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Appendix A: Proofs of Theorems 1-2, 4, 5(b), 6(b), and
7

Proof of Theorem 1:
To proceed, note first that, given expression X; = py + ' (F}; — pup) + uy, we can write

(Xr — px) 8= (Fr — pp) T'8 + upp. (1)

Now, consider first the term u/./5. Note that, by condition (iii) of this theorem,
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Next, consider the term (Fr — py) IV3. For this term, note that
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It follows by expressions (2) and (3) that
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where the last equality above follows from part (a) of Lemma D-3, which shows that there
exists an absolute constant ¢* > 1 such that?

1 A
0<—< )\—1 < " < oo for all N and T sufficiently large. [
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Proof of Theorem 2:

2Part (a) of Lemma D-3 and its proof is given in Appendix D below.



To show part (a), note that, in this case ¥, = 0; and, for any integer k¥ > 0, we have
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Next, making use of expression (5), we obtain
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In addition, note that
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Making use of these calculations, we have
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It follows that, in the case where %, = 0,

_ 1
G=1L|—=D;, | D\w, = L N 3.
\/31,1 3171

Next, to show part (b), note first that

13



M (B-8)
INY - I— QS
VA |G (GEXG) 1G0Xy—L1<\/E>]

GDL [/ A\ DiAGExGDA] (Am) Dy LG'Fx,
w2 |(3) = W) TR

A *
{ /_AM GD;L — LD}, V + LlDwK)
1

[ 311 DiiG/ixGDii B
% ; ) )
( A1 )

— Li¢

A1

— (V'Dy V) + (K/DWK)I)

|

A1s D;}{G’EXGD;i
( A1 ) A1

[ DlG's
X (A“) 2 0y 4 Vi,
A1 31,1

I
( %GD;; —LlD;AK) (
1

[ Al 1) DA_lnGIEXy /
>< ) 9 _KM
( A1 VA1 ¢

- <K'D¢Az>1)

-1

A1\ DyiLGExGDL 1
+ | 3en - Lo ([(f) | WD Y
1
—1 11—
Am 1 N . -1 31,1 D,\,HGUXy_V,w
+ A—lG‘D)\,Ii_Ll‘DQS,)\Z 'Dy V) ( N oY Y w,
)\ ! - !/
+ %JGD;;_I&D;@,,\Z (ZD@/\Z) 1Kﬂ¢
1

(A) D3 nG'Txy ~V'w,
A1 VA

i 3 11 —1 =
Ara DA_IG/EXGD,@ / -1 (Au) D,\,KG OXxy /
y : o : — (V' Dy V. Vw
+L1D¢’)\Z( ()\1 ) )\1 (_ (b,)\_) Al \/>\—1 0]
- — Q-1
A\ DyLGExGDL ) ).,
1




Next, note that
LD\ V. (V' DypV) ™ Viw, — Li¢
= LD\ YV DL (V) Viw, — Lio

A1,1¢1/)‘1 0 T 0
- I, 0 A1,2¢2/)‘1
: - 0
0 e 0 Al,nqb/i/Al
3 ,2/13 -1
31716251/)‘1 0 T 0 A;ﬁb;/)‘z
y 0 ngﬁ%/)‘? R : AL 203/
: 0 :
0 o 0 A2 @2/N AL 0n /N
Lo
Al,1¢1/)\1 0 T 0 )\1/&1,1
_ L 0 Appde/M : M/ _Alvz — Lo
: 0 :
0 e 0 Apede/M A /AL
ol

= Li¢p—Li¢ | since ¢ = ¢:2

0

15



Hence, in light of expression (6), we can write
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We shall analyze each term on the majorant side of expression (7) in turn. Consider initially
the first term on the majorant side of expression (7). In this case, we can apply parts (b),
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(c), and (d) of Lemma B-5, given in Appendix B below, to obtain
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Next, to analyze the third term on the majorant side of expression (7), note first that
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To analyze the fifth term on the majorant side of expression (7), note first that
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Making use of this calculation, we see that
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Turning our attention to the sixth term, note that, by expression (14) and by the results
given in parts (b) and (d) of Lemma B-5, we have
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Lemma B-5 and the results given in expressions (9) and (14) to obtain
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an absolute constant ¢* > 1 such that
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Proof of Theorem 4:
To show part (a), first write
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from which we further deduce that
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< gl@E-8)l.elE -5,

so that
1B =B, [ur (B=B) =0,(1) or |uf B=5)| =0, (|B-A)l,)  (20)

Applying the result given in part (a) of Lemma E-1, where it is shown that || (B — /3) H g =

_3
O ()\1 2) under Scenario 1%; we have

lur (B—8)| =0, (|(B-8)|,) =Op (A_l%>

1

3Lemma E-1 and its proof can be found in Appendix E of this Online Appendix.
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Putting things together, we then obtain
(X7 — ux]' (6—5)|
< \/31,1\/(FT - ,UF)/ (Fr — pp) H(B - 5) H2 + }U/T (B - ﬁ)‘

(by the inequality given in expression (19))
= 0 (@) O, (1) 0 ()\1_%> +0 ()\1_%> (by part (a) of Lemma E-1)
= 0 <\/)\_1> 0,(1)0 ()\;%> + O, (A;%) (since A; ; < A1 by Lemma D-3 (a))

- o,(5) +0n(n)

- o (L) o

Now, combining the results given in expressions (18) and (21), we then obtain

(X7 — MX]/B - (Fl,T - MF,l)/% = [XT - MX]/ (B - 5) + [XT - ,UX]/B - (Fl,T - MF,1)/901

o8 -0 (G

ol

The result for part (b) can be shown in a way similar to the proof of part (a). Here, since
k = K under Scenario 2, we can write

[XT - ,UX]/B - (FT - MF)/SO = [XT - MX]/ (B - 5) + [XT - MX]/ﬁ - (FT - ,UF)/@

where

and
B =G (G'TxG) " G'Fy, with G = ( Txy ZxOxy - T ok, ) .

Now, in this case, by applying the same argument as that given in the proof of Theorem 1,
we can show that

(X7 — /ix]lﬁ — (Fr — NF),SO =0y (ﬁ) =0y (\/%—1) (23)

where A\ = Ajax (i X) and where again the second equality above follows from part (a) of
Lemma D-3 given in Appendix D.
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Moreover, following the same argument as that given in the proof of part (a), we can
again show that

where

(X7 — px)" (8- 5)|
< |(FPr—pp)' T (B—=B)| + |up (B—B)| (by triangle inequality)

< J@&—meru%—um¢@—ﬁy@—5yu%wz—m\

- \T\/ bW = (Er = ) | (B B)|, + e (B )]
= VAV Fr = ) (Br = ag) [ (B = B)], + | B - ) (24)

V(Fr = ) (Fr — ) = 0, ().

In this case, applying part (b) of Lemma E-1, given in Appendix E of this Online Appendix,
we also get

lur (B—8)| =0, (||(B—8)],) =0, <)\_1%>

1

Putting things together, we have

IN

HXT - MX]/ (B— 5)}
VA Fr = ) (Fr =) [ (B = B)|, + o (B - 5)]

(by the inequality given in expression (24))

0 () o,mo (A;%) L0 (A;%) (by part (b) of Lemma E-1)
O <\//\_1> 0, (1)O (/\;%> + O, <)\I%> (since A; ; < A1 by Lemma D-3 part (a))

op(;1>+o (% )
o (5) (25)
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Finally, combining the results given in expressions (23) and (25), we then obtain

(X7 — NX],B — (Fr — MF),()O = [Xr— MX], (E - 5) + [X7 — NX],ﬁ — (Fr — HF)/ 'Z

o (i) 0 Gy

- o, (%—) 0 (26)

Proof of Part (b) of Theorem 5:
Part (b) of Theorem 5 can be shown in a manner similar to the proof of part (a) given in
the Supplemental Appendix, although with some modifications. For completeness, we will

provide the details of the proof of part (b) here. To proceed, write

6grpls_6:ﬁgrpls_ﬁ+5_6 (27)
where
~ PO PP GURSUUE E PG — -
Buwe = GsDy} |DirGsS5GsDLL| DiiGid%,, B= G (GTxG) ' G'ox,,
X0 -0
3
L ~ 2 :
g = i, and D, , = 0 A
VAL ’ 0
0 0 X
Consider first the term Bgrpls — B. Let
1
A0 0
3
2
D)\,m - 0 )\1 )
0
0 0 A 2
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and note that, by straightforward calculations,

~

ﬁgrpls - B

A D1 [p-1assAa p-1]T p-1A &S 1
— GsDyl [DA,KGSEXGSDA’K} DyLGs5%, — G (G'SxG) ' G'ax,
— GsD;t [ﬁ;ﬁ@gi;@sﬁ;ﬂ Dy LGa%, — GDy L (DyLG'SxGDyL) ' Dy Gax,
— [(Gs—c) Dyl +Gp5) (DA,KE;; ~ 1) +GDy

~ ~ N N A~ + — _ — _

x {(D@G/SEE(GSDA;) — (D;LGEXGDL) T + (D LGS GDLL) 1}
X [f);; <A’58§;y - G’Exy> + <ﬁ*1DM - IR> Dy LG'x, + D;;G’Exy]
~GD;L (DyLG'SxGDL) T Dy G'ay,
= TT 1+ TTo+TT3s+TTy+TTs+TT6+TT:+TTs+TTog+TT10+TT1,

FTT 1o+ TT 3+ TTuu+TT 5 +TTi6+TT 17 +TT1s—TTs

where
N P NN + — -1
T, — 1 (@S—G) 51 Dy GsX3GsDy, [ DaxGExGDy,
VAL A A1 A1
P Gy, — G'Txy
~ 1A Q9A A + = -1
1 /-~ ~ Dy 1GY5Gs Dy L Dy 1G'SxGD; |}
T,]- _ ( . >D71 K N . N K
2 >\1 GS G At )\1 >\1

)=
N DilGLS5GsDL\ T [ DiaSxGDL | Dl
A1 VA1

//\S 1—
Gsox, — G'Txy

.~
1)

DN}QG’EXGD@)l -
Y D)\ K
1

O'Xy

— ~1
TTs = —— (GS - G) Dyl ( D Ve (DA;DA,K -
1
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~ -1
L (& ~ (D3, G'SxGDy, \ Dy, GT
(Gs - G) Dy, ( T AT OXy

TTe = —
T VA A h
N 1N SGA A + = -1
1 . DIIG.Y5GeDT! DIlG'SyGDTY
TT; = —=GD;L (DanDik 1) i St V2 N et Vool St ¥
/\1 ’ 7 ’ >\1 /\1

S B B
1 A Dy 1GsE3GsDy DG GDLL
TTs = GD; L <DMD;£—[H> {( N S/\X sD;. [ P )\X N
I 3 1 1

P N B B
1 ~ DL GE'E}S'(GSD)Tl D;l G/EXGD)Tl
TT = _GD_l (D HD_l _]n) Aﬁ w _ R K
9 \/)\—1 Ak A, A\ K )\1 )\1
D\ 'G5y,
ot~ 7Y
o
1 ~ D;iGlixGDgi - - éfgai _ G/EXy
rra- o (o0 1) (Z5) g [0
AT | . AR
A DyLGEGDL\ - D1z
vhe | M | i
~ —1
1 ~ DIl G D! D-lors
7712 = —GD;1H <D>\7/§D;1H _ IH) AR X Ak AT OXy
e | M won
TT3= LGD’1 ﬁ;i@giiésﬁ;i ' _ DA_;G@XGD;; B D1 éfs*&iy —G'Txy
13 )\1 MK )\1 )\1 o \/)\_1
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o D;1GS5Gs Dyt " D;LG'SxGD; ! -
TTu = 6D, X - X
1 1 1
D;,.G'ox,

x( DM—Lﬁ) e

1| (Dias5GsD T (DrlaSxaD | DGy
TT 5 = —GDA’H — —_—
o A1 A1 o
—1 N -1 -1 N1 ~S —
VA1 ' A1 VA1

DG GD\ Y, Dl G’
TT,, = \/1/\_GD>\7,1€ ( Ak )\X A,n) (D)TEDA“% _ L;) ,\,,\i//\_O'Xy'
1 1 ’ 1

and

TTis = GD;.(DyG'SxGDyL)™ /\iG'axy

1 Dy 1G'SxGD,.\ ~D;.GT
- —GD}i( Sl A’) DrnGoxy

V1 A1 V1

Since the last two terms cancel each other out, we further obtain

Bgrpls - B = TTl + TTQ + TT3 + TT4 + TTE) + TT(; + TT7 + TTg + TTQ
FTT 1w+ TTu+TT o+ TT3+TTu+TT 5 +TT s +TTy

Analyzing each of the terms 77, to 77 7 individually, we see first of all that, for 77, we
can apply parts (c), (d), and (f) of Lemma B-4, given in Appendix B below, to obtain
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ITTl, < i{) Gs~G) by,

(f);’i@’sii@f);’i) ’ - (D;’iG’EXGD;i> o
A

2

[

—-q

co (N)a (N) {lnN}T llner_%),cg (N) /a (V) [mwr—q [M]%@—%)})

B e (N) [InN17 /a(V) [InNT?
= 0, | max 7)\1% T Iy T

where the last equality above follows from parts (a), (b), (c¢), and (j) of Lemma D-10, given
in Appendix D below. Next, for 775, we apply parts (b), (c), and (f) of Lemma B-4 given
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in Appendix B and part (d) of Lemma D-9 given in Appendix D to get

DylGLS5GsDL\ T [ DGEXGDIL)
)\1 a )\1
Dy .G’ x,
Vi,
- 1 o (N) [InNT= [a (V) [InN]2(-2)
O<\/>\_1>Op(max{ " [T] , n =
o (N) [nNTZ [a(N) [InN]2(-3)
x O (max{ N [—Tl XVl o

2

rral, < %A_l{;(asa) bl

x Hﬁ;}ipm ~ 1,

2

2

N T
_ o, (max{c%;gf) [thNf(lq)’co (lega(N) {mTN]l—g“ FHTN} (15)’
00 0 ) fl %(1—%)}
p T T

= >

. (mx{coilg ) l%]— c;(lN) llnTN]%(l—%)}>

where the last equality above follows from parts (a), (c), and (j) of Lemma D-10. Similar to
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the case of 77T, for 7T 3, we can apply parts (b), (c), and (f) of Lemma B-4 to get

(f)&i@’siiésﬁ&i) i - <D&}CG’§XGDA7}€> -
2

177 51,

IN

e {l(@-a)pa | (2295 :

D;1G'5x, }
N

2

X

VAL
= 0 <¢%_1> 0, (max{coil ) [g]T a(;l\f) {%F(lg)b
X0, (max{%‘j\[) lﬁl_ agjl\f) <¥ é(l%)}) o

_ 0, (max{c3 (2\7) l%} 1_q7a(N) lmN](l—%),

A
co (N) v/a (V) {lnN]

I TR R 5 AV [N E03)

= 0p [ ma N 1% — . T
where the last equality above follows from parts (d), (e), and (f) of Lemma D-10. Now,
applying parts (c) and (d) of Lemma B-4 as well as expression (66), given in the proof of
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part (f) of Lemma B-4, we obtain for 77 4

17T 4l

IN

1
vl

- ofeg)e ({220 R )
xO (1) O, (max{%iv) FHTN]%}’ a&]l\f) [mTNr(lé)})

_ 0, (max{03 (V) [M} (lfq),a(lg\f) [IHN} <1%)’CO (N) /a(N) [lnN}qu erO%)})

(6’5 — G) ﬁ;i

)\1% r v LT A T T
o (N) [lnN]7 /a(V) [lnN]20-2)
= Op | Max /\% T ) )\1 T R
1

where the last equality above follows from parts (d), (e), and (f) of Lemma D-10. For 775,
we apply part (d) of Lemma D-9 and parts (b) and (c) of Lemma B-4 as well as expression
(66), given in the proof of part (f) of Lemma B-4 to obtain

= -1
1 ~ ~ DilG/Z GDfl - DflG/—
ITT5), < — (Gs— G) b e X Gy HDii Dy — I G O xy
VA "l A | ) e
2

-0 (%) 0, (max{%iv) {g]_q %\7) {gr(ly})
x0 (1) 0, (COA@ llnTN}_) 0(1)
_ o, (max{c%;ifw [mTN} g (N))\%a(N) llnTN]% [lnTNr(lg)})

co (N) llnN} = A ) {mzv] 3(1-4)
= 0, | max{ —5—= |—— : ,
where the last equality follows from parts (d) and (e) of Lemma D-10. For 77, we apply
parts (b) and (c) of Lemma B-4 as well as expression (66) in the proof of Lemma B-4 part
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(f) to obtain

T4, < —| (& DG EXGDA P D5 ,.G'Tx,
ITTell, = —=|[(Gs-¢ —m
_ 1 o (V) lnN N) lnN
B O(TAT)O” (m { M {T })0@)0(1)
B o (N) [N /a(N) 1nN 3(1-3)
= O, (max{ )\1% [T} D ¥ T })

Next, for 777, we apply part (d) of Lemma D-9 as well as parts (a), (d), and (f) of Lemma
B-4 to obtain

2

17T,
N e A A+ o L
< L HGD_1 D7 D/\}{ngiGsD/\’lﬁ B D,\;G’EXGDA}{
>~ \/)\7 WAL MK K 9 h\ )\
1 1 )

- o () owon (2[5 )

3 3(1-9)
B co(N) [InNT2 co(N)a(N) [InN
= 0, (max{ )\1% [—T , 1% T a ,

e (N))\:l)) o (V) {mTN} 1 [mTN} 3(1-4) })

= o, (max{%fw [gl—q C;gN) [lnTN]%(lg)})’

where the last equality above follows from parts (a), (c), and (j) of Lemma D-10 and from
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the fact that 1/A\; = o(1). Consider now 7 7. Making use part (d) of Lemma D-9 as well
as parts (a), (b), and (f) of Lemma B-4, we obtain

S B B
L 2 Dy, GsE3GsDy ) DyLG'SxGD;L
|1 7TTs), < \/—)\— GDX; ZHD;;D)"”_L‘ . ( A, S)\)l( A, B A, = N
1
2
~ D G's
X HDXEDM—L@ TRt T Xy

- o(gk)owo, (22 [5] )

X0, <max{60§iv) FnTN}lT %]l\f) <1HTN>%(1%)})

A1 T
- 0, (max{cgigf) l%}%(l—q)’cg (N))\\i)/m [IHTN](l_Q) {%F(l_g)}>
_ (m{ﬂ{l_fv}— m[m]vr@g)})
: )\13 T W T ;

where the last equality follows from parts (a) and (j) of Lemma D-10. In addition, for 77,
we can apply part (d) of Lemma D-9 as well as parts (a), (b), and (f) of Lemma B-4 to
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obtain

~ 1N SeA N + — -1
1 D LG\ Y3 GsDy ! D LG"YxGD; !
TT < GD —1 _[K; K K _ K K
2
/\1/<;G/0Xy
>< R ——
Vi

S t“%f“‘%)b

- o (N) [N /aV) [lnn]2(-3)
= o0, [ max X T Y T ,
1
where the last equality follows from parts (d) and (e) of Lemma D-10. Now, for 77, we

can apply part (d) of Lemma D-9 and parts (a) and (d) of Lemma B-4 as well as expression
(66) in the proof of Lemma B-4 part (f) to obtain

— -1
Dy 1G'YxGD;y L
< —_ J ’
ITTwl, < \/_HGD 1, HD Dy, — I .
2
. G(;iy G'Txy
X D/\,/-c \/)\_
1 2
1 Co In N =2
= O0ol—]o@mo O (1
(V)\l) ()p< )‘1 {T] )

X0, (max{% [IHTN]_QQ a(Ajl\f) {%r( - )})

_ Op<max{00(£v) llnN] ’CO(N)\/—FHN} [_NF@—%)})

T

A
. (max {co A<N> llnTN]j 0 e a@a)}) ,
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where the last equality above follows from parts (d) and (e) of Lemma D-10. Consider
T7T,:. Making use of part (d) of Lemma D-9 and parts (a) and (b) of Lemma B-4 as well
as expression (66) in the proof of Lemma B-4 part (f), we obtain

—_ —1
1 ~ Dy .G'SxGD; !
TT,l. < — gD~ HD*ID 1, i -
|| 11”2 = \/)\—1 HG >\,I§H2 A, 9 A\
2
N DG
% HDXEDMc_Lc A adl
e 2 VA

-0 (\/%_J 0(1)0, <%ﬁv> lg] “) 0(1)
x0, (%ﬁw llnTN] l%q> O(1)
- o (42 [5])

R e

where the last equality follows from part (d) of Lemma D-10. Similarly, for 77 5, we can
apply part (d) of Lemma D-9 and parts (a) and (b) of Lemma B-4 as well as expression (66)
in the proof of Lemma B-4 part (f) to obtain

I7T 0], < D3kDae = I

DyLGTXGD
M

1 _
Vo |GD; L,
D;;G’Exy

VAL

-0 <\/%_1> 0(1)0, (%ﬁw l%] _> 0(1)0(1)

2

X
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Now, consider 77 3. Here, we can apply parts (a), (d), and (f) of Lemma B-4 to obtain

IN

|77,
D
L onga), | (2t
1 co (N) [In N
O(\/—A_l)O(l)Op (max{ N [ 7|

A;égig‘(@sﬁh;)* B ( 1G’2XGDA}€>1

")

%0, <mx{@ [ITN}_ (V) ? <>})
0, (max {ng) llnTNTq’aijlg\f) {lnTN](l | N))\}/— llnTN] [IHTN

A1 ~S
L | Gls0xy —
ALK

VAL

co (N) [mN] =S
o LT

At

a(N) {mTN] %(1‘%)}> |

G'ox, ]

FO%)})

where the last equality follows from parts (d), (e), and (f) of Lemma D-10. Next, consider
7T 14. In this case, we can apply part (d) of Lemma D-9 as well as parts (a), (b), and (f) of
Lemma B-4 to obtain

|77 14]],
1 Dy GS5GsDi L - Dy lG'SxGD; L -
< L e, | (2 o) - (LuCSiOh
\/_ )\1 )\1
2
D*lG/—
HD D}\H_[H M—ny }
o LYo lnN = fa(v) /Ny 203)
N Non N T
O (1

2



where the last equality follows from parts (d) and (e) of Lemma D-10. In a similar way for
the term 77 15, we can apply parts (a), (b), and (f) of Lemma B-4 to obtain

17T 15,

IN

L ape| DilGS5GsDt\ " (DleSxGD | || prleEs,
VA1 Mellz A1 A1 V1
2

- ofgm)owon (w2 ] TR () o

(given that, by Lemma D-3(a), there exists absolute constant ¢* > 1 such that

1
0<—=< )\)\—1 < " < oo for all N and T sufficiently large)

c Al

_ o, (In{ﬂ [ﬂf Ja®) anro—z)})

2

NoLT N T

Turning our attention to 77 16, note that, for this term, we can apply parts (a) and (d) of
Lemma B-4 as well as expression (66) in the proof of Lemma B-4 part (f) to obtain

|77 16l

IN

1 ) DyLGSXGD
6D, ( N
2

- 0 (e {20 [N]SR [T

Finally, for 777, we can apply part (d) of Lemma D-9 and parts (a) and (b) of Lemma B-4
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as well as expression (66) in the proof of part (f) of Lemma B-4 to get

— —1
1 Dy 1G'ExGD; !} ~ Dy G'5x,
TTul, < —||GD;! ’“ - HD*ID o= L[ ||y
iz, < Jeleonl,| (25 SENSA |

2

_ 0 (\%1) 0(1)0(1)0, (Coﬁv) [IHTN] _> o)

o)

Combining the results given by the above calculations, we see that

[ = 3],
I TTlly + 1 TTally + (1 TT5lly + 177 ally + 17T 5l + (177 6ll, + 1777l + [ 775,
1 TTolly + 17T volly + 1T T wally + 17T 2lly + 1T T uslly + 17T vally + (177 151,
+1TT6lly + 1777l
= ([TTell, + 1TTw5lly + 177 16lly) + (17T 12lly + 177 17l,)

+ITTlly + 1TT2lly + 1T Tsll, + 1T T ally + 1 TT 50y + (1777l + (177 sl
1 TTolly + 17T ol + 1 TT 1ally + 177 13lly + (177 14ll,)

0 (max{coilé\f) {lnTN}¥’ ULASN) FHTNF(I%>}>
o (2P 1)
+o, <max{ % {g]— aA EN) [mTNr(l%)})

_ o, (max{co (N) [lanqu’ Ja(N) FnNr(l—%)D

NoLT ML T

IN

= 0, (1)

where the last equality above follows from the rate conditions given in Assumption 6-3, i.e.,

=o0(1),as N, T, \; — oc.

A1 T

¢ (N) [m_N (

}% =o0(1) and a(N) llnTN]%(l%)

Next, note that, for the second term 3 — 3 on the right-hand side of expression (27), part
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(b) of Theorem 2 shows that
=il =0 (%) o0
>\1
It follows

where the second equality above follows from the fact that A\; — oo as N,T — oo since
A1 < Ay, by Lemma D-3(a) and );; — oo by part (a) of Assumption 4-2

1mmedi_a”ce1y by the triangle inequality that

o
< ‘ggmlg_BH +18-5|,
- o (22 ] T B o 1)
oo ] LT 2

= o0,(1). O

Proof of Part (b) of Theorem 6
To show part (b) of Theorem 6, note that, by the results given in Theorem 5, we have

a (V) [mNr(l%),%})

that
- co (N) [mN}%
= =0, | max ——= |—— ,
‘ﬁgrpls ﬁH2 P( { )\15 T )\1 T )\12
and
o(N) MmN a) [mN]0-8) 1
3 T Y )\1 T 7)\%
1

=, =0 (mec{ 25

so that Bgrplb and Bdrpls have the same rate of convergence. Hence, it is easily seen that by
following the same argument as that given in the Supplemental Appendix for the proof of

)

part (a) of Theorem 6, we can show that

5=

3(1-3) m}) +Op<

— o+ (X7 — px)' 5]
o (N)VN (IaN\7 a(N)N /InN
= O, [ max 7 , 3 7 =5
A 1 A7
which is the required result for part (b) of Theorem 6, [
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Proof of Theorem T7:

To show part (a), note first that, under Scenario 1 and in the case where the point fore-
cast is based on Bdrpls , we can write the deviation of the point forecast from the conditional
mean function of the forecast equation as follows:

B — (o [Pur = s 1)
= g, + [Xr— yTh],Bdrpls — (a+ [Xr — pux] B) + (o + [Xr — pux] B)
- (a + [Fir - ,UF,J/(:OI)
= a+ (Xg, — Mx)lﬁ — a0y, 8+ e, + [ Xr — YTh}IBdrpls — (a+ X7 — pux]'B)
+ ([XT —pux]' B~ [Fair— MEJ'%)
= [Xr— oy (Bdrpls - 5) — (X7, — Nx)/ <Bdrpls — 5) — Ty, B +Ep,
+ (IXr = el 8= [Fir = 1) 1) (28)

where, in this case, 3 =Tx1 (¢1/+/A11) with Ty =T'1/(/A; | and where

S 1 & 1 &
XTh:ﬁ;Xt,uTh:ﬁ;ut,andanZﬁ;&Jrh;WlthTh:T_h

Consider the first term on the right-hand side of expression (28). To proceed, note first
that

‘[XT — x] (Bdrpls - 5)‘
< [ Xz = pxll,
= \/[XT — x| [Xr — /JJX]\/(Bdrpls - 5>, (Bdrpls - 5)
= \/tr {[Xr = px] [ X7 — px]'} HBdrpls - 5”2

Bdrpls - BH (by the Cauchy-Schwarz inequality)
2
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Applying Assumption (if), we have, for all N' and T,
E (N~ {[Xr — px] (X7 — px]'})
- %tr {E (X7 — px] (X7 — nx]) }
= tr {E (I (Fr — i)+ u] [ (Fr — i) + ] )}
- %tr {TE[(Fr = pp) (Fr = pp) | U+ TE[(Pr = pp) uy] + E [ur (Pr — pp) | T + E [urug]}
= %tr {TE [(Fr — pp) (Fr — pp) | T' + Sur}

(since E ((Fr — pp)uyp) =0 and E (ur (Fr — pp)’) = 0 by Assumption (ii))

A E [(Fr = pp) (TT/A) (Fr—pp)] 1
o N + Nt?” {EU,T}

M E[(Fr—uz) (Fr— /
= =l [( i) U MF)} —I—itr{Zu,T} (Since 0 :IH)

N

Al

< A1 K VOt + —tr {E.r} (since, by Assumption (ii) and Liapunov’s inequality, we have
1
E { (Fr.o — uE.g)Q} < |E{(Prg—np,)'}|" < VCT foralige {1,.., K})
< —“K\/ Ot + Amax( )
< C*K VOt + CT
(since A; 1 cannot have order of magnitude greater than N, there exists a constant C* > 1 such
A
that % < C* for all N, T sufficiently large. Also, by Assumption (ii), sup Amax (Xu:) < C’T)
t
< C<o

for some constant C' > C*K+/Ct + Ct. Tt then follows that for any ¢ > 0, we can set
C. = C/e; and, by Markov’s inequality, we have, for all N and T sufficiently large,

P(tr ZQ) :P<tr Z€>
€

B (N (X — ] [Xr = 1] )
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€

{[XT — px) [ X — ,UJX]/}
N

{[XT — px] [Xr — HX]/}
N

IN

IN

so that
tr {[Xr — px] [Xr — px]'} = Op (N)
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from which we further deduce that

\/“" {[XT — px] [ X — MX]/} =0p <\/N> :

Now, to analyze the asymptotic behavior of HBdrpls - p ‘

, first write
2

Bdrpls - ﬁ = Edrpls - B + B - 6
so that, by the triangle inequality,
Hﬁdrpls_ﬁH2 < Hﬁdrpls_BHQ—i_ HB_ﬁHZ (29)

We can then make use of argument very similar to what we have given previously in the
proof of part (a) of Theorem 5 to show that, for the first term on the right-hand side of
expression (29) above, we have

Bas -], = 0, (max{% ) [m—N} At [lnN] o i}) (30)

Al

To avoid too much duplication, we will only give a sketch of the argument here, although,
in the supporting lemmas given in Appendix E, we do provide details in areas where there
are sufficient difference between the proof needed here and the proof given earlier for the
many-predictors regression case. In particular, as shown in Apprendix E, given the diffusion
index model setup, i.e.,

Yo = o+ (Fy—pp) @ + e,
Xy = px +T(F —pp) +w,

the population covariance vector oy, under Scenario 1 has the representation
1 &
Try = 7 S BN ax) (o — )
=1

r
@, | where I'y; = ! , (31)
A

=1
/\1 1

)

which is a bit different from its representation in the case where the forecast equation is a
many-predictors regression:

Yppn =+ (X; — #X)lﬁ + ci4n
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with B {(X; — px) &rrn} = 0 for all t1. Hence, a key part of our proof for the diffusion index
case given here is to show a uniform convergence result

- _ In N
12%}5\[ |0Xy7i - UXy,i| =0, (\/ T) (32)

for this case, where 7y, ; here denotes the i" element of the (population) covariance vector
T xy given in expression (31) above and where ox,; is the it" element of the usual sample

estimator
1 &

8Xy = Th Z [Xit - 7@%} Yt4-h-

t=1

A proof of the result given in expression (32) under Scenario 1 can be found in part (a) of
Lemma E-14 in Appendix E. In addition, in Lemma E-10 of Appendix E, we also prove the

uniform convergence result
In N
=0y (\/ T) (33)

under the assumptions of this theorem which impose more primitive conditions for the partic-
ular case where the underlying data generating mechanism is a diffusion index model. Since
the generalized thresholding estimators ’0\}9@ and X3 are obtained by performing element-by-

max |Lx.(ij) — Bx.(i
1< | ZX0) X, (8,4)

element transformation of the usual (unregularized) sample estimators ox, and 5 X, given
the uniform convergence results stated in expressions (32) and (33), we can then use the
same argument as that given in the proofs of Lemma C-6 and Lemma C-9 to show that

S5 % N) [InN]="
X =X =0, W) [N =0,(1) for0<g<1 (34)
A ) A T
and
~S = l(lfﬁ)
Oxy — OXy a(N) [InN]2V "2
— - f < 1.
e O, " T or0<¢g< (35)

The convergence results for the generalized thresholding estimators if( and Eiy given in
expressions (34) and (35) can then be applied to obtain results similar to that stated in
Lemma B-3 and Lemma B-4, but for the diffusion index case. The method of proof is
essentially the same as that which has previously been used to establish comparable results
for the many-predictors regression case as given in these lemmas. We do make some minor
modifications in the proof of parts (a) and (c) of Lemma B-3 and of parts (a) and (b) of

4 An explicit derivation of the representation for Ty, given in expression (31) can be found at the proof
of part (a) of Lemma E-1 in Appendix E.
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Lemma B-4 to obtain analogous results for the diffusion index case. For the case where
1 < k < K (ie., Scenario 1), the diffusion index counterparts of the results given in parts
(a) and (c) of Lemma B-3 are given in part (a) of Lemma E-15 and in part (b) of Lemma
E-2, respectively. On the other hand, the diffusion index counterparts of the results given in
parts (a) and (b) of Lemma B-4 are given in parts (a) and (b) of Lemma E-16, respectively.
Outside of these modifications, we use essentially the same argument as that given in the
proof of part (a) of Theorem 5° to obtain the asymptotic result stated in expression (30)

above.
Consider next HB - p H ,» the second term on the right-hand side of expression (29) above.

To analyze the asymptotic behavior of HB — 5“2 in the diffusion index case under Scenario
1, we need to apply part (a) of Lemma E-1 to obtain

— 1 _
Hﬁ—ﬁszO <—§> , where Aj = Apax (Zx) - (36)
AL
It follows from expressions (29), (30), and (36) that

H/Bdrpls _BH2
< |Baews = B||, + B - 81,

_ o, (max{ O;N lln_N] Ao llnTN]%(l—%)Jré})JFO(/\_%)
o (max{%;l% ) [mTN} | a)\(lN) FHTNF(IE)’A_%}) an

Making use of the asymptotic result forHBdrpls - BH given in expression (37) above, we
2

~—
w| |
=)

Q

~

v |

2)—‘

then obtain
‘[XT - MX]/ </Bdrpls - 5) ‘

< \/tr [Xr = jax] [Xr = px]'} |[Bacs = 5”

op (max{ [mTN} | (N) [IHNF(I%)>A_1; >]
= 0, [max \/Wco)(\i\f) (lnN \/; lnN 3(1-3) \1?

®The proof of part (a) of Theorem 5 is given in the Supplemental Appendix.
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from which

it follows that

(X7 — MX]/ <Bdrpls - 5)

NCO

O, | max ”)\_1

(V)
A

In N
T

(

VN

3

AT

. (38)

Consider now the second term on the right-hand side of expression (28), i.e., the term

(YTh — I X), (Bdrpls — 6). To analyze this term, we follow an approach similar to that used

in the proof of Theorem 6. To proceed, we first define

Ll = Fl/ Al,l and L2 = ( FQ/\/ALI L22 )

Here, Lys denotes an N X (N — K) semi-orthogonal matrix whose columns are the ortho-
normal eigenvectors associated with the 0 eigenvalue of ¥, = I'SpI”, which in this case
has algebraic multiplicity equal to N — K. By the orthonormality of eigenvectors, it follows
that Ly Loy = In_k, Lyyl'1/\/A1; =0, and Lyl / /A, =0, s0 that L = ( Ly L, ) is an
N x N orthogonal matrix. Given these notations, we can write

1 Th
- X, —
T, ; t — Mx

ZXt—MX

t=1

1

t=1

/

(XT,L - MX), (Bdrpls - 5)

)

Ly

)

L/

(4 12) (

LlL/l (Bdrpls - B) +
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Baep — B)

Ty

1
p ZXt — Mx
Ty t—1

] LoLy (B — ) (39)



To analyze the first term on the right-hand side of expression (39) above, note that

Ty

T, ZXt ,UX] Ly L (Bdrpls - 5)

1 <& ~
< e (73w )| s G =9)1,
1 & ' 1 & ~
_ = _ L B B
= \ (Th ;Xs ,Ux> L L} (Th ;Xt Hx> \/</Bdrpls 5) LI <6drplb 6)
Th Ty /
1 1 ~ / N
_ N i L _ B , B
- \ ir Ll (Th ;Xt uX) (Th ;XS MX) Ll \/(ﬁdrpls ﬁ) LlLl <Bdrpls B)
Now,
/
, 1 h 1 Th
tr {L1 T tz:; X —nx] | | 7 Sz:; [(Xs = px] | Ln
1'\/ 1 h Ty, 1—‘1
= tr | Y D (F = ) + ?Z[(F )TV + 4]
A \Ih i3 =1 A
Th B Th
1 I 1 . I,
= trq|= D(F = pp)| |7 ) (Fs —pp) I
{ T VAL t F] Th; ! VAL

s=1
- T,
+tr

+ir iiﬂ -ii(F ) T
_Th —1 \/Al,l _Th T A171

iz F’lut_ Z UFl (40)
_Th —1 \/31,1 _Th 1V )\11

th

Moreover, let the x x 1 vector e;,, denote an elementary vector whose ¢"" component equals
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1 and all other components are 0, and note that

T,
Z — ir) iz—usrl
Th \/ )\1 1 " T =1 V 31,1
<§: -S| |23
= - Th >\ o — HFp Th - ALI_ 1,K
< i €ik Z pr) -ii(F HF)IP/L ik
i=1 2 T VAL T VAL

Th , Th UFl 1
Z\/ 11 Thz,/ 11 ei’ﬂ}

_.I_
1 1
using the inequality |zy| < x + 2y
1
2

A
{Thz&

Similarly, we can show that

6 .

1
27

Ty Ty

1 R Fl
ﬁ;(Fs_MF>F\/E]}

u.l'y
Thz\/?]} (41)

T, T,
1 T, | |1 N
tr = — ) (Fs—pp)l”

1 1 o= D 1 u.I'y
Fotrd — — : (42)
(S e
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Applying expressions (41) and (42) to expression (40), we then have
tr {

1 1

= =

~ ~

\w i \N -

_ _

y <y

N —_—— — —_—

WAL RN A L

= IFY\NI_A = /F.S\NI_A
ISR il S

—— <1 =<1
& S K P
= =g = . — |3
= |z —
+ t\A

ST ER s

T S R &

[ [

AN ERIAL

e Ll I S

{{,J\l\{
~ ~ ~ ~
+~ +~ -~ -~

N =N N e
- - + +



T T
— 9% izh (5 — pp) izh: (Fs — pp) T'Ty
Ty =1 Ay T, —1 A1
Th 1 T,
Ut 1 u Fl
+2Ur ¢ | = ! :

t=1 s=1
1)\?2 I D Mu, '

+2 (—) tr{ —L s . (43)
1) S|

Consider the first term on the right-hand side of expression (43). Taking the expectation of
this term and dividing it by A\; = Anax (Z X), we get

0 < ( )Ziit{ N F—w)(ﬂ—w)’}ﬁé}

t=1 s=1

_ 2%1 (L)Zzt{ FA(¢— %)E[(EMF)(FSMF)/]<%)
_ QAA_G)TZTQ{(I 0 ) E[(Fi — ) (F um(%)}

_ 2%(%)2§§;tr{E[(ﬂt prs) (P — ) |}

— 2R (1) SO B[ ) ()]

IN

1( )2§:ii}3 [(Frseg = tpg) (Fivg = Hpi.g)]

t=1 s=1 g=1
(Where Fi .4 and Fi, ., are, respectively, the gth element of F}
and of F1; and where pip; , = E[Fi; 4] = E [Fl,s,~g])

_ Al ( )QiiE[FM uFlg)]

t=1 g=1

4 R
11( ) ZZZ|E Fltg :uFlg) (F1t+mg HFlg)H

A1 g=1 t=1 m=1
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Applying Corollary 14.3 of Davidson (1994), we further obtain

RS

t=1 s=1

E [(F - up) (F — p)] Ff }

A 1 2 Th K
e S

t=1 g=1

A ( )22”:%:1%5“5 [(Futeg = ttp1,g) (Fitsmeg = tp1,g)]]

g=1 t=1 m=1

IN

s (3 E vl

t=1 1
1

a4 /1 2l 1-1_1 2 nE:

)\1, <?h) Z Z (22 + ) (m)| 2 * \/E |F17t7.g - /“LF,].,Q‘ |:E |F17t+m7.g - MFvlv'g‘ :|
g=1 t=1 m=1

(by Corollary 14.3 of Davidson (1994))

2)\11 1 2 Th K 4)\11 1 2 K Th 1Th —t L

T (7) LXVE T (F) DX Y22 1)l v

t=1 g=1 g=1 t=1 m=1

IN

IN

(applying Assumption (ii) and Liapunov’s inequality)

2) 8A 1 a
A1,1 Al,1 L ¥ 2% 1 %
kVC ( ) " K(Th>\/0 ( + )ZZl|oz(m)|
2M1 K b cm2
N ?h 1+4< >a Zexp( )]
(by Assumption (v) part (b))
2&1,1 K

_\/E[1+4<2%+1>a%c#] (smce Zexp( m”) < OF < o0

IN

IN

CT

IN

)\1 Th
for some constant C# > 0 as shown in Lemma D-11 of Appendix D)
2C*T£\/ Ct [1 +4 (2% + 1) aiC#} (since Lemma D-3(a) implies that there exists
h

IN

1 A

absolute constant ¢* > 1 such that 0 < — < % < ¢ < oo for all N, T sufficiently large)
c* 1

A

?h <f0r some constant C’ > 2tV Ot [1 +4 <22 + 1) al C’#] )

IN
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It follows that for any € > 0, we can set ct =

C’f /€; and, by Markov’s inequality, we have

2T, [ 1\> [[&CDiT(F — pp) ] [ )’PT1
Pl|l— = | tr —_ > W
( A1 (Th) {_; \/311 1 ; \/ l -
o7, [ 1\> [[&~rr 1 [ (F, - MF)’PPI— ch
= P () i e Py =
1 h 1 A1 I =t A1 | €
_ T
‘ 2%(1)2 DT (5 = )] [ (= i) T
< —F — ) tr L S
Clﬁ i >\1 Th tzzl: \/3171 Z_; )‘1 1
_ b2 (L 2t irﬁr(ﬂ—w) i(FS_MF)/Flrl
- crIn\n )" B v
o | h t=1 21,1 s—1 A11
ETh Cl
< _ZhZ1
- b T
= €
so that
Q—Th(l) Z B (5 )| |30~ ) T
Th Th
2T}, ( 1 )2 F’l , o, I
= — |7 tr U(F = pp) (Fs = pp) T
A\ T tz_;; Aq " ! Ay
= Op(l)
from which it further follows that
1\2 & & I T, A\
(%) 8 i (= ) (= i) T =0, () (a0
Ty ;; {\/3171 g r Al,l P\T

Next, consider the second term on the right-hand side of expression (43). To analyze this

term, we let e, ,, denote a k x 1 elementary vector whose g
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component is 1 and all other



components are 0. Taking expectation of this term, we obtain

IN

IN

IN

IN

2 T T T
( >ZZt E [uu])) —=
t=1 s=1 \/—11 \/31,1
2 Th Tn & / F, Fle
g,K
2 () 2200 )
t=1 s= lg 1 — 21,1
1 ul , F/ Fle
21 — 9.8
( h> 921; \/_11 o t \/)\11
1 = Fle 1
2 <—> [ugu] g’ﬁ + 4 (—>
h ;tzl: V 11 il V T g=
(7 ) “

(by Corollary 14.3 of Davidson (1994))
T WL 2
(7) 22 |(4a )
Th—

g=1 t=1
( >2/€
1 t=1

9=

1Tyt

r
Lemma D-6 (b) by setting § = —

T

e

/ / /
R T

V4 )\1 1 V4 Al,l

/ / !/
€g7HF1ut ut+ml—‘1€g7“{

, 2
(22+1) o ()44 | B | [ G
Al,l

=, noting that

T
1
)22 o

m=1

e/
inequality to show that | E ( u

Jun

|7 (applying Liapunov’s

: UM
T

) <|E (Lﬁ) S(C.)
V21,1

\/ Al,l LV 31,1

T

e L) | (C*) (applying
A

Pleg,n _ e;,nrllrlegvfi
\/A171 9 ALl

)

|

)




r T

S (Oo)%ﬁ 1+4<2%—|—1) a&mz—lexp( Cm72>]

(by Assumption (v) part (b))

1 1 1 cm2

< (C")5Th 1—1—4(25 —|—1> aZC#} (smce Zexp( ) < 0% <0

for some constant C* > 0, as shown in Lemma D-11 of Appendix D)

A

< % (for some constant C5° > 2k (C")% [1 +4 <2% + 1) a%C’#])

It follows that for any ¢ > 0, we can set C'g@ = C’2A /e; and, by Markov’s inequality, we have

() $8 (i o)
ok >zz {m -

€ 2Th Th Fl
< —FE | T — tr
< LTO—2A
> CA hTh

so that

2<i)2§:§:tr Ly Uy ! =0,(1)
Th t=1 s=1 1% Alvl o \% Alvl '

from which we further deduce that

() wxr{dhi) o) @

o7



Combining the results given in expressions (44) and (45), we see that
T, !
[Xs — py ]) Ly

1 & 1
re Ly | = Xy — =
1 (Th;[ t MX]) (Th;
2 T Ty I,
( ) Zzt { — pp) (Fs = pp)' T ) }
t=1 s=1 —11 Al
( >2i§: Du, uw.ly
t=1 s=1 \/)‘11 )‘11
A 1
- a(7)+o(z)
from which it further follows that
T, !
A 1
soml) ) = 0 ((F) . ()

T
-

o () (35 ) -
o)

since A\; > 1. Applying the result given in expression (37) above, we then obtain

Tih tZZ:Xt - ,UX] LlL/1 (Bdrpls 5)
Th /
- MX) Ll}\/(Bdrpls - 5) Ly 14 <6drpls 5)

< \tr{L’l (Tihixt—ux> <Tih;X
< \tr{L’l (TihiXt—Mx) (TihsTZths Ll}ﬁdrpls 5”
: (V) N /o) [N 303)
- 0 ({E) oo [0 1] ] 0 1)
co(N) N\ [a(N) fmaNz078) g
= 0, (max{)\lﬁ <T> A ANT (T) ’)\1\/7}) (46)
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Next, consider the term

T, '

1 ~

Th E X — ,LL)(] L2L,2 <Bdrpls o 6) :
t=1

By a similar argument, we have

Ty

ZXt ,UX] LyLy <5drp1s - 5)

< ||L, (Tih zh: X — X) ) L <Bdrpls - 5) H2 (by the Cauchy-Schwarz inequality)
=1 5
= \ (Th ZX NX) L, L ( ZXt MX) \/(Bdrpls - 5) Ly L <6drpls 5)
- \ b ( ih:Xt “X> ( ih:X > \/(Bdrpls - 5)/ LyLy (/Bdrpls - 5)
Next, write

Ty Th
1 1
+tr | = g LU (Fy — pp) =— g w,Lo | p +tr g L2ut g ) T Ly
I =1 s—1 Th I,
1 & 1 &
s Ll s /L
+t7ﬁ { (Th El 2UtTh 85_1 US 2) }

th

Now, let the (IV — k) x 1 vector e; y_,, denote an elementary vector whose i** component
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equals 1 and all other components are 0, and note that

1 & 1 &
[ =S"LIT(F — pp) — 'L
{(FL g

N—k 1 Ty 1 Th
S 61 Nex | 7 Z L,2F F, —_— Z U;Lg €i,N—k

i=1 Ty =1 Ty s=1

N—k T; r T;
< X gt [ BT (i) | | 3 (= )
O 2 TN Ty I, s—1 ’

—K

Th
Z Lzut Z U Lz ei,Nn}

1 1
(using the inequality |zy| < —xQ + §y2)

Th

= %tr{<%iL’zF(F¢—uF Z:: FL2>}
{ (Th ZLgut Zu L2> } (48)

Similarly, we can show that

1 1 o1 ,
+§t7" { (Th Z: LQUtTh Z USL2 } (49)
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Applying expressions (48) and (49) to expression (47), we then have

1 & 1 & /
i (3 ) (] 2
t=1 s=1

Th

Th
1 1 /
= 757“{ T E ler(Ft—MF)?h > (F = ip) F/L2>}

s=1

IA

~

S
—N—

IN

tr{(iiL’QF(E—uF)Thi(FS_MF)/F/L2>}+tr{< ZLQutT Zu Lg)}

1 1 & 1 &
—t —EjL’FF— —§ F,—u)'T'L
+2 r T, 2 2 ( t MF) T, 2 ( MF) 2)}
1 1 &
+§t7’ ?h E LQ'LLtT ZU L2> }
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- 2 <Tih) SNt {LT (B — pp) (Fo — pp)' T'La}

t=1 s=1
1 2 Th Ty
+2 (ﬁ) SO tr{Lhu Lo} (50)
t=1 s=1

Consider now the first term on the right-hand side of expression (50). To analyze this
term, note first that

LyTE [(Fy = pp) (Fs = pp) | T' Ly
I'h/ /A
= A1 ( 2/11/22_1’1 ) (Tv/An To//Ay)
F — F/ /)\_
xE {( gF;i MF,I; ) (F1,s _,UF,l)/ (FQ,s - MF,Q)/ } ( Féi\/ﬁ > ( F2/\/Al,1 Lo )
— 0 Ix—x E|(Fiy— pp) (Furs — )| E[(Fre—pp1) (Fos — pips)’
—oA o o0 L 5

(F2,t - MF,2) (FLs - #F,l), (F2,t - NF,2) (F2,s - NF,Q)I
o 0 0
I . 0O
(Fl,t - MF,1) (F2,s - :LLF,2)/
)

-0 ) (s
N0 0 E (FQ,t—MF,z (FQ,s_MF,2),

= Ay < E [(F“ — tpg) (Fos = NF,Q)/] 0 )

0 0

)

Making use of this calculation, we can divide first term on the right-hand side of expression
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(50) by At = Amax (Sx) and write

IN

2(3) e (] [ r o] [ - e 1)

( )2i§:tr{LrE (Fy, — pp) (Fs — pp) | T'Lo }

t=1 s=1

EE ()

t=1 s=1

2\,
2\,

= <1)2§:§:E tr{ (For = piz) (Fas = o) }]

t=1 s=1

1
1

1
1

(
|
2%1 (Tih)? i i E [(Fzs — pira) (Fos = “Fﬂ)}

t=1 s=1

2)\11 1 2 Tp Thn K
; ] <Th) Z Z Z E [(Fosrg = tira.g) (Foteg — Bra.g)| (where Fo g and Fy, 4 are,

1 t=1 s=1 g=1

respectively, the g" element of Fy, and Fy; and where pipy , = E [Fa.0) = E [Fay.))

2M0, (1Y’ NN ’
N (ﬁ) 2.2 E [(F 2ty ~ I152.0) ]
t=1 g=1

4)\ 2 K—rkTp—1Tp—t
A1 ( ) ZZZE F2tg HEo, g) (F2t+mg HEz2, g)}

A g=1 t=1 m=1
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Applying Corollary 14.3 of Davidson (1994), we further obtain

2 (1) o
/ !
0 < )\1< ) ( {[ZL (Fy — ,UF] ;(Fs—ﬂp)FL2 })
20, [ 1? N 2
= N (ﬁ) 2 Z b [(F2’t*g ~ Hr2o) ]
t=1 g=1
2 K—kTp—1Th—t
( ) Z Z Z }E F“ 9~ HE2, 9) (F2t+m g T HE2, g)H
g=1 t=1 m=1
2&11 1 2 Th K-k 9
= N (Th) 227 [(F“"g ~Hr2) ] -
t=1 g=1
4N, (1 2RI Y 1 1_1_1 2 nE:
)\1 <?h) 2 <22 + 1) ’(Y (m)’ 2 4 \/E }F27t7~g - MF’27-Q‘ |:E |F2,t+m,~g - HF,Z‘!J’ :|
g=1 t=1 m=1
2)\11 1 2 Th K-k 4)\11 2K—kTp—1Ty )
B EE e (Y Ea e
t=1 g=1 g=1 t=1 m=1
(applying Assumption (ii) and Liapunov’s inequality)
2) 1 8\ 12 a .
< SR -m)VOT (=) + 52 (K —w) (7 ) (- 1)VET (22 +1) i
< KRV ()4 0 =) () (=) VET (22 41) S )
2M1 (K — k) [ Ly cm2
S v G L G )‘“Z‘”‘p( )
(by Assumption (v) part (b))
2\ — [ 1 1 v
< 2 (& K)VC’T 1—1—4(25—1—1) aZC’#] since Zexp cm <O < o0
)\1 Th L
for some constant C* > 0 as shown in Lemma D-11 of Appendix D)
K —
< 2c*< *) VOt [1 +4 (2% + 1) aiC#} (since Lemma D-3(a) implies that there exists
h
1 A
absolute constant ¢* > 1 such that 0 < — < %1 < " < o for all N, T sufficiently large)
c* 1
Ci 1 1 TO#
< T <f0r some constant C7 > 2¢* (K — k) VC'1 [1 +4 <22 + 1) arC ] )
h
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It follows that for any € > 0, we can set C = C’f /€; and, by Markov’s inequality, we have

o, [ 1\? [[& 1 [ & ]
P(T(ﬁ) W{ S LT (B = pp)| | D (Fe—pp) T'Ly } ZC:)
1 | =1 1 Ls=1 i

Th

T (L) LIS _ c
PUS () g |2 el (Fr—pe) | D (Fy = ) T | ) =
[ =1 | = |
- = _

o[ (a3 .
— — =] tr LQF(E_MF) (FS_MF) 'L,
C% )‘l Th -; | -; |

[ Th 1T Th E

mo () (B .
—E —_— — tr LQF (F;‘, - MF) (Fs _ MF) F L2
C% ()‘1 Th _; | _; _
€L, Ci
ct Ty
€

so that
2T 1 2 Th Th
Th <?) tr{ [Z LLT (F, — m] S (R - uF)’P’L2] }
! " t=1 —
I [ 1\ &
Y (?) SOt { L (F — ) (Fy — 1) Lo}
t=1 s=1
= 0, (1)
or

2 (7) 503" tr {40 (Fr— i) (B — ) T2} = O, (3) 51)

t=1 s=1

Next, consider the second term on the right-hand side of expression (50). For this term, let
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l2. be the k™ column of Ls, and note that

IN

IN

IN

IN

IN

IN

2 Ty

< ) ZZW{L E [ugul] Lo}
t=1 s=1
1 2 T, 1T, N—k
2 <—) Z Z l27kE [utu;] lgyk
h7 21 s=1 k=1
1\ 2N T 9 N—k Tp—1 Tyt
2< ) Zl2kE utut l2k“r‘4 > ZZZE{ Qkut QkuHm)}
T —1 t=1 k=1 t=1 m—1
1 2 N—k Ty 1 OQN—kTp—1T,—t
2 (-) Ly n B [urug] Lo + 4 (T) | { (8 e) (I pttesm) }
h/ =1 =1 h7 %=1 t=1 m=1
1 2 N—k Ty } ‘2
s e “
2N T 1T 1_1_1 2 , ne:
() Z Z (2 1) fo )35 B [t (B [t 01 ])
k=1 t=1 m=1

(by Corollaryl 3 of Davidson (1994))

17T,

( )QgiE}l e’ +4< )sznz:z (22+1> a (m) im(}')i

k=1 t=1 k=1 t=1 m=1

<app1ying Lemma D-6 part (b) by setting § = ly 1, noting that [|lax|l, = /15 lor = 1)

2T oty AN T, (5141 (o) 2 for(m)?

(applying Liapunov’s inequality to show that 1/ E ‘l kut} <E ‘l’ kut| ) < C')%)

VN —k | 1 | — cm?
2(C*)? T, 1+4(22+1>a4mz::1exp(— 1 >]
(by Assumption (v) part (b))

2(0’)%]\7_,{ 1+4<2%+1> iC } (smee Zexp( m72>§0#<ooforsome

,;;

constant C# > 0 as shown in Lemma D-11 of Appendix D)
CIN
Ty

(for some constant C} > 2 (C") [1 +4 <22 + 1) a* C’#] and given that x > 1)
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It follows that for any € > 0, we can set C/ = C’; /€; and, by Markov’s inequality, we have

T, 2 Tp Ty o
!/ (4
P(W < ) E E tr { Lyusul, Lo } ZQ)

t=1 s=1

Th_ 2 Tp Ty C;;
= P ~ ( )ZZtr{LutuLg Z?

t=1 s=1

¢ Th 2 Ty T
< _—_hz2et
-~ CIN T,

= €

so that

( >2§:§:tr {Lyug, LQ}] 0, (1)

t=1 s=1
from which we further deduce that

2 Th Th

( > ZZW{L wu,Ly} = O, ( ) (52)
t=1 s=1

Combining the results given in expressions (51) and (52), we see that

tr q Ly (Tih Z (X — MX]) (Tih Z (X, — MX]) Lo

t=1 s=1

(1 >2§:§:”{L U(F — pp) (Fs — pp) T' Lo }

t=1 s=1

2 (2) S i

t=1 s=1

- 0(3)-o(3)

from which it further follows that

tr L5<Tih;[xt—ux]> (%Zm—m) L, :o,,( %)wp( %)

s=1

IN
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Applying the result given in expression (37), we then obtain

IN

IN

Ty !
1 ~
ﬁ;Xt_,UX] L2L,2 (ﬁdrpls B)'

tr {Lg (Tih Do Xi- MX) (Tih S - MX) L, } \/ (Bucp = 8) a2 (B — )

s=1

1 & 1 & 5
tr < L ﬁth—NX ﬁZXS_'uX Ly Hﬁdrpls_ﬁ‘L

\
o ((5) o ()

0y ({200 (2] R (2100 1 1)]

X 3
o Meao(N) (N N Vad) (mN\EOE 1y
P\M VT U ) VT T GVT
1 1
w S Y Al N 1 [
+0, | max ol (é\f) {—IHN} ; NVl {IHN} ’i al

68



Making use of expressions (39), (46), and (53), we see that

(YTh - NX)/ (Bdrpls - 5)

TthXt uX]/Ll (Bdmh— 5) + uX]/LQL’Q (B~ 5)
oY (max{c;l( lnN F TN 3(1- Al;_})

0, (m{ T (M) ' (I“TN)M, g})
o, (m{ T ()| 7T F o 30 \/szz})@@

Consider next the third term on the right-hand side of expression (28), i.e., the term

~

)
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IN

IN

IN

IN

IN

IN

IN

2 Tn Tn B
> ZZE "ugd, 3] |81 (letting d= HBH so that ||d]|, = 1)
2

t=1 s=1
2Th

2Th—1Th—

2213 +2||6H2<

[ElE 5
122> i +2||ﬁ||2< Z Z B [usd,,]|
t=1 m=1

”ﬁ”giE[ ] 428 (77) 20 D2 (ot 1) oI (1)’

t=1 m=1

(by Corollary 14.3 of Davidson (1994))

”5”%E| o w2108 () 3 32 (o4 1) lont Bl

t=1 m=1
(applymg the second result given in part (b) of Lemma D-6)
L 2] a .
||§}|J2 (C«o)é |C|Z§||22 (2% + 1) (Co) [a (m)]i

m=1

M

1
(applying Liapunov’s inequality to show that \/E |u}d|* < <E |u;5|4> f< (C")i >
1 T
lallz (C*)? 1 1 cm’2
P 144 (28 41) -
+ 24+ 1)a mz_:l exp 1

AllTh
o D o @ ¢ _H%Hg)

\/31,1 3171 vV >\11 B vV >‘11 A )‘11 - A171

A ?(C)? . . e
Il'% (1%?2; }(pl 9’) T, [1 +4 (22 + 1) a4C’#] <Slnce Zexp ( > < O% < 00

for some constant C* > 0 as shown in Lemma D-11 of Appendlx D)

(by Assumption (v) part (b) and by

the fact that, under Scenario 1, ||3||3 =

'K (1rgga<xl€} g}> (f;zh [1 +4 (22 + 1) at C’#] (by Lemma D-3 part (a) there exists

1 A
absolute constant ¢* > 1 such that 0 < — < )\—1 < " < oo for all N, T sufficiently large>
¢t A
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1

C*)2 .

< * _2( 2 iO# _

C*KC T, [1 +4 (2 + 1) atC ] (by Assumption S1-1)
ct

MTh

< (for some constant C'T > ¢*kc° (C*)? [1 14 (22 + 1) ai C’#])

It follows that for any e > 0, we can set C’j = /C" /e; and, by Markov’s inequality, we have

(VAT | 22) = (in ] €7)
e [(,5)]
= C+)\Th)f;h

= €

IN

so that

~y, B=— T Zutﬁ 0, <\//\11_) (55)

Turning our attention now to the fourth term on the right-hand side of expression (28),

T
i.e., the term g, =T} ! Zt; g41p- For this term, it is easy to see that, under Assumption
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IN

IN

IN

IN

IN

IN

IN

E (2]

h =1
Th

htl

T2 ZE Etin) +2 (Th>

2 Tp Ty
( ) Z Z Eletinesen] (where T, =T — h)
t=1 s=1

1 2T, —1Ty—t
T2 ZE Eten) +2 ( ) Z Z E{eiinernim}

Ty =1 m—1

t=1 m=1
2Tp—1Tp—

t=1 m=1

(by Corollary 14.3 of Davidson (1994))

Ty

T2 ZE |5t+hl + 2

t=1 m=1

1 2Tp—1Th—
T2 ZE 5t+h ‘l‘2< > Z Z |E [et4hEtshaml]

Z Z (22 + 1) a (m)] e \ E|5t+h|2 (E|5t+h+m|4)%
(T)ZZ2( 28 +1) [a (m))F B feanl (€7)F

(applymg the first result given in part (b) of Lemma D-6)

T2(

coyp o=, (2% + 1) )2 ZT:

T;

m=1

l
4

1
(applying Liapunov’s inequality to show that \/E |e;4n]* < (E |5t+h|4) t < (C")%)

(C*)3
Ty

[ T V2
1+4(2%+1>aiZeXp <—CTZ )]
L m=1

(by Assumption (v) part (b))

(C*)?
Ty

:1 +4 (2% + 1) at C’#] (smce Z exp (

Cm’YZ

) < O7 < oo for some

constant C# > 0 as shown in Lemma D—11 of Appendix D)

Ct

h
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It follows that for any € > 0, we can set C* = {/C#/¢; and, by Markov’s inequality, we have

P(Vhen|=ct) = P(Ina,] = (€))

€ =2
ﬁThE [ETh]
e Ct

< —T,—

= cih,

= ¢
so that ) - 1
= D=0y (). (56)
Ty = VT

given that h > 1 is a fixed finite integer.

Finally, consider the last term on the right-hand side of expression (28), i.e., the term
(X1 — ux| B — [FLT — I F,1],901- For this term, we apply the result given in Theorem 3 to
obtain

1
= O
p(\/ﬁll

1
= 0, (—\/)\7 (given that, by Lemma D-3(a), there exists absolute constant ¢* > 1 such that
1
1 A
0<—< 2L < ¢* <ooforall N and T sufficiently large so that A; < ), 1) (57)
¢ A ’

Putting the results given in expressions (38), (54), (55), (56), and (57) together, we see
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that

~drpls

/
Yrin — [FLT - MF,l] Y1
= [XT - :U’X]I (Bdrpls - 6) - (YT}; - :UJX)/ (Bdrpls - ﬁ) - U,Thﬁ +gTh

+ ([XT - ,LLX]/B [FlT - MF1 801
l

[N ¢o (N) lnN [N lnN 3(1-3) N
= 0O, | max — 3
)\1 )\1 )\1 )\5
1
10, [ma [N ¢ (N) lnN / lnN 3(-8) [y
% 2
Th\1 M\ ’ T )\513
+0, 1 +0 ! + 0
NT) o P\vT) w_l
1—g
N)VN (InN\ = 3(1- 1
= O, [ max o )3\/_<n > , < ) — +Op<—)
S f r
+O<1> (s"ce ! <1>and ! <1>)
— in =o|—= =o|l—=]|,
"\ VAT \VT VAT VA
which shows the result for part (a) under Scenario 1.
The result given for Scenario 2 can be shown using essentially the same argument as that

given for Scenario 1 with minor modifications in notations and calculations to accommodate
the case where k = K. In particular, under Scenario 2, we take

L, =T/

NxK
since all available factors are now relevant for the purpose of forecasting. Moreover, Lo
now denotes the N x (N — K') semi-orthogonal matrix whose columns are the orthonormal
eigenvectors associated with the 0 eigenvalue of Yo = IXpIY, and ¢, = (90171, ey 1, K), =
© under Scenario 2 since none of the coefficients of the diffusion index forecast equation is
equal to zero in this case. In addition, to obtain the result

" B o (N) N a@v) [nN]203) 1
[ =], =00 (o { 52 [57] 7 SR BX]E L)

we apply part (b) of Lemmas E-1, E-14, and E-15 instead of part (a) of Lemmas E-1, E-14,
and E-15 and also apply part (b) of Lemma E-3 instead of part (b) of Lemma E-2.
For part (b), note that, by using essentially the same argument as that given in the proof
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of part (b) of Theorem 5, we can show that

A B ¢ (V) [mN]Z" a) aN]3074) 1
‘ﬁgrpls_BHZ_Op (max{ )\1% [T] ’ A1 l T } 7)\_1%

so that, similar to the result we have obtained previously in Theorem 5 for the many-
predictors regression model, ﬁgrplg and ﬁdrplb also have the same rate of convergence here
for the diffusion index case. Hence, it is easily seen that by following essentially the same
argument as that given in the proof of part (a) above, we can, in addition, show that, under
Scenario 1,

vty — (04+[F1,T—HF,1],901)
o (N)VN (MN\ 7 a(N (mN\2(2) N
= OP max 3 ) ) 3
/\5 T )\1 T )\E
1 1

()0 (5)

and that, under Scenario 2,

Py = (a+ [Fr — g @) » H1og)
- o[ ()T () )
) o)

Remark A.1:

It should be noted that, in some special cases, a factor model can have an exact enve-
lope decomposition. For example, if X, is generated by an exact factor model whose error
covariance matrix does not vary with ¢ and is given by 2, = E [uu}] = 021y. Here, given
that L = ( Ly Lo ) is a N x N orthogonal matrix, we can write:

Yx = LA L+ LA, Ly + 021y
= LA LY+ LoyAy Ly + 02 Ly Ly + 02 Lo L)
= L1 (A +0oIn) Ly + Lo (Ay + 021y) Ly
= LiAJL] + Ly ALY,
where AY = A, + 021y and A3 = A, + 02Iy. In this case it is thus possible for X x to have

an exact envelope representation. However, specification of an exact factor model is often
considered too restrictive for applications in economics and finance. For this reason, we have
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chosen to consider the approximate envelope setup introduced here. In addition, although we
use the factor model as an example in much of our intuitive discussion of the approximate
envelope framework, it is worth emphasizing that there is nothing in the specification of
the envelope model that requires X; to be generated by a factor model. The approximate
envelope framework is general enough to allow for dimension reduction in certain situations
where there is no factor structure.

Remark A.2

Related to the discussion given in Remark 4.1(e) of the main paper, we provide the
following example to illustrate how the envelope framework can lead to additional dimension
reduction in the case where the leading eigenvalue has algebraic multiplicity greater than 1.
Example 1: Consider again the forecasting equation g, = o+ (X; — puy) B + €44, and
suppose initially that we specify the covariance matrix decomposition as:

ZJX - L1A1L/1 + L2A2L/27 (58)

where L, = (I, I, ). Here, for simplicity of explanation, we have assumed an exact
Nx2

envelope model so that ¥, = 0, but it is easy to see that the same story applies to a more

general approximate envelope model. Also, again for simplicity of explanation, we have
_ T.

assumed covariance stationarity, so that Yy = 7. ! Zt_l Yx = Xx. Now, suppose that

f = Ly, for some 2 x 1 parameter vector ¢. Suppose also that:

A 0 - 0

A O 0 ) :

A = <_01 A ) =)\l and A, = E _3. .
0 -+ 0 Ay

That is, assume that the top eigenvalue has an algebraic multiplicity equal to 2 and the
remaining eigenvalues are given as the diagonal elements of the matrix A,, so that ¥x L, =
ALy, i.e. the columns of the IV x 2 matrix L, are the eigenvectors of Xy associated with the
eigenvalue \,. Note, however, that in this case the vector ¢; = 3/ H %) H2 is also a normalized
eigenvector of X x associated with the eigenvalue )\, since:

Sl = Sy (L) = men L AL
I¢ll, el

g8 _¢LiLky _¢e _ e, _

lele el llell;  llell;

S
E‘m
(S

Il
L>/
—
E‘m
(s
v
|
.3/
AN

2
1ally =

In addition, let EL be a vector that is orthogonal to ¢, i.e. E’fi = 0. Further, define
by = LlfL / H £L || 5" Now, note that /5 is also a normalized eigenvector of ¥ x associated with
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the eigenvalue \; and is orthogonal to ¢; given that:

ot ot
Yxly = YxIL =)NL = M\ {s,
o e, Tetl, =7
. _ PMLLiet oYt ety
||£2H2 - 1 T2 T2 17
et et et
/ 1 11/ 1 /1
po, - Phe  dhbe _2Y

el et el ety llell, let],

It is easy to see that L, = ( Ly I, )and (&4 &) = ( 3/ Hf”g Lt/ ||£LH2 ) span the
same eigenspace associated with the eigenvalue )\, so that there exist alternative choices of
basis functions for this eigenspace. However, the second pair of eigenvectors provides more
precise information about the subspace that actually contains 5. In particular, information
about [ is entirely contained in the span of the eigenvector ¢; = [/ HgH ,» Whereas the
eigenvector (o = ngL / H EL” , does not help to span the eigen-subspace containing B, so
that the dimension of the envelope in this case should be x = 1 and not x = 2, and a more
meaningful grouping of the eigenvalues/eigenvectors than that given by expression (58) is
the decomposition:

Yx = 3151511 + L2A2L’27

A0
0 A,
consider the covariance vector ox, = Cov (X¢, Ys4n). Since:

where L, = ( L1£¢/ H£L||2 L, ) and Ay = ) Another way to view this is to

UL = 6/L1£ = flL,lLlE = 22 = ||<pH and
1LY = = = =
= lelly, el llell,

B HgLH_lfuL/ B HSOLH— @L’g N
LyLyp = ( 2/2 V) Lip= 0 =\ )

it follows that

oxy = E{(Xi—px) Yrn —a)}
= E{(Xi—px) (Xs — px)'} B+ E{(Xi = pix) €rn}
= Yxp (since Yy =F {(Xt — py) (Xi — ;LX)/} and E{(X; — px)erin} = O)
= (MO0 + LA L)) Lyp

= A el 6
Thus, the covariance vector ox, = Cov (X}, y14+1) depends just on ¢; and not on /5. Hence,

the direction given by /5 is not correlated with y;,, and will not be useful for predicting the
target variable of interest vy 5.
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Appendix B: Some Key Support Lemmas and Their
Proofs

Lemma B-1:

(a)

Let A be an m x x matrix of rank x, let A = A + E be a perturbation of A, let ||
be any consistent matrix norm, and let £ be decomposed into its components lying in
and lying orthogonal to the column space of A:

E=E+FE,=PsF+ (I —Py)E,

where Py = AA™ with AT denoting the Moore-Penrose generalized inverse of A. More-
over, let cond (A) = ||A|| ||A"|| denote the condition number of the matrix A. Under

these conditions, if

A B <1
then 1
[(A+E)" — A 8\’

TAT] Sﬁl”(u&%) |

where )
cond (A) HE1H>_
— (o = L

! ( 4]

and

_ yeond (4) | B

Bi fori=1,2.
1Al

Suppose that A is a nonsingular k X x matrix, and let A=A+FEbea perturbation of
A where A is not necessarily assumed to be nonsingular. In addition, let cond (A) =

IA|| JAT]| = ||A|l||A~Y|| denote the condition number of the matrix A. Now, suppose
that

A= el <1
then

[+ By — A _ A+ By - a7
A T AT
yeond (A) || E|
- |A]

= (L= [lAED 1A e
where

= (1 B )
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(¢) Consider the same conditions as in part (b) above, except that A = A+ F is explicitly
assumed to be nonsingular. Then,

[+ By —at] A By - |
[A-1] || A*]
< (= AT IEn T AT 1B

(d) Let A € CP*P be nonsingular and let A = A + E be a perturbation of A. Let [|-|| be a
consistent matrix norm. If A is nonsingular, then

Hgfl _ A
= <|A7E]
|-
Alternatively, if
|ATE| < 1,
then, Ais perforce nonsingular and
7 A7Y|
AT < | :
H —1—||ATLE|
Moreover,
A-1_ 2-1 B
| |AE|
[A=H] T 1= [|ATE]

Proof of Lemma B-1:

Note that part (a) is essentially Theorem 4.3 of Stewart (1969). For a proof, please see
pages 39-40 of Stewart (1969).

To show part (b), note first that part (b) is a specialization of the result given in part (a)
in which A is taken to be a square and nonsingular matrix. In this case, we have AT = A~1
so that Py = AA™! = T and cond (A) = ||A||[|AT|| = ||A]| |A7!||, from which it follows by
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direct calculations

E, = (I—P)E=(—-1)E=0sothat E = E,
o (1_cond<A>||E1||) :<1_||AHHA HHEH> _ (-

1Al 1Al
s o (B
' 1Al
= 700n0|l|1(41‘|1|) 121 (since £ = Fj in this case )
-1
e 1ALIAE]
( since vy = (1 —||A7Y| HEH) and cond (A) = || A ||A’1H>
= (1= [ahiEn A e
E

By = 77][1“2” =0 (since Fy =0)

Hence, by the bound given in part (a), we obtain

WA+B+—AH\_ |[(A+ E)" — At
A= | A*]

2\ 3
S Bl—l—/y(lfQﬁQ)
2

B, (given that 5, = 0)
= (= lauEn A uel

(since AT = A" given that A is nonsingular)

The result given in part (c) follows immediately from that of part (b) by noting that
when A = A + FE is also nonsingular; then,

l(A+ B =AY [[(A+ B) " — A7
|M1H HAW

Finally, part (d) gives the result stated in Theorem 2.5 of Stewart and Sun (1990). For
a proof, please see page 118 of Stewart and Sun (1990).

Lemma B-2: Suppose that part (a) of Assumption 4-2 holds. Let A; 1, 5,...,A; , be those
eigenvalues which are the diagonal elements of A, as defined in part (a) of Assumption 4-2
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and let \; = A\« (EX). Further define

V = 1lfork=1
1x1
1 1
2¥2 = (1 Al,z/)u) for kK = 2, and
LA /M A/ e AN
1T Ao/A ATo/AT oo AT /AT
vV = ) _1’2./ ' _1’2,/ ! 2 / ! for integer k > 3
KXK . . . .
LA /A AL/AT e AT/

Then, there exists a constant C' > 0 such that
Hmin (KIZ} Z Q > 07

where pi,;, (V'V) here denotes the smallest eigenvalue of the matrix V'V.
Proof of Lemma B-2: For k = 1, the result is trivial since

Mmin(zlz):‘/2:120>0

To show the result for integer k > 2, first rewrite

L da/de A/ e AN
vo— L Ao/M Alo/A] oo Ao /AT
e : : : :
LA/ d AL /AT - AR
2 rk—1
31,1//\1 (31,1//\1)2 (31,1/)‘1) .
_ 31,2//\1 (31,2//\1) (31,2/)‘1)
L dg/M Que/M) o Qae/M)™
1z 22 it
1 xy 3 rht
1z, 22 -+ zfl

where z, = A, /M for g = 1,...,k. It is clear from the above representation that V is
a Vandermonde matrix. Now, from the well-known formula for the determinant of the
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Vandermonde matrix (see, for example, page 29 of Horn and Johnson, 1985), we have

- Al,g Al,h
det (V) = H ()\—1—)\—1
g,h=1
g>h
so that
det (V'V) = det(V')det (V)
= [det (V)]*
_ H (ﬁ _ ﬁy
o=l A1 1
g>h
_ ﬁ (Al,h —ALg)Q (Al,h)Q (AM)Z
A5 ) ) W,
g>h

Now, by part (a) of Assumption 4-2, there exists some positive constant c

Aip— A
% > ¢ > 0 for all N, T sufficiently large
AL

and also by part (a) of Assumption 4-2, A, ;, < A ; so that there exists a positive constant
c4 such that

>

1

>

> cy > 0 for all N, T sufficiently large.

>

1,1

In addition, part (a) of Lemma D-3 implies that there exists some constant ¢* > 1 such that

A 1
% > — > 0 for all N, T sufficiently large.
1 ct
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It follows that

K 2
det V) = [] iy _ A
- VDY

g,h=1
g>h
_ ﬁ (Al,h —Al,g>2 (Al,h)g (&,1)2
gh=1 AL Ay A1
g>h
S k(k—1) (gc#>2
- 2 c*
-1 2
= (C,>0fork>2 (Where we have set C; = K(KQ ) (gcf> ) .
c

Next, let p, (V'V) (9 =1,...,x) be the eigenvalues of V'V which can be ordered, without
loss of generality, as follows

Hq (K,K) e (K/V) > 2y (K/K) = Hmin (K/K)

By the well-known equality between the determinant of a matrix and the product of its
eigenvalues, we have

[T VV) = det (V'V),
g=1

which, in turn, implies that

Hmin (KlK} = Mg (Z/Z) -

83



In addition, note that, for g =1,..,k — 1,

pg (V'V)
< tr{V'V}
( 1 1 1
11/)‘1 12/)‘1 1n//\1
= tr ( 11/>‘1) ( 12/>‘1) ( 1/1//\)

/g @)™
LA/ Qs B/
1

Al’Q/)\l ( 1 2//\1) ce (A1,2/)\1)K71

L an <1;H/A1> e/
T

g=1

2 K )\1 4 )\11 4
_ =19 =1,
< s () (3) 5 (3 (3) -
Arq = \AL1 1
K ALQ 2(k—1) Al,l 2(k—1)
) (G

< K4+ Z (C*)2 + Z (C*)4 4t Z (c*)z(”_l) for N, T sufficiently large

g=1
(by part (a) of Lemma D-3 and by the fact that A, , < Ay, for g = 1,...x)

< Oy (for some constant C's < oo which exists since x and ¢* are both ﬁnite) .

from which we further deduce that, there exists a positive constant C' = C,/C4 such that

, det (V'V
Mmin (K K) = k—1 ( ),
11, n ')
1
> ¢
!/
II,_ n v
(since det (V'V) > C, as shown earlier)
e
jl 62

= (C>0 (sinceQ1>Oand0<62<oo)D
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Lemma B-3: Under Assumptions 4-1, 4-2, 4-3, 4-4, 6-1, 6-2, and 6-3; the following state-
ments are true.

(a) There exists a positive constant C' such that

— 2 — =
= or all N and T sufficiently large.
oW ) N = y larg

b) For any integer j such that 2 < j <2k 4+ 1,
( y integer j j

A\ 8 (B = (DAL + LA L) 8 1
5 — — O
() ¥ (%)

Moreover,

(Au) (DA;G’TXGDA; Dy Gy (LA Ly + Loy Lh) GWDA,L>

)\1 )\1 )\1 F
where
Gw = ([LAL+ Lol Lp] B [LaA Ly + LoDy Ly B -+ [LaA L + LDy Lh]" 5 )
1
X0 - 0
3
0 A2 : _ .
D)\,n = . ! 0 ,G: (EXy EXEXy EX lﬁxy ),and
0 .. 0 M2
Yx = YSw+S,=LiIA L+ LAY+ 3,
(c) Let D, , and Gw be as defined in part (b) above and let
AT10T /N 0 0
3 12/13
Dy = 0 AT 25 /AT and
: - 0
0 e 00 X el
LA /M A/ e AN
vV = 1 31,2/)‘1 31,2/)‘1 AT,E /Xf_
L Ape/A AL /AT e AT
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Then,

—_

ALK /
V' DAV
M\ A\ oA

( Au) D, ,.G'SxGDy, )

of) -

and there exists a positive constants Cx and C. such that

2

, DyG'SxGD; L
)\min (Z D(f),)\Z) Z C# > ( and >\min 7 \ 7 2 C* >0
1
for all T"and N sufficiently large. Moreover,
Dy LGS xGDy !} 1
ad = VD,V =0—)=0(1
H N vo,.p) (5) =
where
A1/ (M 4) 0 - 0
D - 0 Al 203/ (Midr1) :
_¢’)‘ : . .. 0
0 o 0 Al.0n/ (Aid1y)
(d)
8§</y8§(y _ EnyEXy _ a(N) [InN 3(1-4)
Al A1 P A1 T

(e) For any fixed integer k > 1,

~S1 QS k ~S k
— v —
Oxy [EX} Oxy UXyEXJXy

)\llc+1 )\Ierl
o (v o) my 2 (V) TN 2(8)
= X —_— —_— —_— —_—
v N | T T T

(f) For any fixed integer k > 1

~ kAS —k __ 1—g 1 q
[Zi} T 2Tl o S V) [N fa () o 3(1-5)
P A T NN T

k+3
At
2
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Proof of Lemma B-3: To show part (a), note that, by part (a) of Assumption 4-4 and the
result of Lemma D-3, there exists a positive constant C' such that, for all N and T sufficiently

large,

IA

IAINA

(since Txy = ixﬁ)
2
:\\_1 (8'B) (since Al = Amax (EX))

'L\ L
A (m) since 3 = I
Ay

by Assumption 4-4 part (a))

¢
\ Al,l

A

1 lIoll; (since L{Ly = )

Arn

¢ ||¢ll2 (since, by part (a) of Lemma D-3, there exists a constant ¢* > 1

1 A

such that 0 < — < )\—1 < ¢ < oo for all N, T sufficiently large)
c Al

¢k (2)>  (by Assumption 4-4 part (a))

C < oo (for some positive constant C' > ¢*x (6)2)
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To show part (b), note first that, for any integer j such that 2 < j < 2k + 1,, we have

IN

IN

IN

IN

A\ B (B = DAL+ LBy 1P ) 8
A1 )\{71

g LIA Ly + LoDy Ly + Sy — (LA Ly + LA L)) — (LA L + LQAQLQ]J') 3

( A1 ) )\Jl'*l
A e , R R
(AT) ' (e) [Sx = L1l By Lol L), 12480 5 + Lo L 1611
(g) Ali ( ) HEX — (LA LB T || LA I+ LA T |0
N N ) Y V|,
(0 [ AT+ Tl | W I+ LTI
=1 A 9 )\j*é 2

(smce Y, =%y — (LA L] + LA, L,))

[¢* max {1, Cy}] 2““2( ) '

( by Assumption 4-2(b) and Lemma D-3(a), there exist constants ¢* > 1 and Cy > 0 such
that || L1A, Ly + LaA, L), = max {ALDAZI} < ¢ max {1, Co} A\ for N, T sufficiently large)

C%HH(E)QZJ: @ =

A
=1 1

(by setting C' > ¢* max {1,C5} and noting that by
2

1<g<

2
Assumption 4-4 part (a), x (2)° > & (max |9, ’) > 0|3 = ¢'LiLigp = HL1¢||§>

— \ 7

J ] max ZU/ ~

C*tlg 2 Z ( ) (ﬁ (by symmetry and positive semidefiniteness of ¥,
=1

so that HZ H2 A/ Amax Z E \/ max u Amax )

C* i (0)° 26 4+ 1] [(26 + 1)]] <—ma’;fzu))

— l —

. . . )‘max (Eu) )\max (Eu) .

since 7 < 2k + 1 and since S — < . for ¢ > 1 given that A\; — oo
1 1

while A\ ax (iu) < C < oo for some constant C' > 0 by Assumption 4-1 and Lemma D—2)
1
@) ()\_> (given that  is a finite positive integer)

1
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which shows the first result. Now, to show the second result, note that, by straightforward
calculation

D;,.G'SxGD; .
A
¢ 1
AZ0 0 7,
_3 . _, = —
0 A : Ty Xx Yy = — =r—1_
- . : N ( Oxy 2x0xy Yx Txy )
_, —=k—1
\ 0O --- 0 /\7(”7%) U/)(yZX
ATE0
0 A®
X '1
0 - 0 X (x=3)
UXyzéfaXy/)‘ UXy §<0Xy/)\3 E/Xy_i%?)(y/)\f€+1
_ JXyEXJXy/)\3 OXyZXJXy/)\4 F/XyEX EXy/)\'€+2
— _I‘C_. k1 N+l K42 — 26— 1 2%
UXyEXJXy/)‘l ZX UXy/)‘l UXyZX JXy/)‘l
and
DGy (LA Ly + LoDy Ly Gw Dy
A1
MEO e 0 LA L + LA, L
3 . +
- 0 A : 7l 1; 2l [L1A LS + Loy L))
: : : ' . A
O |\ sma+ rany !
0 0 A
A0 0
3
. 0 X2
X ( [L1A L + LoDy Lo B -+ [LiA L) + Loy Ls]™ 8 ) _1 0
: L
0O - 0 )\1( 3)
B LA LY + LoD LA B/ -+ B [LiA Ly + LoD, L5 /AT
B A Ly + LoD L™ BIATT o B [LiA LY + LoDy Ly /AT
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It follows from these calculations that

(Am) {D;,LG’EXGD;; DGy [LiA Ly + LyA, L) GWD;;}

)\1 >\1

T2 — 3 — ¥ — KA1
aXyEXJXy/)\ aXyZXJXy/)\ UXyZXUXy/)\

4 K+2

UXyEXUXy/)‘l UXyZXUXy/)\ e O—XyEX Txy/ A}
= § = rtl o St K+2 <21 2k
UXyEXUXy/)‘l ZX Txy/ A e ZX Txy/ N

B LA LY+ LoAJLLP BN oo [LlélLHLQAng]““ﬁ/AT“

B LA L 4 Loy Lo" 2 BN oo B[ LA L + LoD Ly BT

—Kk+2

( BEGBIN BSRBIN T BN

- (3 B BTN : I e 7y — S)
P BTN AR
( A B [L1A1L3+;2A2L;] BN - [LlélLHLz_A?L;]“”ﬁ/AT“
VO B AL + LA TR B e B AT + LA L 5/
- () A A
MO\ ay A )
where
Ay = 5’( — [L1A L + LA, L) )5/>\%7
A = B (z““ (LA, L+ LA, L’]““) BN,
Ay = 5’( S LA+ LA L']“”) BN
A = 5’( S0 LA LL + LA L’]2““> B/A2.
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from which we further deduce that

IN

IN

IN

IN

IN

Ma\ [ DiLGExGDL DylGhy LA L + Loy Ly G Dy |
A\ M\ B A\

> ([Alvl} B (SR~ LA L + Lo L) 5)2

F

2+7—1
A

(a1 7 (B3 LA+ LA 5
23

3+5—1
)\I-H

H lé} 5 (S — (LA + LAy L) 5
- /\:‘f-ﬁ-j

i:i: {31,1} A ( -
i=1 j=1 A1 )\Zlﬂ
$ 5 [mern o §2 (107 1) (e (B} |
C » K./(E) < ) max u
i=1 j=1 i =1 ¢ )\1
K K i+j+1 Z+]+1 6 ek
ZZ C%HH(Ef Z ( f ) (}\—) ] (since, by Assumption 4-1 and
i—1 =1 | —1 1

Lemma D-2, there exists a constant C' > 0 such that Ayax (Eu) <(C< oo)

i+7+1 . . 2 =\ 20
Ak42 K2 ( i+7+1 C
ZZC + Y (i+j+1) Z ( . ) <)\—1>

i=1 j=1 /=1

m 2 m
Do) <m) laf”
i=1

=1

by the inequality

N 2
C
O+ 2t @) (26 + 12 [(26 + 1)) ()\—> for all N, T sufficiently large

1

M A
A1 X Ay so that Ay — oo as N, T — oo)

— 7 —
( given that <g> < (g) for integer ¢ > 2 since, by Lemma D-3(a)

A

1
O|= )
(%)

2
c* (i) (for some constant C'* such that C* > C**2x% (2)* (2x + 1) [(2k + 1)!]262)
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so that

(AM) (D;,iG’iXGDgi DGy [LiA Ly + LyA, L) GWD;,2>

A1 A1 A1 .
To show part (c), note first that, for integer k > 3,
(Am) B LA LY+ LAy Ly B (ALl) $LL [LiA L + LoDy Lh)* Lig
A P A1 ALy A Apy

L
(Since B = 19 by Assumption 4—4)

V4 Al,l

'L [LiA Ly + Loy Lh]" L

Y
B ¢’ Ly (Lléllel + LQASLIQ) Lo
_ r
1
(since (LA L, + LoDy LL)F = LARL, + L2é§L§>
@A
- 5
= Z PY
1 g=1

Making use of the above identity and of expression (59) in the proof of part (b) above, we
further obtain

(Am) Dy G LA L) + LAy L) Gw Dy,

K

A1 A1
(A BB LS + Lo L5 B/XT oo B[ ALY + LoD L) BN
- (=1L . . i
- )\ ) : ‘. :
1 5/ {LlélL,1+L2é2L/2]n+2ﬁ//\’f+l 5/ [LlA L/ +L2A L/]?H-‘rlﬁ/)\%lﬁ
Zﬁ:l A?,g¢52]/)‘? Zﬁ:l Azlljg¢3/)\411 e Z% )\n+2¢ /)\/-c+2
B Zgzl A§79¢§ I Zgzl Aiggbz N Z AT G2 AT

® /\n+2 )\”+2 ® /\n+3 )\”+3 ® /\2n+1 /\2n+1
D AN Y X D, A0
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Now,

Z%_l Aigﬁbgz]/)\? Z%_l Aiggb‘?)/)‘éll o Z% )\H+2¢ /XH—Q
Z g=1 Aig(b;/)\éll 2921 A‘iy¢§/)\§ . Zg Xi+3¢ /)\N+3

K )\)‘C+2 )\IH—Q k )\)‘C+3 AK+3 . k )\2/-;—&-1 )\2/-;—&-1
D AN Y AT/ >, Ay

1 0 - 0
B 0 A\* :
: . 0
(\o - 0 ALY
Zgzlaigqﬁﬁ/ﬁ Zﬁzla‘i,gqi/ki’ Zﬁzlﬂwﬁ/ﬁ
) Zgzla‘i,gsz/xi’ Zgzla?,gsbz/ﬁ D AN
Z )\n+2¢ /)\3 Zg /\H+3¢ /)\3 Zg )\2H+1¢ //\3
1 0 --- 0
At :
(0N
0
0 0 A Y
Vs
1 0 0 )‘z1¢1/)‘2 )‘iQ(bz/)‘i )\?n¢/)\z
_ 0 A : Ay 1@51//\ Al 2¢2/>\ e @2\
: - 0
0 -« 0 A=Y A“%/X‘” A“%/X” A”% /A
1 Al,1 %4 Xfli 1 0 -- 0
y L Mg Al o0 AT, 0 A* :
o : : : . 0
LA, Al o ALY 0 -~ 0 A&V
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1 0 0 1 1
_ 0 )\Il : A1,1 ALQ
: . 0 : :
—(K—l) )\nfl )\/171
0 0 N A1l A12
AL 07/ 0 0
o 0 Ai’,zﬁbg/)‘? .
: i 0
0 0 A 0n/A
1A AL iy o
L Ao A%,Q A’f,gl 0 A
X . . . .
1 Alr@ Ain Ail_ﬁl 0
= V'D4s, V.
where
AL 0% /A] 0 0
b |0 e '
’ : E . 0
0 0 A Bn/A
P e TR (L
nd V L Ao Al Alo 0 A*
1 Al,/{ Ain Afi;l 0
L /M A/ XA
O a2 AN
LA /A AT/ AV AT

94

1

21,k

k—1
A1,:@



It follows by the second result given in part (b) of this lemma that

A1\ Dy ,.G'ExGDy,
A1l X Ak V D¢ N
i M )
B <A1,1> Dy .G'SxGDy,. Dy, Gy [LiA Ly + Loy Lh) Gw Dy,
>\1 )\1 >\1 9
_ (Am> Dy .G'SxGDy,. Dy, Gy [LiA Ly + Loy Ly) Gw Dy,
- >\1 )\1 >\1 F
_ of2 (60)
- "

Moreover, applying the result of Lemma B-2 above as well as Assumptions 4-2(a) and 4-4,
we further obtain

)\min (K1D¢,>\K) 2

- (&
- (&

< ) <:) C for all N, T sufficiently large

(since Lemma D-3 part (a) implies that there exists some constant ¢* > 1

Ai) ¢2/ /\:13) Amin (KIK)

n (
) (121;& [, !)2 win (VV)
) €

C (by Lemma B-2 and Assumption 4-4 part (a))

Al,n

such that

1
> — > 0 for all N,T sufficiently large)
1 c

1\? /1\?
> Cy (for some positive constant Cy > 0 such that Cy < (—*) (:) C)
C

In addition, by Lemma D-4 and by expression (60) above, we see that

A1 Dy LGS xGDy Y M. ] Dy LG'SxGDy !
)\min = An al An ) )\min (K,D¢ )\K) < . A - a R V/D¢ N4
)\1 )\l ’ )\1 )\1 )
1
— o(-):ou) (61)
A
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Hence, applying the result of Lemma B-2 and the result given in expression (61) above, as
well as Assumptions 4-2(a) and 4-4, we also obtain

\ Ars D;iG’iXGD;}H
min Al )\1

31,1} D;iG’iXGD;i

- /\min (K,D¢,)\K) + )\min ( [
A1

) - )\min (K,DQS,AZ)

A1 Dy G'ExGDy
Z /\min (K,Q¢7)\K) - )\min <|: )\1 )\1 - )\min (K/Dqﬁ)\z)
A\ 11 DG xGDE

. 3 2 /13 21,1 A K X K
> 12712& (Al,ggbg/)‘l) )‘min (K,Z) - )‘min ([ )\1 } )\1 ) - )\min (K,D¢7>\K>
> A\ (O : Amin (V'V 1
= ) iz o] ) e (21) 0 1)
> (4 (for some constant Cy > 0

and for all N, T sufficiently large given Assumptions 4-2(a) and 4-4) (62)
Furthermore, note that, for all N, T sufficiently large,

. D;,.G'SxGDy,,
min )\1

- o, ([l 2CRODn
ALl min )\1 )\1

v

Cy . :
~# (since by Lemma D-3 part (a), there exists a contanct ¢* > 1
C*

1

such that 0 < — < ;\—1 < " < ¢ for all N, T sufficiently large)
c A1l

Cx

o

Y

C, for some constant C, > 0 such that C, <
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Now, to show the last result of part (c), note first that

A6/ 0 0
(Al)D B ()\1) 0 A?Qqﬁg/)\‘;’ :
)\_ ¢A T >\_ : .. ..
A1 A1l : . . 0
0 0 AT 0n/\
(M/A1) AT 07/ 0 o 0
_ 0 (M/A11) AT 203/ A3 :
: 0
0 0 (Ai/Arq) AT 02/
AL101/ (A1) 0 e 0
_ 0 >‘32¢2/ ()‘2 11) :
: . 0
0 0 AT ,0%/ (AAr,)

= Dy,

It follows, by applying part (a) of Lemma D-3 and the first result of part (c) here, we have

Dy LG'SxGD; L
N -V'D,\V
2
DI G xGD!
_ AN K X AR . )\1 K/D¢ ,\K
)\1 )\1 1 ’ 9
A Aig o G,EXGD,\ ’ ,
= : — V' Dy, \V
(3171) ' ( A A A= 9

*

Cc

(since, by Lemma D-3 part (a), there exists

A 1G’E GDt
<_1,1> X AE VD¢>\V

A A

2

1 A
a constant ¢* > 1 such that 0 < — < At < ¢ < oo for all N, T sufficiently large)
ct A

1
= 0O ()\_> (by the first result of this part of Lemma B-3)
1
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Now, to show part (d), note that, by simple calculation, we have

TN Oxy T Ty
A1 A1
[EXy + (Eiy — EXy)}/ [EX@/ + (aiy — EXy)] _ EnyEXy

)\1 )\1

E/XyEXy 4+ 9 (339(1/ — EXy)IEXy + (339(1/ — EXy), (aiy — EXy) . EIXyEXy

)\1 )\1 )\1 )\1

(339@ B EXy),EXy + (Eiy B EXy), (Eiy — EXy)

= |2
)\1 )\1

165707
A

\/Haiy _Equz T'x, 0 Xy

2 ,/ Y +
A A1

(8§(y B EXy)/ (8§<y B EXy)

A1

IA

(by triangle inequality)

~S 2
1

At

IN

(by Cauchy Schwarz inequality

2

and the fact that [[7%, — 7x, |, = (6%, — 7x,) (5%, — Exy))
~S = _ ~S5 = 2
— 9 Oxy — 0Xy O xy n Oxy — 0Xy
VA1 ) VALl VA1 X
Now, Lemma C-9 shows that
5%y — Txy

a(N) {M] 3(1-3)

A1

VA T
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It follows by Lemma C-9 and by part (a) of this lemma that

~S1 ~S

—/ —_—
O—XyO_Xy o UXyOXy
A1 A1
9 Oxy — 0Xy O xy Oxy — OXy
= Vo Vs VA

2

a(N) [ N7203) a(N) [mN]0-)
R N vl O<1>+Op< x [T]

for0 <¢g< 1.
Turning our attention to part (e), note first that, for any fixed integer k£ > 1,

AS/ S ~S ., =k _
[Z ] Oxy O, Yx0xy

k+1 k+1
)‘1 )‘1

~ k
~S (= S - ~S _, =k _
Oxy <2X + X% - EX) Oxy  Ox,XxTxy

k+1 k+1
)‘1 )\1

~ k
~S (= S Sl ~S ~S) =k ~

. Oxy&x0 xy
- E+1 - k+1
M A
~Sr ==k ~S
+UXyZXUXy B UXyZXUXy
k41 k+1
Al M
S/ Sl k S
T — T ~S1
(ZX 58 ZX> % a3 Thel,
= k+1 - k+1
M A
~S1 — =k _
n UXyEXUXy B UXyEXUXy
k41 k+1
A Al
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To analyze the first term on the majorant side of the expression (63) given above, note that

~ k
=5 (3 S _ % 59 ~S1 =k~
T xy <2X + X% — ZX) OXy O3, Sx0xy

)\llc+1 )\11c+1
1 ,\S, = \¥as ~51 =k ~S
= W (ZX—FE _ZX) UXy_OXyZXJXy
1
1 i s k—j 11~
< o3 () 58-Sl ISl hos
j=1
. 8§<y 9

_ f: (k) 55— Sk | S|
J A Aid

2

VAL

2

~S |12

< (k) 55 -5k | ||5%,
— \J M ) \/>\_1

since |[Sx || /AY7 = 1 given that [Sx]|, — \/E i M)
< 0)[52] ( l)

Jj=1

~5 —

\/A_l

—Xx

so that

i 2
k') UXy EXy
< , n
_ Co (N) [In N (N) InN1% (lfq) .
- ( Ao T | O (1 +0p AR T O, (1) (given Lemma C-6,
Lemma C-9, and part ) of this lemma and given that k is a finite positive integer)
N) [In N
= 0, co (N) [In (by Assumption 6-3) .
A T |
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Now, for the second term in expression (63), note that

IN

IN

IN

(6%, —7xy) Tx (0%, —7xy)

~81 =k ~8 — =k _
OXyZXUXy _ OXyEXUXy
k41 k41
Al Al
~S _ _ 'Sk /~S _ _ - =k =
(OXy —O0xyt UXy) Yy (aXy —O0xy+ UXy) _ OxyYix0 Xy
)\11€+1 )\llc+1

25, S (3%, — Txy)

k+1
)\1

(6%, —7xy) Tx (0%, — Txy)

k+1
)‘1

+9 Enyil;( (8§(y - EXy)

k+1
)\1

(aiy — EXZ/)IEI; (Eiy — EXZ/)

=2k
_, —_—
UXyEX 0 Xy

+2

(a\iy — EX?J), (aiy — EXZJ)

)\llc+1
M| (%, —7x) (3, — 7x0)
A A1
5%, — Txy

Ap

)\%k+1

A

(8§(y - EXy)

EnyEXy \/ (aiy - EXy)/
A

S =
OXy O—Xy

VAL

2 — R
+24 OxyTXy
2 )\1

o (222" oo,

VA1

a2(N> [M] 3(1-4)

A T

(by Lemma C-9 and part (a) of this lemma)

0, [ /) {ln_Nr(lg)

A1 T
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Putting things together, we see that

~ k
~S1 S ~S5
Txy [E X] Txy

=k
_/ —
OXyZXO—Xy

k+1 k+1
)‘1 )‘1

~Sr | S Nl kAS
O-Xy |:ZX+ZX_ZX] GXy

~Sr =k ~S
o XyZXU Xy

IN

k+1
A1

~Sr =k ~S — =k _
O-XyZXUXy O-XyEXo-Xy

k+1 k+1
Al Al

_ o, (co;jw [gﬁ)w
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Finally, to show part (f), note that, for finite integer k > 1,

=)

~8
O'Xy

_k_

s
XX

Al

Y+ Xy

k+3

kAS
O-Xy -

2

=k ~8 =k _

=k ~S

ZXUXy

DS SN

1k

k+3
Al

2

~S =k ~5
UXy -

LxOxy ZX(UXy EXy)

IA

>~
el
+ |t
Nl

k+3
Ay
2

EXOXy P [/a\iy — Txy]

IN

IN

since
k

> (15

Co (N)
o (24

2

EX“
A

/\k+%

1
O-Xy UXy

Va 2

~S
Txy

X_

2
k—j

2

— 5[

I 22

+—
VAL, Var |,

A\
— <_) = 1 and, similarly,

= .k
=X =1
2

A1

-
)\1 J

S — _ ~8 _

Oxy — OXy O Xy Oxy — 0Xy

In N
T

2

y—f‘)opm o, (

A
+‘ +
2 2

;ﬁv) [mTN] )> Oy (1)

2

N T N1300-%)
+0, ag\ ) HT} (by Lemmas C6, C9, and part(a) of this lemma)
1
co(N) [InN =N a(N) [InN 3(1-3) )
= O, | max N {T ) N | T (by Assumption 6-3). [J
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Lemma B-4: Let

1 ~L
A7 O 0 )\12 0 0
3 ~3
3 - : . 2
Dy, = 0 A . ' and D, , = 0 X
o . 0 ’ 0
_1 L
0 - 0 A 2 0 - 0 N

Then, under Assumptions 4-1, 4-2, 4-3, 4-4, 6-1, 6-2, and 6-3; the following statements are

true.

(a) There exists some positive constant C' such that

Amax (DyLG'GD; L) = [|GD LS < |GD5 A2 < T < oo

and

D, .G'ExGDy,.
A1

§U<oo

2
for all N and T sufficiently large.

(b) There exists some positive constant C' such that

for all N and T sufficiently large.

2
1 v—
DA,I{G O-Xy

1
2
Al

2

(c) For 0 <g¢ <1,

% (N) lM]qu a(N) {Mr(l—%)

H(éS_G) Dy, 2:Op max § == - o X
and
(@) o (22 5] 2 [
(d) For 0 < ¢ <1,
Dt (65, - G7) | (V) NS oV (0D
= Up | max » [T} 7 )\_1 lT]

VAL

2
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and
Dy} (G4o%, - Gox, )
Vi

A1 T A1

D GsS5GsDy), Dy GExGD; )
M A

2

T

_o, (m{m ] fo0 {wr“”}) |

- o[22 (507 1 () )

and

ﬁ;i@gﬁi@sﬁ;i D;LG'ExGD;t
A1 A1

2

- o {2 (2] T ()

N
—
=
NS
~—

DiLGsS5GsDiL\ " (DIGSxGDL)
)\1 )\1

2

_ o, (m{ﬂ o) e (mTNfW}) |

(g) For any fixed real number v > 0,

D; LG E5GsDy L .\ 1 DD3,.DyL  DGSxGD;
" VY "

2

B co(N) (InN = a(N) (InN 5(1-8)
- Op (ma‘x{ )\1 ( T ) 9 /\1 T 7)\§)+1
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(h) For any fixed real number v > 0,

DGERGsD, | 1 DR D" (DLGTAGDy
)\1 /)\\11} )\1 )\1
2

co (N) (M)_ a (N) (mTN)%(l‘%) 1

my o
M AV

Proof of Lemma B-4:
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To show the first result of part (a), note that

Amax (D;iG’GD;i)

< |eDyil; = tr{D5C'CDy
( _1
A0 0 Txy
0 A{% : T, Ox
= tr
0 -1
[\ o o A ) )\ Nk
_1 \
AM2O0 0
_3
— =k—1__ O )\12
x ( Oxy LxOxy Xx Txy ) . 0
0 0 )\17(”75) )
( _1
_ 0 \°?2 Oy XX T Xy aXyEXJXy aXyZXUXy
’ 0 : :
(k=1 K — o =
\ 0 0 )\1( ) Txy2x Oxy OxyNx0xy ZX UXy
_1 \
A0 0
3
0 )2
y 1
. 0
0 0 )\1_(”_2) )
( _1
AMN2O0 0
3
0 X2
= tr 1
’ 0
{ 0 0 )\I( ~3)
A 20, T N Same, o A UTHg sl \
1 Oxy0Xy 130Xy XO0Xxy 1 ( I)UXy x Oxy
7l_ =~ — — 5 — _2_ — KZ—E
y AlzanyEXJXy )\120’XyEX0Xy A UXyZXUXy
N (),

107




IN

IN

IN

1 =
Al Oxy0 Xy

S 1 ('erl)—/

Ii—/

K —/ Z (] 1)—

X OXy
Z )\21 1

7=1

Jj=1
— =
,{‘/7

At

kC' (given that, by part (a) of Lemma B-3, there exists some constant C' > 0

)\1 - UXyUX .
Z <)\1) N (smce Al =

o = —
AL O, XX T xy AL UXyEXUXy

XyEXO_Xy

Amax (2x))

K—1
I{—l =

)\ (KZ-‘rl _/

_, —
such that % < (' for all N, T sufficiently large)

1

108

EXUXy

=2(k—1)_

X

O'Xy

C < oo for some constant C' > xC' and for all N and T sufficiently large.



Now, to show the second result of part (a), note that

D; ,.G'SxGD; .
A1 )
D GExGD L\ . D;,G'’ExGDy, .
= Amax ’ 3 : given that ’ 3 — is symmetric
1 1

_ \ D; \G'’SxGD; ’
\ max )\1

DG vGDE DG vGDY
— )\max< AT 2X A’”) (given that )\max< AT 2T ) S 0 since

)\1 )\1

Dy .GExGDy, . .
’ 3 =~ is positive definite as shown in the proof of part (f) below
1
)\max i
< %Amax (D;}{G/GD):}{)
Amax (2 _

< )\max (D;iG/GD;,lQ) (% = 1 since )\1 = )\max (Zx))

b b 1

< C < oo (by the first result given above for part (a))

To show part (b), write

_1
MO0 Ty s/
D5 G'x, 0 A2 - : Ty Xx Txy _ Ty BXTxy/ Al
V>\1 B 0 : \/)\1
1 — _I'i—]. — —H—l_ K
0O --- 0 )\;(”*5) Txydix ThySx Oxy/A]
(64)
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so that

IN

IN

IN

IA A

2

D;’};G'ﬁxy
Vi,

K — =9—1_ 2
Z O-,Xyzg( OXy
M

g=1
_ 2
K 6/ 29+16 ) _ _
Z (% (since Tx, = Xx/3)
g=1

K )\1 2(9+1) ) N2 o _
Z (}\_1) (B'8)" A7 (since A = Apax (Zx))

2
. ¢/ ! ¢ 2
Li14 A
Z( At VA )

(since B =1L ( \/§§_> by Assumption 4—4(&))
A1l
)\1 ' 4 . !
IV Z ¢l (since L Ly = I,.)
M/ o

(¢")? Z |65 (since, by part (a) of Lemma D-3, there exists a constant
g=1

1 A
¢® > 1 such that 0 < — < )\—1 < " < oo for all N, T sufficiently large>
¢t A,

4
*\2 3
CONG (ggggﬂ\qﬁg\)
(¢)? K%' (given Assumption 4-4 (a))

C < oo (for some positive constant C' > (c*)? k')
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To show the first result of part (c), first write

(@g - G) D3l

(%, —7x, £58%, — Sxox,
ANE0 0
3
A ‘
X O !
' 0
(1
0 0 )\1( :)

It follows that

|(és-6) oz,

o,,(

(6 -6) o,

~S
Oxy —

2

F
1 _
Ap® [Jiy - UXy],
(k=1 ~ K—1 — !
A 2 Hzi] 5%, — S %Xy]

o] —~ K—1__ k=3
X ( [JXy 0-ij| /\/_ |:|:2§(_ Uiy - 2X UX?J] /)‘g ) ) }
. ~ Kk—1 . —r—1__ 2
EXy 2 n ZXUXy EXEXy ? i N [Zi] U?{y ZX OXxy
%o A T | |
(1-%) 2(N) T 1—g (1-%)
a(N) [InN] + 0, (max & (2\7) In N 7 ( ) [In N
A1 T | Al LT T
3 ¢(N) [InN a( In N
+--- 40, <max{ 32 [ T , T

(given Lemma C-9 and part (f) of Lemma B- 3)

2
O, (max{ %

g (N) (InN

T

o )1>i1
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so that

(o)

GS—G)D

2

¢o (N) lnN
A ’

a(N)
Y

Now, for the second result of part (c), write

(@S - G) D!

(@)
(@-¢);

n-1
D)VKDA,K/

L+ (Gs = G) DyL (DanDik — 1)

FnTNr(lg)}) |

It then follows from the first result of part (c) given above as well as the result given in part

(d) of Lemma D-9 that

(Gs-¢) i,
(és — G) D;}ﬁ )
(by the triangle inequality)
(ég — G) D;}i
(by the submultiplicative property of

IN

IN

#|(@s—6) i

,+]1(@s ) 3],

(DA,HZA);}Q - IH>

‘ 2

HDA,KJA); _ 1,

2
the spectral norm)

o feg ] )
+0, <max{cOA(iV> [lnTN]_ ag\ll\f) lnN 3(1-4) }) max Cifw
- 0, (max{%iwllnTN] a(;lv) {TN }
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To show the first result of part (d), note that, by making use of parts (d) and (e) of
Lemma B-3, we have

~ 2
-1 ) S 1—=
Dyl (G’Saxy e aXy)

VAL

)\—1 [AS/ ~S = = }
1 O-Xyo-Xy UXyUXy

-2 |51 35 =S = 3=
AL |0xy 2% 0y — Oxy2x0xy

2

~ K—1
—Kk | S S ~S S L
2

~81 ~8 — = 2 ~Sr is ~5 — i — 2
Oxy0xy — Oxy0 Xy Oxysx0xy — Oxy2X0Xy
A A2

1 1

2

-1
~S1|8S ~S - =1

2] o (S0 (5 ()

from which it follows that

D)T,Ilﬁ (A,Saiy - GlEX?J)
von

=0, | max

] R

Now, to show the second result of part (d), first write
D;t (A{gaiy - G’EXy> DyLDy. Dy (@gaiy . G’Exy>
N N 2y
(DriDas = 1) Dik (G55, — G'xy)  Dik (G, — G'oxy)

- o " o
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It then follows from the first result of part (d) given above as well as the result given in part
(d) of Lemma D-9 that

A*l Al ~S |—
VA
2

(it 1) 2 (0h, )| [ (08, )

= i ' I

(by triangle inequality) 2 :
< Beip D;! (@Saiy - G/E_Xy) N D;! (@{gaiy - G’E_Xy>
< Al = L N N

2 2
(by the submultiplicative property of the spectral norm)

- 0 {20527, (e 20 2] 0 ]

+0, | max

= 0O, | max

Now, to show the first result of part (e), note first that
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D;i@@iﬁ@sD;}C Dy lG'ExGD;!

)\1 )\l
D;1GE%GsDy ! — Dy LG'ExGD; L
— "
( 1 ~
A0 - 0 aféy
_3 . . ~S1 ZS
B 0 A\° Xy=X
L\ o o At [ eN, 2%
A2
< (55 5859 s T s 0
Oxy X0 xy X Xy .
0
([ 5}
A 0. 0 _,Efx_y
0 A°2 Oy y2ix
. 0 _ B
0 o A )\ 7y
\
1
_ = _ —=k—1__ 0
X(O'Xy ZXo'Xy ZX UXy) .
0

—2 | 81 AS ~S — O =

—(5+1) [~5r [Ss ] ~s = —
AL 0 Xy X% OXy_UXyEXUXy
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so that

D;1GS3GsDy L — Dy LG'ExGD; L

)\1 9
_ ||ParGsEsGsny, - DGO |
At -
. | )
= [ig}}ﬁk 55, — T, Tx Ty
=5 )\j1'+k+1

= O, [ max G (N) (InN 40 ra (M) (InN (1-2)
P A T "\ M T
(applying part (e) of Lemma B-3 and noting that x is a fixed positive integer)

It follows that

D;i@giiégD;i — Dy G'ExGD; !
A1
2
_ D;HG’SEiGsD;’i — D;iG'EXGD;i
A -
co(N) (InN = a(N) (InN 2(1-3)
- 0 2V === — . 65
D max )\1 ( T ) y )\1 < T ) ( )
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To show the second result of part (e), note that

ﬁ;i@gii@sﬁ;i D;LG'SxGD; L

)\1 >\1
. DG5S GeDY  DIlGSxGD; .
_ D_l Ak T SHX A\ K B Ak K D_1
AR )\1 )\1 A Kk
. Dy LG'SxGDyL Dy 1G'SxGD; L
+D):,1$D>\7K A, : A, D)\,m ):,1§ N 5 A,
1 1
. DILG.S5GsDY  DILGExGDL| /-
= (DakDaw = L+ 1) |22 D BT (DD, — L+ 1)
e A1 A1 e
. DIIG'YxGDTE . DILG'YxGDE
i (D;iDA,H g L-;) Ak )\X K <D;£D)\,n I+ IH> Y )\X W
9 1 ’ 1
N DILG'.S5GsDY  DILGExGDL| /-
_ (DiiDm _ L{) A TSEXSTSE Nk Pk X Ak <D;£D,\7,€ _ In>
b >\1 Al b
Dy.Gs¥3GsDy,. Dy .G'SxGDy, Bip. g
+ /\1 )\1 PW AW K
. (f)—lD ; ) D;}i@giiésD;}i D;lG'SxGD;L
Ak T 4k -
A )\1 )\1
. DnGsS5GsDy), Dy GExGD; )
A A1
. DG’ xGDTE - DILG'YvGDY
+ (D3 Do — 1) == o (DrkDas = L) + (DrkDaw — L) = o
1 1
DG’ GDYE
+ 2 /\f( 2 <D):rliD>\,f€ - ‘[KZ)

It follows by applying the submultiplicative property of spectral norm and the triangle in-
equality as well as part (a) of this lemma, the first result given in part (e) of this lemma,
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and the result given in part (d) of Lemma D-9 that

Hﬁii@fsiiésﬁii D;LG'SxGD; L

A Y ,
. DilG.SSGsDE DILG'SxGDL|| | -
S HDiiD)\,m_Li - )\ - = : A 7 ‘D)TiD)\ﬁ_[’i
b 2 1 1 ’ 2
2
DILGISSGsDY DILGSxGDL|| (-
i A TSEXTS Ak Pk X P HDX}QDAH s
)\1 )\1 ) ’ ’ 2
NB1pe 1 D GS5GsDy)  DynG'SxGDy,
AR " 2 )\1 )\1 5
N D;iégiiésl);i B D;;G’EXGD;; N Hﬁle 7 D;;GIEXGDA_,i
)\1 >\1 A Ah " 2 >\1 )
~ DG xGD! .
+Bripa. 1. H MEECDL | paap, i,
9 2 1 ’ 2
2
DI G’ExGD;t .
+ P )\X P HD;;D)\#; o L@
1 ) 2

1—gq
2

oo ) Do (09 )

+0, max{co)(\iv) l%1¥}> 0, [ max %-?U(M) T %Jl\f) (g)%(l—ﬂ

+0, | max

T 2
)T

+0, | max

+0, | max




oo (w52 5] )
COA(iV) lg]_ %JIV) (%)é(l_%)

= O, | max

Next, to show part (f), note first that D;;G’EXGD;; /A1 is clearly a symmetric matrix.
Moreover, the result of part (c¢) of Lemma B-3 further shows that there exists a positive
constant C, such that

| (D;iG/iXGD;;) .
min )\1 - *

for all N and T sufficiently large, so that D;j,bG’iXGD;ji /A1 is also positive definite and,
thus, non-singular for all N and T sufficiently large. Making use of these properties of the
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matrix DA_;G’EXGD;; /A1, we see that for N and T sufficiently large

(DA,}{G’EXGDA;> !

A
2

- — — -
_ DLGEGDL\ | (DrlaExGD\
max Al >\1

)\1 )\1

- — -1 — —1
_ |, (D;;G’ZXGD;}{> ] (D;;G’ZXGD;}{>
- max
(since we can interchange the transposition and the inverse operations)

DiLGSxGD L\ [ DRAGEXGD
- max Al Al

( . Dy .G'SxGDy,
since ’ ’
A

is a symmetric matrix)

\ (D;iG/EXGD;i> -

i '

2
1
O\ W (DA’},UG@XGDA,}C/M»
1
Amin (D3 xG'ExGD;y /A1)

1 ) R _
< . (glven that Apin (D/\;G'ZXGDA;/M) > C'*)
< oo (since C\ > 0) (66)
Next, define

- DnGsSGsDy) Dy G'ExGD;)
B A1 A1

E#
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and note that by applying the result given in expression (66) above as well as the second
result given in part (e) of this lemma, we see that

(o))
2

A1
1
< L),
Co(N) In N % a,(N) In N %(1_%)
- 0(1)0, max{)\—l[T] , T<T> }
= 0,(1) (by Assumption 6-3). (67)

It follows from the inequality given in part (b) of Lemma B-1 and the results given in
expressions (66) and (67) above that

DylGLS5GsDL\ T [ DriGTAGDL)
>\1 a >\1
DyLGEXGDM\
A
2

DIlG'SxGDyL GZXGD AN
x 11— ( A N /\’) #H2 ( = HE#H2

2
-1

2

IN

= 0()|1-0, | max

3’
~
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Turning our attention now to part (g), note first that

DG E5Gs Dyt . 1 DD}, Dyl D;lG'TxGDy!

)\1 /):11} )\1 Al
D nGeE3GsD; ) — Dy LGS GD; 1 DyD3,.Dyt
At /):11) A
 DuGsSGsDy ) — DOGSXGDy, 1 D3 Dy
At /):T A

(since D), and D, , are diagonal matrices) .

Now, by the result given above in expression (65) in the proof of part (e) of this lemma, we
have

D;1GE5GsDy ! — DY G'ExGDy !
o~~~ >\1 2
_ D;Gs¥3.GsDy . — Dy .G'SxGD;
< ™ )
_ 0, (max M(M)l—* M<M>%H>
P A1 T ’ A T

Moreover, by applying the result given in part (c) of Lemma D-9, we have, for any fixed real

number v > 0
1 1
o(x)o(x)

1
= o (5)

1 ~

2 -2
’\_'UD)\,KD)\,K
1

2

122



It follows that

D LGE5GsD; L 1 Di1D3,.DyL  DyLG'SxGD;l
A1 ™ A1 A1 )
- DG5S GsDy) D G'SxGD; ) 1 DD Dsn
o A1 A ) )\11) A )
_ D; ,.GsXxGsDy . — Dy ,G'SxGD; R R
B )\1 >\1 N AR AR
1 2
1—g 1 171)
co(N) (InN\ 2 a(N) (InN 3(1-3 1
= = —— 0, (—=
Or |4 7, ( ) " T ECAVE
0 co(N) (InN =N a(N) (InN 5(1-8)
= a. B —— _— [
P TN T VoA T DY

Finally, to show part (h), first define

o D;lGLE%GsDy 1 DyLD3, Dyl  D;lG'TxGDy!
= N ISV - N

Next, recall that from expression (66) given in the proof of part (f) of this lemma, we have
that there exists a constant C, > 0 such that

(D@G/iﬁl)@) o

)\ < ol < oo for all N and T sufficiently large.
1 *

2
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Making use of this result and following arguments similar to that given in the proof of part
(g) above, we see that

(DA}ﬂG'iXGDA;>1 .

A
2

-1
< ( ) £l
2
-1 A~y S ~ —
B GZXGDM D; .GsXxGsDy . N 1 Dy,D3,.D5,.  Dy.G'ExGDy,
A x M M )
2
1 [ D;}iagziéspgi Dy GSxGD; ) 1 DD3,.D5 )
e M A . N A )
1 | DanGsS5GsDyy  DyGExGD; ) L1l s o
C. A At o A

- oo (ot @fﬂ s <> oo}

= 0O, | max
= o0,(1) for ¢ € [0,1) and for any fixed real number v > 0. (68)
It follows that

DLGEXGDM o
A1

2
|| ParGExGDy - (D{LGLS5GsD; ) +iD;£f)§ﬁDﬁ D;LG'SxGD;
" " Y N

2
< lw.pa.lasN,T — oo.

so that part (d) of Lemma B-1 implies that

DinGsS3GsD | 1 DR Da,
A S

1
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is nonsingular w.p.a.1 as N, T — oo. Now, applying the last inequality given in part (d) of
Lemma B-1 as well as the results given in expressions (66) and (68) above, we further obtain

DiiééiiésDii
A1

1 DyLD2, Db\
+ /\_’U7—H —
A A

IN

D@G’EXGDﬁ) -

*

|(pramxaniim” B

A
2

At

(ny?EXGD

1\ 1
A K
2

1= |[(DAAGExGD LA

IN

O1)0p

max

l\Jl)—'

2

co (N)
A

a(N)
M

max

In N\ =
T b

)"

E’*

) )"

)\'U—|—1

1

Xf“ O

Lemma B-5: Under Assumptions 4-1, 4-2, and 4-4; the following statements hold.

(a)
Dy LGy [L1A Ly + Lo, L] B

5)
A1 VA1
where
N0 o 2635
D _ 0 A7 w. — )\126252/)‘
ANE . y W )
L 0 2 2 /12
0 0 )\’1“5 ALH¢/{/)\1
1 1 1 1
vl e At A
1A /M AL/ Al 1/” '
Gw = ([LlélL/1+L2A2L/2]5 [L1A1L1+L2é2[/2]25

<Al,1> Dy.Goxy ( 1

-V Wyl = ~

M vV , A\
where X

G = ( EXy ZXng Z);(_ EXy )
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- Z’M¢ )

[L1A L) + Lao L5 B )



—GD! — LD = — .
V )‘1G N O(Al)
2

where
3171¢1/)\1 0 e 0
N 0 A A
D¢«\ _ . _1,2'¢2/ 1
: . " 0
0 e 0 Al,nqsn/)\l
(d)

Al 1 D;,leGEXGD;}e -1 1
> ) ) _ ’D — .
(5] 25 w0 (5)

2

where V is the Vandermonde matrix defined in part (a) above and where

Aagi/A 0 0
Dy = 0 AL¢3/A
’ 2 . 0
0 00 AR/
Proof of Lemma B-5:
To show part (a), note first that
(31,1) D;,iG%V [L1A L] + LAy L] B
T
)\1 )\12
AP0 0 B (L1 AL + LaBg L)
e DAL+ LA L | (L I + L2 4] 6
M 0 : ¥
o td |\ A AL+ ALy
1

0
B LA Ly + LAy LY B/ A
B

DAL+ Ly L) B/ (69)

B [LiA L + Loy LY B/Ar
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Next, note that, for finite positive integer k, we have, as shown in the proof of part (c) of

Lemma B-3,
(ALl) B'[L1A L] + LA, L’ Z
A1 P )\]f p
from which we further obtain
K 2 12 /4\2
6/ [LlélLll + LQAQLIQ]Q 5/)\1 Z%_l Angbg/)\l
'[LiA L, + LyA, LY B2 > >\3¢2/)\3
311 5[1_1 1 L2By 2] 5/1 _1%lg7g/ M1
1 :
6/ [Lléll/l + L2é2Ll2]K+1 6//\’£v ZH Xﬂ_lqﬁ //\/-H—l

Making use of expression (70), we see that, by straightforward calculation,

(Am) D;,};GW [L1A L)+ LaAy L] 8
A \2
1

Yo AN
7% )\3 2 )\3
Zg:l —l,g¢g/ 1

“ 4.-1 2 +1
>, A /A

k 2 12 /42
1 0 e 0 Z%:l Al,g¢g/)\1
oo : Zgzlai’,gcbﬁ/kf
: 0 :
—(k—1) K /<;
o --- 0 )\1 Zg )\ +1¢ /)\2
1 0 - 0 1 1 - 1 )\zlgbl/)\z
B 0 )\fl : 31,1 Al,z Al,l{ >\12¢2//\
: 0 PooE e
0 o0 AT LN A e AR Aimi/A%
= Vw
-— X

where w, = (A2 02 /A%, M2 ,05/A%, .., M2, 62 /A3 .
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To show part (b), note first that, by making use of expression (64) given in the proof of
Lemma B-4 part (b) and expression (69) in part (a) above, we have

(31,1) D;,iGIEXy
A1 VA1
(Am) Dy, G'Tx, B (AL1> Dy Gy [LLA LY + LyAy L) B

—Vw

)\1 )\1% /\1 )\1%
(since (A;1/M) Dy Gy [LiA Ly + LyAy L] 8 = V'w,, by the result given in part (a))
Tyxy/ M B'[LiA L + LDy LYJ B/ A
(A | T /A | AN | B DAL+ LBy L] B/AT
n A1 : Al :
T, Txy/ N B[ L+ LAy Ly B/0F
2 / / /
BExB/M LA + Lol L) B/
A ORI A "LIA L+ LyAy LY B3 _
_ 21,1 5 Xﬁ/ 1 [ A1 5 [ 12141 ' 222 2] 5/ 1 (Since EXy _ 2){5)
A : M :
BEE B/ B [LA L) + Lolo L™ B/
BTk — (LA L] + LaAg )| B/M
/| =3 ! /
(A B |Sx = (LA L] + Lol L) | B/AT
- (5 :
855 — (AL + L)) /%

Moreover, let C; > max{1,C5} where C, is the positive constant given in part (b) of
Assumption 4-2. Then, by a similar proof as that given for part (b) of Lemma B-3, we can
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show that, for any fixed integer j > 2

IN

IN

IN

A |8 (B = AL + Laf, 1P ) 5
N

B (LA + LaBo L+ Sx — (LA L + LaBy L)) — (LA, I + LAy L)) 6

Aq
M N
M) 1 &) = ' NIL / 1115 || 112
)\_ R Z |Xx — (L1A Ly + LoDy LY) ||, 1L A Ly + LoA, Ly |15 (1815
1 =1
AL Sx = (LA + LB L) || 1L Iy + Lo L1 || 0
L1 Z — Ly
)\ — A1 2 X VALL

||LIA1L/1 + Loy Lyl

N L1935 (since ¥, = Xy — (L1A L] + LoyA,LY))

HLlA L+ LoD Lyl "
A
1

IL16|I2

I AN ¢
[¢* max {1, Cy})’ ; (6) ' )\—u
(since Assumption 4-2(b) and Lemma D-3(a) imply that there exist constants ¢* > 1 and Cy > 0 su

|L1A L} + LoAyLh [, = Amax {EW} = max {ALI’AM} < ¢*max {1,Cy} A\ for all N, T sufficiently
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IL1o]l5 (for some constant Cy > ¢*max {1,C5})
2

A
S,
HM“

()HM
SO

2
such that ¢ > max |¢,| so that kt* > & (max |2, }) > ||¢lly = ¢'Ly Lo = HLmﬁH%)

1<g<k

A
Q
|

(since, by Assumption 4-4 (a), there exists a constant ¢

2

— \/
Yu —
= 2/102 Z ( ) <#> (by symmetry and positive semidefiniteness of >3,

we have that [ Sl = /A (Z50) =/ Par (F0)] = Arnas (iu))

J . =

— C
C’é/{EQ E (‘2) ()\—> (since Assumption 4-1 and Lemma D-2 together imply that

=1 1

IA

there exists a constant C' > 0 such that A\yax (fu) <(C <o )
¢

= 0 (}%) ( given that (%) < <i) for all £ > 1 since /\21 =o0(1)

j .
and given that j is a finite positive integer so that Z (‘;) is finite ) ,
=1

from which we see that

‘ (Al,l) /\EG/UX:L/ _sz¢
A PY: 2

K+1 <A1,1> 5/ |:§‘.7X — (LlélLll + LQQQL/Q)J] 6

-5

2

2

= A A
+1 j < \\‘]?
< by
S Z J EQZ()( max( u))
=2
=\ 2
—2Kk+2 3_4 2 C .
< C, [k + 112 [(k + 1)]] <)\—) for all N and T sufficiently large
1

- o3)
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It follows that

(Am > D;,fleG,EXy

1
- =0
‘ M (A>

Turning our attention to part (c), note first that, by straightforward calculation

!
—V'w,

2

M2 0 0
. N 0 A*
= )\_1<0Xy EXaXy EX UXy) . O
0 0 )\17(”75)
Al,l — 3 —=k—1 1
= A—l(EXy/)‘l YXxOxy/ AL S Txy/A )
= VA (SxB SR SR/ ) (sinee T, = D) (71)
and
)‘11
——GwD;!
)\1 WAk
A
= %11( [LiA Ly + LoloLy] B [LaA Ly + Loy Ly)* 8 [LiA Ly + LoDy LY B )
ATE0 0
JoooaE
. 0
0 0 Al‘(”_z)

= /A1 ( [LiA L + Lo, LY B/ M [L1A Ly 4 oA, LY B/AT )

It follows immediately from expressions (71) and (72) that

A /A
=1GD; L - %GWD;;
1 1

1 (Bx = (LA L + LA L) B/ N - [Sx —

I
[>
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Now, again let Cy > max{1,C5} where C, is the positive constant given in part (b) of
Assumption 4-2; and, for any fixed integer 1 < j < k, we have

(LA L+ LA, L) )5

A
it

([L1A1L1 + Loy Ly + Sx — (LA LY + L2é2L'2ﬂj — [L1A L)+ L2é2L'2]j) 5}

2

- A '
: N
2
A1,1 4 I\ 1= ' ANIE ' 1y1i—*
< )\j / HEX - (LlélLl + L2A2L2)H2 ||Llé1L1 + L2A2L2||2 ||5||2
ei
e () | B (T L LaB L) || LAl L+ LoD Ll 6
= )\1 1 Z \ j—L L3
— 1 2 A Ao,
N2y LiA L+ Lo, L4157 - -
= =) (iz) H S A = I IL1gll, (since T, = Sy — (LA L} + LoA, L))
Al1 e=1 tilz M
< [¢"max{1,C5}] Z A5
=1 2
(since Assumption 4-2(b) and Lemma D-3(a) imply that there exist constants ¢* > 1 and Cy > 0 su
| L1A L} + LoAy Ll = Amax {iw} = max {)\1 1,29 1} < *max {1,Cy} A for all N, T sufficiently 1:
j l
< Z ( ) H— |L1¢||, (for some constant C > ¢* max {1, C5})
=1
< NI
< G Z (g) ‘ \ (Since | L19[, = \/ ¢'LiLip=+/¢'¢ =, and
=1
since 6'{ > Uj for 1 §j < k given that Cy > 1)
< 65\/_ KC ( ) H 3 ( since, by Assumption 4-4 (a), there exists a constant ¢
1

2

2
such that ¢ > max |¢,| so that v/kc > \//ﬁ (gfgxn }gbg‘) o112 = ||,

; N
K 4 ] )\max Zu —
=  (O,y/Kc Z ( £> <%) (by symmetry and positive semidefiniteness of %,

so that HZ H2 M max \/ max u max _u >

< C \/ECZ (6) <)\£1) (smce Amax 513 < C < o for some constant C' > 0
(=1

by Assumption 4-1 and Lemma D-2)



63\/EE (%) Z (é) for all N and T sufficiently large

/=1

IN

14

<since A1, — 00 SO ()\g) < (%) for integer ¢ such that 1 </ <7 < /1)
1 1

IN

Cy/rk (k) <)\£) (given that j < k)

o)

Making use of this result, we see that

2
/A /A /A
H S2GDy — ([ 5GwDy| < ' = [GD5 — GwDy]
1 1 1
2
A

= St {(GD5) - GwDsl) (GD5L - GwDsl) |
M\ : 7 , ,

2

F

. . 2
w || (Fh — (AL + LBy LY ) B

Ag
=2 N

Jj=1

2

_ 0(1)0(1

F) (given that  is a fixed finite integer and
1

A
given that % = O (1) by the result of Lemma D—3(a)>

1
1
of3)
AT
from which it follows that

[Adig o [A1q _ 1
s D 1 ) D 1 — ).
)\1 G AR )\1 GW A K o )\1 (73)
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Moreover, note that, from expression (72), we see that

2L G D
A1

_ %1( LA L+ LBy L) BN o [LALLG + Loy L) B/X)

- AA—( LI+ L2 lf) (L) (0/201) -+ (aaZh + Lafali)" (LN ) (0/01) )

= (LA L+ L2A JLh| Ligp/ Ay -+ [LiAFLL + LoASLy| Lig /AT )
(smce (LA L] + LA, L'] = LA LY + LyALL, for positive integer j)
= (LiA¢/M LiATg/A] -+ LiAfo/A})
_1,1¢1/)\1 )‘i 1¢1/)‘z o A'f,lﬁbl/)‘lf
_ Aip®a/ A1 A 2¢2/>\ o AT /AT
= Iy . .
Al,mqsn/)\l )\%,ngbn/)\% T A’f,l{¢f{/)\’f
A id1/M 0 0 11 1 . 1
_ L 0 A1a®a/M : L No/M A%,z/)\% A'fgl/)‘lfil
: 0 : : 2 142 1 1
0 e 0 A b/ M LAy e/M AT /AT e AT /)‘H
= LlD;)\V
where
Aa¢1/ M 0 0
N 0 A A :
Dy, = ' _172?2/ 1 ,
: . . 0
0 0 A udu/M
1 1 1 e 1
o e
LA /A AL /AT - AT
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Hence, the result given in expression (73) can be restated as

“—’GDil—LD* Vi =0 — .
)\1 AR 16 N ()\1)
2

Finally, to show part (d), note first that V' D,V is clearly a symmetric matrix. Moreover,
the result of part (c¢) of Lemma B-3 further shows that there exists a positive constant C
such that

Amin (V' Dy V) > Cy >0

for all N and 7T sufficiently large, so that V'D, V. is also positive definite and, thus, non-
singular for all N and T sufficiently large. Making use of these properties of the matrix
% D, ,\V, we see that for N and T sufficiently large

@Dy

2

- e{lwrwrTwo.n)

_ \/ M { (VD V)] (VD a 1)}

(since we can interchange the transposition and the inverse operations)

(since V'D,,V is a symmetric matrix)

S o e
- \/ ( Amin (K}sz) ) |

1
)\min (K/D¢,/\K) .

1
< Yol (given that Apin (V' Dy, V) > C.)

< 00 (since Cy\ > 0)

Next, define

-1y —1
Ei — (Al,l) D/\,HG EXGD)\,H . K,Dq}’)\z

A1 A1
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and applying the result of part (¢) of Lemma B-3, we have

|wpow) B < | ey 124,
1 ||/ A1\ DinG'ExGDy )
=T (Al) A _KDWZQ
1
_ 0(1)0(7)

= o(L) o

Also, by expression (62) given in the proof of part (c) of Lemma B-3, we have that (A, ; /A1) D;;G’ P XGD;;,
is positive definite for all N and T sufficiently large. Finally, applying the last inequality
given in part (d) of Lemma B-1, we further deduce that

A1 DG S G
([—;;11 K )\f( /\,n> _ (K/Dqﬁ,)\z)il

H (V' Dy V)~ EF 2

2

T [wpor ]
2

IN

(V'Dy V)™

N R !

IN

Cy1— H(K’Dwz)’l EiH
2
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Appendix C: Lemmas Used for Proving the Consistency
of the Generalized Thresholding Estimators for ¥y and

O Xy

Lemma C-1 Let (Z;)
be defined by

+cz be a sequence of centered real valued random variables and let V

V = sup sup {Vaﬂ“ (s (Z:)) +2) [Cov (s (Zs) ,¥ous (Zt))|}

M>0 s>0 t>s

where

bar (2) = (@ A M)V (=M).

Assume the following three conditions

1. For some constants v, € (0,400) and b; € (0,+00), the following tail condition is
satisfied: for any positive s,

supP(Z] > 5) < exp {1 - (b—)} —H(s).

teZ

2. Define F! =0 (..., Xy—0, Xo1, Xy) and FpX,, = 0 (Xt Xetmrt, Xegms2, -...). Sup-
pose that there exist positive constants 75, @ > 1, and ¢ such that

a(m) =supa (F' o, F3) < aexp (—em™) for any m > 1
t

where
o (Flog, Fiom) = sup |P(GNH)— P(G)P(H).
GeF!  HEF,,
3. Let
) 1 1 1
~v < 1 where 7 is defined by — = — + —.
T T 72

Under these conditions, V is a finite positive constant (which we can denote by rewriting
V =C3), and, for any T' > 4, there exist (in addition to C3) positive constants C, Cy, , Cy,and
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(s depending on a, b, ¢, v and 7, such that, for any positive z,

P (sup |St| > z) = P (sup > z)
t<T t<T

T 27 22

eXp § ——— ¢+ exp q —

Xp{ 01} Xp{ 02(1+T03)}
+ exp {__C4T exp (—05 0 2)7) } .
Proof of Lemma C-1: This is essentially Theorem 1 of Merlevede, Peligrad, and Rio
(2011). The original Bernstein-type inequality given in Theorem 1 of Merlevede, Peligrad,
and Rio (2011) applies when the underlying process is either 7-mixing or a-mixing. We have
stated the result above only for the case of a-mixing because a-mixing seems to be more

commonly used. For a proof of this result, see the proof of Theorem 1 given in Merlevede,
Peligrad, and Rio (2011).

Lemma C-2: Suppose that Assumptions 4-3 and 4-4 hold, and let v, and b; be the
positive constants defined in part (a) of Assumption 4-3. Then, for some constant by >

2(1+1In 2)711 by > 0 such that for all s > 0, for any integer 7 such that 1 < ¢ < N, and for
all t € Z; the following statement is true:

P il = <ol (2) Vool (1))

for some positive constant C' > exp {1}.

t

Zs
1

S=

IN

Proof of Lemma C-2: To proceed, first let e; y denote an N x 1 elementary vector with
its i component equal to 1 and all other components equal to 0, and note that ||e; v ||, = 1.
Hence, in this case, we can represent w; = uje; v = u;é by setting 0 = e; . It follows then,
by part (a) of Assumption 4-3, there exist constants 7, > 0 and b; > 0, such that Vs > 0,
for all integer ¢ such that 1 <7 < N, and for all t € Z

P (|Xit — ,uxﬁ-} > S) = P(|Wi +ui| > s)
(Wil + | > 5

(e
o

S S
|Wzt’ > 5) + P (]u“g| > 5)
s 71 s 71
1- (= 1- (=
ot (g;) pren-(3)
s 71
= 26Xp{1—(2—bl> }
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Moreover, since, by definition, by > 2 (1 + In 2)% by, it follows that

2 1
— > (14+1In2 > ]
op, = L Fm2)m =

This, in turn, implies that when s > by

P (‘Xit — uX7i‘ > s)

IN

P(|I/Vlt+ult| > S)

)
ot (5) (35)
2eXp{1 - (b% (1 +ln2)%>%}

b 1
(given that i > (1+1n2)n >

1

2eXp{1 - (é): (1 +1n2i}
() ()
- ()

ot () )
o {1-(5) )

C’exp{ (bi) } (since T > exp {1}) .

—In 2} (since bi > 1 and v; > O>

2

[\

On the other hand, when 0 < s < by

P(‘Xit_,UX,i‘>$) < 1§exp{1_<i> }
5
bs

- e len |- 2 )’}

< ﬁexp{_ (bz) } (since T > exp{1}).

Combining the two cases, we obtain the desired result. [J
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Lemma C-3: Suppose that Assumptions 4-3 and 4-4 hold, and let v, and b, be the positive
constants defined, respectively, in part (a) of Assumption 4-3 and in Lemma C-2. Then, for

r = v,/2 > 0, for some constant b > (1 + In 2)% b2 > 0, and for all s > 0; the following
statements are true.

(a) For integers ¢ and j such that 1 <i,j < N and for all t € Z

S

P (‘ (Xit - MX,z') (th - ,LLX,j)‘ > 5) < exp {1 - (%) } < Cexp {— (g) } .
where C' is a positive constant such that C' > exp {1}.

(b) Let h > 1 be a fixed finite integer. For any integer i such that 1 < ¢ < N and for all
teZ

P (}(Xit - Mx,i) 5t+h} > s5) < exp{l - <%)T} :

(c) There exists a positive constant C' > exp {1} such that, for any integer i with 1 <i < N
and for all t € Z,

P(‘(Xit—#x,i) Wt/5| >3) = P (|(Wi +uy) W/B| > s5)
wli-())
Cen{=(3) }-

(d) There exists a positive constant C' > exp {1} such that, for any integer i with 1 <i < N
and for all ¢t € Z,

P (|(Xa — pxq) wf| > s)

IN

IN

P (|(Wa + u) uig] > )

< i (7))

< Texp{=(3) }, where 3= 8/1|8]l,-

Proof of Lemma C-3: To show part (a), note that, by the result given in Lemma C-2,
there exist constants v, > 0 and by > 0, such that Vs > 0, for any integers i and j with
1<i4,5 <N, and for all t € Z,

(il =9 o1 (2) Y <Tem{ - (1)),
sl 2o (2) eoen(- ()}
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Similar to the proof of Lemma A.2 of Fan, Liao, and Mincheva (2011), it follows that, for
any s > 0, for all ¢t € Z, and for any integers ¢ and j such that 1 <i,j < N,

P (| (Xie = pixs) (Xt = i) | > 9)
= P ({| Xt — pal [ X5e = px | > s} 0 {[XGe = px | < V/s})
+P ({|Xit = x| [ Xge = x| > 83 0 {|Xge — x| > Vs})
P (Vs | Xie = pux| > ) + P ({|Xie = x| [ Xge = x| > 83 0 {]Xge = x| > Vs})
P (}Xit _MX,i‘ > \/5) + P (‘th — MX,j‘ > \/g)

ol (£) oo ()
- o= ()

Moreover, since, by definition, b > (1 + In 2)% b2, it follows that

IA TN

IN

Do iemaE 1
b2
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This, in turn, implies that when s > b

P (|(Xat = pxa) (Xie = b )| > 8) < 2exp

(glve thatb—l)%2(1+1n2)_ >
— 2exp 1—(%)121(1+1n2)}
= 200{1-(3)* - (§) 2]
< 2o0{1- (5)7 ~m2} (since § > 1ana > 0)
o1 )]
= o1 (5)) (o= %)
< 6exp{— (%)T} (since C > exp {1})

On the other hand, when 0 < s < b

P (|(Xie = nx) (Xit = )| > ) < 1<ep {1 (
= exp{l}exp{—

< Cexp {— (%)r} (since C' > exp {1}),

which shows part (a).
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Next, to show part (b), note that, for any s > 0, for any integer ¢ such that 1 <i < N,
and for all t € Z

P (} (Xit - Nx,i) €t+h| > S)
= P ({|Xit — pxi| leern] > s} 0 {|ersnl < Vs})
+P ({| Xt — x| lecrnl > s} 0 {levin] > V/s})
(given that {|esin| < V/s} N {|ern| > s} = @ in this case)

< P (\/E}Xit - MX,Z“ >s)+ P ({}Xit - Mx,z" lerin] > s} N {|eren] > V/s})

< P (|Xi — pix| > Vs) + P (lesrn] > V)

< exp {1 - (bij)%} + exp {1 - <\b/_1§>%} (by Lemma C-2 and part (a) of Assumption 4-3)
< exp {1 — (bij)yl} + exp {1 — <b£j>%} (since by > by)

- semfe-(£))

When s > b, the inequality

b irmaE 1
b3
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further implies that

P (‘ (Xt — 11x,4) 5t+h‘ >s) < 2exp

IN

2exp{1 —

H —ln2} <since % > 1 and % > O)

(by setting r = %)

}
Cexp {— (%)T} (since C' > exp {1})

On the other hand, when 0 < s < b, we have

IN

S

P(|(Xu—px) el >9) < 1<ew{1-(3)}

S\ T
~ cotnen{-()
= Cexp {— (%)r} (since C' > exp {1}).
Next, to show part (c), note that. by part (b) of Assumption 4-4 and by the result given

in Lemma C-2, there exist constants v; > 0, b > 0, and by > 0 such that for any s > 0, for
all t € Z, and for any integer ¢« with 1 < < N,

71
P (|Xit - :uX,i} > 5) =P ([Wi+uyl >s) < exp{l — (i) }
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and

P(WiB > 5) < exp{1 - (b—)}

Hence, for any s > 0, for all ¢t € Z, and for any integer ¢ such that 1 <i < N,
P (|(Xit = px ;) WiB| > s)

P ({|Xis = x| [WiB] > s} 0 {IW]B] < /s})

+P ({[Xie = x| W8] > s} 0 {WiB] > v/5})

< P (Vs |Xu—pxi| > ) + P ({| Xt — px| WEB| > s} 0 { W3] > /s})
< P (|Xz’t _,uX,i‘ > \/5) + P (|Wt,6| > \/g)
71 71

< ool () freofi- (37) )

2 1

Y1
el (2))
2
given that
2% > (1+ 1n2)711 > 1 implying that by > b;.
1

Moreover, by definition, the positive constant b satisfies the inequality

Do emo)F >0
b3
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This, in turn, implies that when s > b

P(‘(Xit_ﬂx,i)m/{ﬁ|>5) < 2exp

IN

Qexp{l —

(1+ln2)}

()7 wa)

2 —1n2} (since % > 1 and % > 0)

(by setting r = %)

J
el {_ (%)T} (since C' > exp {1})

On the other hand, when 0 < s < b

IA
Q
[©]
v

o

P(|(Xu =) WA > ) < 1<ep{1—(2))

- comen-(]
= Cexp {— <§>r} (since C' > exp {1})
which shows part (c).

Finally, to show part (d), again note that, by the result of Lemma C-2, there exist
constants v; > 0 and by > 0, such that for any s > 0, for all ¢ € Z, and for any integer @

with 1 <7 < N,
71
P(‘Xz’t—/ix,i’ > s) < exp{l — <bi> }
2
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Moreover, by definition, 8 = 3/||3||, so that H@HQ =16l / IBlly = 1. It, thus, follows by
part (a) of Assumption 4-3 that there exist constants y; > 0 and b; > 0, such that for any
s > 0 and for all ¢ € Z,

P (|ujg] > s) < exp{1 - (i)%}-

Hence, for any s > 0, for all t € Z, and for any integer 7 such that 1 <7 < N; we have

IAINA I

IN

IN

given that

P (| (Xit = px ;) wB| > s)

P ({[ X = px| || > s} 0 {[uiB] < Vs})

+P ({1 X = | [iB] > s} 0 {|uiB| > V/s})

P (Vs | X = px| > 5) + P ({|Xie = x| [ 8] > s} 0 {|uip| > v/5})
P (|Xit = px,| > v/s) + P (juig] > V5)

ol (£) o= ()
o= ()

b 1
ﬁ > (1+1n2) o > 1 implying that by > b;.
1

Moreover, as mentioned previously, by definition, the positive constant b satisfies the in-

equality

s ismaE L
b?
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This, in turn, implies that when s > b

P (‘(Xit — lxi) U;ﬁ| >s) < 2exp

IN

Qexp{l —

H —1n2} (since % > 1 and % > 0)

(by setting r = %)

J
ol {_ (%)T} (since C' > exp {1})

On the other hand, when 0 < s < b

IA
Q
@
v

o

P(}(Xit — lix) “z,tﬁ‘ >s) < 1< exp{l - (§>T}

- comen-(]
= Cexp {— (g)r} (since C' > exp {1})
which shows part (d). O

Lemma C-4 extends Lemma A.3 part (i) of Fan, Liao, and Mincheva (2011) to the case where
the underlying process may not be strictly stationary, in particular, to the case where the
covariance matrix of X; may be time-varying.
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Lemma C-4. Suppose that Assumption 4-3 holds. Let

Y172
Yo = T 5
Y1+ 27,

where v, and 7, are the positive constants defined in Assumption 4-3 and suppose that

2
(In N) 7~

i — 0as N, T — oo.

Under these conditions, there exists a constant By; > 0 that does not depend on N and T
such that

Th

1 —
P (s, i 320 0= (5= )~

where Tj, =T — h and where
- = . ok -
Yx, i) = T ZE [(Xit — ,uXJ) (th — ,uXJ)} is the (7,7)" element of ¥ .
t=1

Proof of Lemma C-4:
To proceed, first write

1 &

?h Z (Xz‘t - Mx,i) (th - MXJ) - i’@(m‘)

= Tiht_zhl (X — pxs) (Xje — pxy) — B [(Xae — pxa) (Xje — px )]

from which it follows trivally that the elements of the sum given above all have expectation
equal to zero, i.e.,

B { (Xz‘t - 'uXﬂ?) (th - 'uXJ) - E [(Xz‘t - 'uXJ) (th - Nx,j)} }
E [(Xit - Hx,i) (th - '“XJ)] - B [(Xz’t - F‘X@) (th - Hx,j)]
=0

Next, note that the result given in part (a) of Lemma C-3 shows that, for any s > 0, for all
integers ¢ and j such that 1 < 1,5 < N and for all ¢t € Z, there exists a positive constant
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C > exp {1} such that

P ([(Xit = ix) (X = pxg)| > s) < eXp{l B (%)r}

< con{-(3)}

where 7 =,/2>0and b > (1 +1n 2)% b2 > 0 and where 7, and b, are positive constants
as defined, respectively, in Assumption 4-3 and in Lemma C-2. Note also that

1 +2 2 1 1 1
2

Vo= = — =
Y1+ 27, Vs Y172 Y1 Y2 T

where 7, is a positive constant defined in part (b) of Assumption 4-3. In addition, note that
under Assumption 4-3

0<n, = Y172 < Y172 —y <.

Y1t+27% it

Moreover, let Z;;; = (Xit — MX,z) (th — /JXJ) = (Wi +ui) Wi +uj), and let V, =
(e, W], 1) be as defined in part (b) of Assumption 4-3. Note that f},i,j—oo =0 (s Ziji—2,Zija1,Zijt) C
Flo =0 (s Vie, Vier, Vi) and F2 oy = 0 (Zigurms Zigasmsts Zijasmazs ) © Foom =
0 (Viem, Viems1, Viemao, ....). Hence, it follows by part (b) of Assumption 4-3 and The-
orem 14.1 of Davidson (1994) that {Z;;:},., is an a-mixing process with a coefficient

az;;(m) = sup, a (f}7i7j_oo, fgfi7j7t+m) satisfying the rate of decay

Qzij (m) = sgpa ("Tg,i,j—om g?i,j,t—&-m)
< supa (FL e, Fiom)

< aexp(—em??) for all m > 1; for all ¢, j;

and for some positive constants 7,, a and c.

Hence, all the assumptions needed to apply the Bernstein inequality for weakly dependent
processes, originally obtained by Merlevede, Peligrad, and Rio (2011) and restated here as
Lemma C-1, are fulfilled®. It then follows from applying the Bernstein inequality, that there
exist constants C, Cy, C3,Cy and Cs depending on a, b, ¢, 7, and 7, (where a and ¢ are
positive constants defined in part (b) of Assumption 4-3) such that, for all integers ¢ and j

6 A proof of this inequality is given in Merlevéde, Peligrad, and Rio (2011). See the proof of Theorem 1
in that paper.
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with 1 <1,7 < N,

1 -
P ( T > (X = i) (X0 = i) — S
t=1

>Th8>

(Th8>7* T Ths (Ths)%(l—%)
T; —
heXp{ o, e 02(1+Th03 TP T e T P G e

Applying Bonferroni’s inequality, we further obtain

= P ( zh: [(Xit —HX,i) (X “XJ) EX (4.7)

t=1

IN

Th

1 —

T, Z [(Xie = 1) (Xje = 1) = Bxgi)
t=1
Ty

1 _
T > (Xt = pxa) (X = i) = Sxio))

P | max
1<i,j<N

< N? max P(

- 1<i,j<N

For some Bi; > 0, let
InN

S = Bll Th

and, note that, by assumption, (In N)%_l = o (T). By choosing Bi; to be large enough, we
can obtain the following three results, which we will show in turn:

(Ths)’h B’Y* % % 1
N2T}, exp {— c = N?T), exp O“ T,> (InN) )
) - (Th8)2 (Ths)%(lfm) B L
N exp { CuT, P { Cs (I [Ths))™ [ [~ 2\ 2

2.2 2
ROy S . . L )
G+ 10y a(fec)f N

(i)

(i)

(iii)
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To show result (i), first write

(Th,s)" Bj;, . (InN\F
N4T), exp{— c = N*T,expi — 0111 Ty o

B’Y* Y N
- T (mzv)”v}

1

= N*T,exp

Taking the log transformation, we have

T Vx B’y* % Dk
In {N4TheXp{—( 1) H =4InN+InT), — (;1 T7 (InN)>
1 1
Since T
hn—}lw — 0 (given that -, > 0)
7,2 (InN)=2
and since
12k D 2 1 WT*
T owm) )
ThT Th T
In N)7= !
(given the assumption (In V) — 0 and given that
! ! lasT i h is a fixed finite int
—_ = — —
.- T T as 00, since h is a fixed finite integer
we see that .
411N+1n3:h _ 4(1n]\2 2 N hlnTh _ 0
7,7 (InN)=2 T,? 7> (InN)=2

which, in turn, implies that

Vs Ve o
N4Thexp{—%} = exp{4lnN~|—1nT _BFTT’F (1nN)%}

. Cl 4lnN+lnTh

1 D %
Bli 7% (Il N)*

B’y* D Vs
= exp{— T2 (InN)=

Ch
= o(1)

It follows that
(Ths)%‘ 1 (Ths)%‘ 1 1
N2Thexp{— c :mN‘*Thexp e =0 N o(l)=o0 V)
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Next, to show result (ii), note that
T 8)2 (Ths)”/*(l—”/*)
N4 _( h
=P { Culy, 0 {05 (In [Ths])
«(1=72)
T2 In N T’Y*( V) v
C I} (311 T ) exp 'y* (Bn\/ )
45h h 05 (ln |:ThBH
Vs (I=7x) ’y*)
{ B T, B (0 )™ }

= Nte ———InNe
YT TP G T s By + L N — InT)
BQ T’Y*ﬂ;"/* B’Y*(l ’Y <1n N) ’y*( — V)
= N'exp{ ——= (In N)exp hl 11 T 5
04 05 (ElnTh—l—lnBll+§lnlnN) *
Y (I—7x) Y (1—=74)
B2 T 2 B’y*(lf’y*) In N
= exp{ —InN [ ZLexp hl 1 (nl ) — | —4
Cy Cs (ilnTthlnBll—l—glnlnN) :

This, in turn, implies that

) (Th3)2 (Ths)v*(l—v*) B 1
N7 exp {— T, exp {m}} 0 (N2>

Turning our attention now to showing result (iii), we first write

2
T?s? T? In N
N4 ——“h? L _ N4 ——__h B -
eXp{ 02(1+Th6’3)} CPY T ATy \ TV T
B} In N
— N exp { — 111

Cy (Tih + (13)
Taking log transformation of the right-hand side, we get

2 2
| Nexpd ——BultN Uy v BulV
C, (Tthng) O, (Tih+03>
2

B -1
= 4InN - =L InN|1+C7t
SRANGNG A [+3Th
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Now, let By, be a positive constant such that B > 4C, (1 + Cs), and set

B2
Cr=—1 —4.
CyC5
Note that, by this choice of B;; and C*, we have
4Cy (1 + C3) 4
C"> —=—4=—>0
CyC5 Cs
It, thus, follows that
T32s?
N4 I
eXp{ Cy (1 +Th03
~ Nlexpd - B%l In N
7+ Cg

_ — 11 1 1 -
— exp{(élln]\/v[l—i—C’3 } C’2031 N) ll—i—C'g TJ
-1
= exp{(4lnN [1—1—03_ } —[C'*—|—4]1nN> [1+C3—1i] }
Th T,
— et (v s L —e N 1o L]
— Xp n 3 Th 3 Th
4 1

* — 1 -
= exp{—C’ th{l_C'*CgTh] {1+C’3 Th] }

. 1 SN/ 4 _Cs
< exp{—C’ In N {1_TJ {1—}—03 TJ }(smce CCn 403 1)

= o)

This, in turn, implies that

T?2s? B2 InN 1
Nzexp{—h—}:]\fzexp - :o(—).
Cy (1 + ThC;J,) s <%h + C3> N2

which shows result (iii)
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Combining the results given in (i)-(iii) above, we obtain

Ly = In N
P (é’%??N T, ; [(Xit = i) (X — px5) — Zx6.9p) | = B Th>
Ty
! = In N
< N 151,??1\/]3 ( T, ; (Xt = pex) (Xje = mx ;) = Zxa] | = Bu Th)
S (ThS)'Y*

2 2 Tf%SQ
N-T; _ N _
nep { G } AT { Cy (1 +T,C3) }
T, 3)2 (ThS)'Y*(li’y*)
N2 _( h
+ /N exp { Culh exp {05 (In Ths)v*
1 1 1
= 0 m +o m +o0 m
1

Lemma C-5: Suppose that Assumption 4-3 holds. Let

Y172
Yo = T
Y1+ 27,

where v, and 7, are the positive constants defined in Assumption 4-3 and suppose that

2
(In NV) 7~

i — 0as N,T — oo.

Under these conditions, the following statements are true.

(a) There exists a constant Bz > 0 not depending on (N, 7T) such that
1
T Z [Xit - MX,@]

In N 1
> — — i
P {12152)(]\[ pa > /B2 T } ) <N2)

T, 2
1 In N 1
2 (EZ (X —ux,i]) > 20— o).

t=1

(b) There exists a constant B2 > 0 not depending on (N, 7") such that

Ty Th

1 1
T Z (Xit - :uX,i) ?h Z (Xjr - HX,j) =

- —1

P max
1<i,j < N
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(c) There exists a constant By > 2max { By1, B2} > 0 not depending on (N, T") such that

In N 1
>Bl3 Th ) <N2> )

where Bj; is the positive constant defined in Lemma C-4 above.

P( max ‘ZX(W ZX(zJ)

1<ij < N

Proof of Lemma C-5:
To show part (a), we first show that there exists a positive constant C, such that

In N 1
> — -
P{mN “V } ()

To proceed, note first that, by Assumption 4-1, F (Xit — /LX7i) = E[Wy] + Eluy] = 0.
Moreover, we can apply Lemma C-2 to obtain that, for any s > 0, for all integer ¢ such that
1 <7< N, andforallt €Z,

P (|Xi —px;| > 5) < eXp{1_<bi> }
el ()]

Next, let Z;, = Xy —pix; = Wig+uir, and let Vi = (¢4, Wy, u;) be as defined in part (b) of As-
sumption 4-3. Note that F}, =0 (... Ziy 9,24 1. Z;y) C F' 0 (s Vi, Vi1, Vp)
and F2 4, = 0 (Zi,t+m7zi,t+m+1’Zi,t+m+2? ) C Fim = (Vt+m» Vitma1, Vigme,s -.o)-
Hence, it follows by part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that

Zi,} 1ez 18 an c-mixing process with « coefficient az; (m) = sup, (fzifoo, Zit ) sat-
isfying the rate of decay

Th

Ti Z [Xz’t - HX,J

h t=1

V)

S| o

/

Qg (m) = Slipa(fé,i—ocd Zi,t+m)

< supa (FLo, FY,)
t

< aexp(—em™) for all m > 1, for all i,

and for some positive constants 7,, a and c. In addition, by Assumption 4-3, there exists a

constant v € (0,1) such that
1 1 1

Y% V2 '

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) (and restated here as Lemma C-1) are fulfilled. It follows from
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applying this inequality that there exist constants Ci, Cs, C3, Cy and Cs which depend on
a, by, ¢, v, and 7, such that, for any s > 0 and for all integer ¢ with 1 <i < N,

> S)
Z Th8>

B (Ths)” B T?s? B (Tps)? (Ths)v(l—v)
Thexp{ G TPV G ne S TP A O\ G sy

Making use of Bonferroni’s inequality, we further obtain

Ty

P ( Tihz [Xiu = px.]

t=1

= F ( i [Xit = 1]

t=1

IN

1 Ty 1 Ty
P(mN 7, 2 =i 25) < %&;@P(ﬁ;[&t‘ﬂx’f} 25)

(Ths)w T,%S2
N'T}, exp { c + N exp S E N

(Th8)2 (Ths)v(l—v)
+N — Ahe)
P { CuTy, P Cs (lrﬂhs)y

IN

By choosing C, to be large enough, we can obtain the following three results, which we will
show in turn:

(i)
(Tys)? (Tps)" /1
Aexp {_ CuTy Y {05 (In [Ts])" }} — (ﬁ)

T282 B12 In N 1
Nexp{_h—} ~ Nexp{ ——elN L, <_) .
Cy (1 + Th03) s (Tlh + C3>

(iii)
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To show result (i), first write

Y 2 %
N3Tj, exp {— (ng) } = N3T, exp { %fT” (lnThN ) } = N3Tj, exp {—%12 T? (In N)%}

Taking the log transformation, we have

BE -‘2’- ol
leTh (InN)?

”
In [N‘?’Thexp{—@}} =3InN+InT), —
1

Now, by assumption, (In N )%_1 =o0(T), where

Y172

Ve = 5 -
Y1+ 27

Since iy
12 o Y172

_71+72 71+272_

*

it follows that (In N )%_1 = o(7T) implies that (In N )%_1 = o(T). This, in turn, implies that

1—2 l 2_q 3
3(111]\;) 2 3(2)2 (In N)~ 0
T2 Ty T

2
In N)7~"
( given that % — 0 and given that
T T
i 1 since h is a fixed finite integer (74)
h

Making use of expression (74) and the fact that

InT;
1117/17 — 0 (given that v > 0),
T2 (InN)z
we further deduce that
1-X
3ln1N+ln37h _ 3(1n]\£) 2 N llnTh 0
T} (InN)? s T2 (InN)?
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which, in turn, implies that

Tys)? B2
N3T}, exp UL = exp{3InN+1InT, 12T2 (In N)?
Cl Cl

Cy 3InN +1InTy,

1- ol x ~
By, Ty (In V)2

B% . 2
= exp{—FlfTh2 (InN)2

It follows that

NT;, exp {—%} ]\1[2 N3T;, exp{ (T(’i)v} ~0 (%) o(1)=o (%) .

Next, to show result (ii), note that

3 (Th8)2 (Ths)v(l—v)
N exp{— o exp{m}}

¥(1-7)
(1— In N
o 2 (T [V
= N°exp T By T | &P
aTh h (ln [Th /Bry lnN])
B Tv(l—v)Bw(l—w) n N ~v(1—7v)
2 2 2
= N3exp —ﬁlnNeXp h T 12 1(n ) : 5
Cy Cs (lnTh+§lnB12+§lnlnN—ElnTh)
Biy Tw(lz—w)Bv(lz—v) (1 N)'y(lz—'y)
= N3exp{ ——2(InN)exp - L " . 5
Cy Cs (ElnTh—l—ilnBlQ—I—ilnlnN)
B Tw(lz—v)Bv(lz—w) (1 N>7(12—7)
= exp{ —InN 12eXp lh 112 - i 5| —3
Cy Cs (ElnTh—kilnBlg—i—ilnlnN)

which, in turn, implies that
(Tys)” (Tps) "7 3 (Tys)” (Tps) "7
Nexpd — I A O G _ Aws)
P { CiTy, P Cs (W [Ths])” N2 PP T AT, TP G (i [The))

- ()
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Turning our attention now to showing result (iii), we first write

T?s? In N
N3 ——h? L _ N3 —h  |\/B
=P { Co (1+ 1,Cs) } B e (1 ey < )

B12 In N

= N3exp —m

Taking log transformation of the right-hand side, we get

| Nexpd BN U gy v BV
Cs (Tthng) Cs (TLJFC?,)
Biy 1]
= 3lnN — InN|1+C5t
2C3 Th

Now, let Bis be a positive constant such that Bjy > 3C5 (1 + C3), and set

B12

¢" = CyCs

- 3.

Note that, by choosing Bjs and C* in this way, we have

3C2(1+Cy) ,_ 3

¢ Cs
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It, thus, follows that

R
Cy (14 ThC?,

N3eXp BlglnN
+03
-1
exp{(SlnN[l—i—C?)l } = lnN) [HC?’IH }
h
1 -1
exp{(SlnN[l—i—Cng} —[C'*—i—?)]lnN) [1+C’31T] }
e N (30— — | ) [1+ = h
xpq | In s T 5T
3 1

* — 1 -
exp{—C’ In N {1 o CSTh] [1—}—03 Th] }

‘ 1 R 0 e O T e
exp{—C In N [I_TJ [1—1—03 ITJ }(smce o Cs 3(3}3 1)

o(1)

N3exp{

This, in turn, implies that

T2s2 1 T?2s2 1
Nexplo—etn® V(2 Y NBepd 0% L (),
exp{ 02(1+Th03)} (N2> eXp{ 02(1+Th03)} O(Nz)

which shows result (iii).

161



Combining the results given in (i)-(iii) above, we obtain

1 & InN
< NTheXp{ (Th )}—I—Nexp{ <gzz2exp{%}}
N exp {_ C, (1Tj2—8;h03) }

Finally, note that

1 In N
P ey _h; [Xit — pix]| = B T
Th
1 In N
= P{l% 7 2 [Num ]| 2 VB T}
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To show part (b), note that

P{ ma 1§Th:(x )1§:(X )| > Buay /2N
X |=—= i — fxi) = - 3| > =
1<is2 N | T, 2 t — Hx, T, r:1 J Kx 12 T,
T 2 T 2
1 1 In N
< P 121%)](\[ ?h ; (Xit — NX,z’) 121%)](\[ ?h ; (Xjr - Mx,j) > B —
T 2
1 In N
= P 1211‘%}1(\7 ?h ; (Xit - Mx,i) > Bio _Th
1 & i In N
< — E R i
< P 1@2}}(\7 T, 2 (th uXﬂ) > By ” for all N and T sufficiently large
InN  (InN)7 ! InN _ [N
( since nTh < (In TZ — 0 so nT—h < I;—h for all N, T sufficiently large>

1
= 0 (ﬁ) (given the result obtained in part (a)).

To show part (c), note first that

1 &
L
Th

1

= _Z(Xt_/JJX—i_/JJX_XTh) (Xt—ﬂx+MX_7Th)I_ZX

t=1

= ﬁZ(Xt_“XHXt_“X)/__

t=1

> (X —X7,) (X, - Xg,) - Sx

T, . /
¢ — ) (XTh - NX)

Th

1 — 1 . .
7 20 (X =) (X =)+ 3 (K = ) (Ko, = 1)
t=1

= ThZ(Xt — px) (Xo — px)

t=1
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_ZX_EZOQ_MX)EZ(XS—MX)

t=1 s=1



so that

— Tht_zl in (Xe —px) (Xo — pux) ejn — € yExejn
1 & L\
_Thtz_;ezN(Xt MX)T;(X — tix) €N
1 Ly
- T, (X = pixs) (Xt = ixy) — Ex6 Z ~ fx) T, Z (X = 1)
— s=1

Hence, applying the triangle inequality and taking the maximum over all i,j € {1,..., N};
we obtain

Ty,
~ . 1 B
1%’1?%(N EX’(i’j) B ZX’(i’j) = 121?2(1\[ ?h Zl (Xit - :uX,i) (th - ,nyj) — XX (i,))
1 Th 1 Th
—i—lgl;%a%(N _htz:;(X ,uX,i) E;(X NX])
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from which it follows that

IN

IN

IN

IN

1<ij < N Th
1 O -
P <1£?§N T ; (Xie — ixi) (X — 1) — Bx0)
Th Th
1 1 In N
+ | Jhax T tz:; (Xit — pixs) T ; (Xjs — 1x;)| = Bus Th>

Th

1 _
?h Z (X,-t - MX,i) (th - NX,j) = 2ix,(i.§)

t=1

P max
1<i,j<N

>& InN
- 2 1y,

Ty Th

U {ISE%&%CN Tih; (Xt — ) Tihz_; (Xis = hxy)| 2 % lnT—iVD
P 2 0 =) =S 2 )
o7 (35 05 3506 )| = 2
: <1<ua§N Tihi; (X = pixcs) (Xje = pix5) = Exip| = Bu lnT_’]zV)

o2 (s 2 0 2052 0

where the next-to-last equality comes from applying Lemma C-4 and part (b) of this lemma.

O

Lemma C-6: Let
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for some sufficiently large constant B; > 07. Suppose that Assumptions 4-2, 4-3, 6-1, and
6-2 hold, and suppose that as N, T — oo

co)(\iv) [gf —o(1).

Under these conditions, we have

$5 %y
A1

2:0p<60§fv) [#T) — o (1)

for 0 < ¢ < 1. Here, f];g( denotes the generalized thresholding estimator of Yx, as defined
previously in Section 6.

Proof of Lemma C-6:
To proceed, we start with the decomposition

~

2 -S| _ S-Sk +Tx -5k
A1 ) A1 )
=S S =S
- A ) A1 )

where ii is an N x N matrix whose (, j)" element is given by fi(i’j) = sy, (Zx,0)). We
shall consider separately the case where 0 < ¢ < 1 (Case 1) and the case where ¢ = 0 (Case
2).
(%ase 10<g<1:
For this case, consider initially the first term on the right-hand side of expression (75)
above, that is, the term
T —Tx
A

2

"See the proof of Lemma C-6 for a more detailed specification of the condition that the positive constant
By must satisfy.
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Making use of conditions (ii) and (iii) of Assumption 6-1, we have

IN

IN

IN

PO S
A1 )
Sy -S| [T -«
At At

=5

=5 _ %
(given that )\—X is symmetric)
1

7=1
i N
/\_112'?1{\/ Z|5n1 Cx.a) T Exca | > m}b +sn Exon) H{{Ex6a0l <m

x| Zx6p| > ) = ZxapI{{Zx60] <m})
N
Z |50, (Exi)) TH{Ex6| > m} = Sxanl{Zxa0 > m}

—Sxn I Ex60] < m}l)
(since Sp, % (zj)) = (0 for ‘EX (i.) | <1, by condition (ii) of Assumption 6- 1)

(
N —
e (lem () - Sxaol HSxienl > m + 3 Bl 1Bl < ”*)

7=1 J=1

— max
A1 1<i<N

N N
2 mI{[Exaa| >m}+ 3 [Exeal H{Exeal 771})

7j=1 7j=1
(since |s771 (i&(m)) Sy Grg) ‘ < 1, by condition (iii) of Assumption 6- 1)

1 AN
/\_1112%}1% (Z”lnl qH{‘EX (4,9) | >771}+Z‘2X (.) | |2X U)} H{‘EX(” ‘ <771})

=1 1
1 ]N ) ) j= v )
A_l 2 (Z Sxin| m T Sxanl >mb+ Y S mT{[Sx )| < 771})
J=1 j=1
/\1 1<@<N
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It follows that

Ty - Sy
A 2
< q
< /\1 195 ) (for 0 <g<1)
m "co (N ) =
< S——— (since Bx € Us (¢,co (N),M) by part (a) of Assumption 6-2)

At

- o (BT (st - @ (52) 7 < [B2] 7).

Next, consider the second term on the right-hand side of expression (75) above, i.e., the
term R
3§ - T
A1

2
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Here, note that, by conditions (i) and (ii) of Assumption 6-1, we have

IA

IN

D
A1 )
S s _ 39

A1 . A1 .

N 8771 (2X7(7'7.7)> - 8771 (§X7(27‘7)) . ii— - if{ . .
max given that —— is also symmetric
LSiSN £— A1 A1

j:
1 al - “
N ggfg}vz; Sy (Zx,u,j)) = s (Zx,6) ) H{‘Ex,(m') > s B )| < 771}
J:

1 al - _ - —
+5- max > lsn, (EX(LJ’)) — 5, (Zx.69)) H{ Ex, )| < Mo | Bxia)] > 771}

1 al -~ _ " —
+- max P (Zx(i,j)) = sy, (Zx,6)) H{ Ex9)| > My [Bx,a] > ’71}

N
X R B _ -
1 max > [sn, (Bx ) = 5w Cxieo) [1{|Sxin| < 1o [Bxa| <}
1 = S S
S )1
ey

1
+— max Z\sn Cxa)|1{[Ex

A1 1<i<N

> M1, }SX,(M)‘ < 771}

< 7717

ZX(”LJ ‘ >771}

1
+— max
A 1<z<N

Sy (Zx,(m)) = sn, (Zx(i) ) H{‘Zx,(m > s B | > 771} (since, by
=1

Assumption 6—1(11), 8771 (EX,(i,j)) = 0 1f |§X,(i,j)} S nl aﬂd 8771 (i)@(@j)) = 0 lf ‘iX,(i,j)

< 771)

* max z DR R R
1
s Sl sl Bl )
1 al < S
o7 max, ) |sn, (EX,(m')) — sy, (Zx,69)) ) H{‘Zx,(m) > [Sx, )] > 771} (since, by
1 ’L<

j=1

Assumption 6-1 part (i),

Smy (iX,(iJ )‘ ‘ X,(4,5) and |ST]1 (Zx(,bj )| < |EX z])})
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+— max

1
A1 1<1<NZ ‘ZX(” ‘H{‘EX (:9)

>771>‘EX (4,5) ‘ <771}

[t {fEnes

<7717 EX(Z] ‘ >771}

N
™ 52%2; [()Zx,(m) — 2x ()| T |Sm (Zx,(m)> = S i) |+ [sn (Bx) — B <i,j>|)
j:
XH{‘EX,(i,j) > M, }EX,(z’,j)‘ > 771H
(by the triangle inequality)
= 1H+2)+6) (77)

To bound term (1), write
1) =
m = 5

— max
A1 1<i<N

1

— max
A1 1<i<N

IA

7j=1

+-— max
A1 1<i<N

N
E:}EX@m\EHEXMm}Svh}
=1

~

X (i) > M1, }iX,(i,j)‘ < 771}

{5

>771:}2X (i.5) ‘ <771}

HﬂiXﬁm

~ J—

ZX,(i,j) _Z X,(4,7) +EX (4,9) > 1, |EX z])} < 771}

~

EX (i) — 2X,(i)

Ty

(78)
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To bound the second term in the expression above, note that

1 — _
PRt Z Exip H{Zx60 <m}
1 1—
- xf%ZIEMﬂ " x| T [Sxal <m)
m
v &%me I{[Sxal <m}
: A—H%Z}Ex @)
< - ;0( ) (smce by Assumption 6-2 part (a), Xx € Us (g, co (N) M))
1
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Next, take ¥ € (0,1), and we can bound the first term in expression (78) as follows

N
)%12%)](\/;‘2)( (é:4) iX( H{‘in(i,j) >771>}§X,(i,j)‘ §771}
1 ];[ ~
— _11<£sz_; Yx (i) — 2X,(ij) {‘EX” >7717}2Xu\<19771}
1 N _ . _
< A_llgzlgai(N’ZX( 7)) — Ex(u) 1<Z<>]<V§_;H{)E (i) >771,|ZX7(1-J)} gﬂm}
+/\i1 151?§N‘§X’(i’j) _EX’( 1<i< }](VZ :; {‘EX (ig)| > Ty U < ’ZX (4,9) | < 771}
1 - N B
< A_llglyai(N‘ZX( 3 Zx(w) 1<Z<>]<V;H{)ZXW) >771,|Ex,(i,j)} < 19771}
1 ~
Ty s [Eres ~ Fxe mNZ Sxe
1 R . N
< 3, [Bxen — x| ma S [Exa| > m [Sxial < 00

N —~ —
Co ( ) ) (since by part (a) of Assumption 6-2

Ny (0, )7 1208 |2 ) — EX (i)

NxN 1< N 1<i< N

N
TXEUE(q,cg(N),M):{ ¥ : max Z(H)<M max Z‘E(m)}qgco(]\f)})
1
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Moreover, observe that

~

2X,(i.0)

N
1 ~ — _
ey X (i) — BX, (i) max ZH >y, | Sxg)| < 19771}

N
1 . _ ~ _ _ _
< )\—1 121’?%(1\[ Yix,(i,5) — 2X,(irj) 12?}%;H{ Yx,(ij) — BX,(ig)| T ’ZX,(i,j)| >4, }EX,(M)‘ < 19771}
1 R N
B /\_1 1£?§N EX’(i’j) N 2X7(i’j) 1%%}](\,;11{ Z:—’Q(Z‘J) - 2X7(i7j) > — ‘EX,(i7j)| ) }EX(Z‘,J’)‘ < 19771}
1 R N
< N é??%(]v Yix,6i,5) — 2X,(i.5) @%VZ;H{ Yx,6.) — 2x,6,5)| > M — Uy, \EX,(z,j)‘ < 19771}
J:
1 R N
< N AN S N —
W 151’?%(1\[ LX (i) — BX,(i,5) 12%%\[;}1{ XX,(i) = 2X,60,)| > (1-19) 771}-
Now, if we choose
In N
— B =t
Ui 1 T,

where By = B3/ (1 — ©) and where B3 is the positive constant defined in part (c) of Lemma
C-5; then, by Lemma C-5 part (c), we have

1<i<N £
]:

N
P{ max H{‘i){,(i,j) —Yxa6.5 > 1 =9) 771} > 0}
1

= P [ max ‘ix,(i,j) —i&(z}j)

1<i,j<N

> (1-199) 771}

N
~ — 1
P{lgligﬁzﬂ{’gxm,j) — x| > (1 —19)771} > 0} =0 (m) =o0(1) as N,T — o0
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we further obtain

)\_1 112%}](\;2 ‘ZX (4,5) EX 3(4,9) I {‘EX,(@J‘) > M1, ix,(i,j)‘ < 771}
1 R N
= )\_1 1?11382(N ‘EX’(i’j) — X 6) 1211&?1(\/ {‘EX @) | =~ T |ZX w)} = 79771}
Co (N) P~ —
+)\1 ()" 102N )EX’(W) X.(i9)
1 fa ~ —
S 5, e ‘EXW) 2X.(69) 112%2_: {‘Zx,(m) — Yxa.p| > (1—=9) 771}
Co (N) ~ —
)\1 (,19,’71)(1 lérz];?%(N )E‘Xv(lvj) - EX?(ZJ)
1 - —
- )\_1 1?3?}?1\7 ‘EX’(M) = 2X,(i) 1212)](\/ {‘ZX (4,9) — Xy G| > (1 —17) 771}
i=
Co (N) 1 1 Th 3 ~
* A0 (ﬁ In N 121?2% ’ZX( —Zxa)
1 /InN ( lnN
= —\ @)
. [In N
(glven that 1517?%(]\[ ‘EX () — 2x,.i5)| = Op ( >>
_ o (@) [y 5 |
A1 T
Combining the result given in expression (79) with the fact that
N -
1 D) 3 . “co (N)
_ o (X = oo (N)
B 1y A
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we have

(1)

IN

N
1 e 5 >
5 53 B = o | H{[ By
N
w1225, 2 x| Bl < i}
=
()

0 [02]7)

1—¢q
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T

> 10 [Sx ol <)

> 10, [Sx | < m )

=) o (220 [22)7)

(80)



(2)

Next, for term (2), we have

<, }ZX (4,5) ‘ > 771}
H{’i&(m)
J1{[Sxeo

1 N
= &2 X P

— max
I<i<N £

I
> =
Mz ||

‘ix,(m‘) — 2x,(,5) T Xx,6.)

< [Exa| > 771}

<
Il

max

<
A 1i<N =

IA
-
Mz

Hzx,(m‘) — X (i)

‘ZX (irf) x| > 771}

1

<.
Il

N
1 o _
< R B ~Fxo | s D1 Exa| <m Broal >}
+A_1 &%Z ’EX (59) H{‘Em,y‘) <. [Sxiq| > m}
1 ~
< )\_11g1?§N)ZX’(i’j) - 1%%)}(\{2]1{}2)( | > m)
Ul N
+)\_1 1%%}}\1 — {)EX,(M) <M, |2X,(i,j)} > 771}
N IS q
: > Exaanl ;s
=N ' AT .
-\ Lgl,?i(N ‘EX,(LJ) EX G|t 771] 1<¢<N; ‘iX,(ij)|QH{‘EX7(17])‘ > 771}
1 1 N
5 ) el q
=N Lgil,?%(N ‘EXW) — 2x,(id) +771] 7 z; S i)l
j:
() 5 5 m "

(since Yy €Us (q,c0 (V) , M)

I
—N—
™

-0 (225" 0 (222 7) (-]

=0, ( lnTN> by Lemma C-5 part (c))

and max ‘E SN — DX (4

~o (2[5
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We now turn our attention to term (3) in expression (77), which we can rewrite as follow
(3)

1 N oA _ _ _
7j=1

+ ‘Sm (Ex,(m‘)> — XX (i)

XH{‘E)(@]' >771,|§X7(i7j)} >771}i|
= )\_1121;?](\[2’2)( (4,9) 2X (4,9) {‘EX(z] >7717|2X l])} >771}
1 N . . _
+)\—1 1%%\/ S, (ZX,(U)) — XX, (i) H{‘EX,(i,j) > 11 | Sx )| > 771}
1
+)\_1 1%%}1{\[2}3771 (Exia) — Ex, m}ﬂ{\ﬁx G| > M [Bxia] >771} (82)

Focusing initially on the first-term on the right-hand side of expression (82) above, note that

by applying part (c) of Lemma C-5, i.e.,
In N
=0y (\/ T) ’

max | Yy (i — Bx (i
1SN X,(4,9) X,(4,9)
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we obtain

IN

IN

IN

— max E ‘E >
/\1 1<i<N X.(9)

1 ~

— Inax EX,(Z,]) —

A1 1<ij<N

1

— max ZX,(i,j)_

)\1 1<i,5<N

1
/\1 1<i,5<N

max EX,(L]')

~

A~

Y (i

~

20X, (i.5)

— XX (i)

Hﬂixwﬂ
}ZX (4,9)
mZ v
}ZX zy
Co (N)
Ui

(since Yy € Us (q,c0 (N), M)

A
0, ( (V)

o, <c0 (N)

A1

[In N
T

In N =R . —

{T} ) (smce nl=C" (—

{

Y

NXxN

In N
Ty
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1<i< N

)

{‘EX (4,9)

T

> M1, }SX,(M)‘ > 771}

> M1, ‘EX(’LJ ‘ > 771}

N
: max Y <M, 12§XNZ }E(m)‘q < (N)})
—1

m—N] > . (83)



Now, for the second term on the right-hand side of expression (82), note that, by applying
condition (iii) of Assumption 6-1, we have

IN

IN

IN

IN

=

H{‘ix,(m) > M1, |§X,(i,j)} > 771}

) = Mo }ix,(m')\ > 771}

<
Il
—

~

since, by condition (iii) of Assumption 6-1, |s,, (i\]X,(i,j)) — Xx,6.)

1 ~
L o S

< 771)

> M1y }EX,(M)‘ > 771}

1—¢q

"il &%Z}Zx o' T{[Exc

>7717}2X (i) ‘ >771}

)\1 1<z<N
m e (N )
A

¢ (N) [ln N7 iy =g (IN\T  [lN]TE
—_— = —_— = | — 4
Op< N l T since 7, C T, T (84)
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Finally, for the third term on the right-hand side of expression (82), note that, similar to the
argument given for the second term of expression (82),

IN

IN

IN

IN

1
T max Z}Snl (Ex,5)) — Bx, zj)“l{‘ZX (i)

1 1<i<N

> N1, |EX w)} > 771}

1 ~ —

W 1@@277111{’2)(@4') >y, [Tl > m )

(since, by condition (iii) of Assumption 6-1, }sm (Ex6.0) — iX,(i,j)| <)
N

1

77lfq N o ~
- max Z ‘EX,(i,j)‘q]I{‘EXKiJ)

A1 1§z§N

> M1, ZJX(u ‘ >771}

> M1y ‘EX,(i,j)‘ > 771}

/\1 1<z<N

n e (N )
A1

o(N) nNTZY (., iy (/lN\T _[N]T
Op< " lT since n; 1=0C T, = | (85)

Combining the results given in expressions (83)-(85), we obtain

IN

(3)

/\_llglzag](\fz ’EX (4,9) 2X (4,9) H{‘EX,(i,j) > N1, }2X7(i7j)‘ > 771}
1
+)\_1 fgeg\[ Sny (ZX(U)) H{‘ZX(U > M1 }ZX (i,5) ‘ > 771}
1 N
+)\_1 12%}}\,2 }Sm (EX:(U) EX 1])}]1{‘2)((1] > M1 |2X u)} > 771}
J:

(20" o (222 ") o (52

0, (CO o [I%N] _> (36)
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It further follows from expressions (77), (80), (81), and (86)

5% -5
Mo,
1 N
S fgg}vz ‘ZX &) H{‘Ex,u,j) > s B )| < 771}
J:
1 N
W JSH?}VE; [Sx )| T {‘Zx,u,j) < s Bx )| > 771}
J

N
1 —~ —
+— max Z [()Ex(zyj) - EX7(m’)

<1 { ‘i)@(@j)

+

Sny <§X7(i7j)> - §X7(i,j) + |Sn1 (in(iJ)) - in(iJ)D

> 1, iX,(i,j)‘ > 771}] (by the triangle inequality)

= M+2)+6)

(T Yo (1)) o (0 1)
- (%ﬁV) FHTN} _) ' (87)

Finally, applying the results given in expressions (76) and (87) to expression (75), we
obtain the desired result

59 %y
A1

2% - Ty

A1

Ty - Sy

A
! 2 2

o) o (2 1)
- o (22 [2]7)
Case 2: ¢ = 0:

For this case, consider again the term

2

Ty~ Sy
A

2
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on the right-hand side of expression (75). Under conditions (ii) and (iii) of Assumption 6-1,
we have

Ty - Sy
A1

N
max E
1<i<N

2
=5

=5 _ %
(given that —~———

Z i — Sx,i
1

IN

1

N
= —max > (s, (Zx.09) H{Zx.00] > m} + 50 Cxo) T Ex00| <m}

A1 1<i<N
J=1

—_

— Ix (i)l {|§X,(m} >} = Sx ] \ix(m‘)\ < ’71}|)

N
= 3 (Z s Cx ) T{ Zxanl > m} = Zxapl{[Txap] > m}

N
zm (Sxieo) = Drcaal vl > m + 3 o 1 Bxl <m})

Jj=1 j=1

IA
|
3=
o
]

VAN
> |
N
Ié\:g<D
/\ /'\ —

ZN:WI{‘EX )] >771}+Z‘2X i) | T{|Zx.6.9)] <771}>

7j=1 7j=1
(since |sy, (Zx,6.4)) — Sx,6,5)| < m by condition (iii) of Assumption 6-1)

N
- )\_112% (anﬂ{‘EX (i:7) ‘ #O}H{}ZX (i.) } >771}

N
3 S| 1 S| £ 0} { [Exion] < m}>

j=1

IN

N

/\_11%%\[ (ZH{}EX | # 0} L{[Ex.)] >771}+ZE{|2X | # 03 I{[Ex.)] <771})
N

- T“%ZHHEM)'*O}

182



It follows that, for ¢ = 0,

Ty — Sy
A

AT&%ZHHZX )| # 0}

2 N
< %() (given part (a) of Assumption 6-2 for the case where ¢ = 0)
1

~ 0 (@@) <smce n =0 (lr;hN) = @) . (88)

Next, consider, for the ¢ = 0 case, the second term on the right-hand side of expression
(75) above, i.e., the term

2

2§ -
M

2
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By conditions (i) and (ii) of Assumption 6-1, we have

IA

IN

2% -y
A )

M| sm, (Ex,(m')) = s, (Zx6) , S5 - T . ,
max given that —— is symmetric
LSiSN £— A A

j:

8771 (iX,(l,J)) - 5771 (iX,(z,])) ) I { ‘ix’(%j) > M1, |iX,(z,_])} S /’71}
1 al - _ R B
oy max P (Zx,(m)> — s, (Zx,0)) ]1{ S| < o [xg| > 771}

1 al -~ _ -~ —
+- max PR (Zx(i,j)) = sy, (Zx.09) H{ Ex9)| > My [Bx,6] > ’71}

1 o - - - -
1 max D |, (Zx,(m)) = s (Zx6) H{ x| < s [Exaa| < 771}

)| > s }i&(m’)‘ < 771}

1 - S 5
+— max Z ‘Sm (ZX,(M))‘]I{‘EX,(M) < M1 ZX,(i,j)‘ > 771}
=1

A1 1<i<N

1
+— max
A 1<z<N

> M, |EX,(i,j)} > 771} (by condition (ii)

Sp, (Zx,(m‘)) — sy, (Zx.9)) ) H{‘ZX’(ivj)
-1

of Assumption 6-1, s, (EX‘M)) =0if EX,(LJ’)| <, and s,, (iX,(i,j)) =0if ‘iX,(i,j)
H{lixxim

1
+— max Z x| 1{[Exaa

A1 1<i<N

, .
R 2
(smce by condition (i) of Assumption 6-1,
and s, (Sx.i9)] < [Ex00))

< 771)

N E‘%vz ‘Ex (i.9) > M, \ix,(m')\ < 771}

<M, ZX(u ‘ >771}

Sy (ZX(M)) smy (Zx.6) )H{‘Exm > [Sx )| > 771}

8771 <2X7(173)>‘ S ‘E‘Xv(zﬁ)
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A
> | =

5
"

{‘Zx,u,j)

>y, | Ex )] < 771}

E ‘EX (4,9)
1 1<i<N

+/\i1 1%%?\12 [Ex.6) ‘H{‘EX @] < mo | Exag| > 771}
N
ey [ =S| + s (Bxen) = S|+ lsn i) = Fxco)
x1 { ‘i)ﬂ(i,j) > M }EX,(i,j)‘ > 771H (by the triangle inequality)
= +2+ B 59
To bound term [1], write
1 AP - _
1] = )\_1 12&5(\721 2X,(i,5) H{’ZX,(Z}J‘) > M1, ’ZX,(i,j)| < 771}
1 ];[ PN - — ~ —
— X 121:2%; X ,(i.5) — 2X,(i) T 2X, (i) ]I{‘EX’W) > 1, }Zx(i,j)‘ < 771}
1 j;V ~ ~ B
=N 121@%; Exi ~ Do |1 x| > 1 [Sxieal < m}
Uil 28 Z; | S| I{[Exp| < mi} (90)

To bound the second term in the expression above, note that
1
™ lg%z Bxa | T Bxap| <m}

1 _ _ _
= — max Z Zx6 | T{ [Ex.)| # 0} I{[Sxi)| <mi}

A1 1<i<N

< — max Z]I{}ZX (i,)) ‘ #O}H{’ZX (i.5) | <}

)\1 1<i<N

IN

A—IIE%ZH{}EXH\%O}

110 (N) (

1

IN

since Yx € Us; (0,¢o (N), M) by Assumption 6-2 part (a)) .
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Next, take 0 € (0,1), and we can bound the first term in expression (90) as follows

N
1 S ~ s —
)\_11%?](\[2‘2)((13) Xx,( H{‘EXv(i,j) >771>}ZX,(i,j)‘ Sm}
j=1
1
- /\_1113<N ‘E‘X @) = X0 {‘EX )| > s [ x| <19?71}

)\1 1<1<N

o|1{[Bres

>771719771 ‘ZX(”LJ ‘ <771}

N
1 ~ _
< AT&???N’ZX’QJ) — XX (i) fgfgv 4 {)EX (i,)) >771,|2X ”)} < 19771}
1 ~ —
+A—112?§N‘2X7(i7j) — Xx (i) 1%%’§VZH{‘EX(H | # 0}]1{‘2)( i
1 ~ N
< 5o B~ Sreo| mas, SH{[Exea] > m [Bxeal < o0
1 ~
3 [Bren —Sxw JE%ZH{\EX(” 0}
1 N
< /\—llglitiiN‘EX,(iJ) — XX, (i) 1212271(\[ > {)EX @l >, |2X ”)} < 197’1}
Co (N)

(Since Yy €Us (0,¢o (N), M)

)\1 1<z]<N‘2X (i.9) EX('LJ)

- {N%N : 1I<IZI§XNZ(”) <M, 1I<I%E<LXNZH{‘EU @ O} <o })
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>771719771 ‘EX(z] ‘ <771}

(91)



Moreover, observe that

~

N
1 - _ _
+ max (Ex ) — Sxeq| 0ax > I (Exaa| > s [Exa] < “9771}

A 1<ij<N

A~ J—

N
1 ~ —
— . max | dx (ij) — 2X,3i,j)| Mmax ZH

= Ay 1IN £ {Pxiea = T + [Fxal > mo Fxeal < 00
J:
1 R N
B /\1 1<1?§N XX, (1) ~ 2, (id) 1%%(\,;11{ LX) — LX,(ig)| > T — ‘EX,(i7j)| 3 }EX(Z‘,J’)‘ < 19771}
1 R N
< N lgljzicN Yix,6i,5) — 2X,(i.5) @%VZ;H{ Yx,6.) — 2x,6,5)| > M — Uy, \EX,(z,j)‘ < 19771}
J:
1 R N
S R e |2 T 2EN6) fg@%?_}ﬂ{ Yx (i) — Bx | > (1= 9) m} :
Again, if we choose
In N
m = B Th

where By = B3/ (1 — ©) and where B3 is the positive constant defined in part (c) of Lemma
C-5; then, by Lemma C-5 part (c), we have

uniformly on

NxN 1<i< N 1<’L< N

MZ(O,CO(N),M):{ ¥ @ max X, <M, max ZH{}EH|7A0}<CO }
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Making use of the fact that

P

N
I e

we further obtain

1 - _
= )\_1121?%(N‘ X(id) ™ EX (i) 1211&?1(\/ {‘Zx(w > 2,0 <79771}
Co (N) ~ _ .
+ A\ 1£?§N IZX:(M') — Yx,6| (by expression (91))
1 - _
< A_llg}r%v ’ZX,(i,j) — XX, (i.j) 1@2}}(\[ {‘Zx i) — Sxaqn| > 1 —=9) 771}
Jj=
co (N) o _
T a2y ‘EXM‘J) — XX (i.4)

<o () o ()
()
- 0, (Coﬁv) @) (92)

1<i,j<N

(glven that max ‘ZX(” EX(”)
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Combining the result given in expression (92) with the fact that

1 o 5
— max Z }ZX,(@J’)}H{‘EX,(Z‘J” <m}

Ap L<i<N 4

N
= — max Z }§X7(z‘7j)} H{‘EX,(i,j)| 7& 0} H{}ix(i,j)‘ S 771}

A1 1<i<N 4

Uik ZH{‘ZX(U‘#O}

)\1 1<7,<N

11Co (N)
A
— /InN ¢y (N)
g C —_—
T, M\

- ofeinye

IN

IN

we have

> M1 ‘EX(%J ‘ = 771}

sl

IN

1
+— max Z‘Ex(zg ‘H{}EX (i.5) ‘ <771}

A1 1<i<N
co(N) In N c(N) [InN
= Op( )\1 T>+O( )\1 T)
_ o, (CO@./%). (93)
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2]

Next, for term [2], we have

IN

IN

IN

IN

IN

1 N
)\—121% ZZX(’LJ‘]I{‘EXZ] <7717‘EX(13‘>771}

N

1 _ ~ ~ ~ _

n 1@%2 ‘Ex,(m') — Xx(i) T 2x39)| I { ‘Ex,(m‘) < [Exig| > 771}
]:

1 ANTPN - o

)\—1 1%3%21 HEX,(z‘,j) - EX,(z‘,j) + )ZX,(i,j) ] H{)ZX,(i,j) <M, |ZX,(z’,j)} > 771}
J:

1 _ _

A_llgléli(N’ZX,(i,j) — X, 31,) 1@1% {‘Ex @i | < s | x| > 771}

=
1 PR

Py s 2 B 1 Bxo| < o [Fro [ > i}

1 . _

o max, Sxi) — S| max, ZH {|Zx0| > m}

N
S iT O NS

1 ~ —
12 (B ~ T

max ZH{‘E)(@] ‘ #O}E{|2X z])} >771}

1<i<N

A 1<i<N < M |EX7(i,j)| > 771}

N
+77— max ZH { ‘ix,(i,j)| # 0} I { )ZX,(Z}J’)
—1

1 ~
~ { max ‘EX,(Z‘J) = XX (i

A1 |1<i <N

N A = —
“ ( ) max ‘EX,(L]') — EX,(i,j) + ﬁCO (N) (SiIlCG EX c UE (0, Co (N) ,M))

A1 1<ig<N A1

co(N) [InN co(N) /In N
Op ( )\1 T + O T
/ln N /ln N a =
(smce n = and 1£?§N ’ZX,(i,j) = 22X ()| =
Co (N) In N
o (20,5

L%ZWEX o] 70}
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We now turn our attention to term [3] in expression (89), which we can rewrite as follow

3]
. R B N R _ _
T 1Sy — [(’Ex(m) — XX T ‘Sm <2X7(i7j)> = Bx )|+ [5m (Bx6) — EX’“?”D
XH{‘2X7(i7j) > N1, }i&(z}j)‘ > 771”
1 TN S
< /\_1 11;1%}](\[2 ‘EX@J) — 2){7(1‘73') H{‘EX,(Z‘J) > M1 }EX(Z}J')‘ > nl}
1 R R N _
_|—)\—1 11;1%}](\[ ‘ Sn, (ZX,(i,j)) — XX (i) H{‘EX,(i,j) > M1, }ZX,(M)‘ > 771}
j:
1 Y S
5y 5 2 o, (Sxieo) = Tl H{[Exeeo| > me Fxol >m} )
j:

Focusing initially on the first-term on the right-hand side of expression (95) above, note that
by applying part (c) of Lemma C-5, i.e., the result

- ().

ax, ‘Ex,u,j) — 2X,(i)
we obtain
1 N
M 1%%2 ‘EX’(”') ~ EX () H{‘EXW) >y, [ x| > m}
J:
1 YA ~
= 11%1%)](\[21 ‘ZX,(i,j) — x| 1 {|EX,(i,j)| #0} H{)ZX,(M) > 1, ‘EX,(i,j)| > 771}
J:
1 - N -
S 5, P — S| w2 H{Bxen| # 0} H[Bxa| > m [Sxinl >m}
]:
1 N
S 5y e B T Exa) 1%%2”@&@)\ # 0}
J:
1 - — .
< N ax, Sx,6.5) — x| 0 (N)  (since Bx € Us (0,¢9 (N) , M)
co(N) [InN _ ~ _ In N
- ( MoV ) T i x6) — x| = Oy T ) (96)
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Now, for the second term on the right-hand side of expression (95), note that, by applying
condition (iii) of Assumption 6-1, we have

we have

IN

IN

IN

1

— max
A1 1<Z<N

Sny (Zx,u,j)) — LX, (i) H{‘Ex,(m > s B )| > 771}
=1

1 - _
™ 1@3@2771]1 {|Ex6a| > m Exial > m}
=1

(since, by condition (iii) of Assumption 6-1,

< 771)

Sy (EX z‘j)) — XX, (i)

M ax Z]I{}ZX (i.5) ‘ #O}H{‘EX (i,5)

A\ 1<i<N >7717}2X ) ‘ >771}

)\—IIQ%ZH{}ZX 0| # 0}

171Co (N)
A

0, (COX\U @) (Since = U\/? = W) (97)
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Finally, for

the third term on the right-hand side of expression (95), note that, similar to the

argument given for the second term of expression ((95)),

IN

IN

IN

Combining

IN

1
T max Z}Snl (Ex,5)) — Bx, zj)“l{‘ZX (i)

1 1<i<N

> M1 |EX w)} > 771}

1 - _
N g%VZmH { ’ZX,(i,j) >y, | Exg)| > 771}
—1

(since, by condition (iii) of Assumption 6-1, }sm (Ex6.0) — iX,(i,j)| <)

N
Z—i max ZH{‘EX,@,J‘)‘ # O}H{‘EX,(LJ‘)

1<i<N

> M1, iX,(i,j)‘ > 771}

N max ZH{\ZX(” | #0}

A1 1<i<N

171Co (N)
A

0, (COA(?[) @) (Since = ém = \/?) (98)

the results given in expressions (96)-(98), we obtain
[3]
N AN
N 1%%2_: ‘Ex,(m') — 2x (i) |1 { ’Zx,u,j) > [Zx ] > 771}

) H{‘ixxm
AT&%Z\% (Bxp) = x| {‘EX’(M)

o (S5 () o (424)

o[

*A—U%Z s (Sxen) —Ex > Bl > mj

> N1, }EX,(LJ)} > 771}
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It further follows from expressions (89), (93), (94), and (99)

5% - Tk
M

2

> M1y ‘iX,(i,j)‘ < 771}

1 s “ S
+— max Z ‘EX,(M)’ I {‘ZX,(M) <1, ’ZX,(i,j)’ > 771}
j=1

A1 1<i<N —
1 ;[ -~ = a a = =
N 1%%; [()EXW) = x|+ |Sn, <2X7(m')> = X + [ (Cx) EX7<m‘)|>
x1I { ‘iX,(z‘,j) > 1y, }i)ﬂ(m’)‘ > 771}} (by the triangle inequality)
= [+ 21+ 3]

hS]

co(N) [InN co(N) [InN co(N) [InN
(5 ) o () o ()
- 0, (Coi‘i\[),/¥>. (100)

Finally, applying the results given in expressions (88) and (100) to expression (75), we
obtain, for ¢ = 0, the result

A~

Y3 — Yy
A

T — T pOLA 5

A , A )

co(N) /InN co(N) /InN
- O( N VT)H)”( M \/T)
B c¢o(N) /InN
- Op( N VT)'

The lemma then follows immediately upon combining the results we have obtained for
Case 1, where 0 < ¢ < 1, and Case 2, where ¢ = 0. [J

Lemma C-7: Let T, = T — h, where h > 1 is a (fixed) finite integer. Suppose that
2
Assumptions 4-2, 4-3, and 4-4 hold and suppose that (In N )W_1 = o(T), where

2

Y172

<1
Y1+ 27

0<, =
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and where v, and 7, are positive constants as defined in Assumption 4-3. Under these
conditions, the following statements are true as N, T — oc:

(a) There exists a constant C, > 0 such that

|

(b) There exists a constant CT > 0 such that

1 &

T, Z [Xi — px]'B

t=1

1 & — In NV 1
; {1%%}1% Ty ; ([Xie = pa] [Xe = ] = e nZx) Bl = ct Th} -’ (ﬁ)

(c) There exists a constant C* > 0 such that
Th

1 , . [N 1
ThZ[Xt_MX] B‘ZC I;—h>=0<m)

t=1

1 &

0 > X — p]

h t=1

P | max
1<i<N

(d) There exists a constant B, > 0 such that

Th
In N 1
Pller| > B/ — | =P | |=—=
(lgTh| — Th ) ( Th ;€t+h

(e) There exists a constant C# > 0 such that

In N 1 1 i
= # o) = _ =
P(fgfgfv Er,| > C74/ T > —0<N2),Where Eq, = T E Etah-

(f) There exists a constant B# > 0 such that

In N 1
> B/t ) =0 —
= T, ) 0(N2>

Th

Ti Z [Xz‘t - MX,J

h t=1

1 &

T Z [Xit - Nx,i} €t+h

h

P | max
1<i<N

In N 1
> B#, [ —— | = — .
=N ) 0(N2>
Proof of Lemma C-T7:

To show part (a), note first that X; — puy = W; + w;. so we can write
1 &

1 1 &
— D (X, —px]'B==Y WB+—)Y up.
T, Z[ e — px] B T, ; +0 T, tz_; )

t=1
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To show the desired result, we will first show that there exists a constant cM > 0 such that
Th

1 3 ln N 1
_— M// > (1) —_— = e .
P{ Ty h=C T, } ¢ (NQ)

To proceed, note first that, by Assumption 4-1, E (W/j3) = E [W/] § = 0. Moreover, by part
(b) of Assumption 4-4, we have for all s > 0

s 71 _ s Y1
<ol (2) }ron{-(2) )
teZ bl bl

Next, let Z\") = W3, and let V; = (g, W/, u})" be as defined in part (b) of Assumption 4-3.

Note that FLy, =0 ( 70, 70 Zt(l)) CFl =0 (s Vi, Vit Vi) and Fy . =

o (Z,fﬁ%, AN/ ) C 722 = 0 (Vierms Viemers Vigmea, ...). Hence, it follows by
part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that {Zt(l)} . is an a-
te
f

20 +m> satisfying the rate

mixing process with « coefficient a,a) (m) = sup, « (f}(l)ﬁoo,

of decay
(0. ¢]
aym (m) = sttlpoz <f'2(1)7_007FZ(1),t+m>

< supa (Floos Fiim)

< aexp(—em™) for allm > 1

and for some positive constants 7,, a and c. In addition, note that, by Assumption 4-3, there
exists a constant v € (0,1) such that

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) are fulfilled. It follows from applying this inequality that there
exist constants C' 1,2, C13,C14 and C 5 that depend on a, by, ¢, 7, and 7, such that, for
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1 &
P(Th;Wt’ﬁ Zs)
Th
— P(ZWt’ﬁ sth>

t=1
(sTh)” SQT,f (STh)2 (STh)v(l—v)
< T - — AT o )
= e { Cia e Cia(1+T,Ch3) +exp C1.4Ty, eXp Ci5 (InsTy)”

For some C" > 0, let
In N
= 0(1)1 [ ——.
s o T,

By choosing ¢ to be large enough, we can obtain the following three results, which we will
show in turn:

T exp {— <'ZT1"1)7} = Thexp{ — [C;Ej)l]’yT; ImN)3E S —o (%)
(ii) )
o {_Sﬁ% exp { Cf,iT(’fr)j[(sTh]))V }} 0 <$) :
(i)

272 [C’il)} : In N 1
B L )
01,2 (1 + Thcl,?,) 0172 (Tlh —+ 0173> N

To show result (i), first write

m]” 1
T,) [C* ] InNY 2
N2T), ex {—L L } — N2Tjexp{ — T”( )
S G Py on T
]
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Taking the log transformation, we have

m]”
In lNQThexp{—%H =2InN+InT), — » Th% (InN)z

Now, by assumption, (In N )%_1 =o0(T), where

Y172

Ve =———7"—>0.
Y1+ 27,
Since, as shown previously,
N = Y172 > Y172 v

ot M2y,

it follows that (In N)%fl = o (T) implies that (In N)%f1 = o (7). Since

In T,
lnihv — 0 (given that v > 0)
T2 (InN)z
and since
2(InN)'"2 T\ (N3 2 (In )7~
—_— = 2 (—) ——— | —0 [ given that ————— — 0 and
T? Th T T
. T : : o
given that — = —— — 1 as T" — oo since h is a fixed finite integer | ,
T, T-—h
we see that -
2In N 4+ In T, 2(InN) 2 InT;
1 lh = ( 1) +— - T 0
T2 (InN)z 1) T2 (InN)z
which, in turn, implies that
Tn)"
N2T _LT)
h €XP { Cl’l
]
* ~ 5
= exp{2InN+InT, — =———T7;7 (InN)>
Cia
-
[dﬂ y . 2In N +InT,
= e - L riau |1 G 2N I
Cia [CS)] T2 (InN)z

= o(1)
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It follows that

Next, to show result (ii), note that

T )2 (STh)W(l—V)
N2 o (S h
eXP { 0174Th eXP 0175 (ln [ST}J)W

= N?exp

= N2exp

= N?exp

= o(1).

¢

2 - (0 w7
2 (0 [N 7 ()
——— | C} — | exp 5
CraTh T Cis (In | T, B2 )
L ’ h
( 2 7(1—7) (1-) Y=y
|:C£1):| T2 [C’il)]v g (lnN)%
—————In Nexp 5
Cra Cis (InTy+ G + I N — $In7;,)
\
( 2 a—v) (1—) y(1—vy
] T [P oyt
e (In N) exp 0 =
14 Cus (3T +mCY + nin )
\
2 7(1—) (1) 7=y
] T[] )T
InN | =———exp —2
Cia Cis (% InT, +In cW + %ln In N)A/

This, in turn, implies that

~ ChaTh,

{ ( S Th ) 2
exp exp

(sT;,)"" 1, (sT3)° (sT3,) )
{01,5 (Ifn [Ths])” }} - WN P {_01,4hTh P { Cis (Tn [sTh])”
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Turning our attention now to showing result (iii), we first write

2
272 T2 N
N?exp{ — *h } = N?exp{ — f CW, [ —
P { Cra(1+ T)Cha) P T CL (1 + T,00) \V T,

[aﬁ”] “ImN

Ci2 (%h + Cl,3>

= N?exp{ —

Taking log transformation of the right-hand side, we get

2 [a&”] N [Cﬁ”] ‘N
In | N*exp —0172 <TLh N 017?)) = 2InN — s (T%L N 01’3)
G

= 2InN —

1711
InN |1+ C_l—]
01,201,3 [ 3 T,

2
Now, let C,El) be a positive constant such that [C’,Sl)} > 205 (14 C13), and set

2
)
Cry = — 2.
W CaCig
Note that, by this choice of oW and CE“D, we have
201 2 (1 + Cl 3) 2
Chy > ’ = —2=—>0
@ Ch2C14 Chs
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It, thus, follows that

2T2
N%e - 5 h }
P { Ci2(1+T3Ch3)
2
[O,S”} In N
Cio <l + Cl,3>

= N?exp{ —

2
1 [Cil)] 1 -1
= 21nN 1+013T} ~——InN {1+C—}—}
h

1 —1

* — 1 -

. [ 2 1
= exp{—C(l)lnN 1— oo,

Cly

1 117! 2
< exp —Cf\InN |1 - — 1—|—C’_1—] since <1
p{ o |15 | |1 it }< Ciy O )
= o(1)

This, in turn, implies that

et ey = () verl e e | =0 (%)
exp § — = | exp 4 — =0 -
PV Cla(1+ T1Chy) N? P Cra (1 + TChy) NZ

which shows result (iii).
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Combining the results given in (i)-(iii) above, we obtain

Ty
1 ln N
Pl|=) w/pl>cW
(sTh)" (sTh)” (sT3,)"" §2T72
T — — S Sl (7 —
h EXP { 0171 + “xp 0174Th <xp 01’5 (ln STh)’Y + xp 0172 (1 + Th0173)

(with s=CW lnThN>

1 1 1
= N2 + o0 N2 + o m

1

Next, we show that there exists a constant Cf) > () such that

1 @ MN| (1 B
{ Zuﬁ > Th} O(NQ),Whereﬁ—HBHQ.

To proceed, note that, by Assumption 4-1, E (ugﬁ) = E[uj] B = 0. Moreover, since H B H2 =
18]l / IBlly = 1, we can apply part (a) of Assumption 4-3, so that for all s > 0

ap (sl <o f1- (2) "} oo (- (2) )

Let Z(2 = w3, and let V;

Note that .7:}(2)

IA

= (er, W/ ,u;)/ be as defined in part (b) of Assumption 4-3.
_ a< 22, 72 7 >> CF =0, Vis Vi, V;) and F2

7™ ttm
o (Zﬁln, z& 72 ) C Fo = 0 (Viems Viemits Viemaa, -...). Hence, it follows by

part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that {Zt@)} is an a-

tez,
mixing process with a coefficient a4 (m) = sup, « (f}@) o F oy, +m> satisfying the rate
of decay

Q7 (2) (m) = Ssupuw <j 7(2) 700,‘/7;?2)7t+m)
t
sup o (F' o, Fi5n)
t

IN

< aexp(—cm™?) for all m >1

202



and for some positive constants 7,, a and c. In addition, note that, by Assumption 4-3, there
exists a constant v € (0,1) such that

1 1 1
YT T2

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merleveéde,
Peligrad, and Rio (2011) are fulfilled. It follows from applying this inequality that there
exist constants Cy 1, Ca 9, Ca 3, Ca4 and Cy 5 that depend on a, by, ¢, 7, and 7, such that, for

any s > 0,
1 &
Pl |= w8l > s
(7=
Th

t=1
(sTp)" $2T2 (sTp)? (sT) ")
< T — — L 5.
= LheXp { Ca +exp Coo (14 T,Cs3) +exp Co4Th, P Co5 (InsTy)”

For some O > 0, let
In N
= 0@, [ —.
s h T,

By choosing C? to be large enough, we can obtain the following three results, which we will
show in turn:

(sTh)2 (STh)v(l—w) B 1
xp {_02,4Th P { Co5 (In [STh])7 } } —¢ (m)

@13
Y S S Gl L e
0272 (1 + Th0273) 0272 <Tlh + 0273>

(iii)
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To show result (i), first write

@17 y
T,)" [C* ] In N2
NT, ex —(‘S—h} — N2Tjexp{ — T”( >
" P { C’2,1 h P 0271 h Th
<
= N2Tjexp{ — o T? (In N)?
Taking the log transformation, we have
@]"
T,)" [C* ] ol
In {NQTheXp {—MH =2InN +InTj, — 7Thg’ (InN)?
Ca1 2,1

Now, by assumption, (In N )%_1 =0 (T), where

Y172
v, = ——— > 0.
Y1+ 27

Since, as shown previously,

Y172 > V172 — .
Y1+ V2 Y1+ 27

it follows that (In N)%f1 = o (T') implies that (In N)%f1 = o (T). Since
In Th
%

—— — 0 (given that v > 0)
T2 (InN)

and since
ol
)2_1
2
2
T
T

and — = —— — 1 as T — oo since h is a fixed finite integer

T, T—h

we see that 5
2In N +InT), _2(1nN)175 N InT},

T? (In N)? T2 T? (In N)

— 0

(ST

204

2(In N2 T\Z {(InN)> )2 In N
% = 2(—> <&> —0 giventhat“lT—ﬂ)

)



which, in turn, implies that

@17
2 (sTh)” [C* } 2 2
N*T} exp  — = exp{2InN+InT, — =———T772 (InN)>
0271 C’2,1

]
* % % 1— 0271 21nN—|—lnTh
[Cf’F T? (InN)?

It follows that

T, exp {—(SCI;Z)W} = %Nm exp {_(307;,:)7} -0 (%) o(1)=o (%) .

Next, to show result (ii), note that

T )2 (STh)W(l—V)
N2 o (S h
exp{ CodTh 0\ Cos (W [sT3))7

( (1)
2 v(1-7) < (2) M)
— N2?expd — 17 (O(g) In N ) exp T G
«\/ 7
CoaTh T Cas (111 [Th0£2)\/ % >
\
|:C'>E2):|2 Thv(lgv) [C£2):|’Y(1’Y) (lnN)v(lgv)
= N?exp{ —=————InNexp
C 2, 1 1 7
24 Cos (INTh +CP + I N — $InT;,)
\
( 2 ol €ia)) (1=v) -
2 ] T [P s
= N<exp{ — o (In N) exp - O =
24 Cos (3T + I CP + Lnln )
\
2 (=) (1* ) y(1—v
.- ] T [P )T 2
= expg —In exp -
Caa Cas (% InT, +In c? + %ln In N>7
= o(1)
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This, in turn, implies that
exXp § — (STh>2 exp <8Th)7(17’y)
CQAT}L 0275 (111 [T‘}LSD’y
1 (sTp)? (sT) )

= —N? —

N2 eXp { CQAT}Z eXp 0275 (hl [SThD’Y

1

= 0] m

Turning our attention now to showing result (iii), we first write

2
2772 T2 In N
N%ex {— Ik } = N?exp{ — h C’f)\/—
P Coo (14 T3,C5) P Coo (1 +T3Cs3) T,

[CE)] i In N

Ca2 (%h + 0273)

= N?exp{ —

Taking log transformation of the right-hand side, we get

N [a&”] N . [09] N
' o _02,2 (T%L + 02,3> - Ca2 (%h + CS)
o]

1 —1
= 2InN — lanl—FC’l—]

~ 2,3
U205 3 T

2
Now, let % be a positive constant such that [C’f)} > 2055 (14 Cy3), and set

@]’
Cé) - CL2,2C]2,3 —

Note that, by this choice of C? and C’(*Q), we have

C2C 3 Ca3

CE’;) >
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It, thus, follows that

2T2
N%e - 5 h }
P { Coo (1 4+ T3Cq3)
2
[09)} In N
Cao <l + 02,3>

= N?exp{ —

3 Th

1 -1
= exp{( 1nN[ 23T] [Cy +2] lnN) {1+C£§Th] }
1 -1
1 * —1
= €xp {( lzCZ?’T - C@)}) [1 +Cy3 fh] }
[ 2 1 177
OEE) [1 + 0273 Th:| }

= exp {—C’&) InN [1- T,
< e -1 N-l——l}{l—i—C’_l—l}l since 2 <1
X n in
p (2) L jh 23 jh 0?2)0273
= o(1)

This, in turn, implies that

et ey = (o) verlanainay ) =0 (w)
exp § — = | exp 4 — =0 -
P Con (1 + T1,Chs) N? P Con (1 + T1,Cas) NZ

which shows result (iii).

2
1 [C>E2)] 1 -1
= 21nN 1+(12‘ } ~———InN {1+Cg}—}
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Combining the results given in (i)-(iii) above, we obtain
In N
(| 2o = e 5
(sTp)” } (sTh)? (sTp,)" { $2T2 }
T, exp — +expl — exp{ — 24— +expl —
hExP { Caa P Co4Th P Co5 (InsTy)” P Coo (1 +T3Cs3)
In N

(with s=C? I;_h>

1 1 1
= N2 + o0 N2 + o m

1
= 0 m .

Moreover, since 0 < Cf) < oo and since, by part (a) of Assumption 4-4, there exists a
constant ¢ > 0 such that

0 < VA= < V& min [6,] < 6l = V&6 < V& max [¢,] < Vie < oo,

1<g<k 1<g<k

IA

we let CT(2) — C?|¢|l,; and note that 0 < C/k/e < C’T(z) < ¥ /e < oo, so that
C’T(Q) € (0,00). In addition, note that

I} Ll(,b/\/An Li¢ ¢/L,1L1¢ ||¢”2
= = = — , so that = = =
B =T8T = ol /A Taly % e 121, o2 Tel,
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Hence, given that, by definition, 3 = 3 ||3]|,, we further deduce that

IN

P

max
1<i<N

max
1<i<N

max
1<i<N

max
1<i<N

max
1<i<N

max
1<<N

(2)
>

(
> G
- HﬁHz

\/ A1l In N

In N
Ty

2) In N
I ||6H2 > CT \/ Th)
2 N
T

- H¢H2 Th

) (ime .-

In N
> QE?)\/AM\/ Th)

C®

*

v

In N
T

209

LG

31,1

Il
VAL

) (since by Assumption 4-2(a), A, ; — 00)

(102)



Finally, let C, be a positive constant such that C, > max{?C’il), QCT(Q)}, and we can

combine the results given in expressions (101) and (102) above to obtain

T
1 & In N
Pl |— E X, — > C,
Th — [ t MX] 6 Th )
Th
1 In N
— E >
P Th [Wt + Ut] 5 C Th >
5. , ln N
< P E W E utﬁ > (.

Ty Ty
1 C In N 1 C InN
< P — N W == ul = s > = =
: {2 o254 {2 - )
Ty, T}
1 C In N 1 C In N
< Pl|= ) W/p|l >4 — Pl|=) up|>—"1/—
- Th; tﬁ—z Th) (Th;tﬁ—z Th>
1 & In N 1 & In N
< Pl|1=S"wal>ch /= |+pP||=S up|>c?,|=—
- Th; )= T, Th; S| = G T,
Gy
5 2

e
() ()
(3
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_ To show part (b), note first that, since X; — py = W;+u; and Yx = LiA L+ LyA, Ly +
Y., We can write

1 , -
T Z ([Xit - :“X,z'} (Xt — px] — ei,NZX) o}
= = (Wt +ua W] + i) — €f xEx)

t=1

Th
= _Z[Wzt+uzt W’6+_Z Zt"‘ult Utﬁ— hZ€;7N§X6
t=1 t=1
= = Z {[VVzt + ] Wi — ey (L1 A L + L2A2L/2)} s
1 —
7 I RERIECAE
=1
1 &
= 7 2 AW+ Wi = ey (AL + LoD 1)} 5
=1
h
+?h tz: {[Wzt + | uy — eg’NEuﬁt} B, (where ¥, ; = F [uguy))

(smce ?Z e N Suf = T Z ’NT Zzutﬁ T Z zNEutﬁ>

To show the desired result, we first show that there exists a constant ' > 0 such that

Th
1 ) , ) In N 1
Pl st = i} o 2 05T =0 (55).

To proceed, note first that, by Assumption 4-1,

E [{[Wit + ui]) W] — €] 5 (L1A L} + LoA,Ly) } 5]
= kK “VVzt + wi)| W/ — €]y (LiA L + LA, L) 5}
= E [e;,NVVtVVtIB + eg,NutVVt,B - e;,N (Lléng. + L2A2L’2) 5]
(since Wiy = e; W and uy = e;,Nut)
= €;7NE (W, W] B + e; ~E [uW]] B — ;N (LA LY+ LA, LY) B
= 0 (since E [W,W/| = L1 AL} + LA, L}, and E [u,W/] = 0)
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from which it follows that the elements of the sum

Ty

Z {[VVn + i) WiB — € y (L1A Ly + LaA, L) 5}

t=1

given above all have expectation equal to zero. Moreover, let v; and by be the positive
constants defined, respectively, in part (a) of Assumption 4-3 and in Lemma C-2. Then,
by part (c) of Lemma C-3, there exists a positive constant C' > exp {1} such that, for any
s > 0, for all integer ¢+ with 1 <7 < N, and for all t € Z,

P(|(Xi = i) Wi > 5) = P(I(Wie+ ) W/B| > 5)
< 1))
< cen{- ()}

where r =~,/2>0and b > (1+1n 2)% b3 > 0. Next, define v, = 7175/ (71 + 275) with v,
being a positive constant as defined in Assumption 4-3, so that the reciprocal of v, can be
written as

1 _m+2p_2 1 1 1

Ve M M T2 T M
Now, the condition specified in Assumption 4-3 implies that

0<n, = V172 < Y172 — <1

Y1+ 27, Y1+ V2

so that, in particular, v, € (0,1). In addition, let Zz(»,lt) = (Xit — uX7i) W)B = (Wi + uy) W[5,
and let V; = (¢;, W/, u})" be as defined in part (b) of Assumption 4-3. Note that Fray, oo =

o (7&5,%5)727&5,11‘,)71725,115)) g ﬁoo =0 (7 ‘/;727 ‘/tfla V;f) and le),i,t—&-m =0 (Zg,lt)er7Z§,1t)+m+17Z§,lt)+m+2>
Fm = 0 (Vigms Viems1, Vigmaa, -...). Hence, it follows by part (b) of Assumption 4-3 and
Theorem 14.1 of Davidson (1994) that { g§?} is an a-mixing process with o coefficient

T teZ

A
/

aym ; (m) = sup, o (P > satisfying the rate of decay

(o0]
ZW i —oc0? fg<1>,z‘,t+m

az(lu(m) = SupOz(]-"t
< supa(]j ffjm)

< aexp(—cm™?) for all m > 1, for all i,

and for some positive constants v,, a and c.
Hence, all the assumptions needed to apply the Bernstein inequality given in Lemma C-1
are fulfilled. Making use of this Bernstein inequality then implies that there exist constants
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0(1)717 0(1)72, 0(1)73, 0(1)74 and C(1)75 depending on a, b, c, , 7,, and 7y, such that, for any s > 0
and for all integer ¢ with 1 <i < N|
> S)

Th

1

P ( T, Z ([Xit = 1) W = €y (LA L + Loy L)) B
t—1

2 Th8>

¢

( since Ly = LyLi——= =0 and Xy — pux; = Wi + u¢t>

\ 31,1

Ve 2712
Ty exp {— (sTh) } +exp{ — L
Caya Cay2 (1 + ThC(1),3)
(sTh)2 (STh)%(l—%)
+ex — ex
P { C(1)74Th p C(l)’5 (111 STh)’Y*

Using Bonferroni’s inequality, we further obtain

Th
= P ( Z (Wit + uat) W) B — €; y L1 A L1 5)

t=1

IN

T
1
P (féﬁ%’fv T ; ([Xie — pxa] W] = €y (L1A LY + LoA, L)) Bl > S)
Th
< N max P < ; (Wi + wi) W8 — €} y LA Ly B) | > sTh>

IN

Ve 22
NT), exp {— (5Th) } + Nexpg — ST
Caya Cayz (1 +ThCays)
(sTh)2 (STh)%(l—%)
+N ex ———— X
P { C(1)74Th P C(l)’5 (ln STh)’Y*

Now, for some constant ol > 0, let

In N

= ol .
S . T

By choosing M to be large enough, we can obtain the following three results, which we will
show in turn:

(i)

T Yk (C* ) Vi o 1
NTj, exp {—(S h) } = NT,exps ———=———T,2 (InN)2 » =0 (—) :
(1.1 Caya
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Ne (sTh)2 o (sTh)V*(lﬂ*) 0( 1 >
X — X frd JE—

PY Tl TP Coys (n [sTh)) NZ

(iii)

22
sTy

{ | @Yy )y
Nexpl — = Nexp{ — :o(—).
Cly.2 (1 + ThC(1)73) C),2 (L + 0(1)73> e

To show result (i), first write

[1] Y -
N3T}, exp {— (SC(;)1 } = N°Tjexp{ — T, ( - )

),
= NThexp{ ——~——+—T,% (lnN)WT*

Cya
Taking the log transformation, we have
(1] Y
In lN?’Th exp {—%—h)}l =3InN+1InT), — C—Thwz (1nN)72
(1)1 (1)1
Given that
In Th

— 0 (since v, > 0)

D
2

T, (InN)%
and given that

Yk Yk 2 = 2
InN)'"" % T\7? ((InN)» ") ° In N)7 "
% = 3 <—) (n—) — 0 [ given that & — 0
ThT Th T
b t1 d gi that r r lasT
assumption, and given that — = —— — 1l as7T — oo | ;
we see that .
3In N +1InT; 3(InN) = InT;
?_* + nv*h = (n Q + D —h Y x _>0
T,? (InN)= T,? T, (InN)=2
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which, in turn, implies that

N*Tj, ex {—<S i }
h €XpP Cia
(OE'])’Y* .
exp 31nN+1nTh—07ThT (lnN)WT*
(1),1

()", Coya 3N +In7)
exp{ =2, (I N) T |1 -~

Cya (Ci”) T, (InN)%

(STh)’y* 1 3 (STh)%‘
NT, _ — NPT, _3)
h €XP { 7 N2 h €XP C(l)’l

_ 0(%)0(1):()(%).

Next, to show result (ii), note that

T, )2 (sTh)V*(lﬂ*)
N3exp{ — (5T, ex
’ { CaraTn "\ Cys m[sT)™

= N3exp

= N3exp

= N3exp

= exp

= o(1)

( . 1— . 1 n 7*(1_’7*)
(o mE\ [T (o))
Tt \ VT P 1] g
(1),44h h O(l)’5 (ln [Th(]* %})
( 2 Y (1=7) «(1=7,) Y (1=74)
() T (CL”)V ™ (I V)=
—————1InNexp
Claya Cys (1 Myl L -
: W5 (InTh +InCi” + 5Inln N — 5InTj,
r 2 Y (L=v4) «(1=7,) Ve (I=74)
(Ci”) T ((JL”)7 (I N
—==——(InN)exp T
Caya Caps (3T + 4 4 )
2 Yx(1—7y) *(1_ *) Vs (1—74)
() T (CL”)7 ™ (o )=
—InN |———exp 3
Clnya Caps (3 T+ CY + S V)’
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This, in turn, implies that
(STh)2 (sTh)V*(lﬂ*)
N ex — ex
P { C((1),4Th P C(1)75 (hl [STh])V
1 (sTh)2 (STh)’Y*(1*7*)
- - N3 €eX — ex
<N2) P { CryaTh P Cy,s (In[sT}])7

_ oG%)qu:oG%)

Turning our attention now to showing result (iii), we first write

2
22 2
N3exp{ — T = N3exp{ — T C’E} _lnN
Cayz (1+ThCy3) Cyz (1+ThC)3) Ty

= N3exp{ —

Taking log transformation of the right-hand side, we get

2 2
(OL”) In N (C,E”) In N
In | N3exp<{ — = 3InN —
Coe ( +Cus) Cwe (& +Cws)
<C’E}>2 111
— 3N-——2 N |1+C —]
C2Cy,3 l W3,

2
Now, let CY be a positive constant such that (C’E}) > 3C0),2 (1 + 0(1)73), and set

)
iy —<C) 3

~ Cwalus
Note that, by this choice of ¢V and Cffﬂ, we have

3Cw2(1+Cuys) . 3
Cw),2C),3 Cays

C[*l] >
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It, thus, follows that

N3exp{ — il
Cwy2 (1+ThCuys)
(C’E]>2 In N

Coa (& +Ca)

= N3exp{ —

2
1 <Cx[<”> 1 -1

= ex 3ln N 1—1—0_ ———Z2 __InN 1+C7t

P { 3Th} C)2Cay3 { 3T, }

L1 . 17
3lnN {1 + O(ligﬁ} — [Ch +3] lnN) {1 +C 3TJ }
1 117!
—1
lnN |:3O(1)’3?h C[ ]:|) |:]. ‘I’ O(l) 3Th:| }

3 1 { 0— 1}1

1 117! 3 Cu)33
< —CfInN |1 — — +C ‘ < — =
exp 1] n Th} { (1) 3Th} } (smce C[*1]C(1)3 30(1)73

= o(1)

This, in turn, implies that

Nexpg — o1 = (i) N3exp{ — b
Caye (1+ThCays) N? Caye (1+ThCays)

which shows result (iii)
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Combining the results given in (i)-(iii) above, we obtain

Th
1 In N
; (115% Ty tz_; ([Xie = i ] W) = €y (LD Ly + LoDy Ly)) B > CLF Th)
1 < In N
= (jm 3 0 v st ) o] > 5T
4l n N
< g[S - st > 0[5
V. 212
< NThexp{—(STh) }—l—Nexp — T
Caya Caye (14 ThCh)s)
(sTh)? (sT3,)-" ) . q /InN
+Nexp{ ————ex with s = ClU, | ——
P { C(l),4Th P C(l)’g) (ln STh)’Y* Th
1 1 1
= 0 m “+ o0 ~2 “+ o0 m
1
= o(3) (103)

Next, we show that there exists a constant % > 0 such that

Th,
1 5
P{ = Wit + wi) uy — €; v >Ccl =% =0 <—) , where 3 = )
{Thtz_}“ e = e} 8 7, =0\ 2=,

In N 1

To proceed, note that, by Assumption 4-1,

E ({[Wzt + wie] uy — eg,Nzu,t} é)

e; NI [Wiug] B+ i N E [ugug] B — € nEui

(since Wiy = e; yW; and u; = GQ,NUt)

i nDutf — € yEuy S (since E [Wyw] = 0 and B,y = E [uyu])
0

from which it follows that the elements of the sum

Th
Z {[Wzt + uit] U;é — eéyNEwﬁ}
t=1

given above all have expectation equal to zero. Moreover, let v; and by be the positive

constants defined

, respectively, in part (a) of Assumption 4-3 and in Lemma C-2. Then,
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by part (d) of Lemma C-3, there exists a positive constant C' > exp {1} such that, for any
s > 0, for all integer ¢ with 1 <7 < N, and for all t € Z,

P ([ (Xt = pxi) i) > )

P (|(Wie + wir) w8 > s)
< 1= ()}
< on{-(})}

where 7 =7,/2 > 0and b > (1 +1In 2)% b2 > 0. Next, define v, = 7,75/ (71 + 275) with 7,
being a positive constant as defined in Assumption 4-3, so that the reciprocal of v, can be
written as

1 _m+2,_2 1 1,1

72'

Vs V1Y2 N

Now, the condition specified in Assumption 4-3 implies that
0<n, = V172 < Y172 — <1

Y1+ 27, Y1+ V2

so that, in particular, v, € (0,1). In addition, let ZE? = (Xt — pux ) W = (Wi + ug) wy g,
and let V; = (g;, W/, u})" be as defined in part (b) of Assumption 4-3. Note that F?

ORI
0 (200,200, 20) S FL =0 (o Via Vi, Wand By =0 (250,258,000 2
Fm = 0 (Vigms Viems1, Vigmaa, -...). Hence, it follows by part (b) of Assumption 4-3 and

Theorem 14.1 of Davidson (1994) that { Z ﬁ)} is an a-mixing process with a coeflicient
© ez

aye ; (m) = sup, o (f.tZ(Z),i,foo’ f§2),i,t+m> satisfying the rate of decay

t
aye ,;(m) = Sl:pa<‘FZ(2),i,m’ z2>,¢,t+m>
< sgpoz(ffooffim)

< aexp(—em™) for all m > 1, for all i,

and for some positive constants 7,, a and c.

Hence, all the assumptions needed to apply the Bernstein inequality given in Lemma C-1
are fulfilled. Making use of this Bernstein inequality then implies that there exist constants
C)1,C2)2,C2)3,C2),4 and C(9) 5 depending on a, b, c, , 7,, and v, such that, for any s > 0
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and for all integer ¢ with 1 <i < N,

1 &
P ( T Z { [Xz't - HX,i] uy — efi,NE%t} B
t=1
Th

> 8)
Z Th8>

(sT3,)" } s*T7?
< Thexp {— +expq —
" Coy1 Ciye (14 ThCla)3)
(STh)2 (STh)W*(l—V*)
+ex — ex
P { Caaln 0\ Clys (sTi) -

Using Bonferroni’s inequality, we further obtain

_ p ( S (Wi + i 048 — €,y SusB)

t=1

Ty
1
P <1r2%}z(v T, ; ([Xie = mxi] up = € v Zue) B| = 5)
Th
< Nllél%}]ch ( ; ([I/Vzt + i) w3 — e%NZWﬁ) > sTh>

T\ 272
< NTheXp{—(S ) }—I—Nexp — il
Ciaa Ceyz (1+ ThC2s)
(STh)2 (STh)W*(l—V*)
+N ex — ex
P { C(2),4Th P C(z)’g) (ln STh)’Y*

Now, for some constant o~ 0, let

By choosing ¥ to be large enough, we can obtain the following three results, which we will
show in turn:

(i)

[2] Y x

T )= (C* ) Ve Y 1

NTj, exp {—(S h) } = NTexps ———=———T1,> (InN)2 » =0 (—) :
2.1 Cia

B (STh>2 (STh)’Y*(lf’Y*) B L
N eXp{ CapaTn P\ Crps msTu)™ [ [~ “\ V2
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(i)

2]
2T2 <C* > In N 1
Nexp{— ® Th }:Nexp — :0<—2).
Ciyz (1+ ThCi23) Clay2 (Ti +Cp) 3) N
K h K
To show result (i), first write

2] Y y
T Vx <C* > 1 N 2
N3T), exp {— <SC’(:)>1 } = N3Tpexp{ — T, ( 1 >

Taking the log transformation, we have

(STh)’y*
Cio)n

Y x
<C>5[<}) x 0%
In {N?’Thexp{— }} =3InN+InT), — ~———T,° (lnN)T*

Given that

In'T;
hn i — 0 (since v, > 0)
2

T, (InN)%
and given that

Yk % 2 e 2
InN)' 2 T\? [(InN)*= "\ ° InN)+ L
3 N) = 3(—) WM™ )" o ( given that 2™
ThT Th T
b ti d gi that r lasT
—_— = — — :
v assumption and given tha T, T—h as o0 | ;
we see that .
31?_*N+lnz:h _ :e,(lnz\g*T N hlnTh _ o
7,2 InN)™= T,? 7,2 (InN)=
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which, in turn, implies that

N3T}, exp {_ (sTp) " }
Cla)a
(O"[‘Q])’y* Jx T
= exp{3InN+1InT), — 7,72 (InN)=2
C2)a
()", Coya 3N+ 7]
= expy{ — ThT (ln N)WT* — (2)’17* i nw*h
Ceoy1 <C£2]> 7.7 (InN)%
= o(1)
It follows that
(STh)%‘ 1 3 (STh)A/* 1 1
heXp{ Con eV Thexp | =5 s o) =0l 55

Next, to show result (ii), note that

2 7*(1_7*)
N3 exXp { (STh) exp { (STh)

Ca)5 (In [sT}])7

 ClayaTh

/)

( 2 (17 (A2 a7
; T2 o [N T, (C* T—h>
= N’exp{ — oo T C: | exp 2 o
\ (2),44h h 0(2)75 (111 [ThC* %})
( 2 Y (1=74) «(1=7.) Y (1=74)
() T ()T )
= N?exp{ —————InNexp ~
Claya Caps (nTh+ 1 C¥ + LIl N — LT,
¢ 2 Y (1=7) L(1=7.) Yo (L=7)
(a?]) T (CE])” ™ (i V)=
= Nlexp{ — (In N)exp 5
Claya Ceps (3mT+mCF + Ll )
<C>‘|:<2:|) 2 Th’Y*U;'Y*) (C’Lﬂ)'y*(l'y*) <1n N) V*(1;7*)
= exp{ —InN C—exp -3
(2)4

o(1)

C 14 2 1 Vs
(2),5 (5 nT, +InC7 + §ln1nN)
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This, in turn, implies that
(STh)2 (sTh)V*(lﬂ*)
N ex — ex
P { C(Q)ATh P 0(2)75 (hl [STh])V
1 (sTh)2 (STh)’Y*(1*7*)
- - N3 €eX — ex
<N2) P { C2)aTh P Cl2)5 (In[sT}])7

_ o(%)ou):o(%)

Turning our attention now to showing result (iii), we first write

2
22 2
N3exp{ — T = N3exp{ — T C’,?} _ln N
Cla)2 (1+ThC)3) Cia)2 (1 + ThCg)3) Ty

= N3exp{ —

Taking log transformation of the right-hand side, we get

2 2
(OP) In N (CP]) In N
In | N3exp<{ — = 3InN —
Cere ( +Cs) Core (+Cs)
<C’£2}>2 111
— 3N-——Z N |1+C —]
Cl2)2C2)3 l @3,

2
Now, let C% be a positive constant such that (C’B}) > 3C2)2 (1 + 0(2)73), and set

2)”
Ca —<C) 3

 Co2los
Note that, by this choice of c? and C[*z}? we have

3C2(1+Cs) . 3
C2),20(2),3 C)3

C[*Q] >
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It, thus, follows that

N3exp{ — il
Cl2)2 (1+ThC)s)
(O"[‘2]>2 In N

Coa (& +Ca)

= N3exp{ —

2

cay (@) e
= 3SmMN|1+C i, —| ———2—InN 1+C5.,—
eXp 1 [ + (2)’3Th:| C2)2C2)3 " [ + (2)’3TJ

1 1771
—1 * —1
3In N {1 + OW)TJ — [0[2] + 3] In N) {1 + Oﬂ)ﬁﬁ} }
1 1771
—1 * -1
ln N |:3O(2)’3?h — 0[2]:|) |:]. ‘I’ 0(2)’3Th:| }

1 -1
-1

3 1

C[*2] 0(2)73 Th

_ 1 1 -1 3 0(2) 33
< Oy N [1——| [1+C7t . — ' <30
exp [2] 11 _ Th} { + (2),3Th:| } (Slnce C[*2]C’(2)73 30(2)73

= o(1)

This, in turn, implies that

Nexpg — o1 = (i) N3exp{ — b
Caye (1+ThCays) N? Caye (1+ThCays)

which shows result (iii)
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Combining the results given in (i)-(iii) above, we obtain

1 & In N
— L r_ 2, [
P (11251}1% Tj, ; ([Xit = pxi) wy — €5 xui) B] = C T, )
i In N
< (30 0wl ) > ey 5
<

(sTp) ™ s*T?
NT} exp {— Corn } + N exp {—0(2)72 (1+ ThCays) }
(STh)2 (sT) )7*(1*7*) ' 5 N
+N exp{ ConaT exp {C’ 25 (ST }} (Wlth s = C’£ ] Th)
1 1
() o) o)
1

Moreover, since 0 < C2 < 0o and since, by part (a) of Assumption 4-4, there exists a
constant ¢ > 0 such that

0 < Viz < Vi min [6,] < 6, = V&6 < Vi max [6,] < Ve < o,

1<g<k

we let O = C7|¢],; and note that 0 < CPly/r/e < O < CP\/ke < oo, so that

C’E] € (0,00). In addition, note that

I6] Lio/ /214 Lo S'LiLiop 9l
— — ol : h — — —
B =18, T ol /s Tely & 121, o2~ Tel,
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Hence, given that, by definition, 3 = 3 ||3]|,, we further deduce that

IN

P | max
1<i<N
P | max
1<i<N
P | max
1<i<N
P | max
1<i<N
P | max
1<i<N

(Since 1811, =

P | max
1<i<N

P | max
1<i<N

Th
1
Th Z ([Xit - HX,i] uy — e;,NEu,t) B
t=1
1 &
7y 2 (Wt wal 146 = 6xB0e)
1 &
?h ; (U/Vzt + wiy u;é — e;NZU’tﬁ)
1 &
T S (Wit + w4} — € xS
t=1
1 &
T, Z (U/Vzt + uge) uy 8 — e;’Nﬁuytﬁ)
t=1
PL LG |9l
Al,l \ Al,l

1

s Z (Wit 4 wie) w8 — € ySus3)
t=1

1
T,

Z (U/Vzt + U] U;é — 6;7N2u,t§)

t=1

(since by Assumption 4-2(a), A, ; — 00)

()
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2]
> C

In N
1
In N
T
2] In N
151, = €7y Th>

2
Cy

In N
> __1
Bl V Tk )

> OF]\/ALI IHN)

el Th

>

InN
> CP Arg Th)
S o In N

(104)



Finally, let CT be a positive constant such that CT > max{2C’£”,2CE]}, and we can

combine the results given in expressions (103) and (104) above to obtain

P | max
1<i<N

= P | max
1<i<N

< P | max
1<i<N

+ max
1<i<N

IN

IN

IN

+p<

(4
|
g
+P(

max
1<i<N

max
1<i<N

max
1<i<N

max
1<i<N

max
1<i<N

max
1<i<N

1 &
T Z ([Xie = ] [Xe
h t=1
1 Th
7 2 (W + i W]+ ] =
t=1

1 &
T Z {[Wzt + gy
t=1

1 &

T Z {m/zt + ] uy
h =1
1

i Z {[VVzt + uy) W,
h =1

1 &
i Z {[VVzt + gy
h =1
1 &
T Z {[Wzt 4w W,
t=1

Z{ zt+uzt

Wi —e; v (LA L] + L2A2L/2)} 5

1 &
T Z {[Wzt + iy

1 D
T ; {[VVzt + ) uy

- MX], - eg,NiX) B

In N
> T
o,/Th>
In N
> T
c,/Th>

627N§X) 5

lnN
Ct /InN
! >_ o
ZN(LlAL + LA, L) }B 5 Th}
C’ /lnN
i
1N(L1A L} + LA, LY) }B >£ M
2 Ty,
ct InN
Ue e ZNEMM‘ B} Th>
v (LA L + LA L)} B > mTN)
h

- e;7NZu,t} B

2] InN
> CT \/ Th)

Ct Ct
(since C' > max {QC’E], QC’T[Z]} implying that - > C and - > C’Tm)

N2

1
m .

() ()

Turning our attention to part (c), first set

CA 2 max {Blg, Of}
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where Bjs > 0 is the constant given in part (a) of Lemma C-5 and where C, > 0 is the
constant given in part (a) of this lemma. It then follows by part (a) of these two lemmas
that, for all NV and T sufficiently large,

1 & 1 & In N
i R A= _ > A
P (121%}}\/ T tz_; [ X — pix 4] T ; [X: —px]' 8| = C T )
Ty 1
1 InN |4
J— o X A
< o ({2 ]| 2 v [
T, 1
1 , InN|*
X > A
U{ThZ[t ]ﬁ_C[Th]D
1 & InN7%
il L ) A
< P (121@\; 7 ; (X = px ]| = VO { i } >
T, 1
1 , InN |1
+P | |—= X; — >Vt
(Th;[t fix] B [ﬂ})
(by Bonferroni inequality)
T, Th
1 In N 1 In N
< — L 1| > A il > T Bl
< P (121%[ T ; [ Xit — px) C T, ) +P ( T, ;[Xt ] ¢ T, )
1
In N InN |4 InN InN
<since r}—h < lr;—hl given that I;—h = Tn_ . < 1 for all N and T sufficiently la,rge>
Ty Th
1 In N 1 In N
< P(&ﬁ’% ﬁ;[){it_ﬂ){,i} =/ B Th>+P<ﬁ;[Xt—M]ﬁ > C Th)

<since setting C* > max {B127 C’f} ensures that vC?® > max {\/Blg, C’*} )

1 1
= < N2) +o < N2) (by part (a) of Lemma C-5 and part (a) of this lemma)

-3

To show part (d), note that, given that h > 1 is a fixed finite integer, we can let 7 =t+h
and, without loss of generality, write ¢,,, = ¢,. Now, by part (c) of Assumption 4-3, we
have F [e,] = 0 for all 7 € Z. Moreover, by part (a) of Assumption 4-3, there exist positive
constants v, and b; such that for any s > 0,

S 71 - s Y1
supP(|€T|>s)§exp{1—< > }gCeXp{_ <_> }7
TEL bl bl
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where C is a positive constant such that C > exp{1}. Next, let V; = (e, W/ u"),

T YT
and note that 77 = o (....,e;1,6;) € Fo = 0(.., Voo, Voy, V7)) and F25,,, =
O (Erqms Ergmtts Erema2, ) © Fbp = 0 (Vigms Vegmtt1, Vigme2, -...). Hence, it follows by

part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that {e;11},c7 = {er}. ez
is an a-mixing process with « coefficient a. (m) = sup, « (.7-"57 oo Fee +m) satisfying the rate
of decay

a. (m) = supa( 7 o Fon )

g, 7+m
-

< supa (FL o, Fom)

T+m
< aexp(—em™?) for all m > 1.

and for some positive constants 7v,, a and c. Furthermore, note that, by Assumption 4-3,
there exists a constant y € (0, 1) such that

1 1 1
YT T2

Therefore, all the assumptions needed to obtain the Bernstein-type inequality given in
Merlevede, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Applying
this Bernstein-type inequality then implies that there exist constants C. 1, C 2, C, 3, Cy 4 and
C, 5 depending on a, by, ¢, y,and v, such that, for any s > 0,

Th
_p (

1

(sTh)” s*T}; (sTn)? (sT) ")
< T —_— — _ '
= LheXp { Cia +exp Cia (1 +T,C, 3) +exp CiaTy, P C.5 (InsTy)”

For some B, > 0, let

P(ETh’ > S)

In N

T

By choosing B, to be large enough, we can obtain the following three results, which we will
show in turn:

(i)

s = B,

(i)

(sT)? (sT,) " (1
exp {‘@ATh xp { C.s (In [5T3)) }} - (W)
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(iid)
o)l o)
exp q — =expq — —Y\nN2 )
P 0*72 (1 + Thc*,?)) P 0*72 (Tlh + C*,S) N

To show result (i), first write

T,)" BY . (InN\? BY 2 3
NQThexp{—@C’ih)} :N2Thexp{— =T, (n_) } :NQThexp{—O* 1) (lnN)i}

*,1 O*,l Th

Taking the log transformation, we have

gl
In {N2Th exp {— <SCTh>

*,1

T a
}1 =2InN +1InT), — CB* T, (lnN)%

*,1

Now, by assumption, (In N )%71 =0(T), where

Y172
=12~y
Y1+ 27,

Since
172 Y172
= > =
Yit+Y2 27
it follows that (In N )%71 = o(T') implies that (In N )%71 = o(T'). Making use of the fact
that

*9

In T,

lnihv — 0 (given that v > 0)

T2 (InN)z
and
2 (InN)'"3 T\ (N ? (In N)> !
n—l = 2 <—> ———— | —0 | given that ————— — 0 and

T? Ty T T
: T : : o
given that — = —— — 1 as T — oo since h is a fixed finite integer
T, T—h
we see that -
2InN+In7T, 2(InN) "2 InT},
g P X +—3 7 0
T} (InN)z s T2 (InN)z
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which, in turn, implies that

T, K BY o ol
N*T), exp (T = exp<2InN+InT, - =772 (InN)2
0*71 C*,l
B) , 2 y «12In N +1n'T;
= expq———712 (InN)2 |1— 0’71 nl il nvh
Cia B 72 (InN)?

= o(1)
It further follows that

T {-EB) L (LT} (1Y o0y (L),

Next, to show result (ii), note that
T )2 (STh)”/(l—”/)
N2 . (S h
P { CoaTy, "V Cup W[sTh))

(1—v)
2 (1—7) < MY
T7 (B* lnN> exp L, B/,

= NZ?exp{ — — 5
()~ (a
11— '7(1—'7)
BQ T 2 B’Y@*’Y) In N
= N?exp{ ——=InNexp h ( ) =
Cia C’*g,(lnTh—I—lnB + 3 Inln NV — lnTh)
(- 7(1
B? T T BV In N
= N?exp{ ——= (InN)exp h (n )
Cia C., ( InTy, +In B, + 3 lnlnN)
BQ Tw(lz— B,yl ) (lnN)w(l )
= expg —InN “ exp h —
1 7
Cia Cis (5 InTy +In B, + 5Inln N)
= o(l)

) g f )
) ( % ) Nesp {_ Sih%z exp {C((ZT(}llr)lv[fslT:]))7 } }
- 0(53)0=0()-
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Turning our attention now to showing result (iii), we first write

2
2772 T? In N
N2 o S7 Ly — N2 . h B* i
P { Cio (1 +T,C,3) } op Cio (1 +T,C,3)

B2In N
Ci2 (TLh -+ C'*,3)

= NZ?exp{ —

Taking log transformation of the right-hand side, we get

2 2
In | N?exp{ — BilnN = 2InN — BilnN
0*72 (TA;E + C*’;g) C*,2 (TA}] + C*,3)
B2

= 2InN —

1 -1
In N 1+O;1—]
*,20% 3 [ 7?)/-Th

Now, let B, be a positive constant such that B? > 2C, 5 (1 + C. 3), and set

B2
Cr = = — 2.
C*,ZC*,3
Note that, by this choice of B, and C*, we have
cr > ’ = —2= >0
C*,ZC*,?) C*,3
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It, thus, follows that

N2e 2T2
X —_—
P Cio (1 +T3C3)

B BQIHN
C +C*3>

- exp{<2lan1—|—C*3;] 0*720*73111N [HC&;TH_I}
1 11
= exp{<2lnN[1+C*7§?h] —[C*+2]1nN> [1+C*7§?h1 }
1 117"
- co{(mr g ) [rrest] )
= exp{—C*lnN l1— Céﬂﬂ [HC"";TL,Z] —1}

. 1 17177 , 2 Cua2
< exp {—C’ In N [1 Th] ll +C*3Th] } (smce C o, < 2Cus 1)
= o(1)

This, in turn, implies that

expl — i = L N2exp{ — T =0 L
0*72 (1 + Thc*g,) N2 C*’Q (1 + ThO*,3> N2 )~

which shows result (iii).

= NZexp
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Combining the results given in (i)-(iii) above, we obtain

B $2T2 e d (sT)? . (sTp)"
Ci2 (1+T3Ci3) P CiaTh P Cis (InsTy)"

Next, to show part (e), first set C# = max {C?, B2}, where C, > 0 is the constant given
in part (a) of Lemma C-5 and where B, > 0 is the constant given in part (d) of this lemma.

1 & In N
— - = #,
Pl |7 2 Bl | Fnl 2 07y =1 )
1 & In N3 In N3
_ - , VO# | /—/ z VO# | ——
=7 {1@@% Th;[XZt il | 2 VO l I ] }U{|€Th| = Ve l I ] }>
Th 1 1
1 InN |4 InN |4
- L A VO# | /= z VO# | ——
= r e Th;[xn il | 2 VC [ T ] > o <|€Th| = Ve [ T ] >
(by Bonferroni inequality)
Th
1 In N In N
— P ) VO#, | —— z VO#, | ——
= (1%% T ; Nl 2V ) o <|€Th| VN, )
1
In N InN |4 In N In N
<since \/I;_h < {I;—h} given that I;—h = Tn_ . < 1 for all N, T sufficiently large>
1 &
<

InN In N
> _— = > _—
P (121%}}\7 2 Ciy/ T, ) + P <|€Th\ > By J T, )

<since C? = max {Cf, Bf} implies that VC# > C, and VvC# > B*> .

T Z [Xit - MX,J

-
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It then follows, by part (a) of Lemma C-5 and and part (d) of this lemma, that for all N
and T sufficiently large,

1 & In N
1 B 1 I # [N
P (12112}](\[ 7 > [Xi —px]| B = C T )

Ty
1 In N _ In N
< P (@gﬁ, T E :[Xit — x| > C*\/Th> + P (’ffTh\ > B, Th)

Finally, to show part (f), first note that, by part (c) of Assumption 4-3, E [(Xy — px ;) €14n] =
E (Wit + wit) €ren) = E [Wieren] + E [ugeryn) = 0 for all ¢ and ¢. In addition, by part (b)
of Lemma C-3 above, there exists a positive constant C' > exp {1} such that Vs > 0, for all
integer ¢+ with 1 <¢ < N, and for all t € Z,

P(‘(Xit —,uXJ-) €t+h‘ > s) < exp{l — (%)T} Saexp{— (%)T},

where r = 7,/2 > 0 and where b > (1 + In 2)% b3 > 0. Moreover, let v, = 7,75/ (71 + 27),
so that

x Y172 Y1 Y2 T e
Now, Assumption 4-3 implies that

1 _m+2,_2 1 1,1

V172 < Y172

0<7,=
M+ 27 Y1t

=v<l1

which, in turn, implies that 7, € (0,1). Let 7 = t+ h, and we can rewrite (Xit — MX,z) Etah =
(Wit +wie) €040 = Wigon +Uir—n)er = U, ,. Next, let V; = (er, W!,u}) be as defined in
part (b) of Assumption 4-3, and note that 77, = o (....,Qwﬁ,gmfl,gm) C FHh =
0 (coory Visn—2, Virno1, Visn) and g% 1, = 0 (Qi,T—l—m?Qi.T—i—m—‘rl?Qi,T—‘rm—i—Z? ) C Fim =
0 (Vizm, Viems1, Viemyo, -...). Hence, given that h > 1 is a fixed (finite) integer, it follows by
part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that {U,.} __ is an a-

TEL
mixing process with « coefficient given by ay; (m) = sup, & (F7; oo Fg¥s.r4m)- To analyze

the rate of decay of ay ; (m), we first consider the case where m > h + 1. In this case, note
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that

ay,i (m
(oe)

)
sup « (f‘é,i,fom Q,i,7+m)

T

supa (FUH0 F5%,.)
t

IA

IN

aexp{—c(m — h)"?} for all integers m > h + 1 and for all i
(by part (b) of Assumption 4-3)

Y2
= aexp {—crrﬂ2 (1 — ﬁ) }
m

h Y2
< aexp {—cm72 (1 - h——|—1> } (since m > h +1)

1 V2
= aexp{—cm”z (h——i-l) }

1 T2
a exp {—c#m%} where ¢ = ¢ (h—ﬂ) > ( given that h is a finite positive intdd})

IA

Next, consider the case where m < h. In this case, we have

ag,i (m) S‘ip « (f&,i,—om &O,i,7+m)

1

exp {c#m72 } exp {—c#m“}

exp {c#h'“} exp {—c#mvz}

a.exp {—c*m2} (106)

IA

IN

where a, = exp{c#fﬂ?} > 0 since ¢ > 0 and h > 1. Moreover, note that a, =
exp {c#h%} < oo since h < oo and since

" 1 Y2
=c|l—) <
¢ C<h+1> o0

Let a* = max {a, a,}, and it follows by combining expressions (105) and (106) that

ap;(m) < a” exp {—c#mw} for all m > 1 and for all <.

Therefore, all the assumptions needed to apply the Bernstein inequality given in Mer-
levede, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of
this Bernstein inequality then implies that there exist positive constants C';, C5, (5, C, and
C depending on a”, b, ¢, v,, and 7, such that for any s > 0 and for all integer ¢ with
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1
P ( Th Z [Xit - Nx,i} Et+h

t=1

Th
= P ( Z [Xz‘t - ,Ux,i] Et+h

t=1

> S)
2 Th8>

(sT3)" 217 (sT3)? (5T, ()
T, _ - " "h — 0
heXp{ o TGRS T an TP\ G T

Using Bonferroni’s inequality, we further obtain

IN

Ty
1
P (m 7 2 =i 2 )
1 Th
< nglz%}fvp ( T, ; [Xit — bxi) €ven| > 3)
(sTp) " s*T?
< NT, - +N T h
N nep { Ql P Q2 (1 + ThQ3)
(STh)2 (STh)v*(l—v*)
N _ oth)
+ exp{ C.Th exp c. (ln sTh)v*

For some B# > 0, let

By choosing B* to be large enough, we can obtain the following three results, which we will
show in turn:

(i)

NTj, exp {— (821)% } = NT}, exp {— [BQ#}% 7.7 (In N)%*} — Y (%)
(i)
verl B o (805} - ()
(i)
Nexp{—g2(1SiT§hQ3)} ~ Nexpd - [B* "IN | _ <%)



To show result (i), first write

T\ B#] 7 ImN\ >
N3T}, exp —(S h) = N3T) exp —[ ] T, Had
Cl 01 h

Taking the log transformation, we have

Vs B#17 .
In [N?’Thexp{_(STh) H =3InN+InT), — [ C'} T72 (lmNy7

(F) Gy
Since nT
W_n—hw* — 0 (given that -, > 0)
7,2 (InN)=2
and since
3(InN) % TNE (mNE In N)7= !
(DTJTE - 3<Th) ((n 72 —0 giVenthat—(n 72 -0
T T
and given that ? =75 lasT — oo)
we see that .
311N+1nz:h _ 3(1n]\21_7 L InT, _ o
T,> (InN)= T,? T (ln N)T

which, in turn, implies that

T; T B# ie D Vs
N?’Thexp{—(SC’f) } = exp {31nN+lnTh— [ C} T,? (lnN)T}
(&5 1

¢, 3InN+1InT,

]_ _
#V o 2x
[B*]™ 17 (In N)

R .
= exp{—[B} TT(lnN)T

g,
= o(1)

}

It follows that
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Next, to show result (ii), note that

N3exp { — exp {

—InN

(STh)2
C4Th

Th

ln N exp

(In N) exp

(sTh)V*(l_
Cx (In[sTy])™

lnN

T,

Vs)

/)

'7*(1_'7*)

Y«
C. QHP}B# mN’)
Ve (1—7y)
2

; [B#:| ¥ (1=74) (11,1 N)
[0 (lnTh +In B# 4 5 Inln N —

) exp

Ve (1—7y)
2

lIl Th)’y*

Yse(1—75)
2

Ve (I —vy)
2

[B#] Vi (1=77,) (hl N)
Cs (30T, + I B# + §Inln N)™

Ve (1—7y)
2

*'Y*)
2

'Y*(l

[B#] Ve (1=74) (h’l N)

exp exp

Q4
o(1)

This, in turn, implies that

Nexp{—

1
mN?’ exp

)

!

(32

N2

(sT)

4T

(

Cs (30T, + I B# + {Inln N)™

Ve (1=74)

)

)
’ p{c (I [Ts]) -

exp {

/)

(STh)V*( —Vs)
Cs (In [sTp])™

2
STh)2
Q4Th

/)

Turning our attention now to showing result (iii), we first write

272
415

3 R EIE——————
V- exp { Oy (1+T,C3)

|

2
T? In N
N3 . h B#
PTG, 0+ 1) ( T )
, [B#]*In N
N°exp < —

% (h+2)
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Taking log transformation of the right-hand side, we get

In

N3 exp {

[B#]*In N

2 (ke

|

[B#]*In N
3NN — ————
Ca (4 + 1)
3In N [B#]zl N(1+C;
n _Q2C' n [—i—

—1
=3 Th]

Now, let B be a positive constant such that [B#}2 > 3C, (1+C3), and set

Note that, by this choice of B¥ and C*,

It, thus, follows that

N?’exp{

N?’exp{

0., '
we have
. 3C’ (1+C5) 3
C e} 3= . >0
2T2
(1+T,C }
lnN
—1—03
1]
} ) [1+Q3 T

exp{<3lnN [1—1—0‘

31nN 1+C'_ 1 [C* + 3] In )l

-1
= exp{ lnN 3C_——C*]) ll—l—lei} }
T T,
e —C*"In N 51 +C3t — L]
= ex
P T OO, Ty, =T,
1 177! 3 _ Gy
*In 1—— 1 i Cs3
< { C Th} l +C5 Th} }(smce e 303 )
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This, in turn, implies that

s*T? 1 3 T7?s? 1
N exp {_Qz (1 +Thgg>} N (F> N exp {_Qz (1 +ThQ3>} —¢ (F) '

which shows result (iii).
Combining the results given in (i)-(iii) above, we obtain

In N
> B | ——
o)
1 In N
p— Z [Xit - ,Ux,i} Etth| = B* —>
Ty = V T
(sTh)'y* (sTh)Q (sTh)'y*(lﬂ*)
NT, — N — -
h €XP { Q1 + N exp Q4Th exp Q5 (ln STh)A,*

$2T2
N - 2 h
e { Oy (1+T,Cs) }

RORORE
()

Lemma C-8: Let

ol [X'L't — z] Et+h
T, 2 X +
Th

P | max
1<i<N

NmaxP(

IN

1<i<N

IN

Th
N 1 —
Oxyi = 7~ E [ Xt — Xiz,| Yesn where T, =T — h.

-

Under Assumptions 4-2, 4-3, and 4-4; there exists a constant B > 0 such that, for all N and
T sufficiently large,

P — — /InN 1
P (112127]% 0 xyi — Oxyi| > B Th) -0 <ﬁ) .

~ _ In N
max |0xy,; — UXy,i| = Op T .

or

1<i<N

Proof of Lemma C-8:
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For i =1,...,N; write

Oxyi = Oxy,i
1 & _
= T ; [Xz' — Xi,Th] Yt+h — O Xy,
1 & _ ,
- T, Z [Xi - XivTh] {O‘ + [ X —px] B+ 5t+h} — Oxy,i

t=1

i Th
1 - 1 _
= Th Z [Xit - Xi,Th] (X — ,LLX]’B —Oxy,i+ Th Z [Xit — Xinh} Etah
=1 t=1
1 Th . _ 1 Th B
- T Z ([Xz - X@Th] [Xi — px] — e;,NZX) B+ = Z [Xi — X@Th} Etth

Ty

2 =1
(since Oxyi = eé,Nixﬁ)
1 &

= T Z ([Xit —Mx; T lxi—

t=1

Xim ] [Xi — px] = € v2x) B

Th

1

"‘?h Z [Xit — Px;t My, — yi,Th} Et+h
t=1
_ 3 X X, el 2 Ly X
- ﬁZ([ it_ﬂx,i] (Xt — px] — €y X)ﬁ‘i‘?hZ[ it—MX,i] Etin

t=1

- (7i7Th - NXJ‘) [YTh - /‘X]lﬁ - (yi’Th - /‘LXJ') €,

t=1

T
where e, = T, ! thl crrn. Hence, applying the triangle inequality and taking the max

over all i € {1, ..., N};iwe obtain

max |8Xy,7j — EX%”

1<i<N
T, T,
1 - 1
< x| ; ([Xi = px] X = ] = €0 5x) B+ max | ; (Xt — s €vsn
Th Th Th
1 1 1 B
+ max T tz:; (Xt — 1ix4] T, ; [Xi — px) B[+ 2|7 ; [Xit — i) | [Em |

Now, let B > 0 be a constant such that

B > 4max {CT, C’A,C#,B#}
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where CT, C», C#, and B* are positive constants as defined in parts (b), (c), (e), and (f)
of Lemma C-7. It then follows from applying the results in parts (b), (c), (e), and (f) of

243



Lemma C-7 that

P | max |Gy, — Txui| > B
1§i§N| Xy,i Xy,2|_

=)

Th Th
1 , _ 1
< P (g@v Th;([&t—ﬂx& (X0 — px]' = el v ) B| + max ﬁ; (X = pxi] €een
1 Ty 1 T
/
+ max ﬁ; [Xie — ] ﬁ; [Xo —px]' B
Th
1 _ — /InN
T+ max tz:; [(Xit — pixq] | [Er| = By T )
o —
1 , — B /InN
< P ({lglfgfv Thz ([Xit _MX,J [Xt —HX] _eg,NZX)ﬁ‘ > 1 _Th }
T, T, —=
1 1 p B |/InN
_ L I = _ >, /"
U {121%)1(\/ T ; [Xit — 1] T ;[Xt px) Bl = i\ T }
Th D)
1 B |/InN
_ L , >,/
. {m 7, 2 e - |Fnl = 3= }
o —
1 B |[InN
| e 5 )
Th,
1 ; — In N
< P (@Eg\[ ﬁ; ([Xie = px] [Xe — px]' = € v 2x) ] = C Th)
T, T,
1 1 In N
i S 1= _ > (8
| max ; (X = nxal | |7 ;[Xt nx]' B 2 O = )
Th
1 In N
— - A1 1= > (O#
o o g 35 B o 2 00
+P | max ii [X< — i }5 n| > B* N (Sin(:e§>ZJtrnauX{CT Cct, Cc* B#}
1<i<N Th L it X,i] Ct+h| Z— h = ) ) )
B B B B
implies that 7 > O, T > C*, T > O%, and T > B#>
1 1 1 1
- o\w)to\w) o\ Tl

1
N2

o(33)-C
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Lemma C-9: Let

— By | ——
Up) 2 T,

for some sufficiently large constant B, > 0. Suppose that Assumptions 4-2, 4-3, 6-1, and 6-2
hold. Then, for 0 < ¢ <1

~5 —

on

a(N) {ln_N] 3(1-4)

=Op N | T

Y

where
_ 1 & 1
TxXy = ;E (Xt — 1) (Yeqn — )] = T ;UXy

Proof of Lemma C-9: To proceed, note first that

~S —S —S —

Oxy ~Oxy T 0xy —Oxy
VA1

Txy — Txy

VA

~5 =

VA1

2 2

~S _—S
O'Xy O_Xy

on

< (107)

2 2

where Eiy is the N x 1 vector whose ' element Eiyi = 5y, (Txy,i). We shall consider the

case where 0 < g < 1 (Case 1) and the case where ¢ = 0 (Case 2) separately.
Case 1 0<qg<1:
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For this case, consider the first term on the right-hand side of expression (107) above.
By conditions (ii) and (iii) of Assumptions 6-1, we can write

IN

IA

IN

Eg(y - EXy i
VA

1 & _ _ 2

S oo

1 ZQ

)\_1 ; [3772 (EXy,i) ]I{’EXy7i| >y} + Sny (EXy,i) H‘HEXW’ <m)f— EXy,iH{’EXy,i| > 1y}

2

~Txyl {[Txyal < m})°

N
1 _ _ _ _ _ _ 2
N Z [Snz (@ xy.0) H{[oxyl > m2} = Txy il {[oxyil > m2} — Txy il {[Txy] < 772}}
=1

N
1 _ _ —

— > el {[Fxyil > no} + [Tyl T{[Txyl < o}

At i=1

(since }8772 (Txyi) — EXW-| < 1, by condition (iii) of Assumption 6—1)

N
1 4 1-4_ _ a 19 2
2 [ TNl > )+ Bl ol LT <
=1
— 4 1-4. _ g 14 2
[Tl 0 2T oxyal > 1o} + Focyal o 1{(F ] < 2}

L X
At i—1

%
i > oyl
1 X
=1

Since, in this case,

N
EXyEUU(q,a(N),M):{ o max |ai|§M,Z|ai|q§a(N)}

Nx1l 1<i< N -
=1
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with 0 < ¢ < 1, it follows that

2

%y — Oxy
Var |,
-
< Tyl
= TN ;|‘7Xy,z|
2—q
< 2, (N) (given that Tx, € U, (¢,a(N),M) by part (b) of Assumption 6-2)

A1

q 2—q q
B a(N) [InN]"2 , 2g o (IMN\TZ _ [InNT'2
— O( N lT] ) (glven that 5 * = B; T =7 .

from which we further deduce that

—s = l(lfﬂ)

T =T g fa) [ fa() [mayaC )

Xy - RASAPA El 08
Vo N ™ N LT (108)

Now, consider the second term on the right-hand side of expression (107) above, i.e., the

term 5
~ —S
Oxy — Oxy

VAL

2
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Here, note that, by conditions (i) and (ii) of Assumption 6-1, we have

IN

IN

IN

~S —S 2
Ixy ~ Txy
V1 )
1 N
~ _ 2
N Z [5772 (G xyi) — S, (UXy,i)}
=1
1 < )
o2 I @xu) = s, xu)] T xul > s [Fxl < o)
=1
1 < )
W >[50, Gxyi) = s, @xya)] TGyl < Moy [Tyl > 1m0}
=1
1 N
~ — 2 ~ —
+)\_ Z [8772 (UXy7i> - 8772 (O-Xyﬂ')} H{’O-Xy,i| > T2, |0Xy,i| > 772}
1=1
1 N
~ — 2 ~ —
3 D [0 (Fx) = 500 @xi)] LGyl < s [yl < )

=1

N

1 ~ —

)\_Z Sny UXyz H{|‘7Xy,i| > Mg [Oxy,il < s}
=1

N
1 ~ —
+/\_Z Sty UXyz H{|ny,¢| < My, [Txyal > s}
=1
1 X

~ _ 2 ~ _ .. ..
1 >[50, Gxyi) = 5, @xya)] T{[Gxyil > 02, [Fxyal > m2} (by condition (ii) of
1o

Assumption 6-1, sy, (Txy,i) = 0if [Txyi| <1y and s,, (0xy:) = 0if [0xy] < 772)
N

ZUXyzH{IUXyZ‘ > Mg [Oxyil < Mot + ZUXyzH{‘UXyZ’ < 1y, [Tyl > s}

N
1 N _ 2 i~ _
+/\_1 Z [5772 (Cxy,i) — Sn, (UXy,i)} I{[G xy.i] > 19, [Txyil > 12}

(smce by condition (i) of Assumption 6-1, ‘Sn JXyZ)‘ < |G x| and ‘3772 aXyl)| < \JXW])
)\ ZO-XyZH{IO-XyA > Nas |0Xy 7,| < 772} + ZO-XyzHﬂO-Xyz’ < M2, |O-Xy1’ > 772}
g N
~ _ ~ ~ 2 _ _ 2
30 20 [ (s =Tl o [, @) = Fxi]” + [, (@) =]
i=1
XI{|Gxy.i| > N9, [Txyil > 12}] (Since )Zizl a;| <m"! Z |la;|" for r > 1)

(1) +(2)+(3) (109)
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To bound term (1), write
1
W = 5 S > o )

N
1 N

= )\_Z OXyi — UXyl"’UXyz] L{[0xy,il > n2, [Txy,l < M2}
v

2
< )\_ UXyz JXyz ]I{|0Xyl| > M, |0Xy1| < 772}
g N
)\_Z UXyz ]I{|O-Xyl| > 7727|0'Xyz| < 772}
( again using the inequality )Z m' IZ la;|" for r > 1)
2
< )\_Z OXyi — UXyZ ]I{’OXyl‘ > M, |0_Xyl| < 772}

2_N
)\_ UXyl ]I{|0Xy1| < 1y} (110)

To bound the second term in the expression above, note that

N N
2 2 _ g = _
& 2 Tl T S med = 303 el ol Tl < 2}

N
1 _
< 2 )\—Z Tyl T{[Txy| < mp}

2q N

S 2 Z’ Xyz
2772

< ——a(N

< ()

(since, in this case, Tx, € Uy (¢,a (N),M) with 0 < ¢ < 1).
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Next, take 0 € (0,1), and we can bound the first term in expression (110) as follows

N
2 = ~ - —
)\_1 Z [O—vai - avai]z]I{|0—Xy7i| > 7727 ’UXy,i‘ S 772}
i=1
2 . _ 9 i _
= 2 s = T (sl > s [yl < 9ma)
i=1
5 N
—i_/\_1 Z [0y, = EXy’i]QH“aXyﬂ > N, Uy < [Txy.| < 1o}
i=1
2 N
< e [T = Tyl D IHxyil > s [Pl < o)
,i_
2 N |Tx
+/\_1 SN [Ty = Ty Zl Tx ’qH{|UXyZ| > 19, Iy < [Tyl < no}
92 N
= A 1SN [Txyi = Tyl Z Uoxyil > 12, [Txyil < Ino}
2 N
+)\1 ()" 12%}1(\7 [Ty = Tyl Zl Txyl’
<

2 _ Y . _
2 (s nss sl ) 10l > vl < 00
=1

1<i<N

2a (N) _ 2
+W 1%<N|UXW O xyil

N
(sinceEXyGUU(q,a(N),M):{ o : max |o gM,Z|Ji|q§a(N)}>

Nx1l 1<i< N -
=1
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Moreover, observe that

2 N
)\% <11222<V [T xy — Evai|> ZH{|aXy,i| > 1y, [T xy| < Uny}
5 -
=N <112%V 0y = EXM) D TGy = Tl + Tyl > 02 Tyl < s}
5 -
=% (121122(\7 10 xy,i chyz|> Z]Iﬂaxy,i — Txyil > My — [Txyil s [Fxyil < U0y}
5 -
< N <1Ign%}1{\/ 0 xy,i — EXy,i’) ZH{|5xy,i — Txyil > My — Iy, [Fxyil <INy}
) -
< X <1ISIliiX |0 xy,i axyzo ZHH&XW Fxyil > (1= 9) 1y}

and where B is the positive constant given in Lemma C-8; then,

P

N
ZH {loxy; —Oxyal > (1 =)y} > O] = P lmax 0 xyi — Oxyal > (1= 1) 772]
i=1

1<i<N

()

Z/{U(q,a(N),I\\/JI):{ o : max |o] gM,ZmrJga(N)}

Nx1 1<i< N -
=1

uniformly on

Making use of the fact that

N
1
P S sy = sl > (1= 0} > o] —o(53) o) w NT -,
=1
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we further obtain

N
2 -~ e - J—
= Gy — Txyal TGyl > 02, [Fxyal < 1o}
Ao
2 2 N
= A1 (1%82}1{\/ [0y — EXW") 2]1{|3Xy,z‘| > 1y, [T xyil < Uny}
L 20) —
M (977,)7 \iiey (T Xwd T O Xy
2 2 N
< A\ (1%21}}\, |0 xy.i — EXy,i|> z;]lﬂa\Xy,i —Txyil > (1 —9)n,}
1=

2 oy
A1 (Un5)? 1I<nz<N‘UX?“ O xyil

2 B 2 N B
=3 (max |0 xy,i — UXy,i!> Z]I{|0Xy,i — Txyi > (1 —=9)ny}
=1

1<i<N

+2a (N) (i)q (i)% (max — EXW.|)2
A0t \ By In N 1<i<N ,
- (All lnTN> +Op< (AJIV) [IHTNT__>
(smen i g =2 =00 ()
) Op<a(;lv> [thNr> (111)

where first equality above follows from the fact that 7, = By+/In N/T}, and where the second
equality follows in part from the fact that 7), = T"'— h < T. Combining the result given in
expression (111) with the fact that

N
1
_IZO—X?JZ ]I{|O_Xyz|<772} < )\—ICL(N)
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we have

1) =

IN

1
Y

2
A

N
> 5% (G xyil > 12 [Tyl < 1o}
=1

N N

N _ ~ _ 2 _ _
Z [0xyi — UXy,i]z]I{laXyﬂ > Ny, [Txyal < mp}+ N Z [UXyJ]QH{lUXyﬂ < 1y}
=1 1=1

0, (a(AJIV) lg} 1_%> 10 (%ﬁv) {%1 1_%>

O, (%ﬁw l%} 1_%> . (112)
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(2)

Next, for term (2), we have

IN

IN

IN

IN

IN

IN

1 - _
)\— Txp il {10 xyil < Mo [Tyl > o}

L
M

N
N

Z OxXyi — Oxyit a\Xy,i|2]I{|?‘\Xz,f,i| < Mg [Oxyil > 12}

v

Z 1Ty — Oxyal” + [0xyil"] T{Gxysl < 1o, [Tyl > 15}

2
M

N

2 ~ 2 ~ —

N, 122 [0y = Oyl Z}H{lUXM < N2 [0yl > 12}
1=

2 N N —
+)\_1 Z IUXy7i|2H{’0Xy7i| < My, [Tyl > ma}
i=1

2

N N

2 2

X ax [Ty~ Oxy.i E 1 I{[Txyil > no} + )\—12 E L{1oxyi| < s, [Tyl > na}
i= =

2 _ 2 | |O'X i
2 (g -sl) -+ 3 22 > )

1<i<N |_ Xy

2 2
— | max [Gxy: —Txyil | +u3 _q E 1Tyl
A1 1<i<N Ny =

1=

St

2
_ 2
g s =l )+ e ()

N
(sinceﬁxyeua(q,a(N),M):{ o : max |o §M,Z]ai|q§a(1\7)}>

Nx1 1<i< N —
o (@) [m] In N2
P A1 T
In N InN7? [m N
: q __ q = T | = I
(smce ng = (Bs) ( T, ) = l T 1 and 113%}}V|O'Xy,z Oxyil = Op< a ))

0, (a(;lv) l%} 1_%> (113)
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We now turn our attention to term (3) in expression (109), which we can rewrite as follow

(3)

N
3 N B R R ) B - )
B M Z { <[0Xy’i N UXW']2 + [5772 (Oxy,i) — UXy,z’] + [8772 (Txyi) — O'Xy,i] >
=1
XH{|8X?J,Z'| > Mg, |6Xy,i| > 772}}
3 N
- /\_1 Z |8Xy’i - Evailzﬂ{’aXy7i| > Mo, |5Xy,z" > 772}
=1

N
3 - - 2 i _
W > sn Gxyi) = Fxyi| {10 xyil > 02, [Tyl > 15}
=1

N

3 _ . 9 _
+)\_1 Z |3772 (Txyi) — UXy,i‘ I{[Gxy.il > N9 [Txyil > m2} (114)
i=1

Focusing initially on the first term on the right-hand side of expression (114) above, note
that by applying the result of Lemma C-8, i.e.,

& Fxys| = O In N
max (o i — O i = —
ISZSN val val p T Y
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we obtain

N
3 _ ~ _
N Z 10 xys = Tyl T[Tyl > 1, [T xy5] > 12}

N
3 17 xy.i]
= /\_1<112&2<V|0Xyz 0XW|) Z yl|qﬂ{|axy’|>n2a|0Xyz’>772}
3 = ' |‘7Xy2|q
< 3 (g 70 ;
3
< =

a(N)
max [0xy; — 0xy.l

A1 (1< <N

N
(sinceﬁxyeua(q,a(N),M):{ o : max |o §M,Z|ai|q§a(]\7)})

%

- o(z)o () [=] )
- 3 15T

- 0, (a(;l\f) [%} 1%> . (115)
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Now, for the second term on the right-hand side of expression (114), note that, by applying
condition (iii) of Assumption 6-1, we have

N
3 R R 9 _
D s Bxs) = B L1l > [Pl > o}
i—1
g N
< 2ol > e [Tyl > ma)
i=1
(since, by condition (iii) of Assumption 6-1, |s,, (Gxy,:) — &\Xy’i‘ < 1,)
g N
- A\ an_qng]lﬂa’fy,i’ > Mg, [Gxy,il > M2}
=1
35 T argim _
< S 2 Tl TGl > e [Tyl > ma}
i=1
¢ N
305 ' =
< Fxual?
— )\1 ZZ:;| Xy,|
3n5 *
< 2k, (N)
A1

NS

~ [g] 1%> (116)

— a(N) [InN]'"2 : 2 g (MN\'T
- Op< N [T] > <81ncen2 — B, T,
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Finally, for the third term on the right-hand side of expression (114), note that, similar to
the argument given for the second term of expression (114),

IN

IN

IN

IN

— a(N) [InN]'"2 : 2 g (MN\'T
= Op< N [T] > (smcen2 = B, T

N

3 _ _ 2 i~ —

N > sy @xya) = Txcya| T{IGxyil > 1o, [Tyl > 1}
=1

N
3 _ _
XIE:Uﬂ{WX%H>7hJUXW|>7h}
=1

(since, by condition (iii) of Assumption 6-1, |s,, (Txy,i) — EXW»‘ < 1,)

N
3 o B
B A\ an MIL1T xy,il > N9, [Txyil > 12}
i—1

2—q N

31 _ ~ _
)\21 > 1T xyil "T{[F il > 1o [Fxyal > mo}
=1

2—q N

313 — q
)\1 ZZ:; |O-Xy7’b|

35
2 4(N
N a(N)

[ V1YY
| —
=
%‘ =
| I
T
[ V]
\—/
—~
—_
—_
\]
N—

Combining the results given in expressions (115)-(117), we obtain

IN

(3)

N

3 ~ _ ~ —

=3 s = Tl x| > 12 [0l > 2}
1=1

N

3 . — 2 — _
+)\—1 Z |y (Oxy.i) — Oxyi| L{10xyil > 1o, [Txyi| > 12}
=1
N

3 _ 27~ _
+)\_1 Z |5772 (Txy,i) — Usz“ I{[G xy.i| > 19, [Txyil > 12}
=1
o a(N) [InN]'"2 o a(N) [InN]'"2 o a(N) [InN]'"2
P )\1 T P )\1 T P )\1 T

cg,(fli?q {E%ﬁf]l_%> (118)
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It further follows from expressions (109), (112), (113), and (118)

~S —9 2

Oxy ~ Txy

VAL

2

< )\ ZJXyz]I{|JXyZ| >7727|0Xyz| <772}+ ZUXyzH{|UXyZ| <7727|0Xyz| >772}
3 & ) )

+>\—1 Z { ([8Xy,i — Txyal + (50, @xyi) — Txyi]” + [Sn, (Txyi) — Txyi) )
i=1

XH{’/U\Xyi‘ > N, [Oxyil > M2} }

)+ (
) 0,,( s lnN >+Op< (AflV) llnTNl >+Op (%le) {%Tﬂ)

so that

~5 —S

V1

Finally, applying the results given in expressions (108) and (119) to expression (107), we
obtain the result that, under Case 1 where 0 < ¢ < 1,

a(N) {M] 3(1-4) (19)

A1 T

~S —
VA
1 2
—S — ~5 —S
Oxy — 0Xy UXy JXy
< | B ) B
)\1 2 2

9, &jlv) {thN} 3(1- 5’) +0, ag\fl\f) {%F(lg)
Oy C‘(Aflv) [mTNFO%)

Case 2: ¢ =0:
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Under this case, consider again the first term on the right-hand side of expression (107)
above. By conditions (ii) and (iii) of Assumption 6-1, we can write

IN

IA

IN

IN

IA

%y — OxXy 2
VA1

1 N _ _ 2

S oo

1 l}

N ; [5ny (Txy.i) T{|Txy.il > ma} + Sy (Txys) [Tyl < 2} — Txyal {[Txy] > 12}

2

Tyl {[xyil < na}’
1 N
— — — — — — 2
1 2 [ @) Tyl > ok = Ty (x> na} = Doyl {0yl < 12}]
i=1

(since sy, (Txy,i) = 0 for [Txy,| <y by condition (i) of Assumption 6-1)
N

1 _ _ _ _ _ 2

3o 2 [l @) = Tyl H{ITx0il > 12} + @il Tyl < o)
i=1
N

1 _ _ _
)\— 1 {[Txyil > 0o} + [Tyl T{[Txy.| < mo}]”
=1

(smce }8772 (Txyi) — EXW-| < 1, by condition (iii) of Assumption 6—1)

1 _ _ _ _
N Z 121 {[Txy.il # 0% + [T xyl I{[Txyil # O} I{[Txy] < 1}

N
1 _ _ _
N > I {[Txyal # 03 + 1oL {[Txyal # 0} L{[Txyl < 712}

=1

1N
Z (200 {[7xy.4] # 0})°

i=

N

4

YB3 {7 £0)
=1

Moreover, since, in this case,

Nx1l 1<i< N

N
EXyEUg(O,a(N),M):{ o : max |o SM,Z]I{|@|;£O}§@(N)},
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it follows that

2
—S —
UXy - O-Xy

VAL

N
4n3 _
< £ I i 0
< 3 ;:1 {lTxy.l # 0}

2

VAN
W
=
[N}

—a (N) (given that Ty, € U, (0,a(N),M))

B a(N) [InN _ 2 o (InNY _InN
= O( N lT ]) (glventhatn2—32 )= )

from which we further deduce that

< o[ =0 /4, [T (120)

Now, consider the second term on the right-hand side of expression (107) above, i.e., the
term

—S —
OXy - O—Xy

VAL

~S _—S
O_Xy aXy

VAL

2
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in the ¢ = 0 case. Here, note that, by conditions (i) and (ii) of Assumption 6-1, we have

~S —s 2
Xy — Ty
VA )
1 N
-~ — 2
= /\_1 Z |:S772 (UXy,i) - 8772 (O-Xy,i)j|
=1
1 & ,
DY Z (50, (Gxy.0) = 80y Txyi)] T{ITxyl > 7o, [Txyil < 12}
=1
1 & )
+_1 Z [0, (Oxy.i) = S, @xya)] LT{1Txyl < 120 [Ty > 12}
=1

1 . _ 2 i~ _
+)\_1 Z [8772 (UXy7i> - 8772 (O-Xyﬂ')} H{’O-Xy,i| > T2, |0Xy,i| > 772}
1 N
~ — 2 ~ —
3 D [0 (Fx) = 500 @xi)] LGyl < s [yl < )

5772 UXyz H{|‘/7\Xy,i| > Ny, [Oxy.| < M9}

IA
>
Mz

_|_

N

1 ~ —

/\_Z Sty UXyz H{|ny,¢| < My, [Txyal > s}
=1

N
1 _ 2. ia _ e
bW > (50, Gxyi) = s, @xy0)] T{[Gxyl > 02, [Tyl > 12} (by condition (ii) of
=1

Assumption 6-1, s,, (Tx,,;) = 0 if |EXy7i| <nand sy, (Oxyi) = 0if [0xy:] < 772)
N

< ZUXyzH{IUXyZ‘ > Mg [Oxyil < Mot + ZUXyzH{‘UXyZ’ < 1y, [Tyl > s}
XN
A _ 20 (i~ _
+/\_1 Z [3772 (G xyi) — S, (UXy,i” I{[0xy.i| > m2, [0xy:| > 1o}
(smce by condition (i) of Assumption 6-1, ‘Sn (Gxyi)| < [0xyal and sy, (Fxy)| < [Txyal)
<

)\ ZO-XyzH{’O-XyZ| > 12, |0Xyz| < 7]2} + — ZO-XZ/ZHHUXZN’ < Mo, |O-Xyz’ > 772}
3N S ~ o, B o
"’)\_1 Z |:<[O—Xy,i - UXy,i] + |:8772 (O_Xy,i) - UXy,’L':| + [5772 (O_Xy,i> — OXy,’L} )
=1
XI{|Txy.i| > Moy [Txy.i] > 12} (since ‘Znil al <m' 12 @l for r > 1)

= [+ 21+ 3] (121)
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To bound term [1], write
1
[1] = )\_ yzH{’OXy’L‘ > 12, |0Xy2| < 772}

N
1 N

= )\_Z OXyi — OXyz+UXyZ] L{[Txy.l > 12, [0xy:] < 1o}
5

2
< /\_ JXyz UXyz H{|0Xyz| > s, |‘7Xyz| < 772}
9 N
/\_Z UXyz ]I{|UXyz| > Mg, |0Xyz| < 772}
( again using the inequality ‘Z m' 12 la;|" for r > 1)
2
< )\_Z OXyi — OXy’L ]I{‘O—Xyly > Na; anyz‘ < 772}

2_N
/\_ UXyz ]I{|‘7Xyz| < 17y} (122)

To bound the second term in the expression above, note that

N N

2 2 _ _ —

A—Z Tyl H{[Oxyil <m0} = A—ZIUXy,iIQH{IJXyJI%O}H{\Ux@;,ilSnz}
N

IN

{7 xyil # 0} I{[Txyl <72}

IN

;
%Z {[xpl # 0}

27726‘( )
A

IN

(since 7x, € U, (0,a (N),M)).
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Next, take 0 € (0,1), and we can bound the first term in expression (122) as follows

N
2 -~ e -~ —
)\_1 Z [OXy’i B O_Xy:i]2 ]I{’OXy,i‘ > 12, |O_Xy,i| < 772}
i—1
2 . _ 9 R _
= 3 2 s = Ty sl > 7, [Tyl < 9ma)
=1
5 N
+)\_1 Z [0 xy,i — Evai]QH{|aXy,i| > Mg, Uy < [Txyl < 1o}
i—1
2 N
< 5 e s — Tyl D THGxuil > s [yl < 9.}
o i=1
92 N
+)\_1 SN [Gxyi = Txyl ZH Tyl # 0} L{[Txyl > oy UMy < [Txyil < Mo}
o i=1
92 N
= A\ SN [0y = Evai]z ZH{|3Xy,i| > Mg, [Txy,il < Ung}
o i=1
2 N
o e B =Tl 3 T{Txyal # 0}
T i=1
<

92 R _ 2 N R B
o (s s =il ) 1Pl > el < O
=1

1<i<N

2 ;IN) (

2
mmax 0xyi — Txy,i |>

Nx1 1<i< N

(sinceEXyGUJ(O,a(N),M):{ o : max |o SM,ZH{|O’¢’7£O}SQ(N)})
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Moreover, observe that

2 N

)\31 <1rgi}1(v 1Oxyi = Ty > ZHHUX?J,A > 1y, [Oxy| < Iy}
2 ) N

< A <1glz%v |0 xyi — Txy,i > Z:]IﬂaXy,i — Txyil + Txyil > 12, |Txy:] < 9n5}
2 ) v

=% (E%‘VMXW chyz|> Z]Iﬂaxyz Txyil > Ny — [Txyil s [Txyil < Ono}
5 -

= )\_1 <1I£lz%)1{v|0xy’ UX?”> ZHHUXZJZ UXy,z‘| > 1y — Uns, |0Xyz| < Uny}
2 "

< X <1IS11%X |0 xy,i axyzo Z:]I{|8XyZ Fxyil > (1= 9) 1y}

Note that, by the result given in Lemma C-8, if we choose

[In N B
Ny = Bg Th, where B2 = m

and where B is the positive constant given in Lemma C-8; then,

N
P Zﬂ{lan’ —Oxyil > 1 —=U)n,} > O] = P lmax |0 xyi — Txyil > (1—10) 772]

1<i<N

()

Z/{U(O,a(N),M):{ o : max |o] gM,ZH{|ai|¢0}ga(N)}

uniformly on

Nx1 1<i< N
Making use of the fact that

N
1
P S Ty = sl > (1= 0} > o] —o(53) o) w NT -,
=1
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we further obtain

N
2 -~ e - J—
A\ Z [0y — UXyai]Q]I{|UXy,i| > Mg, [Txyil < 12}
i=1
2 2 N
= A1 (1%82}1{\/ Txy. _Evai’> ZH{|3Xy,i| > 1y, [T xyil < Uny}
T i=1
2a (N) R _ 2
T B T — Txl
9 2 N
< (s s =7l ) L v~ 7l > (1= 0) )
o i=1
2a (N) R _ 2
o s o — Tl

B 1 [InN L0 a(N) [InN
B O;D )\1 T P )\1 T
. ~ _ In N
(glven that max. |G xyi — Txyil = Op (, /T>>

o (s

Combining the result given in expression (123) with the fact that

N
2 — 2 — 2772CL (N)
A—l;[axm] [H{[Txyil <np} < 2)\—1

_ ) g <lnN)
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we have

N
1 N ~ _
[1] = /\—1 ZU?Xy,iHHUX%A > 1, |0'Xy7z‘| < 772}
=1
2 o -

~ _ ~ _ 2 _ _
n > [Gxyi — Txyil T{[G xyil > 1o, [Fxyl < ma} + N > T T{Txyl <o}
P P

- (S (42[3)
- o, (s m)). -

IN
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Next, for term [2], we have

IN

IN

IN

IN

IN

1 - _
)\— Txy il {10 x| < 120 [Tyl > o}

L
M

N
N

Z TXyi— Oxyit 6\Xy,i’2]I{K‘\Xy,zw < Mgy [Oxyil > 2}

v

Z T xyi = Oxyal” + 10xyl”] T{[Gxysl < 1o, [Tyl > 75}

2
A1
9 N

~ 2 ~ —
S P = gl Y TG xyil < o [Tyl > 12}
=1

2 ~ ~ —
+>\—1 Z 1yl T{[G xy.1l < Mo, [Tyl > o}
i=1

2

N N

2 2

~ 2 — n ~ _

)\—1 lgli}](vw)(y,i — 0Xy,z‘| Z;H{IUXM > 772} + )\—12 E;H{VTXM < N, |<7Xy7i| > 772}
1= 1=

9 - 2 X _
o (s s = Bl ) LTl # 0} 1wl > )
=1

1<i<N

2132 al _ R .
+)\—12 > T{[Exyal # 0 I{[Gxyil < o, [Fxcyal > 02}
=1

2 B 2 , N
M [(1@%"’)@ "XW") i ;Hﬂam,il#o}

2a (N 2 9n2q(N
CL( ) (max |0_Xyz 5Xy,i|) + 772@( )

A 1<i<N A1

Nk1 e
a(N) [InN a(N) [InN
O”( v R v e
. ~ _ InN
since 1@2}}(\[ 0 xyi — Oxyil = O, 7

o (422

(sinceﬁxyeug(o,a(N),M):{ : max |o;| <M, Z]I{|JZ #0} <a(N )})
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We now turn our attention to term [3] in expression (121), which we can rewrite as follow

3]
3 & 2 2
=N > [([Exy,i — Tyl o+ [sny (Fxyi) = Oxya)” + [0, Fxyi) — Txyi] )
=1
XI{[oxy,il > N2, [Txyi| > 102}
3 N
=N Z Gy — Tyl T{|Gxyil > 1o, [Tyl > 15}
=1

N
3 - - 2 i _
+)\—1 > sns Gxyi) = Fxyi| {10 xyil > 02y [Tyl > 15}
=1

N

3 _ _ 2 i~ _
bW > sn Fxyi) = Fxya| L{IGxyal > 02y [Tyl > 10} - (126)
=1

Focusing initially on the first-term on the right-hand side of expression (126) above, note
that by applying the result of Lemma C-8, i.e.,

5 il = O In N
max (Oxyi — Oxuil = —_—
1SN Xy, Xyyi D T )
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we obtain

N
Z 0 xyi — UXyz| I{10xy.l > m2, [0xy,:] > 12}
i=1

N
3 .
= 3 21T = T Tyl # O Gyl > s [Tl > 2]

= )\il <121%}1<V 9 xui = Ty ) Z]I{|0Xyl| # 0} {0 xy:| > 09, [Txy,] > 12}
3 2 2;

=N (1@% 90 = “Xw) Z {[Fxy.l # 0}
3 2

(since Txy €Uy (0,a(N),M) = {M; max_|o;] < M, ZE{W 40} <a(N )})
0]

(5) 0 () 0ta)

_ op<“(;lv) [gb . (127)

Now, for the second term on the right-hand side of expression (126), note that, by applying
condition (iii) of Assumption 6-1, we have

~ ~ 127 (1~ _
N Z }5772 (Oxy,i) — UXy7i| L{[oxy,il > n2s [xy,i] > m2}
=1

IN

303 o~y 1 _
Tl > Tl > 1)
i=1

(Since, by condition (iii) of Assumption 6-1, ‘3772 (Oxyi) — EXW-‘ < 772)

313 al _ R B
=1

IN

31
2 Doyl # 0}
=1

33
2B (N
A a

)
- 0, (“gjlv ) [gb (Since 0?2 = B2 (lnThN > = lnTN ) (128)
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Finally, for the third term on the right-hand side of expression (126), note that, similar to
the argument given for the second term of expression (126),

N

3 _ _ 2 i~ _

N > sns @xyi) = Txyi| {1 xyil > 0oy [Tyl > 1}
=1

IN

IN

IN

31
A

3o ~ _
)\—fzﬂﬂgxwl # 0} I{[Oxyl > 1m0, [Txy:| > 12}
i=1

31
A

5 N
n ~ —
12 E :H{|‘7Xy,i| > 1y, [Txyal > 12}
i=1

(since, by condition (iii) of Assumption 6-1, ‘57,2 (Txyi) — Exw‘ < 1,)

2 N
Ui —
12 > 1{[Exyal # 0}
=1

313
“Ro(N
Ala( )

~ 0, (%]lv) {g]) (since 2 = B2 (lnThN ) = lnTN ) (129)

Combining the results given in expressions (127)-(129), we obtain

IN

[3]

3 N

N > 1oy = Txy il T{[Gxyal > 0, [Tyl > 1o}
=1

N
3 - N 2 i~ _
N > sn Gxyi) = Oxyi| {10 xyil > 2y [Tyl > 1}
=1
3 N
— _ 2 ~ _
+)\_1 Z }5772 (UXy,i) - 0Xyﬂ'| H{|0Xy,i| > 12, ’UXy,i‘ > Ny}

=1

o (L[ o (A0 12]) o (40 )
o (51[52)
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It further follows from expressions (121), (124), (125), and (130)

~S —9 2

O'Xy O'Xy

VAL

2
= A ZJXy {10 xyal > 2, [Oxyal < Mot + ZUXyzH{|UXyZ| < g, [Txy,il > 12}

N
3 . _ - ~ 2 _ —_ 2
W > K[UXW' — Tyl + [50, Oxyi) = Oxyi] + [5n, (Fxyi) — Tyl )
=1
X]I{ra\Xy,il > 1y, [T xyil > 12}

2]+ 3

: E D) o (5258 o 421)

_ 0, a}\]l\f [lnND
7 = \/Tl\/ﬁ (131)

9x Xy Xy UXy
VAL

Finally, applying the results given in expressions (120) and (131) to expression (107), w

obtain the result that, under Case 2 where ¢ = 0,

so that

~5 —
VA
1 2
—9 — ~8 —S
o — 0 o — 0
X X X X
S y Y + y Y

o)

The lemma follows immediately upon combining the results we have obtained for Case
1, where 0 < g < 1, and Case 2, where ¢ = 0. [J
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Lemma D: Proof of Proposition 1 and Some Additional
Supporting Lemmas

Proof of Proposition 1:
To proceed, first rewrite the forecast equation given in expression (??) as follows

Yon = o+ (X — px) Beny + Etin
= a+ Xz‘fﬁenv + Et+h

where @ = o — /'y ., Note that

and

E [yt+h|L/1Xt] = F [& + X;Benv + 5t+h|L/1Xt]
= A+ B [X{Bon | L1 X4] + E g4 | L)1 X
= a+ E [Xéﬁenv|LllXt]

Yt+h — E [yt+h|L,1Xt] = a+ X;Benv + Et+h — (a + B [Xz‘fﬁenvu-/lXt])
= Xzﬁenv - E {Xzﬁenv|L/1Xt] + Et+h

so that we can write

Next, note that the condition [

cov (Ypn, Ly Xy | L1 Xy)

E{(yern — E [yesn| L1 X)) (L5 Xy — E[LYXG | LY X)) | L Xy}

E{(X{Ben — E[X{Benn[L1 X)) (Lo X, — E[LyX| LS X)) | LS X}

+E {epn (L4 Xy — E[LXG| LX) | LX)

E{(X{Benw — E[X{Benn|[L1 X)) (Lo Xy = E[LyX| LX) | LS X}
+E{E [esrn| Xo] (L4 X, — E[LYX| LY X)) | LY X}

E{(X{Beny — E [X{Beni L1 X0]) (Ly Xy — E[LyX| L X)) | L) X0 )

cov (8L, Xs, Ly Xy | L) Xy)

cov (B L1t X, + B Lo Ly X, L X, | L) X,)

E{(Bun I Ly Xy = E [Bi,, I L X L X)) (L X — B [LyXG| L X)) (L)X )
+cov (Bl LaLy Xy, Ly X, | L) X})

(Bene L Ly Xy — E 31, L1 Ly X | LY X4)) (B [Ly X LY Xy] — B [Ly X Ly X))
+cov (B, LaLy Xy, Ly Xy | LX)

cov (B, Lo Ly Xy, Ly Xy | Ly Xy)

Bew L2 E {(L5X; — E[LyX| L1 X)) (15X, — B [LyX| LY X)) | L) X

€ span (L) implies that there exists ¢ € R"*! such that

env
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ﬁenv = LlSO It follows that
Léﬁenv = L/2L1§0 =0

from which we further deduce that

cov (Ypn, Ly Xy | L1 X})
= Bl E {(L4X, — B [LyX,| L) X,)) (Ly X, — E (LY X LY X)) | L) X0}
= 0.0

Lemma D-1: Consider the model

/
Ytrn = a+(£y@5)£+&M

Xy = MX"’L(Et—HF) + Uy

where F, is a K x 1 vector of latent factors. Let

Yp= Tihg;E {(Et _EF> (Et _ﬁFﬂ

where T}, = T — h, with h being a fixed finite integer such that 1 < h < T. Let the real,
1 — 1
symmetric matrix (I'T)2 Xg (I'T")2 have the spectral decomposition

=
=

(I'D)? Xp (I'T)* = QAQ
where A is a diagonal matrix whose diagonal elements

3122&K>0

are the eigenvalues of the matrix(I" ’D% Yp (T )% and where @) is a K x K matrix whose
1 — 1

columns are the eigenvectors of (I'T')2 X (I'T")2. Suppose that
Al = AK

and suppose that there exists a constant ¢ > 0 such that

Mm(££>22>0 (132)
A
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Then, there exist alternative transformations

1 1
'\ 2 '\ 2 [T\ ?
0 = () e =@ (5) e R =@ (5) Lo

g

'TY 2
pe = Q (}‘) By (133)
for every g € {1,..., K'} such that

(a)

(b)

F(Q)i%‘f)p(g)’ — LEELI-
Hence, for any g € {1,..., K}, the set of non-zero eigenvalues of the (transformed)

matrix F(g)igf)F(g)’ is given by {);,..., Ax} which is the same as the set of non-zero
eigenvalues of the (original) common component covariance matrix IS pL".

Proof of Lemma D-1: To show parts (a)-(c), note first that, for every g € {1,..., K},
the inverse of the matrix I'T'/A, exists since, under the condition given in expression (132)

above, we have
I'r A I'T
Amin - — __1)\min —_— > > 0
(A) 2 (&)—Q

g g
in light of the fact that A\, > Ag > 0 and )\, < Ag. It is then easy to see that, for every
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N

0 (Lf) (£ -n,)

g

T\
o (R — ) - L(_A_)

g
=T (Et — HF) (since @ is an orthogonal matrix so that QQ' = I),

() o0 = (e (55) 0o (5F)

g g

= (Em) e
() (T'C\ 2T /I'T\ ?
L - o(5) B(5)
—g —g —g —g
= QQ

Ik (again since @ is an orthogonal matrix)

which shows parts (a)-(c).
Now to show part (d), note that, for every g € {1, ..., K'},

Th
() 1 /
50 _ ThZE {(Em) —u(ﬁ)) (Ft(g) —uﬁé’)) }
t=1

N g T PPN
() e ) ()

— LoD

5,
1 1— 1
= )\—Q'QAQ'Q (since (I'T)2 Xp (I'T)? is a real, symmetric matrix
v
and has a spectral decomposition given by (E'L)% Yp (E'L)% = QAQ)
A
A
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Finally, to show part (e), note that, for every g € {1, ..., K'},

1 ",
- o )om| (B n) (E-u) |t
— — 1 /
= I'Ypl” | since, by definition, ¥p = — ) F [(ﬁt — ,uF) <Et — MF) }
L N N

Next, note that, by definition, \,,...,Ax are the eigenvalues of the real, symmetric matrix

(E'L)% S (I E)%. Hence, by applying the well-known linear algebra result which states that,
for a m x n matrix A and an n X m matrix G, the nonzero eigenvalues of AG and GA are
identical®; we see that )\, ..., \; are also the eigenvalues of the matrix (I'T) ¥r and are,

thus, the non-zero eigenvalues of the matrix [LrI". Since F(g)igf)F(g)’ = 'Syl for every

g € {1,..., K}, it follows that ), ..., A\x are also the nonzero eigenvalues of P<g>i}?)r<9>' for
any g € {1,...,K}. O

Lemma D-2: Let ¥,; be the symmetric, positive semi-definite N x NN error covariance

matrix at time ¢, and let
/\1 (Eu,t) 2 te 2 )\N (Eu,t) 2 0

denote the eigenvalues of >, ; and let

denote the eigenvalues of
1 &
S.=—) %,
PR
where T}, is a positive integer. Suppose that there is constant C' > 0 such that

0 <supA; (X,:) <C <0 (134)
t

8This result follows from the Weinstein-Aronszajn identity.

277



Then, .
0< M\ (3y) <C <ooforany ke{l,.,N}.

Proof of Lemma D-2:

Since the result is trivial, given the assumption stated in expression (134), if 7;, = 1, we
will focus our proof on the case where T}, > 2. To proceed, we first prove by mathematical
induction the inequality

ThZAN ut><Ak<Thzzm)—Ak <—ZA1 ut)

. Consider first the case where T}, = 2. By making use of the Weyl inequality, we can show
that, for any k € {1,..., N},

2
1 e (Zu2) + v (Zu1)
5 ; Ay (Zu) < 5

S )\k (Zu,l ;‘ Zu,?)
< e (Zu2) + M (Zun)
- 2
1 2
S 5 Z >\1 u,t
t=1

Next, suppose that, for k& € {1,..., N};

Then, multiplying across by (T}, — 1) /T}, we get

T),—1

Th—1 T,—1
Th 1 1 1
Th g )\N ut Th )\kz Th ] g Eu,t S p— /\1 (Eu,t)
t=1

or

t=1

Th—1 Th—1 T —1
An (Zus) <A X, — A (2
COMNCREI E3 SENES) SRR

Next, applying the Weyl inequality and using the fact that

Zu,T,
M (#) - ?h)‘k (Bum,) for k=1,..,N;
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we further obtain

1 1
— by — by
T ; AN (Zut) + Th)\N( wT))
1 Ty —1
< el g > zu,t> + 7w (Zun)

IA
=
=

M7
M —-
IS
+
~
™
I
=
~_
I
b
—
=
[]=
™
I
~

< A 1%212 +1)\(2 )
= k Th - u,t Th 1 u, T},

Ty —1

1 1
< T Z A (Bu) + Th/\l (Xum,)

t=1

Hence, the inequality

L L 5 L 5
T D Ay (Bus) € Ak (ﬁ > zu,t> <7 > A (Bus)

t=1 t=1 t=1
holds for all positive integer T}, and for any k € {1, ..., N}. Finally, since

Th Ty
1

. 1
1rt1f An (Zu) < T Z An (Eu:) and sgp A (Zug) > T Z A (Zut)
=1 =1

and, since ¥, ; is positive semidefinite for all ¢, it follows that

T
1
0< M\ (ﬁ Z%t) <sup\; () for any k € {1,..., N}
t=1 t
which, in turn, implies that
1 Th
0< A\ _ZEW < (C <ooforany ke{l,...N}.O
Thim

Lemma D-3: Suppose that the N x N covariance matrix ¥y has the decomposition

Sy =3.+ %,
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where

Ty T

S = =3 S == S B [(X— ) (X — )]
Ty -1 Ty =1
1 & 1 &

Y, = =Sy, andS, = =3 ., with T, = T — h.

and where both . and ¥, are positive semi-definite. Let
A2 >Ay 20
denote the eigenvalues of the matrix Yy, and, similarly, let
A =2 Ay 20
denote the eigenvalues of .. Suppose further that the following conditions hold.
(i) There exists a constant C' > 0 such that
0 < sup Amax (Zu,) < C < 00
(ii) Assume that \; — oo as T, N — oo and suppose that there exists some (fixed) positive

integer J such that, for any j € {1,..., J}, there exists an absolute constant ¢j > 1
such that

|I>/

1 <2 <¢f < ooforall N, T sufficiently large

J

and for all j e {J+1,J+2,...,N}

|>~

_—j—>0asN,T—>oo
A

Under these conditions, the following statements are true
(a) For any j € {1,..., J}

1 A
0<—X< )\—1 < ¢ < oo for all N and T sufficiently large,

c* .

2j

where ¢* = ¢} + ¢ with ¢} being the positive constant defined in Assumption (ii) above
and where cj can be any strictly positive constant.
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(b) Forany je {J+1,J+2,..,N}

s
L 5 0asT,N — oco.
A

Proof of Lemma D-3:
To show part (a), note first that in light of Assumption (i) of this lemma, we can deduce

from Lemma D-2 above that _
0 < Anax (Zu) <(C < .

It follows that, for j € {1, ..., J},

)\min (Eu) =0 and )\max)\(zu)

=j =j

—0asT,N — o0

since Amin (iu) < Amax (Eu) < C < oo and since Aj—ocasT,N — oo for j € {1,...,J} by
Assumption (ii) of this lemma. It follows that
/\min (iu)

) ;g e 5

=j =j

< ¢ for all N, T sufficiently large,

given that ¢} is a fixed positive constant. Now, by the Weyl inequality, we have, for any
jed{l, ..., J}

)\max (Z’LL)
A

=j

)\min (Zu) )\1

<+

L

ﬁ < é )\max (Eu)
LR Y A
< ] +¢; for all N, T sufficiently large

I
o

On the other hand, the lower bound of the Weyl inequality implies that

ﬁ 2 é + )\min)\(iu)

AJ‘ =j ]

v
|

)\min iu . = - .- . .
since /\7() > 0 given that 3, is positive semi-definite and A; > 0)
=j =j

v
—
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Combining both the upper and the lower bounds, we deduce that

1
0<—=<1< % < " < oo for all N and T sufficiently large,
C .
2

since ¢* = ¢ + ¢4 > 1 given that ¢j > 1 and ¢ > 0. This shows the desired result for part

(a).
To show part (b), note that here, again by the Weyl inequality, we have, for j €
{J+1,J+2,..,N},

é + )\min (iu) < A < é + )‘max (Eu) '

A AN N

>

Now, since, by Assumption (ii),

A\
;—j—>0forjE{J+1,J+2,...,N}

21

and since, as shown in part (a),

)\min (Eu) < >\ma~x (Zu)
N N

—0asT, N — oc;

it follows that, for j € J{+1,J +2,.... N}, §—1 —0asT,N > o00.O
Lemma D-4: Let A and E be m x m symmetric real-valued matrices for some positive

integer m, and let A= A +E. Moreover, let

312

v
I>~

be the set of eigenvalues of A and let
A > >y
be the set of eigenvalues of A. Then,
i [X — | < |E],.

Proof of Lemma D-4: This result is a special case of Theorem 4.8 given on page 202 of
Stewart and Sun (1990) and is closely related to Corollary 4.10 of that book. A proof of this
lemma can be obtained by specializing the proof of Theorem 4.8 of Stewart and Sun (1990).

Lemma D-5: Let G be a finite non-negative integer. Then,

/ 2Cexp{—z}dz < o0
1
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Proof of Lemma D-5:
We will first consider the case where G = 0. In this case,

/zoexp{—z}dz:/ exp{—z}dz
1 1

Let
u=—zand du = —dz

and note that

/:Oexp{—z}dz _ —/:ooexp{u}du

_ / exp {u} du

o0

= exp{-1}
< 0. (135)

Next, consider the case where G is a fixed integer such that G > 1. Here, we will show
that

/ 2Yexp{—z}dz =
1

1+ Z (1:[ G — j])] exp{—1} < oo (given that G is finite)

k=1 \j=0

using mathematical induction. To proceed, first consider the case where G = 1. Let

u = 2z, du=dz

dv = exp{—=z}dz, v=—exp{—2};

and making use of integration-by-parts, we have

/ zexp{—z}tdz = —zexp{—z}\(l)oﬁL/ exp{—=z}dz
1 1

= exp{—1} — exp{—2}[}"
= exp{-1} +exp{-1}
= 2exp{-—1}

- {1+Z<ﬂ[1—j]>}exp{—1}<oo

=0
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Next, for G = 2, let

u = 22, du=2zdz

dv = exp{—=z}dz, v=—exp{—2};

and we again make use of integration-by-parts to obtain

/IOOZQeXp{—z}dz = —Z2eXp{—Z}|<1>o+2/10028Xp{—2’}d2
= exp{—1}+4exp{—1}
= bexp{—1}
BT
oL k=1 \j=0

To proceed with the induction step, suppose that, for some G > 2,

00 G-1 [k—1
/ 2 rexp {—z} dv = 1+Z (H [G—l—j])] exp{—1}.
1 k=1 \j=0
Now, let
v = 29 du=Gz°ldz

dv = exp{—z}dz, v=—exp{—2z};

and, using integration-by-parts, we have

o0

/zGexp{—z}dz = —zGexp{—z}‘To—i-G/ 2 exp {—2} dz
1 1

1—1—2_: (ﬁ[G—l—j])] exp{—1}

= exp{-1}+G

=0
< oo (since G is assumed to be finite) (136)
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which completes our proof. [

Lemma D-6: Let v, 4, and 7y, be positive constants satisfying the relationship % = 711 + 712

or vy = %, such that 0 < v < 1. Suppose that there exists a constant 0 < b; < 0o, such

that for any s > 0 and for any 6 € RY with ||§], =1

s 1 _ s 71
sup P (Jgg| > s) < exp{l—(—) }gCeXp{_ (_) },
teZ bl b1

s\t . s\ 71

s> < enfi- () <cen{= ().
teZ bl b1

where C' is a positive constant such that C' > exp {1}. Then, the following statements are
true:

(a) For any s > 0, for all t € Z, and for any § € RY, with ||§]|, = 1,
4 S\ — s\
P(|€t| >s) < exp{l— <§> } SCeXp{— (§> },
P (|ut5| > s) < expsl-— <§> < Cexpy — (ﬁ) ,
where r* and b* are fixed constants such that 0 < r* =, /4 < oo and 0 < b* = b} < cc.

(b) For given constants v, > 0 and b; > 0, there exists a constant C'* > 0 such that, for
all t € Z,

E !&\4
E |u,s|*

C* < o0,

<
< (C* < o0

Proof of Lemma D-6: To show the first result of part (a), note first that, for any s > 0
and for all t € Z,

P(lal*>s) = P <|€t| > s%)
s
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where
oo

4
Moreover, letting C' > exp {1}, we also have, for any s > 0 and for all t € Z,

P(al'>s) < exp{l_ (b—i)T*}
< TG}

To show the second result of part (a), note that, similar to the proof of the first result;
we have, for any s > 0, for all ¢ € Z,, and for any 6 € RY, with [|6]|, = 1

(4]
b ()
()

1 >0 and 0 < b* = b} < oo given that 0 < b; < oo.

>0 and 0 < b* = bf < oo given that 0 < b; < oo.

P (|u;5|4 > s) = P <|u;5| > si>

=

®‘|Cl>
S

SR

where
r

Moreover, letting C' > exp {1}, we also have, for any s > 0 and for all ¢t € Z,

P <|u;5|4 > s) < exp {1 — (b—iy }
— SA\T"
< Texpl-— (—) .
ol )}
To show first result given in part (b), note that, for all integer ¢,
E [|5t|4} = / P (|5t|4 > s)ds (by equation (21.9) of Billingsley, 1995)
0

< / exp {1 - <%>T } ds (by the first result of part (a) of this lemma)
0

< 0 ew{-(z) o
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Consider first the case where 0 < r* < 1 which implies that

1—7r*

>0

For this case, let

and let

G-~ |

zZ = (i)T* 5 =0b"2" and ds = Ez = dz

*

r
—‘ , so that G~ is the smallest integer greater than or equal to

Changing variables using these notations, we obtain

Ella] <

IN

IN

IN

C/ exp{ — }ds
i exp{—=z}dz
0
—b* 1 1 _ b [e'e) e
C— | z7 exp{—=z} dz—f-CF 2 exp{—=z}dz
1

*
™ Jo

Ub—* +Ub—*/ 2 exp {—2}dz
r

o (k=1

Cb— 1+{1+Z<H *—])}exp{—l}] (by Lemma D-5)
k=1 \j=0

CT < o0

(for some positive constant C} given that r* and b* are both fixed constants
such that 0 < r* <1 and 0 < b* < oo and G, is, thus, also a fixed finite constant)

Next, consider the case where r* > 1. For this case, note that

E [lzl']

< U/Oooexp{— o~ }
- of en{-(2) baro e - (2) }as
< o0 {-(2)}a
(since exp{ = ()" } < exn{= ()} for v < s <ooand s > 1))
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Next, let

U = —% & —b*u = s and ds = —b*du

from which it follows that

[oo{-@a = [ " otan

-1
= b*/ exp {u} du

o0

= b exp{—1}
Hence, for the case where r* > 1, we have
— _[*° S
C’b*—i-C’/ expis— (— ) ¢ ds
v o [Cen - (7))
Cb* + Ch*exp {—1}

Cb* (1 + exp{—1})
C5y < oo (for some positive constant Cy given that 0 < b* < 00)

E [led]"]

IN

[l IA

A

Putting everything together, we see that, for all ¢,

1+ {1+i <l:[[GT* —j])}exp{—l}] I{0 <r* <1}

k=1 \j=
+Cb* (1 +exp {1} I {r* > 1}

Cr +Cs

C* (for some positive constant C* > C7 + C3)

Q.

E [lzl']

IN

b
C—
.

AR VAN VAN

To show the second result given in part (b), note that, similar to the proof of the first
result; we have, for all ¢ € Z and for any § € RY, with ||d], = 1,

E [|u;5|4] = / P <|u;5|4 > s) ds (by equation (21.9) of Billingsley, 1995)
0

< / exp {1 - (iy } ds (by the second result of part (a) of this lemma)
0

*

< 0 ew{-(3) o
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Consider first the case where 0 < r* < 1 which implies that

1—7r*

>0

For this case, let

and let

G-~ |

1—

zZ = (i)T* 5 =0b"2" and ds = Ez = dz

*

r
—‘ , so that G~ is the smallest integer greater than or equal to

Changing variables using these notations, we obtain

E [|u£(5|4]

<

IN

IA

IN

C’/ exp{ — }ds
i exp{—z}dz
0
—b* e L e
C— [ z7 exp{—2}dz+C— [ 27 exp{—z}dz
™ Jo LS|
C’—+C—* 25 exp{—z}dz

* r* k—1
Ui— 1+{1+Z<H *—])}exp{—l}] (by Lemma D-5)
k=1 \j=0
C7 < o0

(for some positive constant C7 given that r* and b* are both fixed constants
such that 0 < r* <1 and 0 < b* < oo and G+ is also a fixed finite constant)

Next, consider the case where r* > 1. For this case, note that

E {Jurdl']

< C/ eXp{ (=) }ds
- 0/ exp{ )

A

Q)

[yl

*

+

Q)
—

| &

e
I%’|‘
3/~
T w
N————
H,_I
QL

V)
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Next, let

U = —% & —b*u = s and ds = —b*du

from which it follows that

—00

[Ce{-@ = [ ewtia

-1

_ /_ exp {u} du

o0

= b exp{—1}

Hence, for the case where r* > 1, we have

IN

E [\ugaﬂ

[l IA

IN

e o0 S

Cb —i—C’/b* exp{— <§>}ds

Ob* + Cb*exp {—1}

COb* (1 +exp{—1})

C5y < oo (for some positive constant Cy given that 0 < b* < 00)

Putting everything together, we see that, for all ¢t € Z,

B |lsl'] <

AR VAN VAN

b
C—
.

1+ {1+i <l:[[GT* —j])}exp{—l}] I{0 <r* <1}

k=1 \j=
+Cb* (1 +exp {—1}) I {r* > 1}

Cr +Cs

C* (for some positive constant C* > C7 + C3)
oo. U

The following lemma is a slightly modified version of Theorem 3.9 of Stewart and Sun (1990),
which we present here for completeness.

Lemma D-7: Let X be an invariant subspace of the (symmetric) covariance matrix %, so
that XX C X, and let L be a semi-orthogonal basis matrix for X'. Then, there is a unique

matrix A such that

YL=LA

The matrix A is the representation of ¥ on X with respect to the basis L. In particular,
(v, A) is an eigenpair of A if and only if (Lv, \) is an eigenpair of 3. Moreover, A is symmetric

in this case.

Proof of Lemma D-7: Write

L = (l,...,ly) and, by assumption, L'L = I},
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Since
Yl € X,

Yl; can b expressed as a unique linear combination of the columns of L; that is,
Yl; = La; for some unique vector a;
and this is true for every i € {1,...,k}. The matrix
A= (ay,...,ax)
is the required matrix. Moreover, since
L'SL=LLA=A,

A is symmetric given that L'YL is symmetric. The fact that A is the representation of 3 on
L follows from the discussion on Jordan canonical form. Now, let v be an eigenvector of A
associated with the eigenvalue A, so that

Av =l
It follows from this representation that
YLv=LAv = \Lv

from which it follows that Lv is an eigenvector of ¥ associated with the eigenvalue A\. On
the other hand, if Lv is an eigenvector of ¥ associated with the eigenvalue \, so that

YLv = ALuv;
then,
LAv = \Lv
or
L(Av—Xv)=0

However, since L is a (semi-orthogonal) basis matrix with full column rank, the above equal-
ity hold if and only if
Av—dv=0or Av = \v. O

The following lemma is a related to Proposition 2.1 and Lemma S1.3 of Cook, Li, and
Chiaromonte (2010). We state this result here only for expositional purposes.

Lemma D-8:
Let M be a N x N real, symmetric matrix, and let R be a x-dimensional subspace with
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k < N. Then, R reduces M if and only if M can be written in the form
M = LiA L+ LA L (137)
where the columns of the N x x matrix L, are the orthonormal eigenvectors of M such that
span (L) =R,

where the columns of the N x (N — k) matrix Ly are the orthonormal eigenvectors of M
such that
span (L) = R*

and where ( L, L, ) is a N x N orthogonal matrix. Here, A; is a diagonal matrix whose
diagonal elements are those eigenvalues associated with the eigenvectors in L, and A, is a di-
agonal matrix whose diagonal elements are those eigenvalues associated with the eigenvectors
in LQ.
Proof of Lemma D-8:

To proceed, first suppose that M can be written in the representation specified in ex-
pression (137). Now, for any v € R, there exists w € R* such that v = Lyw, from which it
follows that

Mv = (LML, + LoAsLy) Ly
= LiAyw (since LiL; = I, and L)L, = 0)
= Liw" (by setting @" = Ayw)
€ R (since span (L;) =R)

Moreover, for any v* € R*, there exists w € RV =" such that v* = Lyw, from which it follows
that

Mv* = (LiA L] + LaAsLy) Low
= LyAsw (since LyLy = Iy_,, and L] Ly = 0)
= Liw* (by setting w* = Ayw)
€ R* (since span (Ls) = R").
It follows that R is a reducing subspace of M.
Next, suppose that R is a reducing subspace of M. Now, let H; € RY** be a semi-

orthogonal matrix whose columns span R and let H, € RV*(N=%) be a semi-orthogonal
matrix whose columns spans R+, such that

e (8 )

NxN NXk NX(N—K)
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is an orthogonal matrix. By the assumption that R is a reducing subspace of M, i.e.,
MR C R and MR+ C R,

it follows that both R and R* are invariant subspaces of M. It, thus, further follows from
Lemma D-7, or Theorem 3.9 of Stewart and Sun (1990), that there exist matrices

El € R"*" and Pg € ]R(N_H)X(N_H)

such that
MH, = H,B; and M Hy = H,B,.
Hence, o
MH=M(H H)=/(H, Hz)(Bl 0 )
0 B,
or

By 0
M=H — | H
(0 5)m
given that H = ( H, H, ) is an orthogonal matrix. Because M is real, symmetric, so must
be B; and B,. Hence, By and B, have spectral decompositions given by

El = ClAlCi and Eg = CgAQCé

for some diagonal matrices A; and Ay and orthogonal matrices C; and Cs. It follows, by the
definition of a spectral decomposition, that the diagonal elements of A; are the eigenvalues of
B, whereas the columns of C; are the orthonormal eigenvectors of B;. Similarly, the diagonal
elements of Ay are the eigenvalues of By whereas the columns of Cy are the orthonormal
eigenvectors of By. Now, let

_(C 0 (A0
(% &) man-( B L)

Then,
Ch 0 Ay 0 ] 0
CAO/ _ KXK kX (N—K) KXK kX (N—K) KXK KX (N—k)
0 Cy 0 Ao 0 )
(N=R)XKE (N—g)x(N—k) (N=R)XE (N—kg)x(N—k) (N=R)XK  (N—k)x(N—k)

(G0 MO0
~ Lo o 0 ACY

CiACL 0
0 CoACY )
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from which it follows that

M = H(31 0 )H’

0 B,
- GAMC 0 ,
= H( 0 C2A205)H
= HCAC'H'
LAL,
where
L = HC

= (mom) (G4

( HiC1 HyCh )
= (L L)

Next, note that both L; and L, are semi-orthogonal matrices since

LiL, = C{H{HC
= (1C) (since H; is a semi-orthogonal matrix, so that H{H; = I,;)

= I, (since (1 is a orthogonal matrix) , (138)
and

LyLy = CyHyHyCYy
= (C5C, (since Hy is a semi-orthogonal matrix, so that HyHs = In_)

= In_, (since Cy is a orthogonal matrix) (139)

Furthermore, by Lemma D-7 (or Theorem 3.9 of Stewart and Sun, 1990), each diagonal
element of A; is an eigenvalue of the matrix M, and the i column of L; (ie., l; =
Hic1; = H1Che;,;) gives the eigenvector associated with Ay, the i" diagonal element of A;
for i € {1,...,k}. Similarly, by Lemma D-7 (or Theorem 3.9 of Stewart and Sun, 1990),
each diagonal element of A, is also an eigenvalue of the matrix M, and the j** column of L,
(i.e., lo; = Hegj = HChej n—,) gives the eigenvector associated with Ag ;, the 4t diagonal
element of A, for j € {1,..., N — k}.
Finally, we show that

span (L1) = span (Hy) and span (L) = span (Hs) .

To proceed, note first that since H; € RV** is a semi-orthogonal matrix whose columns span
R and since C] is a k X k orthogonal (and, thus, nonsingular) matrix, it follows that the
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columns of L; span the same subspace as the columns of Hy, i.e.,
span (L1) = span (H,Cy) = span (H1) =R

Similarly, note that since H, € RV*(W=%) i5 a semi-orthogonal matrix whose columns span
R+ and since Cy is a (N — k) x (N — k) orthogonal (and, thus, nonsingular) matrix, it
follows that the columns of L, span the same subspace as the columns of Hs, i.e.,

span (Ls) = span (HyCs) = span (Hs) = R*,

from which it also follows that L)L, = 0 so that, given expressions (138) and (139),
( Li L, ) is a N x N orthogonal matrix. []

Lemma D-9: Let

b= [53]], = e (5555

and let

In N
=B\ —

for some sufficiently large constant B; > 0 be the threshold function used in the specification
of ¥%, as previously defined in Lemma C-6. Suppose that Assumptions 4-1, 4-2, 4-3, 6-1,
and 6-2, hold; and suppose that as N,T — oo

COS\O [gf —o(1).

Then, the following results hold.

(a) For 0 < g <1,

A1 — M\

o, (@) mN) Y
e\ | T — )
(b) For any fixed real number r and for 0 < ¢ < 1,

(i—i) =140, (CUA(?” l%}LQ) = 1+40,(1).

(c) For any fixed real number v > 0,

where A\| = Apax (EX).

~ 1
D3, D%\ =0, (F) =0,(1) as N, T — o0,
1

1

' 1

2
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where

A0 0 A2 0 0
~3 3
N 2 -, : 3
D)\,N = 0 /\1 ' ’ and D)\,/-c = 0 )\1
SKR— S H—l
0 0 A ° 0 0 A *
(d) .
~_1 Co (N) InN| 2
_ — - <
Dy Dyx— I , O, ( N [ 7 ,for 0 < g <1,
where
1 1
Ap 03 0 A7 O3 0
~ 2 2
Dy, = M and D, , = 0 A
0 S 0
US| ol
0 0 A ° 0 -+ 0 A 2

Proof of Lemma D-9:
For part (a), note first that, by the definition of the spectral norm ||-||,, we have

Sixll, = P {TiT}

= [)\max (ix)} 2 (since Yy is symmetric and psd)

= )\

In addition, note that the conditions of this lemma is the same as that of Lemma C-6. Hence,
by making use of the result given in Lemma C-6, i.e.,

~0, ( e _> o), (140)

$9 %y

A1 A1 T
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we see that

~

A=A

A1

2% -S|+ [Zxl, — x
< N

PR —EXH2 + A=A\
_ L

555

<
< . )
- 0, (COA(iV) [IHTN}_) , (141)

For part (b), note that, by the binomial theorem,

(

A
X

)T

M-
1

3= A r=1) (=N
1 1~ M rr—= 1— A
+T< N >+ 3] N +

o, (42 [5])

(by the result given in part (a) of this lemma)

140, (1) for any fixed real number r.

To show part (c), note first that
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272 =
o))
>N

c

H>/>|

)_}/
VS
2
~
>
i
N—
<

R
N
e kg
~__—
|
S

0 MO0 0
0 A°
0 PR PR
N 0 0 A
(Xl /)\1> 0 0
~ 3
0 (>\1 /)\1)
. .
~ (2k—1)
0 0 ()\1 / 1)
(Xl /)\1> 0 0
~ 3
0 ()\1 /)\1)
5 .
~ (2,—1)
0 0 (/\1/)\1)
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It follows that

IN

IN

IN

1 ~
A k) b

1
1

U

Al

1 ()
)\_11) > HD)\n >\Ii

1 (A
. ) 52,052

2

N2 -2
D)\,HD/\,H 9

m
D

i=1
() e
1 1
w(3) ()
7=1
o (N) [InN] 7
1+Op< N [T} )]
i o(N) [InN]Z
XZ 1+0, ( T
(smce by the result given in part
M co (N) [ln N
() <10, (o0 a2
1
Op ()\_11)) == Op (1) .

i=1

SZ\CMT for0<7“§1>

(using the inequality

bove

a
) for any fixed real number r)
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Finally, to show part (d), note that
DilDy,. — I,
1
()\1/)\1>2—1 0 0
3
B 0 (M/)* =1
. . 0
o~ K,*l
0 0 ()\1//\1> * 1

Hence,

AN-1
”D’\”"D)"N — I 2

~ +7
< (/\1/)\1> — 1’
=0
using the inequality Zai < Z la;|” for 0 <r < 1)
=1 =1

A AN 5 Y
B ¢ (N) [InN] ="
_ o,,< 20 [l ),

where the last line follows from the result given in part (b) above. [J

Lemma D-10: Suppose that Assumption 6-3 holds. Suppose also that Ay — oo as N, T —
oo; then, the following results hold.

()
- [Mf(l_q) » (max{% () lﬂ}_ Va() llnN]%O—%)})_

v LT 2 O D VI )

Al

[l V1EN]



[ (i\g)]% llnTN]%(l_%) B (m X{COA(%V) l#}%\ﬂ;i—m llnTN]%(l—a)D
(c)
gl
= <maX{M{M]_Q \/Wlln]\ff(l—%)}>'
o LTl oM LT
(d)

Ci(ifv) [IHTN] = ) (max{cog) [mTN]%’ a/\EN) [mTNF(l%)})

and, for any fixed real number p > 0,

] O] AT

and, for any fixed real number 5 > 0,

co (N) Va(N) llnN]%q FnN 3(1-9)

A T
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3 3
N oLT N oLT ML T

a (N) [M] (1-%) . (max{w lM}% | NZI) [lnN] %(1—%)}>
and, for any fixed real number 7 > 0,

0[] (e {02 2] 7 S ] )

A
(g) For any fixed real number p > 0,

co (N) llnN]qu 1 :0<maX{CO<N) [M]% Ja(N) FnNr(l—%)}>

A T A2 T T\ T

3
AL

)

/T 0] -8 _ (m { ) (] E

Mo T N oLT

Ja@®™ [mN] %(1%)})

TN T

and for any fixed real number p > 0,

Va(®V) [lnN]%(l‘%>i . (max{co ) llnN}% V) [mN]%(l—%)})

ML T N MoLT ML T

(i) For any fixed real number p > 0,

%JIV) [lnTNr(l—%) A;é . (max{coé\f) llnTNr%q7 aAgN) [IHTNF(l_%>})

Proof of Lemma D-10: To show part (a), note first that in the case where
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o (N) {mzv] a(N) [mN] (1-%)
NoLT DY T ’
we have
ok N] B
)\1 T
1—g7 2 1—
[ —2‘1] co (N) [mN}—zq
avoLT
¢o (N) lnN g (N)[InN]E
< X since T =o0(1)
1
On the other hand, in the case where
co (V) {mzv]l—zq _ Ve [mN] (1-%)
NoLT DY T ’
note that
1—¢7 2 1—
& (N) [mN} (- co (N) FnN]TQ co (N) [mj\f}—zq
o (N) [mNT=  /a(™) [anN]203)
< — <
T Ay T

Together, these two results imply that
2(1-q) 154 (1-%)
3 (N) [InNT>2 co(N) [InN] 2 a(N) [InN
0 7 — = 0 | Mmax — s T s )\ T .
Ao LT A2 !

To show part (b), note first that in the case where

I N120-%)
o

P EE
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@ %)ﬁ [mTN} H1-)

_ [ Mlln—]\f}%(lé)_?

A1 T | T
< \/C;ST) llnTNF(l—%) e @ llnTN]%(lé)O(l))
el

On the other hand, in the case where

¢ (N) [IH—N]% . Ja) llnN]%(lg)a

note that

la (N)]? [mN]%(l%) _ { a(N) {Mr(l‘é)r Ja) FHN]é(lg)

)‘% T )\1 T )\1 T

Va (N) {lnN] 3(1-%)

< A T

Together, these two results imply that

@ (i\g)]% llnTN]%(l_%) . (max{coig) llnTN]¥7 aAiN) llnTN]%(l—%)})

To show part (c), note first that if

(N {M]l—f § NZI) [mN]%(l%)’

3
A2 T A T
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then

o (leg@ (V) FHTN} E [IDTN} (1-4)

_ [ a(N) lln—N]%(lg)rCO (N) lln—Nlqu

< 5[] (o BP0

On the other hand, if

note that

A2 T 7
- a(AiV) {%r(l_%) 200;;) FDN]%Q
< oly) [IHTN}_ < Vo llnTNr(l—g)

Together, these two results imply that

w0 (V) a (V) FHN] i lM] (-8 <max{co (N) [M] Ve [thF(l—%)}) |

A T T NoLT N T

To show the first result of part (d), note first that if

co (V) [M}_ | Vo) FDNr(lg)

NoLT N T

Y

305



then

On the other hand, if

%V) {M] T _Val) [mzv] 5(1-4)

note that

S0 [mN)™ (ﬂ Mf) 0 (V) lﬂf

NoOLT Mo T T

3
2
1

<

co (V) [ln_N]_ _ Vo) FnN]%(l%)

NoLT ML T

Together, these two results imply the first result of part (d), i.e.,

@[%]zo (max { %[%1—4 ) llnTNF(l—%)}>.

To show the second result of part (d), note first that

1

— =0(1) for p > 0 given that \; — oo.
M

It, thus, follows from the first result of part (d) that, for all fixed real number p > 0,

¢ (N) {m_N} 1 O<max{w [m_N]— Va(N) {lnNr(l_@}) "

N A N A T
¢o (V) [mzv]lz—q Va@™) FHNFO%)
= o|max —s— |— , .
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To show the first result of part (e), note first that in the case where

cog) lgl— N c;(lN) llnTN]%(l—%)’

we have

co (N)AQCL(N) llnTN]% [IHTN} 5(1-4)

_ % llnTNF(l %) Co)flg\f) {g}l—;

< ;;V) [lnTNl_q e ag\jl\f) {gr(l ):0(1)
On the other hand, in the case where

o0 (] 7 < S [N
note that
co (N>A§ a(N) [lnTN] {mTN} 3(1-%) _ %jj) [1 TN]%( -%) COA(%V) %1 -
< A(i’]’v [mN] ag\(lN) [IHTNFO_%)

Together, these two results imply the first result of part (e), i.e.,

& (N>A§ a(N) {mTN} 3 [%} 5(1-9)

. (max{co)ig]) [mTN]%’ c;SN) llnTNr(l—%)D

Now, to show the second result of part (e), note first that

1

A o (1) for p > 0 given that A\; — oo.
1
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It, thus, follows from the first result of part (e) that, for all fixed real number p > 0,

%A(_N) lgl_ . c;(lN) llnTN]%(l—%)’

then

- Ja() [lnNF(l%) ( a(N) [m_NF(I%) =o(1) )

On the other hand, if

A(N) {mTN] . a)\(lN) [1TN1( )
note that
%{%](1%) _ E\N) [%F( )] C;EN) [IHTN (1-%)
< B[] o e
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Together, these two results imply the first result of part (f), i.e.,

o0 ) S (m { w) (] = Vel ] %(1—%)})

3 3
LT N oLT ML T

Now, to show the second result of part (f), note again that
1

A o (1) for p > 0 given that A\; — oo.
1

It, thus, follows from the first result of part (f) that, for any fixed real number 7 > 0,

a (N) lm—N}O%)i— _ 0<max{w [ln_Ny_;q’ a(N) llnN] (1%>}>0<1)

N[

MoLT Y MoLT ML T

- 0 (max{%f\f) {y}— C;(IN) [mTN}%(I%)})

To show the result given in part (g), note first that if

¢ (N) [m_zv]— | Vo) llnNF(lg)

NoLT ML T

)

then, for any fixed real number p > 0,

co(N) [InN Sl
A1

N) [lnN]= 1
< @ (V) { n } (since 7= 0(1) for any fixed real number 5 > O)

1

)

co (N) [mN]l—zq _Val) [thr(l%)

A1 T
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note that

co (N) [mN}l—f 1 Lo FHN}I_ZQ
A T e Moa LT
L @) [N o Jal) [N 3(1-4)
T =" |'T

Together, these two results imply that, for any fixed real number p > 0,

o0 (V) llnN]ITq 1 :0<maX{CO<N) llnN]¥7Ja(7N) llnN]%(l—%)})

MO T NoLT N T

i
To show part (h), note first that, in this case, it is trivial that

S [lnN] s (max{co (N) [lnN} — Va(N) FHTN} %O%)}) .

)\1 T )\1% T )\1

Moreover, by assumption, Ay — oo so that

%:0(1) for all fixed real number 5 > 0.
1
from which it follows that
a(N) [nN12073)
A T N
o (N) [InN]= /a@V) [InN]2(-3)
= O |max{ ——= |— : o(1)
co (N) [lnN]I;Zq Ja (V) lmzv}%(l%)
= o|max{ —5—= |—— : :

Turning our attention now to part (i), note that in this case, we can rewrite

a <AJIV) {%F(l%) A% - \/c;\S—N) [mTNr(l%) /\i

so that it follows immediately from the second result given in part (h) above that for all
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fixed real number p > 0

S e R TSR )

Finally, to show part (j), note first that in the case where

Nl

co (N) {M]—‘l oy [MNF(I%)’

)\1% T A1 T
we have
ct (N))G” a(N) {mTN] 1= %] 3(1-4)
- [
<]

[ PP o a2 2] )

On the other hand, in the case where

() [m_N]— Vo) [lnN]%(l_%),

avoLT N T
note that
% (N)x; a(N) {mTN} g lnTN} 1(1-%)
- R BT R
< COA(%V) {TN]—‘I a)\(lN lmTN] 1-4)
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Together, these two results imply that

% (N >A? a(N) llnTN] 1?[1HTN] 5(0-9)

_ O<max {OA(N) [g] - GAEN) FHTNFO—%)})G

Lemma D-11: Let ¢ be a positive constant. Then, for any given v, > 0, there exists a
constant C* > 0 such that

T Cm’YQ
Zexp(— 1 >§C#<oo
m=1

for all positive integer 7T'.

Proof of Lemma D-11:
Note that

Cm’YE
exp (— 1 > > 0 for all positive integer m.

Hence, we make use of the integral test for convergence of an infinite series. To proceed,
consider the integral

o Cx72
/ eXp(— 4)dxf0rc>0and72>0.
1

Let

so that

It follows that

4\ 1 1
< (—)72— u exp (—u) du
c V2o
4\ 1 1
¢ T2 \72
< o0
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The last two lines above follow from the fact that
['(z)= / u” ! exp (—u) du
0

is the integral representation of the gamma function, and it is well known that this integral
is absolutely convergent for all z > 0, a condition that is satisfied here given that v, > 0.

T
It further follows from the integral test that Z _, oxp (—em?2/4) is a convergent series, so
that there exists a constant C# > 0 such that

T Cm72
Z exp <— 1 ) < 0% < oo for all positive integer T. [
m=1

Appendix E: Supporting Lemmas for the Proof of The-
orems 4 and 7

The lemmas given in this appendix pertain to the diffusion index model

Yern = a+ (F—pp) ¢+ eppn, (142)
Xt = /J/X—FF<Ft—/,LF)+ut, fOftzl,...,T—h, (143)

where pp = E[Fy| and py = E[X;]. The following assumptions are imposed on the model
given in expressions (142) and (143) above.
Assumption (i): I"I'/A; ; = Ix and ¥p = A/, |, where

T = TizE [(Fy — 1) (Fy — pip)']

denotes the factor covariance matrix and where A is a diagonal matrix whose diagonal
elements are the nonzero eigenvalues of I'SpIY.

Assumption (ii): (a) Suppose that E[u;] = 0 and E[(F; — pp)u] = 0, for all t. (b)
Suppose that there exists some constant CT > 0 such that sup, Amax (Zu¢) < CT < o0 and
E{(Fty.g — uF7,g)4} < CT < o0, forall g € {1,..., K} and for all ¢, where ¥, ; = E [u;u}] and
where F} , and pp . denote the g"" components of F} and jij, respectively.

Assumption (iii): E [e;] = 0 for all ¢. In addition, let A > 1 be a fixed finite integer, and
assume that F [(F; — pp) en] = 0 for all ¢ and E [uyegyp] = 0 for all ¢ and ¢.
Assumptiion (iv): Let I'; 5 denote the (¢, g)th element of I', and suppose that there exists
some contant ¢t > 1 such that MaX]<i<N,1<g<K ‘F(i7g)} < ¢t < 0o for all N.

Assumption (v): Let v, 7,, and 7, be positive constants satisfying the relationship % =
711 + 712 or y = ﬁ, such that 0 < v < 1. Suppose that the following conditions hold: (a)
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There exists a constant b; > 0, such that for any s > 0, for any 6 € RY, with [|d]|, = 1, and

for g € {1,..., K}

S Y1 _ s Y1
sup P (Juyo| > s) < exp{l — (—) } < C’exp{— (_) },
teZ bl bl

24! Y1
oo = i ol ()]
tez 1 1
4! Y1
sup P (|| > s) < exp{l - (i) } S?exp{— (i) },
teZ bl b1

where C' is a positive constant such that C' > exp {1}, where y, = E[F}], and where F;_,
and fip_, are the g element of F, and pp, respectively. (b) Let V, = (g, F},u;)’. Define
Flow =0V, 5, V, ,V) and F2, = 0 (Vim, Vigmit: Vismaas ). Suppose that
there exist positive constants 7,, a, and ¢, such that:

a(m) =supa (F' o, Fp5,,) < aexp(—em™) for all m > 1,
t

where
a(Fl Fm) = sup  |P(GNH)—-P(G)P(H).
GeF!  HEFS .,
Remark: Note that Assumptions (i)-(iii) given above are the same as assumptions (i)-(iii)
given in the statement of Theorem 4.

For Lemma E-1, we consider the diffusion index model given by expressions (142) and (143)
under two different scenarios which have been explained in Section 5 of the paper:
Scenario 1 (1 < x < K Case): Assume that the following conditions hold:

Assumption S1-1: There exists a constant ¢ > 1 such that 0 < 1 < minj<y<, |<pl’g| <
maxi<g<g }gol’g} < ¢ < 00, whereas ¢, = (4,02’1, ey 4,027[(%)/ = 0.

Assumption S1-2:  (a) Suppose that )\, , — oo and Ay; — oo, as N,T — oo (for
g=1..,rand j=1,.,K —k)such that \;; < --- XA\ X Ay X+ X Ny oo (b)
Suppose also that there exists a constant, ¢, with 0 < ¢ < 1, such that (Alvg — Al,k) /ALl >c,
for all g < k, with g € {1,..,k — 1} and k € {2, ..,k}, for all N and T sufficiently large.
Scenario 2 (k = K Case): Assume that the following conditions hold:

Assumption S2-1: There exists a constant ¢ > 1 such that 0 < % < minj<g<x |<p1’g| <
Maxi<g<K ‘90179‘ <¢ <.

Assumption S2-2 (a) Suppose that \; , — oo as N,T — oo (for g = 1,..., K') such that
A1 X -+ X Ay k- (b) Suppose also that there exists a constant, ¢, with 0 < ¢ < 1, such that
(Al,g _Al,k) /A1 > ¢ forall g <k, withge{l,.,K -1} and k € {2,.., K}, for all N and
T sufficiently large.

Remark: It should be clear that under Scenario 1, among the K available factors, only
k < K of them are relevant for forecasting the target variable y,,, since in this case there
are i — k zero coefficients (i.e., ¢, 1, ..., px are zero). On the other hand, under Scenario
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2 all K available factors are relevant for the purpose of forecasting since all coefficients are
non-zero in this case.

Lemma E-1: Consider the diffusion index model given by expressions (142)-(143). Suppose
that Assumptions (i)-(iii) hold, and let 3 = G (G”EXGY1 G'Gx, be the population PLS

estimator, where

Ty

T3 B [0 — i) (X — i) and

=k—1_

G = (EXy TXEXy EX UXZ!);EX:

Txy = 7 DB i) (n — )}

with k € {1,,,,, K}, with the target variable y,,, being generated by expression (142), and
with the vector of predictor variables X; being generated by expression (143). Under these
conditions, consider the following two scenarios.

(a) Scenario 1 (1 <k < K Case): Suppose that Assumptions S1-1 and S1-2 hold. Let

5= | ST

r
VA1 » Where ]I\\f);rle - \/31171 and ¢, = (¢1717 '~<P17,€)/

Then,
—_ 1 S
HB - 5“2 =0 (F) , where Aj = Apax (EX) :

1

(b) Scenario 2 (k = K Case): Suppose that Assumptions S2-1 and S2-2 hold. Let

8=

r r
AP , where I'y = ——=and p = (901,17 ---<P1,K)/

A /Al’l NxK A171

Then,
— 1 3
Hﬁ - 6“2 =0 (/\_§> ) where )‘1 = /\maX (EX) ’

1

Proof of Lemma E-1:
To show part (a), note first that, for the diffusion index model defined by expressions
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(142) and (143), we have by direct calculation:

Yx = Tih;E [(Xt — px) (Xe — MX),]

=T (Tih i E[(F, — pp) (F, — MF”) I+ Tih i E [usu;] (given Assumption (ii))
= ISpIY i . 7
=T (ﬁ) I +3, (given Assumption (i))

r I’ =

A1 Atq

1 A, O | 1 =
— r, T =1 h + X
\/Al,1 ( ' ’ ) < 0 A > < FI? ) Al,l
I, I Iy I _
A + A + X,
VA VAL VA VA

f— F>\71A1FI)\,1 + F/\72A2F/>\72 + iu

where I'y; =I'1/y/A;; and 'y 2 = T'y//A; ;. Moreover,

Try = 7 3B~ ux) (e — )
= %ZE{(F(E—MF)‘*’W) ((F17t_MF,1)/(p1+€t+h)}

T, T,
- TihZFE [(Ft — [ip) (Fl,t - /JJFJ),] w1+ Tih ZE [ut (Fl,t — NF,l),] 01
t=1 Py
Th

Th
1 1
T > " E{T(F, — pp) erin} + T > " E [wer 4]
t=1 t=1

T},

= Fﬁ ZE [(Ft — pp) (Fie— LLF’l)I] ¢, (given Assumptions (ii) and (iii) )
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Next note that
1 &
/
Fﬁ ZE [(Ft — pp) (Fl,t — ,UF,1) } ¥1
=1

- F%ZE (=) (=] ()

A

=T <)\L> % (since, in this case, ¢ = ( %1 ) and since, by Assumption (i),
ALl

T, — TihgtE [(F = pp) (B — pp)] = ﬁ)
== (4 0 ) (%)
(o (M)

1
Arg

1
A
A1

so that, in this case,

A Iy
Txy =1 4, VA Iy, —1 , given that I'y; =
Xy =11 )\1 1901 A1l \/? )\1 ) ‘P1 Al,l —F—%1, 8 Al Am

Next, we show that, in this case, the envelope parameter vector 8 = 1"y ; (gpl /\/ ALI) has
an alternative representation given by

1
1N D}, Dlw,,
(m > PAT

where
31,1%,1/)\1 0 T 0 )\z 1¥1 1/)‘2
: A A
D, = O A1o19/ M : Jw, = A1 2901 2/ and
: 0 :
O cte 0 Al,lisol,ﬁ/)\l A%,KSO%,K/)\%
A?J‘P%J/)‘? 0 T 0
D, = O Ai’gﬁg/)\? O
0 e 0 A:{),mwiﬁ/)\?
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To proceed, note that, by straightforward calculations,

1, _
— D\ | D hw,
Afy
31,1901,1/)‘1 0 0
— 1 0 31,2901,2/)\1 :
AL % 0
0 te 0 Al,/ﬂgolﬁ/)\l
-1
A?,l%pil/)‘? 0 0
% 0 A?,%O%,z/)‘?f
: - 0
0 0 Aol /N
31,180171/)‘1 0 0
_ 1 0 A1,2‘P1,2/)‘1
1 . :
Als : B R 0
0 0 Apepre/M
1
801,1/31?1
_ <P1,2/A12,1
: 1
90175/312,1
1
= 901/Af,1~
from which it follows immediately that
D*
BZF,\J\/SD;—:PM f’A D;i\wgp-
A11 312,1
Now, let
LA /A X/ XA
Col dea M AR
LA/ M AL/ A
and write
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Az,ﬁpil/)‘;
31,280%,2/)‘1

AL 08 /N
Al/A1,1
A/

Al/Al,n

(144)



A1 (B-0)

o |6 6%56)” 0 - ( )]
11
\ GD;,;la <A1,1) 1G,EXGD ) (An) AiG/OX?” -T
A1 oW ¥ A\ A vV ML
[A
;IIGD 1 =D,V + T\ D7,V
A\ DL ExGD ]
x [(_M) T TR (VDY) T+ (VDY)
)\1 /\1 7
1G/0_Xy

)=

% 31,1
A1

been shown in Lemma E-

A“GD L _Ty.Di,V
)\1 AN AV

- =

2 part (b))

31,1
A

DA;G@XGDA;] -

A

— (V'D, V)™

[ /M1 DiLGT

» Al Oxy Vw

A \/)\_1 7

A A\ DILGS G
+ %GDA}i T\iD,V [( _;11) e Af “] —(V'D, V)| Vi

—=GD;, . ~T\,D: 'D =L L A v
+ )\1 MK Al g@,/\K (K %AK) ( )\1 ) \/)\—1 chp
+ ALl Ty, DE LY (V'D, V) ' V'w

)\1 A, AL o Y VYV p AV L Wy

Mo\ DilGax
Ta1D5,\V (V' D,V Mo Y
+ Al A— ( A ) <)\1> \/)\—1 lep
9 —1
GEXGD; Ao\ DiLGloy
+F D* V R V/D V 21,1 K Yy
Al PA— ( ) ( P,A ) ()\1 \/)\—1
p ([(B) PRR0TEA] ,
‘I’ Al %/\_ (VD%)\V) K—Lp
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+FMDWV(V’ oaV) V', —Tre;.

©

—Vw, + K’ww) } —T'x1¢; (where the nonsingularity of K'D% AV has

(145)



Next, note that multiplying all three sides of expression (144) by /A, ;, we see that

Faipr = F,\,1D;,AD;{\M¢
= T\uD,, YV DS (V) Vi,
= DuaDL,V (VD V)™ Vi,
from which it follows immediately that the last term on the right-hand side of expression

(145) is zero, i.e.,
. ~1
D31 D5,V (VDo V)™ Vi, — Ty, = 0

Hence, in light of expression (145), we can write

e

7-9),

AN\ DIlG S GDL] T
21,1 K X K N (K,Dgo )\K)fl
A A ’

[\
Q}—‘
-
>
’1
>/
B

€ *

>/
<

2

f— —1
A A Dy 1G'YxGDy L B
et -y ||(32) 25572 - wpan” v
2 2
All _ —1 <A11> D)TIG,EX?J
+14/==GD{t =T\ D*\V V'D,\V : r —V'w
)\1 AR Ao Y (— 90,/\—) )\1 \/)\—1 o ,
2
A171 -1 * !
I 3D - DDy H(VDWV V|,
2

+{[Taa DL Y|, (VD)™

M1\ Dy LGox, ,
: ’ Vw
A1 VA1 v

[ /A1 DiLG'SxGD; L]
i HFA,IDZZ,)\KHQ (—1,1) Ak X Ak

—(V'D !
)\1 )\1 (— <P7)\K)

- - 2

(3171) D)T,fl-;G,EXy
A1 Va1
_(Au) Dy -G'SxGD; L]

A1 A1 B (K,D%)\K)_l Hvl

- - 2

ol

+ HFAJD;)\KHQ

We shall analyze each term on the majorant side of expression (146) in turn. Consider
initially the first term on the majorant side of expression (146). In this case, we can apply
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) of Lemma E-4 to obtain

, and (
—11 1 [ 311 D;iGliXGDiln - / -1
GDA ~T\.D5 LV 7 ’ = = (V'DynY)
" @ M A ’
)\ 1G/

A\ Do UXy_Z/w
M VAL v
1 1 1

- o(3)o(w)o )

_ 0 (%) | (147)

To analyze the second term on the majorant side of expression (146), we first note that

parts (b

2

X

1 1 1 A2 22 > Al

11/)‘1 31,2/)\1 1;»;/)\1 )\%1 11//\2 Zg‘ A3 S02 /)\3

Viw, = A%/AQ Ao/ A%H/V SEE _ g1 ShoT el
K— K— K— K— K— K— )\2 2 )‘2 a K ' K
Al,ll/)‘l ' 31,21/)‘1 b Al,nl/)‘l ! AP/ AL Zg A +1¢19/>\1+1
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so that

[V, [
= i: (ZK: )\—hﬂgpl g) 2
\ h=1 \g=1 )\h—H
K h+1 m 2 m
< \ Z Z 2(h+1) using the inequality Z a;| < mz lai|?
1=1 i=1
K )\2 (h41)
< K (1121;;:2(,€ }%g} S (;% D) ) given that Al,l > .00 > Al,n)

m
D

=1

IN

<> ail” f0r0<7°§1>

=1

(i1
ALl : :
K (11296%{} g’) g (Aghﬂ)) <by the inequality

2
K> (max 014 ‘) (¢")**! (applying Lemma D-3(a) which implies that there exists

1<g<k

IN

1 A
constant ¢* > 1 such that 0 < — < % < " < oo for all N, T sufficiently large>
c 1

< K ()" < 0o (by Assumption S1-1) (148)

Making use of this result along with parts (c) and (d) of Lemma E-4, we see that

A1,1 _ Al,l D):tG/iXGD):rlﬂ B / -1 /
)\_IGDki F)\,ID@ )\V ( )\1 )\1 - (K D‘Pa)‘z> HV SOHQ
2 2

1 1

= — — 1

X (M) ‘ <>\1> ot)

- 0 ( 1 ) (149)

A
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Next, to analyze the third term on the majorant side of expression (146), note first that

[

2

\/ o { {07007 D07
o

IN

Amax 4 (V' DyaV]) ™ <K’D¢,AM>‘1}

Amax {(K'D% ,\K)_2} (since V'D,,\V is symmetric)

1
N \/()\min {K/D@,AK})2

1
)\min {K/D%)\K}

1
< o, <™ (for some constant C > 0 by expression (162)
#
given in the proof of part (b) of Lemma E-2) (150)

Making use of this result along with parts (b) and (c) of Lemma E-4, we obtain

/)‘1 1 1 * , -1 Al,l D)T,lnG/EXy ,
)\1 G_D F)"IDQO,AK H(K D@,AZ) )\1 \/)\—1 - KM@
2
1 1
= —_— 1 —_—
‘ (/\1> omo (Al)
= O i (151)
= )\% .

For the fourth term on the majorant side of expression (146), we have, by the results given
in expressions (148) and (150) as well as part (c) of Lemma E-4,

A“GD1 Ty D,V HVD V)
)\1 A1 AL A

2
1

- o(x>ouﬂxn

_ o(%) (152)

V|,
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To analyze the fifth term on the majorant side of expression (146), note first that

D(’;,)\K
31,1301,1/>‘1 0 T 0
_ 0 31,290172/)‘1 :
: .. 0
0 0 Ay upre/M
LA /d A/ e AN
« 1 31,2/)\1 Al,z/)‘l A'f,g /AT
LA/ A AL AT - AT
31,180171/)‘1 A;ﬁOl,l/)‘; 32,1901,1/)@ Xf,l%,l/)‘lf
_ 31,2901,2/)‘1 3172901,2/)‘1 A1,2§01,2/)‘1 Alf,zﬁpl,z/xf
Al,msplﬁ/)\l A%,nwl,n/)‘% Afls,ngpl,n/)‘? Aiﬁgpl,n/)‘lf

from which it follows, by straightforward calculation, that

tr {v’ (D:.,) D v} = i: > st
-— ©A oA )\ih

h=1 g=1
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Making use of this calculation, we see that

IPaa D3, =

IN

IN

IN

IN

IN

IN

<

Tl [ D5V,
ITxally [ D5V

\/)\max (F’)\ylr/\,l) \/tr {K/ (D:;,A)/ D;,AK}

K K 2h 2
e (1) Z Z Aliilg
h=1 g=1 1

!/ /
<since M\ Tag = L L Ll — L-;)

\/31,1 \/31,1 B 31,1

K 2h 92
31,1801,9

>

2N
h=1 g=1 Ay
Vi max [ |
K h m r m
Ayl . . . r
\/Elrgaéi ‘goLg‘ ; _}f <applylng the inequality Zl a;| < Z; la;|" for 0 <r < 1)
K2 Jnax o1 4] ()" (applying Lemma D-3(a) which implies that there exists constant
SgSK
1Ay .
such that 0 < — < )\— < ¢ < oo for all N, T sufficiently large
c 1

2T ()" < o0 (for some constant ¢ > max }(pw} by Assumption Sl—l)
<g<k

Using this result along with expression (150) and part (b) of Lemma E-4, we see that

HFAJD;J\KHQ

(V'Da V)™

Al 1 D;}@G,EXy /
: ’ —Vw
A VA1 v

2

o(i). (154)

Turning our attention to the sixth term, note that, by expressions (153) and by the results
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given in parts (b) and (d) of Lemma E-4, we have

||F/\71DS*07)\KH2

(AM)<D&3?§XGD%i

-1
—(V'D,, V) !
)\1 )\1 ] (— 907)\—)

X

All D;}@G,EXy /
9 ) _Zw
A VA1 v

— 0(1)0 (Ail) 0 (%)

_ 0(%) (155)

Now, for the last term on the majorant side of expression (146), we can apply part (d) of
Lemma E-4 and the results given in expressions (148) and (??) to obtain

2

Ao\ DiLGExGDATT ) ,
T30 V], (}1;1) S A’] = (V' DeaV) | [V ]
2
_ 0(1)o<i>0<1)
N
_ 0(%). (156)

Combining the results given in expressions (147), (149), (151)-(152), and (154)-(156); we

obtain
|2, B-9)|,
1 1 1 1 1 1 1
= 0| = 0| = O = O|— O|— O = O|—
(o) oG o) o) o) o) o)
1
-o(x)
which, in turn, implies that

since, by part (a) of Lemma D-3, there exists an absolute constant ¢* > 1 such that

1 A
0<—=< 2L < <ooforall Nand T sufficiently large.

c A1l
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To show part (b), note first that because in this case all K factors are relevant for the
purpose of forecasting, there is no reason to split the nonzero eigenvalues of the common
component covariance matrix I'S I and their associated eigenvectors into two groups. How-
ever, in this case, we will still write the nonzero eigenvalues with a double subscript (i.e.,
as Ay q, - A1 i), and we shall interpret having the first subscript being 1 for all K of these
eigenvalues as meaning that these are now all eigenvalues that are associated with eigenvec-
tors which form a basis set for the envelope so that all the associated eigenvectors in this
case contain useful information about the target variable of interest y;,,. Hence, following
similar derivation as given in part (a), we can write Xx in the form

Th
_ 1 _
Xx = ThZE (Xt = px) (Xi = px)'] = TAAT) + X,
=1

where A = diag (Al,l»----&u() and where I'y = I'/ /A, ; is an N x K semi-orthogonal
matrix whose columns are those orthonormal eigenvectors of I'SpI” associated with the

nonzero eigenvalues A 1, ....,A; . Moreover, in this K = K case. we can also write 7x, in
the form

Txy = 7 DB~ ux) (e — )

- rTih Z;E [(F = 1p) (Fr = 1p) ] ¢

1

A1,1

r
= FAAL (setting ry= —)

V4 A1,1 VvV A1,1

where ¢ = (gom, ---901,1()/- Here, note that none of the coefficients ¢, ; (with j =1, .., K) is
zero and there is no vector of zero coefficients , in this case, but we still retain the double
subscript notation on ¢, ... x because again we interpret the first subscript being 1 as
meaning that this is a coefficient associated with a relevant factor so it is not zero. Moreover,
all columns of I'y =T"/ \/E are now needed to form the basis set that spans the envelope
since, in this case, they are all orthonormal eigenvectors that contain useful information
about the target variable ;.. The envelope coefficient vector S in this case is, thus, given
by the formula

Next, following similar calculations as that given in part (a), we can show that /3 also has a
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representation given by

D?

P

Dw\

31,1901,1//\1

0

0

Ai’,199%,1//\:13

0

0

Ly ——=D:, | D}
A(\/E <p,)\> /\w

where, in this case, K = K and we pre-multiply by I'y instead of I'y; since I'y = I'y ; and
there is no I' » in the Kk = K case. Moreover, in this case,

0

A172901,2/)‘1

0
1 2801 2/)\3

0

0 ALK‘PLK/)‘I
0

.. 0
0 A?,KSO%,K/)‘?

% 1¥1 1/)‘2
12901 2/)‘

)\1 KT K/)\2

By making use of these minor modifications in notations, we can then follow essentially the
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same argument as that given in the proof of part (a) to obtain

|20, B-9)|,
Ay A\ DiLGScGDL ]
1 1 1
2 2
)‘11 D;%G/EX?;
X ||| = ’ - Vw
A1 VA1 “Il,
— ~1
Al,l — " Al,l D)T}(G,EXGD;}( -1
+ )\_1GD K_FX71D%)\K ()\1 ) " —(K,Dw\z) HV, sOH2
2 2
Aig D,\KGUXy
—GDy;.. —I'\1D:\V V'D,,\ V)~ —V'w
+ " K Mo AV 2 V' Dy V. VA + Wy
A1 _ »
5Dk DDV D)V
2
A DiLG'Tx
. D* 'D ~1 A1l K v
e, o (Al V|
- — 11
311 D,@{G/ZXGD,@( -1 An D;%G,EXy
+ F D V : : 2 — V’D V ’ s - /
Iropzail | (i) P - () P |
- — 11
Mo\ Dy LG ExGDy g _
Flrmzarl, | (52) 2| - ), (157

Finally, to derive the order of magnitude of the terms on the right-hand side of expression
(157), we again make use of the same argument as that given in the proof of part (a), except
that we apply part (b) of Lemma E-3 instead of part (b) of Lemma E-2 and apply parts
(b), (c), and (d) of Lemma E-5 instead of part (b), (c), and (d) of Lemma E-4 while setting
k=K and I'y; = I'y. By making these minor modifications in the proof of part (a) above,

we can show that

[Va G-, = v

°3)
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from which it follows that

i-6],=0 o)
I I (AlJATJ) <A15>

Lemma E-2: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-
tions S1-1 and S1-2 hold under Scenario 1. Under these conditions, the following statements
are true.

(A) (D;iG’iXGD;i D EGly [TaaA Ty + Ty oA, ] GWD;£>
)\1 /\1

F

where

Gw = (FAﬁlAlgpl/\/Ale EWP/\,lAl(pl/\/E §;1FA,1A1901/\/AT,1>’
e 0 -0

Dy, = (:) .A'lg 0 ,GZ(EXy SxTx, - iﬁ{laxy),
0 . 0 AT

_ _ r
Sx = Sw+ S, = DA T+ DA, + 35, T = yand T, =——

Iy
Nxk \/Al,l Nx(K—k) Al,l'

(b) Let D, , and Gy be as defined in part (a) above under Scenario 1 and let

A?,l@%,l/)‘? 0 te 0
D,, = 0 A?QQO%,Q//\? and
’ : g 0
0 .. 0 Aot /N
LA /M X/ e AN
vV = 1 Al,z/)‘l 31,2/)‘1 AT,z //\’f
LA /A AT /AT - AR
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Then,

LG xGD L 1
H 11 D, - A _VID,,Y _O(Al)—o(l).
2
and there exists a constant Cy > 0 such that
: M| DanGEXGD;
Amin (K D%)\Z) > C# > 0 and Apin )\’ . h\ ’ > O# >0
1 1

or all N and T sufficiently large. Moreover, there exists a constant C, > 0 such that

>\min (

for all N and T sufficiently large.

BTGP g

A1

Proof of Lemma E-2: To show the result for part (a), note first that, by straightforward

calculation
A1s D;iG’EXGD;i
A1 A1
( _1
A2 03 0 E/XJL B
B (g) 0 A2 : Ty ox Tx
)\1 . : 0 )\1
1 —_ k-1
[\ o 0 A UTH )\ TNk
_1 )
AMZ0 0
3
0 X2
X ' !
' 0
— (k-3
0 0 )\1( ) )
- = — — =2 _
OnyE;f O xy/ A% U,Xygg oxy/ /\?
_ ﬂ EiXyZXEXy/)\? Ei){yZXEXy/Azll [
Al . .
P K _ K 1 K _
T STy AT T, OX Ty /AT 5
901A1FA 12XF/\ 1A1901/>‘ O F,\12XPA 1A1901/)‘
901A1P,\ IEXF)\ 1A1901/)‘1 <P1A1F,\ 1EXP/\ 1A1901/)‘

—x & n—f—l K
90/1A1F/,\,12XFA71A1801/>‘1+2 @&Alr/)\ 12x I 1A1901/>‘1+3
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—2k— 1 2%
XyEX Txy/ AT

rk+1
UXyZiaXy/)\
N — K42
OXyEX UXy/)\l

O F/\ 1ZXF/\ 1A/\1991/)‘F”Jr2
<P1A1F EX FA 1/\1901/)"{Jr3

2/-@ 1 P
901A Fi\ 1 L'y 11\1801/>‘2 o



given that Tx, = I'x1A,¢,/4/A; 1. Moreover, in this case, let

zW = F)\,IAlFI)\J + P/\,QAQF,)\Q

and

Gw = ( FA,1A1801/\/ 31,1 iWF)\,1A1901/\/ Al,l T i’{W_lrz\,lﬁﬁﬁ/\/ Al,1 )

and note that
(Am) D; .Gy EwGwDy

/\1 >\1
1 _1
AM2O0 .- 0 AT eI
3 ) 1 - —
_ (g) 0o N2 : Ao S | Ew
| T | : M
=) P\ AR,
o - 0 XN A1 P11 2w
—_ —=k—1
X ( FA,1A1901/\/ Arq EWPA,lAﬁﬁ/\/ Al,l e My FA,lAl‘Pl/\/ Al,l )
D VIR | 0
3
-3 )
" 0 M :
: 0
(k1
o - 0 X\ (<-4

80/1A1F3\,1§’;VFA,1A1901/>‘T+2

<P’1A1F’,\,1§Wr/\,1é1901/)‘i’
: (158)

=~ ‘ K —2/671. K
<P,1A1F/>\,1ZWF/\,1A1801/)‘1+2 <P’1A1F/>\,1EW FA,1A1901/)\% i
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It follows from these calculations that

(AM) (D;,iG’EXGD;; D;,iG’VViWGWD;;)

)\1 )\1 >\1
SO/IAIFI)\,liXF)\71A1901/>‘i’ T 90/1A1F£\,1§§(FA71A1901/)‘T+2
=K i & ' —=2Kk— 1 &
90/1A1F/,\,12XP/\,1A1901/)‘1+2 R Fl)\ 12x I 1A1901/)‘% +1
90’1A1FIA,1§WR\,1A1801//\§ T ‘P1A1F’,\ 1EWFA,1A1901/)\T+2
=K ' K ' =2k— 1 K
90/1A1F/>\,12WF>\,1A1901/)‘1+2 s AT EW L'y 1/\1%/)\2 i
90/1A1F/,\71 [EX - iW} FA,lAl(pl/)‘i) T %Alr,\,lz [EX - il;[/] F/\,IA1901/)\T+2
: . 2I'i 1 2n 1 K
301AF/,\1FX }FA1A1<P1/)\ AR 801AF,,\1[ x — Xy ]FAlAﬁOl/)‘z i

from which we further deduce that

2

(Am) (D@G’EXGDA; - D@G’WTWGWDA;>
)\1 )\1 )\1 F
_ 2
B (Am) (D;;G’EXGD;,L DGy [DaaA Ty + DoahoT) o] GWD;;)
)\1 )\1 )\1 F
—q . 2
" 901A1F/A,1 (E‘;( - [F/\,lAlF/)\,l + FA,2A2F/,\,2V) Ca1d 0,
j=1 M
/ / Il +1 2
K 901A1F,\,1 (E [F)\ 1A F)\ 1 + F)\ 2A F } ) F)\71A1g01
+
‘= )\J1+3
— it —1 j+r— 2
£ oA T (E]; — [CaA Y + F)\,QAZFI)\Q]]_'— 1) Ly
Y T
=1 1
i 1 iti— 2
W 90/1A1F/,\, (E;j [FAJAlP,)\,l + F/\,2A2F/,\,2} o 1> | SEVASTH
= itj+1 (159)
i=1 j=1 AL

333



Next, note that, for any fixed integer 1 < k < 2x — 1, we have

=k k
9011A1P/A,1 (EX - [F/\lAlFIA,l + P>\72A2P/A,2} > x10
)\k—|—2
1

=k =k
90/1A1P,/\,1 (2)( - 2W> | PEPASTH
)\116+2

= = 1k =k
V1A T (EW +3x - Zw| — ZW> IyiAioy

)\llf+2
1 Ok =
= x;+2z<e> 15 = S [ [Tl 10l 14413 a3
/=1
k = = (L5 |kt
k) |Zx - % 5 A .
) Z@ =5 2H ?—'3 S5 113 (aven that [0 = T30 = 1)
i k—0+2
k by ' L B |
- ;(6) H/\l H ;?Je (;11) H‘Pl”g (Slnce Y = 2x — Xy and since
||A1||§ = Auax (A3) = Agl)
E
= ) ()H ‘ji”g il
2 2411

1 A
< Lemma D-3(a) implies that there exists ¢* > 1 such that 0 < — < % <c" <o
c* 1

for all N, T sufficiently large)
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14

ol

- 2O

given that [[Sy]|, = ¢ (s {5 1) = Ao {5} = max {2100, < Oy

for some constant C' > 1 and for all N, T sufficiently large since A, ; < A, ;)

02/1
( > H)‘l 2

2
(by Assumption S1-1,  (2) > & (1r£1a<x ‘90190 = H%H§>

IN

5 =\ ¢
_ 2:@ 25 2 max (Zu) L. . . —
= ()" C Z — (by symmetry and positive semidefiniteness of ¥,
=1

so that HZ H2 A/ Amax Z E \/ max u Amax _u> (160)

Setting k =i+ j — 1 in expression (160) and applying it to the analysis of expression (159),
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2

we have
F
i+j—1

‘ (A) <DA;G'EXGDA; DA;G'WEWGWDA;>
W Sollélrl)\ 1 (EX [FA 1A1F//\1 + P/\72A2P,>\,2}i+j_l) F/\JAlSOl

)\1 )\1
= ZZ : — )\iJ;j+1
1

i=1 j=1

2

r 2

KoK i1, =\ ¢
$\2K 2k . [=\2 Z+]—1 )‘ma.x (Eu)
< Y @@ Z( ! )(T
=1 j=1 i (=1
K Kk t+j—1 Z—f-j 1 2 A (i) 2(
\4k Ak 2 (=\4 - max u
< @remeete-ny Y > () (A—>
i=1 j=1 /(=1
using the inequality a;l <m Z |aZ
i=1 =1
K k t+7—1
-1
< ()™ C*R? (@) (26 — 1) ;J 1 Z; <Z+‘7 > (%) for all N, T sufficiently large
( given that, by Assumption (ii) and Lemma D-2, there exists some constant C' > 0
such that A\p.x ( ) < C < oo and given that \; ; — oo as N,T — oo)
—\ 2 —\ 2 —\ 2
c C C
< ("ot ) (26— D) (26 — DY) since [ — | < (—
M M M
for ¢ > 1 given that A\; — oo as N, T — o)
1\2
< [ —
= ¢ ()\1)

<for some constant C* > 0 such that C* > (¢ )4N C* it (e ) (2K — 1) [(2k — 1)!]262>

1
o)
M

from which it follows that

A1 D;}QGEXGD;},i D;}QGQ,V [FA71A1F1\71 + FA,QAQF’/\Q} GWD;’}C
)\1 )\1 )\1
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To show part (b), note first that, for fixed positive integer k,

=k
80/1A1F/)\,1 EWFAJAl(Pl

k+2
Al

k
80/1A1F/)\,1 [F/\,1A1F/,\,1 + F)\,?AQF/)\’Q:I F)\,lAlSOl

)\116-&-2
O AT [FA71AIfF')\71 + F,\,2A§F/>\,2} Py
AfT
(given that I\ \Txy = L, T\ yTa2 = Ix—y, and T ,Tx1 = 0)
/1A’f+2901
/\]f+2
K
k42, 2
k+2 “lg Tlg
A po

Making use of the above identity and of expression (158) in the proof of part (a) this lemma,

we further obtain

D; Gy SwGwD;

Al
M

At

D;iG,VV [FAJA]_F,)\’]_ + F)\72A2F1/\72j| (;{/V.D):,l$

_ 31,1
A

(P&A1 Fl)\,linAJAl ¥1 /)‘?

‘P&AlF,)\ 1§K L'y 1A1901/)"f+2
K 3 K
Z% 1 g 1 g//\ Z%
4 4
Zg:l A1,g<P17g/)\1 Zgzl

Z: )\”2@1 g/)\n+2 Z:

A1
90,1A1F3\71§KWPA,1A1%01/)‘T+2

25 1 K
O Fl)\ 1 L'y 1/\1901/)‘2 i

1 9P1 g/)‘4 T Z% XH_Q //\,‘H_2
A?,g(pl,g/)\? to Zg )\K+3(p1 g/)\lf+3
)\H+3901 g/)\H+3 Zg X )\2H+1Q0 ’g/)\%ﬁ+1
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Now,

Z% lg 19/)\3 Z% lg lg//\4 Z% XH—Z 2 /)\m+2
Zg 1 g 19/)\4 Zg 1 NI ¥1 g/)\5 Zg )\,fJgrS /)\K+3
D AN Y AN D Al A
(/1 0o ... 0
B 0 A* '
: . 0
0 --- 0 )\1_(“—1)
\
Z% 1 g 1_(]/)\3 Z% 1 g 1_(]/)\3 Z% Xf;z 7g/>\i’
3 3 K43 3
% Zg lg lg/)\ Zg lg 19/)\ Zg:lé l,g/)\l
“ n;rz 3 “ n+3 3 ” 2f;+1 3
DA/ D X > AN
1 0 --- 0 )
At :
W O M
0
0 - 0 AV
1.0 0 )‘zﬁol 1/)‘§ )‘z 2¥1 2/)‘2 )\?1 xP1 n/)\z
_ 0 ! Al 1901 1/>‘ A 2901 2/)‘ A K901 1e/ N
0 . . .
0 0 )\1_(”_1) )\R+2801 /A )‘H+2901 2/)‘3 )‘H+2901 n/)‘g
DAy Ay ety (0 00
" I Aoy Al Alo 0 A* :
: 2 : X : .. 0
L A Al AT, 0 0 )\17('{71)
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11
Al,l A12
AN AT
0
0 At /N
1 0
0 !
0 --- 0
0
.. 0
0 A8, /A
1 0
0 A*
0O --- 0

1 0 0
B 0 ! :
: . 0
0 --- 0 )\1—(“—1)
A?,ISO%,I/A? 0
v 0 Aiz@%g//\?
0
Loy A, Xy
« L Alp Alp A'fg
1 Alr@ Ain Ai/_@l
= V'D,,\V
where
A?,l%p%,l/)‘? 0
Dyy = 0 A?,2¢%,2/)‘?
0
L d X, e A
and V = b de Xz o A
1 Al,/{ Ain Afi;l
L da /e X/
_ 1 31,2/>\1 31,2/)\1
1 Al,l{/)\l A?,n/)\%
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It follows by the result given in part (a) of this lemma that

Dy G'SxGD; L

3171
A

A

—V'D,,\V

2

(A [ DanGExGDy, Dy Gy [Taadals 4 Taadolh ] Gw Dy,
A A A 2
g (Au)(DﬁG@ﬂﬂKi_DﬁGwFMAJh+Fm&HdCMD§>
A A A i
- o2 (161)
= "
Moreover, note that the eigenvalues A, i, ....,A; , under Assumption S1-2 satisfy the same

conditions as that given in part (a) of Assumption 4-2. Hence, we can apply the result of
Lemma B-2 above as well as Assumptions S1-1 and S1-2 to obtain

Y

v

Y

Vv

Amin (V' Dy V)

min (/\:13 4P1 g/)\g) min (V'V)

2
) <1r£;£lﬁ|9019|> min (V)

1<g<k

(5
()

( ) (by Lemma B-2 and Assumption S1-1)

( *) ( > C (applying Lemma D-3(a) which implies that there exists constant ¢* > 1
c ¢

1 Ay
such that 0 < — < =2 < ¢* < oo for g € {1,...,k} and for all N, T sufficiently large)

c* 1
1\? /1\?
> Oy (for some constant Cy > 0 such that Cy < (—*) (:) Q) (162)
c C
Furthermore, by Lemma D-4 and by expression (161) above, we see that
A 1] DylGExGD; !
Auin [ [Tt | 22T (VDAY
M A ’
M1\ Dy LG xGDy Y
S 21,1 AR X Am;__idl)¢Al£
M M ’
2
1
= 0 (—) =o(1) (163)
At
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Hence, by applying Lemma B-2, the result given in expression (163) above, as well as As-
sumptions S1-1 and S1-2; we obtain

\ AL D;iG’iXGD;}H
min )\1 )\1

A\ 1] DiLGExGD; Y
- )\mm (V/D<p AV) )\mm ( |: =L 1:| A /\f( Aﬁ) - )\min (Z/Dcp,)\z)
G YxGDy
2 )\mln (V/ ©, )\V mln ( j( A H) - )\min (K/D%)\K>
A\ 1] DiLGExGD; !

3 3 21,1 K AR
> min (Al 2o/ A (V') — A ({ T ) ~ Nuin (VDY)
> )\l K V V
=z N 12119121“ } 1 g} Amin (_ V)+o(1)

> (4 (for some constant Cx > 0 and for all N, T sufficiently large)

Furthermore, note that, for all N, T sufficiently large,

(D;iG’iXGD;i)
)\min : ’
A1

C i (] DT
Al’l min /\1 )\1

Cy . .
—# (since by Lemma D-3 part (a), there exists a contant ¢* > 1
C*

v

1 A
such that 0 < — < )\—1 < " < oo for all N, T sufficiently large>
¢t A

C
> (, for some constant C, > 0 such that C, < A
C*

Lemma E-3: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-
tions S2-1 and S2-2 hold under Scenario 2. Under these conditions, the following statements
are true.

(a)

/\1 /\1 >\1

<Al,1> (D;}(GEXGD;} Dy kGivi DALY GW,KD;,;>
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where, in this case,

Gux = (DAe/VEL Swlade/ VAL - Sh Tde/ VAL )

1
A0 -0
3
0 A2 - : — — K
D)\,K = X . ! . 0 5 G = ( EXy ZXEXy Z§ 15Xy )7
. . _l
0 -~ 0 )\f 2
A = diag (A1,1a ---731,1() » P = (901717 ""79017K),=
= = = = r
EX = Zw+2u:F)\A1P£\+ZU and P,\ = .
NxK Alal

(b) Let Dy i and Gyw i be as defined in part (a) above under Scenario 2 and let

Ail‘ﬂil/)‘? 0 T 0
D,y — 0 A?Q(P%Q/)\? 3 and
’ : 0
0 0 A xf /N
L du/h A/ Ag SN
vV o= 1 31,2/)‘1 31,2/)‘1 )‘ /)‘
1 Mg/h A g/A - Al l/AK !
Then,

—V'D,,\V

_o(;) —0(1) .

and there exists positive constants Cx and C, such that

D;}@iﬁpﬁ) .
A -

DA L G'TxGDY
A1

2

)\min (K/D%)\K> Z C# > ( and )\min (

for all T"and N sufficiently large.
Proof of Lemma E-3: The results given in parts (a) and (b) of this lemma can be shown

using the same argument as that given, respectively, in the proof of parts (a) and (b) of
Lemma E-2, except that we apply Assumptions S2-1 and S2-2 instead of Assumptions S1-1
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and S1-2 and change the notations used in the proof of Lemma E-2 by setting
r

V4 31,1

(noting that there are no I'y 5 and A, in this case)

Iy = = and A, = diag (31,17 ---,ALK) =A

since, under Scenario 2 considered here, all available factors are relevant for the purpose of
forecasting and there is no reason to split the nonzero eigenvalues of the common component
covariance matrix 'Y ;I and their associated eigenvectors into two groups as all the columns
of the N x K semi-orthogonal matrix I'/ \/? are needed to span the envelope. In this case,

we also take p; = (gol Ly oeees 1 K) = ¢ since none of the coefficients is equal to zero. [J

Lemma E-4: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-
tions S1-1 and S1-2 hold under Scenario 1. Under these conditions, the following statements
are true.

(a)
D):lnGé/V [F)\JAIF/)\J] IDW} (901/\/ 31,1)

=V'w,,
e Y
where
1
Al 0§ 0 )‘§19011/)‘z
0 AF - : )‘129012/)‘
D)\,K - : . 0 5 w@ - . 5
0 Ce 0 /\Enié) A%,n@%,m/)\%
1 31,1//\1 )‘?1/)‘2 )‘Tll/)‘ﬁ !
1 AIQ/)‘l )‘%2/)‘2 )"1$21/)"i !
V = .0
L A /M A?,H/Af s AT 1/” !
where
Gw
Ty 1A Ty 1A k=1 Ty 1A
= (PR b+ DabiTho) 22 - [Tl + Dl l),] ™ g )
and where r
F)\’l = ! and F)\2 = 2
21,1 3171
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A D G'F 1
211 AR Xy —ZIQ —o(=).
A vV @ ) A
where
G = < Txy EXEX?} ERX_IEXy ) forl<rx< K
(c)
A1, . 1
/\—1GD)\”i - F>\71D%)\K == O (/\—1> )
2
where
A1/ M 0 e 0
D, = 0 3172%01,2/)\1
P, . .
: - . 0
0 e 0 Al,n@l,n//\l

Ma] DinGExGDyL , ol 1
(B2 ] -o3).
2

where V is the Vandermonde matrix defined in part (a) above and where

A?,l%pil/)\? 0 T 0
Dy = 0 327280%,2/)\2 . '
: - 0

0 o 0 Al.ot /A

Proof of Lemma E-4:
To show part (a), first write

)

Gw
Prad o Ty AT 11 Daidie / r 15— 1 Taid o
= : A AT 4+ Ta2A,T : s DA T, + TaoAT :
( s [ BEASESWI ;2439 A,z] Ay [ 111 2 )\,2} My
Mo Ty AT / Cyiheg K—11v k—11v a1
= — =t A AT 4+ oA, : oo DAY H T AT :
( /Al,l |: 1+ A1 2222 )\,2] /Al,l [ 1 Al 2 )\,2] /Al,l

(given that F’MF,\J = I, F'/\72F>\72 = Ix_,., and F'A72F>\71 = 0)

F/\,IAlSol/\/ Al,l F/\,IA?%/\/ 31,1 T F/\,IAT%/\/ Al,1 )

)



Making use of this expression for Gy, we obtain by straightforward calculation

(&,1) D;;G%/V [F/\,IAlrlx,l} DY} (901/\/ 31,1)

A It
i
(Am) D;,iG%/VFMA1 (‘Pl/\/ 31,1)
A1 )\1%
_1 _1
Ap® 03 T 0 A1,1j ‘P’lAlrlA,l
_ (ﬁ) 0 A2 : MO | Dy (00/ /A
A1 SR 0 y : A2
0 0 AU ) by,
Al 2 9§ -.. . 9 Al 9011\2
B 0 A2 : Ar %A #1
= _ e
: 0 » A}
0O --- 0 /\1_(*””_%> AL 901A
Pl /A]
B P1ATp1/AY (164)
PAT oy AT
Next, note that, for positive integer k, we have
1901 _ Z)‘
k NG I
)\ )\1 g 9T
from which we further obtain
K )\2 2 )\2
90/1%901//\; Z,z lg%g/ )
1A P /AT B Zg 1g 19/)‘ (165)
/ /ﬁ»l. K+1 P :
OLAT o /N Zg, X’H'lcp /)\n+1
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Making use of expression (165), we see that, by straightforward calculation,

D)T;G/W [FA,IAlrlA,l] IB¥} (901/\/31,1)

31,1
A

1
Al
Z 1 N ¥1 g//\2
7=t )\3
_ Zg lg 1 g/
K /-H—‘l rk+1
ZQZIA g Qpig/)\l
f 2
1 0 0 Z% Al g1 g/ M
. 0 )\1_1 : Zg 1g 1 g//\2
: . 0 ;
e —(k=1) NS | 2
0 0 A Zg N2 03
10 0 1 1 )‘% 1<P1 1/)\2
B 0 A* : Aip Arp Alk )‘% 2901 2/)‘2
: 0 : 1 : 1 : 1 .
K— K— K— 2 2
0 - 0 A"V ATT AT AT Al,wiﬂ/ Al
1 1 - 1 ) )
A Al
A1/ M Ara/M )\1 /A )\%li“%\z
= | A X/ 1212
Affll/)\fi 1 )\ /AK, 1 )\)ﬁ', 1/)\.% 1 A%ﬁ@%?n/)\%
= K,w<p7
where Mgp = ()‘% 1901/)‘ )‘%,290%/)‘%7 HAS) A%,KJSOZ/)\%),
To show part (b), note first that
_1
PE 0 0 Ty T, O xy/ M ,
D G'7x, 0 A° : TxyXx | oy, Ty Xﬁxy JN\2
)\1% : 0 : )\1%
(n-1) 7 S T S Ty /AT
0 0 )\1 2 Xy~X Xy~X Xy
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Moreover, note that, for integer £ > 0,

=k
A1) TxyXx0xy A1g 1, (A =k A
J — =) = =L reLr =1
()\1) )\1{:+1 A )\11€+1801 Al,l 1&x11 Al,l ¥1

Al 1) ( 1 ) 1 ’ Pll —=k Fl
- ) o] A by Ay
( A Arg )\’fH P VAL * Arg o

_ r
A1F3\712§(F,\71A1g@1, where I'y; = )\1 ) (167)
A1

/
N2 1
1

By making use of expression (164) in part (a) above as well as expressions (166) and (167),
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we have

(Al,l> DynG%xy 1,

—V'w
)\1 )\1% —7
(31,1) DA_,lnGIEXy . (&,1) D;,iG%/V [F/\JAlF/A,J F/\71 (901/\/ 31,1)
)\1 )\15 /\1 )\15
M1\ DilGly [DaiA T, | T VA
(Since (_;1) Ai W [ 1489 ,\}} Al (901/ _1,1) _ K’w¢ by the result given in part (a))
1 A2
_/Ek_yﬁfy/ A <P'1A§<P1/ /\g
_ Aia Ty 2X 0 xy/ AT B P1ATP1 /A
A1 : :
— wr—1_ P K K
TxyXx Oxy/A AT o /AT
(by the results given in expressions (164) and (166))
/90/1 Al/F/A,_lrhlAl%/ M , 1A /X
B ¥1 Alr,\,lxXFA,lAl%/)‘l B ‘P&A:f%/)‘?
MDY TN Taadyoy /05 PAT o /AT

0
© A1F’>\,1 (EX - FMAlFIA,l) FA,lAl‘Pl/)‘i)

—=nr—1 . K— P
01 AlF’M [EX - (F,\,1A1F/>\,1) 1} 11,\,1A1901/)\1+1

0
‘P/1 A1F£\,1 (EX - [FA,1A1F/,\,1 + FA,2A2F/A,2D FA,IAISOI/)‘?

=k—1 k—1 P
P ATS S = (DT + Tahalh o)™ Taadye, /5
_ 0
©1 A1F£\,1 (EX - F/\AF/A) FA,1A1901/)‘?

AT [T = (AT Taade, /a5

where

Iy Iy

;F,\Z(F,\J F,\,2),andA:(A01 U )

=
[\
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In addition, using argument similar to that given in the proof of Lemma E-2 part (a), we
have, for any fixed integer 2 < j < k,

—=j—1 i
P AT [B5T = (AR 7 Daidse,
A

A AT (AT + Sx - DAL - (AR Tt
A

1-¢
< = ( ) S~ LA AT s
1
J-1 j—1-¢
j ZX —P,\AP, ||F)\AF || A .
< 2 I (since Tl = 1)
N~ A
/=1 2 1
C DAY 3 A

2 )\1 ) j+1—¢ ) . .
(_ : ) o5 (since Y= Xy — FAAF'A)

I
7 N
~

K )ih

—1 /\{ 11 - A1 1llo /\1

*\ K — ] -1 ’F/\AF ”] - Al ? 2

< () )\ 10 h [
/=1 1 Al,l 21,1 1l

A
(since Lemma D-3(a) implies that there exists a contant ¢* > 1 such that % < <oo
1

for all N, T sufficiently large and since j +1— /¢ <k for all j <k and ¢ > 1)

eres ()

(since [|[DAATY[ly = Amax {A} = max {X; , Ay, } < CA,; for some constant C' > land for all
N, T sufficiently large glven that A, ; < Ay, and since HA1H2 = Amax {A?} = (Amax {A1}) = Ail)

s ()R,

2
— -2 2
such that ¢ > max o1 4] so that ke > & (lrggagn }(pl’go > ||g01|\2>

IA

2
le1ll;

IN

(since, by Assumption S1-1, there exists a constant ¢
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7j—1

KT E
=1
j—1

(C*)H Cnl{62 Z

/=1

(@)

("
(.

IA

)\max (iu)
A1

)
)(

)é (s 1l =y (5) = Do BT

C) (given that Apax (iu) < C < oo for some constant C' > 0

At

by Assumption (ii) and Lemma D-2)

IN

and for all N and T

O<1>.

A

()" Ok (k — 1) ([ — 1]!) (%) (noting that (

L

< g for all integer ¢ > 2

A A

sufficiently large since Ay — o0)

)

Making use of this result, we see that

2

31,1 D;,}eG,EXy /
1 —Vw
)\1 )\5 v
1 2
/ ;o [t o \J—1 2
i ¥1 AIF/\,l Yy - (F/\JAFM) } Cx1A;04
= — +1
=2 M
/ ;i1 r\Jj—1 2
A V25 A1F,\,1 Yy — (IHNATY) ] L1,
= — +1
= M
- [ S =)\
K YR =2 ] —1 )\max Zu
< ' (C)C%CZ(€)<)\—1>]
j=2 i (=1
K 6 2
< [(c*)” Crke® (k— 1) ([k — 1]1) <>\—>] for all N and T sufficiently large
1

Jj=2

1
M

o

It follows that

|
\

(c*)2“ C* i3t [k — 1]2 [(k — 1)!]2 (

(

31,1
A1

—1 =
D)\,RG O_Xy

1
2
Af

1
A

!
Viw,

)

o(x)-

2

Turning our attention to part (c), again let I'y; = I'1/,/A,; ;, and note that, by straight-
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forward calculation

A2 0 0
3
Al,l _ _ w—1__ 0 )\1_E
0 0 AP
3171 L = 3 =t—1 K—1
= )\_1<5Xy/)\f YxOxy/A 0 Ex Oxy/A C )

o (/A SxDan (/A @/ - S5 Ton (/M) e/ X )

. — A1 I-‘1
since x, =1 | —= | ¢, where ') ; = —— (168)
< ! ( V Al,l) ! \/A171

and
All
- DL
)\1 GW A K
A .
= )\L;I(F/\JAlQOl/\/Al,l FAJA%%/\/AM F/\71A1801/\/A1,1)
AEO0 0
X 0 A
' 0
0 0 A;(”_E)
A0 0
0 Al
= (Do /VAL TaAle /A -+ TaaAfe /v . 0
0 0 )\I(“fi)
= (D A/ M) e (DA ) Paa (Ay/An) 1/
(DA T5)" 7 Das (A /M) /4 (169)
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It follows immediately from expressions (168) and (169) that

\/EGDAi \/;11 GwDy,.
= <F>\1 A/M) e SxDaa (/M) /M SY Do (Ag/M) /A >
( ID¥} (_1/>‘1> Y1 (F/\,IAer,l) D%} (Al/Al) ©1/M
(FA,1A1F/,\,1)H71 Taa (A /M) o /A )

= ( 0 EX - FAJAIF/AJ] i (A /M) o1/ M
=5 = (Ot ) 7 D (A/A) e/ X )

Note that for k = 1, by the above calculations

Al 1 Al 1
/ ) Dfl _ (=Lt Dfl —
)\1 G Al /\1 GW A1 0
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On the other hand, for k > 2 and for any fixed integer j such that 1 < j <k — 1, we have

|:EJ (1_‘)\ 1A F)\ 1) :| F)\,l (Al/)q) Y1
M

2
([TAT + Sy — DAL~ DAY ) Do (A/4) 1

X

2
<since (FMAlf’M)j Dai = [DaiAJT) + DoAY 5] Doy = [DAAT, ) Ty given that

: : A0 I 4 :
FA,IA{F/AJ "‘F)\QA%F/)\Q — ( Tha Do ) ( 47 , ) ( P’M ) = [LAT) = [FAAP'A]J)
A2

0 A
. Y —F)\AF/ HFAAF/ ijf
) Z( ) H - A D (/M) 6l
(=1 2 1
‘AT (A o |
= gzl( > H)n QT )\_i , 2 (smce ¥, = Xx — ') AT, and since
A A .
[Ta1 (A /M) eally < Taully (|5 =7 |, given that ||y, =1
)\1 2 )\1 2
- 30 ) Rl A e, G e
(=1 M )‘i z Aally \ A iz
AT | A
: (6) H A1 j—t \ =1 llealls
=1 Al,l 21,1 |l

A
(Since Lemma D-3(a) implies that there exists a contant ¢* > 1 such that % <cf < oo
1

for all N, T sufﬁ(:lently large and since, for k > 2, j—/+ 1<k forall j <k —1and ¢ >1)
j .
K J
Cl{ k
()5
=1 2
(glven also that [|[T\AT |, = \/( max {TAATATAATL ) = 4/ Amax {A%} = max {X; 1, A1}

< )y, for some constant C' > 1 and for all N, T sufficiently large since A;; < A, ;)

cervas ()]
2
c>1@gax;¢lg| so that e > 1 (e e, ) = vleilE = il
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A

A1

IN

Il (given that

= 1 since HA1”2 - )\maX (Al) = Al,l)

IN

(since, by Assumption S1-1, there exists a constant ¢ such that




. (iu) f -
= EZ < ) _ (by symmetry and positive semidefiniteness of ¥,

so that HE H2 \/ max \/ max u Amax _u)

C* ()" \/Ecz (‘2 ) (/\%) for all N and T sufficiently large
=1

IN

(since Amax (iu) < C < oo for some constant C' > 0 by Assumption (ii) and Lemma D—2)

AN o\ T
K > : _ _ >
C" ()" \/Ke ()\1) E (€> ( since ()\ ) N for all integer ¢ > 2 and for all

=1 1
N, T sufficiently large given that \; — co as N,T — o0 )

0" (e Vet 1) (- 1) 1)

A
1
=0 (A—J

Making use of this result, we see that

IN

IN

VAN
|
)
)
>
e
|
y‘?’
)
N
)
>
x =

2

from which it follows that
[A1q _ [A11 _ 1
) D 1 ) D 1 — —_ . 1
)\1 G K )\1 GW AR 0 )\1 ( 70)
2
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Moreover, note that, from expression (169), we see that

/31 1

— DL

)\1 GW A K

= ( 1D (A /A1) oy (F,\,1A1F/,\71) IV (A /M) /M
(P T)" Tan (A ) AT )

= (F/\,IANH/)‘I FAJA%QOl/)‘% F/\,IAT%//\T)
31,1901,1/)‘1 A;ﬁpl,l//\; T A’f,ﬂpl,l//\,f
— Ty, 317280.1,2/)\1 31,290.1,2/)\1 AT,290?,2/)‘T
AL;{‘PM/)\l Ain@l,n/)‘? e Ain%pl,n/xf
A1/ M 0 e 0
= Thy 0 31,2%01,2/)\1 .
: - 0
0 T 0 A1,n‘P1,n/>‘1
L Ag/A AL/ e AT/
T A XA AN
L Ae/A AL /AL o AL/
= TwiD, ¥
where
A1/ M 0 e 0
DLy = O A1 op12/M '
: . 0
0 T 0 Al,nﬁpl,n/)‘l
LA/ AL/ e AT
Co [ dea M A
L A/Ar AL/AT - AT

Hence, the result given in expression (170) can be restated as

ALl -1 * 1
‘[ A_lGD/\’H - F/\71D<p7>\z — O ()\—1> .

2
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Finally, to show part (d), note first that V'D,, ,V is clearly a symmetric matrix. Moreover,
expression (162) given in the proof of part (b) of Lemma E-2 further shows that there exists
a positive constant Cx such that

Amin (K,D@,)\K) > C# >0

for all N and T sufficiently large, so that V'D,,,V is also positive definite and, thus, non-
singular for all N and T sufficiently large. Making use of these properties of the matrix
V'D,,\V, we see that for N and T sufficiently large

_ \/ Ao { [(K’D@,AK)A]/ (K/D“”AK)I}

- \/ A { (VD a V)] (VDo 0)
(since we can interchange the transposition and the inverse operations)

- \/ Amax {(K’DWKY1 (K/Dwmfl}

(since V'D,,\V is a symmetric matrix)

_ \/ P { (D100} 2
= \/ (Amin (K}D%AD)?

1
)\min (K/D@,AK) '
1
< o (given that Apin (V' Dy V) > Cl)
#
< o0 (since Cy > 0)

| D)™

2

Next, define

A DI G xGD!
T [ 211 K A K !
Er = ( N ) N VD,V

and applying the result given in expression (161) in the proof of part (b) of Lemma E-2, we
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have

|wD B

< |wp.n| £,
(Am) DX,}eG'iXGD; ~V'D,,\V
N N 7

2

2

Also, part (b) of Lemma E-2 gives a result showing that there exists a positive constant C
such that

\ <lAl711 D5 LG'SxGD; !

3 3 ) > Cy > 0 for all N, T sufficiently large,
1 1

so that (3171 /A1) D;}{G@XGD;JI'€ /A1 is positive definite and, thus, nonsingular for all N and
T sufficiently large. Hence, applying the last inequality given in part (d) of Lemma B-1, we
further deduce that

Jopean™ e,

Ara D;}QG’EXGDg}i
{ M } A1

—1
- WD) < || @Dy :
21— (|(V'D,,V)  Et
2 #s 2

-1
I (G

R
2

- 0(1)0(%)
_ o(%)u

Lemma E-5: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-
tions S2-1 and S2-2 hold under Scenario 2. Under these conditions, the following statements
are true.

(a)

D;}(GQ/V,K [CAAT] Ty (80/\/ 31,1)

1 =V'w
Af

— =)
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where

N0 St/
D 0 Af : S )\12902//\
NK — y W — )
0 ’ 2 . 2
0 0 )\EK*%) Al,K(p%(/)‘l
LA/ AL/ Ag I
vV = 1 A1,2/>‘1 A172/>‘1 )‘ /)‘
1 Mg/M A g/X - Ak 1//\K '

where
LA 11 IhA 1K1 TyA
Gwrx = < A/_Ali [CAAL)] /\/_Ali o [DAADY] /AA:p1 >
= =K-1
= < FAASO/\/AM ZWF)\ASO/\/AM e Ay FAA(P/\/ Arg >

and where
F)\ = L 7A:dlag (Al,lw"aAl,K) ) and(p: (301,17"-'7301,1()/'
NxK Al,l
() 1
A D, .Gz
<_1,1> ME i 0 Xy —K’ww —0 ( 1 )
)\1 )\5 )\1
1 2
where
G:(Exy EXEXy ii 10'Xy>
(c)
\|==GDy i —D\D,,\ V| =0+
)\1 NK A A (/\1) ’
2
where
A1,1901//\1 0 T 0
Dr, = 0 A12®2/M :
i) . .
: . . 0

0 T 0 ALK‘PK/)‘l
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= -1
A1s D;}XG’EXGDA—}( , . 1
(l A1 } A ~ D) =0 (Al)
2

where V is the Vandermonde matrix defined in part (a) above and where

Ail(pil/)‘? 0 T 0
Dy = 0 A?,%Oiz/)\?
: .. 0
0 o 0 X kf /A

Proof of Lemma E-5: The results given in parts (a), (b), (c), and (d) of this lemma can
be shown by using the same argument as that given, respectively, in the proof of parts (a),
(b), (¢), and (d) of Lemma E-4, except that we apply Assumptions S2-1 and S2-2 instead
of Assumptions S1-1 and S1-2 and change the notations used in the proof of Lemma E-4 by
setting

Ly = =

and A, = diag (31,17 wAg) =A

r
V4 31,1

(noting that there are no I'y 5 and A, in this case)

since, under Scenario 2 considered here, all K available factors are relevant for the purpose of
forecasting and there is no reason to split the nonzero eigenvalues of the common component
covariance matrix 'Y zI"” and their associated eigenvectors into two groups as all the columns
of the N x K semi-orthogonal matrix I"/ \/E are needed to span the envelope. In this case,

we also take p; = (gpl 1y -eeey P1 K) = ¢ since none of the coefficients is equal to zero. [

Lemma E-6: Suppose that Assumption S1-1 holds under Scenario 1. In addition, sup-
pose that Assumptions (iv) and (v) hold, and let v, and b; be the positive constants
defined in Assumption (v). Moreover, let by, be some positive constant such that by, >

max {blKE 1+ an]% b Kt [1 +1n K]Vl } > by, where ¢ > 1 and ¢t > 1 are the constants
defined in Assumption S1-1 and Assumption (iv). Under these conditions, for r = ~,/2 > 0,

for some constant b > (1 +In 2)% 5; > 0, and for all s > 0; the following statements are
true.

(a) There exists a positive constant C' > exp {1} such that, for all t € Z,

e (@) ) sem(-(2)')

(b) There exists a positive constant C' > exp {1} such that, for all integer i with 1 <i < N

P (‘ (Fl,t - MF,l),% >
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and for all ¢t € Z,

P<62,NF(Ft—uF) (Fre —MF,l)'sol‘ > s) < eXp{l - (%)} gUexp{— (3)}

(c) There exists a positive constant C' > exp {1} such that, for all integer i with 1 <i < N

and for all t € Z,
s\ — s\"
< — | = < — | = .
>S) _exp{l <b) }_Cexp{ <b) }

»

Ut (Fl,t - MF,l)/ Y1

P

Proof of Lemma E-6: To show part (a), note first that, for any s > 0,
P (‘ (Fie — NF71)/901

K >S>
- )

Z (Fl,t,-g - MF,17~g) P19
(where Fi4.9 and pp, , are, respectively, the g™ element of F; and NF71)

g=1
P N (Frivg = ipig) P1g] > s)

g=1

K
< P Z ‘Fl,t,-g — MF,l,-g‘ > ” )
g=1

maxi<g<r ‘801,5;‘

IN

IN
S

E ‘Fl,t,g — Upq _g‘ > i) (given Assumption S1-1)
1 C
g:l

P

IA
-
-
he>
o
|
=
o
<
\%
il
al
——
~—

KR

< P(Flﬂ.—,uH. >i_)
gz_; } tg Flg‘ K

s 71
< Kexpsl-— %

Next, note that by > max{blKE[l +In K] b K1+ 1n K]%} > by given that K > 1,
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> 1, and ¢! > 1. Hence, if s > by, we further obtain

>s)

P <‘ (Fl,t - HF,l), ¥1

IA
X
e
[
e

A

=N

o)

i

o}

—_

|
N
| @

—

+

=2

=
2=
~_
=
W_/

C
71
) [1+1n/{]}
71
) —ln/f} (since_i>1andﬁ>0>
ba 2

P(‘(Fl,t—/wp,l)'wl‘ >s> < 1§e><p{1_ (%)71}
— exp{l}eXp{_ b_)}

< mxp{_ (bi)W} (since T > exp {1}).

2

To show part (b), note that, by the results given in part (a) of this lemma and part (a)
of Lemma E-8, there exist constants v; > 0 and by > 0, such that for any s > 0 and for any

integer ¢+ with 1 <7 < N,
s Y1
>s> < exp{l—(_—) }
ba

P(lear (-] >5) < et (2]}

by

P (‘ (Fi — MF,1)/ ©1

361



Hence, for any s > 0 and for any integer ¢ with 1 <7 < N,
P ( SQ,NF (Fi — pp) (Fl,t — HE1 ,801‘ > 5)

- o(ff

>3} 1{[ (e —nm) 1] < V5

zNF (FLt—NFl

+P({€ T (F = pp) (Fup — pipa) ¢ } {‘(Flt—ﬂzm ©1 >f})
< (\/_‘ezNF MF)‘ 5)

+P({€ T (F = pp) (Fie— pigs) } {‘ Fry—pip) o1 >f})
< P(\GQ,NF(Ft—uF)}>\/§)+P( —pp1) o1 )

IN

71
exp {1 — (\/E) } +exp{1 — (_i) }
by b
71
= Qexp{l — <£> }
ba
Moreover, since, by definition, b > (1 4 In 2)% 5;, it follows that

> (1+1In2)% > 1

I\J®‘l\|3| S
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This, in turn, implies that when s > b that

P

IA
[\]
@
»
o
—N
—_
|
N
1%
N———
2

IA
DO
o
»

i)

A
[\]
©)
)
o
—
|
N
S »
~
o2
|
5
\]
~——

< Cexp

On the other hand, when s < b

P

— lip) (Fl,t - UF,l),(pl > S

eé,NF (Fi

which shows part (b).

eg,NF (Fi — pp) (Fl,t - HF71),801‘ > 5)

2

(given that % > (1+In 2)% >

(Since 2 > 1 and i\ > 0)
b 2

363

6exp{_(

t<ep{1-(

exp {1} exp

i)}
()}

) } (since C > exp {1})
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To show part (c), note that, for any s > 0 and for any integer i such that 1 <i < N,

P ( Ust (Fl,t - MF71)/g01 > 5)
= P ({ ui (Fiy — ,MF,l)/QD_l‘ > s} N {Jug| < \/g}>
+P ({ Uit (FLt - ,UF,l)Ing > s} N {luzt| > \/g})

(since {|uq| < +/s} is the complement of the event {|uy| > /s})
< P <\/§‘(FM — uEl),gol‘ > s) + P (Juir] > V/5)
= P(|(Puu =) 01 > V5) + P (Jual > v5)
= P(|(Fuu—1ra) 01| > V5) + P (Juseins] > V5)

(noting that, in this case, § = e; v and [|e; x|, = 1)

71 Y1
< o= () froof-(37)
bg bl
(by part (a) of this lemma and Assumption (v))
<

\/5 n . - 1 1
2exp< 1l — > (smce by > max{blKE 14 In K] b K 14 In K]™ } > by
2
given that K > 1, > 1,and ¢t > 1)
When s > b, the inequality

> (1+1n2)% > 1

S| <
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further implies that

P

Ut (Fl,t - MF,1)/<P1

-

VAN
[\
@
>
ko
——
—_
|
—
+
=
2
o
N———
o
——

given that —

— > (1+In2)% )

VAN
[\
@D
>
o
— N N —/
—_
|
VN
S »
N——
ok
|
=3
[\
—
N
<.
=
@)
@
1
V
—_
Q
=
o,
|2
V
o
N——

< 6exp{_ (%) (since T > exp {1})

On the other hand, when s < b, we have

P

Ut (Fl,t - MF,1),<P1

-

<
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which shows part (c). O

Lemma E-7: Suppose that Assumption S2-1 holds under Scenario 2 where k = K. In
addition, suppose that Assumptions (iv) and (v) hold, and let v, and b; be the positive
constants defined in Assumption (v). Moreover, let by be some positive constant such that

by > max{blKE[l—l—an]% b K et [1—|—an]%} > by, where © > 1 and ¢t > 1 are the
constants defined in Assumption S2-1 and Assumption (iv). Under these conditions, for

r =v,/2 > 0, for some constant b > (1 +In 2)%53 > 0, and for all s > 0; the following
statements are true.

(a) There exists a positive constant C' > exp {1} such that, for all t € Z,

Pl oo () el (7) )

where ¢ = (90171, e 801,1{)/ so that all components of ¢ are nonzero in this case.

(b) There exists a positive constant C' > exp {1} such that, for all integer i with 1 <i < N
and for all t € Z,

(c) There exists a positive constant C' > exp {1} such that, for all integer i with 1 <i < N
and for all £ € Z,

P(JuaF =)ol > 9) <o {1- (3) } <Ten{- (5] }.

Proof of Lemma E-7: The results given in parts (a), (b), and (c) of this lemma can be
shown using the same argument as that given, respectively, in the proof of parts (a), (b),
and (c) of Lemma E-6, except that we apply Assumption S2-1 instead of Assumption S1-1
and change the notations used in the proof of Lemma E-6 by setting

S

P (|einT (Fs = pp) (Fy = pp) | > ) < eXp{l —~ (?)} gUeXp{— (

S »

/{:Ka Fl,t:B7 luF,lzruF7 and Y1 = ¥

since, under Scenario 2 considered here, all available factors are relevant for the purpose
of forecasting and there is no reason to partition £} = (Fl’vt, FQ’J)/, Pp = (“/F,l’ u’m)/, and
¢ = (¢ 9p). O

Lemma E-8: Suppose that Assumptions (iv) and (v) hold, and let 7, and b, be the positive
constants defined in Assumption (v). Moreover, let by be some positive constant such that
— Y N

by > max {blKE [1+1In K] by KctH[1 +In K] } > by, where ¢t > 1 is a constant previously

defined in Assumption (iv) and where € > 1 is a constant such that max;<,<x ‘@179‘ <FT
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Under these conditions, for r = v, /2 > 0, for some constant b > (1 + In 2)% 53 > 0, and for
all s > 0; the following statements are true.

(a) There exists a positive constant C' > exp {1} such that, for all integer i with 1 <i < N
and for all t € Z,

Pt e (g) oo (g) )

(b) There exists a positive constant C' > exp {1} such that, for all integers 7 and j with
1<i,5 < N and for all t € Z;

P (AT (B = ) (B = ) T = 5) <esp{1- (2) } <Cem{- (2) }.

S &

(c) There exists a positive constant C > exp {1} such that, for all integers i and j with
1<i4,5 <N and for all t € Z;

P (st eyl >) e {1- (5) } <Ten{- (5)']

(d) There exists a positive constant C' > exp {1} such that, for all integers 7 and j with
1<i,5 <N and for all t € Z;

itz senfi- ()} s7omf- )

(e) Let h > 1 be a fixed finite integer. There exists a positive constant C' > exp {1} such
that, for all integer ¢ with 1 <7 < N and for all ¢t € 7Z,

P (|e 5T (Fy = pp) €0n| > 5) < eXp{l B <%>} SUeXp{_ (z)}

(f) Let h > 1 be a fixed finite integer. There exists a positive constant C' > exp {1} such
that, for all integer ¢ with 1 <7 < N and for all t € Z,

it senfi- () }men(- )

Proof of Lemma E-8: To show part (a), let I'j; 5y denote the (, 9)™ element of T' and note

V)
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that, for any s > 0 and for all integer ¢ with 1 <i < N
P (|e; NT (F; = pp)| > s)

_ p<K >5)

> T (Frog = 1rg)
(Where Fi.4 and pif , denote the g™ element of F; and iy, respectively)

g=1

K
< P T (Fig = pipg)] > 5)
-1
gK S
< P F ., —
B ;‘ o = M| > maX1<i<N,1<g<K|F(¢,g)’>
K
< P Z |Fhg — | > é) (by Assumption (iv))
=1
gK
< p(Ufir -l > )
g=1
K s
< Z P (‘Ft,_g — Iung’ > K—ci> (by Bonferroni inequality)

1

s Y1
< Kexp{l—(bchi) }

Note that by > max {blKE 11 +an]% b Kct[1 —l—an]%} > by given that K > 1,¢ > 1,

Q
I
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and ¢! > 1. Hence, if s > by, we further obtain

P (le; xT(F = pp)| > s)

s 7
< —
B Kexp{l (bchi) }
S 52 71
eXp{ b2) blKCi> }
S 1 71 _ 1
< Kexp{l (5_ 1+1nK]V1> } <sincebgzbchi[1+an]W1)
2
= Kexp{l (_i) —}—an]}
by
s ) s
< Kexp{l (_—) an} <51nce_—>1andfyl>0)
bg b2

A
Ql
D
X
o}
—N—
|
7~ N
| o
N———
=2
——
—~
<]
B
(@)
D
Q
V
D
X
o}
—~
—_
—
SN—"

On the other hand, if s < by, we have
s 71
P(le; T (B —pp)| >s) < 1< exp{l — (E_) }
2

— exp{1}exp {— %)V}

2

which shows the result for part (a).
To show part (b), note that, by the result given in part (a) of this lemma, there exist

constants 7, > 0 and By > max {ble 1+InK]" 0K [1+n K]%} > by > 0, such that
Vs > 0, for all integers ¢ and j with 1 <4.7 < N, and for all t € Z;

il zenfi- ()"} eenf-()}
Pl sl (2) v ()
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It follows that, for any s > 0, for all integers ¢ and j with 1 <. < N, and for all ¢t € Z;
P (‘eg,NF (Fy — pp) (Fy — pp) Fl€j,N| > S)
= P ({M,NF (Fy — NF)‘ ‘(Ft - MF)I IVej,N’ > 5} N {}(Ft - NF)IF/GJW} < \/g})
+P ({’eg,Nr (£ — NF)‘ ’(Ft - PJF)IF,ej,N’ > 3} a {}(Ft - NF)IF/BJQN‘ > \/E})

< P (Vs|enT (Fr = pp)| > s)

+P ({{€;nT (Fy — pp)| |(Fe = up) Tejn| > s} 0 {[(F — pp) Tejn| > Vs})
S (‘eg,NF (F: _MF)‘ > \/g) +P (‘<Ft - MF)IF,SJ}N‘ > \/E)
<

oli-(2) Joorl- ()]
()}

Moreover, since, by definition, b > (1 4 In 2)% 5;, it follows that

> (1+1n2)% > 1

S| =
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This, in turn, implies that, if s > b,

P (‘QQ,NP (Fy — pp) (Fy — pp) Fl@j,N‘ > 5)

()]

— Zexp{l (é);}

< 2exp{1—(%(1+1n2)%)%} (giventhat (1+1n2) )
_ 2exp{1—(%>%1(1+1n2)}

_ 2exp{1—(%>l}—<%)l}ln2}

< 2exp{1 (%)T 1n2} (smce—>1and—>0)

_ gexp{l—(%>%}

— exp {1 - (%)} (by setting r = %)

< Cexp {— (%)} (since C > exp {1})

On the other hand, if s < b,

)} (since T > exp {1}) .

P (’e{i,NF (£ — pp) (Fr — PJF)IF,ej,N| > 3) < 1<exp {1 - <

S »
> S—

- exp{l}exp{

< Cexp {— (
which shows part (b).
To show part (c). note that, for any s > 0, for all integers i and j with 1 <1i.j < N, and

S
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for all t € Z;
P (|e; NT (Fy = pp) uje| > s)

= P ({|einT (F = pp)uj| > s} 0 {|uge| < Vs})
+P ({]ef T (F = pp) wie| > s} 0 {|ugel > V/s})

< P (sl T (B —pp)| > s) + P ({|elnT (Fy — pp) use| > s} 0 {|upel > V/s})
< P (| T (F = pp)| > Vs) + P (luge| > V5)
= P (|e,zT(Fy — pp)| > Vs) + P (Juiein] > /s)
(noting that, in this case, 0 = e; v and ||e; v|, = 1)
71 71
) ol ]
bg bl
\/g 71 ) _ 3 1 1
< 2expel-— > <smce by > max{bch [1+1In K] by Kct[1 +an]ﬂ} > b
2

given that K > 1,2 > 1, and ¢t > 1) .

If s > b, the inequality
> (1427 >1

S| <
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further implies that

N
P (e, T (B, — pp)use| >s) < 2exp 1—( >

IN
DO
o
»

o)

)
e f-(3)]

On the other hand, if s < b, we have

P (e, T (F, — pp)up| >s) <

(given that 7 > (1+1n 2)% )
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To show part (d), note that, for any s > 0, for all integers i and j with 1 <1i.j < N, and
for all t € Z;

IN N

IN

(
({Hluaewel > s} 0 {Jugel < s} U {H{lwaewzel > s} 0 {|uzel > Vs}})
({lwicws| > s} 0 {lugl < Vs}) + P ({uawgel > s} 0 {Juel > v/s})
(Vs |uie| > ) + P ({uiwse] > s} 0 {{uz| > V/s})

E|uit| > /5) + P (Jupe| > V/s)

lugein| > /'s) + P (Jujejn| > V/s) (noting that [le; x|, =1 and |le; ][, =1)
71 71
expq1l— ﬁ +expql— ﬁ
bl bl
Y1
2exp{ — (£> } .
b

If s > b, the inequality

> (1+41n2)% > 1 (given that by > by)
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further implies that

P (|uguj| >s) < 2exp

IN
\}
@
>
o
—N—
—_
|

b 2
<given that ) > (1+In 2)721 >
1

<= (3)

71
=

AN
[\)
©)
4
o)
—N—
—_
|
N
S »
~_
o2
|
=3
[\) S
—
N
&.
=
@)
@)
Il @»
V
—
Q
B
(o

<by setting r = %)

|
< ﬁexp{— %)} (since C > exp {1})

P (Jupuj| > s) < lgexp{l—( }

%
— exp {1} exp —<%)}
< 6exp{— (%)} (since C > exp {1}).

To show part (e), note that for any s > 0, for all integer i such that 1 < i < N, and for
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allt € Z,

P (|e; 5T (Fy = pp) €| > )

P ({|einT (Fy — pp) eern| > s} 0 {lern] < V/s})

+P ({|e,xT (Fy = pi) eusn| > s} N {lernl > v/5})

P (\/E ‘GQ,NF (Fy — ,UJF)} > S) +P ({’efi,NF (Fy — pp) 5t+h’ > S} N {|5t+h| > \/g})
P (|e;nT (F = pp)| > V/5) + P (lernl > v/5)

IA A

71 71
< eofi=(3) freo{i- () )
b2 bl
\/g 1 ) _ 1 1
< 2expel-— > (smcebgZmax{blKE[l%—an]ﬂ,bchi[l—i-an]ﬁ}zbl
2

given that K > 1,2 > 1, and ¢} > 1)

Since, by definition, b > (1 + In 2)% 5;, it follows that if s > b, the inequality

>(1+1In2)%w >1

l\D@ll\?l S
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further implies that

Y1
P(|€;7NF(E_MF)5t+h|>5) < 2exp 1—(£) }

+ (3 &
= 2exp 1—(2) =
b b,
21
S 2\ 2
< 2exp{1—(z(1+ln2)n> }
(glventhat?>(1+ln2)%>
2

VAN
[\
D
>
o]
— A — N
—
|
VN
S »
N——
oF
|
=
[\
——
VN
2
=
(@)
D
|
V
—_
Q
=
o,
=
N——

} (by setting 7 = %)
< aexp{_ (%)} (since T > exp {1})

On the other hand, if s < b, we have
P (|le;nT (B — pp)eien] >s) < 1< eXp{ — ( ) }

o)

) } (since C > exp {1}),

= exp{l}exp
< aexp{—(

377
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which shows part (e).
To show part (f), note that, for any s > 0, for all integer ¢ with 1 < i < N, and for all

t € Z;

VANVAN

IN

P (Juitersn] > s)

P ({{luitcern| > s} 0 {lernl <V} U {{luiersn| > s} 0 {lerrnl > Vs}})
P ({wigin] > s} 0 {lersnl < Vs}) + P ({luiscernl > s} 0 {levn] > Vs})
(since {|st+h] < \/E} N {]5t+h| > \/E} = )

P (Vs |ui| > s) + P ({{uiersn] > s} N {lewin] > Vs})

P (Juie] > V/s) + P ([ersn] > V/s)

P (|u;ez~7N| > \/5) +P (]6t+h| > \/5)

(noting that, in this case, § = e; v and [|e; x|, = 1)

ol (2) oo ()
o= (')

If s > b, the inequality

1]

> 5> (1+ 1112)% >1 (given that by > bl)
1

o>
S|
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further implies that

P (lugerin| >s) < 2exp

VAN
[\
D
>,
o}
——
—_
|

(given that = > (1 +1n 2)7_21 )

i)

H@‘ >

71
0

A
[\]
0]
4
i)
—N—
—
|
N
> »
~
o2
|
=3
() ()
——
N
.
B
@)
o)
Il ®»
V
—
Q
B
(oW

b
< ﬁexp {— %

P (lugepn| >s) < 1< eXp{l _ ( }

%
- exp{l}exp{— <%)}
< ﬁexp{— (%)} (since C > exp{1}). O

Lemma E-9:
Let T, = T — h, where h > 1 is a (fixed) finite integer. Suppose that Assumptions (i), (ii),
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(iv), and (v) hold. Let 7, be a positive constant such that

Y172

Ve =
Y1+ 27

where «y, and 7y, are the positive constants as defined in Assumption (v) and suppose that

21
(In V)7

T — 0as N,T — oc.

Under these conditions, the following statements are true.

(a) There exists a constant C; > 0, not depending on N and 7', such that

1 <& /In N 1
!
P max |— E g I F — U >
<1Si§N Ty " 1€Z’N ( ! F) _CT T, ) (NQ)

(b) There exists a constant C; > 0, not depending on N and 7', such that

In N 1
3wz o) <o (55).
(c) There exists a constant U(l) > 0 that does not depend on N and 7' such that
Th
1 / ! A / - In N
p (s B on {5t = (51 o 2o
1
= 0 m .
(d) There exists constants C(s) > 0 and C(3) > 0, not depending on N and T, such that
Th
1 , — In N 1
_ A _ > i — _
Ty
1 — In N 1
P<1<IZI§<N Thzuzt Ft ,LLF) FGJN 20(3) —Th ) = 0<m>

(e) There exists a constant C 4 > 0 that does not depend on N and T such that

— In N 1
= T) ~o()

max
1<i<N

Ty

1 —
T > (uirttjs — S )

-

P | max
1<i,j<N
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byl /
where X, (i j) = €; yXu€jN-

(f) There exists a constant 6(5) > 0 that does not depend on N and 7' such that

— InN
> 0(5)\/Th>

1 &

T Y (F—pp) Tejn

t=1

1 &
!
Th 3—21 ei,NF (Fs — pip)

P ( max
1<ij < N
1
= 0 m ..
(g) There exists constants 6(6) > (0 and 6(7) > 0, not depending on N and 7', such that
_ — In N 1
[@jm,| = C(G)\/f) = 0 <m) :
— In N 1
> —_— = — .
=Cm T > 0<N2)

(h) There exists a constant C(g) > 0 that does not depend on N and 7" such that

a = ol In N 1
P <1<Ii1,1ja§N |u7j,Th| |uj7Th| > 0(8) \/;h> =0 <m) )

Proof of Lemma E-9:
To show part (a), note first that, by definition, up = E[F;] for all ¢ € Z, from which it
follows that

1 &
/
E ; ei,NF (Fs — pip)

P max
1<i,j < N

P( max |ﬂ7§,Th|

1<ij < N

Th

1
T, Z (Fy = pp) T'ej v

t=1

E [e, T (F, — pp)] = €. yTE (F; — pip) = 0 for all ¢ and ¢.

Moreover, by the result given in part (a) of Lemma E-8, there exist constants v, > 0 and
by > 0, such that for any s > 0, for all integer i such that 1 <¢ < N, and for all t € Z,

Par el =9 < enfi-(2)'}

by

o l-(3)]

for some constant C' > 1. Next, let Z;, = €] y['(F; — pup), and let V, = (e, F/,u;)" be
as defined in part (b) of Assumption (v). Note that F., . =0 (..., Zf_ 5, Z5 4, 2},) C
£Eoo =0 (""7Kt727ztflazt) and '7:%361 t+m — O (ZZt+m7Z;t+m+17Zi*,t+m+27 ) - £§im =

0 (Vi Virmatr Vigmaia: ). Hence, it follows by part (b) of Assumption (v) and Theorem
14.1 of Davidson (1994) that {Z;,} 1z, 18 an a-mixing process with « coefficient az-; (m) =
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SUp; & (Fle i —oor F524i. t1m) Satisfying the rate of decay

azei(m) = Sli‘pa(f%*,i,—om gi,i,t-i—m)

< supa (Fl, Fi2n)
t

< aexp(—em™) for all m > 1, for all i,

and for some positive constants v,, a and c¢. Moreover, under Assumption (v), there exists

a constant y € (0, 1) such that
1 1 1

TN 2
Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) are fulfilled. It follows from this inequality that there exist positive
constants Cy, Cy, Cs,Cy and Cs that depend on a, by, ¢, 7, and 7, such that for any s > 0
and for all integer ¢ with 1 <i < N

> S>
t=1

Ty
= P ( ZG;,NF (Fy — pp)| 2 3Th>
t=1

(sTp)” s2T72 (sTp)? (sT,) "
< _ . 7h _
S eXp{ o R WA TR e S L e R WA TV A

Using Bonferroni’s inequality, we further obtain
> S>

> 5Th>

(sTp)" s*T?
NTheXp{ o + Nexp —02(1+Th03>

Ty

1
P ( Th Ze;NF (Fy — pip)

1 &
/
?h ; ei,NP (Fy — pp)

P | max
1<i<N

NmaxP(

Th

1
T Z eg,NF (£ — pp)

-

IN

1<i<N

IN

For some C; > 0, let

By choosing C} to be large enough, we can obtain the following three results, which we will
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show in turn:

(IT)

(Tys)? (Tps)" ) (1
Nexp {_ CuTy P {05 (In[Ts])" }} - (ﬁ)

T2s? CZIn N 1
Ve - i b= New - b0 (1)
Co (14 T,C5) oA (Tlh 4 03> N2

To show result (I), first write

Tp,s)! C!  (lN\? o
N®T}, exp {—ﬂ} = N3T), exp {——TT7 (n_) = N3T), exp {_FTTI;} (lnN)%}

(I11)

Ch "\ T, 1
Taking the log transformation, we have

(Ths)’
Ch

R

Y
In {N?’Thexp{— H =3InN+InT), — FZT}? (InN)

Now, by assumption, (In N )%71 =0 (T), where

N, = Y172
Ty 2y,

Since

Y172 > TiV2 -
Y1+ V2 71+ 27,

it follows that (In ]\7)%71 = o (T') implies that (In ]\7)%71 = o (T). This, in turn, implies that

1-2 X 2_q %
3(1n]\£) : 3(2)2 (In N) 0
ThE Th T

e

fy:

(given that — 0 and given that

T T
— =—— —1asT — oo since h is a fixed finite integer | , (171)
T, T—h
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Making use of expression (171) and the fact that

InT;
ln—hl — 0 (given that v > 0),
T2 (InN)z

we further deduce that

3InN +InT, 3(InN) 2 InT},
A e S
T} (InN)z T T2 (InN)z

— 0

Y

which, in turn, implies that

T v Cm X ol

N3T), exp _Ts)! = exp<3InN+1InT), — —TT,f (InN)2
Ch Ch

ﬁiﬁlnN—}—lnTh

1 a !
Cl 77 (InN)?

C,‘/ X o4
= exp{—éT}f (InN)?

= o(1)

It follows that

o (-G} Lo (091 (1Y) (L),

Next, to show result (II), note that

3 (Ths)® (Ts)""
N*exp {— oo, exp {m}}

1—
3 lnN> . Ty <C 1nN>”( K
= xp | &P 7 | Yt
W) & ey
T}:(lz_w C«V(lfv) (1 N) 20—
= N3exp —?lnNeXp I =
4 Cs (lnTh—l—lnC’TqL Inln N — lnTh)
1 (In N) 7,7 G )T
= New g, (nNew (1nTh+1ncT+;1n1nN)”
T 00 (1o N
= exp —InN —Texp h L 5| —3
Cy Cs (glnTh—l—lnCT—i-%lnlnN)
= o(1)
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This, in turn, implies that

(Th8>2 (Thsﬁ(lﬂ) N (Th3>2 (ThSﬁ(lﬂ)
N exp {— CT, exp {—05 (I [Ths] )" }} = ﬁN exp {_—C4Th exp {—05 W [T

Turning our attention now to showing result (III), we first write

e T7?s* 3 ox c, In N
eXp ———————~ ¢ = —
PTG 1+ T,Cy) P70 1+ThC’3) T
C’TanN
= N3exp
0 +03>

Taking log transformation of the right-hand side, we get

3 C’?lnN C’?lnN
In [N°exp{ ———F——— = 3N - —F———
O, (TthrOg) C, (TthrOg)
2

= 3InN G 1N1+C’11 -
= n 020311 STh .

Now, le C; be a positive constant such that C? > 3C (1 + C), and set

ct
C* = - 3.
CyC4
Note that, by this choice of C} and C*, we have
30, (1+ C3) 3
C">— 2 -3=—2>0
CyC5 Cs
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It, thus, follows that

T?s?
N3 I
eXp{ Oy (1 +Th03

5 C'anN
= N-exp
+03
1 -1
= exp{(i’)lnN[1—1—031 } C’ )ll—i—C'ngJ }
1 -1
— exp{(SlnN[l—l—Cng}—[C*+3]lnN> [1+C31T] }
= e mN (30512 — ¢ 1+C—1i B
= expq (In 5T 5T
3 1

* — 1 -
= exp{—C lnN{l CCSTh] [1—1—03 Th] }

‘ 1 R 0 e O T e
< exp{—C th[l_fJ [1—1—03 ITJ }(smce o Cs 3(:}3 1)

= o(1)

This, in turn, implies that

T2s2 1 T?2s2 1
Nexplo—etn® V(2 Y NBepd 0% L (),
exp{ 02(1+Th03)} (N2> eXp{ 02(1+Th03)} O(Nz)

which shows result (III).
Combining the results given in (I)-(III) above, we obtain

In N
(mN Zez W= ie) 2 O )
_(Ths)?  (Tys)? (Tps)""
NTj, exp { c + N exp il exp o (I Ths)

T2g2
N . ~h?
+ eXp{ 02(1+Th03)}

o) () ()
-8

IN
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To show part (b), note first that, by part (a) of Assumption (ii), £ [u;] = 0 for all i and
t. Moreover, note that u; = uje; n, where e; y is the i'" elementary vector, i.e., e N is an
N x 1 vector such that the i"* element equals 1 and all other elements are 0. Note further
that [|e; v||, = 1; hence, we can set § = e; v in this case and apply part (a) of Assumption
(v) to deduce that there exist positive constants v, and b; such that for all ¢t € Z, for all
integer ¢ such that 1 <7 < N, and for all s > 0,

iz ()oY}

where C is a positive constant such that C' > exp{1}. Now, let V, = (g, F/,u})’ be

defined as in part (b) of Assumption (v), and note that F' =0 (oo, U2, Uip—1,Uit) C

£tfoo = O-(""7Kt—27zt—17zt) and —z.ji,t+m = U(ui,t+m7ui,t+m+17ui,t+m+27”") C £toim =
0 (Virm: Yirmi1r Yismyas ----)- Hence, by applying part (b) of Assumption (v) and Theorem
14.1 of Davidson (1994), we see that {u;},., is an a-mixing process with a coefficient
satisfying the rate of decay

oy (m) = supa (ZF, o tm)

: u,i,—00) T—u,i,t+m
t 00
t

< aexp(—em™) for all m > 1, for all i,

and for some positive constants v,, a, and c. In addition, under Assumption (v), there exists

a constant y € (0, 1) such that
1 1 1

Y% 72
Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) are fulfilled. It follows from this inequality that there exist positive
constants C', Cy, C5,Cy and C5 that depend on a, by, ¢, v, and 7, such that for any s > 0
and for all integer ¢ with 1 <i < N,

P ([tir,| > s)

:p<

(sTp)” s*T? (sTh)2 (STh)v(lfv)
< T — -~ nh _
- heXp{ G [ TP U GO ) S TP T am P G ()
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Using Bonferroni’s inequality, we further obtain

max
1<i<N

Th
< Nlrgi%)]cvp ( ;uit > STh>
< NT, + N —_—
heXp{ C, } eXp{ Cy (1 + T1,C5)

For some C; > 0, let

By choosing C} to be large enough, we can obtain the following three results, which we will
show in turn:

(D

Y C7
NThexp{—(Tgs) }:NTheXp{—?iT,? (1nN)%} o<]\1[2).
1 1

(Tys)? (Tys)" ) (1
N exp {_ C’ZTh <xp {05 (hln [Th,s])” }} - (ﬁ)

T2s? CZ2In N 1
Nexp{—h—}:Nexp S S :O<—).
Ca (1+TCs) G (7 + ) o

To show result (I), first write

5 (M) s C{ _ (lnN o
NTheXp{ N }—NTheXp{ C’lT T = N3T), exp CYlT (lnN)

Taking the log transformation, we have

(Ths)’

1

(1)

(I11)

ol
In {N?’Thexp{— H :3lnN—|—lnTh—FiT,§ (lnN)%
1
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Now, by assumption, (In N )%71 =0 (T), where

Y172

Ve = 4 -
Y1+ 27

Since y
172 > Y172

Yit72 7T 27
it follows that (In ]\7)%_1 = o (T') implies that (In ]\7)%71 = o (T). This, in turn, implies that

1-2 it 2 9 %
3(ln]\i) 2 3(2)2 (In N) 0
ThE Th T

(In N)>
T

Y= = T«

(given that — 0 and given that

T T
T 1 as T'— oo since h is fixed finite 1nteger) . (172)

Making use of expression (172) and the fact that

InT;
ln—hw — 0 (given that v > 0),
T2 (InN)2
we further deduce that
31nlN~|—lnTh _ 3(1n]\£)1% N llnTh o
T2 (InN)? 1) T2 (InN)?

which, in turn, implies that

3 _(Ths)7 _ _J?
N°Thexpq——=—¢ = expy3InN+InT) — (lnN)
Ch Ch
Cl 31nN +1In 3InN+InT),
= exp
cy ln N)

It follows that

NT;, exp {—(Tgf)v} - %N?’Th exp {— (ng)v} ~0 (%) o(1)=o (%) .
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Next, to show result (II), note that
Tys)? (Th,s)" )
N3 _( h
=P { CuTy Y { Cs (I [Ts])"
17 TIAN 770 )"
—_—h_ Ciy/—— | exp h = | Cri/—=—
CuTy, T, Cs (ln [ThCi MD T,
y(1—7)
{ c? T 1 ()

= Ne —LInNe
AT T g (1nTh+1nC¢+;1n1nN TInTy)’
y(1—7) ) 'y(l )
5 C’f T, * C’7 7 (InN)
= N-’exp (In N) exp - - 5
Cy Cs (ilnTh+lnCi+§lnlnN)
y(1—7) ~y(1—~
C? T 7 O (N
= exp{ —InN | =exp 1 i 513
Cy Cs (§lnTh+lnC’i—|—§lnlnN)

= o(1)

This, in turn, implies that

(Th5>2 (ThS)W(lﬂ) 1 (Th5)2 (Th8>7(17’y)
N exp {_ CiTy { Cs (In [Ty s])” } } B WN P {_ CuTy P { Cs (In[Ts])”

Turning our attention now to showing result (IIT), we first write

2
T2s2 In N
N3 . h? L _ -
eXp{ 02(1+Th03)} eXp{ Cs ( 1+Th6’3) (C T, )
{ C'2 In N
= N3exp

Cs —|— Cs>
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Taking log transformation of the right-hand side, we get
5 012 In N
N’exp{ ———FF——
Cy (Tlh + C3>

Now, let Cy be a positive constant such that C7 > 3C, (1 + Cs), and set

C’zlnN

e

2

—1
— 3InN— —_InN|1+0C5 .
31n CCn[—i—C’?)Th]

In = 3InN——01Hr—

&
Cr = - 3.
CyC5
Note that, by this choice of C; and C*, we have
3Cy (14 Cs) 3
Cr>——-2-3=—>0
e Cs ~
It, thus, follows that
T?s?
N3 e
eXp{ Cy (1 +Th(13

A3 C’f InN
= exp
7t 03

:exp{<31nzv[1+cg } xe )[Hcglﬂl}

1 —1
31nN 1+C— } [C* + 3] In ){1+C’51—}}
T

{ %

{ lnN 30‘ _h_C*D {HC?’_ Th] 1}
_ exp{ eV |1- g | |1+ 6 71%]}

=

177" 3 _ G
*In 1—— 1+C3t— i =1
—C T;J { + Th} }(smce o Ch 303 )

= exp
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This, in turn, implies that

T?s? (1 3 T?s? - 1
NeXp{_CQ(HTth)} - (W) N exp T+ TGy [\ N2 )

which shows result (III).
Combining the results given in (I)-(III) above, we obtain

TL Zuit

P | max
<1§z‘§N h =
(Ths)” (Ths)? (Tps)"" )
< _Ahe) A S i AThe)
< NThexp{ c + N exp il exp Cs M Ths)
T2s
N ___~h®
+ eXp{ 02(1+Th03)}
1 1 1
= N2 +o0 N2 +o0 e
1
= 0 ﬁ .

To show part (c), note first that we can rewrite

Th

1 &y ;[ A
N T (F = ) (F— ) — (22) e,
7> {<t e) (Fi = ip) (A)} -

T}
1 A
= DT () () T = (1) e

A
since — ZGZN ( > Iejn =€, NI <L> Iej N
_1 1 ’ 31,1
Th
= 7 Z e nT pp) (Fy — pp) T'ejn
h

_ezNP ZE [(Fy = pp) (Fy = pp) ] Tejn

1 i A
(smce — ZE Ft pp) (B — NF)I} = )\;>
1,1

t=1 5

- = Z T {(F, —pp) = E[(F, = ) (F = )]} Dejn
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from which it follows that the elements of the sum given above all have expectation equal
to zero, i.e.,

E [GQ,NF {(Ft — r) (Ft - NF), -E [(Ft - ,UJF) (Fy — PJF)I] } Fl@ij}
GQ,NF {E [(Ft — pp) (Fy — MF),} - K [(Ft — pp) (Fy — MF)I] } F/Gj,N
0

Next, let 7, 75, and 7y be positive constants as defined in Assumption (v). Note that, by part
(b) of Lemma E-8, there exists a positive constant C' > exp {1} such that, for all integers i
and j with 1 <4, < N, for all t € Z, and for any s > 0,

e O R )

where 7 = 7,/2 > 0 and b > (1+1In 2)%1 Ez > 0 and where by is also a positive constant
which has been previously defined in Lemma E-8. Moreover, let v, = 7,75/ (71 + 275), so
that

1_’yl+272_2+1_1 1

Ve MYz M Y2 T Y2
Now, the relationship between the positive constants 7, 7., and «y as specified in Assumption
(v) implies that

Y172 V172
0<7y, = < =v<1
Y1+27 7t

so that, in particular, v, € (0,1). In addition, let Z, ;, = €; ' (F; — pg) (F; — pp) T'e; N,
and let V, = (&1, F{,u})" be as defined in part (b) of Assumption (v). Note that F, ;=
o (""7Zi,j,t72’Zi,j,tfhzi,j,t) CF =0 (""7zt72vztflvzt) and F 75 tym =0 (Zz',j,t+maZi,j,t+m+1uzi,j,t+m
Fom =0 Vs Viimi1: Viimya, ). Hence, it follows by part (b) of Assumption (v) and
Theorem 14.1 of Davidson (1994) that {Zi,j,t} 1ez 18 an a-mixing process with a coefficient

25i t4m) satisfying the rate of decay

Qz,ij(m) = sup, o (ﬁzm—w

Azij (m) = SngY(fg,i,j—ow 2013 t+m)
< supa (FL o, Fi3on)
t

< aexp(—cm™?) for all m > 1; for all i, j;

and for some positive constants v,, a and c.

Hence, all the conditions needed to obtain the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) are fulfilled. It then follows from applying the Bernstein inequality
for weakly dependent processes, originally obtained by Merlevede, Peligrad, and Rio (2011),
and restated here as Lemma C-1, that there exist constants C, Cs, C3, Cy and C5 depending
on a, b, ¢, 7, and 7, (where a and c are positive constants defined in part (b) of Assumption
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(v)) such that for any s > 0 and for all integers ¢ and j with 1 <4,j < N,

1 & A
Pl |= LD (B — Fo—pp) — =) e n| >
Th;%,N {( t— bp) (Fr — pip) <A1,1)} €j,.N —5>

Z Th8>

= P Z €;7NF {(Ft — pip) (F — MF)/ ) [(Ft - #F) (F — NF),} } FIGJ}N

Th

/ I A /
= P Z einl {(Ft — pp) (Fr — pp) — (j\ ) } ejn
A1

t=1

Z Th8>
<7 - (Tys) N - T2 . - (Th5)2 (Ths)v*(l—w*)
= ThOXP Ch TPV AT [ TP A TP O Ty

Applying Bonferroni’s inequality, we further obtain
> S>

T
1 <N, , A /
ﬁ t—z1 e Nl {(Ft — pip) (Fy — pp) — <—/\—1,1> } Iejn| = 3)

= N? ir.lai( P(ie;,Nr{(Ft_,uF) (Ft_MF)/_E[(Ft_MF) (Ft_MF)/]}F/ej,N
(

T

Tih > e NT {(Ft — pp) (Fy = pp) = (AA) } Tejn

t=1 1,1

2 Th8>

1<i,5<N
Tys)"" (Th8)2 (Ths)%(l—v*)
< N?T, - N? — _—
a heXp{ Ch } AT { CiTy P\ G (InTjs)"
T?s?
N2 —— Th?
* eXp{ G+ Thcg)}
For some U(l) > 0, let
— In N
=C —
s=Con/—7,
and, note that, by assumption, (In N )%71 = o(T). By choosing C/ to be large enough, we

can obtain the following three results, which we will show in turn:

() _
(Tys)" Cay, 2z e 1
NzThexp{—hT = N2T), exp —%Th WmN)¥ =055 )-

1
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(IT)

) (Th8)2 (Ths)%‘(lf’y*) B 1
e {_ CuTy Y { Cs (In [Ts]) ™ }} — (ﬁ) ’
(I11)

2 .2
Tys

C’In N 1
N2exp{——} = N?exp B b :0(—).
Cy (1+Th03> s (TL,I +03> N2

To show result (I), first write

Va O+ =
N*T}, exp _ L) = N'Tjexp{ ——L717- N
Ch Ch h

Taking the log transformation, we have

(ThS)V*

1

et
H AN+ T, — SOTF (0 N)F
C h

1

In {N‘lTh exp {—

Since 0T
= 0oh — — 0 (given that v, > 0)
7,7 InN)=
and since
A(lnN)©F T\7 [(nN)= "\ "? , . (lnN)*!
— = 4| = —_— — 0 [ given the assumption ——~——— — 0
. T . . o
and given that — = —— — 1 since h is a fixed finite integer | ,
T, T—h
we see that _
4lnN—|—lnTh:4(lnN) 2 n InTy, 0

Dk
2

7% (InN) T 77 (InN)%
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which, in turn, implies that

ikt

T C hE3 ol
N*T}, exp _Tis) = expi4InN+InT) — T2 (InN)2
Cl Cl

Ci 4InN +1InT),

1 - Dx %
CH 1,7 (InN)*

Tl s
= exp —TTZ (1 N)2

= o(1)

It follows that

Next, to show result (II), note that
Th$)2 (Ths)%(lfv*)
N4 . (
P { CiTy, P {05 (I [Ths)) -

2 (=)
T2 . n N TW*(l Vs
_—C ;1 (C(l) —T ) exp C(l)
41}, h Cs <ln [Th(] ) lnN
_ NN Sa(lo7a)
{ , T, T Oy Ny }

= Nlex 0 In N)ex
P Cy ( Jexp Cs (lnTh+lnC’(1)+—lnlnN——lnTh
—9 V(1= *)_’Y (1 ’Y “/*(1 V)
C 2O " (InN
= Nexp{ -1 (In N)exp hl S (In ) =
Cy Cs (ilnTh—i—lnC(l)—k—lnlnN) *
—9 Vs (I=7x) . ) ’Y*(l V)
C(l) Th 2 C(l) (11’1 N)
= expq —InN |—=exp - — | -
Cy Cs (ilnTh+lnC(1)+§lnlnN) *

This, in turn, implies that

. (Th3)2 (Ths)%‘(l_%‘) B 1
e {_ CuTy Y { Cs (In [Ts]) ™ }} — (ﬁ)
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Turning our attention now to showing result (IIT), we first write

2

T2s2 T2 — In N
N4 ——h? L _ N4 I S e -
P { Co (1 + ThCs) } TPy T ATy \ OV T,

-2

= Nlexp —m

Taking log transformation of the right-hand side, we get

—9 —2
Ciyln N Ciyln N
In |Niexpd —— 8B — 4lnN-— —O 7
C, (Tthng) C, (Tih+03>
—2
C 1171
(1) -1
= 4In N — InN |[1+C7 —
n 005 n l + C3 Th]

Now, let (1) be a positive constant 6?1) > 4C5 (1 4+ C5), and set

C
* 1)
Cr = — 4.
CyC5
Note that, by this choice of U(l) and C*, we have
4Cy (14 C3) 4
C"> ————=—4=—>0
CC5 Cs
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It, thus, follows that

1252
N4 I
eXp{ Cy (1 +1,C5) }
Chln N
= N'exp (1
7+ Cg

—2
o |

esxp { (4111]\7 [1 e Th] G
exp{(41nzv[1+c— } C* + 4 )
exp{(mzv{ D [Hc;l 1

exp {_c* un [i- o i

C*C5 Ty,

1
4Cy = - "

h T,

C'3_ T

) e

)
iy

L] }

[1 +C5t

1 1 4 _Cs
—C*InN |1 — —| |[1+C5t i =1
< exp{ n { TJ { + O3 Th} } (smce o Cs 403 )
= o(1)
This, in turn, implies that
252 1 CoylnN 1

N2exp{— =

f=(

Cy (1+T,Cs) N?

2) N*exp {—
Cs

which shows result (I1I)
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Combining the results given in (I)-(III) above, we obtain

Ly ! ' A / — In N
P (@%??N ﬁ;ei7Nr{(E —pp) (Fy — pp) — (IJ)}F%N > O Th)
2 S ! / A p — InN
< N 1£?§Np<ﬁ;€i7NF{(E_MF) (Fy — pp) — (E)}Feﬂv >Co) Th>
<

Ths) ™ 7242
NT, (T N2 _ h
S R e )

T 3)2 (ThS)'Y*(li’y*)
N2 _ ( h
+ /N exp { CuT) exp {—05 (In Ths)v*

To show part (d), first note that, by part (a) of Assumption (ii),
E e, \T (Fy — pp) use| = €, \VE [(F; — pp) uje] = 0 for all 4, j, and ¢.

Next, note that by part (c) of Lemma E-8, there exist constants 7; > 0 and b >0 and a
positive constant C' > exp {1} such that, Vs > 0, for all integers ¢ and j with 1 <4 ,j < N,
and for all £ € Z,

P (e T (F, — pp) upe| > s) < exp {1 — (%) } < Cexp {— (%) }
where r = v,/2 > 0. Moreover, let v, = 7,75/ (71 + 275), so that

Vs Y172 I Y2 T Y

Now, the relationship between the positive constants 7, 7,5, and «y as specified in Assumption
(v) further implies that

V172 < Y172

0<7.=
M+ 27 Y1t

=v<1

so that, in particular, v, € (0,1). In addition, let V;*;, = e} yI' (F; — pup) ujs, and let

V, = (e, F/,u})" be as defined in part (b) of Assumption (v). Note that Fi.,, . =
* * * t * *
o (7 ‘/i,j,t—27 ‘/i,j,t—b Vi,j,t) CF =0 (""aztf%thl?Kt) and ‘o/ci” t+m — O (‘/;,j,t—&—m? Vz‘:kj,t+m+1> Vi,j,t+m+

Fom =0 Vs Viimits Viimso, ). Hence, it follows by part (b) of Assumption (v) and
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Theorem 14.1 of Davidson (1994) that {V;*;,} 1z 18 an a-mixing process with a coefficient

aye i (m) =sup, & (Fire ;oo Fo2 i 14m) Satisfying the rate of decay

ay«ij(m) = St:poz (f'\t/*,i,jfom \3?‘13 t+m)
< supa (L ES )

< aexp(—cm™) for all m > 1; for all i, j;

and for some positive constants v,, a and c.

Hence, all the assumptions needed to apply the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of this
Bernstein inequality then implies that there exist positive constants C}, Cs, Cs, Cy and Cy
depending on a, b, ¢, 7,, and 7, such that for any s > 0 and for all integers i and j with

1<4,j<N,
1 &
P ( ?htz:l:e;,NP(Ft_MF)ujt = 3)
Th
= P(ZGQ,NF(E_NF)% ZThS)

t=1
(sTh)'Y* 82T}3 (sTh)2 (STh)v*(lﬂ*)
T _ __°Fth _
h XD { 01 +exp Cg (1 + Tth) +exp C4Th eXp 05 (1Il STh>’y*

Using Bonferroni’s inequality, we further obtain

IN

Ty,
1
F <1£?§N T, ;e;wr (F, — pp) uje| > 3)

< N? max P(

1<i,j<N

Th
S° T ) g = Ths)

t=1

T, S)’Y* (Th8)2 (Ths)’y*(lf’h)
N2T, UDES PN - Sl
h XD { Cl } + <xp { C4Th exp 05 (ln [ThSD’Y*

T2s2
N2 . h
AT exp { Co (1+ ThCs) }

— /InN
S:C(g) Th
).

and, note that, by assumption, (In N )%_1 = 0o(T). By choosing 6(2) to be large enough, we

IN

For some 6(2) > 0, let
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can obtain the following three results, which we will show in turn:

1) _
Tys)" Ciy s Ya 1
NQTheXp{—(th)} = N2Thexp {—O_(?Th2 (lnN) 2 } =0 (m) .
T 5)2 (Ths)%(l*%) 1
N2 _( h _ L
P { CiTy P { Cs (In [T, s])™ W

T2 % In N 1
NQeXp{—h—} = N?exp ) A :0(—).
Cy (1 +Th03) C, ( 1 + Cg) N2

To show result (I), first write

7 % .S
(Ths)™ Co) . (LN
N*T}, exp {_T = N*T), exp —TIT,Y —h

(IT)

(I11)

Taking the log transformation, we have

T, g)* 67* e T
1 1
Since T
hn—}lw — 0 (given that -, > 0)
7,2 (InN)=2
and since
4(nN) ¥ T\F (N7 In V)7
% =4 <—) % — 0 [ given the assumption % — 0
T Ty T T
) T T . . o
and given that — = —— — 1 as T" — oo since h is a fixed finite integer | ,
T, T —h
we see that .
4InN +InT, 4(InN) =2 InTy,
7,2 (InN)> T,? 7,2 (InN)z

401



which, in turn, implies that

01 Cl
62*
ot

Ci 4InN +1InT),
Cio) T, (InN)*

RES
2

T 1-—

= exp (In N)WT*

T T+ 67 e Ve
N4Thexp{—( 1) } = exp{4lnN+1nT T2 (In N)T}

= o(1)

It follows that

Next, to show result (II), note that
Th$)2 (Ths)%(lfv*)
N4 . (
P { CiTy, P {05 (I [Ths)) -

2 (=)
T2 . n N TW*(l Vs
_—O ;1 (C(g) —T ) exp C(g)
41}, h Cs (ln [Th(] ) lnN
_ NN Sa(lo7a)
{ c, R }

= Nlex ] In N)ex
P Cy ( Jexp Cs (lnTh+lnC(2)+—lnlnN——lnTh
—9 V(1= *)_’Y (1 ’Y “/*(1 V)
C 2 Cuy ' (InN
= Nexp{--2 (In N)exp hl @ (In ) =
Cy Cs (ilnTh—i—lnC(g)—k—lnlnN) *
—9 Vs (I=7x) . ) ’Y*(l V)
0(2) Th 2 0(2) (11’1 N)
= expq —InN |—=exp - — | -
Cy Cs (ilnTh+lnC(2)+§lnlnN) *

This, in turn, implies that

. (Th3)2 (Ths)%‘(l_%‘) B 1
e {_ CuTy Y { Cs (In [Ts]) ™ }} — (ﬁ)
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Turning our attention now to showing result (IIT), we first write

2

T2s2 T2 — In N
N4 ——h? L _ N4 I S e -
P { Co (1 + ThCs) } YT ATy \ OV T,

-2

= Nlexp —m

Taking log transformation of the right-hand side, we get

—9 —2
CoyIn N CoyIn N
In |Niexpd —— & — 4lnN-——@& 7
C, (Tthng) C, (Tih+03>
—2
C 1171
(2) -1
= 4In N — InN |[1+C7 —
n 005 n l + C3 Th]

Now, let C(9) be a positive constant such that 6?2) > 405 (1 + (), and set

C
* (2)
Cr = — 4.
CyC5
Note that, by this choice of 6(2) and C*, we have
4Cy (14 C3) 4
C"> ————=—4=—>0
CC5 Cs
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It, thus, follows that

1252
N4 I
eXp{ Cy (1 +1,C5) }
CopIn N
= N'exp (2
7+ Cg

—2
Co |
o

exp { (4111]\7 [1 + Oyt Th]

1

-1
7

exp{(lnN [4C§IL—C*}) {1—1—03_1
1
1
exp{—C’*lnN {1— —] {

C*C5 T,
exp {—C’* In N {

o(1)

This, in turn, implies that

O_
3 Th
11

] 1
T Th

s

T7?s*
Cg (1 + Th03)

1
— | N4 —
w) Ve o

NQeXp{— =

Al

which shows result (IIT)

404

) e

exp{(éllnN{l—i-C_ } [C* + 4] In ) [1—1—03_1

1+ ThC;J,)

)
}

)
e

4
C*Cs

L st
403

=)

T,f 52 1

f=o

)



Combining the results given in (I)-(III) above, we obtain

— In N
> 0(2)\/Th>

— In N
>C —
=) T, )

Ths) " 7242
N2Tjexp{ — ( + N?expd —— 17
" p{ Cy } Pl G+ T0Cs)
Th$)2 (ThS)'Y*(li’y*)
N2 _ ( \Th2)
+N“exp { CuT) exp {05 (In Ths)v*
1 1 1
= 0 m +o0 m +o0 m
1
= 0 m .
Moreover, by the same argument we can also show that there exists a constant 6(3) > ( such

that
— In N 1
P (1;%%&%(]\[ > C(3) _Th ) =0 (—N2> .

To show part (e), first note that, by Assumption (ii),

1 &
?h tz:; e;,NF (Fy — pp) Ujt

P | max
1<i,j<N

N? max P(

T

1
T Z 6;,NF (£ — pp) wje

h t=1

IN

1<ij<N

IN

1 <
T tz_l: i (Fy — pp) Tlejn

E [uitujt — Zu,t,(m)] =0 for all 7, j, and t;

where ¥, j) denotes the (i, j)th element of ¥, ;. Next, note that by part (d) of Lemma
E-8, there exist constants v, > 0 and b > 0 and a positive constant C' > exp {1} such that,
Vs > 0, for all t € Z, and for all integers ¢ and j with 1 <1,j < N

P (Juguj| > s) < eXp{l B (%>} g?exP{_ (%>}

where r = v,/2 > 0. Moreover, let v, = 7,75/ (71 + 275), so that

1 _mt2p_2 11,1
V2

9, V1Y2 YooY, T

Now, the relationship between the positive constants v;, 5, and ~ specified in Assumption
(v) further implies that

0<n, = Y172 < 7172 —y <1

Y1+ 27, Y1+ V2

405



so that, in particular, v, € (0,1). In addition, let VJM = wyuji, and let V, = (g, F},u}) be as

defined in part (b) of Assumption (v). Note that f"t/m.’jfoo =0 (, V;,Typt—?’ ‘/;Tj7t_1, V;Tjt> -
Fow=0 (Vo0 Vo V) and FS o =0 (V;Tj,t+m7 Vi imets Vil e ) CFEX, =

0 (Vi Virmatr Yigmaas o). Hence, it follows by part (b) of Assumption (v) and The-
orem 14.1 of Davidson (1994) that {VT

f jt} is an a-mixing process with a coefficient
2J teZ

ayt,j (m) = sup, o <‘7-'f/u7j700, Vi t+m) satisfying the rate of decay

Qayt g (m) = Sgpa(f.\t/ﬁi,jfow \(ﬁ,i,jt+m)
< supa (F o, Fn)
t

< aexp(—cm™?) for all m > 1; for all 4, j;

and for some positive constants v,, a and c.

Hence, all the assumptions needed to apply the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of this
Bernstein inequality then implies that there exist positive constants C}, Cs, C5, Cy and Cy
depending on a, b, ¢, 7,, and 7, such that for any s > 0 and for all integers i and j with

1<4,7 <N,
28)

1 Th . . 1 Th
= S) (smce T Z J(4,4) J(i,4) T, Z £ (4,5)

t=1 t=1
2 Th8>

(STh)V* S2T}% (STh)2 (STh)’Y*(l—’Y*)
< _ 2 "h _
- Th eXP { CI + P Cg (1 + Th03) + P C4Th P C5 (111 STh)V*

1 o =
P ?h ; (Uz‘tujt - Eu,(m‘))
1 &

= P T t_zl (Uitujt - Zu,t,(m))
Th

= P Z (Uitujt - Eu,t,(i,j))

t=1
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Using Bonferroni’s inequality, we further obtain

1 &

T, Z (wiruje — im(iu‘))

=1

)

P ( max
1<i,j<N
1 &
< s — S 3 >
- 1?11?§NP ( T, ; (wirttje = i) | = 3)
Th
- 121382(1\/]3 ( Z L)

2 ThS>
t=1

Vs 2 7*(1_7*)
N, exp { (Ths) }+N2€Xp {_(Tm) o { (Ths) }}

IN

Cl C4Th C5 (111 [Ths])v*

T2s2
N2 . "h?
AT exp { Co (1 + ThCsy) }

For some 6(4) > 0, let

and, note that, by assumption, (In N )%_1 = 0o(T). By choosing C/4) to be large enough, we
can obtain the following three results, which we will show in turn:

m _
2 @ e Carr oo (L
NTheXp{ c, }—NThexp{ c, 7,7 (InN) =o(wz)-
) - (Ths)2 (Ths)%(l—%) B i
N exp{ CuTn P { Cs(n [Ths) ™ [ [~ 2\ 2

—2
T2 G2 In N 1
NQGXp{—h—}:NQGXp 9w :0(—).
Cy (1 + Th03) Ch (TA,L + CS) N2

To show result (I), first write

_’y* 'Y—*
(Ths)™ Clw) . (ILN
N4Th €xp { _T = N4Th exp _ET’? —h

(I11)



Taking the log transformation, we have

alts

T Vs C s Y
In | N*T}, exp _Ts) —4InN+InT), — 277 (InN)F
01 Ol
Since T
] — — 0 (given that v, > 0)
T (ln N )7
and since

4(InN)'©F TNE (mNE In N)7= "
& = 4<—) (&> — 0 [ given the assumption%—%)

Tf:T* Ty T

T T . . o

and given that — = —— — 1 as T' — oo since h is a fixed finite integer | ,
T, T-—h

we see that .
4InN +1InT, 4(InN) = InT,
f/l_*+nv*h: (nﬁ + W_*nh“/*_>0
7,7 (InN)=z T,? 7,2 (InN)=2

which, in turn, implies that

7 x

T Y x O Vs Ve
N4Thexp{—< ’g) } - exp{4lnN+lnTh— CS 7.7 (In N)T}
1

Ch 41nN—|—lnTh
Cii) T, (InN)*

Sy

1—

Ci oy
= exp{ — T2 (InN)=

o
= (1)

It follows that

N2T}, exp {—(T’gl)%} - %N‘*Th exp {—%} _0 <%) o(1) = o <%) .
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Next, to show result (II), note that
T 8)2 (Ths)”/*(l—”/*)
N4 _( h
=P { Culy, 0 {05 (In [Ths])
2 ~7.)
T2 ([ Tn N Tv*(l Vx) _
—— | Cy/ = | ex C \/
{ CaTi, ( VT ) "o (1n [Ty /5] W Th
—9 7*(1;7*) L(1=7.) s (1 ’Y*)
{ Cly T, 62/4) " (lnN)

= Ntex ———~InNex —
P Cy P Cs (lnTh+lnC’(4 —lnlnN——lnT
—9 W*(l V) — 'Y Y (1—v4)
C T C (1= InN)™ 2
= N'exp —ﬁ(lnN)exp i (In ) 5
4 Cs (llnTh—{—lnC’@)—l—llnlnN) *
—92 Yk (1 V) * 'y*(l ™)
= exp{ —InN | ——exp | —4
Cy Cs (%lnTh—HnC4 %lnlnN) *

This, in turn, implies that

) (T, 5)2 (T, 8)%(1*%) B 1
Nexp {_ Cury, { Cs (n [T) }} — (ﬁ)

Turning our attention now to showing result (III), we first write

T2s2 T2 — In N
N4 . h? L _ N4 I S e -
P { Co (1+ T)Ch) } Py a1y \ WV T,
—2

= N'exp —m

Taking log transformation of the right-hand side, we get

—2 —2
C,nInN C,,sInN
In | N*exp W = 4AlnN-—W
C, (TthrOg) C,y (Tih+(]3>

-2

— 41nN—@1nN 14Ol -
C5C4 5T,
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Now, let C(4) be a positive constant such that 6?4) > 405 (1 + (), and set

C
* ©)
Cr = — 4.
CyCy
Note that, by this choice of 6(4) and C*, we have
4Cy (1 + Cs) 4
C">————=—4=—>0
C5C5 Cs
It, thus, follows that
N*exp
C’g 1 —|— Tth
CopIn N
= Nlexp (4
7+ Cg

~ expd (4N |14 0] - ‘@ 1N 1+C —
> T, CyCs 3 Th
~1

= exp{(4lnN [1—1—03_ } —[C'*+4]1nN> [1+03—1i] }

Th T,
= el (mn il oY iie ]
— Xp n 3 Th 3 Th

4 1

* — 1 -
= exp{—C lnN{l CCSTh] [1—1—03 Th] }

. 1 SN/ 4 _Cs
< exp{—C’ In N {1 - TJ {1—}—03 TJ } (smce CCn 403 1)
= o(1)

This, in turn, implies that

T2s2 1 T?2s2 1
N2 . h — s N4 _ h — — .
exp{ 02(1+Th03)} (N2> eXp{ 02(1+Th03)} O(N2>

which shows result (I1I)

410



Combining the results given in (I)-(III) above, we obtain

1 > In N
; (151 T, Z (wirttje = B i) | Z Cra Th)
= In N
S 1<Z]<N ( u%tujt - E l])) > C Th>
< (Ths)™

N2T,, exp{ }—I—N?exp{—i}
Coy (1 +T,C5)

el B
- o) o) ()
o[

To show part (f), note first that by part (a) of this lemma, there exists a constant C; > 0

such that
In N 1
> P
CT Th ) 0 ( N2 )

1
P (121131(\1 T, ZG’NF (£ = pir)
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Now, set C5) = C?, and we have

IN

IN

IN

IN

1 & 1 & Tn N
_ ! _ _ _ T C ——
~P£%Nﬂgwﬁﬁlw7ggﬂﬂﬂhwzc ﬂ>
Th Th
1 , 1 — In N
P (s - S mTZw RO ELeny
Th
1 , InN

Th

! v

— [In N1
=% [ 5] }>

1
— [InN]*
(%@”fv Zez N (Fs = pp)| 24/ Cs) lTh} )
o 1
1 /oy —  [InN|*® .. .
+P (1%122}%\[ T Z (Fy — pp) Tejn| >4/ Cs) [Th] ) (by Bonferroni inequality)
— In N
(&ﬁ% EZ%NF ~ #r) Zvc%wf?;>
Th
1 /In N
— >
+P (1%12%)(]\[ T, ; (Fy — pup) F e N \/C T, )
In N In N InN InN
(since I}—h < lr;—h} given that r}—h = Tn h < 1 for all N, T sufficiently large>
max ! Ze' I (F. > C’
1<i<N | T}, LN f
1 Th
+P <1<Igla<XN Th;(ﬂ pp) Tejn| > CH/ T, ) (since \/Cei) = CT> .
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It then follows, by part (a) of this lemma, that for all N and T sufficiently large,

— In N
Zemf [r) T Z(Ft #) Tejn| > Cp Th)

P max
1<i, g < N

Th
1
< P(mN 7 2ol (B =) 2 Gy )
1 O /n
— >
+P (él;lzng T, ;(F pr) Te;n| > Cy T, )
1

To show part (g), note first that by part (a) of this lemma, there exists a constant C; > 0

such that
In N 1
> —o—
P(M “y n) (N)

and, by part (b) of this lemma, there exists a constant Cy > 0 such that

In N 1
(mN Zuw > O ) ()

Th

1
T Z GE,NF (Fi — pp)

L —
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Now, set Cg) = max {CTZ , C’f}, and note that

IN

IN

IN

IN

P 1§%3§N Z%NF — pp)| [Wm,| > 0(6) %)
P| max Tihie’i,NF (Fs = pp) | max Tihiuﬁ > Cg) m%)
P {mN %ie’wf e Voo 5] }
{1%185(]\/ Zuﬁ - th })
P (s g 2o tar - | > B [5] )
+P (1 max, Ti Zuﬁ > \/a [h;iv } ) (by Bonferroni inequality)
P (| S etar e = 5 )
(since h}—i\[ < lh;—iv} given that h;—hN = 71}1 Nh < 1 for all N, T sufficiently large>
(max ! Ze;NF )| > Cs )
1<i<N Th
+P (1%12%)(]\[ iuﬁ > Ci\/?)

(since 6(6) = max {C}, C}} so that \/6(6) > (s and 6(6) > Ci) .
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It then follows, by parts (a) and (b) of this lemma, that for all N and T" sufficiently large,

_ — In N
[@m] = Ce)f Th>

In N In N
Z O-|- n—) —|—P < max |Hj,Th| Z Ci n—>

1 &
/
?h ; ei,NF (Fs — pp)

P( max
1<ij < N
1 <

- ' _
< P(mN 7, 2 T (B =)
1 1
- o\w) T\ W
1
(0] m .

Moreover, by the same argument, we can also show that there exists a constant 6(7) > 0

such that
— In N 1
>C — | =0|—=].
- (7 Th ) ( N2 >

Finally, to show part (h), note again that by part (b) of this lemma, there exists a
constant Ct > 0 such that

1y, 1< <N Ty

1 &

T, Y (B —pp) Tejn

1<ij < N
t=1

P( max ’ﬂi7Th|

1
P <1I§nza§)1{v T;
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Now, set C(g) = C%, and note that

P 1<Izna§N %2, [ > Ce \/g)
= Pl Tihtzz:u” 1S N Tihtzzujt 2 Ce) h’-lf—hN>
< P {fg&g{v Tihizhluzt Z\/%[%r} {1218%}(]\[ 1 Zujt _\/7[111?]]1\[} })
< (e ] 2P0 [5])

t1_1 .

+P (1 gr?iXN T ;uﬁ C(g l 1 ) (by Bonferroni inequality)
< P (1%%}1(\7 ?h Zult @\/m) <1<] < N Th Zuﬂt \/a\/m)

<since % < l%} given that % = %n_]Vh < 1 for all N, T sufficiently large>
= (1%%\[ Zu” = %) P (1%‘@XN Tiéh:uﬁ Ci\/?)

(since \/6(8) = Ci) .

It then follows, by part (b) of this lemma, that for all N and 7" sufficiently large,

In N
P<1<1;ﬂax |UzTh||UyTh|>C(8)\/Th>
In N
> Oy | ——
= T )+P<15“2XN

Tn Z Hat

VAN

v
N

=

jav)

i

o)

Lemma E-10: Suppose that Assumptions (i), (ii), (iv), and (v) hold. Let v, be a positive
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constant such that
~, = Y172
*

a Y1+ 27,
where ~y, and 7y, are the positive constants defined in Assumption (v) and suppose that

21
(In N) 7~

7 — 0as N,T — oc.

Under these conditions, there exist a constant B; > 0 not depending on (N, T') such that

— [InN 1
281 Th>:0<m),whereTh:T—h.
In N
=9 <\/T)'

P ( max ‘ZX,(i,j) - ix,(m‘)

1<ij <N

or

max |Xx (i — Dx (i
1 SN‘ X,(4,5) X,(4,9)
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Proof of Lemma E-10: Note first that

ix—ix

1 & — — v =

ThZ(Xt Xr,) (X; = Xn,) - Sx
t=1

Th

1 o _ _
Z (Xt Ux + tx — XTh) (Xt — Hx T px — XTh), —Xx

Th

! 7 D0 (= ) (¥ = = T = 30 (=) (Ko = )

1 1 1
+Th;F(FTf ”F)u:t‘i‘?h;Ut(Ft_NF) F,—i-ﬁt:l (Utut_zu)
1 T 1 Th
—7 2 T E =) 7 > (B ST Sy
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so that

X, (1) — S%.(0)

1 o A 1
= S { (B =) (B ) = () Ve 2 Dl (= ) s

t=1 211 h =1
LSS YT LS s

"‘Th ; €; NUt (Fy — pp) €j,N + Th ; €i N (Utut - u) €j,N
1 Th / 1 Th Th Th

_ﬁ;ei,Nr(FS_MF) Thtz;(Ft pp) T'ejn — 7 T, ZezN ZutejN
1 & 1 & 1 1

_ﬁ;e”\,usT 2 (F, — pp) Iejn — T ;elNusT ;utejN

Hence, applying the triangle inequality and taking the maximum over all 7,j € {1,...,N};
we obtain

max ‘iX,(i,j) - ix,(m‘)

1<i,j<N
1 & A
< — ! — — r_ | = >
< max, ThZeZ,Nr{m ) (=) = (55) e
1 &
+1<£%‘a§1\7 T, Z%NF — ) Ujt +1<J<N Thzuzt — ) T'ejn
1 o
1 & 1 &
S ! S _
+ Jpax o T ;ez,Nr (Fs — pp) T ;(Ft np) Tejn
1 & 1 &
_ ! _ mp 7. _ _ "o,
+ max Thz_;ez,NF (Fy = )| [Ty | + | e [T, | Th;(ﬂ ) Tejn
+ Jnax @im, | W, (173)

_ _ Th Th
_ o= _ ol 4 — el ,

where Y, i) = € y2u€jnN, Ui, = T}, E o Uisy and w;p, = T), E Ly Uit Now, let

B; > 0 be a constant such that

By > 8max {C), C2), C(s), Cray, Cs), Cre), Cr)

.Cs)}

where 6(1), 6(2) C(g), C’(4), C’ (5)5 0(6), C’ ), and C are constants as defined in parts
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(c), (d), (e), (f), (g), and (h) of Lemma E-9. Given expression (173) and given the above
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definition of the constant By, we can write

NV
>BH/HT )
h

P( max |Sx) — Tx)

1<ij<N

T}
1 A
< _ ! _ _ r_ | = /s
< P (125%\, T, t—zl e N {(Ft pp) (Fy — pp) <A1,1> } Iejn
1 & 1 &
!
+ 1R T, ; e Nl (Fy — pp) wje| + e T, ;Uit (Ft — pp) Tejn
1 &
+ 1§Iz%a§N Th ; (Uitujt - Zu,(i,j))
Ty Ty

1 /
1§%‘a§N T Th Z (Fi — ) Fejn

1 &

T Z (Fy = pp) T'ejn

t=1

1 , _ _
+ 1§Iz%a§N T, Z einD (Fs — pp)| [um,| + 1;51],3%(]\, @iz,

[In N
+ maX |u1ThHuJTh|>B1 Th)
Ze ) (i) = () ey > 2
1<Z]<N Th i,N F t F ALl 3,N
B /lnN
> 2
- 8 Th
El In N
=8 V T}
T, —
1 = Bl In N
{ Tht_zl(uitujt_eg,NEuej,N) Z?“Th}

Th

U N2 N T, Z eint (Fy — pp) uje

'~5

(-
\/\
<E
\/\;x:

1
Th ;Uit (Fy — pp)' T €5,N

(-
\/\
<E
\/\;x:

C

1 Th 1 Th
!/
Thzei,NF(Fs—HF> Th;(F pp) Tejn| >
Th »)
_ By [/InN
N2 N Thzem \Uj,Th|2§\/—Th }

il El In N
> -, [
— 8V T

I/\
<E
I/\;x:

B_ [In N
=8\ T

-

\./

lé\B

1
U Th Z (F, — MF)/ P/ej,N

t=1

Bl InN
1<I£a§N |?’LZ Th| |u.7 Th| - 8 Th
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It then follows, by applying the Bonferroni inequality, that

/In N
h

1<ij<N

P( max ‘EX(l] EX(%])

<P (mXN - ieéwr {(E — i) (Fy— )’ — (AA) SENE %\/TN )
+F 1< E N T, Ze% N — pp) Uje| > E; %)
+P 1<rz'r,lja§NTih;u“(Ft_uF)F€JN _% h}—N>
+P 1;;&;{}\{ Tihgl: (Uitujt — e;,Niuej,N) > % lnThN>
+P (Jnax Tihie;]vr (Fs — pp) Ti i; (F; — up) Tejn| > % h;—hN>
+P 1§1;%a§N Tih;e;,NF F. ) @)1, > B81 %)
+P 1§Iz‘r,lja§N Ui T, | TihtzT_};(E —up) Tejn| > % %)
p (x| 7 1] > 2 %)
Moreover, note that By > SmaX{C 1), ) C(3),U(4),6(5),U() 07), 8} implies that

B,/8 > C’ for k = 1,2,...,8 and applying the results given in parts (c), (d), (e), (f),
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(g), and (h) of Lemma E-9, we further deduce that

— /InN
231\/%)

1<i,j<N

P ( max )§X7(i,j) - iX,(z‘,j)

T
1
+P | max 7 Z e; NI (Fy — pip)
h=1

1 2 In N
! al
+P | max | ;uu (B = pp) U'ejn| 2 Cg) Th>
Th
1 _ — In N
+P 1§Iz%a%{N Th ; (uitujt — GQ’NZUGJ"N) > C’(4) T, )
Ty Th
1 , 1 — In N
W ;ei,NF (B = )| |75 ; (Fy = ur) Tejn| 2 oy | 75— )

1 I In N
/ B —
+P lgrzga;(N T E e N (Fs = pp) | [Um,| = Ce) T, )

1 —
T > (Fr—pp) Tejn| =

t=1

u 77 yal In N
+P lgl;jl}ja%(]v |ul7Th’ ’uj,Th‘ 2 C(s) \/;h>
1 1 1 1 1 ) , 1
= olyz)tolye) tolme ) tolae ) tolae) ol ) Tolas ) Tol e
1 —
= O<W) O

Lemma E-11: Suppose that Assumption S1-1 holds under Scenario 1. Let T}, = T
where h > 1 is a (fixed) finite integer; and suppose in addition that Assumptions (i),

(iv), and (v) hold. Furthermore, suppose that (In N )%_1 =0 (T), where

+P 1;1%&%{1\/ @7, |

(i),

Y172

— <1
Y1+ 27

0<n,=

and where v, and 7, are positive constants as defined in Assumption (v). Under these
conditions, the following statements are true:
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(a) There exists a constant C'x > 0 such that

“(fn

(b) There exists a constant C(1y > 0 such that

1 &

T, Z (Flt MF,l) Y1

In N 1
> N
_OA Th ) 0(N2>

1 & A In N
_§ ’ ' _ _ e =1 =
g (1%% Th = (e“Nr (e = te) (Fre = pra) = il JE) #1) = Cy Th )

()

(c) There exists a constant C{2) > 0 such that

max
1<i<N

(d) There exists a constant C3) > 0 such that

Ze'LNF )

Zuzt Flt ,UF1) $1

In N 1
> G2 ) ()

1 &

Th Z (Fl,t - :uF,l)/ ¥1

t=1

max
1<i<N

(e) There exists a constant C{4) > 0 such that

In N 1
> Conf ) = ()
(mN T Z“@t

In N 1
> 0(4) Th ) =0 (m)
Proof of Lemma E-11:

To show part (a), note first that, by definition pp, = £ [F1 ], so that

Ty

_Z Flt_MF1) ¥1
t=1

E [(Fl,t - :uF,l)/ 801} =FE [(Fl,t - :LLF,I),:| vy =0.

Moreover, under the result given in part (a) of Lemma E-6, there exist constants v, > 0 and
by > 0, such that for any s > 0 and for all ¢t € 7Z,

< mf-(2))
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for some constant C > 1. Next, let Z/ = (Fip— /~LF1) ¢y, and let V, = (g, F/,u}) be
as defined in part (b) of Assumption (v). Note that F,, = o (, VAN Zt#> C

Fo=0(nVi0V, ,V,) and FS,,, = o (Z;im, Z;ﬁmH, ZE ) C E2, =
o (Kt v Va1 Vimaas ) Hence, it follows by part (b) of Assumption (v) and Theorem
14.1 of Davidson (1994) that {Zt# } ) is an a-mixing process with « coefficient az# (m) =
sup, « (Fé#fw A +m) satisfying 73cile rate of decay

azs (m) = Sltlpa (-7:}#7007 7% t+m)
< SUPO‘ (ﬁ Fﬁ—m)

< aexp( em?2) for all m > 1

and for some positive constants 7,, a and c. In addition, under Assumption (v), there exists

a constant y € (0, 1) such that

1 1 1
Y Y V2

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merleveéde,
Peligrad, and Rio (2011) are fulfilled. It follows from this inequality that there exist positive
constants C1, Cy, C5, Cy and C5 that depend on a, bs, ¢, v, and 7, such that for, any s > 0,

(| )

Th
Ty,
= P(Z Flt MF1 301 23Th>
1
Ty, (sTh)” (sT,) "
} exp {_02 (1+T,C5) } exp {_ CyT), P Cs (In sTj,)”

In N
S—CA I}
h

By choosing C'a to be large enough, we can obtain the following three results, which we will
show in turn:

()

T
Z Flt NFl) Y1 =

< TheXp{

For some C'n > 0, let
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(IT)

exp{ — (T3)° ex —(SThﬁ(lﬂ) =0 L
PY7om TP ey (0 \ Ve
e ol B e rewd S
eXpl ——————— o =exp{ ————— 2 =0 — | .
Cy (1 + ThC;J,) s (Tlh + C3> N2
To show result (I), first write

T,) CL. . (InN\?2 C
N2T,, exp{—%} = N?T}, exp {—F?Th7 (I;—h> = N2T}, exp {_F?T}? (lnN)%}

(I11)

Taking the log transformation, we have

STh)’Y
Ch

Ch 2
In {N2Thexp{_< }} :21nN+1nTh—7ATh2 (lnN)%
1

Now, by assumption, (In N )%71 =0(T), where

N 1% U0
: Y1+ 27

Since, given Assumption (v), we have

Y172 > V172 — 5, > 0;

1>v= =
Y1+ V2 Y1+ 27

it follows that (In NV )%71 = o (T') implies that (In N )%71 = o (T'). Moreover, since

InT;

ln—hw — 0 (given that v > 0)

T2 (InN)2
and since

o ol 3 2
2(In N)'~# T\? ((InN)""\’ InN)- !
% = 2 (—> & — 0 [ given that & — 0 and
T? Ty T T
. T . . o
given that — = —— — 1 as T" — oo since h is a fixed finite integer | ,
T, T-—h
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we see that N
2InN +1n7, 2(InN)'"2 InTy,

T? (In N)? T2 T2 (In N)?

which, in turn, implies that

v 7
NQTheXp{—%} = exp{21nN+lnTh—7?T,? (lnN)%}

CX 1 o 2In N +1InT,
— exp{ ——=T7 (InN)? 1_%111—+111h

Cy CA T? (InN)?
= o(l)

It follows that

T { - L {-UT0) o (LY o0y (L),

Next, to show result (IT), note that

2 (sTp)? (7))
N*exp {_ C,T,, oXP {m}}

2
T2 In N Tt /I
= N?exp{ ——=% (C’A n_) exp ( )
Cul T Cs (m [ThCA
y(A—v)
C? T, 2 C’7
= N?exp{ ——= (InN)exp i 1(
Cy Cs (lnTh—i—lnCA—i- lnlnN lnTh
C2 TW(lz_W C’Y(l*’Y) (ln ]\/')7
= N?exp{ —= (InN) exp f 2 - =
Cy Cs (ElnTh—l—lnCAqLilnlnN)
ol €5e) y(d—y
o2 7T ) Ny
= exp{ —InN [—exp : T 5 | —2
Cy Cs (ilnTthlnC’A—f—anlnN)
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This, in turn, implies that

(T3)° (sT) L e (sT)? (sT5)" "
exp{— Culh exp{m}} = m]\f exp{— Culh exp{m

Turning our attention now to showing result (III), we first write

2
272 T2 NV
N2 L) N G N2 ——h O ==
P { Co (1 + ThCs) } CPY T ATy \ AV T

C3ilnN

= NQQXP ——02 (TLh_i_Cg)

Taking log transformation of the right-hand side, we get

) C3iInN C3iInN
In [Nexp{ ———F—m— = 2InN - ——WMW—
s (%ﬁ%) Cy (%ﬁ@)
2

21n N Ca In N 1+C’*11 -
= n —_ e
CyC5 5T

Now, let Ca be a positive constant such that C% > 2C; (1 + C3), and set

CA
Cr = — 2.
CyC4
Note that, by this choice of C'x and C*, we have
205 (1 + C3) 2
Cr>—— = -2=—>0
CyC5 Cs
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It, thus, follows that

) 2T2
N
eXp{ Cy(1+T),C3) +Th03

) C'anN
= N%exp
+03
1 -1
— eXp{(?lnN[l—i—Cgl } e lnN) [1+031TJ }
1 -1
= eXp{(?lnN{l—i-Cng}—[C*+2]1nN> [1+C’31T] }
= e N |20 = —c*| ) 10— B
= expq (In 5T 5T
2 1

* — 1 -
= exp{—C lnN{l CCSTh] [1—1—03 Th] }

. 1 177! _ 2 C52
< exp{—C lnN[l TJ [1—1—03 TJ }(smceoc 2Cs 1)

= o(1)

This, in turn, implies that

s*T7 1 N2 s*T7 1
XPR —————————— XPS——=——=~¢=0| — |-
TPV (1 10y N2 )Y PTG ATy T 0\

which shows result (III).
Combining the results given in (I)-(III) above, we obtain
1

In N

P ( T, Z (Flt /vLF,1) 1| = Ca T, )
(sTp)” (sTp)? (sTp)" s2T2
< — — R S
- Th exp { Cl + oXp O4Th oXp 05 (111 sTh)V * xPp 02 (1 + ThC3>
B LN (AN (2
- 9\Nz) T\ W) T\ N2
1

= 0 m .

To show part (b), note first that, if we let ¢ = (0}, h)" where @, = 0; it is easy to see
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that we can rewrite

Th

1 / A
Th Z <€;7NF (Ft — pp) (Fl,t - MF,l) - €;7NF>\71 Al ) ¥1

t=1

Ty,
1
- ?hzeé’NF (Fe = pp) ((Fuo = pa)” (For = pr)” ) ( %1 >
t=1

¢ ( Iy Ty ) (Al/\/ﬁl,l 0 > < #1 )
o Arg 0 Az/\/ A1 0

Th
1
= 7 Z ¢i T (B = up) (Fy = pp) @ = €h T (A/ A1) ¢

~

Th
1
= T, Z e;,NF (Fy = pp) (Fy — pp)
t=1

1 Th 1 Th A
_GQ,NF?’Z z:: E [(Ft - NF) (Ft - NF)'] @ (since ﬁ tz:; E [(Ft _ NF) (Ft i NF)I] _ i)

1 , , .
T ZG;’NF {(Ft — tr) (Fl’t - 'uF,l) - B [(Ft — Hp) (Fl,t - NF,l) } } ¢y (since py = 0)

from which it follows that the elements of the sum given above all have expectation equal
to zero, i.e.,

E [e;,Nr {(Ft — iip) (Fl,t - :uF,l) - B [(Ft — Iip) (FM - :“F,l)/} } 901]

= GQ,NF {E [(Ft — ip) (Fl,t - MF,l) } E [(Ft — Iip) (Flvt - “Rl)l] } #1
= 0 for all 7 and t¢.

/
/

Next, let vy, 75, and vy be positive constants as defined in Assumption (v). Note that, by
part (b) of Lemma E-6, there exists a positive constant C' > exp {1} such that, for any s > 0,
for all integer i such that 1 <¢ < N, and for all t € Z

2 - senfe- ()} st )}

where 7 = 7,/2 > 0 and b > (1+1n 2)%1 5; > 0 and where by is also a positive constant
which has been previously defined in Lemma E-6. Next, let v, = 7175/ (71 + 273), so that

e;,NF (Fy — pp) (Fl,t - ,UF,1)/ ¥1

1 + 2 2 1 1 1
1 _m+2p 2 1 1.1
Vs Y172 Y1 Ve T
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Now, the relationship between the positive constants 7, 75, and « as specified in Assumption
(v) implies that
Y172 Y172
0<7y, = < =v<1
Y1+272 Nt

so that, in particular, v, € (0,1). In addition, let ZZ‘; =

T {(Fi = pp) (Fuy = ) = B |(Fy = i) (Fuo = )| o1, and let V, = (e, )
be as defined in part (b) of Assumption (v). Note that F,, . =0 (...., ZZ‘;_Z, Z:ﬁ_l, ZZ‘;) C
Flo=0(wnVy 5V, V,) and Zhitem = O (ZZ§+m’Z£+m+1>ZZ§+m+2’ w) CFS, =
0 (Vi Virmatr Vigmais: ). Hence, it follows by part (b) of Assumption (v) and Theorem
14.1 of Davidson (1994) that {ZZ‘;} 17, 18 an a-mixing process with a coefficient oz ; (m) =

sup, « (F

7% i oo F st +m) satisfying the rate of decay

_ t 00
Qz% ; (m) = Supa(‘/c.Z%,ifm’ Z%,it+m>
t
(oe)
< supa (F o, F3,)
t

< aexp(—em™) for all m > 1, for all 4,

and for some positive constants 7,, a and c.

Hence, all the assumptions needed to apply the Bernstein inequality given in Lemma C-1
are fulfilled. Making use of this Bernstein inequality then implies that there exist positive
constants C, Cy, Cs,Cy and C5 depending on a, b, ¢, , v,, and 7, such that, for any s > 0
and for all integer 7 with 1 <7 < N,

1 & A
P||= e N (Fy = pip) (Fiy — i) — € yTan—== | @1 > s
Th;( N ( t F)( it F,l) JN& A, \/E 1

_p Tihzegle—w {(Ft _ ,LLF) (Fl,t — MF,l), - F [(Ft - ,UF) (Fl,t - IUF,I)/] } Y1

> 8)
Z Th8>

(sTy) " 2T (sTh)2 (sTh)V*(lﬂ*)
< — " "h —
- Th P { Cl + *xp CQ (1 + ThC?,) + exp C4Th P 05 (hl STh Tx

= P ie;,NF {(Ft — pip) (Fre — UF,I), — K [(Ft — pip) (Fui — “F,l)l] } 1

t=1
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Using Bonferroni’s inequality, we further obtain

Ty

1 ' A
P max |— Z (6;NF (Fy = pip) (Fl,t - NFl) — e v == > 1] 2 5)
<1<Z<N 1 =1 VAL
N max P (

h
Th / /
1SN ; GQ,NF {(Ft — r) (Fl,t - MF,l) - K [(Ft — Ur) (Fl,t - MF,l) } } #1

(sTp) ™ s*T?
NTy, exp { o + N exp G (LT Th05)

- (STh)2 (STh)W*(l—V*)
N P { C4Th P 05 (111 STh)v*

Now, for some C(;y > 0, let
In N
s=C —_—
A\ T,

By choosing C(y) to be large enough, we can obtain the following three results, which we will
show in turn:

0 7
(STh)’y* C 1) 2 Tk 1
NTheXp{—T1 = NT}, exp —CLl)Th (InN)2 > =0 ~2 )

(sTh)2 (sTh)W*(l_W*) B 1
Nexp {_ CiTy O {05 (In[sT3]) " }} - (ﬁ)

Nexp{——h}:]\fexp —— :0(—>.
Cy (1 + ThC3> Ch (TL,L + 03) N2

To show result (I), first write

)™ ofx In N\ %
N3Thexp{—(sc}f) } = N?’Thexp{—%T,?* (_n ) }
1 h

IN

> 3Th>

IN

(I1)

(I11)
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Taking the log transformation, we have

Y«

T Y C Vs "
In {N?’Thexp{_(S h) }} :31nN+lnTh—%Th2 (lnN)%
1 1
Given that
lnTh .
= — — 0 (since v, > 0)
7,2 InN)?

and given that

3(111]\121—”—; _ 3(£>%* (In N)7 THO
ThT Th T

1 N V%
(given that % — 0 by assumption and
. T . i o
given that — = —— — 1 as T" — oo since h is a fixed finite integer
T, T —h
we see that .
311N+1nz:h _ 3(1n]\2 2 N 7_*lnTh _ 0
T,> (InN)= T,? T7,> (InN)=2
which, in turn, implies that
T e C’Y* Y Vi
N3T}, exp _T)™ = exp Z’)lnN—l—lnTh—ﬁTh2 (InN)>
01 CI
Clt x T C; 3InN +1InT,
= exp{—C%)Th2 (InN)=2 |1— 71 ?_ i n%*h

0(1) T, (InN)

It follows that

NTj, exp {—%} = %N?’Thexp {—%} =0 (%) o(l)=o0 (%) .
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Next, to show result (II), note that

2 7.(1 In N V(1770 )
T2 In N L, (C v\ T )
O(l) exXp

= N3exp{ — —
{ CyTy, Th Cs <1n |:ThC(1) /InN s D
«(1— * e
0(21) T}: 3 CN* (1=74) (ln N)'Y (2 )
= N3exp{ ——~ (InN)exp - =
4 Cs (lnTh—HnC’l)+§lnlnN—§lnTh)
Y (1=74) Y (A=74)
02 T 2 C’Y*(1*7*) In N 3
= N3exp —ﬂ(lnN)exp r @) ( ) =
Cy Cs (%lnTh—i—lnC(l)—l—%lnlnN) y
Ve (1—7y) Ve (I—vy)
0(2) T, * CV* ) (InN)™ 2
= exp{ —InN [——exp 1 y | —3
Cy Cs (ilnTh—FlnC(l ElnlnN) *
= o(1)
This, in turn, implies that
(STh)2 (STh)V*(I*V*)
N — \oTh)
P { CiT, P\ Cs (m[sTh))
1 (STh)2 (STh)’Y*(lfﬁ’*)
= ([— | N? — B Sl
<N2) P { CiTy, P Cs (I [sTh)) ™
1 1
= 0(5) oo ()
Turning our attention now to showing result (III), we first write
s2T? In N
N3 - h C -
P { Cy(1+ Thcg)} N exp { 1+ Thcg) < A )
Cz In N
= N3exp
=+ 03)
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Taking log transformation of the right-hand side, we get

C'(zl) In N C(zl) In N
In [N¥exp{ —————— = 3InN - ———
Cy (£ +Cs) Gy (£ +Cs)
02 1 -1
= 3InN — InN |1
31n 0203 l +C5 Th]

Now, let C(y) be a positive constant such that C%, > 3C5 (1 + C3), and set

1)

02
x 1)
Cr = - 3.

CyC5

Note that, by this choice of C(;y and C*, we have
3Cy (14 Cs) 3
Cr>——>-3=—>0
NG G~

It, thus, follows that

5 2T2
N
eXp{ Cy (1 + TCs) +Th(13

lnN
= N3exp
+C'3
= exp{<3ln]\7 {1+C’3— Th:| e 1)

31nN 1—|—C_

= exp

—C*In 1——} {1+C§1

435

~In N) {Hcgl%h]l}

1 —1
—[C* +3]In ){1+O3—1T} }
h
1 —1
—__ * -1
lnN 303 T CD {1+C3 Th] }

\

\ |
_ exp{ —C"In cfchih] {HC;TH 1}

|




This, in turn, implies that

sT? B 1 3 sT?
NeXp{ 02(1+Th(]3)} - (Nz)NeXp{ Co (1 + T1,Cs)

1 1
=0 (m) o(l)= (m)
which shows result (I1I)

Combining the results given in (I)-(III) above, we obtain

1 & A n N
el ! _ _ T =1 el
P (1125?}\[ T, tz:; (%’,NF (F} — pip) (Fl,t ,UF,1) ez,NF)\,l ALl) 01| > Cry T, )
1 &
! !
< N@%’Z‘VP ( fh ;QQ,NF {(Ft — [ip) (Fl,t - /~LF,1) - B [(Ft — [ip) (Fl,t - /~LF,1) ] } ¥1
In N
> -
2 Con/ 77 )
(sTp) ™ } { s2T? }
< NT, ——— 3+ N —_
= heXp{ C, PTG 01 IOy

B (sTh)2 (STh)v*(I*V*)
i eXp{ CuTy P G5 (InsTy)

which shows the desired result for part (b).
To show part (c), first note that, by part (a) of Assumption (ii),

E [uit (FM — /VLFJ),(pI] =F [uit (FM — /VLFJ),] p; = 0 for all ¢ and ¢.

Next, note that by part (c) of Lemma E-6, there exist constants v, > 0 and b>0and a
positive constant C' > exp {1} such that, Vs > 0, for all integer i with 1 < ¢ < N, and for

(s ol= ) sl (3} oenl- ()}

where r = 7, /2 > 0. Moreover, let v, = 7,75/ (71 + 275), so that

S »

Ut (Fl,t - MF,l), ¥1

Vs V172 Y1 T2 T T2

1 _m+2p_2 11 1
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Now, the relationship between the positive constants 7, 75, and « as specified in Assumption
(v) implies that

0<n, = Y172 < Y172 — <1

Y+27% it

so that, in particular, v, € (0,1). In addition, let Vﬁ = U (Fl,t—um)'gpl, and let
V, = (e, F},u})’ be as defined in part (b) of Assumption (v). Note that Fi,. _ =

o <7 V;ﬁim V;ﬁil, Vﬁ) CF =0 (~-~~,KH,KH,L) and r—— (‘/;ﬁirm? V;ﬁ;erla Vijtrm+2>
Fom =0 Vi Vi1, Yiiman, ). Hence, it follows by part (b) of Assumption (v) and

Theorem 14.1 of Davidson (1994) that {Vl’f} is an a-mixing process with a coefficient
T Jtez

ay#,; (m) = sup, a <F€/# o % +m> satisfying the rate of decay

Qy#; (m) = sgpa (ﬁ/ﬂ—oov 130#,1‘ t+m)
< supa (E o, E35)
t
< aexp(—em™) for all m > 1, for all i,

and for some positive constants 7,, a and c.

Hence, all the assumptions needed to apply the Bernstein inequality given in Merlevede,
Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of this
Bernstein inequality then implies that there exist positive constants C4, Cs, C3, Cy and Cj
depending on a, b, ¢, 7,, and 7, such that, for any s > 0 and for all integer i with 1 < i < N,

1 & ,

P ( T Zuit (Fl,t - ,UF,l) ©1| 2 3)
h =
Ty

P ( Zuit (Fl,t - :uF,l)/ w1 = Th3>

t=1
(STh>’Y* ssz (sTh)2 (sTh)V*(lﬂ*)
< — " "h —
- Th exp { Cl + eXP CQ (1 + ThC?,) + eXP C4Th eXP 05 (hl ST}J%‘
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Using Bonferroni’s inequality, we further obtain

max
1<i<N

NmaxP(

Zuzt Flt - :uFl)

1=)

1
T, Zuit (Fl,t — #F,l)/% > S)
t=1
(STh)v* (STh)2 (STh)v*(l—v*)
NT; —_ N — B
h XD { 4 AN exp CyT}, oxp Cs (In sTh)V*

22
N - " "h
* eXp{ 02(1+Th03)}

For some C(z) > 0, let
In N
s=C
e\ T

By choosing Cy) to be large enough, we can obtain the following three results, which we will
show in turn:

0 7
(ST )’Y* 02* 'VT* Y 1
NTheXp{_Thl = NT}, exp —CLlTh (InN)2 > =0 ~2 )

(sTh)2 (sTh)W*(l_W*) B 1
Nexp {_ CiTy O {05 (In[sT3]) " }} - (ﬁ)

Nexp{_—h} _Newp{-—2" 4 _o <_) .
CQ (1 + ThC?)) 02 (T_h —|— 03)

IN

1<i<N

IN

(I1)

(I11)

To show result (I), first write

Tp)" Cly In N\ %
NPT _(sTh — N°T _ @
h €Xp { C, h €XP c, " Th

= N3Thexp{—c T; (lnN)%}
Ch
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Taking the log transformation, we have

Y«

T Y C s *
In | N3T}, exp —<S ) :31HN+1nTh—ﬁTh2 (lmN)WT
01 C’1
Since T
W_*n—hw* — 0 (given that -, > 0)
7,7 (InN)=z
and since
1— 2% hES 2 1 VT*
e am) (M)
ThT Th T
In )7 !
(given that, by assumption, (In ) — 0
T T
given that — = —— — 1 as T' — oo since h is a fixed finite integer |,
T, T-—h
we see that .
311N+1n3:h _ 3(1n]\2 2 N hlnTh _ 0
7,7 (InN)=2 T,? 7> (InN)=2

which, in turn, implies that

Sk

)" CN* Te
N3T), exp _GT) = exp3InN+InT) — T2 (InN)2
01 C’1

Cl 3111N—|—111Th
C((73*) T,:T* (lnN)L;

(lnN) 1-—

Il
@
>
i
—N—
|
E
Ch
-
m|4
Sk

It follows that

o {-CBI)  Lyeg {CBIY (L) 0 (L),
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Next, to show result (II), note that
T )2 (STh)”/*(l—”/*)
N3 o (S h \2*h)
P { CiTh P Cs (n[sTh))

(1_’7*) )
*( *) n
T2 m\? (T (CopfBE) T
0(2) exXp

= N3exp{ — —_—
{ CyTy, Ty Cs <1n |:ThC(2M/ T D )
«(1 * e
[ i
= N’expq ——~ (InN)exp - —
4 Cs (lnTh—HnC’g)—i——lnlnN——lnTh)
Ya(1=7s) Y (I=7s) ’Y*)
C? 7, 7 Cx'V (N
= N3exp —ﬁ(lnN)exp hl ( 1)
Cy Cs (glnTh—l—lnC’ 2ln1nN)
Ve (1—7y) v Y (1—=74)
C2, T, 7 Cpt Y (nN)T
= exp{ —InN [—=—exp 1 1 | —3
Cy Cs (ilnTh—FlnC’(g)—kilnlnN) *

= o(1)

This, in turn, implies that
(STh)2 (STth*(lfv*) 5 (STh)2 (SThy*(lfv*)
N - = —N - -
P { CaTn P\ Cs (In[Ths] ) Nz Py T e PP o sT)™

()

Turning our attention now to showing result (III), we first write

272 T2 N

N3 A N QRN . N PO TR et

eXp{ 02<1+Th03)} CPY T \ OV T
0(22) In N

= N3exp —m
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Taking log transformation of the right-hand side, we get

0(22) In N 0(22) In N
In |[N3exp{ ——2—— = 3InN - —————
Cy (£ +Cs) Gy (£ +Cs)
02 1 —1
= 3InN — InN |1
31n 0203 l +Cy Th]

Now, let C(z) be a positive constant such that C%, > 3C5 (1 + C3), and set

)

2
C* = C;gg ~3.
Note that, by this choice of C(3) and C*, we have
c* > W -3= C’% >0
It, thus, follows that
S22
N3eXp{ Co (1+ T,,Cy) }
= Nsexp{ 02 ik }
7 T Cs

31nN 1—|—C_

= exp{<3ln]\7 {1+C’3— Th:| o 2)

= exp

—C*In 1——} {1+C§1
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~In N) {Hcgl%h]l}

1 —1
—[C* +3]In ){1+O3—1T} }
h
111
—__ * -1
lnN 303 T CD {1+C3 Th] }

\

\ |
_ exp{ —C"In cfchih] {HC;TH 1}

|




This, in turn, implies that

s*T? 1 3 T?s? 1
N exp {_02 (1 +ThC3)} (N2> N eXp{_C2(1 +Th03)} —¢ (W) '

which shows result (III).
Combining the results given in (I)-(III) above, we obtain

In N
(112%(\7 Zuzt Flt—,UFl) 1] 2 C) T, )
Th
In N
< N&ljg\fP( Zun F1t—MF1) 1] 2 C) )\/ T )

IN

- (sTh)V* B (sTh)2 (sTh)'y*(lﬂ*)
NTj, exp { C + N exp il exp —05 (o sT, )

§2T2
N 2 "h
+ eXp{ 02(1+Th03)}

RORORE
- (&)

To show part (d), first set C(3) = max {CZ, C’Z}, where C; > 0 is the constant given in
part (a) of Lemma E-9 and where Ca > 0 is the constant given in part (a) of this lemma. It
then follows by part (a) of Lemma E-9 and (a) of this lemma that, for all N and 7" sufficiently
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large,

1 & 1 & In N
P — LT (Fy — — Fii— "o, > —
(1212}]‘:\[ T, ;ez,N ( [r) T, ;( 1t ,UF,l) 1| = Cz) T, >
In N
< ({gg&g}v Zem —1p)| = /O { = } }
Ty
1 1 In N
U F C
{Thtz_;(lt MF,1)<P1_ (3[Th1 })
In N
= (112%}1(\[ ZQNP —HE)| 2 [Th ] >
lnN i . :
+P T Z (Fip— pp1) 1| > /C (by Bonferroni inequality)
h
In N
. (mN Zez B )
1 o In N
+P<ThZ(Fu ura) 1| = VG )
t=1
In N In N InN InN
(since I}—h < {I;—h} given that r}—h = Tn < 1 for all N, T sufficiently large>
< (mN Zem 26 )
Ty
1 / InN
P Fiy— > COay | —
+ (ThZ( 1t ,UF,1) $1| = La T, )

(since 1/C(z) = max {C},Ca})
N2
1

To show part (e), first set Cyy = max {C’%, C%}, where C; > 0 is the constant given in
part (b) of Lemma E-9 and where Cx > 0 is the constant given in part (a) of this lemma.

1 1
- < ) +o < N2) (by part (a) of Lemma E-9 and (a) of this lemma)
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Note that

1 Th In N
/
P{ max [T, Th;(Fl,t—uF,l) 1| > Ol _Th>
Th In N
/
= Pl Thzu” _; (= ma) 0| 2 Gy )
< P

Th Z Uit

5 v 52

1 In N3
2 (=) o1 2 G [57 })

{ max
1<i<N
- {

_ 1
InN |+
< (mN Z“xt =V |7 } )
1 & N
+P(j}LZ(Flt pe1) @1 = /Ca [ } )
t=1
(by Bonferroni inequahty)
In N
<
- (mN Zult 2 VG )
1 ¢ In N
+P ( ThZ(Flt MF1) 1| > /C >
t=1
MmN [N mN N
(since I}—h < lr;—h} given that r}—h = Tn_ ; < 1 for all N, T sufficiently large>
Ty T,
1 In N 1 In N
< P(fil%}](v —h;%t > C; T)"’P(Th;(ﬂvt_#m) 1| =2 Ca Th)

(since Cl4) = max {Cf, CZ} implies that \/C4) > C; and /C4) > CA) .

It then follows, by part (a) of this lemma and (b) of Lemma E-9, that for all N and T
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sufficiently large,

P 1 i 1 i (F Vol > N
max |— U; R _ >
1<i<N | T}, o t T, £ Lt — HE1) #1 (4) _Th
Th Th
1 In N 1 ' In N

Lemma E-12: Suppose that Assumption S2-1 holds under Scenario 2, where k = K. Let
Ty, =T —h, where h > 1 is a (fixed) finite integer; and suppose in addition that Assumptions

(i), (ii), (iv), and (v) hold. Furthermore, suppose that (In N )%_1 =0 (T), where

Y172

0<y, =——"—
! Y1+ 27

and where v, and 7, are positive constants as defined in Assumption (v). Under these
conditions, the following statements are true:

(a) There exists a constant C'x > 0 such that

‘

(b) There exists a constant C(1) > 0 such that

1 &

/
EZ(Ft—MF) Pl =

t=1

Th

1 A
P (115%}1(V T Z <€;,NF (Fy — pp) (Fy — NF), - EQ,NFA;> | >

)

(c) There exists a constant C{2) > 0 such that

1 &
!
ﬁ;u“ (Fy — pp) @

In N 1
- C@v?h) ~()

P | max
1<i<N
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(d) There exists a constant C(3) > 0 such that

Th

1
ThZ(Ft_,uF)/QO >

t=1

1 &
!
Th ; ei,NF (Fs — pp)

P | max
1<i<N

(e) There exists a constant C4) > 0 such that

Th

1
ﬁ Zuit

t=1

1 &

EZ(E—MF)'QO

t=1

In N 1
- C<4>vTh> -o(w)

Proof of Lemma E-12: The results given in parts (a)-(e) of this lemma can be shown
using essentially the same argument as that given, respectively, in the proof of parts (a)-(e)
of Lemma E-11, except that we apply Assumption S2-1 instead of Assumption S1-1 and also
apply parts (a)-(c) of Lemma E-7 instead of parts (a)-(c) of Lemma E-6. In addition, we
need to change the notations used in the proof of Lemma E-11 by setting

P | max
1<i<N

/{:Ka Fl,t:BJ :uF,l = Up, F/\,l :Fka 1 =¥, andAl :Aa

since, under Scenario 2 considered here, all available factors are relevant for the purpose of
forecasting and there is no reason to partition F; = (Fy,, F2’7t)/, My = (/L’F,l,u’F’z)/, ' =

(Tax Taz ), o= (¢}, ¢h)’, and
_ (A O
A‘( 0 A2>'D

Lemma E-13: Let 7, = T — h, where h > 1 is a (fixed) finite integer. Suppose that
2
Assumptions (i), (iii), (iv), and (v) hold and suppose that (In N)7~ " = o (T'), where

Y172

— <1
Y1+ 27

0<7,=

and where v, and 7, are positive constants as defined in Assumption (v). Under these
conditions, the following statements are true as N, T — oc:

In N 1
- C@VT) ~o()

(a) There exists a constant C(5) > 0 such that

Ty

1
E ; eg,NF (Fy — pop) €etn

P | max
1<i<N
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(b) There exists a constant C, > 0 such that

In N
P<|§Th|20v Th> :P<

(c) There exists a constant C{g) > 0 such that

In N 1
P (112-% Zuztmh > Ce)\) T, ) =0 (W)

(d) There exists a constant C(7) > 0 such that

T,
_ In N _ 1 &
(f?%v Zez N (Fs = pp)| B, | 2 Ciayy f Th> , where &g, = 7 ;€t+h
(e) There exists a constant C(g) > 0 such that
In N
P (max ‘UZ Th‘ |€Th| > C(g —)

1<i<N T
In N
> () —
= “(8) T, )

1 &
Thzuzt ?htzzl:gwh

= (max
1<i<N
1

- o\w

Proof of Lemma E-13:
To show part (a), first note that, by Assumption (iii),

E e; U (Fy — pp) €ren) = €, NTE[(Fy — pp) €140) = 0 for all ¢ and ¢.

Next, note that by part (e) of Lemma E-8, there exist constants 7; > 0 and b >0 and a
positive constant C' > exp {1} such that Vs > 0, for all integer ¢ with 1 <+i < N, and for all

tez,

V)

P (|e; 5T (Fy = pp) €0n| > 5) < eXp{l B (%)} SUeXp{_ (3)}

where r = 7, /2 > 0. Moreover, let v, = 7,75/ (71 + 275), so that

1 _m+2p_2 1 1 1

Vs Y172 Y1 Ve T 9
447



Now, the relationship between the positive constants 7, 75, and « as specified in Assumption
(v) implies that - -
U TS ey, Sy,

which, in turn, implies that v, € (0,1). In addition, let 7 = ¢ 4+ h, and we can rewrite
& N (Fy — pip) €r4n = € 50 (Fropy — pp) e, = W, . Next, let V, = (g, F{,u;)" be as defined
in part (b) of Assumption (v), and note that Fj,, o = o (... W, 5 W, | W, ) C
£tj£ = 0 (e Visn—2, Vign—1, Vin) and FWirim = 0O (wi,f+m;wi,7—+m+17wiﬂ-+m+27 ) C
Fim=0 (Kt+m7zt+m+1>zt+m+2a ) Hence, given that h > 1 is a fixed (finite) integer, it
follows by part (b) of Assumption (v) and Theorem 14.1 of Davidson (1994) that {W, .} _,

is an o-mixing process with a coefficient given by aw, ; (m) = sup, & (Fiy i _cor Fovirom)-

To analyze the rate of decay of ayy ; (m), we first consider the case where m > h + 1. In
this case, note that

aw, i (m)
= Supa (fﬂ,i,fow —E,i,Ter)
< suwpa (F50 FY,)
t
< aexp{—c(m — h)"} for all integers m > h + 1 and for all

(by part (b) of Assumption 4-3)

h Y2
= aexp {—cm72 (1 — —) }
m

T2
< aexp {—crrfY2 (1 - %) } (since m > h+1)

1 Y2
= aexp {—crrﬂ2 (—) }
h+1

1 T2
a exp {—c#mvz} where ¢ = ¢ (—) > 0 given that h is a finite positive intddet)

IN

h+1

Next, consider the case where m < h. In this case, we have

S‘ip & (EW i,—00) —E,in’-i—m)

1

exp {c#m”’2 } exp {—c#mh}
exp {C# h“} exp {—C#m72 }

a.exp {—cm} (175)

aw, i (m)

Y,

IN

IA

where a, = exp{c#hﬁ} > 0 since ¢ > 0 and h > 1. Moreover, note that a, =
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exp {¢#h72} < oo since h < oo and since

“ 1 72
= P <
C C<h 1> (0.@)

Let a# = max {a, a,}, and it follows by combining expressions (174) and (?7) that
aw, ; (m) < a” exp {—c#m”’z} for all m > 1 and for all s.

Therefore, all the assumptions needed to apply the Bernstein inequality given in Mer-
levede, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of
this Bernstein inequality then implies that there exist positive constants C7, Cs, C3, Cy and
Cs depending on a#, b, ¢#, ~,, and +, such that for any s > 0 and for all integer i with

1<i<N,
ZS>

h
= P ( ZG;,NF (Fy — pp) Even| = ThS)
t=1

(sTh)™ §2T7 (sT3)° (sT}) ()
< T — - " h _
= e { Cy +exp Cy (1 + T,C5) +exp CiT;, oXP Cs (In sTj,) ™

Using Bonferroni’s inequality, we further obtain

Th
1
P ( T Z einL (Fy = pip) Eeen
h =1
0y

Th
1 /
P (ggggg T ;ei,NF (Fy = pip) €e4n| > s)
T
< NlrgnizgvP ( t_zle;NF (Fy — pp) €tan| > Ths>
< (STh)'Y*

NT LN T
Xp < — XP ————————
h XD c, B A FIR WA

(STh)2 (STh)%(l—’Y*)
FNexpl — i) T
P { 04 I h P 05 (11’1 s h)’y*

/In N
820(5) Th

By choosing Cs) to be large enough, we can obtain the following three results, which we will
show in turn:

For some C5) > 0, let
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Ch

(sTh)2 (sTh)W*(l_W*) B
Nexp {— C4Th exXp {W}} =0

22 C%2, InN
Nexp{ L}:Nexp L}()(i)
3

T )7 Of Y Vs 1
Nﬂﬁ@{}glﬁ—}zﬁﬂkwp{—iiTzOnNP':zoc—y.

(I11)

o (14 T,,C5)

To show result (I), first write

T,) Cls InN\*?
N3Th exp —M = N3Th exp _ﬁThV* v
Cl Ol h

Taking the log transformation, we have

T T C”y* D x
In | N*T}, exp _GT)" :31nN—}—lnTh—ﬂTh2 (InN)™=
Cl CYl
Since T
— D oh — — 0 (given that v, > 0)
T,> (InN)=
and since
D% ok 2 Le
InN)'" % T\7 ((InN)7 "\ "
3Ny * 72 = 3(—) T — 0
ThT Th T
(In N)>- !
<given that, by assumption, HT — 0 and given
T T : : o
that — = —— — 1 as T' — oo since h is a fixed finite integer | ,
T, T —h
we see that .
3InN+In7, 3(InN) =2 InT;
?_*+nv*h: (n'Y_z + ’Y_*nhw_>0
7,2 (InN)=2 T,? 7,2 (InN)=2
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which, in turn, implies that

T)" C%‘ Te
N?’Thexp{—M} = exp{3lnN+lnT T2 (In N) }

Sk

Cl CI

Cl 3111N—|—111Th

1 - Dx %
Ci TF (InN)%

Th (InN)2

Il
@
>
e
—N—
|
=
Eh
ol
Sk

It follows that

NT}, exp {— (87;11)% } SN exp{ “2’,‘3% } —0 (%) o(1) =0 (%) .

Next, to show result (II), note that
T )2 (STh)%(I*W*)
N3 . (S h
P { CiTy P\ Cs (In [sT3])™

2 L(1=7,) R LA
T2 N 10 (Gl 52
Coy\/—— | exp

= N3exp{ — 5
) = (e
P (1=7x) _ Y (1=7x)
oy T, T Ot Ny
= N?exp (In N)exp - - =
Cy Cs (lnTh+lnC(5)+§lnlnN—§lnTh) *
02 T"/*(lg"/*) C'Y*(l_’Y*) (ln N) ’Y*(l;’Y*)
_ 3 (5) h (5)
= N’exp (In N) exp - - =
04 Cs (§lnTh+lnC(5)+§lnlnN) *
9 ’7*(12_’7*) 'Y*( 'y*(l ™)
= exp InN | ——exp T o 3
Cy Cs (ElnTh—l—lnC@)—l—ElnlnN)
= o(1)

This, in turn, implies that

_<5Th)2 (5Th)7*(1_y*) 1 _(sTh)2 (sTh)”*(l_”*)
Nexp{ oy P\ G [ T MY P\ T am O G T
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Turning our attention now to showing result (IIT), we first write

2

272 T2 NV
N3 Ly N QR N . S e -
P { Co (1 + ThCs) } TPy T ATy \ OV T,

0(25) In N

= N3exp —m

Taking log transformation of the right-hand side, we get

0(25) In N 0(25) In N
In |Nexpd —— &~ _ = 3N —B "~
C, (Tthng) C, (Tih+03>
02 1 —1
(5) -1
= 3InN—-————IN|1+C;" —
TGt [+ 3 Th]

2V3

Now, let C(5) be a positive constant such that 0(25) > 3C5 (1 + Cj), and set

o _,

C oY

Note that, by this choice of U5y and C*, we have

3C:(14Cy) 3

&> =7 Cs
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It, thus, follows that

5 2T2
N
eXp{ Cy(1+T),C3) }
C’2 In N
N3 exp
—1—03

-1

1 5) 1

exp{(i’)lanl—i—C’3 Th] X6 31 N) [1—}—03 Th] }
-1

exp{(SlnN[l—i—Cng} —[C'*—i—?)]lnN) [1+C311{] }
e N (30512 — | ) |1+ 5t h
Xp n 8 T, 3 T,

3 1

* — 1 -
exp{—C’ In N {1 o CSTh] [1—}—03 Th] }

‘ 1 R 0 e O T e
exp{—C In N [I_TJ [1—1—03 ITJ }(smce o Cs 3(3}3 1)

o(1)

This, in turn, implies that

$2T? 1 T?2s2 1
Nexpdo—2th L (2 Y Ndepd o 0% L ()
exp{ 02(1+Th03)} (N2> eXp{ 02(1+Th03)} O(Nz)

which shows result (III).
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Combining the results given in (I)-(III) above, we obtain

In N
> 0(5) T, )

In N
> Cs) Th)

Z €, NU(Fy = pip) €y

P max
1<i<N

1
N P |+
max ( T

1<i<N h

Th

Z efi,NP (Fy — pp) Etn

t=1
(STh)V* (STh)2 (STh)v*(I*V*)
NT; _ N —_ -—
heXp{ 4 AN exp CiT, oxp Cs (lnsTh)V*
82T2
N - "h
+ eXp{ 02(1+Th(}3)}
1 1 1
= e +o e +o N2
1
= 0 ﬁ .

To show part (b), note that, given that h is a fixed finite integer, we can let 7 =t + h
and, without loss of generality, write £, = £,. Now, by Assumption (iii), E [¢,] = 0 for all
T € 7Z. Moreover, by part (a) of Assumption (v), there exist positive constants v, and b
such that, for any s > 0 ,

s\ o s\

sup P (le;] > s) < exp{l — < > } < Cexp{— <—> },

TEL bl bl
where C is a positive constant such that C' > exp {1}. Next, let V. = (., F’,u.)" be as
defined in part (b) of Assumption (v), and note that . =0 (....,67-2,6;-1,6;) CE =
o ( ,ZFQ,ZT%,KT) and
fgo7_+m g (€T+m> Erdtm—+1, Ertm+2, --- ) - Fij—m =0 (KT+m7KT+m+17KT+m+27 ) It follows
by part (b) of Assumption (v) and Theorem 14.1 of Davidson (1994) that {44 },c;, = {e-}
is an a-mixing process with a coefficient satisfying the rate of decay

IN

IN

TEZL

Qe (m) = Supa (:FZ ‘/,Tgo‘r+m)
< supa (.7-_T Fﬁm)
< aexp(—em™?) for any m > 1,

and for some positive constants 7,, a and c¢. Furthermore, under Assumption (v), there
exists a constant v € (0,1) such that

11 1
Y '71 72
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Thefore, all the assumptions needed to obtain the Bernstein-type inequality given in
Merlevede, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Applying
this Bernstein-type inequality then implies that there exist constants C}, Cs, C3, Cy and Cj
depending on a, by, ¢, v,and 7, such that, for any s > 0,

P(fen,| = s)

< Thex — <8Th)’y + ex —ﬂ + ex - (STh)2 exX <8Th)7(17’y)
- h p 01 P Cg (1 + Tth) P C4Th P 05 (1Il STh)'y ’

For some Cg, > 0, let

In N
=Cot| ——-
By choosing C, to be large enough, we can obtain the following three results, which we will
show in turn:

(D

Y C7
T}, exp {_(Sg?) } =T, exp {_FTT]? (lnN)%} =0 (%) .

exp | — (T3)° ex —(SThW(l_w =0 L
PY e, PP s (st N?
T2 } C2In N ( 1 )
eXpy ————————p=expl ————— > =0 | — | .
p{ G2 (1+TiCs) 1 o (T%L + C3> v
To show result (I), first write

)" Cl__ (IN\?2 cl
N2T,, exp{—(sc};) } = N?T}, exp {—FTTJ (I;—h> = N2T}, exp {_FYT}? (lnN)%}

(IT)

(I11)

Taking the log transformation, we have

STh>’Y
Ch

C’Y X o4
=2InN+InT}, — =271 (InN)?

In [N2Th exp {— ( C,
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Now, by assumption, (In N )%71 =0 (T), where

N, = Y172
o+ 27,
Since, given Assumption (v),
0<n, = Y172 < Y172 — <1

M+27% it

it follows that (In NV )%71 = o (T') implies that (In N )%71 = o (T'). Moreover, since

In T,

lnihv — 0 (given that v > 0)

T2 (InN)z
and since

o 3 2
2(InN)' 2 T\? ((mN)')? InN)> !
# = 2 (—) & — 0 [ given that & — 0 and
T? Th T T
) T T . . o
given that — = —— — 1 as T" — oo since h is a fixed finite integer | ,
T, T-—h

we see that

2InN +InT, 2(InN)'"2 In T},
ol 5 1 +— 3
T2 (InN)z 1) T2 (InN)z

which, in turn, implies that

— 0,

1) C? 3
NQTheXp{—(SCZ) } = exp{ZlnN—l—lnT _FTT}?(IDN)E}

X
2

”
= exp —&T (lnN)%
Cyh

= o(1)

ﬁ2lnN+lnTh

1 - ol
C, T2 (InN)?

It further follows that

T exp {—(Sg’;)w} - %]\PT,] exp {— (Sg’;)w} —~0 (%) o(l)=o (%) .
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Next, to show result (II), note that

T;)* (s
N2 _(S h
eXp{ C4Th =P 05 In STh

(1— Y(1=7)
lnN e (CVETS

C4Th Cs (In | Tth\/7 DW

{ 2 n 10 (1n Ny

= ——2(InN)
Newp =g nN)ew | = (a7 InC +11n1nN—%1nTh)”
yd—v) n,
c? T, 7 ) (N
= N?exp —7 (In N) exp : 5
4 Cs (21nTh+lnCv+5lnlnN)
T}:(lzﬂ) C%(l—v) (In V) il ol
= exp{ —InN | =Lexp T T 5 | —2
04 Cs (ilnTh—FlnC’v—f—alnlnN)

= o(1)

This, in turn, implies that

T [ 6T N (L e [ 6T f (T
xp {_ cﬁg P {05 (1?1 [Ths]w}} - (ﬁ) N exp {_ 04%1 eXp{c5 (1,;1 [STh])”

Turning our attention now to showing result (III), we first write

2
T2 T? In N
N2 L) N G N2 - Th -
eXp{ 02(1+Th03)} eXp{ Co (1 + T1Cy) (OV Th) }
C’% In N
Cy (Tih - 03)

= N?exp
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Taking log transformation of the right-hand side, we get
C2InN
N2expd ——v 20
Cy (Tlh + C3>

Now, let C, be a positive constant such that CZ, > 2C; (1 + Cs), and set

C’% In N

= 2111N—m

In

C -1
= 2InN — —Y lanl—i—C’_ ]
CyC5 5 T

Gy
CyC5

Cr =
Note that, by choosing C, and C* in this way, we have
205 (14 Ch) 2

—2=—=>0

&> =7 Cs

It, thus, follows that

2T2
Cy (1 + T;,C5) }

C?21lnN
— Nexpd —v ot
Csy <ﬁ+03>
ik
1} B
h

N2exp{

= exp{(anN {1—1—03_

02 1 —1
Y_InN | |1 i —
CoCy ){ T Th} }
(21nN{1—|—C’_ In

[C* + 2] N) {1 + CngiJ 1}

1 177!
= exp <1nN{2Cg1Th—C*D {1+C§1Th] }

T
T
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This, in turn, implies that

S S ') S (O A0 U W (. ) W G O
PTG A+ TG [ T\ V2 AT AT [ 0\ N2 )

which shows result (III).
Combining the results given in (I)-(III) above, we obtain

In N
P (!ET;J > Cy Th>

:p<

(sTp)" (sTp)? (sT) " $2T2
< _ — S St L7AN— - " h
- Th &Xp { Cl + eXP C4Th eXP 05 (ln STh)V + oXp Cg (1 + ThC3)

To show part (c), first note that, by Assumption (iii),
E [uyeisn] = 0 for all ¢ and ¢.

Next, note that by part (f) of Lemma E-8, there exist constants v; > 0 and b >0 and a
positive constant C' > exp {1} such that Vs > 0, for all 1 <i < N, and for all ¢ € Z,

rinsat= oz} oon{- 3}

where 7 = 7, /2 > 0. Moreover, let v, = 7,75/ (71 + 275), so that

V)

1_mt2_2 1 _1 1
Y2

Vs V1Y2 YooY T

Now, the relationship between the positive constants 7, 75, and ~ as specified in Assumption
(v) implies that

0<n, = Y172 < Y172 — <1

T1+27 1t
which, in turn, implies that ~, € (0,1). In addition, let 7 = ¢t+h, and we can rewrite u;;c,p =
Ui, ner = Vir. Next, let V, = (g, F/,u})’ be as defined in part (b) of Assumption (v),

and note that F\I;,L—oo =0 (""7‘/;,7'727 ‘/;,T*]J ‘Z,T) g £t_+o}é =0 (""7Kt+h—27zt+h—17Kﬂ-h)
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00 _ o0 _
and f\7i7+m =0 (V;,T+m7 ‘/i.T+m+17V;,T+m+2, ) Q £t+m =0 (Kt+m,Kt+m+1,Kt+m+2, )

Hence, given that h > 1 is a fixed (finite) integer, it follows by part (b) of Assumption (v) and

Theorem 14.1 of Davidson (1994) that {\N/”} ) is an a-mixing process with « coefficient
TE

given by ay ; (m) = sup, a (fi ) To analyze the rate of decay of oy ; (m), we

V,i,—oo’ FV,Z‘,T—&-m
first consider the case where m > h + 1. In this case, note that

ay ; (m)

00
Slip & (ff;,i,—oo’ fﬁ,iﬂ'—&—m)

supor (£, 32,
t

IA

IN

aexp {—c(m — h)"?} for all integers m > h + 1 and for all ¢
(by part (b) of Assumption 4-3)

Y2
a exp {—cm72 (1 — ﬁ) }
m

h T2
a exp {—cm72 (1 - h——|—1> } (since m > h+1)

Y2
= aexp{ —cm’? 1
h+1

1 72
< aexp{—c*m’} where ¢ = ¢ (—) > 0 given that & is a finite positive intddi6)

IN

h+1

Next, consider the case where m < h. In this case, we have

ap;(m) = swpa(Ey ;oo LV ir4m)

1

exp {c#m”} exp {—c#mh}
exp {c#fﬂ?} exp {—c#mvz}

a.exp {—c"m} (177)

IN

IN

where a, = exp{c#h%} > 0 since ¢ > 0 and h > 1. Moreover, note that a, =
exp {¢#h72} < oo since h < oo and since

# 1 ”
E— <
¢ c<h+1> >

Let a = max {a, a,}, and it follows by combining expressions (176) and (177) that

ag,; (m) < a” exp {—c*m’2} for all m > 1 and for all i.
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Therefore, all the assumptions needed to apply the Bernstein inequality given in Mer-
levede, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of
this Bernstein inequality then implies that there exist positive constants C4, Csy, C3, Cy and
Cs depending on a#, b, ¢#, ~,, and ~, such that, for any s > 0 and for all integer i with

1<i <N,
28>

1 &
P ( ?h ;Uiﬁwh
Th
= P ( Zuit5t+h > Th8>

t=1
<3Th)'y* 52T}$ (STh)2 (STh)’Y*(lf’Y*)
< T —_— -~ "h _
B nep { Cl + P 02 (1 + ThCS) + P C4Th eXp 05 (1Il SThyy*
Th

Using Bonferroni’s inequality, we further obtain
<
> s) < Nlléli%)](vp ( Zuzt&‘Hh > s)

<1gll€2<v Z UitEt+h
Th V* S2T}$
NT, N _
hexp{ }—i— exp{ 02(1+Th03)
(sTh)V*(lﬂ*)
N N
* P { 4Th { 05 (ln STh)%‘
In N
s =Ce)\| =
(6) T,

By choosing C') to be large enough, we can obtain the following three results, which we will
show in turn:

(D

IN

For some Cg) > 0, let

(sTh)™ Cl) e 2 1
NTheXp{—T1 = NT) exp _ET}L (In V) =07z )

(sTh)2 (STh)v*(lﬂ*) B 1
Nexp {_ CiT, P {05 (In [sTh]) ™ }} - (ﬁ)
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(I11)

S2T2 Clyln N 1
Nexp{_—h} “Nep] @2 L_g <_) |
Cy (1 + ThC?,) C, (T%, + Cg) N2
To show result (I), first write
)™ ofs In N\ %
N3T} exp { — (sTh) = N3, exp —ﬂTg* ozt
Cl Ol h
C’y RES o
= N°T, eXp{—ﬂT}f (lnN)T}
Cy
Taking the log transformation, we have
)" Clgy 2 o
In lNSTheXp {—<S ) H =3IN+InT, — —&77F (InN)*
Cl CYl
Since T
V_*n—hw — 0 (given that -y, > 0)
T,> (InN)=
and since
1-2x 2 2 5
Y (e ah
ThT Th T
(In N)7= !
<given that, by assumption, HT — 0 and given that
r__r 1 as T' — oo since h is a fixed finite integer
- — — — X
T, T—h 8 )
we see that _
3InN+1InT, 3(InN) = In 7,
afenh A T
7,2 (InN)=2 1,2 7,2 (InN)=2

which, in turn, implies that

Va Cr 4 .
N3T}, exp {— (5?1) } = exp {3lnN +InT), — CL?T,} (In N)%}

o

D
2

Cly s In N +1nT;
exp —iTh2 (InN)=2 |1— C;l* 5 ?_ T
Ce) 7,7 (In N)

}
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It follows that

sT; Ve 1 STh T 1 1
NTheXP{—( C}'ll) } = mNgTheXP{—( Cl) } =0 (m) o(l)=o (m) .
Next, to show result (IT), note that
T )2 (STh)v*(l—v*)
N3 _(S h
P { CiTh, P s (I [sT)
L1, A NALAND
17 nv) (T (Coys)
O(G) — exXp

Cs (m [Thqﬁ) %} )”

D (1=74) _ Y (1=74)
{ cz T, 7 O ()

Vs

4 Cs (InT), +InCg) + 3 Inln N — $InT),) ™

Y (I=74) Ve (1=74)

7,7 C (N
4 Cs5 (3InT, +InC + 3 Inln N) ™

Ve (T—vy)

Ve (I—vy)

«(1—v
7,7 ) Ny
Cs (3InT}, +InCe) + £ Inln N)™

= exp{ —InN [——exp -3
= o(1)

This, in turn, implies that
Nexp < — (sT:) exp (sTh) = = —N3exp{ — (sT:) exp {sTh) h) 5
O4Th 05 (111 [Ths]) * N2 O4Th 05 (111 [ST}L]) *
1
= 0] m
Turning our attention now to showing result (III), we first write

2

272 T2 N

N3 L) S QR Ve . N oA et
eXp{ 02(1+Th03)} P T, 1+ ThCy) \ OV T,

0(26) InN

= N3exp —m
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Taking log transformation of the right-hand side, we get

0(26) In N 0(26) In N
In [Nexpd —— @ VI — gy —O
Cy (£ +Cs) Gy (£ +Cs)
2 1 -1
= 3InN — InN |1
31n 0203 l +C5 Th]

Now, let C(s) be a positive constant C’(26) > 3C5 (14 C3), and set

o s

C* =
CyCs

Note that, by choosing C(g) and C*in this way, we have

3Cy (14 Cs) 3
cr>2- T 3 — o
e G~
It, thus, follows that
2T2
N3
eXp{ Cy (1 + T;,C5) }

02 In N
= N3exp

7+ C’g

31nN 1—|—C_

1 -1
— eXp{(?)lnN{lnLC’g Th:| e 0 1 N) {1+C’3‘1TJ }
1 —1
} [C* +3]In ) {1+C3_1T] }
h

= exp

1 -1
—__ * -1
{ lnN 303 T CD {1+C3 Th] }
B \ 3 1 L1

1 1171 3 03
*In 1 —— |1 g i =1
-C TJ [ + 5 TJ } (smce o Cg 3 03 >
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This, in turn, implies that

s*T? 1 3 T?s? 1
N exp {_02 (1 +ThC3)} B (ﬁ> N exp {_02 (1 +Th03)} —¢ (W) '

which shows result (III).
Combining the results given in (I)-(III) above, we obtain

Th
1 In N
73| o

P | max
1<i<N

1 & In N
< Nlrél%}}vp ( ?h ;Uitéfwrh > Ce) Th)

IN

- (sTh)V* B (sTh)2 (sTh)'y*(lﬂ*)
NTj, exp { —01 + N exp il exp —05 (o sT, )

§2T2
N 2 "h
+ m% @ﬂ+n@ﬁ

RORORE
- (&)

To show part (d), first set C(7) = max {CZ, C’%}, where C; > 0 is the constant given in
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part (a) of Lemma E-9 and where C, > 0 is the constant given part (b) of this lemma.

Zez N — Hp)
Z ez N :uF

InN
> 7
Er,| = Ci) T )

ol el

P | max
1<i<N

P max
1<i<N

IN

< P max Tihz_;e;wr (F, - up)| = /Ty [IHN] ) (I?nl > /T {%} )
(by Bonfemroni9 _inequality)

< P (1%85\7 Tihie;,jvr Fy—pp)| > +/Cay lnN) + P <15T}\ > /Cr th)
(since lr;_i\f < lh;—iv} given that h;—hN = %nth < 1 for all N, T sufficiently large>

= (11521}}\/ ZQ%NF pp)| 2 CT\/T) +P <|5T,L| > Oy h;_hN>

(smce C(7y = max {CT , C%} implies that \/C(7) > C; and /C(7) > Cv) .

It then follows, by part (a) of Lemma E-9 and part (b) of this lemma, that for all N and T
sufficiently large,

1 & In N
/ —
P (1%%}1% ﬁzemr (Fs — pp)| Em,| = C(?)\/—Th )
T
1 , In N B In N
< P (ggg}v ﬁ;Gi,NF(Fs—uF) > O/ > +P <|6Th| > Cy T)
1 1
= 0 m + o0 m
1
= 0 m .

To show part (e), first set Cg) = max {C’%, C’%}, where Cy > 0 is the constant given in
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part (b) of Lemma E-9 and where Cy, > 0 is the constant given in part (b) of this lemma.

IN

IN

IN

IN

In N

P\ max [tin,|[en,| = Ces) Th)
In N

Pl ThZuzt Zw 2 Con 7, )
e lnN } {

1

1Th lnNi
(o e B2 v 5 ) (%

(by Bonferroni inequality)

1 & lnN
— > \/C

Ty

E Et+h
E Et+h

InN|*
C’
> (S[Th]

)
)

In N i
> _Th

Wer 111N>

E Et+h

In N In N InN InN
(since I}—h < lr;—h} given that r}—h = Tn_ ; < 1 for all N, T sufficiently large>
Ty T,
1 In N 1 In N
_ > - — > —_—

(since C(g) = max {Cf, C%} implies that \/C(g) > C; and /Cg) > Cv) .

It then follows, by part (b) of Lemma E-9 and and part (b) of this lemma, that for all N
and T sufficiently large,

Th

! Z Et+h

In N
> Cen T, )

E Ei+h

In N
> T

VAN

o
T N
NS]
1%
=
iNgEY

£

|

2
ﬁ\;
\_/
/‘\

Oxyi =7 ) [Xie = Xim ] yeen where T =T — h,

t=1
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where h > 1 is a (fixed) finite integer. Suppose that Assumptions (i), (ii), (iii), (iv) and (v)
hold. Let v, be a positive constant such that

. = Y172
oy + 27,

where ~, and 7, are the positive constants defined in Assumption (v) and suppose that

2
(In NV) 7~

i — 0as N,T — oo.

Under these conditions, consider the following two scenarios.

(a) Scenario 1 (1 <k < K Case): Suppose in addition that Assumption S1-1 is satisfied.
Then, there exists a constant B, > 0 such that, for all N and T sufficiently large,

-~ — — [/InN 1
P (11%2}?](\[ |0 xyi — Oxyil > B2 Th) — 0 (ﬁ) '

5 il = O In N
max (Oxyi — Oxuil = — .
1<ieN Xy, Xy,i P T

(b) Scenario 2 (x = K Case): Suppose in addition that Assumptions S2-1 is satisfied.
Then, there exists a constant B, > 0 such that, for all N and T sufficiently large,

~ — /InN 1
- N N | = —
P (121%)1(\/ |0 xy,i — Oxy,i| > Bay/ T ) 0 (N2> :

~ _ In N
max |0xy,; — UXy,i| = Op T .

or

or

1<i<N

Proof of Lemma E-14:
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To show the result for part (a), note first that, for i = 1,..., N; we can write

OXyi — OXy,i
T
1 — _
= E [Xz’t - Xi,Th] Yt+h — O Xy

t=1

1 —
- T Z [Xit - Xi,ThJ {O‘ + (Fl,t - NF,l)/% + 5t+h} — OXy,i
=1

(given expression (142))

1 ~ / A 1 _
= ?h tz:; [th - Xi,Th] (Fl,t - :U’F,l) ¥1 NF)\ 1 \/E(Pl Th Z [th - X@',Th] Etih

A
(smce T xyi = 6;7 Nl M_Tlsol withe; v being the i"" elementary vector
A1,1 Nx1

T

1 - A,
= ?h Z ([th - Xi,Th] (F17t - IU’F,l), _ NF)\ 1 )\1 1) (;01 T Z it T lTh Ett+h

=7 Z [(Xit — Mx; T pxi — yz‘,Th) (Fie — MF,1)/ — e NTa1—=

+ Z [Xit — Mx; T Mxi— 7i7Th:| Et+h

Th
1 A 1
= ?h Z (eé,NF (£ — pp) (F1,t - MF,l), - 6;,NF)\,1—_)\11 1) Y1+ ﬁ Z Ut (Fl,t — MF,l), ©1
1 I ’ 1 di / 1 1 /
T Z%,NP (Fs — pp) T, Z (Fit = bp1) 1~ T, Zuzsﬁ Z (Fre = 1) 21
T;,, T;, Th

1 1 1
"‘Th Z eg,NF (Fy — pp) Eren + T Z UitEt+h — Z Nl Iir) T, Z Et+h

t=1 t=1 t=1

. Hence, applying the triangle inequality and taking the max over all i € {1,...,N}; we
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obtain

max [0 xy; — Txy.il

1<i<N
1 & A
/ / , A
< 1%%}1% Th 21: (ei,NF (Fy — pip) (Fl,t - ,UF,l) — ei’NF)\’lTLl> 01
1 &
+1r£fgv ;Uzt Flt—,UF1) P
1 & 1 G
/ /
+ max. T S_Zl e Nl (Fs — pp) T t_zl (F1,t — /JLFJ) 0,
1 & ,
+ SN [@i.7,| T, Z (P = ptpn) o1| + A\ Z e NI (Ft — fip) Een

t=1

Ty 1 Ty
+ max |- Zuztmh + max |7 z; e; NU (Fs — pup)| [Em,|
s—=
+ max |uz',Th| |€Th| (178)

T T, —
where w; 1, = Th—l Z ﬁl u;s and Ep, = Th—l thl €rn- Now, let By > 0 be a constant such
that o

By > 8max {C(1), C2), C(s), Clay, Cs), Ce), Oy, Cls) f

where C(1), C(2), C(3), Cla), C(5), C(6), C(7), and Cg) are constants defined previously in parts
(b), (c), ( ) and (e) of Lemma E-11 and 111 parts (a ( ), (¢), (d), and (e) of Lemma E-13. Given
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expression (178) and given the above definition of the constant By, we can further write

<

IN

-~ — — [InN

Th,
1 / A
P (1212}1% T Z <€;,NF (Ft - HF) (Fl,t - NF,l) — 6;’NFMi> 0,
1 &
/
+ ax T, Zuit (FM - :uF,l) V1
t=1

h =
1<i<N

1 &

Th Z (Fl,t - :uF,l)/ Y1

t=1

T,
1
+ max TZGQ}NP (Fy — pp)
h s=1

1<i<N

Th

1 Th 1
T, Z e;,NF (Ft — pp) €etn
=1

Th Z (Fl,t - :LLF,l), Y1

t=1
+ max

1 & | o
il ' 1 /' )
T, ; UitE¢+h 1<i<N [T}, Z; 61,NF (Fs :uF)

U = — [InN
+ max [T, |27, ] > B\/;h>
1<i<N

+ max [T

-+ max
1<i<N

+ max

1sisN |€Th|

Th

1 A —
T Z <€;7NF (Fi = pir) (Fl’t B ’qul), — vl = > w1 =

h t=1

U{lrél%)](v Tihiuit (Fl,t—MF,1)/801 > %\/?}

u{&i’}v Tihszi;eé,NF(Fs—up) Tihg;(ﬂ,t_ﬂm)'% 2% %}
U{lglii}zivsz’J Tihgl:(FLt_HRl),@l Z%\/%}

U{lgli%}ziv TihiezNF(Ft_NF)&Jrh Z% h}—i\[}

U{IISHZ%}]{V Tihi“iﬁmh Z% %}

U{H”;V Tihiez,ma—m el > 22 IT_N}

L



It then follows, by applying the Bonferroni inequality, that

_ — [InN
P<lglg>§v|0><yz Oxyil > B Th>

T},

1 '
< P (mN o (e;,Nr (B = ) (Fi = i) = el

A ol >
Vi)

+P 1?%}1(\7 —Zun Flt :uFl) o > iz\/?)

o 121%)](\7 Th ieZN #r) Tih tzi; (Fl,t - ,UF,1)/901 > % %)
F 112%(\[ [@i.n| f]l’h i (Fl,t - NF,1)/901 > % h;_i\f)

i SN Tihi;efuvf (Ft — pp) Etn| > % h;ff)

P 1SN Tihi“itgwh > % %)

2 _ieﬂ\f = )| [En,| 2 382 \/?)

By, [InN
P g Il fEnl 2 3 \/Th)

Finally, note that By > 8max {C(l), C(Q), 0(3), 0(4), 0(5), C(G), C(7), C(g)} implies that §2/8 >
Cuy for k € {1,2,....,8}. Hence, by applying the results given in parts (b), (c), (d), and (e)
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of Lemma E-11 and also in parts (a), (c), (d), and (e) of Lemma E-13, we have

~ _ — [/InN
P (112%(\[ 10 xyi — Txyil > 32\/ Th)

Ty

1 ' A
BTN ?h ; <€;,NF (Fi — pp) (Fl,t - NF,l) - GE,NFA,I\/T> ¥1
In N
> Co | ——
= Y(2) T, )

< P(max T
h

In N
> Cay —)

T},
1
+P | max T, E Uiy (Fl,t—PJF,l),SOl
t=1

1<i<N

| T 1 D , In N
+P Dax, T ;eQ,NF (Fs — pp) T, ; (Fie =pra) @1| = C Th)
L p max iz, | %hi(Fl,t — pp1) 1| > C(4)\/%>

+ | Z = %)

+P max Tihie;wr (Fs — pp)| [Ez| = Cr) %)

_ _ InN
+P lglgjv|ui,ThH€Th’20(8) Th)

1 1 1 1 1 1 1 1
:OW‘FOW—FOW—FOF—FOF—FOF‘FOF‘FOW
1
= 0 W .
The result in part (b) can be shown using essentially the same argument as that given
in the proof of part (a), except that we apply Assumption S2-1 instead of Assumption S1-1
and also apply parts (b), (c), (d), and (e) of Lemma E-12 instead of parts (b), (c), (d), and

(e) of Lemma E-11. In addition, we need to change the notations used in the proof of part
(a) above by setting

R = K7 Fl,t - E: :uF,l = U, P)x,l — F)n Y1 =¥, and Al :Aa
since, under Scenario 2 considered here, all available factors are relevant for the purpose of

forecasting and there is no reason to partition F, = (FY,, F2’7t)l, hp = (;L/F71,;L/F72)/, I'y =
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( Iyi Tao ), 0 = (¢, ¢), and
A O
A = < 0 A, > .gd

Lemma E-15: Suppose that Assumptions (i)-(iii), given at the beginning of Appendix E,
are satisfied.

(a) Scenario 1 (The 1 <k < K Case): Suppose that Assumptions S1-1 and S1-2 hold.
Then, there exists a positive constant C; such that

et < 1-
\/ )\1 2 A1

(b) Scenario 2 (The x = K Case): Suppose that Assumptions S2-1 and S2-2 hold.
Then, there exists a positive constant C5 such that

— 2 =/ =
_UXy = —O_Xany < 02
VL AN
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Proof of Lemma E-15: To show the result under Scenario 1, note that

Txy |I?
\V4 )\]_ 2
_ TOxy
= =
o 90’1A1FIA,1F/\,1A1901
A1
A Iy
since, in this case, 7, = Fl_—lcpl = FM_—I%, where I'y | = —
( W A VA
2
©1ATp . /
= since I'y I'y1 = I,
/\1A171 ( AT )
Aa e .
< W lealls (given that, under Scenario 1, Ay ; = Amax (4,))
141
 Bu e
)\1 1112
< ¢*|l¢yll3 (since part (a) of Lemma D-3 implies that there exists a constant ¢* > 1
1 A
such that 0 < — < % < " < oo for all N, T sufficiently 1arge>
c 1
< K (given that under Assumption S1-1, there exists a constant
_ <z
¢ > 1 such that 121;2% |g017g| <ec< oo)
< ()< (for some positive constant C; > I{EQC*)
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The result under Scenario 2 can be shown in the same way as follows

2

Txy
V )\1 2
_ EIXyEXy
A1
'ATA\THA A A r
— PG since, in this case, ox, = I'—¢ = I'\——==¢, where I'\ =
)\1&171 )‘1 1 Al 1 A1 1
YA
= since I'\I'y =1
N ( A = Ik)
A?,l 2 /. :
< A lell> (given that, under Scenario 2, Ay ; = Amax (A))
Ay
= 5 e I3
< H901H2 (since part (a) of Lemma D-3 implies that there exists a constant ¢* > 1
1 A
such that 0 < — < % < " < ¢ for all N, T sufficiently large>
c* 1
< Kéc (given that under Assumption S2-1, there exists a constant

¢ > 1 such that max ’cpl ’ <t< oo)
1<g<K

< Oy <o (for some positive constant Cy > KE%*) . g

Lemma E-16: Let

A0 0
3 :
Dy, = 0 Al o for k € {1, ..., K}
e ()
1
0 0 A 2

Suppose that Assumptions (i)-(iii), given at the beginning of Appendix E, are satisfied.

(a) Under Scenario 1, where 1 < k < K, suppose that Assumptions S1-1 and S1-2 both
hold. Then, there exists some positive constant C'; such that

Ao (DRLG'GD3L) = [GDRAE < [ GDRAL < T < o0

and

§01<OO

2

D;.G'ExGDy .
A
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for all N and T sufficiently large.

Under Scenario 2, where £ = K, suppose that Assumptions 52-1 and S2-2 both hold.
Then, there exists some positive constant C5 such that

A (D5 G'GD5Y) = | GD3 k|, < 6D K7 < Ta < o0
and —
D; G'SxGD; i
A

< (5 < o0
2

for all N and T sufficiently large.

(b) Under Scenario 1, where 1 < k < K, suppose that Assumptions S1-1 and S1-2 both
hold. Then, there exists some positive constant CF such that
2

—1 =
H D/\’HG/UXy <Y < o0
— || =4

VAL

2

for all N and T sufficiently large.

Under Scenario 2, where k = K, suppose that Assumptions S2-1 and S2-2 both hold.
Then, there exists some positive constant Cg such that

2
1 =

VAL

§C§<oo

2

for all N and T sufficiently large.

Proof of Lemma E-16
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Under Scenario 1, to show the first result of part (a), note that

Amax (D5 . G'GDy )
[fciot

< HGDMHF = tr { D, .G'GD;
( _1
= tr 0 M UXy.ZX
. 0 _ y
0 0 )\;(”*%) E/XyZX
\
A
_ _ —=k—1__ O
X ( Oxy 2xO0xy Xx Oxy ) )
0
( _1
)\1 2 o, O O-X_yEXy
= tr O M nyZ.XGXy
. 0 :
(k-1 -1
(\ 0 0 A TxyXx Xy
_1 )
A2 0 0
_3 .
y 0 A7
. ) 0
—(k—1
0 0 N ( ) )
( _1
AL? 0 0
3
0 A :
= tir ) !
’ 0
{ O O )\1 ( 2)
1 _3 —
A 2E,XyO'Xy )\1 2O'Xyz)(O'Xy
= -3_, =2_
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N

O'XyZXO'Xy

UXyZXGXy

— ok —
aXyZXOXy

0
0
(k=3)
—(r
2
M )
— =1l
UXyEX UXZJ
—; =2(k—1)_
/
XyZX OXy




IN

IN

<

1= =
L S =
)\1 O'XyEXa'Xy

et n 1_
>\ O_Xy X OXy

ko5 ii{(] 1)0Xy
i: ()\1>2(j1) E,XyEXy
= \M A1
XH:EXyUXy

= M

kCh (given that, by part (a) of Lemma E-15,

)\ O'XyEXO'Xy

—(k+l)— T

—=k—1
—RK—=/ —

:‘i—f—l)_/

—(2k—1)—, _2 H—l —
A @ “a’Xyz:)é )aXy

— =

A1

< (] for some constant C; > O)

C' < oo for some constant C' > xC; and for all N and T sufficiently large.

Now, to show the second result of part (a) under Scenario 1, note that

I IA

IA

(e

D;iG’iXGD;L
M

( G/z:XGDA L

( given that

\

G YyGDy
)\max ( ad al H) (glven that
in

)\max (EX )
A1

\ )
[Amax ( e, EXGDM>]

D;}CG’EXGD;}Q
A1

is symmetric)

3 is positive definite as shown
1

the proof of part (b) of Lemma E-2)

Amax (D;;G’GD;;)

Amae (DyLG/GD5Y) (since Ay = Apa (S )
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(by the first result given above under Scenario 1)



The two results under Scenario 2 can be proved in the same manner as the proof given
for Scenario 1, except that we set x = K and apply the result given in part (b) of Lemma
E-15 instead of part (a) of Lemma E-15.

To show part (b), we first consider Scenario 1 where 1 < x < K. In this case, we can
write

_1
AL’ 03 e 0 EfX_y Efx_ﬁXy/Al 2
DyGoxy _ 0 A2 7 : Txy2x | Ty, _ Ty XX T xy/ AT
Vv Al el e 0 . V A1 1
0 0 A ) Txyx Ty Xx Oxy/Ai

(179)
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so that

VA

1, v—=
)\KG OXy

2

IN

IN

IN

IN

IN

<

2
K g—1_
(aXyZX O_Xy
§ : 2\
g=1 !

K 91 2
(go’lAlF&,lZi FA,1A1€01>
g=1

)\gﬁl,l

% 1, where I'y ; =
At A A

since, in this case, ox, =

I, Tl I, )

K )\1 2(g—1) QpllAlrl)\,lr)\,lAlwl . B B
; (A_) ( A ) (since At = Anax (%))

. (SOQA%%

2
1 I Tai =1,
Ay ) (since T ;Tx 1 )

4

A :
sy il (smee e (A) = D (A1) = 27.)
21,1

2
ol (32)
A1
(e ()
1<g<r Plg A1

Y 2
K*C? (%’1) (given Assumption S1-1)
1

k22 (¢*)? for all N and T sufficiently large

(given that part (a) of Lemma D-3 implies that there exists an absolute constant

1 A
¢® > 1 such that 0 < — < )\— < ¢ < oo for all N, T sufficiently large)
c 1

O < o0 (for some positive constant Cf > £*¢> (c*)Q)

The proof under Scenario 2 where k = K can be obtained in the same way. In particular,

in this case
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)\1 0 s 0 E,Xy EIXyEXy/)\l

D; 1 G'axy 0 X L : T, ox | Ty, Ty XxTxy/ AT
Va0 : Noven :
0O --- 0 )\I(Kfé) E,Xyiii1 EIXyiiilaXy/)‘{{
(180)
so that

2
—1 —
D)\,KG UXy

VAL

]~

— igfl— 2
UXy X OXy
g9
1 Al

/ r 29~ 1 2
(SO ATy FAA@)

2 g

M)~

(since, in this case, A = diag (31,1» Y K) ,

2 A, h
r'A A I
= (P11 Pric) » and Ty, = ~=¢ = —A=—0p, where T’y =
® (80171 gpl’K) AR Txy 3171()0 \/31,1()0 TR Am)
K —
S (ﬁ)“g i (M)
=1 )\1 )\1A1,1
/A2 2
- K (u) (since IT\I"y = Ix)
A

A, AL, 2
= K= | (=)l
( M ) (Afl 2

(since, under Scenario 2, Amax (A*) = [Amax (A)]? = ALL)

2 )\1 ) 2
2 =
< (il (5)
A 2
< K% <%> (given Assumption S2-1)
1
< K% (c*)2 for all N and T sufficiently large
(given that part (a) of Lemma D-3 implies that there exists an absolute constant
1 A
¢® > 1 such that 0 < — < % < ¢ < oo for all N, T sufficiently large)
c* 1
< <o (for some positive constant C} > K¢ (c*)2> . O
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Remark E-17: Consider a diffusion index model written in the form

yeon = o+ (Fe—Tip) B+ een (181)
Xo = px +T (F—fip) +uy, (182)
where o
(2 B Fiq Hp
@ - ) Ft = ) and ﬁF = :
Pk Fi.x Lr.K

Suppose that K — x components of the K x 1 coefficient vector @ = (%, ..., o) are equal
to zero, whereas the remaining x X 1 components are nonzero, so that only x < K of
the available factors are relevant for predicting the target variable of interest y;.,. Within
this context, we want to show that it is always possible to transform the model given by
expressions (181) and (182) above into the form

Yeyn = -+ (Fl,t - MF,1)/ Y1+ Etyn
Xy = px+1I4 (Fu — MF,l) + 1y (FZ,t — MF,2) + uy.

where the x x 1 coefficient vector ¢; = (¢, ..., cplﬁ)/ contain those components of p =
(@1, -, Px) which are nonzero and where the vector F; contains those k factors which are
relevant for the purpose of predicting the target variable of interest v;y.

To formalize this situation more carefully, we need to develop some additional notation.
To proceed, first sort the indices {1, ..., K'} into two groups:

{r1,..,m} and {j1, .., jKk—r},
where {ry,..,r.} U{j1, -, jx—n} = {1,..., K}. Next, let
@, 70, forallge {1,...x} and p;, =0, forall k € {1,..., K — k},

so that ¥, and ¥, are, respectively, the r;-th and the ji-th component of the coefficient
vector P given in expression (181)". Now, define

@rl 4101,1 S031 0
1= = e = : =1 :
Kkx1 — K—kx1 0
SOT'H <101,/1 CIOJK_H
oy iy
Fl,t == : 5 and FQt ==
rkx1 Tl K—kx1 i
Ftwrn thkw
9Note that our notations here allow the non-zero components Dpys e Pry tO be an arbitrary subset of

the components of the coefficient vector @ = (3, ..., Br) -
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so that 7, is the subvector of factors which have nonzero coefficients and F5 is the subvector
of factors that are irrelevant for forecasting v, because they all have coefficients equal to

zero. In addition, let
_ (P Y_[ ¥
Ksil ( P2 ) ( 0 )

and note that ¢ is just a repermutated version of the original coefficient vector P, so that
the nonzero coefficients now appear as the first x components of ¢, and the remaining
components are all equal to zero. It follows that there exists a K x K permutation matrix

P such that
¥l Fi, — ¥1
PF = F = ’ ,7) = = ,
t t ( th ) Y= ( 0y
Pﬁp = MF:<MF’1>,aHdF7)/:F:(F1 Fg)
12535

and, using the fact that permutation matrices are orthogonal, we can transform the equations
(181) and (182) as follows:

!/

Yt+h Ft Lp) @+ Etvn

+( )
= a+ (F,— MF),PP90+5t+h
+ (Fy — pp) @ + €ten
= a+ (Flt—,UF1) 1+ (F2,t_MF,2)/902+5t+h
= a+ (F— HF71) ©1 + Exn (since o, =0) (183)
Xi = px+T(F—Tp) +w
= ux +IP'P(Fi—Tip) +w
= px + T (F—pp) +w
= pxy +1I4 (Fl,t - MF,l) + 1Ty (F2,t - MF,2) + Uy (184)

which gives the desired representation.
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