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Online Appendix: Assessing DSGE Model
Nonlinearities

S. Boragan Aruoba, Luigi Bocola, and Frank Schorfheide

A QAR(1,1) Model
This section shows how to derive important moments for the QAR(1,1) model given by

Yo = G1y—1+ as;y + (L+ysi—1)ouy,  wp ~ 1idN(0,1) (A1)

Sy = 181+t ou, o1 <1 (A.2)

by exploiting the recursively linear structure of the model. The model corresponds to (9) in

the main text. To simplify the presentation, we dropped the tildes for ¢5, v, and s.

A.1 Moments

We now derive the time-invariant mean and autocovariances for y;, assuming the process is
stationary and was initialized in the infinite past. Due to the recursively linear structure of

the model we begin with the derivation of the moments of s;.

Moments of s;. The process s; in (A.2) is linear and has a moving average representation

of the from
o0
_ E J
St =0 ¢1Ut,]’.
Jj=0
The mean and the autocovariances of s; are given by

2

g
E[si] =0, pe =E[sj] = 1— g2 E[si50-n] = ¢l 11.2.
1

Since the innovations u; are iid standard normal variates, we obtain the following third and

fourth moments:

R

Elsy] = igbi’jE[ui’j] =0, Elsi]=> ¢VEu; ] =
/=0 -
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Mean of y;. Taking expectations on both sides of (A.1) we obtain

2
Elye] = ¢1Elye1] + dopz + (1 + yE[si1])oB[u] = 1 E[ye] + 1¢i0¢2'.
1

Here we used the expression for u,2 obtained previously as well as the fact that u; and s;_;

are independent. In turn,

o = Elul = = jfj?l — (A.3)

Variance of y;. Consider the centered second moment of 1;:

Vi = E[(¢1(y1 — py) + @2(s7) — p2) + 0 (1 +v8e1)us)?]
= E[¢1(yi—1 — 11y)* + $3(s7-1 — p12)” + 0 (L ysi-0)
20100 (Y1 — piy) (57_1 — prs2) + 2020 (s7_y — prs) (L + y8-1)ug
2010 (1 +v80-1) (Yo-1 — )]
= GE[(Ye-1 — 11)°] + BE[(s7_1 — p2)*] + 0* (1 + 7 p2)

+20109E[(ye—1 — 1) (571 — ps2)].

The time-invariant solution is

1

- 3V[s7] + 0 (1 4+ vE[s7]) + 2¢16:Covly,, 51|,
— ¢

V[yt] =
where

Covlys, 7] = E[(d1(yi1 — py) + Pa(siy — p2) + (1 +ysi-1)ouy)
X(¢%(3?—1 — [1s2) + 21051y + UQ(“? - 1))}

= OVE[(ye—1 — py) (571 — ps2)] + OT02E[(s7 | — p152)?]

+20170° 112,
which implies
Covlys, 5] = =5 $102V[s7] + 20170°E[s]] |-
Interestingly,
Covlye, i) = E[(d1(ye-1 — py) + d2(si ) — ps2) + (14 ysi-1)oug) (¢150-1 + o))

= gzﬁfC’ov[yt_l, Si1] + o?
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All other terms drop out because E[u;] = E[s;] = E[s?] = 0. Thus, solving for the time-
invariant solution leads to the “first-order” variance expression

0.2

Covly, 5] = E[s?] = —.
51 = Elsf) = 15

Autocovariances of y;,. Consider E[(y; — pt)(yi—1 — fy)]:

Covlys, yr1] = E[(01(ye—1 — py) + b7y — p2) + (14 ysi-1) o) (Ye—1 — f1y)]

= VY] + ¢2Covly—1, 57_4).-

In general, higher-order autocovariances can be computed recursively:

Covlys, yi-n] = El(¢1(ye1 — pty) + d2(s? 1 — p2) + (1 4+ v8e-1)0u) (Ye—n — py)]

= 01Cov[Yys_1,Yin] + $2CoV[ys_n, 57_,].

The term Covly;_p, s2 ;] can also be calculated recursively:
Covly—n, st-1] = E[(yen — y) (07 (512 — E[s]_5]) + 2018 20us—1 + 0(u—1)* — 1)]
= gb%C’ov[yt_h, 33—2]'
A.2 [Initialization and Identification

In order to compute the likelihood function recursively, it is necessary to initialize so. We

write the joint distribution of observables, initial state, and parameters as:

p(Yo.r, 0, s0) = p(Yi.7|v0, S0, 0)p(yo, S0|0)p(6)

and use MCMC methods to generate draws from the posterior
p(0, so|Yo.r) o< p(Yi.r|yo, S0, 0)p(Yo, 5010)p(0).

We will approximate the distribution of (o, o) using a normal distribution

Dy ys
ollgan (] ™ wose ) (A.4)
So s Zsy Yiss



Online Appendix — Not For Publication A4

The moments of this normal distribution are calculated as follows. We will assume that the
system was in its steady state in period ¢t = —T,, i.e. s_, =0 and y_7, = ¢9. In principle,
T. could be infinite, but this will create some problems if ¢; = 1. In order to simplify the
time subscripts a bit, we shift the time index by T} periods. Starting from sqg = 0 and yy = ¢g

we will calculate the first and second moments of y;, s;, and s? recursively, starting with

Elso] = 0, E[yo] = ¢o, V[so] =0, V[yo] =0, (A.5)

Covlyo, s0] = 0, Covlyo, s3], V[sz] = 0.
The process for s; is linear autoregressive of order one and we obtain
Els¢] = ¢:1E[si-1],  V[s] = ¢7V[s,1] + 0> (A.6)

Since the innovations ¢, are 7id standard normal variates, we obtain that the third moment

is zero:

—_

E[sf] = 3" 6VE[ ] = 0.

J

I
=)

Now consider

Vsi] = El(si — Visi))’] (A7)
= E[(¢7(si_; — V[se1]) + 2¢1 5106 + 0°(¢] — 1))7]

¢1V[s2 || + 4620 V[s;_1] + 20*.

A formula for the mean of y; is obtained by taking expectations of the observation

equation:

Ely:] = do(1 — ¢1) + ¢1E[ye—1] + $2V[si1]. (A.8)

The covariance between y; and s; is given by

Covly,,s:] = El(ye — Elye])se] (A.9)
= E[(¢1(ye—1 — Elye1]) + da(siy — E[siy]) + (1 +ysi-1)0€) (d151-1 + 0¢)]

= QS%COV[yt—la St—l] + o2,
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All other terms drop out because the first and third moments of s;_; and ¢; are equal to

zero. The covariance between y; and s? is given by

Covlye, s7] = El(ye — Elye])(s7 — Vsi])] (A.10)
= E[(¢1(ye—1 — Elgr—1]) + ¢2(s7 1 — V]sia]) + (1 + vse-1)0€)
x(¢3(s7 | — V[si_1]) + 2010816, + 0 (€7 — 1))}

= ¢§COV[?Jt—1> 51:2—1] + ¢%¢2V[5?—1] + 2¢1702E[3§—1]-
The variance of 3; can be computed as follows:

Vgl = E[(¢1(ye1 = Elyea] + dalsiy — V[sia]) + o1 +vs1)e)?] (A1)
= OV[yea] + 03V[s; 1] 4+ (1 +7*V[se_1))

+2¢102Cov[y,—1, 57_4)-

We can iterate Equations (A.6) to (A.11) forward for T, periods to obtain the moments for
the initial distribution of (yo, so) in (A.4).

Note that for v = ¢9 = 0 sy and yo become perfectly correlated conditional on 8 since for
a linear model yy = so + ¢g. This may affect our posterior sampler when we include s into
the parameter vector. To avoid the singularity we add a small constant to the covariance

matrix of (yo, So).

A.3 MCMC Implementation

The RWMH algorithm mentioned in Section 3.3 is used to implement the posterior inference.
Using a preliminary covariance for the proposal distribution in the RWMH algorithm that
is constructed from the prior variance of the QAR parameters we generate an initial 100,000
draws from the posterior. Based on the last 50,000 draws we compute a covariance matrix
that replaces the preliminary covariance matrix of the proposal distribution. We then con-
tinue the chain, generating an additional 60,000 draws, retaining the last 50,000 to construct

summary statistics for the posterior.
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A.4 Detailed Estimation Results

The tables in this subsection summarize the posterior estimates for the QAR(1,1) models for

output growth, wage growth, inflation, and the federal funds rate. Each table corresponds

to a different estimation sample.

Table A-1: Posterior Estimates for QAR(1,1) Model, 1960:Q1-1983:Q4

Data bo ) b2 Y o S0
GDP 0.42 0.28 -0.02 -0.05 1.16 1.42
0.11,0.69] [0.11,0.46] [-0.14,0.09] [-0.17,0.06] [0.91,1.53] [1.02, 1.85]
WAGE 1.75 0.41 -0.05 0.04 0.52 0.89
[1.49,1.98 [0.23,058) [-0.13,0.04] [-0.05,0.15 [0.40,0.68 [0.63,1.15]
INFL 4.24 0.87 -0.01 0.16 1.52 -1.97
[2.28, 5.84] [0.80,0.95] [-0.08,0.07] [0.04,027] [L.08,2.12] [-4.68,0.79]
FFR 4.84 0.92 0.02 0.38 0.62 -1.56
0.86,6.75 [0.88,0.96] [-0.05,005 [0.30,047 [0.41,1.00] [4.21,0.14]

Notes: We report posterior means and 90% equal-tail-probability credible sets in brackets.

Table A-2: Posterior Estimates for QAR(1,1) Model, 1960:Q1-2007:Q4

Data ®o ¢ ®2 Y o S0
GDP 0.48 0.29 -0.02 -0.06 0.69 1.37
033, 0.63 [0.16,041] [-0.07,0.04 [-0.13,0.01] [0.58,0.82] [L19,1.56]
WAGE 1.41 0.44 -0.03 0.12 0.48 1.22
[1.25,1.59] [0.33,055 [-0.09,002 [0.05,020] [0.40,0.57] [1.00, 1.42]
INFL 3.51 0.85 -0.01 0.23 1.06 -1.31
(274, 447] [0.79,091] [0.06,0.05 [0.16,0.31] [0.81,1.38 [-2.90, 0.31]
FFR 2.96 0.96 0.04 0.44 0.28 -0.74
2.16,4.16] [0.95,097] [0.02,0.06 [0.37,052] [0.22,042] [1.27,0.45]

Notes: We report posterior means and 90% equal-tail-probability credible sets in brackets.
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Table A-3: Posterior Estimates for QAR(1,1) Model, 1960:(Q1-2012:Q4

Data ®o o1 G2 v o 50
GDP 0.45 0.33 -0.03 -0.07 0.68 1.41
0.28,0.60] [0.22,0.44] [-0.08,003 [-0.14,0.00] [0.58,0.81] [1.19,1.61]
WAGE 1.29 0.43 -0.01 0.08 0.54 1.31
[1.12,1.46] [0.32,0.53] [0.06,0.04] [0.01,0.15] [0.46,0.63 [L.11,1.50]
INFL 3.23 0.84 0.02 0.22 1.09 -1.26
2.55,4.16] [0.78,0.90] [-0.04,0.09] [0.15,0.30] [0.87,1.36] [-2.82,0.22]
FFR 3.54 0.96 -0.01 0.41 0.22 0.43
2.20,5.06] [0.94,097] [0.02,0.00 [0.33,050 [0.13,0.37 [-0.94, 147]

Notes: We report posterior means and 90% equal-tail-probability credible sets in brackets.

Table A-4: Posterior Estimates for QAR(1,1) Model, 1984:Q1-2007:Q4

Data Po ?1 b2 g o S0
GDP 0.57 0.26 -0.07 0.01 0.25 1.06
0.44,0.70]  [0.10,0.44] [0.13,-0.02] [-0.10,0.11] [0.20,0.32] [0.91,1.21]
WAGE 1.09 0.24 -0.06 0.07 0.41 0.10
093,1.21]  [0.060.42]  [-0.12,002]  [-0.03,0.17]  [0.32,0.53]  [-0.09,0.29]
INFL 2.72 0.63 -0.06 0.07 0.68 2.42
2.30,3.13]  [0.48,0.78]  [0.14,0.04]  [-0.06,0.19]  [0.52,0.80]  [1.76,2.93]
FFR 9.80 0.91 -0.16 0.08 0.22 0.79
8.68,11.56] [0.87,0.93]  [23-10]  [-0.03,0.17]  [0.15,0.32]  [-0.26,1.64]

Notes: We report posterior means and 90% equal-tail-probability credible sets in brackets.
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Table A-5: Posterior Estimates for QAR(1,1) Model, 1984:Q1-2012:Q4

A8

Data o o1 o2 v o 50
GDP 0.53 0.36 -0.09 -0.07 0.28 1.09
0.38,0.66] [0.22,0.52] [0.15,-0.03 [0.17,-0.00] [0.23,0.35] [0.87, 1.2§]
WAGE 0.98 0.18 -0.04 0.03 0.48 0.20
0.83,1.14] [0.02,0.36] [-0.10,0.04 [-0.06,0.12] [0.38,0.60] [0.03, 0.37]
INFL 2.51 0.63 -0.02 0.07 0.76 2.54
212,293 [048,0.77] [-0.10,0.06] [-0.03,0.19] [0.61,0.97] [1.80, 3.00]
FFR 10.00 0.92 -0.17 0.01 0.19 1.00
[8.72,11.43] [0.90,0.94 [-0.25,-0.12] [-0.05,0.11] [0.15,0.29] [0.05, 1.40]

Notes: We report posterior means and 90% equal-tail-probability credible sets in brackets.
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B The DSGE Model

B.1 First-Order Conditions

Intermediate Goods Producers. Taking as given nominal wages, final good prices, the
demand schedule for intermediate products and technological constraints, firm j chooses its
labor inputs H,(j) and the price P;(j) to maximize the present value of future profits. After
using the production function to substitute our Y;(j) from the present value of future profits

in (27) (see main text) we can write the objective function of the firm as

0o s Pt—i—s(j) Pt—l—s(,]) ) 1 .
E, {;5 Qt+s|t< P (1 -9, <—Pt+s_1(j)>) A sHys(5) — P Wt+sHt+s(j)):|.

This objective function is maximized with respect to Hy(j) and P;(j) subject to

‘ P.(j —1/Apt
At—i—sHt-i-s(j) - (%) Y;H—s-
t
We use fiy453°Q45)¢ to denote the Lagrange multiplier associated with this constraint. Set-
ting Q¢ = 1, the first-order condition with respect to P;(j) is given by

o = g (-0 () 40 - gl () A0 w

we (PG P2.()) -, {Palj) |
B Yy + pE d Apo H, .
Ap,t-Pt ( Pt ) ¢+ B t Qt+1|t -Pt+1Pt2<j) P -Pt(]) t+1 t+1<])

Taking first-order conditions with respect to H;(j) yields

B () o

Households. The first-order condition with respect to consumption is given by

P\ = (Ot(m)T ! (A.15)

A, A
We define

A1 P
Quv1j = —t;PZH- (A.16)

Using this definition, the first-order condition for bond holdings becomes

1 = BE, |:Qt+1t i 1 . (A-17)

Ti41
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Member k is a monopolistic competitor with respect to his wage choice. Taking into account

the demand for labor of type k the relevant portion of the utility function for the wage

00 1 t+5(k) —(14+1/v)/ Aw "y
E > (- i H
tLoﬁ ( v (i o))

The relevant portion of the budget constraint after substituting Hy (k) by the labor demand

decision is

schedule is

where the demand for aggregated labor services H,,, is taken as given. Taking first-order

conditions with respect to W;(k) yields

o (MY e (SO (s ()

AWi \ W, W, t-1(k)
SRR e )
S () e ()

+OE:

B () e ()]

B.2 Equilibrium Relationships

We consider the symmetric equilibrium in which all intermediate goods producing firms, as
well as households, make identical choices when solving their optimization problem. There-
fore, we can drop the index k and j. In slight abuse of notation let AX; = X,;/X;_; and
m = AP,. We use wy = W, /P, to denote the real wage. Since the non-stationary technology
process A; induces a stochastic trend in output, consumption and real wages, it is convenient

to express the model in terms of detrended variables y; = Y;/As, ¢, = Cy/A; and wy = wy/A;.

Intermediate Goods Producers. Using the above notation, multiplying (A.13) by P,
and replacing Y; by Ay, we can simplify the first-order condition for P;(j) as follows

e

\ Ay + BE [Qt+1\t77't+1q);(7Tt+1)At+1yt+1] :
D,t

0= (1 - q)p(ﬂ-t))Atyt - Wt@lp(’ﬂ't)Atyt -
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Dividing by A;y; and replacing A;y1/A; by v exp(z44+1) we obtain

0= (1 - (I)p(ﬂ-t>) - Wtq);(ﬂt) - )fb—t + BE, [Qt+1|tﬂ't+1q);<7rt+1)Ayt+17 eXp(ZtJrl)}-
p,t
We proceed by rewriting (A.14) as
Wy = (1= Dy(m)) — - (A.19)

Households. In terms of detrended consumption we can express (41, as

c 1
Ct Y
The consumption Euler equation remains unchanged:
R
].: /BEt |:Qt+1t i :| . <A21>
Ti+1

We now divide (A.18) by A; and replace A\; by ¢; 7 /(A P;):

XH 1 T v 1
O = )\—watCt Ht1+1/ + Ht(l - @w(thwt)) — E

—WtAtht(I)iu(WtAwt) + BE; [Qt+1\t7Tt+1Ath+1Ht+1q)iU(7Tt+1Awt+1):| .

Hi(1 = @ (mAwy))

Aggregate Resource Constraint. The aggregate production function (in terms of de-
trended output) is

The intermediate goods producers’ dividend payments to the households are given by
Dy = (1 — ®y(m))Y; — weHs. (A.23)

Combining the household budget constraint and the government budget constraint and de-

trending all variables leads to aggregate resource constraint
¢+ Qye = (1 - q’p(”t))yt - @tytq)w(ﬂtAwt)»
where Aw, = Awyyexp(z).
The model economy has a unique steady state in terms of the detrended variables that is
attained if the innovations e, €,, and €, are zero at all times. The steady state inflation
7 equals the target rate 7* and

_1
1=\ =g v\
R:%ﬂ.*?H:)\p:C:(( p)<XH )g > ,y:gé,H:y,'J]:(l—)\p)
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B.3 Posterior Simulator

We first estimate a log-linearized version of the DSGE model using the Random-Walk
Metropolis (RWMH) algorithm described in An and Schorfheide (2007) and Herbst and
Schorfheide (2015). Using the same covariance matrix for the proposal distribution as for
the linearized DSGE model, we then run the RWMH algorithm based on the likelihood func-
tion associated with the second-order approximation of the DSGE model. The covariance
matrix of the proposal distribution is scaled such that the RWMH algorithm has an accep-
tance rate of approximately 50%. We use 80,000 particles to approximate the likelihood
function of the nonlinear DSGE model, while the variance of measurement errors is set to
10% of the sample variance of the observables. We generate 120,000 draws from the posterior
distribution of the nonlinear DSGE model. The summary statistics reported in Table 3 in

the main paper are based on the last 100,000 draws of this sequence.
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Table A-6: Posterior Estimates for DSGE Model Parameters: Linear Model

1960:Q1-2007:Q4 1984:Q1-2007:Q4
Parameter Mean 90% Interval Mean 90% Interval

400 (/13 - 1) 048  [0.06,1.01] 1.31  [0.60, 2.17]
A 346 [2.94,3.97] 280  [2.33, 3.29]
A 186 [1.39,2.34] 188  [1.53, 2.24]
T 6.54  [4.37,9.24] 478  [2.57, 8.70]
v 0.00  [0.06,0.13]  0.08  [0.03, 0.15]
k(o) 0.0l  [0.01,0.02] 0.8  [0.09, 0.30]
Ow 62.33 [44.48, 83.14] 14.89 [6.15, 25.88]
o N/A

¥ N/A

" 145 [1.24,1.68 2.67  [2.10, 3.30]
s 0.80  [0.54,1.09] 076  [0.41, 1.11]
o, 0.77  [0.73,0.82] 071  [0.61, 0.79]
oy 0.97  [0.96,0.98 096  [0.93, 0.98]
0, 026 [0.10,0.41] 007  [0.01, 0.19]
0, 0.09  [0.98,0.99] 093  [0.87, 0.98]
1000, 018  [0.14,0.22] 0.8  [0.13, 0.25]
1000, 0.65  [0.44,0.95 076  [0.39, 1.34]
1000, 0.75  [0.64,0.85 047  [0.37, 0.56]
1000, 1528 [12.66, 18.18] 7.63  [5.96, 9.48]

Notes: As 90% credible interval we are reporting the 5th and 95th percentile of the posterior

distribution.



