and z ∈ {0.75, 0.85, 0.95}. These values ensure that

regardless of an individual’s beliefs about the forecasts of others, the individual’s best re-

sponse lies in the interval [0.05, 0.95]. Each group had between two and six participants. In

this paper, we analyze the data from the strategic complements treatment.

2.4 Design Discussion

The experimental design’s key distinguishing feature is that it leaves participants free to

choose how to approach the forecasting problem, while making the underlying strategic

structure fully transparent. Since participants observe both the sequence of ring realizations

and the best response function that summarizes the game, we can observe which approach

they adopt and measure their performance without potentially underestimating how well

they could do the task.

The design thus bridges two experimental classes: On the one hand, the setup belongs

to the class of experiments of Gallistel, Krishan, Liu, Miller & Latham (2014), Ricci &

Gallistel (2017), and Khaw, Stevens & Woodford (2017), which display the sequence of ring

realizations, enabling the participants to observe and learn from the patterns in the data.

On the other hand, we also incorporate a strategic component, make public the exogenous

fundamental, and display the best response function. These elements connect our design
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to strategic expectation-formation experiments in the tradition of Nagel (1995) and Fehr &

Tyran (2008), where outcomes depend endogenously on others’ beliefs.

The experiment is also unusual in that it generates very long time series punctuated by

occasional regime shifts: Each session consists of T = 1, 000 trials with infrequent shifts

in the fundamental (δ = 0.5%). This gives the participants ample experience with the task

while also giving us a long enough time series of observations, over the course of which we can

observe both how expectations change in response to a change in the exogenous intercept,

and how they are subsequently revised in response to experience in the new regime.

Overall, the structure of the task allows for rich learning and coordination dynamics. Be-

cause the true probability depends on the group’s average forecast, participants face strategic

uncertainty about others’ beliefs. While shifts in the fundamental are made salient through

corresponding shifts in the best-response function, participants do not directly observe the

group’s average belief and must infer it from realized outcomes over time. The feedback

from the aggregation of beliefs to the outcomes allows for the possibility of fast coordina-

tion toward the rational expectations equilibrium, but also of persistent dispersion, delayed

adjustment, or self-reinforcing deviations, depending on how and whether participants form

and update beliefs about others.

3 Patterns of Adjustment

This section describes how participants update their estimates over time and when there is

a change in the fundamental.

3.1 Incomplete Adjustment

How do subjects update their estimates in response to infrequent regime changes? Individual

forecasts aggregate to a sluggish, hump-shaped, and very incomplete response function.

Consider a change in the fundamental at the beginning of some trial t. This change decays

at rate δ, which is the probability that a new fundamental value is drawn (independently) on

each subsequent trial. Since the change is displayed on the participants’ screen immediately,

the REE forecast jumps fully, on impact, per equation (2), and then decays at the same rate

as the fundamental.

Figure 2a compares the responses of our participants to the REE benchmark by plotting

the expected change in the average forecast at time t + h in response to a change in the

fundamental at time t, relative to the expected change in the absence of an innovation to the

fundamental. The REE response is normalized to 1 on impact. The average response is only
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Figure 2: Adjustment versus the rational expectations prediction

Notes: (a) The impulse response function for the average group forecast to a shift in the fun-

damental and its 95% confidence interval, compared to the REE response. (b) The cumulative

fraction of adjusters at different horizons following a shift in the fundamental, and uncondition-

ally. The fraction is computed as the number of subjects first adjusting within h periods divided

by the total number of subjects, pooled across data from all sessions. The x-axis uses a log scale,

to show early adjustment more clearly. The RE model predicts 100% adjustment on impact. The

Calvo model is parameterized to match the average frequency of adjustment in the data.

a small fraction of the REE response, it peaks at approximately 31% roughly 30 periods after

the change in the fundamental, and then decays very slowly. This evidence is consistent with

an extensive literature in macroeconomics that has documented sluggishness in aggregate

forecasts and actions (Coibion & Gorodnichenko, 2015; Carroll, Crawley, Slacalek, Tokuoka

& White, 2020).

3.2 Delay

Driving the incomplete adjustment is the fact that participants do not notice or choose not

to respond to the shift right away, and instead adjust in a staggered manner (e.g., Calvo

(1983); Mankiw & Reis (2002)). Indeed, only 25% of forecasts are adjusted on impact,

even though the change is displayed on the subjects’ screens instantaneously. Moreover,

the cumulative rate at which participants adjust their forecasts following an innovation in

the fundamental value is only moderately higher than the unconditional cumulative rate

of adjustment, across all trials, as shown in Figure 2b. The figure plots the cumulative

probability that subjects will have adjusted their forecast at least once within a given number

of periods, both unconditionally and following a shift in the exogenous state. Compared with

the adjustment of an exponential parameterized to match the mean frequency of adjustment
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Figure 3: Distribution of individual forecasts around the mean forecast, versus
the RE forecast, for each value of the fundamental state zt. Std indicates the
standard deviation of the individual forecasts for each state.

in our data, we see that participants adjust at a significantly lower rate in later trials.

3.3 Dispersion and Bias

The extensive margin of adjustment is only partially responsible for the slow overall ad-

justment. The empirical response function would adjust significantly faster than what we

observe if participants adjusted to the optimal forecast when they did adjust. Instead, there

is both dispersion and bias in forecasts. As a result, the aggregated response is much more

sluggish than the frequency of adjustment alone would imply.

Figure 3 plots the distribution of individual forecasts for each value of the fundamental.

Across all sessions, individual forecasts differ from the REE prediction by significant amounts

in absolute value. Moreover, forecasts are biased: on average they are 8.7% higher than the

REE forecast. The magnitude of the deviations falls toward the high end of the range of

deviations typically reported in the experimental literature, such as the work that studies

mis-pricing in experimental asset markets spurred by Smith, Suchanek & Williams (1988).

The biggest gaps occur when the fundamental value is lowest: subjects tend to over-estimate

the optimal forecast in the low state by 28 percentage points and under-estimate it in the

high state by nearly 10 percentage points.

Figure 4 provides an alternative visualization of the deviations in the subjective forecasts.

Given the individual forecasts and the realized exogenous state, we can infer what individual

subjects believe the group average to be on each trial, under the assumption that they are

attentive to the state and use equation (1) to form their forecasts. This implied belief is

given by Ei
tP̂t = (p̂it − zt)/α. The figure plots the mean of these implied beliefs (P̂t − zt)/α

against the actual mean forecast P̂t, for all trials. When what people believe the mean to be
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Figure 4: The implied average of subjective forecasts, (P̂t − zt)/α against the
actual average P̂t. The black dots mark the REE for each state.

coincides with the actual mean, we have a REE. The figure shows this is virtually never the

case. Instead, interpreted through the lens of model (1), participants tend to either over-

estimate or under-estimate the actual mean. Moreover, some beliefs cannot be rationalized

with equation (1) at all, since doing so would generate beliefs that the average forecast is

greater than 1. This motivates us to consider modeling beliefs in a generalized framework

that allows for deviations from model (1) in terms of how and whether participants use the

mapping between the fundamental and the equilibrium probability to form beliefs.

4 Modeling Adjustment

The experiment is designed to allow us to test two classes of belief formation: model-

based and experience-based. First, participants are shown the best response function — the

linear relationship between the average forecast and the individual’s optimal estimate, for

each fundamental. Using this information, they can compute their response to any individual

belief about the group forecast, however they might form that belief. Moreover, the rational

expectations equilibrium (REE) forecast itself does not require a complex calculation, so

participants could quite easily use the rational group forecast, per equation (2). Second, even

if participants do not use a model-based approach to predict the next ring realization—for

example, because they do not understand the best response graph or its implications—they

can still perform well, and, at least in principle, approach the REE forecast, by monitoring

the patterns in the data: they observe a long series of draws, and they face a fundamental

that changes only rarely, which gives them ample opportunity to learn. The sequence of
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realizations offers a valuable alternative, experience-based method of forecasting.

Let p̂it denote the forecast recorded by DM i on trial t. The DM’s payoff per trial is

proportional to 1 − (p̂it − st)
2, where st is equal to 1 with probability pt and 0 otherwise.

Let Mi denote a DM’s subjective model of how pt is determined. To identify the forecasting

approach that subjects seem to prefer, we consider stochastic, dynamic generalizations of

bounded-rationality deterministic level-k models as different possibilities for p̂it andMi. The

model variants differ in terms of how decision-makers use the information available to them

and in the extent to which they attempt to forecast the forecasts of others. We do not model

how a DM might come to use one subjective model over another; instead, we assess which

subjective model fits the data best.

4.1 Stochastic Level-k with Learning

Consider the typical specification of level-k reasoning in the experimental games liter-

ature, which allows for differing levels of strategic sophistication, or depths of reasoning.

Level 0 involves no consideration given to what others might do. Level 1 is assumed to be

constrained to doing only one round of reasoning: forecasters assume that others behaves

as if they were level-0 decisionmakers. Each higher level is assumed to be able to do one

additional round of reasoning. Hence, when modeling the forecasts of others, the most a

level-k forecaster can do is to assume that others are doing at most k-1 iterations. As the

depth of reasoning increases, beliefs approach the REE. This approach to relaxing REE has

been used extensively to describe beliefs in static beauty contest games, as noted in the

introduction.

In the canonical level-k model, it is assumed that the non-strategic level-0 decision-makers

draw random forecasts on the support allowed, while higher level forecasters deterministically

best-respond to the expected value of the lower level forecasts. However, our data do not

exhibit such a dichotomy across subjects. Instead, all forecasts are noisy, but at the same

time, they are less likely to be at the extremes than near the middle of the unit interval. This

motivates us to consider a control cost specification to generate endogenous stochasticity of

forecasts. We furthermore allow individuals to take into account the randomness in other

people’s forecasts: in the level-k hierarchy, each level generates a noisy best response to the

noisy lower-level response, as in quantal response equilibria (QRE) (McKelvey & Palfrey,

1995, 1998).

The approach exploits the fact that noisy forecasts can be modeled using an information-

theoretic framework. Suppose we have a candidate model Mi that implies a forecast mit in

period t. If the DM faced no other cognitive or control costs associated with recording the
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forecast implied by this subjective model, they would set p̂it = mit. Instead, with additional

cognitive costs, the DM draws forecasts from a distribution of potential forecasts. If the DM

exerts no effort, their recorded forecast will be a random draw from the allowable support,

regardless of the model forecast. This would generate forecasts that reduce to the standard

“naive” level-0 assumption. By exerting effort, individuals can concentrate their forecasts

and record a forecast that improves their expected payoff. But doing so is costly. The DM’s

objective, excluding control costs, is to report forecasts to maximize the expected cumulative

payoff

Vi =
T∑
t=0

Eit

[
1− (p̂it − pt)

2
]
, (4)

where we omit discounting and terms independent of the subjective forecast. We assume

that the control cost is proportional to the KL divergence from the uniform distribution on

the unit interval, which simplifies to

Ci(π) = λi

∫ 1

0

π(x) lnπ(x) dx, (5)

where λi denotes the unit control cost. Hence, the optimization problem becomes choosing

the sequence of distributions {πit} to maximize the expected payoff net of the costs associated

with drawing forecasts from these distributions. The problem reduces to a sequence of static

optimization problems: In each period, the DM draws their forecast from a distribution that

maximizes their expected payoff net of control costs:

max
π∈∆

∫ 1

0

[
1− (p̂−m)2

]
π(p̂|m)dp̂− Ci(π), (6)

where ∆ is the set of probability measures on the unit interval.

For each m, the solution to (6) is

π(p̂ | m) =
exp

{
− (p̂−m)2

λ

}
∫ 1

0
exp

{
− (p̃−m)2

λ

}
dp̃

· 1{p̂∈[0,1]}. (7)

This is a truncated normal distribution on [0, 1] with pre-truncation mean m and variance

λ/2. We denote this distribution by N T (m,λ/2; 0, 1). The solution parallels the logit form

familiar from the quantal response equilibrium literature, with the control cost parameter

governing the degree of noise in choices. As the control cost approaches zero, forecasts

concentrate around the target m; as it grows large, the distribution approaches the uniform

default. This specification nests as a limiting case the canonical level-k model, in which
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level-0 forecasters have infinite control costs while higher level forecasters have zero control

costs. Here, we estimate control costs for all players.

Although expected payoffs under quadratic losses depend only on the mean of the fore-

cast distribution, stochasticity plays a non-trivial role in our setting. Because forecasts are

constrained to lie in the unit interval, noise interacts with truncation, so that the mean of

the choice distribution need not coincide with the deterministic target m. Thus, DMs take

stochasticity into account not because they value higher moments of the forecast distribution

per se, but because noise influences the implied mean forecasts and their dynamics.

Level 0 In the canonical level-k model, the non-strategic level-0 DMs draw random fore-

casts independently across trials. However, in our experiment, many participants do not

seem to approach the forecasting session as a sequence of independent static games. In-

stead, we observe propagation of beliefs across trials within a session. Forecasts tend to

be serially correlated and also seem to correlate with recently realized ring draws. To take

this into account, we model the dynamic propagation of beliefs by allowing for adaptive,

experience-based learning.

Suppose that non-strategic DMs watch the ring realizations and apply a constant-gain

learning algorithm to form their forecast. These DMs do not use information about the

fundamental or about the forecasts of others to form their forecast, but they do watch the

rings as an alternative to model-based deductive forecasting. The recorded forecast of the

level-0 DM is a draw from the distribution

p̂
(0)
it ∼ N T

(
m

(0)
it , λi/2; 0, 1

)
, (8)

m
(0)
it = (1− γi) m

(0)
i,t−1 + γi (st−1 + bi) , (9)

wherem
(0)
it denotes the deterministic constant gain forecast, the initial belief ism

(0)
i1 = 0.5+bi,

γi is the individual’s learning parameter, st−1 is the realized ring draw, which they use in

their learning, and bi is an individual-specific bias. The model forecast becomes a weighted

average of the history of rings (shifted by bi) and the initial belief.

The bias bi captures persistent deviations from the unbiased benchmark. When bi = 0,

the initial belief equals 0.5 and, in the long run, m
(0)
it tracks the weighted history of the

ring realizations. When bi ̸= 0, the forecast is persistently shifted away from the unbiased

benchmark. The learning parameter γi governs responsiveness to recent ring realizations,

independently of the bias: a subject can learn quickly from the data (γi large) while at

the same time maintaining a persistent bias. In the special case where γi = 0 and bi = 0,

the model reduces to m
(0)
it = 0.5 in all periods, which corresponds to the standard naive
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level-0 specification in which forecasts fluctuate around the ex-ante expected value of the

probability.

Level 1 The level-1 forecasters understand the structure of the environment but think that

everyone else forms beliefs according to the level-0 model. They stochastically best respond

to their beliefs about the mean of the stochastic level-0 forecast. They are subject to cognitive

frictions with unit cost λi, and they understand that level-0 forecasts are also subject to such

costs. Each level-k forecaster uses their own λi when simulating the behavior of lower levels.

This mirrors the standard QRE assumption that people use their own parameters when

simulating the behavior of others.

In what follows, let P̂
k−1|k
it denote the level-k belief of forecaster i about the mean of

the level-(k − 1) forecasts. For a level-1 forecaster, this is the expected value of the level-0

forecast distribution:

P̂
0|1
it = E

[
p̂
(0)
it

]
, (10)

where the expectation is taken over the distribution given by (8), but with forecaster i’s gain,

bias, and control cost parameters. To simulate level-0 forecasts, the level-1 DM monitors the

sequence of ring realizations and applies the constant gain learning rule in (9) (with their

own parameters γi and bi)

The resulting level-1 forecasts are governed by

p̂
(1)
it ∼ N T

(
m

(1)
it , λi/2; 0, 1

)
(11)

m
(1)
it = zt + αP̂

0|1
it . (12)

Higher Levels Higher level forecasts are defined recursively, with each level generating

noisy best responses to the average of the lower level’s stochastic forecasts. Specifically, each

higher-level forecaster constructs estimates of expected forecasts P̂
0|k
it , P̂

1|k
it , ..., P̂

k−1|k
it , and

sets

p̂
(k)
it ∼ N T

(
m

(k)
it , λi/2; 0, 1

)
(13)

m
(k)
it = zt + αP̂

k−1|k
it . (14)

Within the model, the form of updating used by non-strategic forecasters is common

knowledge, just as the payoff structure and informational environment are common knowl-

edge in standard level-k models.

Finally, we consider forecasters whose beliefs correspond to a fixed point of the level-k
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hierarchy: beliefs about others’ forecasts are self-consistent, and agents take into account

others’ expected randomization in their strategic reasoning. We refer to these as QRE fore-

casters, since the term “rational expectations” conventionally implies both infinite strategic

depth and no other cognitive costs that might give rise to stochasticity in forecasts.

In the estimation, we allow for heterogeneity across individuals in all behavioral param-

eters. Each participant i is characterized by a discrete depth of reasoning ki, a unit control

cost λi, a learning gain parameter γi, and belief bias bi. For each participant, all parameters

are jointly estimated and the Bayesian Information Criterion (BIC) is used to select among

competing specifications, trading off fit and parsimony.

The different model components generate distinct implications for forecasting behavior.

Variation in the depth of reasoning ki affects how strongly individual forecasts respond to the

average forecasts of others and to changes in the best-response mapping, with higher levels

exhibiting responses closer to the rational expectations benchmark. Variation in the learning

gain γi governs the speed of belief revision in response to new ring realizations, with higher

values generating faster adjustment following shifts in the underlying probability, while γi = 0

yields forecasts that display no systematic dependence on past realizations. The bias bi shifts

the level of forecasts away from the unbiased benchmark, independently of learning speed.

Finally, the control cost λi governs the dispersion of forecasts around the implied target,

with higher values generating noisier forecasts. These differences allow the data to discipline

both the informational assumptions and the degree of strategic sophistication underlying

individual forecasts.

4.2 Incorporating Inattentiveness

So far, persistence in forecasts arises solely from experience-based learning at the level-0

stage, which anchors the forecasts of all higher levels. This may lead to an over-estimate of

the incidence of non-strategic behavior if persistence instead reflects sluggish adjustment by

more sophisticated forecasters. To address this, we extend the model to allow for persistence

in higher-level forecasts, independently of level-0 learning or strategic depth, by introduc-

ing inattentiveness to the fundamental value zt. The key idea is that individuals may not

continuously monitor the fundamental, even if they understand its role in determining the

best-response function. As a result, forecasts may adjust sluggishly following changes in zt,

independently of learning about the behavior of others. This type of friction has been used

in the monetary literature to generate sluggish nominal adjustment (Mankiw & Reis, 2002)

and here we integrate it with level-k reasoning.

We model inattentiveness to the fundamental by allowing strategic DMs to update infor-
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mation about zt infrequently, while using knowledge of the fundamental’s data generating

process to update its evolution between observations. We assume all DMs begin fully in-

formed about the initial fundamental value. On each subsequent trial, individual i fails to

update information about the fundamental with probability ϕi ∈ (0, 1), and with probability

1− ϕi the individual observes the current realization zt. Hence, the perceived fundamental

of a DM who last observed the fundamental h periods ago is

ẑ t|t−h = (1− δ)hzt−h +
(
1− (1− δ)h

)
z̄, (15)

where z̄ = 0.5 is the mean of the redraw distribution for the fundamental.

The subjective model forecast of an inattentive level-k decision maker with information

lag h is

m
(k)
iht = ẑ t|t−h + αP̂

k−1|k
iht (16)

and the recorded forecast is a draw from

p̂
(k)
iht ∼ N T

(
m

(k)
iht, λi/2; 0, 1

)
. (17)

The term P̂
k−1|k
iht is the expected value of the simulated level-(k − 1) forecast distribution,

which now depends on the DM’s own information lag h.

The role of inattentiveness differs across depths of reasoning: The forecasts of the level-0

DMs are not affected by inattentiveness to the fundamental, since these forecasters rely

solely on the sequence of ring realizations. Hence, the level-0 expected forecast remains

as described earlier. For a level-1 decision maker, inattentiveness affects beliefs about the

fundamental zt but not beliefs about others’ forecasts, since this DM believes all others are

level-0 forecasters. Hence, for level-1 DMs, the forecast of others continues to be the mean

of the distribution given by (8), independent of the DM’s own information lag.

For higher levels of reasoning, inattentiveness affects both beliefs about the fundamental

and beliefs about the forecasts of others. DMs correctly anticipate the distribution of in-

formation vintages when making forecasts. From the perspective of a DM with information

lag h, the fundamental at a more recent date l < h (used by the cohorts with more recent

information) is

E [zt−l | zt−h] = (1− δ)h−lzt−h +
(
1− (1− δ)h−l

)
z̄. (18)

The forecaster with lag l then further discounts this toward z̄ over the l periods until t, so

that the belief of a DM with lag h about the cohort-l perceived fundamental on trial t is

E
[
ẑt|t−l | zt−h

]
= (1− δ)hzt−h +

(
1− (1− δ)h

)
z̄ = ẑt|t−h for l < h. (19)
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That is, from the perspective of a DM with lag h, all cohorts with fresher information

(l < h) have the same expected perceived fundamental, equal to the DM’s own perceived

fundamental. The same expression holds for l = h, where both DMs observed zt−h directly.

For the cohorts who observed the fundamental at an earlier date, the DM with informa-

tion lag h has no way of knowing what they saw when, so this DM assumes that they have

converged to the mean fundamental, z̄. The key insight to gain tractabiliy involves making a

forward-rational but backward-uninformed assumption for handling computational complex-

ity when DMs reason about others with different information lags: forecasters can project

forward from their observations but use ergodic priors for DMs with more stale information.

Hence,

E
[
ẑt|t−l | zt−h

]
=

ẑt|t−h, if l ≤ h,

z̄, if l > h.
(20)

Consider a level-2 DM with information lag h. This DM considers the different cohorts of

lower level forecasters, indexed by their information lag l ∈ {0, 1, 2, . . .}. Given the perceived

fundamentals for each cohort, the level-2 DM with information lag h can construct the model

forecast of level-1 DMs for each cohort l based on

m
(1)
ilt = E

[
ẑt|t−l | zt−h

]
+ αP̂

0|1
it . (21)

The level-2 DM understands that level-1 forecasts in cohort l are drawn fromN T (m
(1)
ilt , λi/2; 0, 1),

and that cohort l has mass (1 − ϕi)ϕ
l
i in the population. Hence, the distribution of level-1

forecasts is a mixture of truncated normals:

p̂
(1)
t ∼

∞∑
l=0

(1− ϕi)ϕ
l
i · N T (m

(1)
ilt , λi/2). (22)

The level-2 DM’s belief about the mean level-1 forecast P̂
1|2
iht is therefore the mean of this

mixture. Using (20), this simplifies to a weighted average of two terms:

P̂
1|2
iht =

h∑
l=0

(1−ϕi)ϕ
l
i ·E

[
N T (ẑt|t−h + αP̂

0|1
it , λi/2)

]
+

∞∑
l=h+1

(1−ϕi)ϕ
l
i ·E

[
N T (z̄ + αP̂

0|1
it , λi/2)

]
(23)

which simplifies to

P̂
1|2
iht = (1− ϕh+1

i ) · E
[
N T (ẑt|t−h + αP̂

0|1
it , λi/2)

]
+ ϕh+1

i · E
[
N T (z̄ + αP̂

0|1
it , λi/2)

]
. (24)

That is, the level-2 DM’s belief is a weighted average of two truncated normal means: one

18



based on their own perceived fundamental ẑt|t−h, weighted by the probability (1 − ϕh+1
i )

that a random level-1 forecaster has information at least as fresh; and one based on the

ergodic mean z̄, weighted by the probability ϕh+1
i that a random level-1 forecaster has staler

information.

For levels k ≥ 3, an additional complication arises: level-(k − 1) DMs with different

information lags hold different beliefs about level-(k − 2) forecasts, and a fully rational

level-k DM would account for this heterogeneity. To maintain tractability, we assume that

when simulating lower levels, DMs attribute their own current beliefs about even-lower-level

forecasts to all forecasters at the intermediate level. This parallels our earlier assumption

that DMs use their own λi and ϕi when simulating the behavior of others.

Under this assumption, the structure generalizes to arbitrary levels of reasoning. For a

level-k DM with information lag h, beliefs about lower levels are constructed recursively. Let

P̂
j|k
iht denote the belief of a level-k DM with lag h about the mean level-j forecasts, for j < k.

The belief about level-0 forecasts is independent of the DM’s information lag:

P̂
0|k
iht = P̂

0|1
it = E

[
p̂
(0)
it

]
. (25)

For j ∈ {1, ..., k−1}, the level-k DM recognizes that level-j forecasters best respond to their

own beliefs about level-(j − 1) forecasts, using their own perceived fundamental. Applying

the same logic as for level-2, the level-k DM’s belief about the mean level-j forecast is

P̂
j|k
iht = (1−ϕh+1

i )·E
[
N T

(
ẑt|t−h + αP̂

j−1|k
iht , λi/2; 0, 1

)]
+ϕh+1

i ·E
[
N T

(
z̄ + αP̂

j−1|k
iht , λi/2; 0, 1

)]
.

(26)

The level-k DM’s own model forecast is then

m
(k)
iht = ẑt|t−h + αP̂

k−1|k
iht , (27)

and the recorded forecast is drawn from N T (m
(k)
iht, λi/2; 0, 1).

Finally, an inattentive QRE forecaster with information lag h has perceived fundamental

ẑt|t−h given by equation (15). Their forecast satisfies:

mQRE
h,t = ẑt|t−h + α · Eh[P̄t], (28)

where Eh[P̄t] is their expectation of the average forecast. Using the model’s belief structure,

a forecaster with lag h believes that fraction (1 − ϕh+1) of others have information at least
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as fresh as their own, and the fraction ϕh+1 have staler information. Hence,

Eh[P̄t] = (1− ϕh+1)mQRE
h,t + ϕh+1m̄QRE, (29)

where m̄QRE = z̄/(1−α) is the QRE forecast for someone whose perceived fundamental has

converged to z̄.

Substituting and solving for the fixed point yields:

mQRE
h,t =

ẑt|t−h +
α

1−α
ϕh+1z̄

1− α(1− ϕh+1)
. (30)

When ϕ = 0, this reduces to the standard attentive REE forecast mQRE
t = zt/(1 − α). For

ϕ > 0, the forecast is a weighted combination of the response to the perceived fundamental

and the unconditional mean, with the weights depending on the information lag and the

degree of strategic complementarity, α.

Inattentiveness is an additional source of sluggishness in the higher level forecasts them-

selves: if higher level forecasters do not immediately notice regime shifts, they will introduce

delays in the average forecast. Moreover, since this inattentiveness is stochastic, the delays

will be staggered, generating smooth sluggishness.

5 Estimation Results

In this section, we discuss the best-fitting estimates across models, and the importance

of the generalized frameworks in identifying the degree of strategic sophistication.

We infer the population type frequencies from data fitting exercises at the subject level.

For each subject and each model type, we estimate the best-fitting set of parameters to

minimize the Bayes Information Criterion (BIC). The parameters to be estimated are the

depth of strategic reasoning ki, the control cost λi, the adaptive learning coefficient on ring-

watching γi, the level bias bi, and the inattentiveness probability ϕi (for inattentive higher

level forecasters). We allow for heterogeneity in these parameters across subjects, and in the

estimation, we seek to isolate the relevance of these different components in accounting for

deviations of the subjective forecasts from the REE prediction.

5.1 Estimation Method

We estimate each model separately for each subject using maximum likelihood, and use

the Bayesian Information Criterion (BIC) to select among models and levels of reasoning.
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For a model with n parameters estimated on T trials,

BIC = −2 logL+ n log(T ), (31)

where L is the maximized likelihood. The number of parameters n varies across specifi-

cations: naive attentive models estimate only the effort cost λ; adaptive attentive models

estimate λ and the learning gain γ; and inattentive models additionally estimate the inat-

tentiveness probability ϕ for levels k ≥ 1. For the REE benchmark, only λ is estimated for

the attentive versions, and λ and ϕ are estimated for the inattentive variants.

The likelihood for each trial is based on a truncated normal distribution on [0, 1]. Given

a model forecast mt and effort cost λ, the forecast is drawn from a normal distribution with

mean mt and variance λ/2, truncated to the unit interval. The log-likelihood contribution

of observing forecast p̂t is

log ℓt = logφ

(
p̂t −mt

σ

)
− log

[
Φ

(
1−mt

σ

)
− Φ

(
0−mt

σ

)]
, (32)

where σ =
√
λ/2, and φ(·) and Φ(·) denote the standard normal pdf and cdf, respectively.

We select each subject’s level of reasoning k by minimizing BIC within each model spec-

ification, and we determine the best-fitting model for each subject by comparing BIC across

models.

We estimate parameters using constrained optimization with parameter bounds λ ∈ [0, 1]

for the effort cost; γ ∈ [0, 1] for the learning gain; and ϕ ∈ [0, 0.99] for the inattentiveness

probability, where the upper bound excludes the degenerate case in which the fundamental

is never observed.

For the inattentive models, computing the likelihood requires summing over the distribu-

tion of information lags h, where a DM with lag h last observed the fundamental h periods

ago. Because each DM’s realized information lag is unobserved, the likelihood of forecast p̂t

is a mixture over all possible lags h, weighting the truncated normal density evaluated at

each lag-specific model forecast mt(h) by the probability (1− ϕ)ϕh of that lag. We truncate

this mixture at lag h̄, treating all DMs who have not observed the fundamental for h̄ or more

periods as if their last observation was exactly h̄ periods ago. To ensure consistent approxi-

mation quality across different values of ϕ, we set h̄ adaptively such that ϕh̄+1 < 0.001, i.e.,

h̄ =
⌈
log(0.001)
log(ϕ)

⌉
− 1, with a floor of 5 and ceiling of 200. This ensures that this truncation

affects less than 0.1% of the probability mass for ϕ ≲ 0.97.
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TABLE I: Levels of strategic reasoning: best fitting model

Level Count Fraction

L0 25 0.43
Attentive L1 18 0.36
Inattentive L1 19 0.27
Attentive L2 1 0.01
Inattentive L2 3 0.04
Inattentive L5, L6 2 0.03
Inattentive QRE 2 0.03

Total 70 1.00

Notes: Maximum likelihood estimates of the level of strategic reasoning k for each subject, under
the best-fitting adaptive level-k model. L0 indicates non-strategic behavior (k = 0); QRE indicates
quantal response equilibrium (k → ∞).

TABLE II: Levels of strategic reasoning: attentive model

Level Count Fraction

L0 30 0.43
L1 31 0.44
L2 4 0.06
L3 1 0.01
L5 2 0.03
QRE 2 0.03

Total 70 1.00

Notes: Maximum likelihood estimates of the level of strategic reasoning k for each subject, under
the attentive adaptive level-k model.

5.2 Results by Model Type

Table ?? collects the results for the models with attentive and inattentive forecasters.

YOU ARE HERE

5.2.1 The importance of experience-based learning

The most striking contrast is between naive and adaptive models in their implied dis-

tributions of strategic sophistication. Under the naive specifications, which anchor level-0

(L0) beliefs at the uninformative prior of 0.5, a meaningful fraction of subjects are classi-

fied as rational expectations (RE) forecasters (26% in Naive Attentive, and 20% in Naive
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TABLE III: Levels of strategic reasoning: inattentive model

Level Count Fraction

L0 31 0.43
L1 31 0.44
L2 3 0.04
L3 1 0.01
L5 1 0.01
L5 1 0.01
QRE 2 0.03

Total 70 1.00

Notes: Maximum likelihood estimates of the level of strategic reasoning k for each subject, under
the inattentive adaptive level-k model.
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Figure 5: Adaptive learning versus rational expectations

Notes: Time series for a single subject classified as RE under the naive specifications
but L0 under adaptive specifications.

Inattentive). But when we allow for the possibility that forecasters learn from the observed

ring realizations, the level distribution shifts dramatically: under Adaptive Attentive, 53%

of subjects are classified L0, 31% are L1, with 3% at RE. This shift suggests that adaptive

learning can explain patterns that otherwise might be labeled as strategic reasoning. For

many DMs, forecasts track the underlying fundamental quite well not due to sophisticated

strategic reasoning and the use of a correct model of the data generating process, but rather

through atheoretical inductive updating on the ring realizations.

To illustrate with a concrete example, Figure 5 shows the time series of subjective fore-

casts and model-implied forecasts for a subject who is classified as forming rational expecta-

tions under both naive specifications, but as level-0 under the adaptive specifications. The

adaptive L0 model tracks the subject’s forecasts much better, by updating beliefs based on

23



200 300 400 500 600 700 800 900 1000

Trial

0

0.2

0.4

0.6

0.8

1

F
o
re

c
a

s
t

Subject

Deterministic RE

Naive Attn (L4, =0.054)

Naive Inatt (L3, =0.054, =0.001)

Adaptive Attn (L2, =0.035, =0.316)

Figure 6: Adaptive learning versus strategic sophistication

Notes: Time series for a single subject classified as strategically sophisticated under
naive attentive but L2 under adaptive attentive. What appears as deeper reasoning in
naive models reflects adaptive learning.

Figure 7: Distribution of estimated levels of strategic reasoning

Notes: Histograms show the number of subjects classified at each level under three
model specifications.

observed ring realizations, capturing dynamics that the naive model can only rationalize by

assuming the subject forms rational expectations about others’ behavior.

While the gap is most striking between RE and L0, the pattern also arises at other levels

of strategic sophistication: Figure 6 shows the forecasts of a subject who is categorized as

L4 and L3 under the naive specifications, but in fact very closely tracks the L2 adaptive

forecast. What appears to be higher reasoning in a naive model is in fact fast adaptive

learning.

Overall, the distribution of levels of strategic sophistication shifts to the left when intro-

ducing learning, as shown in Figure 7.3 Moreover, learning also lowers the estimated control

costs. As shown in Figure 8, for most subjects, the estimated effort cost λ is smaller once

3The estimation caps the finite levels at L7 for all models, but raising this cap does not change the
estimated levels.
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Figure 8: Learning gain versus effort in adaptive models

Notes: Each point represents one subject. Points below the diagonal indicate lower
estimated effort cost λ under the adaptive specification.

one allows for learning, regardless of the presence or degree of inattentiveness. This suggests

that without the learning channel, naive models absorb actual updating into the noise term.

5.2.2 The role of inattentiveness to the fundamental

Allowing for inattentiveness to the fundamental is also critical as it helps to correctly

identify strategically sophisticated forecasting. To illustrate, Figure 9 shows the forecasts

of a subject that is L0 in the attentive specifications, but L3 in the adaptive inattentive

specification (which also fits the subjective forecasts the best by far). Without account-

ing for inattentiveness, this subject’s sluggish adjustment to changes in the fundamental is

attributed to shallow strategic reasoning.

Overall, the distribution of levels of strategic sophistication shifts to the right when

introducing inattentiveness, as can be seen when comparing the last two panels of Figure 7.

In particular, the inattentive specification identifies considerably more RE subjects than the

attentive models.

Inattentiveness is also an important source of sluggishness that simultaneously allows

subjects to respond strongly to the data they see. This has systematic effects on the estimated

parameters. First, the distribution of learning gains shifts to the right, relative to the

adaptive attentive estimation, as shown in Figure 10: Subjects who appeared to be slow to

update under attentive specifications are now estimated to learn quickly from the information

they observe, but to observe some of it infrequently.

Second, inattentiveness also changes the relationship between estimated parameters. In
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Figure 9: Inattentiveness helps identify strategic reasoning

Notes: Time series for a single subject whose sluggish adjustment is attributed to
shallow reasoning (L0–L1) under attentive specifications but to inattentiveness with
deeper reasoning (L3) in the Adaptive Inattentive model.

Figure 10: Distribution of estimated learning gain parameters

Notes: The dashed lines indicate medians; the dotted lines indicate means. Allowing
for inattentiveness shifts the distribution of γ to the right.

the attentive specifications, high sensitivity to the data needs to be offset by large noise in

forecasts to match the observed behavior, generating a positive correlation between γ and λ.

This correlation disappears in the adaptive inattentive specification, as shown in the scatter

plots in Figure 11, leaving the control cost and the learning speed as independent frictions.

Figure 12 shows that there is also no correlation between inattentiveness and learning

or between inattentiveness and the effort cost. This suggests that inattentiveness is not

simply a proxy for noisier or slower forecasts. Instead, these three parameters capture

distinct channels: costly precision (λ), learning about level-0 behavior (γ), and attention to

fundamentals (ϕ) all contribute independently to explaining forecast behavior.

Overall, introducing inattentiveness (ϕ > 0) improves fit within both the naive and adap-
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Figure 11: Learning gain versus effort with and without inattentiveness

Notes: Each point represents an individual subject. Panels also report the correlation
r between the learning gain γ and the effort cost λ and the corresponding p-value.

Figure 12: Parameter relationships in the Adaptive Inattentive model

Notes: Left panel: inattentiveness (ϕ) vs. effort cost (λ). Right panel: inattentiveness
(ϕ) vs. learning gain (γ). Each point represents one subject. Correlation coefficients
and p-values reported in upper right.

tive frameworks, as reflected in lower total BIC values for inattentive relative to attentive

specifications. Moreover, the estimated inattention probabilities are substantial, and show

considerable heterogeneity depending on model and level, as shown in Figure 13 which plots

the distribution of estimated inattentive parameters in both the naive and the adaptive mod-

els. This suggests that imperfect observation of the fundamental is an empirically important

feature of forecasting.
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Figure 13: Distribution of inattentiveness in Naive and Adaptive models

Notes: Histograms show estimated ϕ for subjects with k ≥ 1. The dashed lines indicate
medians; the dotted lines indicate means.

Figure 14: Distribution of effort costs across models

Notes: Dashed lines indicate medians; dotted lines indicate means. All panels use
common bin widths for comparability.

5.2.3 The importance of control costs

Figure 14 displays the distribution of estimated effort costs λi across subjects for each

model specification. Several features stand out. First, there is substantial heterogeneity:

estimated λi ranges from near zero to above 0.15, indicating that some subjects implement

their forecasts with high precision while others exhibit considerable noise. Second, the dis-

tributions are right-skewed, with most subjects clustered at low values but a tail of higher

λ subjects in each specification. Third, the distributions are broadly similar across models,

though allowing for learning significantly shrinks the estimated control costs.

Allowing for heterogeneous noise is not merely a matter of improving model fit. Modeling

the endogeneity of noise via the control cost framework offers an interpretation for the
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noise we observe in the subjective forecasts. Rather than treating forecast errors as pure

measurement error, λ gives them a behavioral interpretation: precision is costly, so subjects

optimally choose imperfect implementation.

On the identification front, the control costs play an important role in absorbing idiosyn-

cratic, trial-to-trial variation, thus allowing the other parameters to isolate the systematic,

history-dependent patterns of forecasting. Introducing λ allows us to distinguish model

failure from imperfect implementation: Without it, any deviation from the deterministic

forecast would constitute model failure. With it, we can distinguish subjects who are strate-

gically sophisticated but implement noisily from those whose behavior is inconsistent with

the model altogether. We saw this was an important feature of allowing for inattentiveness,

in order to correctly identify the RE subjects, and it is also important in the case of control

costs.

Counterfactual To demonstrate these effects we conduct a counterfactual estimation in

which we fix λ at the pooled median of our baseline estimation (λ̄ = 0.023) and then estimate

the rest of the parameters as before. In this exercise, the subjects who are high-λ in the

baseline and are now forced down to the median are a proxy for what would happen to noisy

implementers if we did not model their imprecision.

Table IV reports the shifts in estimated levels of strategic reasoning when moving from

the heterogeneous {λi} to the fixed λ̄ estimation and Table V reports how the changes in

estimated parameters when λ is constrained correlated with the baseline levels of λ. We find

that subjects with high imprecision are systematically reclassified as having lower depth of

reasoning, and that learning and attention are also affected. Intuitively, since we are forcing

noisy forecasters to appear precise, their dispersed forecasts are attributed to other channels:

lower sophistication, more inattention, or noisier learning.

5.3 Best Fit Across Models

Table VI reports the best fitting models for the different subjects. First, 36% of subjects

are Level-0 forecasters. This fraction is far above the typical results from the game theoretic

literature which tends to find approximately 5% of subjects as best described by non-strategic

behavior. The gap reflects experience-based learning which is a valuable alternative to model-

based reasoning. At the other extreme, none of our subjects are attentive RE forecasters, but

10% of them are inattentive RE forecasters. This underscores the importance of disentangling

inattention from strategic sophistication: without inattentiveness, only 2 subjects would be

labeled as RE and the others would all become Level-0 Adaptive forecasters. Finally, 44%
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TABLE IV: Classification Changes Under Fixed λ̄

High-λ Subjects Low-λ Subjects

Model Down Same Up Down Same Up

Naive Attentive 21 34 0 0 15 0
Naive Inattentive 10 28 1 1 29 1
Adaptive Attentive 6 30 4 2 26 2
Adaptive Inattentive 2 31 2 4 30 1

Notes: High-λ subjects have baseline λ > λ̄ (forced down to median); low-λ
subjects have baseline λ ≤ λ̄ (forced up to median). Down/Up refer to changes
in estimated level of reasoning towards lower/higher sophistication.

TABLE V: Correlations Between Baseline λ and Parameter
Changes Under Fixed λ̄

Model Corr(∆Level, λ) Corr(∆γ, λ) Corr(∆ϕ, λ)

Naive Attentive −0.379 (p = 0.001) – –
Naive Inattentive −0.640 (p = 0.000) – +0.306 (p = 0.018)
Adaptive Attentive −0.073 (p = 0.551) −0.779 (p = 0.000) –
Adaptive Inattentive −0.229 (p = 0.056) −0.301 (p = 0.018) +0.042 (p = 0.816)

Notes: Each cell reports the correlation between a subject’s baseline λ and the change in the
indicated parameter when λ is fixed at the sample median λ̄. p-values in parentheses.

of subjects are either attentive or inattentive adaptive forecasters, 77% of which are level-1.

Hence, we uncover a prevalence of experience-based forecasting, with very limited levels of

strategic reasoning, despite the design of the experiment, which makes strategic reasoning

not only salient but also transparent and simple.

The limitations in perception, information processing, and reasoning that we uncover

have sizable consequences for participants’ payoffs and hence welfare. Figure 15 shows a

bar chart of the the losses suffered by participants, according to our best fitting models,

relative to the Bayesian full information benchmark. Typical losses range from 20% to 25%,

with a median loss of 24%. We decompose the losses into the model contribution and the

contribution from control costs,4 and find that control costs contribute 1−1.5% to the losses.

These losses are an order of magnitude larger than the consumption-equivalent welfare

costs of business cycles or of suboptimal policy typically found in sticky-price or sticky-

4Given the quadratic scoring rule, the expected payoff loss due to λ is approximately equal to the
variance of the realized forecasts, σ2

i = λi/2. Due to truncation to the unit interval, the payoff losses are
only approximately equal to the variance, but the truncation effects are minor.
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TABLE VI: Subject classification by model-level category

Category N % k values

Naive Level-0 3 4.3 0
Naive Attentive Level-k 3 4.3 1
Naive Inattentive Level-k 4 5.7 1

Adaptive Level-0 22 31.4 0
Adaptive Attentive Level-k 16 22.9 1, 2, 4, 6
Adaptive Inattentive Level-k 15 21.4 1,2,3

Inattentive RE 7 10.0 ∞

Notes: Subjects classified by best-fitting model-level combination. Categories collapse
distinctions that are irrelevant at certain levels: at Level 0, attention does not matter
(subjects do not observe the fundamental); at RE, naive vs. adaptive does not matter
(subjects do not use Level-0 forecasts).

information models, which range from 0.1 to 1 percent of steady-state consumption. While

the laboratory scoring rule is not directly comparable to consumption equivalents, the mag-

nitude of the losses underscores that the behavioral frictions we estimate, namely limited

strategic sophistication, slow experiential learning, and inattentiveness to regime shifts, im-

pose meaningful costs on individual decision-makers, even in a setting where the mapping

from fundamentals to optimal forecasts is simple and transparent.

Figure 16 summarizes the distributions of estimated parameters across subjects. Most

subjects exhibit low implementation costs (λ concentrated near zero), suggesting that im-

precise execution of intentions is not a major source of forecast errors. Learning gains (γ)

are similarly right-skewed, with the majority of adaptive subjects making only modest belief

revisions in response to new information. In contrast, inattentiveness (ϕ) is dispersed across

the full unit interval, with a notable mass near the upper bound, indicating that some sub-

jects update their beliefs very rarely. The bottom row confirms that the three parameters

are largely uncorrelated, consistent with each capturing a distinct behavioral channel: the

cost of precise implementation, the speed of belief revision, and the frequency of information

processing.

Finally, Figure 17 shows the theoretical impulse response functions for the different mod-

els, given the best-fitting estimated parameters for each subject. Under Naive Attentive,

forecasts jump immediately to the level-k best response and thereafter track the decay of

the fundamental at rate (1 − δ)h. Under Naive Inattentive, the immediate response is ge-

ometrically smoothed: forecasts catch up to the attentive benchmark at rate (1 − ϕ) per

period. But because of the higher estimated strategic reasoning for these subjects, the re-
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Figure 15: Mean welfare loss by best-fitting category

Notes: Welfare loss is computed as ℓn = 1 − Sn/(T − t0), where Sn is the subject’s
total quadratic score from trial t0 + 1 onward. Losses are decomposed into model and
λ components. The darker portion of each bar reflects losses due to model errors, while
the lighter portion reflects expected losses from implementation costs λ. Percentage at
the top of each bar indicates the fraction of subjects in the category.

sponse is faster. The Attentive models have the characteristic hump-shaped response, as the

level-0 belief incorporates post-shock ring realizations at rate γ. Under Adaptive Inattentive,

both learning and inattention compound, but because these subjects are more strategically

sophisticated, their response to a regime change is faster. In all cases, control costs dampen

the IRFs, with higher λ values contributing more to the attenuation. Since the Naive Atten-

tive subjects also have the relatively higher control costs, their IRF is the most dampened by

these costs. Lastly, since the adaptive level-0 subjects dominate the sample, the population

IRF is closes to their IRF and note that it is very close to the empirical IRF reported in the

previous section.

6 Conclusion

We present results from a strategic estimation task in which participants have the option

to use either model-based reasoning or empirical pattern recognition to form forecasts. We

show that when actions are strategic, adjustment in response to large, visible changes in the

fundamental state is noisy and very sluggish–more so than in experiments without strategic

considerations. Strategic sophistication is dispersed and limited—more so than has been

found in experiments from strategic games literature. Finally, experience-based forecasting

seems much more empirically-relevant than model-based forecasting. Even in an environment

where deductive reasoning is simple and people have all the information they need to compute
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Figure 16: Parameter distributions and pairwise relationships. Top row: kernel
density estimates of the marginal distributions of λ (effort cost), γ (learning
gain), and ϕ (inattentiveness) across all subjects for whom each parameter is
estimated. The y-axis scale is shared across panels. Bottom row: pairwise scat-
ter plots colored by best-fitting model. Note: γ is estimated only for adaptive
models and ϕ only for inattentive models, so the number of observations varies
across panels.

the REE, not only do people not jump immediately to the new equilibrium, but there is

a surprising amount of statistical learning. Since it yields very slow adjustment to regime

changes, this finding has implications for policy changes. In practice, complications regarding

the environment and potentially ambiguous announcements of policy changes are likely to

make learning and extrapolation of patterns even more appealing than in the controlled

environment of the lab.
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Figure 17: Model-implied impulse response functions

Notes: IRF for best-fitting models.
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