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Appendix A: Proofs of Theorems 1-2, 4, 5(b), 6(b), and

7

Proof of Theorem 1:

To proceed, note first that, given expression  =  + Γ ( −  ) + , we can write

( − )
0
 = ( −  )

0
Γ0 + 0. (1)

Now, consider first the term 0. Note that, by condition (iii) of this theorem,

 =
1p
1
, where 1 =

Γp
1

from which it follows that


h
(0)

2
i

= 

⎡⎣Ã01p
1

!2⎤⎦
=

0p
1

Γ0p
1

 [
0
 ]

Γp
1

p
1

=
0p
1

Γ0p
1

Σ

Γp
1

p
1

≤ max (Σ )
0p
1

Γ0Γ
1

p
1

= max (Σ )
kk22
1

µ
since

Γ0Γ
1

=  and 0 = kk22
¶

≤ ∗2

1
(since, by assumptions (i) and (ii) of this theorem, there exist constants

∗ and  such that ∗ ≥ sup


max (Σ) and 2 ≥ 

µ
max
1≤≤

¯̄
·
¯̄¶2
≥ kk22

!

= 

µ
1

1

¶
so that, upon application of the Markov’s inequality, we deduce that

|0| =
¯̄̄̄
¯01p

1

¯̄̄̄
¯ = 

Ã
1p
1

!
. (2)
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Next, consider the term ( −  )
0
Γ0. For this term, note that

( −  )
0
Γ0

= ( −  )
0
Γ0

Γp
1

p
1Ã

since  =
1p
1
with 1 =

Γp
1
by condition (iii) of this theorem

!
= ( −  )

0 Γ0Γ
1



= ( −  )
0


µ
since

Γ0Γ
1

=  by expression (7) of the main paper

¶
. (3)

It follows by expressions (2) and (3) that

( − )
0
 = ( −  )

0
Γ0 + 0

= ( −  )
0
+

Ã
1p
1

!

= ( −  )
0
+

µ
1√
1

¶
, (4)

where the last equality above follows from part (a) of Lemma D-3, which shows that there

exists an absolute constant ∗  1 such that2

0 
1

∗


1

1
≤ ∗ ∞ for all  and  sufficiently large. ¤

Proof of Theorem 2:

2Part (a) of Lemma D-3 and its proof is given in Appendix D below.
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To show part (a), note that, in this case Σ = 0; and, for any integer  ≥ 0, we have

0Σ




+11

=
0Σ

+2

 

+11

¡
since  = Σ in the many-predictors regression case

¢
=

0 [1∆1
0
1 + 2∆2

0
2]
+2



+11

¡
by Assumption 4-2 given that Σ = 0

¢
=

Ã
p
11

!0
01 [1∆1

0
1 + 2∆2

0
2]
+2

1

+11

p
11Ã

since  =
1p
11

by Assumption 4-4(a)

!

=

µ
1

11

¶
001

¡
1∆

+2
1 01 + 2∆

+2
2 02

¢
1

+21³
since,Σ

+2

 = [1∆1
0
1 + 2∆2

0
2]
+2

= 1∆
+2
1 01 + 2∆

+2
2 02

´
=

µ
1

11

¶
0∆+2

1 

+21

=

µ
1

11

¶
1

+21

X
=1

+21 2 (5)

and

Σ




+11

=
Σ
+1

 

+11

¡
since  = Σ

¢
=

Σ
+1



+11

1p
11

Ã
since  =

1p
11

by Assumption 4-4 (a)

!

=

s
1

11

[1∆1
0
1 + 2∆2

0
2]
+1

1


+ 3

2

1

¡
by Assumption 4-2 given that Σ = 0 in this case

¢
=

s
1

11

¡
1∆

+1
1 01 + 2∆

+1
2 02

¢
1


+ 3

2

1³
since [1∆1

0
1 + 2∆2

0
2]
+1

= 1∆
+1
1 01 + 2∆

+1
2 02

´
=

s
1

11
1

∆+1
1


+ 3

2

1


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Now, write

 = 
¡
0Σ

¢−1
0

=
−1

√
1

"
−1


0Σ

−1


1

#−1
−1


0√
1

.

where

 =

⎛⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
− 1

2

1

⎞⎟⎟⎟⎟⎠ and  =
³
 Σ · · · Σ

−1
 

´
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Next, making use of expression (5), we obtain

−1


0Σ
−1


1

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
−3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

0

0Σ

...

0Σ
−1


⎞⎟⎟⎟⎠ Σ

1

³
 Σ · · · Σ

−1
 

´

×

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
−3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=

⎛⎜⎜⎜⎜⎝
0Σ

2
1 0Σ

2


3
1 · · · 0Σ




+1
1

0Σ
2


3
1 0Σ

3


4
1 · · · 0Σ

+1

 
+2
1

...
...

. . .
...

0Σ



+1
1 0Σ

+1

 
+2
1 · · · 0Σ

2−1
 

2
1

⎞⎟⎟⎟⎟⎠

=

µ
1

11

¶
⎛⎜⎜⎜⎜⎜⎝

X

=1
31

2


3
1

X

=1
41

2


4
1 · · ·

X

=1
+21 2

+2
1X

=1
41

2


4
1

X

=1
51

2


5
1 · · ·

X

=1
+31 2

+3
1

...
...

. . .
...X

=1
+21 2

+2
1

X

=1
+31 2

+3
1 · · ·

X

=1
2+11 2

2+1
1

⎞⎟⎟⎟⎟⎟⎠
Ã
since

0Σ




+11

=

µ
1

11

¶
1

+21

X
=1

+21 2

!
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=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠

×
µ

1

11

¶
⎛⎜⎜⎜⎜⎜⎝

X

=1
31

2


3
1

X

=1
41

2


3
1 · · ·

X

=1
+21 2

3
1X

=1
41

2


3
1

X

=1
51

2


3
1 · · ·

X

=1
+31 2

3
1

...
...

. . .
...X

=1
+21 2

3
11

X

=1
+31 2

3
1 · · ·

X

=1
2+11 2

3
1

⎞⎟⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

=

µ
1

11

¶⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

311
2
1

3
1 312

2
2

3
1 · · · 31

2


3
1

411
2
1

3
1 412

2
2

3
1 · · · 41

2


3
1

...
...

. . .
...

+211 21
3
1 +212 22

3
1 · · · +21 2

3
1

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
1 11 211 · · · −111

1 12 212 · · · −112
...

...
...

...

1 1 21 · · · −11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

=

µ
1

11

¶⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

1 1 · · · 1

11 12 · · · 1
...

...
. . .

...

−111 −112 · · · −11

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
311

2
1

3
1 0 · · · 0

0 312
2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2


3
1

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
1 11 211 · · · −111

1 12 212 · · · −112
...

...
...

...

1 1 21 · · · −11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
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Moreover, note that

⎛⎜⎜⎜⎝
1 11 211 · · · −111

1 12 212 · · · −112
...

...
...

...

1 1 21 · · · −11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 · · · 0

0 −11 0 · · · 0

0 0 −21
. . .

...
...

...
. . .

. . . 0

0 0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠
from which it follows that

−1


0Σ
−1


1

=

µ
1

11

¶
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎝
1 1 · · · 1

111 121 · · · 11
211

2
1 212

2
1 · · · 21

2
1

...
...

. . .
...

−111 −11 −112 −11 · · · −11 −11

⎞⎟⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
311

2
1

3
1 0 · · · 0

0 312
2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2


3
1

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠
⎫⎪⎪⎪⎬⎪⎪⎪⎭

=

µ
1

11

¶
 0 ,

where

 =

⎛⎜⎜⎜⎝
311

2
2

3
1 0 · · · 0

0 312
2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2


3
1

⎞⎟⎟⎟⎠ 

 =

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠ .
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Next, note that

−1


0√
1

=

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
− 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

0

0Σ

...

0Σ
−1


⎞⎟⎟⎟⎠ √
1

=

⎛⎜⎜⎜⎝
01

0Σ
2
1

...

0Σ
−1
 


1

⎞⎟⎟⎟⎠

=

µ
1

11

¶
⎛⎜⎜⎜⎜⎜⎝

X

=1
21

2


2
1X

=1
31

2


3
1

...X

=1
+11 2

+1
1

⎞⎟⎟⎟⎟⎟⎠
Ã
since

0Σ




+11

=

µ
1

11

¶
1

+21

X
=1

+21 2 for integer  ≥ 0
!

=

µ
1

11

¶⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝

X

=1
21

2


2
1X

=1
31

2


2
1

...X

=1
+11 2

2
1

⎞⎟⎟⎟⎟⎟⎠

=

µ
1

11

¶⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

1 1 · · · 1

11 12 · · · 1
...

...
. . .

...

−111 −112 · · · −11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

211
2
1

2
1

212
2
2

2
1

...

21
2


2
1

⎞⎟⎟⎟⎠
=

µ
1

11

¶
 0,
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where

 0 =

⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

1 1 · · · 1

11 12 · · · 1
...

...
. . .

...

−111 −112 · · · −11

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝
1 1 · · · 1

111 121 · · · 11
211

2
1 212

2
1 · · · 21

2
1

...
...

. . .
...

−111 −11 −112 −11 · · · −11 −11

⎞⎟⎟⎟⎟⎟⎠

 =

⎛⎜⎜⎜⎝
211

2
1

2
1

212
2
2

2
1

...

21
2


2
1

⎞⎟⎟⎟⎠ .
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In addition, note that

−1
√
1

=
1√
1

³
 Σ · · · Σ

−1
 

´
⎛⎜⎜⎜⎜⎜⎝


− 1
2

1 0 · · · 0

0 
− 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
=

³
1 Σ

2
1 · · · Σ

−1
 


1

´
=

s
1

11
1

³
∆1

3
2

1 ∆2
1

5
2

1 · · · ∆
1

+ 1
2

1

´ Ã
since

Σ




+11

=

s
1

11
1

∆+1
1


+ 3

2

1



!

=

s
1

11
1

⎛⎜⎜⎜⎜⎝
111

3
2

1 2111
5
2

1 · · · 111
+ 1

2

1

122
3
2

1 2122
5
2

1 · · · 122
+ 1

2

1
...

...
...

1
3
2

1 21
5
2

1 · · · 1
+ 1

2

1

⎞⎟⎟⎟⎟⎠

=

s
1

11
1

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎝
111

3
2

1 0 · · · 0

0 122
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 1
3
2

1

⎞⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠
⎫⎪⎪⎪⎬⎪⎪⎪⎭

=

s
1

11
1

µ
1√
1
∗



¶


where

∗
 =

⎛⎜⎜⎜⎝
1111 0 · · · 0

0 1221
. . .

...
...

. . .
. . . 0

0 · · · 0 11

⎞⎟⎟⎟⎠ .
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Making use of these calculations, we have

 =
−1

√
1

"
−1


0Σ

−1


1

#−1
−1


0√
1

=

s
1

11
1

µ
1√
1
∗



¶


µµ
1

11

¶
 0

¶−1µ
1

11

¶
 0

= 1

Ã
1p
11

∗


!
  −1−1

 (
0)−1

µ
1

11

¶−1µ
1

11

¶
 0

= 1

Ã
1p
11

∗


!
−1



Moreover, note thatÃ
1p
11

∗


!
−1



=
1p
11

⎛⎜⎜⎜⎝
1111 0 · · · 0

0 1221
. . .

...
...

. . .
. . . 0

0 · · · 0 11

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
311

2
1

3
1 0 · · · 0

0 312
2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2


3
1

⎞⎟⎟⎟⎠
−1⎛⎜⎜⎜⎝

211
2
1

2
1

212
2
2

2
1

...

21
2


2
1

⎞⎟⎟⎟⎠

=
1p
11

⎛⎜⎜⎜⎝
1111 0 · · · 0

0 1221
. . .

...
...

. . .
. . . 0

0 · · · 0 11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

111
112
...

11

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
1
p
11

2
p
11
...


p
11

⎞⎟⎟⎟⎠
= 

q
11.
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It follows that, in the case where Σ = 0,

 = 1

Ã
1p
11

∗


!
−1

 = 1

Ã
p
11

!
= .

Next, to show part (b), note first that

13



q
11

¡
 − 

¢
=

q
11

"

¡
0Σ

¢−1
0 − 1

Ã
p
11

!#

=
q
11

−1
√
1

"µ
11

1

¶
−1


0Σ

−1


1

#−1µ
11

1

¶
−1


0√
1

− 1

=

⎧⎨⎩
⎛⎝s11

1
−1

 − 1
∗
 + 1

∗


⎞⎠
×
⎛⎝"µ11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1
+ ( 0 )

−1

⎞⎠
×
"µ

11

1

¶
−1


0p

11
−  0 +  0

#)
− 1

=

⎛⎝s11

1
−1

 − 1
∗


⎞⎠⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠
×
"µ

11

1

¶
−1


0√
1

−  0

#

+

⎛⎝s11

1
−1

 − 1
∗


⎞⎠⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠ 0

+

⎛⎝s11

1
−1

 − 1
∗


⎞⎠ ( 0 )
−1
"µ

11

1

¶
−1


0√
1

−  0

#

+

⎛⎝s11

1
−1

 − 1
∗


⎞⎠ ( 0 )
−1

 0

+1
∗
 (

0 )
−1
"µ

11

1

¶
−1


0√
1

−  0

#

+1
∗


⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠"µ11
1

¶
−1


0√
1

−  0

#

+1
∗


⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠ 0

+1
∗
 (

0 )
−1

 0 − 1 (6)14



Next, note that

1
∗
 (

0 )
−1

 0 − 1

= 1
∗
 

−1−1
 (

0)−1  0 − 1

= 1
∗


−1
 − 1

= 1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⎛⎜⎜⎜⎝

1111 0 · · · 0

0 1221
. . .

...
...

. . .
. . . 0

0 · · · 0 11

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
311

2
1

3
1 0 · · · 0

0 312
2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2


3
1

⎞⎟⎟⎟⎠
−1⎛⎜⎜⎜⎝

211
2
1

2
1

212
2
2

2
1

...

21
2


2
1

⎞⎟⎟⎟⎠
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

−1

= 1

⎛⎜⎜⎜⎝
1111 0 · · · 0

0 1221
. . .

...
...

. . .
. . . 0

0 · · · 0 11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

111
112
...

11

⎞⎟⎟⎟⎠− 1

= 1− 1

⎛⎜⎜⎜⎝since  =
⎛⎜⎜⎜⎝

1
2
...



⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠

= 0.
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Hence, in light of expression (6), we can write°°°q11
¡
 − 

¢°°°
2

≤
°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2

×
°°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

+

°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2

°° 0

°°
2

+

°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°( 0 )
−1
°°°
2

°°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

+

°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°( 0 )
−1
°°°
2

°° 0

°°
2

+
°°1∗


°°
2

°°°( 0 )
−1
°°°
2

°°°°°
µ
11

1

¶
−1


0√
1

−  02

°°°°°
2

+
°°1∗


°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2

°°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

+
°°1∗


°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2

°° 0

°°
2

(7)

We shall analyze each term on the majorant side of expression (7) in turn. Consider initially

the first term on the majorant side of expression (7). In this case, we can apply parts (b),
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(c), and (d) of Lemma B-5, given in Appendix B below, to obtain°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2°°°°°

µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

= 

µ
1

1

¶


µ
1

1

¶


µ
1

1

¶
= 

µ
1

31

¶
, (8)

To analyze the second term on the majorant side of expression (7), we first note that

 0 =

⎛⎜⎜⎜⎝
1 1 · · · 1

111 121 · · · 11
...

...
. . .

...

−111 −11 −112 −11 · · · −11 −11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

211
2
1

2
1

212
2
2

2
1

...

21
2


2
1

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝

X

=1
21

2


2
1X

=1
31

2


3
1

...X

=1
+11 2

+1
1

⎞⎟⎟⎟⎟⎟⎠
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so that°° 0

°°
2

=

vuut X
=1

Ã
X

=1

+11 2

+11

!2

≤
vuut X

=1



X
=1


2(+1)
1 4


2(+1)
1

⎛⎝using the inequality ¯̄̄̄¯
X
=1



¯̄̄̄
¯
2

≤ 

X
=1

||2
⎞⎠

≤ 

µ
max
1≤≤

2

¶vuut X
=1

Ã

2(+1)
11


2(+1)
1

!

≤ 

µ
max
1≤≤

2

¶ X
=1

Ã

(+1)
11


(+1)
1

! Ã
by the inequality

¯̄̄̄
¯
X
=1



¯̄̄̄
¯


≤
X
=1

|| for 0   ≤ 1
!

≤ 2
µ
max
1≤≤

2

¶
(∗)+1 (applying Lemma D-3(a) which implies that there exists constant ∗  1

such that 0 
1

∗
≤ 11

1
≤ ∗ ∞ for all  sufficiently large

¶
≤ 22 (∗)+1 ∞ (by Assumptions 4-4) (9)

Making use of this result along with parts (c) and (d) of Lemma B-5 given in Appendix B

below, we see that°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2

°° 0

°°
2

= 

µ
1

1

¶


µ
1

1

¶
 (1)

= 

µ
1

21

¶
. (10)
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Next, to analyze the third term on the majorant side of expression (7), note first that

°°°( 0 )
−1
°°°
2
≤

s
max

½h
( 0 )

−1
i0 ¡

 0
¢−1¾

=

r
max

n¡
[ 0 ]

0¢−1 ¡
 0

¢−1o
=

r
max

n
( 0 )

−2
o ¡

since  0 is symmetric
¢

=

s
1

(min { 0 })2

=
1

min { 0 }
≤ 1

#
∞ (for some constant #  0 by Lemma B-3 (c)) (11)

Making use of this result along with parts (b) and (c) of Lemma B-5 given in Appendix B

of this Online Appendix, we obtain°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°( 0 )
−1
°°°
2

°°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

= 

µ
1

1

¶
 (1)

µ
1

1

¶
= 

µ
1

21

¶
. (12)

For the fourth term on the majorant side of expression (7), we have, by the results given in

expressions (9) and (11) as well as part (c) of Lemma B-5,°°°°°°
s

11

1
−1

 − 1
∗


°°°°°°
2

°°°( 0 )
−1
°°°
2

°° 0

°°
2

= 

µ
1

1

¶
 (1) (1)

= 

µ
1

1

¶
(13)
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To analyze the fifth term on the majorant side of expression (7), note first that

∗


=

⎛⎜⎜⎜⎝
1111 0 · · · 0

0 1221
. . .

...
...

. . .
. . . 0

0 · · · 0 11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
1111 2111

2
1 3111

3
1 · · · 111


1

1221 2122
2
1 3122

3
1 · · · 122


1

...
...

...
...

11 21
2
1 31

3
1 · · · 1


1

⎞⎟⎟⎟⎠
from which it follows, by straightforward calculation, that


n
 0 ¡∗



¢0
∗


o
=

X
=1

X
=1

21
2


21
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Making use of this calculation, we see that°°1∗


°°
2

= k1k2
°°∗


°°
2

≤ k1k2
°°∗


°°


≤
p
max (

0
11)

r

n
 0 ¡∗



¢0
∗


o

=
p
max ()

vuut X
=1

X
=1

21
2


21

=

vuut X
=1

X
=1

21
2


21

≤
µ
max
1≤≤

¯̄

¯̄¶vuut X

=1

X
=1

21

21

≤ √


µ
max
1≤≤

¯̄

¯̄¶vuut X

=1

211

21

≤ √


µ
max
1≤≤

¯̄

¯̄¶ X

=1

11

1

Ã
applying the inequality

¯̄̄̄
¯
X
=1



¯̄̄̄
¯


≤
X
=1

|| for 0   ≤ 1
!

≤ 
3
2

µ
max
1≤≤

¯̄

¯̄¶
(∗) (applying Lemma D-3(a) which implies that there exists constant

∗  1 such that 0 
1

∗
≤ 11

1
≤ ∗ ∞ for all   sufficiently large

¶
≤ 

3
2  (∗)

µ
for some constant  ≥ max

1≤≤

¯̄

¯̄
by Assumption 4-4

¶
(14)

Using this result along with expression (11) and part (b) of Lemma B-5, given in Appendix

B of this Online Appendix, we see that

°°1∗


°°
2

°°°( 0 )
−1
°°°
2

°°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

=  (1) (1)

µ
1

1

¶
= 

µ
1

1

¶
 (15)
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Turning our attention to the sixth term, note that, by expression (14) and by the results

given in parts (b) and (d) of Lemma B-5, we have

°°1∗


°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2

×
°°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

=  (1)

µ
1

1

¶


µ
1

1

¶
= 

µ
1

21

¶
(16)

Now, for the last term on the majorant side of expression (7), we can apply part (d) of

Lemma B-5 and the results given in expressions (9) and (14) to obtain

°°1∗


°°
2

°°°°°°
"µ

11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

°°°°°°
2

°° 0

°°
2

=  (1)

µ
1

1

¶
 (1)

= 

µ
1

1

¶
. (17)

Combining the results given in expressions (8), (10), (12)-(13), and (15)-(17); we obtain°°°q11
¡
 − 

¢°°°
2

= 

µ
1

31

¶
+

µ
1

21

¶
+

µ
1

21

¶
+

µ
1

1

¶
+

µ
1

1

¶
+

µ
1

21

¶
+

µ
1

1

¶
= 

µ
1

1

¶
,

which, in turn, implies that

°° − 
°°
2
= 

Ã
1

1
p
11

!
= 

Ã
1


3
2

1

!
,

since, by part (a) of Lemma D-3 given in Appendix D of this Online Appendix, there exists
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an absolute constant ∗  1 such that

0 
1

∗


1

11
≤ ∗ ∞ for all  and  sufficiently large. ¤

Proof of Theorem 4:

To show part (a), first write

[ −  ]
0
 − ¡1 − 1

¢0
1 = [ −  ]

0 ¡
 − 

¢
+ [ −  ]

0
 − ¡1 − 1

¢0
1

where, in this case,

 =
Γp
11

Ã
p
11

!
=

1

11

¡
Γ1 Γ2

¢µ 1
2

¶

=
Γ1p
11

Ã
1p
11

!
+

Γ2p
11

Ã
2p
11

!

=
Γ1p
11

Ã
1p
11

!
(given that 2 = 0 under Assumption S1-1)

and

 = 
¡
0Σ

¢−1
0 with  =

³
 Σ · · · Σ

−1
 

´
for 1 ≤   

By applying the same argument as that given in the proof of Theorem 3, we can show that

[ −  ]
0
 − ¡1 − 1

¢0
1 = 

Ã
1p
11

!
= 

µ
1√
1

¶
(18)

where 1 = max
¡
Σ

¢
and where the second equality above follows from Lemma D-3 part

(a) given in Appendix D of this Online Appendix.
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Next, note that, since  −  = Γ ( −  ) + , we can write¯̄
[ −  ]

0 ¡
 − 

¢¯̄
≤

¯̄
( −  )

0
Γ0
¡
 − 

¢¯̄
+
¯̄
0
¡
 − 

¢¯̄
(by triangle inequality)

≤
q
( −  )

0
Γ0Γ ( −  )

q¡
 − 

¢0 ¡
 − 

¢
+
¯̄
0
¡
 − 

¢¯̄
=

q
11

s
( −  )

0 Γ0Γ
11

( −  )
°°¡ − 

¢°°
2
+
¯̄
0
¡
 − 

¢¯̄
=

q
11

q
( −  )

0
( −  )

°°¡ − 
¢°°

2
+
¯̄
0
¡
 − 

¢¯̄µ
since

Γ0Γ
11

=  by Assumption (i)

¶
(19)

Note also that, for all  ,



½q
( −  )

0
( −  )

¾
≤

q

©
( −  )

0
( −  )

ª
(by Jensen’s inequality)

=

vuut X
=1


n¡

 − 
¢2o

≤

vuut X
=1

³

n¡

 − 
¢4o´ 1

2

(by Liapunov’s inequality)

≤
√

£
†¤ 14 (by assumption (ii))

≤ 1

³
for some constant 1  0 such that 1 ≥

√

£
†¤ 14´

 ∞

It then follows that for any   0, we can set 1 = 1; and, by Markov’s inequality, we

have



µ¯̄̄̄q
( −  )

0
( −  )

¯̄̄̄
≥ 1

¶
= 

µ¯̄̄̄q
( −  )

0
( −  )

¯̄̄̄
≥ 1



¶
≤ 

1


µq
( −  )

0
( −  )

¶
≤ 

1
1

= 
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from which we further deduce thatq
( −  )

0
( −  ) =  (1)

Moreover,


¯̄
0
¡
 − 

¢¯̄ ≤ q¡
 − 

¢0
 [

0
 ]
¡
 − 

¢
(by Liapunov’s inequality)

=

q¡
 − 

¢0
Σ

¡
 − 

¢
≤

q
max (Σ )

°°¡ − 
¢°°

2

≤
√
†
°°¡ − 

¢°°
2
(by assumption (ii))

= 2
°°¡ − 

¢°°
2

³
setting 2 =

√
†
´

It follows that for any   0, we can set 2 = 2; and, by Markov’s inequality, we have


³°°¡ − 

¢°°−1
2

¯̄
0
¡
 − 

¢¯̄ ≥ 2

´
= 

µ°°¡ − 
¢°°−1

2

¯̄
0
¡
 − 

¢¯̄ ≥ 2



¶
≤ 

2

°°¡ − 
¢°°−1

2

¡¯̄
0
¡
 − 

¢¯̄¢
≤ 

2

°°¡ − 
¢°°−1

2
2
°°¡ − 

¢°°
2

= 

so that °°¡ − 
¢°°−1

2

¯̄
0
¡
 − 

¢¯̄
=  (1) or

¯̄
0
¡
 − 

¢¯̄
= 

¡°°¡ − 
¢°°

2

¢
(20)

Applying the result given in part (a) of Lemma E-1, where it is shown that
°°¡ − 

¢°°
2
=


³

−3
2

1

´
under Scenario 13; we have

¯̄
0
¡
 − 

¢¯̄
= 

¡°°¡ − 
¢°°

2

¢
= 

Ã
1


3
2

1

!
3Lemma E-1 and its proof can be found in Appendix E of this Online Appendix.
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Putting things together, we then obtain¯̄
[ −  ]

0 ¡
 − 

¢¯̄
≤

q
11

q
( −  )

0
( −  )

°°¡ − 
¢°°

2
+
¯̄
0
¡
 − 

¢¯̄
(by the inequality given in expression (19))

= 
³q

11

´
 (1)

³

− 3
2

1

´
+

³

−3
2

1

´
(by part (a) of Lemma E-1)

= 
³p

1

´
 (1)

³

− 3
2

1

´
+

³

−3
2

1

´ ¡
since 11 ³ 1 by Lemma D-3 (a)

¢
= 

µ
1

1

¶
+

³

− 3
2

1

´
= 

µ
1

1

¶
. (21)

Now, combining the results given in expressions (18) and (21), we then obtain

[ −  ]
0
 − ¡1 − 1

¢0
1 = [ −  ]

0 ¡
 − 

¢
+ [ −  ]

0
 − ¡1 − 1

¢0
1

= 

µ
1

1

¶
+

µ
1√
1

¶
= 

µ
1√
1

¶
(22)

The result for part (b) can be shown in a way similar to the proof of part (a). Here, since

 =  under Scenario 2, we can write

[ −  ]
0
 − ( −  )

0
 = [ −  ]

0 ¡
 − 

¢
+ [ −  ]

0
 − ( −  )

0


where

 =
Γp
11

Ã
p
11

!
.

and

 = 
¡
0Σ

¢−1
0 with  =

³
 Σ · · · Σ

−1
 

´
.

Now, in this case, by applying the same argument as that given in the proof of Theorem 1,

we can show that

[ −  ]
0
 − ( −  )

0
 = 

Ã
1p
11

!
= 

µ
1√
1

¶
(23)

where 1 = max
¡
Σ

¢
and where again the second equality above follows from part (a) of

Lemma D-3 given in Appendix D.
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Moreover, following the same argument as that given in the proof of part (a), we can

again show that ¯̄
[ −  ]

0 ¡
 − 

¢¯̄
≤

¯̄
( −  )

0
Γ0
¡
 − 

¢¯̄
+
¯̄
0
¡
 − 

¢¯̄
(by triangle inequality)

≤
q
( −  )

0
Γ0Γ ( −  )

q¡
 − 

¢0 ¡
 − 

¢
+
¯̄
0
¡
 − 

¢¯̄
=

q
11

s
( −  )

0 Γ0Γ
11

( −  )
°°¡ − 

¢°°
2
+
¯̄
0
¡
 − 

¢¯̄
=

q
11

q
( −  )

0
( −  )

°°¡ − 
¢°°

2
+
¯̄
0
¡
 − 

¢¯̄
(24)

where q
( −  )

0
( −  ) =  (1) .

In this case, applying part (b) of Lemma E-1, given in Appendix E of this Online Appendix,

we also get ¯̄
0
¡
 − 

¢¯̄
= 

¡°°¡ − 
¢°°

2

¢
= 

Ã
1


3
2

1

!
Putting things together, we have¯̄

[ −  ]
0 ¡
 − 

¢¯̄
≤

q
11

q
( −  )

0
( −  )

°°¡ − 
¢°°

2
+
¯̄
0
¡
 − 

¢¯̄
(by the inequality given in expression (24))

= 
³q

11

´
 (1)

³

−3
2

1

´
+

³

− 3
2

1

´
(by part (b) of Lemma E-1)

= 
³p

1

´
 (1)

³

− 3
2

1

´
+

³

− 3
2

1

´ ¡
since 11 ³ 1 by Lemma D-3 part (a)

¢
= 

µ
1

1

¶
+

³

−3
2

1

´
= 

µ
1

1

¶
(25)
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Finally, combining the results given in expressions (23) and (25), we then obtain

[ −  ]
0
 − ( −  )

0
 = [ −  ]

0 ¡
 − 

¢
+ [ −  ]

0
 − ( −  )

0


= 

µ
1

1

¶
+

µ
1√
1

¶
= 

µ
1√
1

¶
 ¤ (26)

Proof of Part (b) of Theorem 5:

Part (b) of Theorem 5 can be shown in a manner similar to the proof of part (a) given in

the Supplemental Appendix, although with some modifications. For completeness, we will

provide the details of the proof of part (b) here. To proceed, write

bgrpls −  = bgrpls −  +  −  (27)

where

bgrpls = b
b−1


h b−1

b0

bΣ

b
b−1


i+ b−1

b0
b,  = 

¡
0Σ

¢−1
0,

 =
1p
11

, and b =

⎛⎜⎜⎜⎜⎜⎝
b 1
2

1 0 · · · 0

0 b3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 b−1
2

1

⎞⎟⎟⎟⎟⎟⎠ .

Consider first the term bgrpls − . Let

 =

⎛⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
− 1

2

1

⎞⎟⎟⎟⎟⎠ ,
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and note that, by straightforward calculations,

bgrpls − 

= b
b−1


h b−1

b0

bΣ

b
b−1


i+ b−1

b0
b −

¡
0Σ

¢−1
0

= b
b−1


h b−1

b0

bΣ

b
b−1


i+ b−1

b0
b −−1



¡
−1


0Σ

−1


¢−1
−1


0

=
h³ b −

´ b−1
 +−1



³


b−1
 − 

´
+−1



i
×
½³ b−1


b0

bΣ

b
b−1


´+
− ¡−1


0Σ

−1


¢−1
+
¡
−1


0Σ

−1


¢−1¾
×
h b−1



³ b0
b −0

´
+
³ b−1

 − 

´
−1


0 +−1


0

i
−−1



¡
−1


0Σ

−1


¢−1
−1


0

= T T 1 + T T 2 + T T 3 + T T 4 + T T 5 + T T 6 + T T 7 + T T 8 + T T 9 + T T 10 + T T 11
+T T 12 + T T 13 + T T 14 + T T 15 + T T 16 + T T 17 + T T 18 − T T 18

where

T T 1 =
1√
1

³ b −
´ b−1



⎧⎨⎩
Ã b−1


b0

bΣ

b
b−1


1

!+
−
Ã
−1


0Σ

−1


1

!−1⎫⎬⎭
× b−1



" b0
b −0√

1

#

T T 2 =
1√
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Since the last two terms cancel each other out, we further obtain

bgrpls −  = T T 1 + T T 2 + T T 3 + T T 4 + T T 5 + T T 6 + T T 7 + T T 8 + T T 9
+T T 10 + T T 11 + T T 12 + T T 13 + T T 14 + T T 15 + T T 16 + T T 17

Analyzing each of the terms T T 1 to T T 17 individually, we see first of all that, for T1, we
can apply parts (c), (d), and (f) of Lemma B-4, given in Appendix B below, to obtain
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where the last equality above follows from parts (a), (b), (c), and (j) of Lemma D-10, given

in Appendix D below. Next, for T T 2, we apply parts (b), (c), and (f) of Lemma B-4 given
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in Appendix B and part (d) of Lemma D-9 given in Appendix D to get
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where the last equality above follows from parts (a), (c), and (j) of Lemma D-10. Similar to
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the case of T T 2, for T T 3, we can apply parts (b), (c), and (f) of Lemma B-4 to get
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where the last equality above follows from parts (d), (e), and (f) of Lemma D-10. Now,

applying parts (c) and (d) of Lemma B-4 as well as expression (66), given in the proof of
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part (f) of Lemma B-4, we obtain for T T 4
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where the last equality above follows from parts (d), (e), and (f) of Lemma D-10. For T T 5,
we apply part (d) of Lemma D-9 and parts (b) and (c) of Lemma B-4 as well as expression

(66), given in the proof of part (f) of Lemma B-4 to obtain
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where the last equality follows from parts (d) and (e) of Lemma D-10. For T T 6, we apply
parts (b) and (c) of Lemma B-4 as well as expression (66) in the proof of Lemma B-4 part
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(f) to obtain
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Next, for T T 7, we apply part (d) of Lemma D-9 as well as parts (a), (d), and (f) of Lemma
B-4 to obtain
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where the last equality above follows from parts (a), (c), and (j) of Lemma D-10 and from
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the fact that 11 =  (1). Consider now T T 8. Making use part (d) of Lemma D-9 as well
as parts (a), (b), and (f) of Lemma B-4, we obtain
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where the last equality follows from parts (a) and (j) of Lemma D-10. In addition, for T T 9,
we can apply part (d) of Lemma D-9 as well as parts (a), (b), and (f) of Lemma B-4 to
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obtain
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where the last equality follows from parts (d) and (e) of Lemma D-10. Now, for T T 10, we
can apply part (d) of Lemma D-9 and parts (a) and (d) of Lemma B-4 as well as expression

(66) in the proof of Lemma B-4 part (f) to obtain
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where the last equality above follows from parts (d) and (e) of Lemma D-10. Consider

T T 11. Making use of part (d) of Lemma D-9 and parts (a) and (b) of Lemma B-4 as well
as expression (66) in the proof of Lemma B-4 part (f), we obtain
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where the last equality follows from part (d) of Lemma D-10. Similarly, for T T 12, we can
apply part (d) of Lemma D-9 and parts (a) and (b) of Lemma B-4 as well as expression (66)

in the proof of Lemma B-4 part (f) to obtain
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Now, consider T T 13. Here, we can apply parts (a), (d), and (f) of Lemma B-4 to obtain
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where the last equality follows from parts (d), (e), and (f) of Lemma D-10. Next, consider

T T 14. In this case, we can apply part (d) of Lemma D-9 as well as parts (a), (b), and (f) of
Lemma B-4 to obtain
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where the last equality follows from parts (d) and (e) of Lemma D-10. In a similar way for

the term T T 15, we can apply parts (a), (b), and (f) of Lemma B-4 to obtain
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Turning our attention to T T 16, note that, for this term, we can apply parts (a) and (d) of
Lemma B-4 as well as expression (66) in the proof of Lemma B-4 part (f) to obtain
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Finally, for T T 17, we can apply part (d) of Lemma D-9 and parts (a) and (b) of Lemma B-4
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as well as expression (66) in the proof of part (f) of Lemma B-4 to get
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Combining the results given by the above calculations, we see that°°°bgrpls − 
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where the last equality above follows from the rate conditions given in Assumption 6-3, i.e.,
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Next, note that, for the second term − on the right-hand side of expression (27), part
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(b) of Theorem 2 shows that
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Proof of Part (b) of Theorem 6:

To show part (b) of Theorem 6, note that, by the results given in Theorem 5, we have
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so that bgrpls and bdrpls have the same rate of convergence. Hence, it is easily seen that by
following the same argument as that given in the Supplemental Appendix for the proof of

part (a) of Theorem 6, we can show that
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which is the required result for part (b) of Theorem 6, ¤
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Proof of Theorem 7:

To show part (a), note first that, under Scenario 1 and in the case where the point fore-

cast is based on bdrpls , we can write the deviation of the point forecast from the conditional
mean function of the forecast equation as follows:
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Applying Assumption (ii), we have, for all  and  ,


¡
−1

©
[ −  ] [ −  ]

0ª¢
=

1



©

¡
[ −  ] [ −  ]

0¢ª
=

1



©

¡
[Γ ( −  ) +  ] [Γ ( −  ) +  ]

0¢ª
=

1



©
Γ

£
( −  ) ( −  )

0¤
Γ0 + Γ [( −  )

0
 ] +

£
 ( −  )

0¤
Γ0 + [

0
 ]
ª

=
1



©
Γ

£
( −  ) ( −  )

0¤
Γ0 + Σ

ª¡
since  (( −  )

0
 ) = 0 and 

¡
 ( −  )

0¢
= 0 by Assumption (ii)

¢
=

11
£
( −  )

0 ¡
ΓΓ11

¢
( −  )

¤


+
1


 {Σ}

=
11

£
( −  )

0
( −  )

¤


+
1


 {Σ}

µ
since

Γ0Γ
11

= 

¶
≤ 11



√
† +

1


 {Σ} (since, by Assumption (ii) and Liapunov’s inequality, we have


n¡

· − ·
¢2o ≤ h n¡· − ·

¢4oi 12 ≤ √† for all  ∈ {1 }
¶

≤ 11



√
† +




max (Σ )

≤ ∗
√
† + †¡

since 11 cannot have order of magnitude greater than  , there exists a constant ∗  1 such

that
11


≤ ∗ for all  ,  sufficiently large. Also, by Assumption (ii), sup



max (Σ) ≤ †
¶

≤  ∞

for some constant  ≥ ∗
√
† + †. It then follows that for any   0, we can set

 = ; and, by Markov’s inequality, we have, for all  and  sufficiently large,



Ã¯̄̄̄
¯
©
[ −  ] [ −  ]

0ª


¯̄̄̄
¯ ≥ 

!
= 

Ã¯̄̄̄
¯
©
[ −  ] [ −  ]

0ª


¯̄̄̄
¯ ≥ 



!
≤ 



¡
−1

©
[ −  ] [ −  ]

0ª¢
≤ 




= 

so that


©
[ −  ] [ −  ]

0ª
=  ()

45



from which we further deduce thatq
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Now, to analyze the asymptotic behavior of
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We can then make use of argument very similar to what we have given previously in the

proof of part (a) of Theorem 5 to show that, for the first term on the right-hand side of

expression (29) above, we have
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To avoid too much duplication, we will only give a sketch of the argument here, although,

in the supporting lemmas given in Appendix E, we do provide details in areas where there

are sufficient difference between the proof needed here and the proof given earlier for the

many-predictors regression case. In particular, as shown in Apprendix E, given the diffusion

index model setup, i.e.,
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which is a bit different from its representation in the case where the forecast equation is a

many-predictors regression:

+ = + ( − )
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with  {( − ) +} = 0 for all 4. Hence, a key part of our proof for the diffusion index
case given here is to show a uniform convergence result
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for this case, where  here denotes the 
 element of the (population) covariance vector

 given in expression (31) above and where b is the 
 element of the usual sample

estimator

b =
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X
=1

£
 −

¤
+.

A proof of the result given in expression (32) under Scenario 1 can be found in part (a) of

Lemma E-14 in Appendix E. In addition, in Lemma E-10 of Appendix E, we also prove the

uniform convergence result

max
1≤ ≤ 

¯̄̄bΣ() −Σ()

¯̄̄
= 

Ãr
ln



!
(33)

under the assumptions of this theorem which impose more primitive conditions for the partic-

ular case where the underlying data generating mechanism is a diffusion index model. Since

the generalized thresholding estimators b and
bΣ
 are obtained by performing element-by-

element transformation of the usual (unregularized) sample estimators b and bΣ , given

the uniform convergence results stated in expressions (32) and (33), we can then use the

same argument as that given in the proofs of Lemma C-6 and Lemma C-9 to show that°°°°° bΣ
 −Σ

1

°°°°°
2
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ln
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!
=  (1) for 0 ≤   1 (34)

and °°°°°b − √
1

°°°°°
2

= 

⎛⎝s ()

1

∙
ln
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¸ 1
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
2)
⎞⎠ for 0 ≤   1. (35)

The convergence results for the generalized thresholding estimators bΣ
 and b given in

expressions (34) and (35) can then be applied to obtain results similar to that stated in

Lemma B-3 and Lemma B-4, but for the diffusion index case. The method of proof is

essentially the same as that which has previously been used to establish comparable results

for the many-predictors regression case as given in these lemmas. We do make some minor

modifications in the proof of parts (a) and (c) of Lemma B-3 and of parts (a) and (b) of

4An explicit derivation of the representation for  given in expression (31) can be found at the proof

of part (a) of Lemma E-1 in Appendix E.
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Lemma B-4 to obtain analogous results for the diffusion index case. For the case where

1 ≤    (i.e., Scenario 1), the diffusion index counterparts of the results given in parts

(a) and (c) of Lemma B-3 are given in part (a) of Lemma E-15 and in part (b) of Lemma

E-2, respectively. On the other hand, the diffusion index counterparts of the results given in

parts (a) and (b) of Lemma B-4 are given in parts (a) and (b) of Lemma E-16, respectively.

Outside of these modifications, we use essentially the same argument as that given in the

proof of part (a) of Theorem 55 to obtain the asymptotic result stated in expression (30)

above.

Consider next
°° − 

°°
2
, the second term on the right-hand side of expression (29) above.

To analyze the asymptotic behavior of
°° − 
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2
in the diffusion index case under Scenario

1, we need to apply part (a) of Lemma E-1 to obtain
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It follows from expressions (29), (30), and (36) that°°°bdrpls − 
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Making use of the asymptotic result for
°°°bdrpls − 

°°°
2
given in expression (37) above, we

then obtain¯̄̄
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5The proof of part (a) of Theorem 5 is given in the Supplemental Appendix.
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from which it follows that
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Consider now the second term on the right-hand side of expression (28), i.e., the term¡
 − 

¢0 ³bdrpls − 
´
. To analyze this term, we follow an approach similar to that used

in the proof of Theorem 6. To proceed, we first define

1 = Γ1
q
11 and 2 =
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¢
Here, 22 denotes an  × ( −) semi-orthogonal matrix whose columns are the ortho-

normal eigenvectors associated with the 0 eigenvalue of Σcom = ΓΣΓ
0, which in this case

has algebraic multiplicity equal to  −. By the orthonormality of eigenvectors, it follows

that 02222 = − , 022Γ1
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 × orthogonal matrix. Given these notations, we can write¡
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To analyze the first term on the right-hand side of expression (39) above, note that¯̄̄̄
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Moreover, let the × 1 vector  denote an elementary vector whose  component equals
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1 and all other components are 0, and note that¯̄̄̄
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Similarly, we can show that¯̄̄̄
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Applying expressions (41) and (42) to expression (40), we then have
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Consider the first term on the right-hand side of expression (43). Taking the expectation of

this term and dividing it by 1 = max
¡
Σ

¢
, we get

0 ≤ 2

1

µ
1



¶2 X
=1

X
=1



(
Γ01p
11

Γ
£
( −  ) ( −  )

0¤
Γ0

Γ1p
11

)

=
211

1

µ
1



¶2 X
=1

X
=1



⎧⎨⎩ Γ01p
11

³
Γ1√
11

Γ2√
11

´

£
( −  ) ( −  )

0¤⎛⎝ Γ01√
11
Γ02√
11

⎞⎠ Γ1p
11

⎫⎬⎭
= 2

11

1

µ
1



¶2 X
=1

X
=1



½¡
 0

¢

£
( −  ) ( −  )

0¤µ 
0

¶¾

= 2
11

1

µ
1



¶2 X
=1

X
=1


n

h¡
1 − 1

¢ ¡
1 − 1

¢0io
= 2

11

1

µ
1



¶2 X
=1

X
=1


h¡
1 − 1

¢0 ¡
1 − 1

¢i
≤ 2

11

1

µ
1



¶2 X
=1

X
=1

X
=1


£¡
1· − 1·

¢ ¡
1· − 1·

¢¤
¡
where 1· and 1· are, respectively, the 

 element of 1

and of 1 and where 1· =  [1·] =  [1·]
¢

=
211

1

µ
1



¶2 X
=1

X
=1


h¡
1· − 1·

¢2i
+
411

1

µ
1



¶2 X
=1

−1X
=1

−X
=1

¯̄

£¡
1· − 1·

¢ ¡
1+· − 1·

¢¤¯̄

53



Applying Corollary 14.3 of Davidson (1994), we further obtain
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It follows that for any   0, we can set 
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Next, consider the second term on the right-hand side of expression (43). To analyze this

term, we let  denote a  × 1 elementary vector whose  component is 1 and all other
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components are 0. Taking expectation of this term, we obtain
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Combining the results given in expressions (44) and (45), we see that
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Now, let the ( − ) × 1 vector − denote an elementary vector whose  component
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equals 1 and all other components are 0, and note that¯̄̄̄
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Applying expressions (48) and (49) to expression (47), we then have
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Making use of this calculation, we can divide first term on the right-hand side of expression
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Applying Corollary 14.3 of Davidson (1994), we further obtain
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It follows that for any   0, we can set ∗ = 
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Next, consider the second term on the right-hand side of expression (50). For this term, let
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It follows that for any   0, we can set %
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Applying the result given in expression (37), we then obtain¯̄̄̄
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Making use of expressions (39), (46), and (53), we see that¡
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Consider next the third term on the right-hand side of expression (28), i.e., the term
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−0 = −−1
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Turning our attention now to the fourth term on the right-hand side of expression (28),

i.e., the term  = −1

X

=1
+. For this term, it is easy to see that, under Assumption
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(v),

0 ≤ 
£
2

¤
=

µ
1



¶2 X
=1

X
=1

 [++] (where  =  − )

=
1

 2

X
=1


£
2+

¤
+ 2

µ
1



¶2 −1X
=1

−X
=1

 {+++}

≤ 1

 2

X
=1


£
2+

¤
+ 2

µ
1



¶2 −1X
=1

−X
=1

| [+++]|

≤ 1

 2

X
=1


£
2+

¤
+ 2

µ
1



¶2 −1X
=1

−X
=1

2
³
2
1
2 + 1

´
[ ()]

1−1
2
− 1
4

q
 |+|2

¡
 |++|4

¢ 1
4

(by Corollary 14.3 of Davidson (1994))

≤ 1

 2

X
=1

 |+|2 + 2
µ
1



¶2 −1X
=1

−X
=1

2
³
2
1
2 + 1

´
[ ()]

1
4

q
 |+|2 (•)

1
4

(applying the first result given in part (b) of Lemma D-6)

≤ 

 2
(•)

1
2 + 2

( − 1)
 2

2
³
2
1
2 + 1

´
(•)

1
2

X
=1

[ ()]
1
4µ

applying Liapunov’s inequality to show that

q
 |+|2 ≤

¡
 |+|4

¢ 1
4 ≤ (•)

1
4

¶
≤ (•)

1
2



"
1 + 4

³
2
1
2 + 1

´

1
4

X
=1

exp

µ
−

2

4

¶#
(by Assumption (v) part (b))

≤ (•)
1
2



h
1 + 4

³
2
1
2 + 1

´

1
4#

i Ã
since

X
=1

exp

µ
−

2

4

¶
≤ # ∞ for some

constant #  0 as shown in Lemma D-11 of Appendix D
¢

≤ ‡



³
for some constant ‡ ≥ (•)

1
2

h
1 + 4

³
2
1
2 + 1

´

1
4#

i´

72



It follows that for any   0, we can set ‡
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given that  ≥ 1 is a fixed finite integer.
Finally, consider the last term on the right-hand side of expression (28), i.e., the term
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Putting the results given in expressions (38), (54), (55), (56), and (57) together, we see
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which shows the result for part (a) under Scenario 1.

The result given for Scenario 2 can be shown using essentially the same argument as that

given for Scenario 1 with minor modifications in notations and calculations to accommodate

the case where  = . In particular, under Scenario 2, we take

1
×

= Γ
q
11

since all available factors are now relevant for the purpose of forecasting. Moreover, 2
now denotes the  × ( −) semi-orthogonal matrix whose columns are the orthonormal

eigenvectors associated with the 0 eigenvalue of Σcom = ΓΣΓ
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 under Scenario 2 since none of the coefficients of the diffusion index forecast equation is

equal to zero in this case. In addition, to obtain the result
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,

we apply part (b) of Lemmas E-1, E-14, and E-15 instead of part (a) of Lemmas E-1, E-14,

and E-15 and also apply part (b) of Lemma E-3 instead of part (b) of Lemma E-2.

For part (b), note that, by using essentially the same argument as that given in the proof
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of part (b) of Theorem 5, we can show that
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so that, similar to the result we have obtained previously in Theorem 5 for the many-

predictors regression model, bgrpls and bdrpls also have the same rate of convergence here
for the diffusion index case. Hence, it is easily seen that by following essentially the same

argument as that given in the proof of part (a) above, we can, in addition, show that, under
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and that, under Scenario 2,
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Remark A.1:

It should be noted that, in some special cases, a factor model can have an exact enve-

lope decomposition. For example, if  is generated by an exact factor model whose error

covariance matrix does not vary with  and is given by Σ =  [
0
] = 2 . Here, given

that  =
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is a  × orthogonal matrix, we can write:
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where ∆∗1 = ∆1 + 2 and ∆∗2 = ∆2 + 2 . In this case it is thus possible for Σ to have

an exact envelope representation. However, specification of an exact factor model is often

considered too restrictive for applications in economics and finance. For this reason, we have
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chosen to consider the approximate envelope setup introduced here. In addition, although we

use the factor model as an example in much of our intuitive discussion of the approximate

envelope framework, it is worth emphasizing that there is nothing in the specification of

the envelope model that requires  to be generated by a factor model. The approximate

envelope framework is general enough to allow for dimension reduction in certain situations

where there is no factor structure.

Remark A.2

Related to the discussion given in Remark 4.1(e) of the main paper, we provide the

following example to illustrate how the envelope framework can lead to additional dimension

reduction in the case where the leading eigenvalue has algebraic multiplicity greater than 1.

Example 1: Consider again the forecasting equation + =  + ( − )
0
 + + and

suppose initially that we specify the covariance matrix decomposition as:

Σ = 1Λ1
0
1 + 2Λ2

0
2 (58)

where 1
×2

=
¡
1 2

¢
 Here, for simplicity of explanation, we have assumed an exact

envelope model so that Σ = 0, but it is easy to see that the same story applies to a more

general approximate envelope model. Also, again for simplicity of explanation, we have

assumed covariance stationarity, so that Σ = −1∗
X∗

=1
Σ = Σ . Now, suppose that

 = 1 for some 2× 1 parameter vector . Suppose also that:

Λ1 =

µ
1 0

0 1

¶
= 12 and Λ2 =

⎛⎜⎜⎜⎝
2 0 · · · 0

0 3
. . .

...
...

. . .
. . . 0

0 · · · 0 

⎞⎟⎟⎟⎠ 

That is, assume that the top eigenvalue has an algebraic multiplicity equal to 2 and the

remaining eigenvalues are given as the diagonal elements of the matrix ∆2, so that Σ1 =

11, i.e. the columns of the ×2 matrix 1 are the eigenvectors of Σ associated with the

eigenvalue 1. Note, however, that in this case the vector 1 = 
°°°°

2
is also a normalized

eigenvector of Σ associated with the eigenvalue 1 since:

Σ1 = Σ

Ã
°°°°
2

!
= Σ1

°°°°
2

= 11
°°°°
2

= 1

Ã
°°°°
2

!
= 11

k1k22 =
0°°°°2

2

=
0011°°°°2

2

=
0°°°°2

2

=

°°°°2
2°°°°2
2

= 1.

In addition, let ⊥ be a vector that is orthogonal to , i.e. 0⊥ = 0. Further, define

2 = 1
⊥
°°⊥°°

2
. Now, note that 2 is also a normalized eigenvector of Σ associated with
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the eigenvalue 1 and is orthogonal to 1 given that:

Σ2 = Σ1
⊥°°⊥°°

2

= 11
⊥°°⊥°°

2

= 12,

k2k22 =
⊥0011

⊥°°⊥°°2
2

=
⊥0⊥°°⊥°°2

2

=

°°⊥°°2
2°°⊥°°2
2

= 1

012 =
01

⊥°°°°
2

°°⊥°°
2

=
0011

⊥°°°°
2

°°⊥°°
2

=
0⊥°°°°
2

°°⊥°°
2

= 0.

It is easy to see that 1 =
¡
1 2

¢
and

¡
1 2

¢
=
¡

°°°°

2
1

⊥
°°⊥°°

2

¢
span the

same eigenspace associated with the eigenvalue 1, so that there exist alternative choices of

basis functions for this eigenspace. However, the second pair of eigenvectors provides more

precise information about the subspace that actually contains . In particular, information

about  is entirely contained in the span of the eigenvector 1 = 
°°°°

2
, whereas the

eigenvector 2 = 1
⊥
°°⊥°°

2
does not help to span the eigen-subspace containing , so

that the dimension of the envelope in this case should be  = 1 and not  = 2, and a more

meaningful grouping of the eigenvalues/eigenvectors than that given by expression (58) is

the decomposition:

Σ = 11
0
1 + 2∆2

0
2

where 2 =
¡
1

⊥
°°⊥°°

2
2
¢
and ∆2 =

µ
1 0

0 Λ2

¶
. Another way to view this is to

consider the covariance vector  =  ( +). Since:

011 =
01°°°°

2

=
0011°°°°

2

=
0°°°°

2

=
°°°°

2
and

021 =

µ °°⊥°°−1
2

⊥001
02

¶
1 =

µ °°⊥°°−1
2

⊥0
0

¶
=

µ
0

0

¶


it follows that

 =  {( − ) (+ − )}
= 

©
( − ) ( − )

0ª
 + {( − ) +}

= Σ
¡
since Σ = 

©
( − ) ( − )

0ª
and  {( − ) +} = 0

¢
= (11

0
1 + 2∆2

0
2)1

= 1
°°°°

2
1

Thus, the covariance vector  =  ( +) depends just on 1 and not on 2. Hence,

the direction given by 2 is not correlated with + and will not be useful for predicting the

target variable of interest +.
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Appendix B: Some Key Support Lemmas and Their

Proofs

Lemma B-1:

(a) Let  be an  ×  matrix of rank , let e =  +  be a perturbation of , let k·k
be any consistent matrix norm, and let  be decomposed into its components lying in

and lying orthogonal to the column space of :

 = 1 +2 =  + ( − ),

where  = + with + denoting the Moore-Penrose generalized inverse of . More-

over, let  () = kk k+k denote the condition number of the matrix . Under

these conditions, if °°+°° k1k  1
then °°(+)

+ −+
°°

k+k ≤ 1 + 

µ
22

1 + 22

¶ 1
2

,

where

 =

µ
1−  () k1k

kk
¶−1

and

 =
 () kk

kk for  = 1 2.

(b) Suppose that  is a nonsingular × matrix, and let e = + be a perturbation of

 where e is not necessarily assumed to be nonsingular. In addition, let  () =

kk k+k = kk k−1k denote the condition number of the matrix  Now, suppose

that °°−1°° kk  1
then °°(+)

+ −−1
°°

k−1k =

°°(+)
+ −+

°°
k+k

≤  () kk
kk

=
¡
1−

°°−1°° kk¢−1 °°−1°° kk ,
where

 =

µ
1−  () kk

kk
¶−1

=
¡
1−

°°−1°° kk¢−1
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(c) Consider the same conditions as in part (b) above, except that e = + is explicitly

assumed to be nonsingular. Then,°°(+)
−1 −−1

°°
k−1k =

°°(+)
+ −+

°°
k+k

≤ ¡
1−

°°−1°° kk¢−1 °°−1°° kk .
(d) Let  ∈ C× be nonsingular and let e = + be a perturbation of . Let k·k be a

consistent matrix norm. If e is nonsingular, then°°° e−1 −−1
°°°°°° e−1°°° ≤

°°−1°°
Alternatively, if °°−1°°  1
then, e is perforce nonsingular and°°° e−1°°° ≤ k−1k

1− k−1k .

Moreover, °°° e−1 −−1
°°°

k−1k ≤ k−1k
1− k−1k .

Proof of Lemma B-1:

Note that part (a) is essentially Theorem 4.3 of Stewart (1969). For a proof, please see

pages 39-40 of Stewart (1969).

To show part (b), note first that part (b) is a specialization of the result given in part (a)

in which  is taken to be a square and nonsingular matrix. In this case, we have + = −1

so that  = −1 =  and  () = kk k+k = kk k−1k, from which it follows by
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direct calculations

2 = ( − ) = ( − ) = 0 so that  = 1

 =

µ
1−  () k1k

kk
¶−1

=

µ
1− kk k

−1k kk
kk

¶−1
=
¡
1−

°°−1°° kk¢−1 ,
1 =

 () k1k
kk

=
 () kk

kk (since  = 1 in this case )

=
¡
1−

°°−1°° kk¢−1 kk k−1k kkkk³
since  =

¡
1−

°°−1°° kk¢−1 and  () = kk
°°−1°°´

=
¡
1−

°°−1°° kk¢−1 °°−1°° kk
2 =

 k2k
kk = 0 (since 2 = 0)

Hence, by the bound given in part (a), we obtain°°(+)
+ −−1

°°
k−1k =

°°(+)
+ −+

°°
k+k

¡
since + = −1 given that  is nonsingular

¢
≤ 1 + 

µ
22

1 + 22

¶ 1
2

= 1 (given that 2 = 0)

=
¡
1−

°°−1°° kk¢−1 °°−1°° kk
The result given in part (c) follows immediately from that of part (b) by noting that

when e = + is also nonsingular; then,°°(+)
+ −−1

°°
k−1k =

°°(+)
−1 −−1

°°
k−1k 

Finally, part (d) gives the result stated in Theorem 2.5 of Stewart and Sun (1990). For

a proof, please see page 118 of Stewart and Sun (1990).

Lemma B-2: Suppose that part (a) of Assumption 4-2 holds. Let 11 12  1 be those

eigenvalues which are the diagonal elements of ∆1 as defined in part (a) of Assumption 4-2
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and let 1 = max
¡
Σ

¢
. Further define


1×1

= 1 for  = 1


2×2

=

µ
1 1

1 121

¶
for  = 2, and


×

=

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠ for integer  ≥ 3

Then, there exists a constant   0 such that

min (
0 ) ≥   0,

where min (
0 ) here denotes the smallest eigenvalue of the matrix  0 .

Proof of Lemma B-2: For  = 1, the result is trivial since

min (
0 ) =  2 = 1 =   0

To show the result for integer  ≥ 2, first rewrite


×

=

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
1 111

¡
111

¢2 · · · ¡
111

¢−1
1 121

¡
121

¢2 · · · ¡
121

¢−1
...

...
...

...

1 11
¡
11

¢2 · · · ¡
11

¢−1
⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
1 1 21 · · · −11

1 2 22 · · · −12
...

...
...

...

1  2 · · · −1

⎞⎟⎟⎟⎠
where  = 11 for  = 1  . It is clear from the above representation that  is

a Vandermonde matrix. Now, from the well-known formula for the determinant of the
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Vandermonde matrix (see, for example, page 29 of Horn and Johnson, 1985), we have

det ( ) =

Y
=1


µ
1

1
− 1

1

¶

so that

det ( 0 ) = det ( 0) det ( )

= [det ( )]
2

=

Y
=1


µ
1

1
− 1

1

¶2

=

Y
=1


µ
1 − 1

1

¶2µ1
11

¶2µ11
1

¶2

Now, by part (a) of Assumption 4-2, there exists some positive constant 

1 − 1

1
≥   0 for all  sufficiently large

and also by part (a) of Assumption 4-2, 1 ³ 11 so that there exists a positive constant

# such that
1

11
≥ #  0 for all   sufficiently large.

In addition, part (a) of Lemma D-3 implies that there exists some constant ∗  1 such that

11

1
≥ 1

∗
 0 for all   sufficiently large.
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It follows that

det ( 0 ) =

Y
=1


µ
1

1
− 1

1

¶2

=

Y
=1


µ
1 − 1

1

¶2µ1
11

¶2µ11
1

¶2

≥  (− 1)
2

³#
∗

´2
= 1  0 for  ≥ 2

µ
where we have set 1 =

 (− 1)
2

³#
∗

´2¶
.

Next, let  (
0 ) ( = 1  ) be the eigenvalues of  0 which can be ordered, without

loss of generality, as follows

1 (
0 ) ≥ 2 (

0 ) ≥ · · · ≥  (
0 ) = min (

0 )

By the well-known equality between the determinant of a matrix and the product of its

eigenvalues, we have
Y

=1

 (
0 ) = det ( 0 ) ,

which, in turn, implies that

min (
0 ) =  (

0 ) =
det ( 0 )Y−1
=1

 (
0 )
.
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In addition, note that, for  = 1  − 1,

 (
0 )

≤  { 0 }

= 

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎝
1 1 · · · 1

111 121 · · · 11¡
111

¢2 ¡
121

¢2 · · · ¡
11

¢2
...

...
...¡

111
¢−1 ¡

121
¢−1 · · · ¡

11
¢−1

⎞⎟⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
1 111

¡
111

¢2 · · · ¡
111

¢−1
1 121

¡
121

¢2 · · · ¡
121

¢−1
...

...
...

...

1 11
¡
11

¢2 · · · ¡
11

¢−1
⎞⎟⎟⎟⎠
⎫⎪⎪⎪⎬⎪⎪⎪⎭

= +

X
=1

µ
1

1

¶2
+

X
=1

µ
1

1

¶4
+ · · ·+

X
=1

µ
1

1

¶2(−1)
≤ = +

X
=1

µ
1

11

¶2µ11
1

¶2
+

X
=1

µ
1

11

¶4µ11
1

¶4
+ · · ·

· ·+
X

=1

µ
1

11

¶2(−1)µ11
1

¶2(−1)
≤ +

X
=1

(∗)2 +
X

=1

(∗)4 + · · ·+
X

=1

(∗)2(−1) for  sufficiently large¡
by part (a) of Lemma D-3 and by the fact that 1 ≤ 11 for  = 1 

¢
≤ 2

¡
for some constant 2 ∞ which exists since  and ∗ are both finite

¢
.

from which we further deduce that, there exists a positive constant  = 12 such that

min (
0 ) =

det ( 0 )Y−1
=1

 (
0 )

≥ 1Y−1
=1

 (
0 )

1

(since det ( 0 ) ≥ 1 as shown earlier)

≥ 1

2

=   0
¡
since 1  0 and 0  2 ∞

¢
¤
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Lemma B-3: Under Assumptions 4-1, 4-2, 4-3, 4-4, 6-1, 6-2, and 6-3; the following state-

ments are true.

(a) There exists a positive constant  such that°°°° √
1

°°°°2
2

=
0

1
≤  for all  and  sufficiently large.

(b) For any integer  such that 2 ≤  ≤ 2+ 1,¯̄̄̄
¯̄µ111

¶ 0
³
Σ


 − [1∆1
0
1 + 2∆2

0
2]

´



−1
1

¯̄̄̄
¯̄ = 

µ
1

1

¶

Moreover,°°°°°
µ
11

1

¶Ã
−1


0Σ

−1


1
− −1


0
 [1∆1

0
1 + 2∆2

0
2]−1



1

!°°°°°


= 

µ
1

1

¶
,

where

 =
¡
[1∆1

0
1 + 2∆2

0
2] [1∆1

0
1 + 2∆2

0
2]
2
 · · · [1∆1

0
1 + 2∆2

0
2]


¢
,

 =

⎛⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−1

2

1

⎞⎟⎟⎟⎟⎠ ,  =
³
 Σ · · · Σ

−1
 

´
, and

Σ = Σ + Σ = 1∆1
0
1 + 2∆2

0
2 + Σ

(c) Let  and  be as defined in part (b) above and let

 =

⎛⎜⎜⎜⎝
311

2
1

3
1 0 · · · 0

0 312
2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2


3
1

⎞⎟⎟⎟⎠ and

 =

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠
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Then, °°°°°
µ
11

1

¶
−1


0Σ

−1


1
−  0

°°°°°
2

= 

µ
1

1

¶
=  (1) .

and there exists a positive constants # and ∗ such that

min (
0 ) ≥ #  0 and min

Ã
−1


0Σ

−1


1

!
≥ ∗  0

for all  and  sufficiently large. Moreover,°°°°°−1


0Σ
−1


1
−  0

°°°°°
2

= 

µ
1

1

¶
=  (1) ,

where

 =

⎛⎜⎜⎜⎝
311

2
1
¡
2111

¢
0 · · · 0

0 312
2
2
¡
2111

¢ . . .
...

...
. . .

. . . 0

0 · · · 0 31
2

¡
2111

¢
⎞⎟⎟⎟⎠

(d) ¯̄̄̄
¯ b0b

1
− 0

1

¯̄̄̄
¯ = 

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠

(e) For any fixed integer  ≥ 1,¯̄̄̄
¯̄̄ b0

hbΣ


i b

+11

− 0Σ




+11

¯̄̄̄
¯̄̄

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠

(f) For any fixed integer  ≥ 1°°°°°°°
hbΣ



i b − Σ





+ 1

2

1

°°°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ 
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Proof of Lemma B-3: To show part (a), note that, by part (a) of Assumption 4-4 and the

result of Lemma D-3, there exists a positive constant  such that, for all  and  sufficiently

large, °°°°°


1
2

1

°°°°°
2

2

=
0

1

=
0Σ

2



1

¡
since  = Σ

¢
≤ 21

1
(0)

¡
since 1 = max

¡
Σ

¢¢
= 1

µ
0011
11

¶ Ã
since  = 1

p
11

by Assumption 4-4 part (a)

!
=

1

11
kk22 (since 011 = )

≤ ∗ kk22 (since, by part (a) of Lemma D-3, there exists a constant ∗  1
such that 0 

1

∗
≤ 1

11
≤ ∗ ∞ for all  sufficiently large

¶
≤ ∗ ()2 (by Assumption 4-4 part (a))

≤  ∞ ¡
for some positive constant  ≥ ∗ ()2

¢
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To show part (b), note first that, for any integer  such that 2 ≤  ≤ 2+ 1„ we have¯̄̄̄
¯̄µ111

¶ 0
³
Σ


 − [1∆1
0
1 + 2∆2

0
2]

´



−1
1

¯̄̄̄
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=

µ
11

1
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³£
1∆1

0
1 + 2∆2

0
2 + Σ − (1∆1

0
1 + 2∆2

0
2)
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0
1 + 2∆2

0
2]

´



−1
1

¯̄̄̄
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≤
µ
11

1

¶
1


−1
1

X
=1

µ




¶°°Σ − (1∆1
0
1 + 2∆2

0
2)
°°
2
k1∆1

0
1 + 2∆2

0
2k−2 kk22

=

µ
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¶
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X
=1

µ

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0
1 + 2∆2

0
2)

1

°°°°
2

k1∆1
0
1 + 2∆2

0
2k−2


−
1

°°°°°1 p
11

°°°°°
2

2

=

X
=1

µ




¶°°°°Σ − (1∆1
0
1 + 2∆2

0
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°°°°
2

k1∆1
0
1 + 2∆2

0
2k−2


−
1

k1k22

≤ [∗max {1 2}]2+1
X

=1

µ




¶°°°°Σ

1

°°°°
2

k1k22
¡
since Σ = Σ − (1∆1

0
1 + 2∆2

0
2)
¢

( by Assumption 4-2(b) and Lemma D-3(a), there exist constants ∗  1 and 2  0 such

that k1∆1
0
1 + 2∆2

0
2k2 = max

©
11 21

ª ≤ ∗max {1 2}1 for  sufficiently large
¢

≤ 2+1 ()
2

X
=1

µ




¶°°°°Σ

1

°°°°
2

(by setting  ≥ ∗max {1 2} and noting that by

Assumption 4-4 part (a),  ()
2 ≥ 

µ
max
1≤≤

¯̄

¯̄¶2
≥ kk22 = 0011 = k1k22

!

= 2+1 ()
2

X
=1

µ




¶Ã
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¡
Σ

¢
1

! ¡
by symmetry and positive semidefiniteness of Σ,

so that
°°Σ

°°
2
=

r
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³
Σ
0
Σ

´
=

q£
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¡
Σ

¢¤2
= max

¡
Σ

¢!

≤ 2+1 ()
2
[2+ 1] [(2+ 1)!]

Ã
max

¡
Σ

¢
1

!
⎛⎝since  ≤ 2+ 1 and since Ãmax

¡
Σ

¢
1

!

¿
Ã
max

¡
Σ

¢
1

!
for   1 given that 1 →∞

while max
¡
Σ

¢ ≤  ∞ for some constant   0 by Assumption 4-1 and Lemma D-2
¢

= 

µ
1

1

¶
(given that  is a finite positive integer)

=  (1) , 88



which shows the first result. Now, to show the second result, note that, by straightforward

calculation

−1


0Σ
−1


1

=
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´
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
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−3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
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
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It follows from these calculations thatµ
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3


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+1

 
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1

...
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. . .
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0Σ



+1
1 0Σ

+1

 
+2
1 · · · 0Σ

2−1
 

2
1

⎞⎟⎟⎟⎟⎠
−
µ
11

1

¶⎛⎜⎝ 0 [1∆1
0
1 + 2∆2

0
2]
3
21 · · · 0 [1∆1

0
1 + 2∆2

0
2]
+2

+11
...

. . .
...

0 [1∆1
0
1 + 2∆2

0
2]
+2

+11 · · · 0 [1∆1
0
1 + 2∆2

0
2]
2+1

21

⎞⎟⎠

=

µ
11

1

¶⎛⎜⎜⎜⎜⎝
0Σ

3


2
1 0Σ

4


3
1 · · · 0Σ

+2

 +11

0Σ
4


3
1 0Σ

5


4
1 · · · 0Σ

+3

 +21
...

...
. . .

...

0Σ
+2

 +11 0Σ
+3

 +21 · · · 0Σ
2+1

 21

⎞⎟⎟⎟⎟⎠ ¡
since  = Σ

¢

−
µ
11

1

¶⎛⎜⎝ 0 [1∆1
0
1 + 2∆2

0
2]
3
21 · · · 0 [1∆1

0
1 + 2∆2

0
2]
+2

+11
...

. . .
...

0 [1∆1
0
1 + 2∆2

0
2]
+2

+11 · · · 0 [1∆1
0
1 + 2∆2

0
2]
2+1

21

⎞⎟⎠
=

µ
11

1

¶⎛⎜⎝ 11 · · · 1
...

. . .
...

1 · · · 

⎞⎟⎠ ,
where

11 = 0
³
Σ
3

 − [1∆1
0
1 + 2∆2

0
2]
3
´
21,

1 = 0
³
Σ
+2

 − [1∆1
0
1 + 2∆2

0
2]
+2
´
+11 ,

1 = 0
³
Σ
+2

 − [1∆1
0
1 + 2∆2

0
2]
+2
´
+11 ,

 = 0
³
Σ
2+1

 − [1∆1
0
1 + 2∆2

0
2]
2+1

´
21 .
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from which we further deduce that°°°°°
µ
11

1

¶Ã
−1


0Σ

−1


1
− −1


0
 [1∆1

0
1 + 2∆2

0
2]−1



1

!°°°°°
2



=

X
=1

⎛⎝∙11
1

¸ 0 ³Σ2+ − [1∆1
0
1 + 2∆2

0
2]
2+
´



2+−1
1

⎞⎠2

+

X
=1

⎛⎝∙11
1

¸ 0 ³Σ3+ − [1∆1
0
1 + 2∆2

0
2]
3+
´



3+−1
1

⎞⎠2

+ · · ·+
X

=1

⎛⎝∙11
1

¸ 0 ³Σ+1+

 − [1∆1
0
1 + 2∆2

0
2]
+1+

´



+
1

⎞⎠2

=

X
=1

X
=1

⎛⎝∙11
1

¸ 0 ³Σ++1

 − [1∆1
0
1 + 2∆2

0
2]
++1

´



+
1

⎞⎠2

≤
X
=1

X
=1

⎡⎣2+1 ()
2

++1X
=1

µ
+  + 1



¶Ã
max

¡
Σ

¢
1

!
⎤⎦2

≤
X
=1

X
=1

"
2+1 ()

2

++1X
=1

µ
+  + 1



¶µ


1

¶
#2

(since, by Assumption 4-1 and

Lemma D-2, there exists a constant   0 such that max
¡
Σ

¢ ≤  ∞¢
≤

X
=1

X
=1

4+22 ()
4
(++1)

++1X
=1

µ
+  + 1



¶2µ


1

¶2
⎛⎝by the inequality ¯̄̄̄¯

X
=1



¯̄̄̄
¯
2

≤ 

X
=1

||2
⎞⎠

≤ 4+24 ()
4
(2+ 1)

2
[(2+ 1)!]

2

µ


1

¶2
for all   sufficiently largeÃ

given that

µ


1

¶

¿
µ


1

¶
for integer  ≥ 2 since, by Lemma D-3(a)

1 ³ 11 so that 1 →∞ as  →∞¢
≤ •

µ
1

1

¶2 ³
for some constant • such that • ≥ 4+22 ()

4
(2+ 1)

2
[(2+ 1)!]

2

2
´

= 

µ
1

21

¶
,
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so that°°°°°
µ
11

1

¶Ã
−1


0Σ

−1


1
− −1


0
 [1∆1

0
1 + 2∆2

0
2]−1



1

!°°°°°


= 

µ
1

1

¶
To show part (c), note first that, for integer  ≥ 3,µ

11

1

¶
0 [1∆1

0
1 + 2∆2

0
2]



−11

=

µ
11
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¶
001p
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0
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0
2]


−11

1p
11Ã

since  =
1p
11

by Assumption 4-4

!

=
001 [1∆1

0
1 + 2∆2

0
2]

1

1

=
001

¡
1∆


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0
1 + 2∆


2

0
2

¢
1

1³
since [1∆1

0
1 + 2∆2

0
2]

= 1∆


1

0
1 + 2∆


2

0
2

´
=

0∆
1

1

=
1

1

X
=1

1
2


Making use of the above identity and of expression (59) in the proof of part (b) above, we

further obtainµ
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−1


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0
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0
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

1
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+11
...

. . .
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Now, ⎛⎜⎜⎜⎜⎜⎝
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1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠ .
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It follows by the second result given in part (b) of this lemma that°°°°°
µ
11

1

¶
−1


0Σ

−1


1
−  0

°°°°°
2

=

°°°°°
µ
11

1

¶Ã
−1


0Σ

−1


1
− −1


0
 [1∆1

0
1 + 2∆2

0
2]−1



1

!°°°°°
2

≤
°°°°°
µ
11

1

¶Ã
−1


0Σ

−1


1
− −1


0
 [1∆1

0
1 + 2∆2

0
2]−1



1

!°°°°°


= 

µ
1

1

¶
. (60)

Moreover, applying the result of Lemma B-2 above as well as Assumptions 4-2(a) and 4-4,

we further obtain

min (
0 ) ≥ min

1≤≤

¡
31

2


3
1

¢
min (

0 )

≥
µ
1

1

¶3µ
min
1≤≤

¯̄

¯̄¶2

min (
0 )

≥
µ
1

1

¶3µ
1



¶2
 (by Lemma B-2 and Assumption 4-4 part (a))

≥
µ
1

∗

¶3µ
1



¶2
 for all  sufficiently large

(since Lemma D-3 part (a) implies that there exists some constant ∗  1

such that
1

1
≥ 1

∗
 0 for all  sufficiently large

¶
≥ #

Ã
for some positive constant #  0 such that # ≤

µ
1

∗

¶3µ
1



¶2


!

In addition, by Lemma D-4 and by expression (60) above, we see that¯̄̄̄
¯min

Ã∙
11

1

¸
−1


0Σ

−1


1

!
− min (

0 )

¯̄̄̄
¯ ≤

°°°°°
∙
11

1

¸
−1


0Σ

−1


1
−  0

°°°°°
2

= 

µ
1

1

¶
=  (1) (61)

95



Hence, applying the result of Lemma B-2 and the result given in expression (61) above, as

well as Assumptions 4-2(a) and 4-4, we also obtain

min

Ã∙
11

1

¸
−1


0Σ

−1


1

!

= min (
0 ) + min

Ã∙
11

1

¸
−1


0Σ

−1


1

!
− min (

0 )

≥ min
¡
 0

¢− ¯̄̄̄¯min
Ã∙

11

1

¸
−1


0Σ

−1


1

!
− min (

0 )

¯̄̄̄
¯

≥ min
1≤≤

¡
31

2


3
1

¢
min (

0 )−
¯̄̄̄
¯min

Ã∙
11

1

¸
−1


0Σ

−1


1

!
− min (

0 )

¯̄̄̄
¯

≥
µ
1

1

¶3µ
min
1≤≤

¯̄

¯̄¶2

min (
0 ) +  (1)

≥ # (for some constant #  0

and for all  ,  sufficiently large given Assumptions 4-2(a) and 4-4) (62)

Furthermore, note that, for all   sufficiently large,

min

Ã
−1


0Σ

−1


1

!

=
1

11
min

Ã∙
11

1

¸
−1


0Σ

−1


1

!
≥ #

∗
(since by Lemma D-3 part (a), there exists a contanct ∗  1

such that 0 
1

∗
≤ 1

11
≤ ∗ ∞ for all  sufficiently large

¶
≥ ∗ for some constant ∗  0 such that ∗ ≤ #

∗
.
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Now, to show the last result of part (c), note first that

µ
1

11

¶
 =

µ
1

11

¶⎛⎜⎜⎜⎝
311

2
1

3
1 0 · · · 0

0 312
2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2


3
1

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
¡
111

¢
311

2
1

3
1 0 · · · 0

0
¡
111

¢
312

2
2

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0
¡
111

¢
31

2


3
1

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎝
311

2
1
¡
2111

¢
0 · · · 0

0 312
2
2
¡
2111

¢ . . .
...

...
. . .

. . . 0

0 · · · 0 31
2

¡
2111

¢
⎞⎟⎟⎟⎠

= 

It follows, by applying part (a) of Lemma D-3 and the first result of part (c) here, we have°°°°°−1


0Σ
−1


1
−  0

°°°°°
2

=

°°°°°−1


0Σ
−1


1
−
µ

1

11

¶
 0

°°°°°
2

=

µ
1

11

¶°°°°°
µ
11

1

¶
−1


0Σ

−1


1
−  0

°°°°°
2

≤ ∗
°°°°°
µ
11

1

¶
−1


0Σ

−1


1
−  0

°°°°°
2

(since, by Lemma D-3 part (a), there exists

a constant ∗  1 such that 0 
1

∗
≤ 1

11
≤ ∗ ∞ for all  sufficiently large

¶
= 

µ
1

1

¶
(by the first result of this part of Lemma B-3)
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Now, to show part (d), note that, by simple calculation, we have¯̄̄̄
¯ b0b

1
− 0

1

¯̄̄̄
¯

=

¯̄̄̄
¯
£
 +

¡b − 

¢¤0 £
 +

¡b − 

¢¤
1

− 0

1

¯̄̄̄
¯

=

¯̄̄̄
¯0

1
+ 2

¡b − 

¢0


1
+

¡b − 

¢0 ¡b − 

¢
1

− 0

1

¯̄̄̄
¯

=

¯̄̄̄
¯2
¡b − 

¢0


1
+

¡b − 

¢0 ¡b − 

¢
1

¯̄̄̄
¯

≤ 2

¯̄̄¡b − 

¢0


¯̄̄
1

+

¡b − 

¢0 ¡b − 

¢
1

(by triangle inequality)

≤ 2

s°°b − 

°°2
2

1

s
0

1
+

°°°°°b − 


1
2

1

°°°°°
2

2

(by Cauchy Schwarz inequality

and the fact that
°°b − 

°°2
2
=
¡b − 

¢0 ¡b − 

¢´
= 2

°°°°°b − √
1

°°°°°
2

°°°° √
1

°°°°
2

+

°°°°°b − √
1

°°°°°
2

2

Now, Lemma C-9 shows that°°°°°b − √
1

°°°°°
2

= 

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠
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It follows by Lemma C-9 and by part (a) of this lemma that¯̄̄̄
¯ b0b

1
− 0

1

¯̄̄̄
¯

≤ 2

°°°°°b − √
1

°°°°°
2

°°°° √
1

°°°°
2

+

°°°°°b − √
1

°°°°°
2

2

= 

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠ (1) +

Ã
 ()

1

∙
ln



¸(1− 
2)
!

= 

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠

for 0 ≤   1.

Turning our attention to part (e), note first that, for any fixed integer  ≥ 1,¯̄̄̄
¯̄̄ b0

hbΣ


i b

+11

− 0Σ




+11

¯̄̄̄
¯̄̄

=

¯̄̄̄
¯̄̄ b0

³
Σ + bΣ

 −Σ

´ b

+11

− 0Σ




+11

¯̄̄̄
¯̄̄

=

¯̄̄̄
¯̄̄ b0

³
Σ + bΣ

 −Σ

´ b

+11

− b0Σ


b

+11

+
b0Σ



b

+11

− 0Σ




+11

¯̄̄̄
¯

≤

¯̄̄̄
¯̄̄ b0

³
Σ + bΣ

 −Σ

´ b

+11

− b0Σ


b

+11

¯̄̄̄
¯̄̄

+

¯̄̄̄
¯ b0Σ



b

+11

− 0Σ




+11

¯̄̄̄
¯ (63)
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To analyze the first term on the majorant side of the expression (63) given above, note that¯̄̄̄
¯̄̄ b0

³
Σ + bΣ

 − Σ

´ b

+11

− b0Σ


b

+11

¯̄̄̄
¯̄̄

=
1

+11

¯̄̄̄b0

³
Σ + bΣ

 −Σ

´ b − b0Σ


b

¯̄̄̄
≤ 1

+11

X
=1

µ




¶°°°bΣ
 − Σ

°°°
2

°°Σ

°°−
2

°°b

°°2
2

=

X
=1

µ




¶°°°°° bΣ
 −Σ

1

°°°°°


2

°°Σ

°°−
2


−
1

°°°°° b√
1

°°°°°
2

2

=

X
=1

µ




¶°°°°° bΣ
 −Σ

1

°°°°°


2

°°°°° b√
1

°°°°°
2

2Ã
since

°°Σ

°°−
2


−
1 = 1 given that

°°Σ

°°
2
=

r
max

³
Σ
2



´
=

q
21 = 1

!

≤
X

=1

µ




¶°°°°° bΣ
 −Σ

1

°°°°°


2

Ã°°°°°b − √
1

°°°°°
2

+

°°°° √
1

°°°°
2

!2
so that¯̄̄̄

¯̄̄ b0

³
Σ + bΣ

 −Σ

´ b

+11

− b0Σ


b

+11

¯̄̄̄
¯̄̄

≤
X

=1

µ




¶°°°°° bΣ
 − Σ

1

°°°°°


2

Ã°°°°°b − √
1

°°°°°
2

+

°°°° √
1

°°°°
2

!2

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
 (1) + · · ·+

Ã
0 ()

1

∙
ln



¸ 
2
(1−)!

 (1) (given Lemma C-6,

Lemma C-9, and part (a) of this lemma and given that  is a finite positive integer)

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
(by Assumption 6-3) .
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Now, for the second term in expression (63), note that¯̄̄̄
¯ b0Σ



b

+11

− 0Σ




+11

¯̄̄̄
¯

=

¯̄̄̄
¯
¡b −  + 

¢0
Σ




¡b −  + 

¢
+11

− 0Σ




+11

¯̄̄̄
¯

=

¯̄̄̄
¯
¡b − 

¢0
Σ




¡b − 

¢
+11

+
20Σ





¡b − 

¢
+11

¯̄̄̄
¯

≤
¯̄̄̄
¯
¡b − 

¢0
Σ




¡b − 

¢
+11

¯̄̄̄
¯+ 2

¯̄̄̄
¯0Σ





¡b − 

¢
+11

¯̄̄̄
¯

≤
¯̄̄̄
¯
¡b − 

¢0
Σ




¡b − 

¢
+11

¯̄̄̄
¯+ 2

vuut0Σ
2

 

2+11

s¡b − 

¢0 ¡b − 

¢
1

≤ 1

1

¯̄̄̄
¯
¡b − 

¢0 ¡b − 

¢
1

¯̄̄̄
¯+ 211

s
0

1

s¡b − 

¢0 ¡b − 

¢
1

=

°°°°°b − √
1

°°°°°
2

2

+ 2

s
0

1

°°°°°b − √
1

°°°°°
2

= 

Ã
 ()

1

∙
ln



¸(1− 
2)
!
+ (1)

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠

(by Lemma C-9 and part (a) of this lemma)

= 

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠
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Putting things together, we see that¯̄̄̄
¯̄̄ b0

hbΣ


i b

+11

− 0Σ




+11

¯̄̄̄
¯̄̄

≤

¯̄̄̄
¯̄̄ b0

h
Σ + bΣ

 −Σ

i b

+11

− b0Σ


b

+11

¯̄̄̄
¯̄̄

+

¯̄̄̄
¯ b0Σ



b

+11

− 0Σ




+11

¯̄̄̄
¯

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
+

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ .
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Finally, to show part (f), note that, for finite integer  ≥ 1,°°°°°°°
hbΣ



i b −Σ





+1

2

1

°°°°°°°
2

=

°°°°°°°
hbΣ

 −Σ + Σ

i b −Σ


b + Σ


b − Σ





+ 1

2

1

°°°°°°°
2

=

°°°°°°°
hbΣ

 −Σ + Σ

i b −Σ


b


+ 1

2

1

+
Σ




¡b − 

¢

+ 1

2

1

°°°°°°°
2

≤

°°°°°°°
hbΣ

 −Σ + Σ

i b −Σ


b


+ 1

2

1

°°°°°°°
2

+

°°°°°Σ




£b − 

¤

+ 1

2

1

°°°°°
2

≤
X

=1

µ




¶°°°°°bΣ
 −Σ

1

°°°°°


2

°°°°Σ

1

°°°°−
2

°°°°° b√
1

°°°°°
2

+

°°°°Σ

1

°°°°
2

°°°°°b − √
1

°°°°°
2

=

X
=1

µ




¶°°°°°bΣ
 −Σ

1

°°°°°


2

°°°°° b√
1

°°°°°
2

+

°°°°°b − √
1

°°°°°
2Ã

since

°°°°Σ

1

°°°°−
2

=

°°Σ

°°−
2


−
1

=

µ
1

1

¶−
= 1 and, similarly,

°°°°Σ

1

°°°°
2

= 1

!

≤
X

=1

µ




¶°°°°°bΣ
 −Σ

1

°°°°°


2

Ã°°°°°b − √
1

°°°°°
2

+

°°°° √
1

°°°°
2

!
+

°°°°°b − √
1

°°°°°
2

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
 (1) + · · ·+

Ã
0 ()

1

∙
ln



¸
2
(1−)!

 (1)

+

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠ (by Lemmas C6, C9, and part(a) of this lemma)

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ (by Assumption 6-3) . ¤
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Lemma B-4: Let

 =

⎛⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
− 1

2

1

⎞⎟⎟⎟⎟⎠ and b =

⎛⎜⎜⎜⎜⎜⎝
b1
2

1 0 · · · 0

0 b 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 b− 1
2

1

⎞⎟⎟⎟⎟⎟⎠
Then, under Assumptions 4-1, 4-2, 4-3, 4-4, 6-1, 6-2, and 6-3; the following statements are

true.

(a) There exists some positive constant  such that

max
¡
−1


0−1



¢
=
°°−1



°°2
2
≤
°°−1



°°2

≤  ∞

and °°°°°−1


0Σ
−1


1

°°°°°
2

≤  ∞

for all  and  sufficiently large.

(b) There exists some positive constant  such that°°°°°−1


0


1
2

1

°°°°°
2

2

≤  ∞

for all  and  sufficiently large.

(c) For 0 ≤   1,

°°°³ b −
´
−1



°°°
2
= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠

and

°°°³ b −
´ b−1



°°°
2
= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ .

(d) For 0 ≤   1,°°°°°°
−1



³ b0
b −0

´
√
1

°°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ .
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and°°°°°°
b−1


³ b0
b −0

´
√
1

°°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ .

(e) °°°°°−1

b0

bΣ

b

−1


1
− −1


0Σ

−1


1

°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

µ
ln



¶ 1−
2



s
 ()

1

µ
ln



¶1
2(1−


2)
⎫⎬⎭
⎞⎠ .

and °°°°° b−1

b0

bΣ

b
b−1


1
− −1


0Σ

−1


1

°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

µ
ln



¶ 1
2(1−


2)
⎫⎬⎭
⎞⎠

(f) °°°°°°
Ã b−1


b0

bΣ

b
b−1


1

!+
−
Ã
−1


0Σ

−1


1

!−1°°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

µ
ln



¶ 1
2(1−


2)
⎫⎬⎭
⎞⎠ .

(g) For any fixed real number   0,°°°°°−1

b0

bΣ

b

−1


1
+
1b1
−1


b2


−1


1
− −1


0Σ

−1


1

°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

µ
ln



¶ 1−
2



s
 ()

1

µ
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

¶1
2(1−


2)

1

+11

⎫⎬⎭
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(h) For any fixed real number   0,°°°°°°
Ã
−1


b0

bΣ

b

−1


1
+
1b1
−1


b2


−1


1

!−1
−
Ã
−1


0Σ

−1


1

!−1°°°°°°
2

= 

⎛⎝max
⎧⎨⎩0 ()

1

µ
ln



¶ 1−
2



s
 ()

1

µ
ln



¶1
2(1−


2)

1

+11

⎫⎬⎭
⎞⎠ .
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To show the first result of part (a), note that

max
¡
−1


0−1



¢
≤

°°−1


°°2

= 

©
−1


0−1



ª

= 

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
− 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

0

0Σ

...
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−1


⎞⎟⎟⎟⎠

×
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 Σ · · · Σ

−1
 

´
⎛⎜⎜⎜⎜⎜⎝


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1 0 · · · 0

0 
− 3
2

1

. . .
...
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. . .

. . . 0

0 · · · 0 
−(− 1
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1

⎞⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

= 

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎝

− 1
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1 0 · · · 0

0 
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2
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. . . 0
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⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
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


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. . .
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0Σ
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  0Σ


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⎞⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎜⎝

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2

1 0 · · · 0

0 
− 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

= 

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
− 3
2

1

. . .
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. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 
− 3
2

1 0Σ · · · 
−(−1

2)
1 0Σ

−1
 


− 1
2

1 0Σ 
− 3
2

1 0Σ
2

 · · · 
−(− 1

2)
1 0Σ





...
...

. . .
...


−1
2

1 0Σ
−1
  

− 3
2

1 0Σ


 · · · 
−(−1

2)
1 0Σ

2(−1)
 

⎞⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
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= 

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎝
−11 0 −21 0Σ · · · −1 0Σ

−1
 

−21 0Σ −31 0Σ
2

 · · · 
−(+1)
1 0Σ





...
...

. . .
...

−1 0Σ
−1
  

−(+1)
1 0Σ



 · · · 
−(2−1)
1 0Σ

2(−1)
 

⎞⎟⎟⎟⎟⎠
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

=

X
=1

0Σ
2(−1)
 


2−1
1

≤
X

=1

µ
1

1

¶2(−1) 0

1

¡
since 1 = max

¡
Σ

¢¢
= 

0

1
≤  (given that, by part (a) of Lemma B-3, there exists some constant   0

such that
0

1
≤  for all  sufficiently large

¶
≤  ∞ for some constant  ≥  and for all  and  sufficiently large.
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Now, to show the second result of part (a), note that°°°°°−1


0Σ
−1


1

°°°°°
2

=

vuuutmax

⎡⎣Ã−1


0Σ
−1


1

!2⎤⎦ Ã
given that

−1


0Σ
−1


1
is symmetric

!

=

vuut"maxÃ−1


0Σ
−1


1

!#2

= max

Ã
−1


0Σ

−1


1

! Ã
given that max

Ã
−1


0Σ

−1


1

!
 0 since

−1


0Σ
−1


1
is positive definite as shown in the proof of part (f) below

!

≤ max
¡
Σ

¢
1

max
¡
−1


0−1



¢
≤ max

¡
−1


0−1



¢ Ã
max

¡
Σ

¢
1

= 1 since 1 = max
¡
Σ

¢!
≤  ∞ (by the first result given above for part (a))

To show part (b), write

−1


0√
1

=

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
− 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

0

0Σ

...

0Σ
−1


⎞⎟⎟⎟⎠ √
1
=

⎛⎜⎜⎜⎝
01

0Σ
2
1

...

0Σ
−1
 


1

⎞⎟⎟⎟⎠
(64)
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so that °°°°°−1


0√
1

°°°°°
2

2

=

X
=1

Ã
0Σ

−1
 



1

!2

=

X
=1

Ã
0Σ

+1

 



1

!2 ¡
since  = Σ

¢
≤

X
=1

µ
1

1

¶2(+1)
(0)2 21

¡
since 1 = max

¡
Σ

¢¢
=

X
=1

Ã
0p
11

011
p
11

!2
21Ã

since  = 1

Ã
p
11

!
by Assumption 4-4(a)

!

=

µ
1

11

¶2 X
=1

kk42 (since 011 = )

≤ (∗)2
X

=1

kk42 (since, by part (a) of Lemma D-3, there exists a constant

∗  1 such that 0 
1

∗
≤ 1

11
≤ ∗ ∞ for all   sufficiently large

¶
≤ (∗)2 3

µ
max
1≤≤

¯̄

¯̄¶4

≤ (∗)2 34 (given Assumption 4-4 (a))

≤  ∞ ¡
for some positive constant  ≥ (∗)2 34¢
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To show the first result of part (c), first write³ b −
´
−1



=
³ b − 

bΣ
b −Σ · · ·

hbΣ


i−1 b −Σ
−1
 

´

×

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
−3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
=

µ £b − 

¤

√
1 · · ·

∙hbΣ


i−1 b − Σ
−1
 

¸


− 1
2

1

¶
It follows that°°°³ b −

´
−1



°°°2
2

≤
°°°³ b −

´
−1



°°°2


= 

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⎛⎜⎜⎜⎝


− 1
2

1

£b − 

¤0
...


−(−1

2)
1

∙hbΣ


i−1 b − Σ
−1
 

¸0
⎞⎟⎟⎟⎠

×
µ £b − 

¤

√
1 · · ·

∙hbΣ


i−1 b − Σ
−1
 

¸

(− 1

2)
1

¶¾

=

°°°°°b − √
1

°°°°°
2

2

+

°°°°° bΣ
b −Σ


3
2

1

°°°°°
2

2

+ · · ·+

°°°°°°°
hbΣ



i−1 b −Σ
−1
 


−1

2

1

°°°°°°°
2

2

= 

Ã
 ()

1

∙
ln



¸(1− 
2)
!
+

Ã
max

(
20 ()

21

∙
ln



¸1−

 ()

1

∙
ln



¸(1− 
2)
)!

+ · · ·+

Ã
max

(
20 ()

21

∙
ln



¸1−

 ()

1

∙
ln



¸(1− 
2)
)!

(given Lemma C-9 and part (f) of Lemma B-3)

= 

Ã
max

(
20 ()

21

µ
ln



¶1−

 ()

1

∙
ln



¸(1− 
2)
)!
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so that°°°³ b −
´
−1



°°°
2
≤

°°°³ b −
´
−1



°°°


= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ .

Now, for the second result of part (c), write³ b −
´ b−1

 =
³ b −

´
−1


b−1


=
³ b −

´
−1

 +
³ b −

´
−1



³


b−1
 − 

´
It then follows from the first result of part (c) given above as well as the result given in part

(d) of Lemma D-9 that°°°³ b −
´ b−1



°°°
2

≤
°°°³ b −

´
−1



°°°
2
+
°°°³ b −

´
−1



³


b−1
 − 

´°°°
2

(by the triangle inequality)

≤
°°°³ b −

´
−1



°°°
2
+
°°°³ b −

´
−1



°°°
2

°°°
b−1
 − 

°°°
2

(by the submultiplicative property of the spectral norm)

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠

+

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
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
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
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⎫⎬⎭
⎞⎠

Ã
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(
0 ()

1

∙
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

¸ 1−
2

)!

= 

⎛⎝max
⎧⎨⎩0 ()

1

∙
ln



¸ 1−
2



s
 ()

1

∙
ln



¸ 1
2(1−


2)
⎫⎬⎭
⎞⎠ .
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To show the first result of part (d), note that, by making use of parts (d) and (e) of

Lemma B-3, we have°°°°°°
−1



³ b0
b −0

´
√
1

°°°°°°
2

2

=

°°°°°°°°°°°°

⎛⎜⎜⎜⎜⎜⎜⎝
−11
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bΣ
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i
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∙b0

hbΣ

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=
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+ · · ·

· ·+

⎛⎜⎝b0
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∙
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
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!
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Ã
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µ
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µ
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Ã
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µ
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
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.

from which it follows that°°°°°°
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

³ b0
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2
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∙
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Now, to show the second result of part (d), first write
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It then follows from the first result of part (d) given above as well as the result given in part

(d) of Lemma D-9 that°°°°°°
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Now, to show the first result of part (e), note first that
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(applying part (e) of Lemma B-3 and noting that  is a fixed positive integer)
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To show the second result of part (e), note that
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It follows by applying the submultiplicative property of spectral norm and the triangle in-

equality as well as part (a) of this lemma, the first result given in part (e) of this lemma,
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and the result given in part (d) of Lemma D-9 that°°°°° b−1
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Next, to show part (f), note first that −1


0Σ
−1
1 is clearly a symmetric matrix.

Moreover, the result of part (c) of Lemma B-3 further shows that there exists a positive

constant ∗ such that
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thus, non-singular for all  and  sufficiently large. Making use of these properties of the
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matrix −1
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Next, define
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and note that by applying the result given in expression (66) above as well as the second

result given in part (e) of this lemma, we see that°°°°°°
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It follows from the inequality given in part (b) of Lemma B-1 and the results given in
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Turning our attention now to part (g), note first that
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´
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Now, by the result given above in expression (65) in the proof of part (e) of this lemma, we
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Moreover, by applying the result given in part (c) of Lemma D-9, we have, for any fixed real

number   0
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Finally, to show part (h), first define
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Making use of this result and following arguments similar to that given in the proof of part
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=  (1) for  ∈ [0 1) and for any fixed real number   0. (68)
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is nonsingular w.p.a.1 as  →∞. Now, applying the last inequality given in part (d) of
Lemma B-1 as well as the results given in expressions (66) and (68) above, we further obtain
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
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Lemma B-5: Under Assumptions 4-1, 4-2, and 4-4; the following statements hold.

(a) µ
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...
...

...
...

1 11 21
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 Σ · · · Σ

−1
 
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(c) °°°°°°
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
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where  is the Vandermonde matrix defined in part (a) above and where
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3
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⎞⎟⎟⎟⎠ .

Proof of Lemma B-5:

To show part (a), note first thatµ
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Next, note that, for finite positive integer , we have, as shown in the proof of part (c) of

Lemma B-3, µ
11

1

¶
0 [1∆1

0
1 + 2∆2

0
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=
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1
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1
2


from which we further obtain
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0
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Making use of expression (70), we see that, by straightforward calculation,µ
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2
1

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
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To show part (b), note first that, by making use of expression (64) given in the proof of

Lemma B-4 part (b) and expression (69) in part (a) above, we haveµ
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1

¶
−1


0√
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Moreover, let 2 ≥ max {1 2} where 2 is the positive constant given in part (b) of

Assumption 4-2. Then, by a similar proof as that given for part (b) of Lemma B-3, we can
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show that, for any fixed integer  ≥ 2
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It follows that °°°°°
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Turning our attention to part (c), note first that, by straightforward calculations
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It follows immediately from expressions (71) and (72) thats
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Now, again let 2 ≥ max {1 2} where 2 is the positive constant given in part (b) of

Assumption 4-2; and, for any fixed integer 1 ≤  ≤ , we have°°°°°°
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Moreover, note that, from expression (72), we see thats
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Hence, the result given in expression (73) can be restated as°°°°°°
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Finally, to show part (d), note first that  0 is clearly a symmetric matrix. Moreover,

the result of part (c) of Lemma B-3 further shows that there exists a positive constant #
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and applying the result of part (c) of Lemma B-3, we have°°°( 0 )
−1

‡
°°°
2
≤

°°°( 0 )
−1
°°°
2

°°‡°°
2

≤ 1

#

°°°°°
µ
11

1

¶
−1


0Σ

−1


1
−  0

°°°°°
2

=  (1)

µ
1

1

¶
= 

µ
1

1

¶
=  (1)

Also, by expression (62) given in the proof of part (c) of LemmaB-3, we have that
¡
111

¢
−1


0Σ

−1


is positive definite for all  and  sufficiently large. Finally, applying the last inequality
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Appendix C: Lemmas Used for Proving the Consistency

of the Generalized Thresholding Estimators for Σ and



Lemma C-1 Let ()∈Z be a sequence of centered real valued random variables and let V
be defined by
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pose that there exist positive constants 2,  ≥ 1, and  such that

 () = sup



¡F 

−∞F∞+
¢ ≤  exp (−2) for any  ≥ 1

where


¡F 

−∞F∞+
¢
= sup

∈F
−∞∈F∞+

| ( ∩)−  () ()| .

3. Let

  1 where  is defined by
1


=
1

1
+
1

2
.

Under these conditions, V is a finite positive constant (which we can denote by rewriting
V =3), and, for any  ≥ 4, there exist (in addition to 3) positive constants 1 2  4and
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5 depending on , , ,  and 2 such that, for any positive ,

P
µ
sup
≤

|| ≥ 

¶
= P

Ã
sup
≤

¯̄̄̄
¯

X
=1



¯̄̄̄
¯ ≥ 

!

≤  exp

½
− 

1

¾
+ exp

½
− 2

2 (1 + 3)

¾
+exp

½
− 2

4
exp

µ
(1−)

5 (ln )


¶¾
.

Proof of Lemma C-1: This is essentially Theorem 1 of Merlevède, Peligrad, and Rio

(2011). The original Bernstein-type inequality given in Theorem 1 of Merlevède, Peligrad,

and Rio (2011) applies when the underlying process is either  -mixing or -mixing. We have

stated the result above only for the case of -mixing because -mixing seems to be more

commonly used. For a proof of this result, see the proof of Theorem 1 given in Merlevède,

Peligrad, and Rio (2011).

Lemma C-2: Suppose that Assumptions 4-3 and 4-4 hold, and let 1 and 1 be the

positive constants defined in part (a) of Assumption 4-3. Then, for some constant 2 ≥
2 (1 + ln 2)

1
1 1  0 such that for all   0, for any integer  such that 1 ≤  ≤  , and for

all  ∈ Z; the following statement is true:


¡¯̄
 − 

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾

for some positive constant  ≥ exp {1}.

Proof of Lemma C-2: To proceed, first let  denote an  × 1 elementary vector with
its  component equal to 1 and all other components equal to 0, and note that kk2 = 1.
Hence, in this case, we can represent  = 0 = 0 by setting  =  . It follows then,

by part (a) of Assumption 4-3, there exist constants 1  0 and 1  0, such that ∀  0,

for all integer  such that 1 ≤  ≤  , and for all  ∈ Z


¡¯̄
 − 

¯̄
 
¢
=  (| + |  )

≤  (||+ ||  )

≤ 
³n
||  

2

o
∪
n
||  

2

o´
≤ 

³
||  

2

´
+ 

³
||  

2

´
≤ exp

½
1−

µ


21

¶1
¾
+ exp

½
1−

µ


21

¶1
¾

= 2 exp

½
1−

µ


21

¶1
¾
.
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Moreover, since, by definition, 2 ≥ 2 (1 + ln 2)
1
1 1, it follows that

2

21
≥ (1 + ln 2) 1

1 ≥ 1

This, in turn, implies that when   2


¡¯̄
 − 

¯̄
 
¢
=  (| + |  )

≤ 2 exp

½
1−

µ


21

¶1
¾

= 2 exp

½
1−

µ


2

¶1
µ

2

21

¶1
¾

≤ 2 exp

½
1−

µ


2
(1 + ln 2)

1
1

¶1
¾

µ
given that

2

21
≥ (1 + ln 2) 1

1

¶
= 2 exp

½
1−

µ


2

¶1

(1 + ln 2)

¾
= 2 exp

½
1−

µ


2

¶1

−
µ


2

¶1

ln 2

¾
≤ 2 exp

½
1−

µ


2

¶1

− ln 2
¾ µ

since


2
 1 and 1  0

¶
=

2

2
exp

½
1−

µ


2

¶1
¾

= exp

½
1−

µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾ ¡

since  ≥ exp {1}¢ .
On the other hand, when 0   ≤ 2


¡¯̄
 − 

¯̄
 
¢ ≤ 1 ≤ exp

½
1−

µ


2

¶1
¾

= exp {1} exp
½
−
µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾ ¡

since  ≥ exp {1}¢ .
Combining the two cases, we obtain the desired result. ¤
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Lemma C-3: Suppose that Assumptions 4-3 and 4-4 hold, and let 1 and 2 be the positive

constants defined, respectively, in part (a) of Assumption 4-3 and in Lemma C-2. Then, for

 = 12  0, for some constant  ≥ (1 + ln 2) 2
1 22  0, and for all   0; the following

statements are true.

(a) For integers  and  such that 1 ≤   ≤  and for all  ∈ Z


¡¯̄¡

 − 

¢ ¡
 − 

¢¯̄
 
¢ ≤ expn1− ³



´o
≤  exp

n
−
³


´o
.

where  is a positive constant such that  ≥ exp {1}.
(b) Let  ≥ 1 be a fixed finite integer. For any integer  such that 1 ≤  ≤  and for all

 ∈ Z

¡¯̄¡

 − 

¢
+

¯̄
 
¢ ≤ expn1− ³



´o
.

(c) There exists a positive constant  ≥ exp {1} such that, for any integer  with 1 ≤  ≤ 

and for all  ∈ Z,


¡¯̄¡

 − 

¢
 0


¯̄
 
¢
=  (|( + )

0
|  )

≤ exp
n
1−

³


´o
≤  exp

n
−
³


´o
.

(d) There exists a positive constant  ≥ exp {1} such that, for any integer  with 1 ≤  ≤ 

and for all  ∈ Z,


¡¯̄¡

 − 

¢
0
¯̄
 
¢
= 

¡¯̄
( + )

0

¯̄
 
¢

≤ exp
n
1−

³


´o
≤  exp

n
−
³


´o
, where  =  kk2 .

Proof of Lemma C-3: To show part (a), note that, by the result given in Lemma C-2,

there exist constants 1  0 and 2  0, such that ∀  0, for any integers  and  with

1 ≤   ≤  , and for all  ∈ Z,


¡¯̄
 − 

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾


and


¡¯̄
 − 

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾
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Similar to the proof of Lemma A.2 of Fan, Liao, and Mincheva (2011), it follows that, for

any   0, for all  ∈ Z, and for any integers  and  such that 1 ≤   ≤  ,


¡¯̄¡

 − 

¢ ¡
 − 

¢¯̄
 
¢

= 
¡©¯̄

 − 

¯̄ ¯̄
 − 

¯̄
 
ª ∩ ©¯̄ − 

¯̄
≤ √ª¢

+
¡©¯̄

 − 

¯̄ ¯̄
 − 

¯̄
 
ª ∩ ©¯̄ − 

¯̄

√

ª¢

≤ 
¡√


¯̄
 − 

¯̄
 
¢
+ 

¡©¯̄
 − 

¯̄ ¯̄
 − 

¯̄
 
ª ∩ ©¯̄ − 

¯̄

√

ª¢

≤ 
¡¯̄
 − 

¯̄

√

¢
+ 

¡¯̄
 − 

¯̄

√

¢

≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


2

¶1
¾

= 2exp

½
1−

µ√


2

¶1
¾

Moreover, since, by definition,  ≥ (1 + ln 2) 2
1 22, it follows that



22
≥ (1 + ln 2) 2

1 ≥ 1
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This, in turn, implies that when   


¡¯̄¡

 − 

¢ ¡
 − 

¢¯̄
 
¢ ≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2 exp

(
1−

µ


22

¶1
2

)

= 2 exp

(
1−

³


´1
2

µ


22

¶1
2

)

≤ 2 exp

½
1−

³

(1 + ln 2)

2
1

´1
2

¾
µ
given that



22
≥ (1 + ln 2) 2

1

¶
= 2 exp

½
1−

³


´1
2

(1 + ln 2)

¾
= 2 exp

½
1−

³


´1
2 −

³


´1
2

ln 2

¾
≤ 2 exp

½
1−

³


´1
2 − ln 2

¾ ³
since




 1 and

1
2

 0
´

=
2

2
exp

½
1−

³


´1
2

¾
= exp

n
1−

³


´o ³
by setting  =

1
2

´
≤  exp

n
−
³


´o ¡
since  ≥ exp {1}¢

On the other hand, when 0   ≤ 


¡¯̄¡

 − 

¢ ¡
 − 

¢¯̄
 
¢ ≤ 1 ≤ exp

n
1−

³


´o
= exp {1} exp

n
−
³


´o
≤  exp

n
−
³


´o ¡
since  ≥ exp {1}¢ ,

which shows part (a).
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Next, to show part (b), note that, for any   0, for any integer  such that 1 ≤  ≤  ,

and for all  ∈ Z


¡¯̄¡

 − 

¢
+

¯̄
 
¢

= 
¡©¯̄

 − 

¯̄
|+|  

ª ∩ ©|+| ≤ √ª¢
+

¡©¯̄
 − 

¯̄
|+|  

ª ∩ ©|+|  √ª¢¡
given that

©|+| ≤ √ª ∩ ©|+|  √ª = ∅ in this case¢
≤ 

¡√

¯̄
 − 

¯̄
 
¢
+ 

¡©¯̄
 − 

¯̄
|+|  

ª ∩ ©|+|  √ª¢
≤ 

¡¯̄
 − 

¯̄

√

¢
+ 

¡|+|  √¢
≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾
(by Lemma C-2 and part (a) of Assumption 4-3)

≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


2

¶1
¾
(since 2  1)

= 2 exp

½
1−

µ√


2

¶1
¾

When   , the inequality


22
≥ (1 + ln 2) 2

1 ≥ 1
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further implies that


¡¯̄¡

 − 

¢
+

¯̄
 
¢ ≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2exp

(
1−

µ


22

¶1
2

)

= 2exp

(
1−

³


´1
2

µ


22

¶1
2

)

≤ 2 exp

½
1−

³

(1 + ln 2)

2
1

´1
2

¾
µ
given that



22
≥ (1 + ln 2) 2

1

¶
= 2exp

½
1−

³


´1
2

(1 + ln 2)

¾
= 2exp

½
1−

³


´1
2 −

³


´1
2

ln 2

¾
≤ 2 exp

½
1−

³


´1
2 − ln 2

¾ ³
since




 1 and

1
2

 0
´

=
2

2
exp

½
1−

³


´1
2

¾
= exp

n
1−

³


´o ³
by setting  =

1
2

´
≤  exp

n
−
³


´o ¡
since  ≥ exp {1}¢

On the other hand, when 0   ≤ , we have


¡¯̄¡

 − 

¢
+

¯̄
 
¢ ≤ 1 ≤ exp

n
1−

³


´o
= exp {1} exp

n
−
³


´o
=  exp

n
−
³


´o ¡
since  ≥ exp {1}¢ .

Next, to show part (c), note that. by part (b) of Assumption 4-4 and by the result given

in Lemma C-2, there exist constants 1  0, 1  0, and 2  0 such that for any   0, for

all  ∈ Z, and for any integer  with 1 ≤  ≤  ,


¡¯̄
 − 

¯̄
 
¢
=  (| + |  ) ≤ exp

½
1−

µ


2

¶1
¾
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and

 (| 0
|  ) ≤ exp

½
1−

µ


1

¶1
¾

Hence, for any   0, for all  ∈ Z, and for any integer  such that 1 ≤  ≤  ,


¡¯̄¡

 − 

¢
 0


¯̄
 
¢

= 
¡©¯̄

 − 

¯̄
| 0

|  
ª ∩ ©| 0

| ≤
√

ª¢

+
¡©¯̄

 − 

¯̄
| 0

|  
ª ∩ ©| 0

| 
√

ª¢

≤ 
¡√


¯̄
 − 

¯̄
 
¢
+ 

¡©¯̄
 − 

¯̄
| 0

|  
ª ∩ ©| 0

| 
√

ª¢

≤ 
¡¯̄
 − 

¯̄

√

¢
+ 

¡| 0
| 

√

¢

≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾

≤ 2 exp

½
1−

µ√


2

¶1
¾

given that
2

21
≥ (1 + ln 2) 1

1 ≥ 1 implying that 2 ≥ 1.

Moreover, by definition, the positive constant  satisfies the inequality



22
≥ (1 + ln 2) 2

1 ≥ 1.
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This, in turn, implies that when   


¡¯̄¡

 − 

¢
 0


¯̄
 
¢ ≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2 exp

(
1−

µ


22

¶1
2

)

= 2 exp

(
1−

³


´1
2

µ


22

¶1
2

)

≤ 2 exp

½
1−

³

(1 + ln 2)

2
1

´1
2

¾
µ
given that



22
≥ (1 + ln 2) 2

1

¶
= 2 exp

½
1−

³


´1
2

(1 + ln 2)

¾
= 2 exp

½
1−

³


´1
2 −

³


´1
2

ln 2

¾
≤ 2 exp

½
1−

³


´1
2 − ln 2

¾ ³
since




 1 and

1
2

 0
´

=
2

2
exp

½
1−

³


´1
2

¾
= exp

n
1−

³


´o ³
by setting  =

1
2

´
≤  exp

n
−
³


´o ¡
since  ≥ exp {1}¢

On the other hand, when 0   ≤ 


¡¯̄¡

 − 

¢
 0


¯̄
 
¢ ≤ 1 ≤ exp

n
1−

³


´o
= exp {1} exp

n
−
³


´o
=  exp

n
−
³


´o ¡
since  ≥ exp {1}¢

which shows part (c).

Finally, to show part (d), again note that, by the result of Lemma C-2, there exist

constants 1  0 and 2  0, such that for any   0, for all  ∈ Z, and for any integer 
with 1 ≤  ≤  ,


¡¯̄
 − 

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
.
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Moreover, by definition,  =  kk2 so that
°°°°

2
= kk2  kk2 = 1. It, thus, follows by

part (a) of Assumption 4-3 that there exist constants 1  0 and 1  0, such that for any

  0 and for all  ∈ Z,


¡¯̄
0
¯̄
 
¢ ≤ exp½1−µ 

1

¶1
¾
.

Hence, for any   0, for all  ∈ Z, and for any integer  such that 1 ≤  ≤  ; we have


¡¯̄¡

 − 

¢
0
¯̄
 
¢

= 
¡©¯̄

 − 

¯̄ ¯̄
0
¯̄
 
ª ∩ ©¯̄0¯̄ ≤ √ª¢

+
¡©¯̄

 − 

¯̄ ¯̄
0
¯̄
 
ª ∩ ©¯̄0¯̄  √ª¢

≤ 
¡√


¯̄
 − 

¯̄
 
¢
+ 

¡©¯̄
 − 

¯̄ ¯̄
0
¯̄
 
ª ∩ ©¯̄0¯̄  √ª¢

≤ 
¡¯̄
 − 

¯̄

√

¢
+ 

¡¯̄
0
¯̄

√

¢

≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾

≤ 2 exp

½
1−

µ√


2

¶1
¾

given that
2

21
≥ (1 + ln 2) 1

1 ≥ 1 implying that 2 ≥ 1.

Moreover, as mentioned previously, by definition, the positive constant  satisfies the in-

equality


22
≥ (1 + ln 2) 2

1 ≥ 1.

147



This, in turn, implies that when   


¡¯̄¡

 − 

¢
0
¯̄
 
¢ ≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2 exp

(
1−

µ


22

¶1
2

)

= 2 exp

(
1−

³


´1
2

µ


22

¶1
2

)

≤ 2 exp

½
1−

³

(1 + ln 2)

2
1

´1
2

¾
µ
given that



22
 (1 + ln 2)

2
1

¶
= 2 exp

½
1−

³


´1
2

(1 + ln 2)

¾
= 2 exp

½
1−

³


´1
2 −

³


´1
2

ln 2

¾
≤ 2 exp

½
1−

³


´1
2 − ln 2

¾ ³
since




 1 and

1
2

 0
´

=
2

2
exp

½
1−

³


´1
2

¾
= exp

n
1−

³


´o ³
by setting  =

1
2

´
≤  exp

n
−
³


´o ¡
since  ≥ exp {1}¢

On the other hand, when 0   ≤ 


¡¯̄¡

 − 

¢
0
¯̄
 
¢ ≤ 1 ≤ exp

n
1−

³


´o
= exp {1} exp

n
−
³


´o
=  exp

n
−
³


´o ¡
since  ≥ exp {1}¢

which shows part (d). ¤
Lemma C-4 extends Lemma A.3 part (i) of Fan, Liao, and Mincheva (2011) to the case where

the underlying process may not be strictly stationary, in particular, to the case where the

covariance matrix of  may be time-varying.
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Lemma C-4. Suppose that Assumption 4-3 holds. Let

∗ =
12

1 + 22

where 1 and 2 are the positive constants defined in Assumption 4-3 and suppose that

(ln)
2
∗−1


→ 0 as   →∞.

Under these conditions, there exists a constant 11  0 that does not depend on  and 

such that



Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

¡
 − 

¢ ¡
 − 

¢− Σ()

¯̄̄̄
¯ ≥ 11

r
ln



!
= 

µ
1

2

¶
where  =  −  and where

Σ() =
1



X
=1


£¡
 − 

¢ ¡
 − 

¢¤
is the ( )


element of Σ .

Proof of Lemma C-4:

To proceed, first write

1



X
=1

¡
 − 

¢ ¡
 − 

¢−Σ()

=
1



X
=1

©¡
 − 

¢ ¡
 − 

¢−
£¡
 − 

¢ ¡
 − 

¢¤ª
from which it follows trivally that the elements of the sum given above all have expectation

equal to zero, i.e.,


©¡
 − 

¢ ¡
 − 

¢−
£¡
 − 

¢ ¡
 − 

¢¤ª
= 

£¡
 − 

¢ ¡
 − 

¢¤−
£¡
 − 

¢ ¡
 − 

¢¤
= 0

Next, note that the result given in part (a) of Lemma C-3 shows that, for any   0, for all

integers  and  such that 1 ≤   ≤  and for all  ∈ Z, there exists a positive constant
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 ≥ exp {1} such that


¡¯̄¡

 − 

¢ ¡
 − 

¢¯̄
 
¢ ≤ exp

n
1−

³


´o
≤  exp

n
−
³


´o
,

where  = 12  0 and  ≥ (1 + ln 2) 2
1 22  0 and where 1 and 2 are positive constants

as defined, respectively, in Assumption 4-3 and in Lemma C-2. Note also that

∗ =
12

1 + 22
⇐⇒ 1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
,

where 2 is a positive constant defined in part (b) of Assumption 4-3. In addition, note that

under Assumption 4-3

0  ∗ =
12

1 + 22


12
1 + 2

=   1.

Moreover, let  =
¡
 − 

¢ ¡
 − 

¢
= ( + ) ( + ), and let  =

(
0
  

0
)
0
be as defined in part (b) of Assumption 4-3. Note thatF 

−∞ =  ( −2 −1 ) ⊆
F 
−∞ =  ( −2 −1 ) and F∞+ =  (+ ++1 ++2 ) ⊆ F∞+ =

 (+ ++1 ++2 ). Hence, it follows by part (b) of Assumption 4-3 and The-

orem 14.1 of Davidson (1994) that {}∈Z is an -mixing process with  coefficient

 () = sup 
¡F 

−∞F∞+
¢
satisfying the rate of decay

 () = sup



¡F 

−∞F∞+
¢

≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1; for all  ;

and for some positive constants 2,  and .

Hence, all the assumptions needed to apply the Bernstein inequality for weakly dependent

processes, originally obtained by Merlevède, Peligrad, and Rio (2011) and restated here as

Lemma C-1, are fulfilled6. It then follows from applying the Bernstein inequality, that there

exist constants 1 2 3 4 and 5 depending on , , , ∗ and 2 (where  and  are

positive constants defined in part (b) of Assumption 4-3) such that, for all integers  and 

6A proof of this inequality is given in Merlevède, Peligrad, and Rio (2011). See the proof of Theorem 1

in that paper.

150



with 1 ≤   ≤  ,



Ã¯̄̄̄
¯ 1

X
=1

£¡
 − 

¢ ¡
 − 

¢− Σ()

¤¯̄̄̄¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

£¡
 − 

¢ ¡
 − 

¢−Σ()

¤¯̄̄̄¯ ≥ 

!

≤  exp

½
−()

∗

1

¾
+ exp

½
−  2

2

2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln)
∗

))

Applying Bonferroni’s inequality, we further obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

£¡
 − 

¢ ¡
 − 

¢− Σ()

¤¯̄̄̄¯ ≥ 

!

≤ 2 max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

£¡
 − 

¢ ¡
 − 

¢− Σ()

¤¯̄̄̄¯ ≥ 

!

For some 11  0, let

 = 11

r
ln


.

and, note that, by assumption, (ln)
2
∗−1 =  ( ). By choosing 11 to be large enough, we

can obtain the following three results, which we will show in turn:

(i)

2 exp

½
−()

∗

1

¾
= 2 exp

½
−

∗
11

1


∗
2

 (ln)
∗
2

¾
= 

µ
1

2

¶
.

(ii)

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
(iii)

2 exp

½
−  2

2

2 (1 + 3)

¾
= 2 exp

⎧⎨⎩− 2
11 ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.
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To show result (i), first write

4 exp

½
−()

∗

1

¾
= 4 exp

(
−

∗
11

1

∗


µ
ln



¶∗
2

)

= 4 exp

½
−

∗
11

1


∗
2

 (ln)
∗
2

¾
Taking the log transformation, we have

ln

∙
4 exp

½
−()

∗

1

¾¸
= 4 ln + ln − 

∗
11

1


∗
2 (ln)

∗
2

Since
ln


∗
2

 (ln)
∗
2

→ 0 (given that ∗  0)

and since

4 (ln)
1−∗

2


∗
2



= 4

µ




¶∗
2

Ã
(ln)

2
∗−1



!∗
2

→ 0Ã
given the assumption

(ln)
2
∗−1


→ 0 and given that¯̄̄̄




=



 − 
→ 1 as  →∞, since  is a fixed finite integer

¶
we see that

4 ln + ln


∗
2

 (ln)
∗
2

=
4 (ln)

1−∗
2


∗
2



+
ln


∗
2

 (ln)
∗
2

→ 0

which, in turn, implies that

4 exp

½
−()

∗

1

¾
= exp

½
4 ln + ln − 

∗
11

1


∗
2

 (ln)

2

¾
= exp

(
−

∗
11

1


∗
2

 (ln)
∗
2

"
1− 1


∗
11

4 ln + ln


∗
2

 (ln)
∗
2

#)
=  (1)

It follows that

2 exp

½
−()

∗

1

¾
=

1

2
4 exp

½
−()

∗

1

¾
= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
.
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Next, to show result (ii), note that

4 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

= 4 exp

⎧⎪⎨⎪⎩−  2
4

Ã
11

r
ln



!2
exp

⎛⎜⎝ 
∗(1−∗)


5

³
ln
h
11

q
ln


i´∗
Ã
11

r
ln



!∗(1−∗)
⎞⎟⎠
⎫⎪⎬⎪⎭

= 4 exp

⎧⎨⎩−2
11

4
ln exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
11 (ln)

∗(1−∗)
2

5
¡
ln + ln11 +

1
2
ln ln − 1

2
ln

¢∗
⎞⎠⎫⎬⎭

= 4 exp

⎧⎨⎩−2
11

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
11 (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln11 +

1
2
ln ln

¢∗
⎞⎠⎫⎬⎭

= exp

⎧⎨⎩− ln
⎡⎣2

11

4
exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
11 (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln11 +

1
2
ln ln

¢∗
⎞⎠− 4

⎤⎦⎫⎬⎭
=  (1) .

This, in turn, implies that

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
Turning our attention now to showing result (iii), we first write

4 exp

½
−  2

2

2 (1 + 3)

¾
= 4 exp

⎧⎨⎩−  2
2 (1 + 3)

Ã
11

r
ln



!2⎫⎬⎭
= 4 exp

⎧⎨⎩− 2
11 ln

2

³
1

+ 3

´
⎫⎬⎭

Taking log transformation of the right-hand side, we get

ln

⎡⎣4 exp

⎧⎨⎩− 2
11 ln

2

³
1

+ 3

´
⎫⎬⎭
⎤⎦ = 4 ln − 2

11 ln

2

³
1

+ 3

´
= 4 ln − 2

11

23
ln

∙
1 + −13

1



¸−1
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Now, let 11 be a positive constant such that 
2
11  42 (1 + 3), and set

∗ =
2
11

23
− 4.

Note that, by this choice of 11 and ∗, we have

∗ 
42 (1 + 3)

23
− 4 = 4

3
 0

It, thus, follows that

4 exp

½
−  2

2

2 (1 + 3)

¾

= 4 exp

⎧⎨⎩− 2
11 ln

2

³
1

+ 3

´
⎫⎬⎭

= exp

(µ
4 ln

∙
1 + −13

1



¸
− 2

11

23
ln

¶ ∙
1 + −13

1



¸−1)

= exp

(µ
4 ln

∙
1 + −13

1



¸
− [∗ + 4] ln

¶ ∙
1 + −13

1



¸−1)

= exp

(µ
ln

∙
4−13

1


− ∗

¸¶ ∙
1 + −13

1



¸−1)

= exp

(
−∗ ln

∙
1− 4

∗3

1



¸ ∙
1 + −13

1



¸−1)

 exp

(
−∗ ln

∙
1− 1



¸ ∙
1 + −13

1



¸−1)µ
since

4

∗3


34

43
= 1

¶
=  (1)

This, in turn, implies that

2 exp

½
−  2

2

2 (1 + 3)

¾
= 2 exp

⎧⎨⎩− 2
11 ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

which shows result (iii)
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Combining the results given in (i)-(iii) above, we obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

£¡
 − 

¢ ¡
 − 

¢−Σ()

¤¯̄̄̄¯ ≥ 11

r
ln



!

≤ 2 max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

£¡
 − 

¢ ¡
 − 

¢−Σ()

¤¯̄̄̄¯ ≥ 11

r
ln



!

≤ 2 exp

½
−()

∗

1

¾
+2 exp

½
−  2

2

2 (1 + 3)

¾
+2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln)
∗

))

= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
. ¤

Lemma C-5: Suppose that Assumption 4-3 holds. Let

∗ =
12

1 + 22

where 1 and 2 are the positive constants defined in Assumption 4-3 and suppose that

(ln)
2
∗−1


→ 0 as   →∞.

Under these conditions, the following statements are true.

(a) There exists a constant 12  0 not depending on ( ) such that



(
max
1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

£
 − 

¤¯̄̄̄¯ ≥p12

r
ln



)
= 

µ
1

2

¶



⎧⎨⎩ max
1≤ ≤ 

Ã
1



X
=1

£
 − 

¤!2 ≥ 12
ln



⎫⎬⎭ = 

µ
1

2

¶
.

(b) There exists a constant 12  0 not depending on ( ) such that



(
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

¡
 − 

¢ 1


X
=1

¡
 − 

¢¯̄̄̄¯ ≥ 12

r
ln



)
= 

µ
1

2

¶
.
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(c) There exists a constant 13 ≥ 2max {11 12}  0 not depending on ( ) such that



Ã
max

1≤ ≤ 

¯̄̄bΣ() −Σ()

¯̄̄
≥ 13

r
ln



!
= 

µ
1

2

¶
,

where 11 is the positive constant defined in Lemma C-4 above.

Proof of Lemma C-5:

To show part (a), we first show that there exists a positive constant ∗ such that



(
max
1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

£
 − 

¤¯̄̄̄¯ ≥ ∗

r
ln



)
= 

µ
1

2

¶
To proceed, note first that, by Assumption 4-1, 

¡
 − 

¢
=  [] +  [] = 0.

Moreover, we can apply Lemma C-2 to obtain that, for any   0, for all integer  such that

1 ≤  ≤  , and for all  ∈ Z,


¡¯̄
 − 

¯̄
 
¢ ≤ exp

½
1−

µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾

Next, let  = − =+, and let  = (
0
  

0
)
0
be as defined in part (b) of As-

sumption 4-3. Note that F 
−∞ = 

¡
 −2 −1 

¢ ⊆ F 
−∞ =  ( −2 −1 )

and F∞+ = 
¡
+ ++1 ++2 

¢ ⊆ F∞+ =  (+ ++1 ++2 ).

Hence, it follows by part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that©


ª
∈Z is an -mixing process with  coefficient  () = sup 

¡F 
−∞F∞+

¢
sat-

isfying the rate of decay

 () = sup



¡F 

−∞F∞+
¢

≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1, for all ,

and for some positive constants 2,  and . In addition, by Assumption 4-3, there exists a

constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) (and restated here as Lemma C-1) are fulfilled. It follows from
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applying this inequality that there exist constants 1 2 3 4 and 5 which depend on

 2, , , and 2 such that, for any   0 and for all integer  with 1 ≤  ≤  ,



Ã¯̄̄̄
¯ 1

X
=1

£
 − 

¤¯̄̄̄¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

£
 − 

¤¯̄̄̄¯ ≥ 

!

≤  exp

½
−()



1

¾
+ exp

½
−  2

2

2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

(1−)

5 (ln)


))

Making use of Bonferroni’s inequality, we further obtain



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

£
 − 

¤¯̄̄̄¯ ≥ 

!
≤  max

1≤≤


Ã¯̄̄̄
¯ 1

X
=1

£
 − 

¤¯̄̄̄¯ ≥ 

!

≤  exp

½
−()



1

¾
+ exp

½
−  2

2

2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

(1−)

5 (ln)


))

For some 12  0, define ∗ =
√
12 and let

 =
p
12

r
ln


.

By choosing ∗ to be large enough, we can obtain the following three results, which we will
show in turn:

(i)

 exp

½
−()



1

¾
=  exp

(
−


2

12

1



2

 (ln)

2

)
= 

µ
1

2

¶
.

(ii)

 exp

(
−()

2

4
exp

(
()

(1−)

5 (ln [])


))
= 

µ
1

2

¶
(iii)

 exp

½
−  2

2

2 (1 + 3)

¾
=  exp

⎧⎨⎩− 12 ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

157



To show result (i), first write

3 exp

½
−()



1

¾
= 3 exp

(
−


2

12

1




µ
ln



¶
2

)
= 3 exp

(
−


2

12

1



2

 (ln)

2

)

Taking the log transformation, we have

ln

∙
3 exp

½
−()



1

¾¸
= 3 ln + ln − 


2
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1



2

 (ln)

2

Now, by assumption, (ln)
2
∗−1 =  ( ), where

∗ =
12

1 + 22
.

Since

 =
12

1 + 2


12
1 + 22

= ∗

it follows that (ln)
2
∗−1 =  ( ) implies that (ln)

2

−1
=  ( ). This, in turn, implies that

3 (ln)
1−

2



2



= 3

µ




¶
2

Ã
(ln)

2

−1



!
2

→ 0Ã
given that

(ln)
2

−1


→ 0 and given that




=



 − 
→ 1 since  is a fixed finite integer

¶
, (74)

Making use of expression (74) and the fact that

ln



2

 (ln)

2

→ 0 (given that   0) 

we further deduce that

3 ln + ln



2

 (ln)

2

=
3 (ln)

1−
2



2



+
ln



2

 (ln)

2

→ 0
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which, in turn, implies that

3 exp

½
−()



1

¾
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(
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2
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
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2
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=  (1)

It follows that
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µ
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¶
.

Next, to show result (ii), note that
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2
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¡
1
2
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1
2
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1
2
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¢
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⎡⎣12
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2

 
(1−)

2
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2

5
¡
1
2
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1
2
ln12 +

1
2
ln ln

¢
⎞⎠− 3

⎤⎦⎫⎬⎭
=  (1) ,

which, in turn, implies that

 exp

(
−()

2

4
exp

(
()

(1−)

5 (ln [])

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=

1

2
3 exp

(
−()

2

4
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(
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
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= 

µ
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Turning our attention now to showing result (iii), we first write

3 exp

½
−  2

2

2 (1 + 3)

¾
= 3 exp

⎧⎨⎩−  2
2 (1 + 3)

Ãp
12

r
ln



!2⎫⎬⎭
= 3 exp

⎧⎨⎩− 12 ln

2

³
1

+ 3

´
⎫⎬⎭

Taking log transformation of the right-hand side, we get

ln

⎡⎣3 exp

⎧⎨⎩− 12 ln

2

³
1

+ 3

´
⎫⎬⎭
⎤⎦ = 3 ln − 12 ln

2

³
1

+ 3

´
= 3 ln − 12

23
ln

∙
1 + −13

1



¸−1
Now, let 12 be a positive constant such that 12  32 (1 + 3), and set

∗ =
12

23
− 3.

Note that, by choosing 12 and ∗ in this way, we have

∗ 
32 (1 + 3)

23
− 3 = 3

3
 0
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It, thus, follows that

3 exp

½
−  2

2
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¾

= 3 exp
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³
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1



¸
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1


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∙
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1



¸
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1
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∙
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1
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1
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¸ ∙
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1


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
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1
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3

∗3


33

33
= 1

¶
=  (1)

This, in turn, implies that

 exp

½
−  2

2

2 (1 + 3)

¾
=

µ
1

2

¶
3 exp

½
−  2

2

2 (1 + 3)

¾
= 

µ
1

2

¶
.

which shows result (iii).
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Combining the results given in (i)-(iii) above, we obtain



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

£
 − 

¤¯̄̄̄¯ ≥p12

r
ln



!

≤  max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

£
 − 
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r
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

!

≤  exp

½
−()



1

¾
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(
−()

2

4
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()

(1−)

5 (ln)


))

+ exp

½
−  2

2

2 (1 + 3)

¾
= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

Finally, note that



⎧⎨⎩ max
1≤ ≤ 

¯̄̄̄
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≥ 12
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£
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r
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
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µ
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¶
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To show part (b), note that



(
max

1≤ ≤ 
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X
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)
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2
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r
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
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2
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⎫⎬⎭ for all  and  sufficiently large

Ã
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ln



(ln)

2
∗−1
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→ 0 so

ln


≤
r
ln


for all  ,  sufficiently large

!

= 

µ
1
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¶
(given the result obtained in part (a)) .

To show part (c), note first that
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so that
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Hence, applying the triangle inequality and taking the maximum over all   ∈ {1  };
we obtain
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from which it follows that
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¶
.

where the next-to-last equality comes from applying Lemma C-4 and part (b) of this lemma.

¤
Lemma C-6: Let

1 = 1

r
ln


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for some sufficiently large constant 1  07. Suppose that Assumptions 4-2, 4-3, 6-1, and

6-2 hold, and suppose that as  →∞

0 ()

1

∙
ln



¸ 1−
2

=  (1) .

Under these conditions, we have°°°°°bΣ
 −Σ

1

°°°°°
2

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
=  (1)

for 0 ≤   1. Here, bΣ
 denotes the generalized thresholding estimator of Σ , as defined

previously in Section 6.

Proof of Lemma C-6:

To proceed, we start with the decomposition°°°°° bΣ
 −Σ

1

°°°°°
2

=

°°°°° bΣ
 −Σ



 + Σ


 −Σ
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°°°°°
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≤
°°°°°Σ



 −Σ
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°°°°°
2

+

°°°°° bΣ
 −Σ





1

°°°°°
2

. (75)

where Σ


 is an  × matrix whose ( )

element is given by Σ



() = 1
¡
Σ()

¢
. We

shall consider separately the case where 0    1 (Case 1) and the case where  = 0 (Case

2).

Case 1 0    1:

For this case, consider initially the first term on the right-hand side of expression (75)

above, that is, the term °°°°°Σ


 − Σ

1

°°°°°
2



7See the proof of Lemma C-6 for a more detailed specification of the condition that the positive constant

1 must satisfy.
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Making use of conditions (ii) and (iii) of Assumption 6-1, we have°°°°°Σ
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©¯̄
Σ()
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¡
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¯̄
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≤ 1 by condition (ii) of Assumption 6-1

¢
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Ã
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+
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I
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since
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1
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¢−Σ()
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≤ 1 by condition (iii) of Assumption 6-1

¢
=
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max
1≤≤

Ã
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
1
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¯̄
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ª
+
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I
©¯̄
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ª!
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Ã
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ª
+
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
1−
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©¯̄
Σ()
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≤ 1

ª!

=

1−
1
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1≤≤
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It follows that°°°°°Σ


 −Σ

1

°°°°°
2

≤ 
1−
1

1
max
1≤≤

X
=1

¯̄
Σ()

¯̄
(for 0    1)

≤ 
1−
1 0 ()

1

¡
since Σ ∈ UΣ ( 0 () M) by part (a) of Assumption 6-2

¢
= 

Ã
0 ()

1

∙
ln



¸ 1−
2

! Ã
since 

1−
1 =

¡

¢1− µ ln



¶ 1−
2

³
∙
ln



¸ 1−
2

!
 (76)

Next, consider the second term on the right-hand side of expression (75) above, i.e., the

term °°°°° bΣ
 − Σ





1

°°°°°
2

.
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Here, note that, by conditions (i) and (ii) of Assumption 6-1, we have°°°°° bΣ
 −Σ





1

°°°°°
2

≤
vuut°°°°° bΣ

 −Σ




1

°°°°°
1

°°°°°bΣ
 −Σ





1

°°°°°
∞

= max
1≤≤

X
=1

¯̄̄̄
¯̄1

³bΣ()

´
− 1

¡
Σ()

¢
1

¯̄̄̄
¯̄
Ã
given that

bΣ
 − Σ





1
is also symmetric

!

=
1

1
max
1≤≤

X
=1

¯̄̄
1

³bΣ()

´
− 1

¡
Σ()

¢¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
+
1

1
max
1≤≤

X
=1

¯̄̄
1

³bΣ()

´
− 1

¡
Σ()

¢¯̄̄
I
n¯̄̄bΣ()
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≤ 1

¯̄
Σ()
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 1

o
+
1

1
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1≤≤

X
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³bΣ()

´
− 1
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Σ()

¢¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
 1

o
+
1

1
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1≤≤

X
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¯̄̄
1

³bΣ()

´
− 1
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Σ()

¢¯̄̄
I
n¯̄̄bΣ()

¯̄̄
≤ 1

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
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1≤≤

X
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¯̄̄
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o
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n¯̄̄bΣ()
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 1
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Σ()

¯̄
 1
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(since, by

Assumption 6-1(ii), 1
¡
Σ()

¢
= 0 if

¯̄
Σ()

¯̄
≤ 1 and 1

³bΣ()

´
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¢¯̄̄
I
n¯̄̄bΣ()
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≤ 1
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(by the triangle inequality)

= (1) + (2) + (3) (77)

To bound term (1), write
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To bound the second term in the expression above, note that
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Next, take  ∈ (0 1), and we can bound the first term in expression (78) as follows
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Moreover, observe that
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we further obtain
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we have
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Next, for term (2), we have
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We now turn our attention to term (3) in expression (77), which we can rewrite as follow
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we obtain
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Now, for the second term on the right-hand side of expression (82), note that, by applying

condition (iii) of Assumption 6-1, we have
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Finally, for the third term on the right-hand side of expression (82), note that, similar to the

argument given for the second term of expression (82),
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Combining the results given in expressions (83)-(85), we obtain

(3)

≤ 1

1
max
1≤≤

X
=1

¯̄̄bΣ() − Σ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
 1

o
+
1

1
max
1≤≤

X
=1

¯̄̄
1

³bΣ()

´
− bΣ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
 1

o
+
1

1
max
1≤≤

X
=1

¯̄
1
¡
Σ()

¢−Σ()

¯̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
 1

o
= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
+

Ã
0 ()

1

∙
ln



¸ 1−
2

!
+

Ã
0 ()

1

∙
ln



¸ 1−
2

!

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
(86)

180



It further follows from expressions (77), (80), (81), and (86)°°°°° bΣ
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Finally, applying the results given in expressions (76) and (87) to expression (75), we

obtain the desired result°°°°°bΣ
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Case 2:  = 0:

For this case, consider again the term°°°°°Σ
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on the right-hand side of expression (75). Under conditions (ii) and (iii) of Assumption 6-1,
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It follows that, for  = 0,°°°°°Σ
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Next, consider, for the  = 0 case, the second term on the right-hand side of expression

(75) above, i.e., the term °°°°° bΣ
 − Σ





1

°°°°°
2

.

183



By conditions (i) and (ii) of Assumption 6-1, we have°°°°° bΣ
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´
− 1
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Σ()

¢¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
 1

o
(by condition (ii)

of Assumption 6-1, 1
¡
Σ()

¢
= 0 if

¯̄
Σ()

¯̄
≤ 1 and 1

³bΣ()

´
= 0 if

¯̄̄bΣ()

¯̄̄
≤ 1

´
≤ 1

1
max
1≤≤

X
=1

¯̄̄bΣ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
+
1

1
max
1≤≤

X
=1

¯̄
Σ()

¯̄
I
n¯̄̄bΣ()

¯̄̄
≤ 1

¯̄
Σ()

¯̄
 1

o
+
1

1
max
1≤≤

X
=1

¯̄̄
1

³bΣ()

´
− 1

¡
Σ()

¢¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
 1

o
³
since, by condition (i) of Assumption 6-1,

¯̄̄
1

³bΣ()

´¯̄̄
≤
¯̄̄bΣ()

¯̄̄
and

¯̄
1
¡
Σ()

¢¯̄ ≤ ¯̄Σ()

¯̄¢
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≤ 1

1
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1≤≤

X
=1

¯̄̄bΣ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
+
1

1
max
1≤≤

X
=1

¯̄
Σ()

¯̄
I
n¯̄̄bΣ()

¯̄̄
≤ 1

¯̄
Σ()

¯̄
 1

o
+
1

1
max
1≤≤

X
=1

h³¯̄̄bΣ() −Σ()

¯̄̄
+
¯̄̄
1

³bΣ()

´
− bΣ()

¯̄̄
+
¯̄
1
¡
Σ()

¢−Σ()

¯̄´
×I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
 1

oi
(by the triangle inequality)

= [1] + [2] + [3] (89)

To bound term [1], write

[1] =
1

1
max
1≤≤

X
=1

¯̄̄bΣ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
=

1

1
max
1≤≤

X
=1

¯̄̄bΣ() −Σ() + Σ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
max
1≤≤

X
=1

¯̄̄bΣ() −Σ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
+
1

1
max
1≤≤

X
=1

¯̄
Σ()

¯̄
I
©¯̄
Σ()

¯̄
≤ 1

ª
(90)

To bound the second term in the expression above, note that

1

1
max
1≤≤

X
=1

¯̄
Σ()

¯̄
I
©¯̄
Σ()

¯̄
≤ 1

ª
=

1

1
max
1≤≤

X
=1

¯̄
Σ()

¯̄
I
©¯̄
Σ()

¯̄
6= 0ª I©¯̄Σ()

¯̄
≤ 1

ª


1
1
max
1≤≤

X
=1

I
©¯̄
Σ()

¯̄
6= 0ª I©¯̄Σ()

¯̄
≤ 1

ª
≤ 1

1
max
1≤≤

X
=1

I
©¯̄
Σ()

¯̄
6= 0ª

≤ 10 ()

1

¡
since Σ ∈ UΣ (0 0 () M) by Assumption 6-2 part (a)

¢
.
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Next, take  ∈ (0 1), and we can bound the first term in expression (90) as follows

1

1
max
1≤≤

X
=1

¯̄̄bΣ() −Σ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
=

1

1
max
1≤≤

X
=1

¯̄̄bΣ() −Σ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
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1

1
max
1≤≤

X
=1

¯̄̄bΣ() −Σ()

¯̄̄
I
n¯̄̄bΣ()

¯̄̄
 1 1 

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
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1≤≤

X
=1

I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
+
1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
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1≤≤

X
=1

I
©¯̄
Σ()

¯̄
6= 0ª In¯̄̄bΣ()

¯̄̄
 1 1 

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
max
1≤≤

X
=1

I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
+
1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
max
1≤≤

X
=1

I
©¯̄
Σ()

¯̄
6= 0ª

≤ 1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
max
1≤≤

X
=1

I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
+
0 ()

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄ ¡
since Σ ∈ UΣ (0 0 () M)

=

(
Σ

×
: max
1≤≤ 

Σ() ≤M, max
1≤≤ 

X
=1

I
©¯̄
Σ()

¯̄
6= 0ª ≤ 0 ()

)!
(91)
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Moreover, observe that

1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
max
1≤≤

X
=1

I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
max
1≤≤

X
=1

I
n¯̄̄bΣ() −Σ()

¯̄̄
+
¯̄
Σ()

¯̄
 1

¯̄
Σ()

¯̄
≤ 1

o
=

1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
max
1≤≤

X
=1

I
n¯̄̄bΣ() −Σ()

¯̄̄
 1 −

¯̄
Σ()

¯̄

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
max
1≤≤

X
=1

I
n¯̄̄bΣ() −Σ()

¯̄̄
 1 − 1

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
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1≤≤

X
=1

I
n¯̄̄bΣ() −Σ()

¯̄̄
 (1− ) 1

o
,

Again, if we choose

1 = 1

r
ln



where 1 = 13 (1− ) and where 13 is the positive constant defined in part (c) of Lemma

C-5; then, by Lemma C-5 part (c), we have



(
max
1≤≤

X
=1

I
n¯̄̄bΣ() −Σ()

¯̄̄
 (1− ) 1

o
 0

)

= 

∙
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
 (1− ) 1

¸
= 

Ã
max

1≤ ≤ 

¯̄̄bΣ() − Σ()

¯̄̄
≥ 13

r
ln



!

= 

µ
1

2

¶
,

uniformly on

UΣ (0 0 () M) =
(

Σ
×

: max
1≤≤ 

Σ() ≤M, max
1≤≤ 

X
=1

I
©¯̄
Σ()

¯̄
6= 0ª ≤ 0 ()

)
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Making use of the fact that



"
max
1≤≤

X
=1

I
n¯̄̄bΣ() −Σ()

¯̄̄
 (1− ) 1

o
 0

#
= 

µ
1

2

¶
=  (1) as   →∞

we further obtain
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1
max
1≤≤
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¯̄̄bΣ() −Σ()

¯̄̄
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 1

¯̄
Σ()

¯̄
≤ 1

o
≤ 1

1
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1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
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1≤≤

X
=1

I
n¯̄̄bΣ()

¯̄̄
 1

¯̄
Σ()
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0 ()
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1≤≤
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¯̄̄
(by expression (91))

≤ 1

1
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1≤≤

¯̄̄bΣ() −Σ()
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1≤≤

X
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I
n¯̄̄bΣ() − Σ()
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 (1− ) 1

o
+
0 ()

1
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1≤≤
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¯̄̄
= 

Ã
1

1

r
ln



!
+

Ã
0 ()

1

r
ln



!
Ã
given that max

1≤≤

¯̄̄bΣ() − Σ()

¯̄̄
= 

Ãr
ln



!!

= 

Ã
0 ()
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r
ln



!
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Combining the result given in expression (92) with the fact that

1

1
max
1≤≤
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=1

¯̄
Σ()

¯̄
I
©¯̄
Σ()
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≤ 1

ª
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1
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1≤≤

X
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¯̄
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I
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¯̄
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≤ 1

ª
≤ 1
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1≤≤

X
=1

I
©¯̄
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= 

r
ln



0 ()

1

= 

Ã
0 ()

1

r
ln



!

we have
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1
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1≤≤
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=1

¯̄̄bΣ()

¯̄̄
I
n¯̄̄bΣ()
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Next, for term [2], we have
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We now turn our attention to term [3] in expression (89), which we can rewrite as follow
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Focusing initially on the first-term on the right-hand side of expression (95) above, note that

by applying part (c) of Lemma C-5, i.e., the result
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Now, for the second term on the right-hand side of expression (95), note that, by applying

condition (iii) of Assumption 6-1, we have
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Finally, for the third term on the right-hand side of expression (95), note that, similar to the

argument given for the second term of expression ((95)),
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Combining the results given in expressions (96)-(98), we obtain
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It further follows from expressions (89), (93), (94), and (99)°°°°° bΣ
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Finally, applying the results given in expressions (88) and (100) to expression (75), we

obtain, for  = 0, the result°°°°° bΣ
 −Σ

1

°°°°°
2

≤
°°°°°Σ
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 −Σ
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2
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Ã
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1

r
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.

The lemma then follows immediately upon combining the results we have obtained for

Case 1, where 0    1, and Case 2, where  = 0. ¤
Lemma C-7: Let  =  − , where  ≥ 1 is a (fixed) finite integer. Suppose that

Assumptions 4-2, 4-3, and 4-4 hold and suppose that (ln)
2
∗−1 =  ( ), where

0  ∗ =
12

1 + 22
 1
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and where 1 and 2 are positive constants as defined in Assumption 4-3. Under these

conditions, the following statements are true as  →∞:

(a) There exists a constant ∗  0 such that



(¯̄̄̄
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r
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)
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µ
1
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¶


(b) There exists a constant †  0 such that
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(
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)
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µ
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¶

(c) There exists a constant M  0 such that



Ã
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!
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µ
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(d) There exists a constant ∗  0 such that



Ã
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!
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(e) There exists a constant #  0 such that
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r
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!
= 

µ
1

2

¶
, where  =

1



X
=1

+.

(f) There exists a constant #  0 such that



Ã
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Proof of Lemma C-7:

To show part (a), note first that  −  = + . so we can write

1



X
=1

[ −  ]
0
 =

1



X
=1

 0
 +

1



X
=1

0.
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To show the desired result, we will first show that there exists a constant 
(1)
∗  0 such that



(¯̄̄̄
¯ 1

X
=1
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µ
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To proceed, note first that, by Assumption 4-1,  ( 0
) =  [ 0

 ] = 0. Moreover, by part

(b) of Assumption 4-4, we have for all   0

sup
∈Z

 (| 0
|  ) ≤ exp

½
1−

µ


1

¶1
¾
≤  exp

½
−
µ


1

¶1
¾

Next, let 
(1)
 = 0

, and let  = (
0
  

0
)
0
be as defined in part (b) of Assumption 4-3.

Note that F 
(1)−∞ = 

³
 

(1)
−2 

(1)
−1 

(1)


´
⊆ F 

−∞ =  ( −2 −1 ) and F∞(1)+ =

³

(1)
+ 

(1)
++1 

(1)
++2 

´
⊆ F∞+ =  (+ ++1 ++2 ). Hence, it follows by

part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that
n

(1)


o
∈Z

is an -

mixing process with  coefficient (1) () = sup 
³
F 
(1)−∞F∞(1)+

´
satisfying the rate

of decay

(1) () = sup



³
F 
(1)−∞F∞(1)+

´
≤ sup




¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1

and for some positive constants 2,  and . In addition, note that, by Assumption 4-3, there

exists a constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) are fulfilled. It follows from applying this inequality that there

exist constants 11 12 13 14 and 15 that depend on , 1, , , and 2 such that, for
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any   0,



Ã¯̄̄̄
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For some 
(1)
∗  0, let

 = (1)
∗

r
ln


.

By choosing 
(1)
∗ to be large enough, we can obtain the following three results, which we will

show in turn:

(i)
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½
−()



11

¾
=  exp
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¶
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(ii)
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(
()

(1−)

15 (ln [])

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µ
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.

(iii)
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½
− 2 2
12 (1 + 13)

¾
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⎧⎪⎨⎪⎩−
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(1)
∗
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³
1
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´
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µ
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¶
.

To show result (i), first write

2 exp

½
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⎫⎬⎭
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Taking the log transformation, we have
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Now, by assumption, (ln)
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Since, as shown previously,
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It follows that
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Next, to show result (ii), note that
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Turning our attention now to showing result (iii), we first write

2 exp

½
− 2 2
12 (1 + 13)

¾
= 2 exp

⎧⎨⎩−  2
12 (1 + 13)

Ã
(1)
∗

r
ln



!2⎫⎬⎭
= 2 exp

⎧⎪⎨⎪⎩−
h

(1)
∗
i2
ln

12

³
1

+ 13

´
⎫⎪⎬⎪⎭

Taking log transformation of the right-hand side, we get
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It, thus, follows that
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2
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This, in turn, implies that
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µ
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¶
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½
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¾
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µ
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¶
.

which shows result (iii).
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Combining the results given in (i)-(iii) above, we obtain



Ã¯̄̄̄
¯ 1
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∗

r
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
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½
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¾
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½
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∗

r
ln



!
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µ
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¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
. (101)

Next, we show that there exists a constant 
(2)
∗  0 such that



(¯̄̄̄
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X
=1

0

¯̄̄̄
¯ ≥ (2)

∗

r
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

)
= 

µ
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¶
, where  =



kk2
.

To proceed, note that, by Assumption 4-1, 
¡
0
¢
=  [0] = 0. Moreover, since

°°°°
2
=

kk2  kk2 = 1, we can apply part (a) of Assumption 4-3, so that for all   0

sup
∈Z


¡¯̄
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¶1
¾
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½
−
µ

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¶1
¾
.

Let 
(2)
 = 0, and let  = (

0
  

0
)
0
be as defined in part (b) of Assumption 4-3.

Note that F 
(2)−∞ = 

³
 

(2)
−2 

(2)
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(2)


´
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
³
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⊆ F∞+ =  (+ ++1 ++2 ). Hence, it follows by

part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that
n

(2)


o
∈Z

is an -

mixing process with  coefficient (2) () = sup 
³
F 
(2)−∞F∞(2)+

´
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


³
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´
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


¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1
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and for some positive constants 2,  and . In addition, note that, by Assumption 4-3, there

exists a constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) are fulfilled. It follows from applying this inequality that there

exist constants 21 22 23 24 and 25 that depend on , 1, , , and 2 such that, for

any   0,



Ã¯̄̄̄
¯ 1
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=1

0
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Ã¯̄̄̄
¯
X
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.

For some 
(2)
∗  0, let

 = (2)
∗

r
ln


.

By choosing 
(2)
∗ to be large enough, we can obtain the following three results, which we will

show in turn:

(i)
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½
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
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⎧⎨⎩−
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¶
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³
1
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µ
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¶
.
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To show result (i), first write
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½
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⎫⎬⎭
Taking the log transformation, we have
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2
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
→ 0
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
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=


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¶
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which, in turn, implies that
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Next, to show result (ii), note that
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This, in turn, implies that
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Turning our attention now to showing result (iii), we first write
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It, thus, follows that
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which shows result (iii).
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Combining the results given in (i)-(iii) above, we obtain


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Moreover, since 0  
(2)
∗  ∞ and since, by part (a) of Assumption 4-4, there exists a

constant   0 such that
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Hence, given that, by definition,  =  kk2, we further deduce that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ 

(2)

†

r
ln



!

= 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ kk2 ≥ 

(2)

†

r
ln



!

= 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ 

(2)

†
kk2

r
ln



!

= 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ 

(2)

†
p
11

kk2

r
ln



! Ã
since kk2 =

s
0011
11

=
kk2p
11

!

= 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ (2)

∗
q
11

r
ln



!

≤ 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ (2)

∗

r
ln



! ¡
since by Assumption 4-2(a), 11 →∞

¢
= 

µ
1

2

¶
. (102)
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Finally, let ∗ be a positive constant such that ∗ ≥ max
n
2

(1)
∗  2

(2)

†
o
, and we can

combine the results given in expressions (101) and (102) above to obtain



Ã¯̄̄̄
¯ 1

X
=1

[ −  ]
0


¯̄̄̄
¯ ≥ ∗

r
ln



!

= 

Ã¯̄̄̄
¯ 1

X
=1

[ + ]
0


¯̄̄̄
¯ ≥ ∗

r
ln



!

≤ 

Ã¯̄̄̄
¯ 1

X
=1

 0


¯̄̄̄
¯+

¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ ∗

r
ln



!

≤ 

Ã(¯̄̄̄
¯ 1

X
=1

 0


¯̄̄̄
¯ ≥ ∗

2

r
ln



)
∪
(¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ ∗

2

r
ln



)!

≤ 

Ã¯̄̄̄
¯ 1

X
=1

 0


¯̄̄̄
¯ ≥ ∗

2

r
ln



!
+ 

Ã¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ ∗

2

r
ln



!

≤ 

Ã¯̄̄̄
¯ 1

X
=1

 0


¯̄̄̄
¯ ≥ (1)

∗

r
ln



!
+ 

Ã¯̄̄̄
¯ 1

X
=1

0

¯̄̄̄
¯ ≥ 

(2)

†

r
ln



!
µ
since ∗ ≥ max

n
2(1)

∗  2
(2)

†
o
implying that

∗
2
≥ (1)

∗ and
∗
2
≥ 

(2)

†

¶
= 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.
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To show part (b), note first that, since − =+ and Σ = 1∆1
0
1+2∆2

0
2+

Σ, we can write

1



X
=1

¡£
 − 

¤
[ −  ]

0 − 0Σ

¢


=
1



X
=1

¡
[ + ] [

0
 + 0]− 0Σ

¢


=
1



X
=1

[ + ]
0
 +

1



X
=1

[ + ]
0
 −

1



X
=1

0Σ

=
1



X
=1

©
[ + ]

0
 − 0 (1∆1

0
1 + 2∆2

0
2)
ª


+
1



X
=1

©
[ + ]

0
 − 0Σ

ª


=
1



X
=1

©
[ + ]

0
 − 0 (1∆1

0
1 + 2∆2

0
2)
ª


+
1



X
=1

©
[ + ]

0
 − 0Σ

ª
, (where Σ =  [

0
])Ã

since
1



X
=1

0Σ =
1



X
=1

0
1



X
=1

Σ =
1



X
=1

0Σ

!

To show the desired result, we first show that there exists a constant 
[1]
∗  0 such that



(¯̄̄̄
¯ 1

X
=1

©
[ + ]

0
 − 0 (1∆1

0
1 + 2∆2

0
2)
ª


¯̄̄̄
¯ ≥  [1]

∗

r
ln



)
= 

µ
1

2

¶


To proceed, note first that, by Assumption 4-1,


£©
[ + ]

0
 − 0 (1∆1

0
1 + 2∆2

0
2)
ª

¤

= 
£
[ + ]

0
 − 0 (1∆1

0
1 + 2∆2

0
2)

¤
= 

£
0

0
 + 0

0
 − 0 (1∆1

0
1 + 2∆2

0
2)

¤¡
since  = 0 and  = 0

¢
= 0 [

0
 ] + 0 [

0
 ] − 0 (1∆1

0
1 + 2∆2

0
2)

= 0 (since  [
0
 ] = 1∆1

0
1 + 2∆2

0
2 and  [

0
 ] = 0)
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from which it follows that the elements of the sum

X
=1

©
[ + ]

0
 − 0 (1∆1

0
1 + 2∆2

0
2)

ª
given above all have expectation equal to zero. Moreover, let 1 and 2 be the positive

constants defined, respectively, in part (a) of Assumption 4-3 and in Lemma C-2. Then,

by part (c) of Lemma C-3, there exists a positive constant  ≥ exp {1} such that, for any
  0, for all integer  with 1 ≤  ≤  , and for all  ∈ Z,


¡¯̄¡

 − 

¢
 0


¯̄
 
¢
=  (|( + )

0
|  )

≤ exp
n
1−

³


´o
≤  exp

n
−
³


´o
.

where  = 12  0 and  ≥ (1 + ln 2) 2
1 22  0. Next, define ∗ = 12 (1 + 22) with 2

being a positive constant as defined in Assumption 4-3, so that the reciprocal of ∗ can be
written as

1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.

Now, the condition specified in Assumption 4-3 implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1

so that, in particular, ∗ ∈ (0 1). In addition, let (1) =
¡
 − 

¢
 0

 = ( + )
0
,

and let  = (
0
  

0
)
0
be as defined in part (b) of Assumption 4-3. Note that F 

(1)−∞ =


³
 

(1)
−2 

(1)
−1 

(1)


´
⊆ F 

−∞ =  ( −2 −1 ) andF∞(1)+ = 
³

(1)
+ 

(1)
++1 

(1)
++2 

´
F∞+ =  (+ ++1 ++2 ). Hence, it follows by part (b) of Assumption 4-3 and

Theorem 14.1 of Davidson (1994) that
n

(1)


o
∈Z

is an -mixing process with  coefficient

(1) () = sup 
³
F 

(1)−∞F∞(1)+
´
satisfying the rate of decay

(1) () = sup



³
F 

(1)−∞F∞(1)+
´

≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1, for all ,

and for some positive constants 2,  and .

Hence, all the assumptions needed to apply the Bernstein inequality given in Lemma C-1

are fulfilled. Making use of this Bernstein inequality then implies that there exist constants
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(1)1 (1)2 (1)3 (1)4 and (1)5 depending on , , , , ∗, and 2 such that, for any   0
and for all integer  with 1 ≤  ≤  ,



Ã¯̄̄̄
¯ 1

X
=1

¡£
 − 

¤
 0

 − 0 (1∆1
0
1 + 2∆2

0
2)
¢


¯̄̄̄
¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

¡
[ + ]

0
 − 01∆1

0
1
¢¯̄̄̄¯ ≥ 

!
Ã
since 02 = 021

p
11

= 0 and  −  = + 

!

≤  exp

½
−()

∗

(1)1

¾
+ exp

(
− 2 2

(1)2
¡
1 + (1)3

¢)

+exp

(
− ()

2

(1)4
exp

(
()

∗(1−∗)

(1)5 (ln )
∗

))

Using Bonferroni’s inequality, we further obtain



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

¡£
 − 

¤
 0

 − 0 (1∆1
0
1 + 2∆2

0
2)
¢


¯̄̄̄
¯ ≥ 

!

≤  max
1≤≤



Ã¯̄̄̄
¯
X
=1

¡
[ + ]

0
 − 01∆1

0
1
¢¯̄̄̄¯ ≥ 

!

≤  exp

½
−()

∗

(1)1

¾
+ exp

(
− 2 2
(1)2

¡
1 + (1)3

¢)

+ exp

(
− ()

2

(1)4
exp

(
()

∗(1−∗)

(1)5 (ln )
∗

))

Now, for some constant 
[1]
∗  0, let

 =  [1]
∗

r
ln


.

By choosing 
[1]
∗ to be large enough, we can obtain the following three results, which we will

show in turn:

(i)

 exp

½
−()

∗

(1)1

¾
=  exp

⎧⎨⎩−
³

[1]
∗
´∗

(1)1


∗
2

 (ln)
∗
2

⎫⎬⎭ = 

µ
1

2

¶
.
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(ii)

 exp

(
− ()

2

(1)4
exp

(
()

∗(1−∗)

(1)5 (ln [])
∗

))
= 

µ
1

2

¶
(iii)

 exp

(
− 2 2

(1)2
¡
1 + (1)3

¢) =  exp

⎧⎪⎨⎪⎩−
³

[1]
∗
´2
ln

(1)2

³
1

+ (1)3

´
⎫⎪⎬⎪⎭ = 

µ
1

2

¶
.

To show result (i), first write

3 exp

½
−()

∗

(1)1

¾
= 3 exp

⎧⎨⎩−
³

[1]
∗
´∗

(1)1

∗


µ
ln



¶∗
2

⎫⎬⎭
= 3 exp

⎧⎨⎩−
³

[1]
∗
´∗

(1)1


∗
2

 (ln)
∗
2

⎫⎬⎭
Taking the log transformation, we have

ln

∙
3 exp

½
−()

∗

(1)1

¾¸
= 3 ln + ln −

³

[1]
∗
´∗

(1)1


∗
2

 (ln)
∗
2

Given that
ln


∗
2

 (ln)
∗
2

→ 0 (since ∗  0)

and given that

3 (ln)
1−∗

2


∗
2



= 3

µ




¶∗
2

Ã
(ln)

2
∗−1



!∗
2

→ 0

Ã
given that

(ln)
2
∗−1


→ 0

by assumption, and given that



=



 − 
→ 1 as  →∞

¶
;

we see that
3 ln + ln


∗
2
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∗
2

=
3 (ln)

1−∗
2


∗
2



+
ln


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2

 (ln)
∗
2

→ 0
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which, in turn, implies that

3 exp

½
−()

∗

(1)1

¾
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³

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2
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³
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∗
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2
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
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2
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∗
2
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=  (1)

It follows that

 exp

½
−()

∗
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¾
=

1

2
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½
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∗

(1)1

¾
= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
.

Next, to show result (ii), note that
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(
− ()

2

(1)4
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(
()

∗(1−∗)

(1)5 (ln [])
∗
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⎧⎪⎨⎪⎩−  2
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∗
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
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q
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⎞⎟⎠
⎫⎪⎬⎪⎭
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⎧⎪⎨⎪⎩−
³

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∗
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2
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³
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2
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³
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⎧⎪⎨⎪⎩−
³

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∗
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∗
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2
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³
1
2
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2
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´∗
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⎫⎪⎬⎪⎭
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⎡⎢⎣
³

[1]
∗
´2
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⎛⎜⎝ 
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2



³

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∗
´∗(1−∗)

(ln)
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2

(1)5

³
1
2
ln + ln
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∗ + 1

2
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´∗
⎞⎟⎠− 3

⎤⎥⎦
⎫⎪⎬⎪⎭
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This, in turn, implies that

 exp

(
− ()

2

(1)4
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(
()

∗(1−∗)

(1)5 (ln [])

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=

µ
1

2

¶
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(
− ()

2

(1)4
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(
()

∗(1−∗)

(1)5 (ln [])
∗
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= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
Turning our attention now to showing result (iii), we first write

3 exp

(
− 2 2
(1)2

¡
1 + (1)3

¢) = 3 exp

⎧⎨⎩−  2
(1)2

¡
1 + (1)3

¢ Ã [1]
∗

r
ln



!2⎫⎬⎭
= 3 exp

⎧⎪⎨⎪⎩−
³

[1]
∗
´2
ln

(1)2

³
1

+ (1)3

´
⎫⎪⎬⎪⎭

Taking log transformation of the right-hand side, we get

ln

⎡⎢⎣3 exp

⎧⎪⎨⎪⎩−
³

[1]
∗
´2
ln

(1)2

³
1

+ (1)3

´
⎫⎪⎬⎪⎭
⎤⎥⎦ = 3 ln −

³

[1]
∗
´2
ln

(1)2

³
1

+ (1)3

´
= 3 ln −

³

[1]
∗
´2

(1)2(1)3
ln

∙
1 + −1

(1)3

1



¸−1
Now, let 

[1]
∗ be a positive constant such that

³

[1]
∗
´2

 3(1)2
¡
1 + (1)3

¢
, and set

∗[1] =

³

[1]
∗
´2

(1)2(1)3
− 3.

Note that, by this choice of 
[1]
∗ and ∗[1], we have

∗[1] 
3(1)2

¡
1 + (1)3

¢
(1)2(1)3

− 3 = 3

(1)3
 0
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It, thus, follows that

3 exp

(
− 2 2
(1)2

¡
1 + (1)3

¢)

= 3 exp

⎧⎪⎨⎪⎩−
³

[1]
∗
´2
ln

(1)2

³
1

+ (1)3

´
⎫⎪⎬⎪⎭
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⎧⎪⎨⎪⎩
⎛⎜⎝3 ln ∙1 + −1

(1)3

1



¸
−

³

[1]
∗
´2

(1)2(1)3
ln

⎞⎟⎠∙1 + −1
(1)3

1



¸−1⎫⎪⎬⎪⎭
= exp

(µ
3 ln

∙
1 + −1

(1)3

1



¸
− £∗[1] + 3¤ ln¶ ∙1 + −1

(1)3

1



¸−1)
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ln

∙
3−1

(1)3

1


− ∗[1]

¸¶ ∙
1 + −1

(1)3

1



¸−1)

= exp

(
−∗[1] ln

"
1− 3

∗
[1]
(1)3

1



# ∙
1 + −1

(1)3

1



¸−1)

 exp

(
−∗[1] ln

∙
1− 1



¸ ∙
1 + −1

(1)3

1



¸−1)Ã
since

3

∗
[1]
(1)3


(1)33

3(1)3
= 1

!
=  (1)

This, in turn, implies that

 exp

(
−  2

(1)2
¡
1 + (1)3

¢) =

µ
1

2

¶
3 exp

(
−  2

(1)2
¡
1 + (1)3

¢)

= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
which shows result (iii)
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Combining the results given in (i)-(iii) above, we obtain



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

¡£
 − 

¤
 0

 − 0 (1∆1
0
1 + 2∆2

0
2)
¢


¯̄̄̄
¯ ≥  [1]

∗

r
ln



!

= 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

¡
[ + ]

0
 − 0 (1∆1

0
1 + 2∆2

0
2)
¢


¯̄̄̄
¯ ≥  [1]

∗

r
ln



!

≤  max
1≤≤



Ã¯̄̄̄
¯
X
=1

¡
[ + ]

0
 − 01∆1

0
1
¢¯̄̄̄¯ ≥  [1]

∗ 

r
ln



!

≤  exp

½
−()

∗

(1)1

¾
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(
− 2 2
(1)2

¡
1 + (1)3

¢)

+ exp

(
− ()

2

(1)4
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(
()

∗(1−∗)

(1)5 (ln )
∗

)) Ã
with  =  [1]

∗

r
ln



!

= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
. (103)

Next, we show that there exists a constant 
[2]
∗  0 such that



(
1



X
=1

©
[ + ]

0
 − 0Σ

ª
 ≥  [2]

∗

r
ln



)
= 

µ
1

2

¶
, where  =



kk2
.

To proceed, note that, by Assumption 4-1,


¡©
[ + ]

0
 − 0Σ

ª

¢

= 0 [
0
] + 0 [

0
] − 0Σ¡

since  = 0 and  = 0
¢

= 0Σ − 0Σ (since  [
0
] = 0 and Σ =  [

0
])

= 0

from which it follows that the elements of the sum

X
=1

©
[ + ]

0
 − 0Σ

ª
given above all have expectation equal to zero. Moreover, let 1 and 2 be the positive

constants defined, respectively, in part (a) of Assumption 4-3 and in Lemma C-2. Then,
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by part (d) of Lemma C-3, there exists a positive constant  ≥ exp {1} such that, for any
  0, for all integer  with 1 ≤  ≤  , and for all  ∈ Z,


¡¯̄¡

 − 

¢
0
¯̄
 
¢
= 

¡¯̄
( + )

0

¯̄
 
¢

≤ exp
n
1−

³


´o
≤  exp

n
−
³


´o
.

where  = 12  0 and  ≥ (1 + ln 2) 2
1 22  0. Next, define ∗ = 12 (1 + 22) with 2

being a positive constant as defined in Assumption 4-3, so that the reciprocal of ∗ can be
written as

1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.

Now, the condition specified in Assumption 4-3 implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1

so that, in particular, ∗ ∈ (0 1). In addition, let (2) =
¡
 − 

¢
0 = ( + )

0
,

and let  = (
0
  

0
)
0
be as defined in part (b) of Assumption 4-3. Note that F 
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
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−2 
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

´
⊆ F 

−∞ =  ( −2 −1 ) andF∞(2)+ = 
³
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´
F∞+ =  (+ ++1 ++2 ). Hence, it follows by part (b) of Assumption 4-3 and

Theorem 14.1 of Davidson (1994) that
n

(2)


o
∈Z

is an -mixing process with  coefficient

(2) () = sup 
³
F 

(2)−∞F∞(2)+
´
satisfying the rate of decay

(2) () = sup



³
F 

(2)−∞F∞(2)+
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≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1, for all ,

and for some positive constants 2,  and .

Hence, all the assumptions needed to apply the Bernstein inequality given in Lemma C-1

are fulfilled. Making use of this Bernstein inequality then implies that there exist constants

(2)1 (2)2 (2)3 (2)4 and (2)5 depending on , , , , ∗, and 2 such that, for any   0
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and for all integer  with 1 ≤  ≤  ,


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Using Bonferroni’s inequality, we further obtain
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Now, for some constant 
[2]
∗  0, let

 =  [2]
∗
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(iii)
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To show result (i), first write

3 exp

½
−()

∗

(2)1

¾
= 3 exp

⎧⎨⎩−
³

[2]
∗
´∗

(2)1

∗


µ
ln



¶∗
2

⎫⎬⎭
= 3 exp

⎧⎨⎩−
³

[2]
∗
´∗

(2)1


∗
2

 (ln)
∗
2

⎫⎬⎭
Taking the log transformation, we have

ln

∙
3 exp

½
−()

∗

(2)1

¾¸
= 3 ln + ln −

³

[2]
∗
´∗

(2)1


∗
2

 (ln)
∗
2

Given that
ln


∗
2

 (ln)
∗
2

→ 0 (since ∗  0)

and given that

3 (ln)
1−∗

2


∗
2



= 3

µ




¶∗
2

Ã
(ln)

2
∗−1



!∗
2

→ 0

Ã
given that

(ln)
2
∗−1


→ 0

by assumption and given that



=



 − 
→ 1 as  →∞

¶
;

we see that
3 ln + ln


∗
2

 (ln)
∗
2

=
3 (ln)

1−∗
2


∗
2



+
ln


∗
2

 (ln)
∗
2

→ 0

221



which, in turn, implies that
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Next, to show result (ii), note that
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This, in turn, implies that
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Turning our attention now to showing result (iii), we first write
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It, thus, follows that
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Combining the results given in (i)-(iii) above, we obtain



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

¡£
 − 

¤
0 − 0Σ

¢


¯̄̄̄
¯ ≥  [2]

∗

r
ln



!

≤  max
1≤≤



Ã¯̄̄̄
¯
X
=1

¡
[ + ]

0
 − 0Σ

¢¯̄̄̄¯ ≥  [2]
∗ 

r
ln



!

≤  exp

½
−()

∗

(2)1

¾
+ exp

(
− 2 2
(2)2

¡
1 + (2)3

¢)

+ exp

(
− ()

2

(2)4
exp

(
()

∗(1−∗)

(2)5 (ln )
∗

)) Ã
with  =  [2]

∗

r
ln



!

= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

Moreover, since 0  
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∗  ∞ and since, by part (a) of Assumption 4-4, there exists a
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Hence, given that, by definition,  =  kk2, we further deduce that
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Finally, let † be a positive constant such that † ≥ max
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combine the results given in expressions (103) and (104) above to obtain
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Turning our attention to part (c), first set

M ≥ max©12 2
∗
ª
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where 12  0 is the constant given in part (a) of Lemma C-5 and where ∗  0 is the

constant given in part (a) of this lemma. It then follows by part (a) of these two lemmas

that, for all  and  sufficiently large,
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To show part (d), note that, given that  ≥ 1 is a fixed finite integer, we can let  = +

and, without loss of generality, write + =  . Now, by part (c) of Assumption 4-3, we

have  [ ] = 0 for all  ∈ Z. Moreover, by part (a) of Assumption 4-3, there exist positive
constants 1 and 1 such that for any   0,

sup
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where  is a positive constant such that  ≥ exp {1}. Next, let  = ( 
0
  

0
)
0
,

and note that F
−∞ =  ( −1 ) ⊆ F

−∞ =  ( −2 −1 ) and F∞+ =

 (+ ++1 ++2 ) ⊆ F∞+ =  (+ ++1 ++2 ). Hence, it follows by

part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that {+}∈Z ≡ {}∈Z
is an -mixing process with  coefficient  () = sup 
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and for some positive constants 2,  and . Furthermore, note that, by Assumption 4-3,

there exists a constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.

Therefore, all the assumptions needed to obtain the Bernstein-type inequality given in

Merlevède, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Applying

this Bernstein-type inequality then implies that there exist constants ∗1 ∗2 ∗3 ∗4 and
∗5 depending on  1  and 2 such that, for any   0,
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To show result (i), first write
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which, in turn, implies that
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Next, to show result (ii), note that
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Turning our attention now to showing result (iii), we first write
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It, thus, follows that
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1
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1
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1
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(
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

¸ ∙
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1


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2

∗∗3


∗32
2∗3

= 1

¶
=  (1)

This, in turn, implies that
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½
− 2 2
∗2 (1 + ∗3)
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=

µ
1
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¶
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½
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∗2 (1 + ∗3)

¾
= 

µ
1
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¶
.

which shows result (iii).
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Combining the results given in (i)-(iii) above, we obtain



Ã
|| ≥ ∗

r
ln



!

= 

Ã¯̄̄̄
¯ 1

X
=1

+

¯̄̄̄
¯ ≥ ∗

r
ln



!
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½
−()


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¾
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½
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2
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
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= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

Next, to show part (e), first set # = max {2
∗  

2
∗}, where ∗  0 is the constant given

in part (a) of Lemma C-5 and where ∗  0 is the constant given in part (d) of this lemma.



Ã
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1≤≤

¯̄̄̄
¯ 1

X
=1

£
 − 

¤¯̄̄̄¯ || ≥ #

r
ln



!

≤ 

Ã(
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¯̄̄̄
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=1

£
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∙
ln



¸ 1
4

)
∪
(
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√
#

∙
ln



¸ 1
4

)!

≤ 

Ã
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=1

£
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∙
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
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4

!
+ 

Ã
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√
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∙
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¸ 1
4

!
(by Bonferroni inequality)

≤ 
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r
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!
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r
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

!
Ã
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r
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


∙
ln



¸ 1
4

given that
ln


=
ln

 − 
 1 for all  ,  sufficiently large

!

≤ 

Ã
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1≤≤
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£
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r
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

!
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Ã
|| ≥ ∗

r
ln



!
³
since # = max

©
2
∗  

2
∗
ª
implies that

√
# ≥ ∗ and

√
# ≥ ∗

´
.
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It then follows, by part (a) of Lemma C-5 and and part (d) of this lemma, that for all 

and  sufficiently large,



Ã
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1≤≤

¯̄̄̄
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X
=1

£
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r
ln



!

≤ 

Ã
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1≤≤
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X
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 − 

¤¯̄̄̄¯ ≥ ∗

r
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

!
+ 

Ã
|| ≥ ∗

r
ln



!

= 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

Finally, to show part (f), first note that, by part (c) of Assumption 4-3, 
£¡
 − 

¢
+

¤
=

 [( + ) +] =  [+] +  [+] = 0 for all  and . In addition, by part (b)

of Lemma C-3 above, there exists a positive constant  ≥ exp {1} such that ∀  0, for all
integer  with 1 ≤  ≤  , and for all  ∈ Z,


¡¯̄¡

 − 

¢
+

¯̄
 
¢ ≤ expn1− ³



´o
≤  exp

n
−
³


´o
,

where  = 12  0 and where  ≥ (1 + ln 2)
2
1 21  0. Moreover, let ∗ = 12 (1 + 22),

so that
1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.

Now, Assumption 4-3 implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1

which, in turn, implies that ∗ ∈ (0 1). Let  = +, and we can rewrite
¡
 − 

¢
+ =

( + ) + = (− + −)  =   . Next, let  = (
0
  

0
)
0
be as defined in

part (b) of Assumption 4-3, and note that F
−∞ = 

¡
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 ( +−2 +−1 +) and F∞+ = 
¡
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¢ ⊆ F∞+ =

 (+ ++1 ++2 ). Hence, given that  ≥ 1 is a fixed (finite) integer, it follows by
part (b) of Assumption 4-3 and Theorem 14.1 of Davidson (1994) that

©
 

ª
∈Z is an -

mixing process with  coefficient given by  () = sup 
¡F

−∞F∞+
¢
. To analyze

the rate of decay of  (), we first consider the case where  ≥ + 1. In this case, note
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that

 ()

= sup



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¢
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
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¢

≤  exp {− (− )
2} for all integers  ≥ + 1 and for all 

(by part (b) of Assumption 4-3)

=  exp

½
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¾
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½
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+ 1
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¾

(since  ≥ + 1)

=  exp

½
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µ
1
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¾

≤  exp
©−#2

ª
where # = 

µ
1

+ 1

¶2

 0 given that  is a finite positive integer.(105)

Next, consider the case where  ≤ . In this case, we have

 () = sup



¡F

−∞F∞+
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≤ 1
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ª
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©−#2
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≤ exp
©
#2

ª
exp

©−#2
ª

= ∗ exp
©−#2

ª
(106)

where ∗ = exp
©
#2

ª
 0 since #  0 and  ≥ 1. Moreover, note that ∗ =

exp
©
#2

ª
∞ since  ∞ and since

# = 

µ
1

+ 1

¶2

∞

Let # = max { ∗}, and it follows by combining expressions (105) and (106) that

 () ≤ # exp
©−#2

ª
for all  ≥ 1 and for all .

Therefore, all the assumptions needed to apply the Bernstein inequality given in Mer-

levède, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of

this Bernstein inequality then implies that there exist positive constants 1 2 3 4 and

5 depending on #, , #, ∗, and 2 such that for any   0 and for all integer  with
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1 ≤  ≤ 
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Using Bonferroni’s inequality, we further obtain
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For some #  0, let

 = #

r
ln
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.

By choosing # to be large enough, we can obtain the following three results, which we will

show in turn:
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To show result (i), first write
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Taking the log transformation, we have
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Next, to show result (ii), note that
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⎡⎣£#

¤2
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2



£
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5

¡
1
2
ln + ln# + 1

2
ln ln

¢∗
⎞⎠− 3

⎤⎦⎫⎬⎭
=  (1)

This, in turn, implies that
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(
−()

2
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exp

(
()

∗(1−∗)

5 (ln [])
∗
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=
1

2
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−()

2

4
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(
()

∗(1−∗)

5 (ln [])
∗
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= 

µ
1

2

¶
Turning our attention now to showing result (iii), we first write

3 exp

½
− 2 2
2 (1 + 3)

¾
= 3 exp

⎧⎨⎩−  2
2 (1 + 3)

Ã
#

r
ln



!2⎫⎬⎭
= 3 exp

⎧⎨⎩−
£
#
¤2
ln

2

³
1

+ 3

´
⎫⎬⎭
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Taking log transformation of the right-hand side, we get
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⎡⎣3 exp

⎧⎨⎩−
£
#
¤2
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2

³
1

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´
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£
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¤2
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2

³
1

+ 3

´
= 3 ln −

£
#
¤2

23

ln

∙
1 + −13

1



¸−1
Now, let # be a positive constant such that

£
#
¤2

 32 (1 + 3), and set

∗ =

£
#
¤2

23

− 3.

Note that, by this choice of # and ∗, we have

∗ 
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23

− 3 = 3

3
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It, thus, follows that
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½
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¾
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³
1

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´
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∙
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1



¸
−
£
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!∙
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1


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∙
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1



¸
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1



¸−1)
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ln

∙
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1


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¸¶ ∙
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1


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(
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∙
1− 3

∗3

1


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1 + −13

1


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(
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∙
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
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1


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3

∗3


33

33

= 1

¶
=  (1)
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This, in turn, implies that

 exp

½
− 2 2
2 (1 + 3)

¾
=

µ
1

2

¶
3 exp

½
−  2

2

2 (1 + 3)

¾
= 

µ
1

2

¶
.

which shows result (iii).

Combining the results given in (i)-(iii) above, we obtain



Ã
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1≤≤

¯̄̄̄
¯ 1

X
=1

£
 − 

¤
+

¯̄̄̄
¯ ≥ #

r
ln



!

≤  max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

£
 − 

¤
+

¯̄̄̄
¯ ≥ #

r
ln



!

≤  exp

½
−()

∗

1

¾
+ exp

(
−()

2

4
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(
()

∗(1−∗)

5 (ln )
∗

))
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½
− 2 2
2 (1 + 3)

¾
= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
. ¤

Lemma C-8: Let

b =
1



X
=1

£
 − 

¤
+ where  =  − .

Under Assumptions 4-2, 4-3, and 4-4; there exists a constant   0 such that, for all  and

 sufficiently large,



Ã
max
1≤≤

|b − | ≥ 

r
ln



!
= 

µ
1

2

¶
.

or

max
1≤≤

|b − | = 

Ãr
ln



!
.

Proof of Lemma C-8:
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For  = 1   ; write

b − 

=
1
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0
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0
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1


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=1

£
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¤
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=
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

X
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 − 

¤
[ −  ]
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¤
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where  = −1

X

=1
+. Hence, applying the triangle inequality and taking the max

over all  ∈ {1  }; we obtain
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Now, let   0 be a constant such that

 ≥ 4max©† M # #
ª
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where † M # and # are positive constants as defined in parts (b), (c), (e), and (f)

of Lemma C-7. It then follows from applying the results in parts (b), (c), (e), and (f) of
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Lemma C-7 that
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Lemma C-9: Let

2 = 2

r
ln



for some sufficiently large constant 2  0. Suppose that Assumptions 4-2, 4-3, 6-1, and 6-2

hold. Then, for 0 ≤   1°°°°°b − √
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°°°°°
2

= 
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∙
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
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
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1
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X
=1

 [( − ) (+ − )] =
1



X
=1



Proof of Lemma C-9: To proceed, note first that°°°°°b − √
1

°°°°°
2

=

°°°°°b −  +  − √
1

°°°°°
2

≤
°°°°° − √

1

°°°°°
2

+

°°°°°b − √
1

°°°°°
2

(107)

where  is the  × 1 vector whose  element  = 2 (). We shall consider the

case where 0    1 (Case 1) and the case where  = 0 (Case 2) separately.

Case 1 0    1:
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For this case, consider the first term on the right-hand side of expression (107) above.

By conditions (ii) and (iii) of Assumptions 6-1, we can write°°°°° − √
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≤ 1

1

X
=1

[2I {||  2}+ || I {|| ≤ 2}]2¡
since

¯̄
2 ()− 

¯̄
≤ 2 by condition (iii) of Assumption 6-1

¢
=

1

1

X
=1

h


2

2 
1− 

2

2 I {||  2}+ ||

2 ||1−


2 I {|| ≤ 2}

i2
≤ 1

1

X
=1

h
||


2 

1− 
2

2 I {||  2}+ ||

2 

1− 
2

2 I {|| ≤ 2}
i2

=

2−
2

1

X
=1

||

Since, in this case,

 ∈ U (  () M) =
(


×1

: max
1≤≤ 

|| ≤M,
X
=1

|| ≤  ()

)
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with 0    1, it follows that°°°°° − √
1

°°°°°
2

2

≤ 
2−
2

1

X
=1

||

≤ 
2−
2

1
 () (given that  ∈ U (  () M) by part (b) of Assumption 6-2)

= 

Ã
 ()

1

∙
ln



¸1− 
2

! Ã
given that 

2−
2 = 

2−
2

µ
ln



¶ 2−
2

³
∙
ln



¸1− 
2

!


from which we further deduce that°°°°° − √
1

°°°°°
2

≤ 
1− 

2

2

s
 ()

1
= 

⎛⎝s ()

1

∙
ln



¸ 1
2(1−


2)
⎞⎠ (108)

Now, consider the second term on the right-hand side of expression (107) above, i.e., the

term °°°°°b − √
1

°°°°°
2

.
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Here, note that, by conditions (i) and (ii) of Assumption 6-1, we have°°°°°b − √
1

°°°°°
2

2

=
1

1

X
=1

£
2 (b)− 2 ()

¤2
=

1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 || ≤ 2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b| ≤ 2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b| ≤ 2 || ≤ 2}

≤ 1

1

X
=1

£
2 (b)

¤2
I {|b|  2 || ≤ 2}

+
1

1

X
=1

£
2 ()

¤2
I {|b| ≤ 2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 ||  2} (by condition (ii) of

Assumption 6-1, 2 () = 0 if || ≤ 2 and 2 (b) = 0 if |b| ≤ 2
¢

≤ 1

1

X
=1

b2I {|b|  2 || ≤ 2}+
1

1

X
=1

2I {|b| ≤ 2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 ||  2}¡

since, by condition (i) of Assumption 6-1,
¯̄
2 (b)

¯̄
≤ |b| and

¯̄
2 ()

¯̄
≤ ||

¢
≤ 1

1

X
=1

b2I {|b|  2 || ≤ 2}+
1

1

X
=1

2I {|b| ≤ 2 ||  2}

+
3

1

X
=1

h³
[b − ]

2
+
£
2 (b)− b

¤2
+
£
2 ()− 

¤2´
×I {|b|  2 ||  2}]

³
since

¯̄̄X

=1


¯̄̄
≤ −1X

=1
|| for  ≥ 1

´
= (1) + (2) + (3) (109)

248



To bound term (1), write

(1) =
1

1

X
=1

b2I {|b|  2 || ≤ 2}

=
1

1

X
=1

[b −  + ]
2 I {|b|  2 || ≤ 2}

≤ 2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

+
2

1

X
=1

[]
2 I {|b|  2 || ≤ 2}³

again using the inequality
¯̄̄X

=1


¯̄̄
≤ −1X

=1
|| for  ≥ 1

´
≤ 2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

+
2

1

X
=1

[]
2 I {|| ≤ 2} (110)

To bound the second term in the expression above, note that

2

1

X
=1

[]
2 I {|| ≤ 2} =

2

1

X
=1

||2− || I {|| ≤ 2}

 2
2−
2

1

1

X
=1

|| I {|| ≤ 2}

≤ 2
2−
2

1

X
=1

||

≤ 2
2−
2

1
 ()

(since, in this case,  ∈ U (  () M) with 0    1) .
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Next, take  ∈ (0 1), and we can bound the first term in expression (110) as follows

2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

=
2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

+
2

1

X
=1

[b − ]
2 I {|b|  2 2  || ≤ 2}

≤ 2

1
max
1≤≤

[b − ]
2

X
=1

I {|b|  2 || ≤ 2}

+
2

1
max
1≤≤

[b − ]
2

X
=1

||
|| I {|b|  2 2  || ≤ 2}

≤ 2

1
max
1≤≤

[b − ]
2

X
=1

I {|b|  2 || ≤ 2}

+
2

1 (2)
 max
1≤≤

[b − ]
2

X
=1

||

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b|  2 || ≤ 2}

+
2 ()

1 (2)


µ
max
1≤≤

|b − |
¶2

Ã
since  ∈ U (  () M) =

(


×1
: max
1≤≤ 

|| ≤M,
X
=1

|| ≤  ()

)!
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Moreover, observe that

2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b|  2 || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |+ ||  2 || ≤ 2}

=
2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  2 − ||  || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  2 − 2 || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  (1− ) 2} .

Note that, by the result of Lemma C-8, if we choose

2 = 2

r
ln


where 2 =



1− 

and where  is the positive constant given in Lemma C-8; then,



"
X
=1

I {|b − |  (1− ) 2}  0
#
= 

∙
max
1≤≤

|b − |  (1− ) 2

¸
= 

µ
1

2

¶
,

uniformly on

U (  () M) =
(


×1

: max
1≤≤ 

|| ≤M,
X
=1

|| ≤  ()

)

Making use of the fact that



"
X
=1

I {|b − |  (1− ) 2}  0
#
= 

µ
1

2

¶
=  (1) as  →∞,
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we further obtain

2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b|  2 || ≤ 2}

+
2 ()

1 (2)


µ
max
1≤≤

|b − |
¶2

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  (1− ) 2}

+
2 ()

1 (2)


µ
max
1≤≤

|b − |
¶2

=
2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  (1− ) 2}

+
2 ()

1


µ
1

2

¶ µ


ln

¶ 
2
µ
max
1≤≤

|b − |
¶2

= 

µ
1

1

ln



¶
+

Ã
 ()

1

∙
ln



¸1− 
2

!
Ã
given that max

1≤≤
|b − | = 

Ãr
ln



!!

= 

Ã
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where first equality above follows from the fact that 2 = 2
p
ln and where the second

equality follows in part from the fact that  =  −  ³  . Combining the result given in
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we have
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Next, for term (2), we have
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We now turn our attention to term (3) in expression (109), which we can rewrite as follow
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Focusing initially on the first term on the right-hand side of expression (114) above, note

that by applying the result of Lemma C-8, i.e.,
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we obtain
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Now, for the second term on the right-hand side of expression (114), note that, by applying

condition (iii) of Assumption 6-1, we have
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Finally, for the third term on the right-hand side of expression (114), note that, similar to

the argument given for the second term of expression (114),
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Combining the results given in expressions (115)-(117), we obtain
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It further follows from expressions (109), (112), (113), and (118)°°°°°b − √
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Finally, applying the results given in expressions (108) and (119) to expression (107), we

obtain the result that, under Case 1 where 0    1,°°°°°b − √
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Under this case, consider again the first term on the right-hand side of expression (107)

above. By conditions (ii) and (iii) of Assumption 6-1, we can write°°°°° − √
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since 2 () = 0 for || ≤ 2 by condition (ii) of Assumption 6-1

¢
≤ 1

1

X
=1

£¯̄
2 ()− 

¯̄
I {||  2}+ || I {|| ≤ 2}

¤2
≤ 1

1

X
=1

[2I {||  2}+ || I {|| ≤ 2}]2¡
since

¯̄
2 ()− 

¯̄
≤ 2 by condition (iii) of Assumption 6-1

¢
≤ 1

1

X
=1

[2I {|| 6= 0}+ || I {|| 6= 0} I {|| ≤ 2}]2

≤ 1

1

X
=1

[2I {|| 6= 0}+ 2I {|| 6= 0} I {|| ≤ 2}]2

≤ 1

1

X
=1

[22I {|| 6= 0}]2

=
422
1

X
=1

I {|| 6= 0}

Moreover, since, in this case,

 ∈ U (0  () M) =
(


×1

: max
1≤≤ 

|| ≤M,
X
=1

I {|| 6= 0} ≤  ()

)
,
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it follows that°°°°° − √
1

°°°°°
2

2

≤ 422
1

X
=1

I {|| 6= 0}

≤ 422
1

 () (given that  ∈ U (0  () M))

= 

µ
 ()

1

∙
ln



¸¶ µ
given that 22 = 2

2

µ
ln



¶
³ ln



¶


from which we further deduce that°°°°° − √
1

°°°°°
2

≤ 22
s

 ()

1
= 

⎛⎝s ()

1

r
ln



⎞⎠ (120)

Now, consider the second term on the right-hand side of expression (107) above, i.e., the

term °°°°°b − √
1

°°°°°
2

,
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in the  = 0 case. Here, note that, by conditions (i) and (ii) of Assumption 6-1, we have°°°°°b − √
1

°°°°°
2

2

=
1

1

X
=1

£
2 (b)− 2 ()

¤2
=

1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 || ≤ 2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b| ≤ 2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b| ≤ 2 || ≤ 2}

≤ 1

1

X
=1

£
2 (b)

¤2
I {|b|  2 || ≤ 2}

+
1

1

X
=1

£
2 ()

¤2
I {|b| ≤ 2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 ||  2} (by condition (ii) of

Assumption 6-1, 2 () = 0 if || ≤  and 2 (b) = 0 if |b| ≤ 2
¢

≤ 1

1

X
=1

b2I {|b|  2 || ≤ 2}+
1

1

X
=1

2I {|b| ≤ 2 ||  2}

+
1

1

X
=1

£
2 (b)− 2 ()

¤2
I {|b|  2 ||  2}¡

since, by condition (i) of Assumption 6-1,
¯̄
2 (b)

¯̄
≤ |b| and

¯̄
2 ()

¯̄
≤ ||

¢
≤ 1

1

X
=1

b2I {|b|  2 || ≤ 2}+
1

1

X
=1

2I {|b| ≤ 2 ||  2}

+
3

1

X
=1

h³
[b − ]

2
+
£
2 (b)− b

¤2
+
£
2 ()− 

¤2´
×I {|b|  2 ||  2}]

³
since

¯̄̄X

=1


¯̄̄
≤ −1X

=1
|| for  ≥ 1

´
= [1] + [2] + [3] (121)
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To bound term [1], write

[1] =
1

1

X
=1

b2I {|b|  2 || ≤ 2}

=
1

1

X
=1

[b −  + ]
2 I {|b|  2 || ≤ 2}

≤ 2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

+
2

1

X
=1

[]
2 I {|b|  2 || ≤ 2}³

again using the inequality
¯̄̄X

=1


¯̄̄
≤ −1X

=1
|| for  ≥ 1

´
≤ 2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

+
2

1

X
=1

[]
2 I {|| ≤ 2} (122)

To bound the second term in the expression above, note that

2

1

X
=1

[]
2 I {|| ≤ 2} =

2

1

X
=1

||2 I {|| 6= 0} I {|| ≤ 2}

≤ 222
1

X
=1

I {|| 6= 0} I {|| ≤ 2}

≤ 222
1

X
=1

I {|| 6= 0}

≤ 222 ()

1
(since  ∈ U (0  () M)) .
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Next, take  ∈ (0 1), and we can bound the first term in expression (122) as follows

2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

=
2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

+
2

1

X
=1

[b − ]
2 I {|b|  2 2  || ≤ 2}

≤ 2

1
max
1≤≤

[b − ]
2

X
=1

I {|b|  2 || ≤ 2}

+
2

1
max
1≤≤

[b − ]
2

X
=1

I {|| 6= 0} I {|b|  2 2  || ≤ 2}

≤ 2

1
max
1≤≤

[b − ]
2

X
=1

I {|b|  2 || ≤ 2}

+
2

1
max
1≤≤

[b − ]
2

X
=1

I {|| 6= 0}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b|  2 || ≤ 2}

+
2 ()

1

µ
max
1≤≤

|b − |
¶2

Ã
since  ∈ U (0  () M) =

(


×1
: max
1≤≤ 

|| ≤M,
X
=1

I {|| 6= 0} ≤  ()

)!
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Moreover, observe that

2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b|  2 || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |+ ||  2 || ≤ 2}

=
2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  2 − ||  || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  2 − 2 || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  (1− ) 2} .

Note that, by the result given in Lemma C-8, if we choose

2 = 2

r
ln


, where 2 =



1− 

and where  is the positive constant given in Lemma C-8; then,



"
X
=1

I {|b − |  (1− ) 2}  0
#
= 

∙
max
1≤≤

|b − |  (1− ) 2

¸
= 

µ
1

2

¶
,

uniformly on

U (0  () M) =
(


×1

: max
1≤≤ 

|| ≤M,
X
=1

I {|| 6= 0} ≤  ()

)

Making use of the fact that



"
X
=1

I {|b − |  (1− ) 2}  0
#
= 

µ
1

2

¶
=  (1) as  →∞,
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we further obtain

2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b|  2 || ≤ 2}

+
2 ()

1

µ
max
1≤≤

|b − |
¶2

≤ 2

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|b − |  (1− ) 2}

+
2 ()

1

µ
max
1≤≤

|b − |
¶2

= 

µ
1

1

∙
ln



¸¶
+

µ
 ()

1

∙
ln



¸¶
Ã
given that max

1≤≤
|b − | = 

Ãr
ln



!!

= 

µ
 ()

1

∙
ln



¸¶
(123)

Combining the result given in expression (123) with the fact that

2

1

X
=1

[]
2 I {|| ≤ 2} ≤

222 ()

1

=
2 ()

1
2
2

µ
ln



¶
= 

µ
 ()

1

∙
ln



¸¶
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we have

[1] =
1

1

X
=1

b2I {|b|  2 || ≤ 2}

≤ 2

1

X
=1

[b − ]
2 I {|b|  2 || ≤ 2}+

2

1

X
=1

[]
2 I {|| ≤ 2}

= 

µ
 ()

1

∙
ln



¸¶
+

µ
 ()

1

∙
ln



¸¶
= 

µ
 ()

1

∙
ln



¸¶
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Next, for term [2], we have

[2] =
1

1

X
=1

2I {|b| ≤ 2 ||  2}

=
1

1

X
=1

| − b + b|2 I {|b| ≤ 2 ||  2}

≤ 2

1

X
=1

£| − b|2 + |b|2
¤
I {|b| ≤ 2 ||  2}

≤ 2

1
max
1≤≤

| − b|2
X
=1

I {|b| ≤ 2 ||  2}

+
2

1

X
=1

|b|2 I {|b| ≤ 2 ||  2}

≤ 2

1
max
1≤≤

| − b|2
X
=1

I {||  2}+
222
1

X
=1

I {|b| ≤ 2 ||  2}

=
2

1

µ
max
1≤≤

| − b|
¶2 X

=1

I {|| 6= 0} I {||  2}

+
222
1

X
=1

I {|| 6= 0} I {|b| ≤ 2 ||  2}

≤ 2

1

"µ
max
1≤≤

|b − |
¶2
+ 22

#
X
=1

I {|| 6= 0}

≤ 2 ()

1

µ
max
1≤≤

|b − |
¶2
+
222 ()

1Ã
since  ∈ U (0  () M) =

(


×1
: max
1≤≤ 

|| ≤M,
X
=1

I {|| 6= 0} ≤  ()

)!

= 

µ
 ()

1

∙
ln



¸¶
+

µ
 ()

1

∙
ln



¸¶
Ã
since max

1≤≤
|b − | = 

Ãr
ln



!!

= 

µ
 ()

1

∙
ln



¸¶
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We now turn our attention to term [3] in expression (121), which we can rewrite as follow

[3]

=
3

1

X
=1

h³
[b − ]

2
+
£
2 (b)− b

¤2
+
£
2 ()− 

¤2´
×I {|b|  2 ||  2}]

=
3

1

X
=1

|b − |2 I {|b|  2 ||  2}

+
3

1

X
=1

¯̄
2 (b)− b

¯̄2
I {|b|  2 ||  2}

+
3

1

X
=1

¯̄
2 ()− 

¯̄2
I {|b|  2 ||  2} . (126)

Focusing initially on the first-term on the right-hand side of expression (126) above, note

that by applying the result of Lemma C-8, i.e.,

max
1≤≤

|b − | = 

Ãr
ln



!
,
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we obtain

3

1

X
=1

|b − |2 I {|b|  2 ||  2}

=
3

1

X
=1

|b − |2 I {|| 6= 0} I {|b|  2 ||  2}

≤ 3

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|| 6= 0} I {|b|  2 ||  2}

≤ 3

1

µ
max
1≤≤

|b − |
¶2 X

=1

I {|| 6= 0}

≤ 3

1

µ
max
1≤≤

|b − |
¶2

 ()Ã
since  ∈ U (0  () M) =

(


×1
: max
1≤≤ 

|| ≤M,
X
=1

I {|| 6= 0} ≤  ()

)!

= 

µ
1

1

¶


µ
ln



¶
 ( ())

= 

µ
 ()

1

∙
ln



¸¶
. (127)

Now, for the second term on the right-hand side of expression (126), note that, by applying

condition (iii) of Assumption 6-1, we have

3

1

X
=1

¯̄
2 (b)− b

¯̄2
I {|b|  2 ||  2}

≤ 322
1

X
=1

I {|b|  2 ||  2}¡
since, by condition (iii) of Assumption 6-1,

¯̄
2 (b)− b

¯̄
≤ 2

¢
=

322
1

X
=1

I {|| 6= 0} I {|b|  2 ||  2}

≤ 322
1

X
=1

I {|| 6= 0}

≤ 322
1

 ()

= 

µ
 ()

1

∙
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

¸¶ µ
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2

µ
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¶
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Finally, for the third term on the right-hand side of expression (126), note that, similar to

the argument given for the second term of expression (126),

3

1

X
=1

¯̄
2 ()− 

¯̄2
I {|b|  2 ||  2}

≤ 322
1

X
=1

I {|b|  2 ||  2}¡
since, by condition (iii) of Assumption 6-1,

¯̄
2 ()− 

¯̄
≤ 2

¢
=

322
1

X
=1

I {|| 6= 0} I {|b|  2 ||  2}

≤ 322
1

X
=1

I {|| 6= 0}

≤ 322
1
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= 

µ
 ()

1

∙
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

¸¶ µ
since 22 = 2

2

µ
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

¶
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
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Combining the results given in expressions (127)-(129), we obtain

[3]

≤ 3

1

X
=1

|b − |2 I {|b|  2 ||  2}

+
3

1

X
=1

¯̄
2 (b)− b

¯̄2
I {|b|  2 ||  2}

+
3

1

X
=1

¯̄
2 ()− 

¯̄2
I {|b|  2 ||  2}

= 
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1
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
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1

∙
ln



¸¶
+
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 ()

1

∙
ln



¸¶
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µ
 ()

1
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
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It further follows from expressions (121), (124), (125), and (130)°°°°°b − √
1

°°°°°
2

2

≤ 1

1

X
=1

b2I {|b|  2 || ≤ 2}+
1

1

X
=1

2I {|b| ≤ 2 ||  2}

+
3

1

X
=1

h³
[b − ]

2
+
£
2 (b)− b

¤2
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2 ()− 

¤2´
×I {|b|  2 ||  2}]

= [1] + [2] + [3]
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µ
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∙
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
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µ
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∙
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

¸¶
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µ
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∙
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

¸¶
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µ
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1

∙
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
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so that °°°°°b − √

1
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= 
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1
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⎞⎠ (131)

Finally, applying the results given in expressions (120) and (131) to expression (107), we

obtain the result that, under Case 2 where  = 0,°°°°°b − √
1

°°°°°
2

≤
°°°°° − √

1

°°°°°
2

+
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1

r
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⎞⎠ .
The lemma follows immediately upon combining the results we have obtained for Case

1, where 0    1, and Case 2, where  = 0. ¤
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Lemma D: Proof of Proposition 1 and Some Additional

Supporting Lemmas

Proof of Proposition 1:

To proceed, first rewrite the forecast equation given in expression (??) as follows

+ = + ( − )
0
env + +

= + 0
env + +

where  = − 0env. Note that

 [+|01] =  [+ 0
env + +|01]

= + [ 0
env|01] + [+|01]

= + [ 0
env|01]

and

+ − [+|01] = + 0
env + + − (+ [ 0

env|01])

=  0
env − [ 0

env|01] + +

so that we can write

 (+ 
0
2 | 01)

= 
©
(+ − [+|01]) (

0
2 − [02|01])

0 | 01

ª
= 

©
( 0

env − [ 0
env|01]) (

0
2 − [02|01])

0 | 01

ª
+

©
+ (

0
2 − [02|01])

0 | 01

ª
= 

©
( 0

env − [ 0
env|01]) (

0
2 − [02|01])

0 | 01

ª
+

©
 [+| ] (

0
2 − [02|01])

0 | 01

ª
= 

©
( 0

env − [ 0
env|01]) (

0
2 − [02|01])

0 | 01

ª
=  (0env 

0
2 | 01)

=  (0env1
0
1 + 0env2

0
2 

0
2 | 01)

= 
©
(0env1

0
1 − [0env1

0
1|01]) (

0
2 − [02|01])

0 |01

ª
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0
2 

0
2 | 01)

= (0env1
0
1 − [0env1

0
1|01]) ( [

0
2|01]− [02|01])

0

+ (0env2
0
2 

0
2 | 01)

=  (0env2
0
2 

0
2 | 01)

= 0env2
©
(02 − [02|01]) (

0
2 − [02|01])

0 |01

ª
Next, note that the condition env ∈  (1) implies that there exists  ∈ R×1 such that
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env = 1. It follows that

02env = 021 = 0

from which we further deduce that

 (+ 
0
2 | 01)

= 0env2
©
(02 − [02|01]) (

0
2 − [02|01])

0 |01

ª
= 0. ¤

Lemma D-1: Consider the model

+ = +
³
  − 



´0
+ +

 =  + Γ
³
  − 



´
+ .

where   is a  × 1 vector of latent factors. Let

Σ =
1



X
=1



∙³
  − 



´³
  − 



´0¸
where  =  − , with  being a fixed finite integer such that 1 ≤    . Let the real,

symmetric matrix (Γ0Γ)
1
2 Σ (Γ

0Γ)
1
2 have the spectral decomposition

(Γ0Γ)
1
2 Σ (Γ

0Γ)
1
2 = Λ0

where Λ is a diagonal matrix whose diagonal elements

1 ≥ · · ·· ≥   0

are the eigenvalues of the matrix(Γ0Γ)
1
2 Σ (Γ

0Γ)
1
2 and where  is a  ×  matrix whose

columns are the eigenvectors of (Γ0Γ)
1
2 Σ (Γ

0Γ)
1
2 . Suppose that

1 ³ · · ·· ³ 

and suppose that there exists a constant   0 such that

min

µ
Γ0Γ
1

¶
≥   0 (132)
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Then, there exist alternative transformations

Γ() = Γ

µ
Γ0Γ


¶− 1
2

, () = 0
µ
Γ0Γ


¶− 1
2

, 
()
 = 0

µ
Γ0Γ


¶ 1
2

 , and


()

 = 0
µ
Γ0Γ


¶1
2




(133)

for every  ∈ {1 } such that

(a)

Γ()
³

()
 − 

()



´
= Γ

³
  − 



´
(b) ³


()
 − 

()



´0
() =

³
  − 



´0


(c)

Γ()0Γ()


= 

(d)

Σ
()

 =
1



X
=1



∙³

()
 − 

()



´³

()
 − 

()



´0¸
=

Λ



(e)

Γ()Σ
()

 Γ()0 = ΓΣΓ
0

Hence, for any  ∈ {1 }, the set of non-zero eigenvalues of the (transformed)
matrix Γ()Σ

()

 Γ()0 is given by {1  } which is the same as the set of non-zero
eigenvalues of the (original) common component covariance matrix ΓΣΓ

0.

Proof of Lemma D-1: To show parts (a)-(c), note first that, for every  ∈ {1  },
the inverse of the matrix Γ0Γ exists since, under the condition given in expression (132)
above, we have

min

µ
Γ0Γ


¶
=

1


min

µ
Γ0Γ
1

¶
≥   0

in light of the fact that 1 ≥   0 and 1 ³ . It is then easy to see that, for every
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 ∈ {1  },

Γ()
³

()
 − 

()



´
= Γ

µ
Γ0Γ


¶− 1
2

0
µ
Γ0Γ


¶ 1
2 ³

  − 


´
= Γ

³
  − 



´
(since  is an orthogonal matrix so that 0 = ) ³


()
 − 

()



´0
() =

³
  − 



´0µΓ0Γ


¶ 1
2

0
µ
Γ0Γ


¶−1
2



=
³
  − 



´0


Γ()0Γ()


= 0

µ
Γ0Γ


¶−1
2 Γ0Γ


µ
Γ0Γ


¶−1
2



= 0

=  (again since  is an orthogonal matrix)

which shows parts (a)-(c).

Now to show part (d), note that, for every  ∈ {1 },

Σ
()

 =
1



X
=1



∙³

()
 − 

()



´³

()
 − 

()



´0¸

= 0
µ
Γ0Γ


¶ 1
2 1



X
=1



∙³
  − 



´³
  − 



´0¸µΓ0Γ


¶ 1
2



=
1


0 (Γ0Γ)

1
2 Σ (Γ

0Γ)
1
2 

=
1


0Λ0

³
since (Γ0Γ)

1
2 Σ (Γ

0Γ)
1
2 is a real, symmetric matrix

and has a spectral decomposition given by (Γ0Γ)
1
2 Σ (Γ

0Γ)
1
2 = Λ0

´
=

Λ


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Finally, to show part (e), note that, for every  ∈ {1  },

Γ()Σ
()

 Γ()0

= Γ()

Ã
1



X
=1



∙³

()
 − 

()



´³

()
 − 

()



´0¸!
Γ()0

= Γ

µ
Γ0Γ


¶−1
2

0
µ
Γ0Γ


¶ 1
2 1



X
=1



∙³
  − 



´³
  − 



´0¸µΓ0Γ


¶1
2



×0
µ
Γ0Γ


¶− 1
2

Γ0

= Γ
1



X
=1



∙³
  − 



´³
  − 



´0¸
Γ0

= ΓΣΓ
0
Ã
since, by definition, Σ =

1



X
=1



∙³
  − 



´³
  − 



´0¸!

Next, note that, by definition, 1   are the eigenvalues of the real, symmetric matrix

(Γ0Γ)
1
2 Σ (Γ

0Γ)
1
2 . Hence, by applying the well-known linear algebra result which states that,

for a ×  matrix  and an × matrix , the nonzero eigenvalues of  and  are

identical8; we see that 1   are also the eigenvalues of the matrix (Γ0Γ)Σ and are,

thus, the non-zero eigenvalues of the matrix ΓΣΓ
0. Since Γ()Σ

()

 Γ()0 = ΓΣΓ
0 for every

 ∈ {1 }, it follows that 1   are also the nonzero eigenvalues of Γ()Σ
()

 Γ()0 for
any  ∈ {1 }. ¤
Lemma D-2: Let Σ be the symmetric, positive semi-definite  ×  error covariance

matrix at time , and let

1 (Σ) ≥ · · · ≥  (Σ) ≥ 0
denote the eigenvalues of Σ and let

1
¡
Σ

¢ ≥ · · · ≥ 
¡
Σ

¢ ≥ 0
denote the eigenvalues of

Σ =
1



X
=1

Σ

where  is a positive integer. Suppose that there is constant   0 such that

0 ≤ sup


1 (Σ) ≤  ∞ (134)

8This result follows from the Weinstein-Aronszajn identity.
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Then,

0 ≤ 
¡
Σ

¢ ≤  ∞ for any  ∈ {1  } .
Proof of Lemma D-2:

Since the result is trivial, given the assumption stated in expression (134), if  = 1, we

will focus our proof on the case where  ≥ 2. To proceed, we first prove by mathematical
induction the inequality

1



X
=1

 (Σ) ≤ 

Ã
1



X
=1

Σ

!
= 

¡
Σ

¢ ≤ 1



X
=1

1 (Σ)

. Consider first the case where  = 2. By making use of the Weyl inequality, we can show

that, for any  ∈ {1  },

1

2

2X
=1

 (Σ) ≤  (Σ2) +  (Σ1)

2

≤ 

µ
Σ1 + Σ2

2

¶
≤  (Σ2) + 1 (Σ1)

2

≤ 1

2

2X
=1

1 (Σ)

Next, suppose that, for  ∈ {1  };

1

 − 1
−1X
=1

 (Σ) ≤ 

Ã
1

 − 1
−1X
=1

Σ

!
≤ 1

 − 1
−1X
=1

1 (Σ)

Then, multiplying across by ( − 1) , we get

1



−1X
=1

 (Σ) ≤  − 1




Ã
1

 − 1
−1X
=1

Σ

!
≤ 1



−1X
=1

1 (Σ)

or

1



−1X
=1

 (Σ) ≤ 

Ã
1



−1X
=1

Σ

!
≤ 1



−1X
=1

1 (Σ)

Next, applying the Weyl inequality and using the fact that



µ
Σ



¶
=
1


 (Σ) for  = 1   ;
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we further obtain

1



−1X
=1

 (Σ) +
1


 (Σ)

≤ 

Ã
1



−1X
=1

Σ

!
+
1


 (Σ)

≤ 

Ã
1



−1X
=1

Σ +
1


Σ

!
= 

Ã
1



X
=1

Σ

!

≤ 

Ã
1



−1X
=1

Σ

!
+
1


1 (Σ)

≤ 1



−1X
=1

1 (Σ) +
1


1 (Σ)

Hence, the inequality

1



X
=1

 (Σ) ≤ 

Ã
1



X
=1

Σ

!
≤ 1



X
=1

1 (Σ)

holds for all positive integer  and for any  ∈ {1  }. Finally, since

inf

 (Σ) ≤ 1



X
=1

 (Σ) and sup


1 (Σ) ≥ 1



X
=1

1 (Σ) ,

and, since Σ is positive semidefinite for all , it follows that

0 ≤ 

Ã
1



X
=1

Σ

!
≤ sup



1 (Σ) for any  ∈ {1  }

which, in turn, implies that

0 ≤ 

Ã
1



X
=1

Σ

!
≤  ∞ for any  ∈ {1  } . ¤

Lemma D-3: Suppose that the  × covariance matrix Σ has the decomposition

Σ = Σ + Σ
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where

Σ =
1



X
=1

Σ =
1



X
=1


£
( − ) ( − )

0¤


Σ =
1



X
=1

Σ, and Σ =
1



X
=1

Σ, with  =  − .

and where both Σ and Σ are positive semi-definite. Let

1 ≥ · · ·· ≥  ≥ 0

denote the eigenvalues of the matrix Σ , and, similarly, let

1 ≥ · · ·· ≥  ≥ 0

denote the eigenvalues of Σ. Suppose further that the following conditions hold.

(i) There exists a constant   0 such that

0 ≤ sup


max (Σ) ≤  ∞

(ii) Assume that 1 →∞ as  →∞ and suppose that there exists some (fixed) positive

integer  such that, for any  ∈ {1  }, there exists an absolute constant ∗1  1

such that

1 ≤ 1

≤ ∗1 ∞ for all  sufficiently large

and for all  ∈ { + 1  + 2  }


1
→ 0 as   →∞

Under these conditions, the following statements are true

(a) For any  ∈ {1  }

0 
1

∗
≤ 1


≤ ∗ ∞ for all  and  sufficiently large,

where ∗ = ∗1+∗2 with 
∗
1 being the positive constant defined in Assumption (ii) above

and where ∗2 can be any strictly positive constant.
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(b) For any  ∈ { + 1  + 2  }


1
→ 0 as  →∞.

Proof of Lemma D-3:

To show part (a), note first that in light of Assumption (i) of this lemma, we can deduce

from Lemma D-2 above that

0 ≤ max
¡
Σ

¢ ≤  ∞.
It follows that, for  ∈ {1  },

min
¡
Σ

¢


→ 0 and
max

¡
Σ

¢


→ 0 as  →∞

since min
¡
Σ

¢ ≤ max
¡
Σ

¢ ≤  ∞ and since  →∞ as  →∞ for  ∈ {1  } by
Assumption (ii) of this lemma. It follows that

min
¡
Σ

¢


 ∗2 and
max

¡
Σ

¢


 ∗2 for all  sufficiently large,

given that ∗2 is a fixed positive constant. Now, by the Weyl inequality, we have, for any
 ∈ {1  }

1

+

min
¡
Σ

¢


≤ 1


≤ 1


+

max
¡
Σ

¢


Making use of Assumptions (i) and (ii), the upper bound of the Weyl inequality implies

1


≤ 1


+

max
¡
Σ

¢


≤ ∗1 + ∗2 for all  sufficiently large

= ∗

On the other hand, the lower bound of the Weyl inequality implies that

1


≥ 1


+

min
¡
Σ

¢


≥ 1


Ã
since

min
¡
Σ

¢


≥ 0 given that Σ is positive semi-definite and   0

!
≥ 1.
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Combining both the upper and the lower bounds, we deduce that

0 
1

∗
 1 ≤ 1


≤ ∗ ∞ for all  and  sufficiently large,

since ∗ = ∗1 + ∗2  1 given that ∗1  1 and ∗2  0. This shows the desired result for part

(a).

To show part (b), note that here, again by the Weyl inequality, we have, for  ∈
{ + 1  + 2  },



1
+

min
¡
Σ

¢
1

≤ 

1
≤ 

1
+

max
¡
Σ

¢
1

.

Now, since, by Assumption (ii),



1
→ 0 for  ∈ { + 1  + 2  }

and since, as shown in part (a),

0 ≤ min
¡
Σ

¢
1

≤ max
¡
Σ

¢
1

→ 0 as  →∞;

it follows that, for  ∈  {+1  + 2  }, 
1
→ 0 as  →∞ . ¤

Lemma D-4: Let  and  be  ×  symmetric real-valued matrices for some positive

integer , and let e =  +. Moreover, let

1 ≥ · · · ≥ 

be the set of eigenvalues of  and let

e1 ≥ · · · ≥ e
be the set of eigenvalues of e. Then,

max
1≤≤

¯̄̄e − 

¯̄̄
≤ kk2 .

Proof of Lemma D-4: This result is a special case of Theorem 4.8 given on page 202 of

Stewart and Sun (1990) and is closely related to Corollary 4.10 of that book. A proof of this

lemma can be obtained by specializing the proof of Theorem 4.8 of Stewart and Sun (1990).

Lemma D-5: Let  be a finite non-negative integer. Then,Z ∞

1

 exp {−}  ∞
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Proof of Lemma D-5:

We will first consider the case where  = 0. In this case,Z ∞

1

0 exp {−}  =
Z ∞

1

exp {−} 

Let

 = − and  = −
and note that Z ∞

1

exp {−}  = −
Z −∞

−1
exp {} 

=

Z −1

−∞
exp {} 

= exp {−1}
 ∞. (135)

Next, consider the case where  is a fixed integer such that  ≥ 1. Here, we will show
thatZ ∞

1

 exp {−}  =
"
1 +

X
=1

Ã
−1Y
=0

[− ]

!#
exp {−1} ∞ (given that  is finite)

using mathematical induction. To proceed, first consider the case where  = 1. Let

 =   = 

 = exp {−}   = − exp {−} ;

and making use of integration-by-parts, we haveZ ∞

1

 exp {−}  = − exp {−}|∞1 +
Z ∞

1

exp {−} 
= exp {−1}− exp {−}|∞1
= exp {−1}+ exp {−1}
= 2exp {−1}

=

(
1 +

1X
=1

Ã
−1Y
=0

[1− ]

!)
exp {−1} ∞
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Next, for  = 2, let

 = 2  = 2

 = exp {−}   = − exp {−} ;

and we again make use of integration-by-parts to obtainZ ∞

1

2 exp {−}  = −2 exp {−}
¯̄∞
1
+ 2

Z ∞

1

 exp {−} 
= exp {−1}+ 4 exp {−1}
= 5 exp {−1}

=

"
1 +

2X
=1

Ã
−1Y
=0

[2− ]

!#
exp {−1}

 ∞

To proceed with the induction step, suppose that, for some  ≥ 2,Z ∞

1

−1 exp {−}  =
"
1 +

−1X
=1

Ã
−1Y
=0

[− 1− ]

!#
exp {−1} .

Now, let

 =   = −1

 = exp {−}   = − exp {−} ;

and, using integration-by-parts, we haveZ ∞

1

 exp {−}  = − exp {−}
¯̄∞
1
+

Z ∞

1

−1 exp {−} 

= exp {−1}+

"
1 +

−1X
=1

Ã
−1Y
=0

[− 1− ]

!#
exp {−1}

= exp {−1}+
"
+

−1X
=1



Ã
−1Y
=0

[− ( + 1)]
!#

exp {−1}

= {1 ++ (− 1) + (− 1) (− 2)
+ · · ·+ (− 1) (− 2)× · · · × (1)} exp {−1}

=

(
1 +

X
=1

Ã
−1Y
=0

[− ]

!)
exp {−1}

 ∞ (since  is assumed to be finite) (136)
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which completes our proof. ¤
Lemma D-6: Let , 1, and 2 be positive constants satisfying the relationship

1

= 1

1
+ 1

2

or  =
12
1+2

 such that 0    1. Suppose that there exists a constant 0  1  ∞, such
that for any   0 and for any  ∈ R with kk2 = 1

sup
∈Z

 (||  ) ≤ exp

½
1−

µ


1

¶1
¾
≤  exp

½
−
µ


1

¶1
¾
,

sup
∈Z

 (|0|  ) ≤ exp

½
1−

µ


1

¶1
¾
≤  exp

½
−
µ


1

¶1
¾
,

where  is a positive constant such that  ≥ exp {1}. Then, the following statements are
true:

(a) For any   0, for all  ∈ Z, and for any  ∈ R  with kk2 = 1,


¡||4  

¢ ≤ exp

½
1−

³ 

∗

´∗¾
≤  exp

½
−
³ 

∗

´∗¾
,


³
|0|4  

´
≤ exp

½
1−

³ 

∗

´∗¾
≤  exp

½
−
³ 

∗

´∗¾
,

where ∗ and ∗ are fixed constants such that 0  ∗ = 14 ∞ and 0  ∗ = 41 ∞.
(b) For given constants 1  0 and 1  0, there exists a constant •  0 such that, for

all  ∈ Z,

 ||4 ≤ • ∞,
 |0|4 ≤ • ∞.

Proof of Lemma D-6: To show the first result of part (a), note first that, for any   0

and for all  ∈ Z,


¡||4  

¢
= 

³
||  

1
4

´
≤ exp

(
1−

Ã

1
4

1

!1
)

= exp

(
1−

µ


41

¶1
4

)

= exp

½
1−

³ 

∗

´∗¾

285



where

∗ =
1
4

 0 and 0  ∗ = 41 ∞ given that 0  1 ∞.

Moreover, letting  ≥ exp {1}, we also have, for any   0 and for all  ∈ Z,


¡||4  

¢ ≤ exp

½
1−

³ 

∗

´∗¾
≤  exp

½
−
³ 

∗

´∗¾
.

To show the second result of part (a), note that, similar to the proof of the first result;

we have, for any   0, for all  ∈ Z„ and for any  ∈ R  with kk2 = 1


³
|0|4  

´
= 

³
|0|  

1
4

´
≤ exp

(
1−

Ã

1
4

1

!1
)

= exp

(
1−

µ


41

¶1
4

)

= exp

½
1−

³ 

∗

´∗¾
where

∗ =
1
4

 0 and 0  ∗ = 41 ∞ given that 0  1 ∞.

Moreover, letting  ≥ exp {1}, we also have, for any   0 and for all  ∈ Z,


³
|0|4  

´
≤ exp

½
1−

³ 

∗

´∗¾
≤  exp

½
−
³ 

∗

´∗¾
.

To show first result given in part (b), note that, for all integer ,


£||4¤ =

Z ∞

0


¡||4  

¢
 (by equation (21.9) of Billingsley, 1995)

≤
Z ∞

0

exp

½
1−

³ 

∗

´∗¾
 (by the first result of part (a) of this lemma)

≤ 

Z ∞

0

exp

½
−
³ 

∗

´∗¾

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Consider first the case where 0  ∗  1 which implies that

1− ∗

∗
 0

For this case, let

 =
³ 

∗

´∗
⇐⇒  = ∗

1
∗ and  =

∗

∗

1−∗
∗ 

and let

∗ =

»
1− ∗

∗

¼
, so that ∗ is the smallest integer greater than or equal to

1− ∗

∗
.

Changing variables using these notations, we obtain


£||4¤ ≤ 

Z ∞

0

exp

½
−
³ 

∗

´∗¾


= 
∗

∗

Z ∞

0


1−∗
∗ exp {−} 

= 
∗

∗

Z 1

0


1−∗
∗ exp {−}  + 

∗

∗

Z ∞

1


1−∗
∗ exp {−} 

≤ 
∗

∗
+ 

∗

∗

Z ∞

1

∗ exp {−} 

≤ 
∗

∗

"
1 +

(
1 +

∗X
=1

Ã
−1Y
=0

[∗ − ]

!)
exp {−1}

#
(by Lemma D-5)

≤ •
1 ∞
(for some positive constant •

1 given that 
∗ and ∗ are both fixed constants

such that 0  ∗  1 and 0  ∗ ∞ and ∗ is, thus, also a fixed finite constant)

Next, consider the case where ∗ ≥ 1. For this case, note that


£||4¤ ≤ 

Z ∞

0

exp

½
−
³ 

∗

´∗¾


= 

Z ∗

0

exp

½
−
³ 

∗

´∗¾
+ 

Z ∞

∗
exp

½
−
³ 

∗

´∗¾


≤ ∗ + 

Z ∞

∗
exp

n
−
³ 

∗

´o
µ

since exp

½
−
³ 

∗

´∗¾
≤ exp

n
−
³ 

∗

´o
for ∗ ≤  ∞ and ∗ ≥ 1

¶
.
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Next, let

 = − 

∗
⇐⇒−∗ =  and  = −∗

from which it follows thatZ ∞

∗
exp

n
−
³ 

∗

´o
 = −∗

Z −∞

−1
exp {} 

= ∗
Z −1

−∞
exp {} 

= ∗ exp {−1}

Hence, for the case where ∗ ≥ 1, we have


£||4¤ ≤ ∗ + 

Z ∞

∗
exp

n
−
³ 

∗

´o


≤ ∗ + ∗ exp {−1}
= ∗ (1 + exp {−1})
≤ •

2 ∞ (for some positive constant •
2 given that 0  ∗ ∞)

Putting everything together, we see that, for all ,


£||4¤ ≤ 

∗

∗

"
1 +

(
1 +

∗X
=1

Ã
−1Y
=0

[∗ − ]

!)
exp {−1}

#
I {0  ∗  1}

+∗ (1 + exp {−1}) I {∗ ≥ 1}
≤ •

1 + •
2

≤ • (for some positive constant • ≥ •
1 + •

2)

 ∞.

To show the second result given in part (b), note that, similar to the proof of the first

result; we have, for all  ∈ Z and for any  ∈ R  with kk2 = 1,


h
|0|4

i
=

Z ∞

0


³
|0|4  

´
 (by equation (21.9) of Billingsley, 1995)

≤
Z ∞

0

exp

½
1−

³ 

∗

´∗¾
 (by the second result of part (a) of this lemma)

≤ 

Z ∞

0

exp

½
−
³ 

∗

´∗¾

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Consider first the case where 0  ∗  1 which implies that

1− ∗

∗
 0

For this case, let

 =
³ 

∗

´∗
⇐⇒  = ∗

1
∗ and  =

∗

∗

1−∗
∗ 

and let

∗ =

»
1− ∗

∗

¼
, so that ∗ is the smallest integer greater than or equal to

1− ∗

∗
.

Changing variables using these notations, we obtain


h
|0|4

i
≤ 

Z ∞

0

exp

½
−
³ 

∗

´∗¾


= 
∗

∗

Z ∞

0


1−∗
∗ exp {−} 

= 
∗

∗

Z 1

0


1−∗
∗ exp {−}  + 

∗

∗

Z ∞

1


1−∗
∗ exp {−} 

≤ 
∗

∗
+ 

∗

∗

Z ∞

1

∗ exp {−} 

≤ 
∗

∗

"
1 +

(
1 +

∗X
=1

Ã
−1Y
=0

[∗ − ]

!)
exp {−1}

#
(by Lemma D-5)

≤ •
1 ∞
(for some positive constant •

1 given that 
∗ and ∗ are both fixed constants

such that 0  ∗  1 and 0  ∗ ∞ and ∗ is also a fixed finite constant)

Next, consider the case where ∗ ≥ 1. For this case, note that


h
|0|4

i
≤ 

Z ∞

0

exp

½
−
³ 

∗

´∗¾


= 

Z ∗

0

exp

½
−
³ 

∗

´∗¾
+ 

Z ∞

∗
exp

½
−
³ 

∗

´∗¾


≤ ∗ + 

Z ∞

∗
exp

n
−
³ 

∗

´o
µ

since exp

½
−
³ 

∗

´∗¾
≤ exp

n
−
³ 

∗

´o
for ∗ ≤  ∞ and ∗ ≥ 1

¶
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Next, let

 = − 

∗
⇐⇒−∗ =  and  = −∗

from which it follows thatZ ∞

∗
exp

n
−
³ 

∗

´o
 = −∗

Z −∞

−1
exp {} 

= ∗
Z −1

−∞
exp {} 

= ∗ exp {−1}

Hence, for the case where ∗ ≥ 1, we have


h
|0|4

i
≤ ∗ + 

Z ∞

∗
exp

n
−
³ 

∗

´o


≤ ∗ + ∗ exp {−1}
= ∗ (1 + exp {−1})
≤ •

2 ∞ (for some positive constant •
2 given that 0  ∗ ∞)

Putting everything together, we see that, for all  ∈ Z,


h
|0|4

i
≤ 

∗

∗

"
1 +

(
1 +

∗X
=1

Ã
−1Y
=0

[∗ − ]

!)
exp {−1}

#
I {0  ∗  1}

+∗ (1 + exp {−1}) I {∗ ≥ 1}
≤ •

1 + •
2

≤ • (for some positive constant • ≥ •
1 + •

2)

 ∞. ¤

The following lemma is a slightly modified version of Theorem 3.9 of Stewart and Sun (1990),

which we present here for completeness.

Lemma D-7: Let X be an invariant subspace of the (symmetric) covariance matrix Σ, so

that ΣX ⊆ X , and let  be a semi-orthogonal basis matrix for X . Then, there is a unique
matrix  such that

Σ = 

The matrix  is the representation of Σ on X with respect to the basis . In particular,

( ) is an eigenpair of  if and only if ( ) is an eigenpair of Σ. Moreover,  is symmetric

in this case.

Proof of Lemma D-7: Write

 = (1  ) and, by assumption, 
0 = 
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Since

Σ ∈ X ,
Σ can b expressed as a unique linear combination of the columns of ; that is,

Σ =  for some unique vector 

and this is true for every  ∈ {1  }. The matrix

 = (1  )

is the required matrix. Moreover, since

0Σ = 0 = ,

 is symmetric given that 0Σ is symmetric. The fact that  is the representation of Σ on
 follows from the discussion on Jordan canonical form. Now, let  be an eigenvector of 

associated with the eigenvalue , so that

 = 

It follows from this representation that

Σ =  = 

from which it follows that  is an eigenvector of Σ associated with the eigenvalue . On

the other hand, if  is an eigenvector of Σ associated with the eigenvalue , so that

Σ = ;

then,

 = 

or

 ( − ) = 0

However, since  is a (semi-orthogonal) basis matrix with full column rank, the above equal-

ity hold if and only if

 −  = 0 or  = . ¤

The following lemma is a related to Proposition 2.1 and Lemma S1.3 of Cook, Li, and

Chiaromonte (2010). We state this result here only for expositional purposes.

Lemma D-8:

Let  be a  × real, symmetric matrix, and let R be a -dimensional subspace with
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   . Then, R reduces  if and only if  can be written in the form

 = 1Λ1
0
1 + 2Λ2

0
2 (137)

where the columns of the  × matrix 1 are the orthonormal eigenvectors of  such that

 (1) = R,

where the columns of the  × ( − ) matrix 2 are the orthonormal eigenvectors of 

such that

 (2) = R⊥

and where
¡
1 2

¢
is a  × orthogonal matrix. Here, Λ1 is a diagonal matrix whose

diagonal elements are those eigenvalues associated with the eigenvectors in 1 and Λ2 is a di-

agonal matrix whose diagonal elements are those eigenvalues associated with the eigenvectors

in 2.

Proof of Lemma D-8:

To proceed, first suppose that  can be written in the representation specified in ex-

pression (137). Now, for any  ∈ R, there exists  ∈ R such that  = 1, from which it

follows that

 = (1Λ1
0
1 + 2Λ2

0
2)1

= 1Λ1 (since 011 =  and 021 = 0)

= 1
∗ (by setting ∗ = Λ1)

∈ R (since  (1) = R)

Moreover, for any ∗ ∈ R⊥, there exists  ∈ R− such that ∗ = 2, from which it follows

that

∗ = (1Λ1
0
1 + 2Λ2

0
2)2

= 2Λ2 (since 022 = − and 012 = 0)

= 1
∗ (by setting ∗ = Λ2)

∈ R⊥ ¡since  (2) = R⊥¢ .
It follows that R is a reducing subspace of  .

Next, suppose that R is a reducing subspace of  . Now, let 1 ∈ R× be a semi-
orthogonal matrix whose columns span R and let 2 ∈ R×(−) be a semi-orthogonal
matrix whose columns spans R⊥, such that


×

=
³

1
×

2
×(−)

´
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is an orthogonal matrix. By the assumption that R is a reducing subspace of  , i.e.,

R ⊆ R and R⊥ ⊆ R⊥,

it follows that both R and R⊥ are invariant subspaces of  . It, thus, further follows from
Lemma D-7, or Theorem 3.9 of Stewart and Sun (1990), that there exist matrices

1 ∈ R× and 2 ∈ R(−)×(−)

such that

1 = 11 and 2 = 22.

Hence,

 =
¡
1 2

¢
=
¡
1 2

¢µ 1 0

0 2

¶
or

 = 

µ
1 0

0 2

¶
 0,

given that  =
¡
1 2

¢
is an orthogonal matrix. Because is real, symmetric, so must

be 1 and 2. Hence, 1 and 2 have spectral decompositions given by

1 = 1Λ1
0
1 and 2 = 2Λ2

0
2

for some diagonal matrices Λ1 and Λ2 and orthogonal matrices 1 and 2. It follows, by the

definition of a spectral decomposition, that the diagonal elements of Λ1 are the eigenvalues of

1 whereas the columns of 1 are the orthonormal eigenvectors of 1. Similarly, the diagonal

elements of Λ2 are the eigenvalues of 2 whereas the columns of 2 are the orthonormal

eigenvectors of 2. Now, let

 =

µ
1 0

0 2

¶
and Λ =

µ
Λ1 0

0 Λ2

¶
.

Then,

Λ 0 =

⎛⎝ 1
×

0
×(−)

0
(−)×

2
(−)×(−)

⎞⎠⎛⎝ Λ1
×

0
×(−)

0
(−)×

Λ2
(−)×(−)

⎞⎠⎛⎝  0
1

×
0

×(−)
0

(−)×
 0
2

(−)×(−)

⎞⎠
=

µ
1 0

0 2

¶µ
Λ1

0
1 0

0 Λ2
0
2

¶
=

µ
1Λ1

0
1 0

0 2Λ2
0
2

¶
.
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from which it follows that

 = 

µ
1 0

0 2

¶
 0

= 

µ
1Λ1

0
1 0

0 2Λ2
0
2

¶
 0

= Λ 0 0

= Λ0,

where

 = 

=
¡
1 2

¢µ 1 0

0 2

¶
=

¡
11 22

¢
=

¡
1 2

¢
Next, note that both 1 and 2 are semi-orthogonal matrices since

011 =  0
1

0
111

=  0
11 (since 1 is a semi-orthogonal matrix, so that 

0
11 = )

=  (since 1 is a orthogonal matrix) , (138)

and

022 =  0
2

0
222

=  0
22 (since 2 is a semi-orthogonal matrix, so that 

0
22 = −)

= − (since 2 is a orthogonal matrix) (139)

Furthermore, by Lemma D-7 (or Theorem 3.9 of Stewart and Sun, 1990), each diagonal

element of Λ1 is an eigenvalue of the matrix  , and the  column of 1 (i.e., 1 =

11 = 11) gives the eigenvector associated with 1, the 
 diagonal element of Λ1

for  ∈ {1  }. Similarly, by Lemma D-7 (or Theorem 3.9 of Stewart and Sun, 1990),

each diagonal element of Λ2 is also an eigenvalue of the matrix  , and the 
 column of 2

(i.e., 2 = 2 = 2−) gives the eigenvector associated with 2, the 
 diagonal

element of Λ2 for  ∈ {1   − }.
Finally, we show that

 (1) =  (1) and  (2) =  (2) .

To proceed, note first that since 1 ∈ R× is a semi-orthogonal matrix whose columns span
R and since 1 is a  ×  orthogonal (and, thus, nonsingular) matrix, it follows that the
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columns of 1 span the same subspace as the columns of 1, i.e.,

 (1) =  (11) =  (1) = R

Similarly, note that since 2 ∈ R×(−) is a semi-orthogonal matrix whose columns span
R⊥ and since 2 is a ( − ) × ( − ) orthogonal (and, thus, nonsingular) matrix, it

follows that the columns of 2 span the same subspace as the columns of 2, i.e.,

 (2) =  (22) =  (2) = R⊥,

from which it also follows that 012 = 0 so that, given expressions (138) and (139),¡
1 2

¢
is a  × orthogonal matrix. ¤

Lemma D-9: Let b1 = °°°bΣ


°°°
2
=

r
max

³bΣ0

bΣ


´
and let

1 = 1

r
ln



for some sufficiently large constant 1  0 be the threshold function used in the specification

of bΣ
 , as previously defined in Lemma C-6. Suppose that Assumptions 4-1, 4-2, 4-3, 6-1,

and 6-2, hold; and suppose that as   →∞

0 ()

1

∙
ln



¸ 1−
2

=  (1) 

Then, the following results hold.

(a) For 0 ≤   1, ¯̄̄̄
¯b1 − 1

1

¯̄̄̄
¯ = 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
=  (1) ,

where 1 = max
¡
Σ

¢
.

(b) For any fixed real number  and for 0 ≤   1,Ãb1
1

!

= 1 +

Ã
0 ()

1

∙
ln



¸ 1−
2

!
= 1 +  (1) .

(c) For any fixed real number   0,°°°°° 1b1 b2


−2


°°°°°
2

= 

µ
1

1

¶
=  (1) as  →∞,
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where

b =

⎛⎜⎜⎜⎜⎜⎝
b 1
2

1 0 · · · 0

0 b3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 b− 1
2

1

⎞⎟⎟⎟⎟⎟⎠ and  =

⎛⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
− 1

2

1

⎞⎟⎟⎟⎟⎠
(d) °°° b−1

 − 

°°°
2
= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
, for 0 ≤   1

where

b =

⎛⎜⎜⎜⎜⎜⎝
b 1
2

1 0 · · · 0

0 b 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 b− 1
2

1

⎞⎟⎟⎟⎟⎟⎠ and  =

⎛⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
− 1

2

1

⎞⎟⎟⎟⎟⎠ .

Proof of Lemma D-9:

For part (a), note first that, by the definition of the spectral norm k·k2, we have°°Σ

°°
2
=

r
max

n
Σ
0
Σ

o
=

q£
max

¡
Σ

¢¤2 ¡
since Σ is symmetric and psd

¢
= max

¡
Σ

¢
= 1

In addition, note that the conditions of this lemma is the same as that of Lemma C-6. Hence,

by making use of the result given in Lemma C-6, i.e.,°°°°° bΣ
 − Σ

1

°°°°°
2

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
=  (1) , (140)
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we see that ¯̄̄̄
¯b1 − 1

1

¯̄̄̄
¯ =

¯̄̄̄
¯̄
°°°bΣ



°°°
2
− 1

1

¯̄̄̄
¯̄

=

¯̄̄̄
¯̄
°°°bΣ

 −Σ + Σ

°°°
2
− 1

1

¯̄̄̄
¯̄

≤
¯̄̄̄
¯̄
°°°bΣ

 −Σ

°°°
2
+
°°Σ

°°
2
− 1

1

¯̄̄̄
¯̄

=

¯̄̄̄
¯̄
°°°bΣ

 −Σ

°°°
2
+ 1 − 1

1

¯̄̄̄
¯̄

≤

°°°bΣ
 −Σ

°°°
2

1

= 

Ã
0 ()

1

∙
ln



¸ 1−
2

!
. (141)

For part (b), note that, by the binomial theorem,Ãb1
1

!

=

Ã
1 +

b1 − 1

1

!

= 1 + 

Ãb1 − 1

1

!
+

 ( − 1)
2!

Ãb1 − 1

1

!2
+ · · · ·

= 1 +

Ã
0 ()

1

∙
ln



¸ 1−
2

!
(by the result given in part (a) of this lemma)

= 1 +  (1) for any fixed real number .

To show part (c), note first that
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1b1 b2


−2


=
1b1
⎛⎜⎜⎜⎜⎝
b1 0 · · · 0

0 b31 . . .
...

...
. . .

. . . 0

0 · · · 0 b2−11

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

−11 0 · · · 0

0 −31
. . .

...
...

. . .
. . . 0

0 · · · 0 
−(2−1)
1

⎞⎟⎟⎟⎟⎠

=
1

1

1³b11´
⎛⎜⎜⎜⎜⎜⎜⎝

³b11´ 0 · · · 0

0
³b11´3 . . .

...

...
. . .

. . . 0

0 · · · 0
³b11´(2−1)

⎞⎟⎟⎟⎟⎟⎟⎠

=
1

1

Ãb1
1

!−
⎛⎜⎜⎜⎜⎜⎜⎝

³b11´ 0 · · · 0

0
³b11´3 . . .

...

...
. . .

. . . 0

0 · · · 0
³b11´(2−1)

⎞⎟⎟⎟⎟⎟⎟⎠
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It follows that°°°°° 1b1 b2


−2


°°°°°
2

=
1b1
°°° b2


−2


°°°
2

=
1

1

Ãb1
1

!− °°° b2


−2


°°°
2

≤ 1

1

Ãb1
1

!− °°° b2


−2


°°°


=
1

1

Ãb1
1

!−vuuut X
=1

⎡⎣Ãb1
1

!−1
2

⎤⎦4

≤ 1

1

Ãb1
1

!− X
=1

⎡⎣Ãb1
1

!− 1
2

⎤⎦2
Ã
using the inequality

¯̄̄̄
¯
X
=1



¯̄̄̄
¯


≤
X
=1

|| for 0   ≤ 1
!

≤ 1

1

Ãb1
1

!− X
=1

Ãb1
1

!2−1

=
1

1

"
1 +

Ã
0 ()

1

∙
ln



¸ 1−
2

!#

×
X

=1

"
1 +

Ã
0 ()

1

∙
ln



¸ 1−
2

!#
(since by the result given in part (b) aboveÃb1
1

!

= 1 +

Ã
0 ()

1

∙
ln



¸ 1−
2

!
for any fixed real number 

!

= 

µ
1

1

¶
=  (1) .
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Finally, to show part (d), note that

b−1
 − 

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

³
1b1´ 1

2 − 1 0 · · · 0

0
³
1b1´ 3

2 − 1 . . .
...

...
. . .

. . . 0

0 · · · 0
³
1b1´− 1

2 − 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
Hence,°°° b−1

 − 

°°°
2
≤

°°° b−1
 − 

°°°


=

s


½³ b−1
 − 

´2¾ ³
since b−1

 −  is a symmetric matrix
´

=

vuut−1X
=0

∙³
1b1´ 1

2
+

− 1
¸2
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where the last line follows from the result given in part (b) above. ¤
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Proof of Lemma D-10: To show part (a), note first that in the case where
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Together, these two results imply the first result of part (e), i.e.,
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=  (1) for   0 given that 1 →∞.
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It, thus, follows from the first result of part (e) that, for all fixed real number   0,
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Together, these two results imply the first result of part (f), i.e.,
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Now, to show the second result of part (f), note again that
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It, thus, follows from the first result of part (f) that, for any fixed real number   0,
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To show the result given in part (g), note first that if
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note that
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fixed real number   0s
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Together, these two results imply that

20 ()
p
 ()

31

∙
ln



¸1− ∙
ln



¸ 1
2(1−


2)

= 

Ã
max

(
0 ()


3
2

1

∙
ln



¸ 1−
2



p
 ()

1

∙
ln



¸ 1
2(1−


2)
)!

. ¤

Lemma D-11: Let  be a positive constant. Then, for any given 2  0, there exists a

constant #  0 such that
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for all positive integer  .

Proof of Lemma D-11:

Note that
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¶
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Hence, we make use of the integral test for convergence of an infinite series. To proceed,
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The last two lines above follow from the fact that

Γ () =

Z ∞

0

−1 exp (−) 

is the integral representation of the gamma function, and it is well known that this integral

is absolutely convergent for all   0, a condition that is satisfied here given that 2  0.

It further follows from the integral test that
X

=1
exp (−24) is a convergent series, so

that there exists a constant #  0 such that

X
=1

exp

µ
−

2

4

¶
≤ # ∞ for all positive integer  . ¤

Appendix E: Supporting Lemmas for the Proof of The-

orems 4 and 7

The lemmas given in this appendix pertain to the diffusion index model

+ = + ( −  )
0
+ +, (142)

 =  + Γ ( −  ) + , for  = 1   − , (143)

where  =  [] and  =  []. The following assumptions are imposed on the model

given in expressions (142) and (143) above.

Assumption (i): Γ0Γ11 =  and Σ = Λ11, where

Σ =
1



X
=1


£
( −  ) ( −  )

0¤
denotes the factor covariance matrix and where Λ is a diagonal matrix whose diagonal

elements are the nonzero eigenvalues of ΓΣΓ
0.

Assumption (ii): (a) Suppose that  [] = 0 and  [( −  )] = 0 for all . (b)

Suppose that there exists some constant †  0 such that sup max (Σ) ≤ †  ∞ and


n¡

· − ·
¢4o ≤ † ∞ for all  ∈ {1  } and for all , where Σ =  [

0
] and

where · and · denote the 
 components of  and  , respectively.

Assumption (iii):  [] = 0 for all . In addition, let  ≥ 1 be a fixed finite integer, and
assume that  [( −  ) +] = 0 for all  and  [+] = 0 for all  and .

Assumptiion (iv): Let Γ() denote the ( )

element of Γ, and suppose that there exists

some contant ‡  1 such that max1≤≤1≤≤
¯̄
Γ()

¯̄
≤ ‡ ∞ for all  .

Assumption (v): Let , 1, and 2 be positive constants satisfying the relationship
1

=

1
1
+ 1

2
or  =

12
1+2

 such that 0    1. Suppose that the following conditions hold: (a)
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There exists a constant 1  0 such that for any   0, for any  ∈ R  with kk2 = 1, and
for  ∈ {1  }

sup
∈Z

 (|0|  ) ≤ exp

½
1−

µ


1

¶1
¾
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½
−
µ


1

¶1
¾
,
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
¡¯̄
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¯̄
 
¢ ≤ exp

½
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µ


1

¶1
¾
≤  exp

½
−
µ

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¶1
¾
,

sup
∈Z

 (||  ) ≤ exp

½
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µ


1

¶1
¾
≤  exp

½
−
µ


1

¶1
¾
,

where  is a positive constant such that  ≥ exp {1}, where  =  [], and where ·
and · are the 

 element of  and  , respectively. (b) Let   = ( 
0
  

0
)
0
. Define

F 
−∞ = 

¡
  −2  −1  

¢
and F∞+ = 

¡
 +  ++1  ++2 

¢
. Suppose that

there exist positive constants 2, , and  such that:

 () = sup



¡F 

−∞F∞+
¢ ≤  exp (−2) for all  ≥ 1,

where


¡F 

−∞F∞+
¢
= sup

∈F
−∞∈F∞+

| ( ∩)−  () ()| .

Remark: Note that Assumptions (i)-(iii) given above are the same as assumptions (i)-(iii)

given in the statement of Theorem 4.

For Lemma E-1, we consider the diffusion index model given by expressions (142) and (143)

under two different scenarios which have been explained in Section 5 of the paper:

Scenario 1 (1 ≤    Case): Assume that the following conditions hold:

Assumption S1-1: There exists a constant   1 such that 0  1

≤ min1≤≤

¯̄
1

¯̄
≤

max1≤≤
¯̄
1

¯̄
≤  ∞, whereas 2 =

¡
21  2−

¢0
= 0.

Assumption S1-2: (a) Suppose that 1 → ∞ and 2 → ∞ as  → ∞ (for

 = 1   and  = 1  − ) such that 11 ³ · · · ³ 1 ³ 21 ³ · · · ³ 2−. (b)
Suppose also that there exists a constant,  with 0    1 such that

¡
1 − 1

¢
11 ≥ 

for all    with  ∈ {1  − 1} and  ∈ {2  }, for all  and  sufficiently large.

Scenario 2 ( =  Case): Assume that the following conditions hold:

Assumption S2-1: There exists a constant   1 such that 0  1

≤ min1≤≤

¯̄
1

¯̄
≤

max1≤≤
¯̄
1

¯̄
≤  ∞.

Assumption S2-2 (a) Suppose that 1 → ∞ as   → ∞ (for  = 1 ) such that

11 ³ · · · ³ 1 . (b) Suppose also that there exists a constant,  with 0    1 such that¡
1 − 1

¢
11 ≥  for all    with  ∈ {1   − 1} and  ∈ {2 }, for all  and

 sufficiently large.

Remark: It should be clear that under Scenario 1, among the  available factors, only

   of them are relevant for forecasting the target variable + since in this case there

are  −  zero coefficients (i.e., +1   are zero). On the other hand, under Scenario
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2 all  available factors are relevant for the purpose of forecasting since all coefficients are

non-zero in this case.

Lemma E-1: Consider the diffusion index model given by expressions (142)-(143). Suppose

that Assumptions (i)-(iii) hold, and let  = 
¡
0Σ

¢−1
0 be the population PLS

estimator, where

 =
³
 Σ · · · Σ

−1
 

´
, Σ =

1



X
=1


£
( − ) ( − )

0¤
, and

 =
1



X
=1

 {( − ) (+ − )} 

with  ∈ {1    }, with the target variable + being generated by expression (142), and
with the vector of predictor variables  being generated by expression (143). Under these

conditions, consider the following two scenarios.

(a) Scenario 1 (1 ≤    Case): Suppose that Assumptions S1-1 and S1-2 hold. Let

 =
Γ11p
11

, where Γ1
×

=
Γ1p
11

and 1 =
¡
11 1

¢0
Then, °° − 

°°
2
= 

Ã
1


3
2

1

!
, where 1 = max

¡
Σ

¢


(b) Scenario 2 ( =  Case): Suppose that Assumptions S2-1 and S2-2 hold. Let

 =
Γp
11

, where Γ
×

=
Γp
11

and  =
¡
11 1

¢0
Then, °° − 

°°
2
= 

Ã
1


3
2

1

!
, where 1 = max

¡
Σ

¢


Proof of Lemma E-1:

To show part (a), note first that, for the diffusion index model defined by expressions
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(142) and (143), we have by direct calculation:

Σ =
1



X
=1


£
( − ) ( − )

0¤
= Γ

Ã
1



X
=1


£
( −  ) ( −  )

0¤!
Γ0 +

1



X
=1

 [
0
] (given Assumption (ii))

= ΓΣΓ
0 + Σ

= Γ

µ
Λ

11

¶
Γ0 + Σ (given Assumption (i))

=
Γp
11

Λ
Γ0p
11

+ Σ

=
1p
11

¡
Γ1 Γ2

¢µ Λ1 0

0 Λ2

¶µ
Γ01
Γ02

¶
1p
11

+ Σ

=
Γ1p
11

Λ1
Γ01p
11

+
Γ2p
11

Λ2
Γ02p
11

+ Σ

= Γ1Λ1Γ
0
1 + Γ2Λ2Γ

0
2 + Σ

where Γ1 = Γ1
p
11 and Γ2 = Γ2

p
11. Moreover,

 =
1



X
=1

 {( − ) (+ − )}

=
1



X
=1


n
(Γ ( −  ) + )

³¡
1 − 1

¢0
1 + +

´o
=

1



X
=1

Γ
h
( −  )

¡
1 − 1

¢0i
1 +

1



X
=1


h

¡
1 − 1

¢0i
1

+
1



X
=1

 {Γ ( −  ) +}+
1



X
=1

 [+]

= Γ
1



X
=1


h
( −  )

¡
1 − 1

¢0i
1 (given Assumptions (ii) and (iii) )
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Next note that

Γ
1



X
=1


h
( −  )

¡
1 − 1

¢0i
1

= Γ
1



X
=1


£
( −  ) ( −  )

0¤µ 1
0

¶
= Γ

µ
Λ

11

¶


µ
since, in this case,  =

µ
1
0

¶
and since, by Assumption (i),

Σ =
1



X
=1


£
( −  ) ( −  )

0¤
=

Λ

11

!

=
¡
Γ1 Γ2

¢ 1

11

µ
Λ1 0

0 Λ2

¶µ
1
0

¶
=

1

11

¡
Γ1 Γ2

¢µ Λ11
0

¶
=

1

11
Γ1Λ11

so that, in this case,

 = Γ1
Λ1
11

1 =
q
11

Γ1p
11

Λ1
11

1 = Γ1
Λ1p
11

1, given that Γ1 =
Γ1p
11

Next, we show that, in this case, the envelope parameter vector  = Γ1
¡
1

p
11

¢
has

an alternative representation given by

Γ1

Ã
1p
11

∗


!
−1

,

where

∗
 =

⎛⎜⎜⎜⎝
11111 0 · · · 0

0 12121
. . .

...
...

. . .
. . . 0

0 · · · 0 111

⎞⎟⎟⎟⎠ ,  =

⎛⎜⎜⎜⎝
211

2
11

2
1

212
2
12

2
1

...

21
2
1

2
1

⎞⎟⎟⎟⎠ , and

 =

⎛⎜⎜⎜⎝
311

2
11

3
1 0 · · · 0

0 312
2
12

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2
1

3
1

⎞⎟⎟⎟⎠ .
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To proceed, note that, by straightforward calculations,⎛⎝ 1


1
2

11

∗


⎞⎠−1


=
1


1
2

11

⎛⎜⎜⎜⎝
11111 0 · · · 0

0 12121
. . .

...
...

. . .
. . . 0

0 · · · 0 111

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
311

2
11

3
1 0 · · · 0

0 312
2
12

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2
1

3
1

⎞⎟⎟⎟⎠
−1⎛⎜⎜⎜⎝

211
2
11

2
1

212
2
12

2
1

...

21
2
1

2
1

⎞⎟⎟⎟⎠

=
1


1
2

11

⎛⎜⎜⎜⎝
11111 0 · · · 0

0 12121
. . .

...
...

. . .
. . . 0

0 · · · 0 111

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

111
112
...

11

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
11

1
2

11

12
1
2

11
...

1
1
2

11

⎞⎟⎟⎟⎟⎠
= 1

1
2

11.

from which it follows immediately that

 = Γ1
1p
11

= Γ1

⎛⎝∗



1
2

11

⎞⎠−1
. (144)

Now, let

 =

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠ ,
and write
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q
11

¡
 − 

¢
=

q
11

"

¡
0Σ

¢−1
0 − Γ1

Ã
1p
11

!#

=
q
11

−1
√
1

"µ
11

1

¶
−1


0Σ

−1


1

#−1µ
11

1

¶
−1


0√
1

− Γ11

=

⎧⎨⎩
⎛⎝s11

1
−1

 − Γ1
∗
 + Γ1

∗


⎞⎠
×
⎛⎝"µ11

1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1
+ ( 0 )

−1

⎞⎠
×
Ãµ

11

1

¶
−1


0√
1

−  0 +  0

!)
− Γ11 (where the nonsingularity of 

0 has

been shown in Lemma E-2 part (b))

=

⎛⎝s11

1
−1

 − Γ1
∗


⎞⎠⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠
×
"µ

11

1

¶
−1


0√
1

−  0

#

+

⎛⎝s11

1
−1

 − Γ1
∗


⎞⎠⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠ 0

+

⎛⎝s11

1
−1

 − Γ1
∗


⎞⎠ ( 0 )
−1
"µ

11

1

¶
−1


0√
1

−  0

#

+

⎛⎝s11

1
−1

 − Γ1
∗


⎞⎠ ( 0 )
−1

 0

+Γ1
∗
 (

0 )
−1
"µ

11

1

¶
−1


0√
1

−  0

#

+Γ1
∗


⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠"µ11
1

¶
−1


0√
1

−  0

#

+Γ1
∗


⎛⎝"µ11
1

¶
−1


0Σ

−1


1

#−1
− ( 0 )

−1

⎞⎠ 0

+Γ1
∗
 (

0 )
−1

 0 − Γ11 (145)
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Next, note that multiplying all three sides of expression (144) by
p
11, we see that
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∗
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= Γ1
∗
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−1

 0

from which it follows immediately that the last term on the right-hand side of expression

(145) is zero, i.e.,
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∗
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Hence, in light of expression (145), we can write°°°q11
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(146)

We shall analyze each term on the majorant side of expression (146) in turn. Consider

initially the first term on the majorant side of expression (146). In this case, we can apply
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parts (b), (c), and (d) of Lemma E-4 to obtain°°°°°°
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¶
. (147)

To analyze the second term on the majorant side of expression (146), we first note that

 0 =
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. . .
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so that°° 0
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Ã

(+1)
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¯
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≤
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!
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µ
max
1≤≤

¯̄
1

¯̄¶2
(∗)+1 (applying Lemma D-3(a) which implies that there exists

constant ∗  1 such that 0 
1

∗
≤ 11

1
≤ ∗ ∞ for all   sufficiently large

¶
≤ 22 (∗)+1 ∞ (by Assumption S1-1) (148)

Making use of this result along with parts (c) and (d) of Lemma E-4, we see that°°°°°°
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Next, to analyze the third term on the majorant side of expression (146), note first that°°°( 0 )
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≤
s
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∞ (for some constant #  0 by expression (162)

given in the proof of part (b) of Lemma E-2) (150)

Making use of this result along with parts (b) and (c) of Lemma E-4, we obtain°°°°°°
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For the fourth term on the majorant side of expression (146), we have, by the results given

in expressions (148) and (150) as well as part (c) of Lemma E-4,°°°°°°
s
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To analyze the fifth term on the majorant side of expression (146), note first that
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from which it follows, by straightforward calculation, that
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Making use of this calculation, we see that°°Γ1∗
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Using this result along with expression (150) and part (b) of Lemma E-4, we see that

°°Γ1∗


°°
2

°°°( 0 )
−1
°°°
2

°°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

=  (1) (1)

µ
1

1

¶
= 

µ
1

1

¶
 (154)

Turning our attention to the sixth term, note that, by expressions (153) and by the results
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given in parts (b) and (d) of Lemma E-4, we have
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(155)

Now, for the last term on the majorant side of expression (146), we can apply part (d) of

Lemma E-4 and the results given in expressions (148) and (??) to obtain
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Combining the results given in expressions (147), (149), (151)-(152), and (154)-(156); we

obtain °°°q11
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which, in turn, implies that
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since, by part (a) of Lemma D-3, there exists an absolute constant ∗  1 such that

0 
1

∗


1

11
≤ ∗ ∞ for all  and  sufficiently large.
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To show part (b), note first that because in this case all  factors are relevant for the

purpose of forecasting, there is no reason to split the nonzero eigenvalues of the common

component covariance matrix ΓΣΓ
0 and their associated eigenvectors into two groups. How-

ever, in this case, we will still write the nonzero eigenvalues with a double subscript (i.e.,

as 11  1), and we shall interpret having the first subscript being 1 for all  of these

eigenvalues as meaning that these are now all eigenvalues that are associated with eigenvec-

tors which form a basis set for the envelope so that all the associated eigenvectors in this

case contain useful information about the target variable of interest +. Hence, following

similar derivation as given in part (a), we can write Σ in the form

Σ =
1



X
=1


£
( − ) ( − )

0¤
= ΓΛΓ

0
 + Σ

where Λ = 
¡
11  1

¢
and where Γ = Γ

p
11 is an  ×  semi-orthogonal

matrix whose columns are those orthonormal eigenvectors of ΓΣΓ
0 associated with the

nonzero eigenvalues 11  1 . Moreover, in this  =  case. we can also write  in

the form

 =
1



X
=1

 {( − ) (+ − )}

= Γ
1



X
=1


£
( −  ) ( −  )

0¤


=
1

11
ΓΛ

= ΓΛ
p
11

Ã
setting Γ =

Γp
11

!

where  =
¡
11 1

¢0
. Here, note that none of the coefficients 1 (with  = 1 ) is

zero and there is no vector of zero coefficients 2 in this case, but we still retain the double

subscript notation on 11 1 because again we interpret the first subscript being 1 as

meaning that this is a coefficient associated with a relevant factor so it is not zero. Moreover,

all columns of Γ = Γ
p
11 are now needed to form the basis set that spans the envelope

since, in this case, they are all orthonormal eigenvectors that contain useful information

about the target variable +. The envelope coefficient vector  in this case is, thus, given

by the formula

 =
Γp
11

Ã
p
11

!
= Γ

Ã
p
11

!
.

Next, following similar calculations as that given in part (a), we can show that  also has a
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representation given by

Γ

Ã
1p
11

∗


!
−1

,

where, in this case,  =  and we pre-multiply by Γ instead of Γ1 since Γ = Γ1 and

there is no Γ2 in the  =  case. Moreover, in this case,

∗
 =

⎛⎜⎜⎜⎝
11111 0 · · · 0

0 12121
. . .

...
...

. . .
. . . 0

0 · · · 0 111

⎞⎟⎟⎟⎠ ,  =

⎛⎜⎜⎜⎝
211

2
11

2
1

212
2
12

2
1

...

21
2
1

2
1

⎞⎟⎟⎟⎠ ,

 =

⎛⎜⎜⎜⎝
311

2
11

3
1 0 · · · 0

0 312
2
12

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2
1

3
1

⎞⎟⎟⎟⎠ .
By making use of these minor modifications in notations, we can then follow essentially the
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same argument as that given in the proof of part (a) to obtain°°°q11
¡
 − 

¢°°°
2

≤
⎧⎨⎩
°°°°°°
s

11

1
−1

 − Γ1
∗

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2
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2
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+
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"µ

11

1

¶
−1


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2
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°°
2

(157)

Finally, to derive the order of magnitude of the terms on the right-hand side of expression

(157), we again make use of the same argument as that given in the proof of part (a), except

that we apply part (b) of Lemma E-3 instead of part (b) of Lemma E-2 and apply parts

(b), (c), and (d) of Lemma E-5 instead of part (b), (c), and (d) of Lemma E-4 while setting

 =  and Γ1 = Γ. By making these minor modifications in the proof of part (a) above,

we can show that°°°q11
¡
 − 

¢°°°
2
=

q
11

"

¡
0Σ

¢−1
0 − Γ

Ã
p
11

!#

= 

µ
1

1

¶
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from which it follows that

°° − 
°°
2
= 

Ã
1

1
p
11

!
= 

Ã
1


3
2

1

!
. ¤

Lemma E-2: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-

tions S1-1 and S1-2 hold under Scenario 1. Under these conditions, the following statements

are true.

(a) °°°°°
µ
11

1

¶Ã
−1


0Σ

−1


1
− −1


0


£
Γ1Λ1Γ

0
1 + Γ2Λ2Γ

0
2

¤
−1



1

!°°°°°


= 

µ
1

1

¶
,

where

 =
³
Γ1Λ11

p
11 ΣΓ1Λ11

p
11 · · · Σ

−1
 Γ1Λ11

p
11

´
,

 =

⎛⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−1

2

1

⎞⎟⎟⎟⎟⎠ ,  =
³
 Σ · · · Σ

−1
 

´
,

Σ = Σ + Σ = Γ1Λ1Γ
0
1 + Γ2Λ2Γ

0
2 + Σ, Γ1

×
=

Γ1p
11

, and Γ2
×(−)

=
Γ2p
11

.

(b) Let  and  be as defined in part (a) above under Scenario 1 and let

 =

⎛⎜⎜⎜⎝
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11

3
1 0 · · · 0

0 312
2
12

3
1

. . .
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3
1

⎞⎟⎟⎟⎠ and
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Then, °°°°°
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and there exists a constant #  0 such that
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or all  and  sufficiently large. Moreover, there exists a constant ∗  0 such that
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for all  and  sufficiently large.

Proof of Lemma E-2: To show the result for part (a), note first that, by straightforward

calculationµ
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given that  = Γ1Λ11
p
11. Moreover, in this case, let
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It follows from these calculations thatµ
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Next, note that, for any fixed integer 1 ≤  ≤ 2− 1, we have¯̄̄̄
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Setting  = +  − 1 in expression (160) and applying it to the analysis of expression (159),
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we have°°°°°
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To show part (b), note first that, for fixed positive integer ,
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Making use of the above identity and of expression (158) in the proof of part (a) this lemma,
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It follows by the result given in part (a) of this lemma that°°°°°
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. (161)

Moreover, note that the eigenvalues 11  1 under Assumption S1-2 satisfy the same

conditions as that given in part (a) of Assumption 4-2. Hence, we can apply the result of

Lemma B-2 above as well as Assumptions S1-1 and S1-2 to obtain
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Furthermore, by Lemma D-4 and by expression (161) above, we see that¯̄̄̄
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Hence, by applying Lemma B-2, the result given in expression (163) above, as well as As-

sumptions S1-1 and S1-2; we obtain
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Furthermore, note that, for all   sufficiently large,
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. ¤

Lemma E-3: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-

tions S2-1 and S2-2 hold under Scenario 2. Under these conditions, the following statements

are true.
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where, in this case,
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(b) Let  and  be as defined in part (a) above under Scenario 2 and let
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and there exists positive constants # and ∗ such that
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for all  and  sufficiently large.

Proof of Lemma E-3: The results given in parts (a) and (b) of this lemma can be shown

using the same argument as that given, respectively, in the proof of parts (a) and (b) of

Lemma E-2, except that we apply Assumptions S2-1 and S2-2 instead of Assumptions S1-1
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and S1-2 and change the notations used in the proof of Lemma E-2 by setting
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Lemma E-4: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-

tions S1-1 and S1-2 hold under Scenario 1. Under these conditions, the following statements

are true.
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and Γ2 =
Γ2p
11
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(b) °°°°°
µ
11

1

¶
−1


0√
1

−  0

°°°°°
2

= 

µ
1

1

¶
.

where

 =
³
 Σ · · · Σ

−1
 

´
for 1 ≤   

(c) °°°°°°
s

11

1
−1

 − Γ1
∗


°°°°°°
2

= 

µ
1

1

¶
,

where

∗
 =

⎛⎜⎜⎜⎝
11111 0 · · · 0

0 12121
. . .

...
...

. . .
. . . 0

0 · · · 0 111

⎞⎟⎟⎟⎠ .
(d) °°°°°°

Ã∙
11

1

¸
−1


0Σ

−1


1

!−1
− ( 0 )

−1

°°°°°°
2

= 

µ
1

1

¶
,

where  is the Vandermonde matrix defined in part (a) above and where

 =

⎛⎜⎜⎜⎝
311

2
11

3
1 0 · · · 0

0 312
2
12

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2
1

3
1

⎞⎟⎟⎟⎠ .

Proof of Lemma E-4:

To show part (a), first write



=
³

Γ1Λ11√
11

£
Γ1Λ1Γ

0
1 + Γ2Λ2Γ

0
2

¤ Γ1Λ11√
11

· · · £
Γ1Λ1Γ

0
1 + Γ2Λ2Γ

0
2

¤−1 Γ1Λ11√
11

´
=

³
Γ1Λ11√

11

£
Γ1Λ1Γ

0
1 + Γ2Λ2Γ

0
2

¤ Γ1Λ11√
11

· · · £
Γ1Λ

−1
1 Γ01 + Γ2Λ

−1
2 Γ02

¤ Γ1Λ11√
11

´
¡
given that Γ01Γ1 = , Γ

0
2Γ2 = −, and Γ02Γ1 = 0

¢
=

¡
Γ1Λ11

p
11 Γ1Λ

2
11

p
11 · · · Γ1Λ


11

p
11

¢
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Making use of this expression for  , we obtain by straightforward calculationµ
11

1

¶
−1


0


£
Γ1Λ1Γ

0
1

¤
Γ1

¡
1

p
11

¢

1
2

1

=

µ
11

1

¶
−1


0
Γ1Λ1

¡
1

p
11

¢

1
2

1

=

µ
11

1

¶
⎛⎜⎜⎜⎜⎜⎝


− 1
2

1 0 · · · 0

0 
−3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝


−1
2

11 
0
1Λ1Γ

0
1


−1
2

11 
0
1Λ

2
1Γ
0
1

...


− 1
2

11
0
1Λ


1Γ

0
1

⎞⎟⎟⎟⎟⎠ Γ1Λ1
¡
1

p
11

¢

1
2

1

=

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
−3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

−11 01Λ
2
1

−11 01Λ
3
1

...

−11 01Λ
+1
1

⎞⎟⎟⎟⎠ 1


1
2

1

=

⎛⎜⎜⎜⎝
01Λ

2
11

2
1

01Λ
3
11

3
1

...

01Λ
+1
1 1

+1
1

⎞⎟⎟⎟⎠ (164)

Next, note that, for positive integer , we have

01Λ

11

1
=
1

1

X
=1

1
2
1

from which we further obtain

⎛⎜⎜⎜⎝
01Λ

2
11

2
1

01Λ
3
11

3
1

...

01Λ
+1
1 1

+1
1

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝

X

=1
21

2
1

2
1X

=1
31

2
1

3
1

...X

=1
+11 21

+1
1

⎞⎟⎟⎟⎟⎟⎠ (165)
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Making use of expression (165), we see that, by straightforward calculation,µ
11

1

¶
−1


0


£
Γ1Λ1Γ

0
1

¤
Γ1

¡
1

p
11

¢

1
2

1

=

⎛⎜⎜⎜⎜⎜⎝

X

=1
21

2
1

2
1X

=1
31

2
1

3
1

...X

=1
+11 21

+1
1

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝

X

=1
21

2
1

2
1X

=1
31

2
1

2
1

...X

=1
+11 21

2
1

⎞⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
1 0 · · · 0

0 −11
...

...
. . . 0

0 · · · 0 
−(−1)
1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

1 1 · · · 1

11 12 · · · 1
...

...
. . .

...

−111 −112 · · · −11

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

211
2
11

2
1

212
2
12

2
1

...

21
2
1

2
1

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎝
1 1 · · · 1

111 121 · · · 11
211

2
1 212

2
1 · · · 21

2
1

...
...

. . .
...

−111 −11 −112 −11 · · · −11 −11

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

211
2
11

2
1

212
2
12

2
1

...

21
2
1

2
1

⎞⎟⎟⎟⎠
=  0,

where  =
¡
211

2
1

2
1 

2
12

2
2

2
1  

2
1

2


2
1

¢0
.

To show part (b), note first that

−1


0


1
2

1

=

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
−3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

0

0Σ

...

0Σ
−1


⎞⎟⎟⎟⎠ 


1
2

1

=

⎛⎜⎜⎜⎝
01

0Σ
2
1

...

0Σ
−1
 


1

⎞⎟⎟⎟⎠
(166)
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Moreover, note that, for integer  ≥ 0,µ
11

1

¶
0Σ





+11

=

µ
11

1

¶
1

+11

01

µ
Λ1
11

¶
Γ01Σ



Γ1

µ
Λ1
11

¶
1

=

µ
11

1

¶µ
1

11

¶
1

+11

01 Λ1
Γ01p
11

Σ




Γ1p
11

Λ11

=
1

+21

01 Λ1Γ
0
1Σ



Γ1Λ11, where Γ1 =
Γ1p
11

. (167)

By making use of expression (164) in part (a) above as well as expressions (166) and (167),
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we haveµ
11

1

¶
−1


0


1
2

1

−  0

=

µ
11

1

¶
−1


0


1
2

1

−
µ
11

1

¶
−1


0


£
Γ1Λ1Γ

0
1

¤
Γ1

¡
1

p
11

¢

1
2

1Ã
since

µ
11

1

¶
−1


0


£
Γ1Λ1Γ

0
1

¤
Γ1

¡
1

p
11

¢

1
2

1

=  0 by the result given in part (a)

!

=

µ
11

1

¶⎛⎜⎜⎜⎝
01

0Σ
2
1

...

0Σ
−1
 


1

⎞⎟⎟⎟⎠−
⎛⎜⎜⎜⎝

01Λ
2
11

2
1

01Λ
3
11

3
1

...

01Λ
+1
1 1

+1
1

⎞⎟⎟⎟⎠
(by the results given in expressions (164) and (166))

=

⎛⎜⎜⎜⎝
01 Λ1Γ

0
1Γ1Λ11

2
1

01 Λ1Γ
0
1ΣΓ1Λ11

3
1

...

01 Λ1Γ
0
1Σ

−1
 Γ1Λ11

+1
1

⎞⎟⎟⎟⎠−
⎛⎜⎜⎜⎝

01Λ
2
11

2
1

01Λ
3
11

3
1

...

01Λ
+1
1 1

+1
1

⎞⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
0

01 Λ1Γ
0
1

¡
Σ − Γ1Λ1Γ

0
1

¢
Γ1Λ11

3
1

...

01 Λ1Γ
0
1

h
Σ
−1
 − ¡Γ1Λ1Γ01¢−1iΓ1Λ11+11

⎞⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
0

01 Λ1Γ
0
1

¡
Σ −

£
Γ1Λ1Γ

0
1 + Γ2Λ2Γ

0
2

¤¢
Γ1Λ11

3
1

...

01 Λ1Γ
0
1

h
Σ
−1
 − ¡Γ1Λ1Γ01 + Γ2Λ2Γ

0
2

¢−1i
Γ1Λ11

+1
1

⎞⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎝
0

01 Λ1Γ
0
1

¡
Σ − ΓΛΓ

0


¢
Γ1Λ11

3
1

...

01 Λ1Γ
0
1

h
Σ
−1
 − (ΓΛΓ0)−1

i
Γ1Λ11

+1
1

⎞⎟⎟⎟⎟⎠
where

Γ1 =
Γ1p
11

, Γ2 =
Γ2p
11

, Γ =
¡
Γ1 Γ2

¢
, and Λ =

µ
Λ1 0

0 Λ2

¶
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In addition, using argument similar to that given in the proof of Lemma E-2 part (a), we

have, for any fixed integer 2 ≤  ≤ ,¯̄̄̄
¯̄01 Λ1Γ01

h
Σ
−1
 − (ΓΛΓ0)−1

i
Γ1Λ11


+1
1

¯̄̄̄
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=
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¯̄01 Λ1Γ01
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ΓΛΓ

0
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0

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
+1
1
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
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1

−1X
=1

µ
 − 1


¶°°Σ − ΓΛΓ
0


°°
2
kΓΛΓ0k−1−2 kΓ1Λ11k22
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−1X
=1

µ
 − 1


¶°°°°Σ − ΓΛΓ
0


1

°°°°
2

kΓΛΓ0k−1−2


−1−
1

°°°°Λ11
°°°°2
2

k1k22
¡
since kΓ1k22 = 1

¢
=

−1X
=1

µ
 − 1


¶°°°°Σ

1

°°°°
2

kΓΛΓ0k−1−2


−1−
11

°°°° Λ1
11

°°°°2
2

µ
11

1

¶+1−
k1k22

¡
since Σ = Σ − ΓΛΓ

0


¢
≤ (∗)

−1X
=1

µ
 − 1


¶°°°°Σ

1

°°°°
2

kΓΛΓ0k−1−2


−1−
11

°°°° Λ1
11

°°°°2
2

k1k22µ
since Lemma D-3(a) implies that there exists a contant ∗  1 such that

11

1
≤ ∗ ∞

for all   sufficiently large and since  + 1−  ≤  for all  ≤  and  ≥ 1)

≤ (∗)

−1X
=1

µ
 − 1


¶°°°°Σ

1

°°°°
2

k1k22¡
since kΓΛΓ0k2 = max {Λ} = max

©
11 21

ª ≤ 11 for some constant   1and for all

  sufficiently large given that 11 ³ 21 and since kΛ1k22 = max
©
Λ21
ª
= (max {Λ1})2 = 211

¢
≤ (∗)2

−1X
=1

µ
 − 1


¶°°°°Σ

1

°°°°
2

(since, by Assumption S1-1, there exists a constant 

such that  ≥ max
1≤≤

¯̄
1

¯̄
so that 2 ≥ 

µ
max
1≤≤

¯̄
1

¯̄¶2
≥ k1k22

!
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= (∗)2
−1X
=1

µ
 − 1


¶Ã
max

¡
Σ

¢
1

! Ã
since

°°Σ

°°
2
=

r
max

³
Σ
0
Σ

´
=

q£
max

¡
Σ

¢¤2!

≤ (∗)2
−1X
=1

µ
 − 1


¶µ


1

¶ ¡
given that max

¡
Σ

¢ ≤  ∞ for some constant   0

by Assumption (ii) and Lemma D-2)

≤ (∗)2 (− 1) ([− 1]!)
µ


1

¶ Ã
noting that

µ


1

¶

¿ 

1
for all integer  ≥ 2

and for all  and  sufficiently large since 1 →∞)
= 

µ
1

1

¶
.

Making use of this result, we see that°°°°°
µ
11

1

¶
−1


0


1
2

1

−  0

°°°°°
2

2

=

X
=2

⎛⎝01 Λ1Γ
0
1

h
Σ
−1
 − ¡Γ1ΛΓ01¢−1iΓ1Λ11


+1
1

⎞⎠2

=

X
=2

⎛⎝01 Λ1Γ
0
1

h
Σ
−1
 − (ΓΛΓ0)−1

i
Γ1Λ11


+1
1

⎞⎠2

≤
X

=2

⎡⎣(∗)2
−1X
=1

µ
 − 1


¶Ã
max

¡
Σ

¢
1

!
⎤⎦2

≤
X

=2

∙
(∗)2 (− 1) ([− 1]!)

µ


1

¶¸2
for all  and  sufficiently large

= (∗)2234 [− 1]2 [(− 1)!]2
µ


1

¶2
= 

µ
1

21

¶
It follows that °°°°°

µ
11

1

¶
−1


0


1
2

1

−  0

°°°°°
2

= 

µ
1

1

¶
.

Turning our attention to part (c), again let Γ1 = Γ1
p
11, and note that, by straight-
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forward calculations
11

1
−1



=

s
11

1

³
 Σ · · · Σ

−1
 

´
⎛⎜⎜⎜⎜⎜⎝


− 1
2

1 0 · · · 0

0 
− 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
−(− 1

2)
1

⎞⎟⎟⎟⎟⎟⎠
=

s
11

1

³


1
2

1 Σ
3
2

1 · · · Σ
−1
 

− 1
2

1

´
=

³
Γ1 (Λ11)1 ΣΓ1 (Λ11)11 · · · Σ

−1
 Γ1 (Λ11)1

−1
1

´
Ã
since  = Γ1

Ã
Λ1p
11

!
1, where Γ1 =

Γ1p
11

!
(168)

and s
11

1
−1



=

s
11

1

¡
Γ1Λ11

p
11 Γ1Λ

2
11

p
11 · · · Γ1Λ


11

p
11

¢

×

⎛⎜⎜⎜⎜⎜⎝

− 1
2

1 0 · · · 0

0 
− 3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
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1

⎞⎟⎟⎟⎟⎟⎠

=
¡
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√
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
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¢
⎛⎜⎜⎜⎜⎜⎝


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2
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2
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. . .
...
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1

⎞⎟⎟⎟⎟⎟⎠
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¡
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0
1
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0
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´
(169)
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It follows immediately from expressions (168) and (169) thats
11

1
−1

 −
s

11

1
−1



=
³
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1

´
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¡
Γ1Λ1Γ

0
1
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−1
1

´
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0
1

¤
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h
Σ
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´
Note that for  = 1, by the above calculationss
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1 −
s
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1
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On the other hand, for  ≥ 2 and for any fixed integer  such that 1 ≤  ≤ − 1, we have°°°°°°
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
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=  (∗)
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
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Making use of this result, we see that°°°°°°

s
11

1
−1

 −
s

11

1
−1



°°°°°°
2

2

≤
°°°°°°
s

11

1
−1

 −
s

11

1
−1



°°°°°°
2



= 

⎧⎨⎩
⎛⎝s11

1
−1

 −
s

11

1
−1



⎞⎠0⎛⎝s11

1
−1

 −
s

11

1
−1



⎞⎠⎫⎬⎭
=

−1X
=1

°°°°°°
h
Σ


 −
¡
Γ1Λ1Γ

0
1

¢i
Γ1

¡
Λ111

¢
1



1

°°°°°°
2

2

= 

µ
1

21

¶
,
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Moreover, note that, from expression (169), we see thats
11
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
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...
...

. . .
. . . 0

0 · · · 0 111

⎞⎟⎟⎟⎠

×

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠
= Γ1

∗


where

∗
 =

⎛⎜⎜⎜⎝
11111 0 · · · 0

0 12121
. . .

...
...

. . .
. . . 0

0 · · · 0 111

⎞⎟⎟⎟⎠ ,

 =

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠ .
Hence, the result given in expression (170) can be restated as°°°°°°

s
11

1
−1

 − Γ1
∗


°°°°°°
2

= 

µ
1

1

¶
.
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Finally, to show part (d), note first that  0 is clearly a symmetric matrix. Moreover,

expression (162) given in the proof of part (b) of Lemma E-2 further shows that there exists

a positive constant # such that

min (
0 ) ≥ #  0

for all  and  sufficiently large, so that  0 is also positive definite and, thus, non-

singular for all  and  sufficiently large. Making use of these properties of the matrix

 0 , we see that for  and  sufficiently large

°°°( 0 )
−1
°°°
2
=

s
max

½h
( 0 )

−1
i0
( 0 )

−1
¾

=

r
max

n£
( 0 )

0¤−1
( 0 )

−1
o

(since we can interchange the transposition and the inverse operations)

=

r
max

n
( 0 )

−1
( 0 )

−1
o

(since  0 is a symmetric matrix)

=

rh
max

n
( 0 )

−1
oi2

=

sµ
1

min (
0 )

¶2
=

1

min (
0 )

.

≤ 1

#
(given that min (

0 ) ≥ #)

 ∞ (since #  0)

Next, define

‡ =

µ
11

1

¶
−1


0Σ

−1


1
−  0

and applying the result given in expression (161) in the proof of part (b) of Lemma E-2, we
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have °°°( 0 )
−1

‡
°°°
2
≤

°°°( 0 )
−1
°°°
2

°°‡°°
2

≤ 1

#

°°°°°
µ
11

1

¶
−1


0Σ

−1


1
−  0

°°°°°
2

=  (1)

µ
1

1

¶
= 

µ
1

1

¶
=  (1)

Also, part (b) of Lemma E-2 gives a result showing that there exists a positive constant #
such that

min

Ã∙
11

1

¸
−1


0Σ

−1


1

!
≥ #  0 for all   sufficiently large,

so that
¡
111

¢
−1


0Σ

−1
1 is positive definite and, thus, nonsingular for all  and

 sufficiently large. Hence, applying the last inequality given in part (d) of Lemma B-1, we

further deduce that°°°°°°
Ã∙

11

1

¸
−1


0Σ

−1


1

!−1
− ( 0 )

−1

°°°°°°
2

≤
°°°( 0 )

−1
°°°
2

°°°( 0 )
−1

‡
°°°
2

1−
°°°( 0 )

−1
‡
°°°
2

≤ 1

#

°°°( 0 )
−1

‡
°°°
2

1−
°°°( 0 )

−1
‡
°°°
2

=  (1)

µ
1

1

¶
= 

µ
1

1

¶
.¤

Lemma E-5: Suppose that Assumptions (i)-(iii) hold. In addition, suppose that Assump-

tions S2-1 and S2-2 hold under Scenario 2. Under these conditions, the following statements

are true.

(a)

−1


0
 [ΓΛΓ

0
]Γ

¡

p
11

¢

1
2

1

=  0,
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where

 =

⎛⎜⎜⎜⎜⎜⎝

1
2

1 0 · · · 0

0 
3
2

1

. . .
...

...
. . .

. . . 0

0 · · · 0 
(−1

2)
1

⎞⎟⎟⎟⎟⎟⎠ ,  =

⎛⎜⎜⎜⎝
211

2
1

2
1

212
2
2

2
1

...

21
2


2
1

⎞⎟⎟⎟⎠ ,

 =

⎛⎜⎜⎜⎝
1 111 211

2
1 · · · −111 −11

1 121 212
2
1 · · · −112 −11

...
...

...
...

1 11 21
2
1 · · · −11 −11

⎞⎟⎟⎟⎠
where

 =
³

ΓΛ√
11

[ΓΛΓ
0
]

ΓΛ√
11

· · · [ΓΛΓ
0
]
−1 ΓΛ√

11

´
=

³
ΓΛ

p
11 ΣΓΛ

p
11 · · · Σ

−1
 ΓΛ

p
11

´
and where

Γ
×

=
Γp
11

, Λ = 
¡
11  1

¢
, and  =

¡
11  1

¢0
.

(b) °°°°°
µ
11

1

¶
−1


0


1
2

1

−  0

°°°°°
2

= 

µ
1

1

¶
.

where

 =
³
 Σ · · · Σ

−1
 

´
(c) °°°°°°

s
11

1
−1

 − Γ
∗


°°°°°°
2

= 

µ
1

1

¶
,

where

∗
 =

⎛⎜⎜⎜⎝
1111 0 · · · 0

0 1221
. . .

...
...

. . .
. . . 0

0 · · · 0 11

⎞⎟⎟⎟⎠ .
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(d) °°°°°°
Ã∙

11

1

¸
−1


0Σ

−1


1

!−1
− ( 0 )

−1

°°°°°°
2

= 

µ
1

1

¶
,

where  is the Vandermonde matrix defined in part (a) above and where

 =

⎛⎜⎜⎜⎝
311

2
11

3
1 0 · · · 0

0 312
2
12

3
1

. . .
...

...
. . .

. . . 0

0 · · · 0 31
2
1

3
1

⎞⎟⎟⎟⎠ .

Proof of Lemma E-5: The results given in parts (a), (b), (c), and (d) of this lemma can

be shown by using the same argument as that given, respectively, in the proof of parts (a),

(b), (c), and (d) of Lemma E-4, except that we apply Assumptions S2-1 and S2-2 instead

of Assumptions S1-1 and S1-2 and change the notations used in the proof of Lemma E-4 by

setting

Γ1 = Γ =
Γp
11

and Λ1 = 
¡
11  1

¢
= Λ

(noting that there are no Γ2 and Λ2 in this case)

since, under Scenario 2 considered here, all available factors are relevant for the purpose of

forecasting and there is no reason to split the nonzero eigenvalues of the common component

covariance matrix ΓΣΓ
0 and their associated eigenvectors into two groups as all the columns

of the × semi-orthogonal matrix Γ
p
11 are needed to span the envelope. In this case,

we also take 1 =
¡
11  1

¢0
=  since none of the coefficients is equal to zero. ¤

Lemma E-6: Suppose that Assumption S1-1 holds under Scenario 1. In addition, sup-

pose that Assumptions (iv) and (v) hold, and let 1 and 1 be the positive constants

defined in Assumption (v). Moreover, let 2 be some positive constant such that 2 ≥
max

n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1, where   1 and 

‡  1 are the constants

defined in Assumption S1-1 and Assumption (iv). Under these conditions, for  = 12  0,

for some constant  ≥ (1 + ln 2) 2
1 

2

2  0, and for all   0; the following statements are

true.

(a) There exists a positive constant  ≥ exp {1} such that, for all  ∈ Z,


³¯̄̄¡

1 − 1
¢0
1

¯̄̄
 
´
≤ exp

½
1−

µ


2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾


(b) There exists a positive constant  ≥ exp {1} such that, for all integer  with 1 ≤  ≤ 
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and for all  ∈ Z,


³¯̄̄
0Γ ( −  )

¡
1 − 1

¢0
1

¯̄̄
 
´
≤ exp

½
1−

µ




¶¾
≤  exp

½
−
µ




¶¾
.

(c) There exists a positive constant  ≥ exp {1} such that, for all integer  with 1 ≤  ≤ 

and for all  ∈ Z,


³¯̄̄

¡
1 − 1

¢0
1

¯̄̄
 
´
≤ exp

½
1−

µ




¶¾
≤  exp

½
−
µ




¶¾
.

Proof of Lemma E-6: To show part (a), note first that, for any   0,


³¯̄̄¡

1 − 1
¢0
1

¯̄̄
 
´

= 

Ã¯̄̄̄
¯

X
=1

¡
1· − 1·

¢
1

¯̄̄̄
¯  

!
¡
where 1· and 1· are, respectively, the 

 element of 1 and 1
¢

≤ 

Ã
X

=1

¯̄¡
1· − 1·

¢
1

¯̄
 

!

≤ 

Ã
X

=1

¯̄
1· − 1·

¯̄




max1≤≤
¯̄
1

¯̄!

≤ 

Ã
X

=1

¯̄
1· − 1·

¯̄






!
(given Assumption S1-1)

≤ 

Ã
[

=1

n¯̄
1· − 1·

¯̄






o!

≤
X

=1


³¯̄
1· − 1·

¯̄






´
≤  exp

½
1−

µ


1

¶1
¾

Next, note that 2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1 given that  ≥ 1,
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  1, and ‡  1. Hence, if   2, we further obtain


³¯̄̄¡

1 − 1
¢0
1

¯̄̄
 
´

≤  exp

½
1−

µ


1

¶1
¾

=  exp

(
1−

µ


2

¶1
µ

2

1

¶1
)

≤  exp

½
1−

µ


2
[1 + ln]

1
1

¶1
¾

³
since 2 ≥ 1 [1 + ln]

1
1 ≥ 1 [1 + ln]

1
1 given that    in this case

´
=  exp

½
1−

µ


2

¶1

[1 + ln]

¾
≤  exp

½
1−

µ


2

¶1

− ln
¾ µ

since


2
 1 and

1
2

 0

¶
=




exp

½
1−

µ


2

¶1
¾

= exp

½
1−

µ


2

¶1
¾
.

On the other hand, when  ≤ 2, we have


³¯̄̄¡

1 − 1
¢0
1

¯̄̄
 
´
≤ 1 ≤ exp

½
1−

µ


2

¶1
¾

= exp {1} exp
½
−
µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾ ¡

since  ≥ exp {1}¢ .
To show part (b), note that, by the results given in part (a) of this lemma and part (a)

of Lemma E-8, there exist constants 1  0 and 2  0, such that for any   0 and for any

integer  with 1 ≤  ≤  ,


³¯̄̄¡

1 − 1
¢0
1

¯̄̄
 
´
≤ exp

½
1−

µ


2

¶1
¾


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ exp

½
1−

µ


2

¶1
¾
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Hence, for any   0 and for any integer  with 1 ≤  ≤  ,


³¯̄̄
0Γ ( −  )

¡
1 − 1

¢0
1

¯̄̄
 
´

= 
³n¯̄̄

0Γ ( −  )
¡
1 − 1

¢0
1

¯̄̄
 
o
∩
n¯̄̄¡

1 − 1
¢0
1

¯̄̄
≤ √

o´
+

³n¯̄̄
0Γ ( −  )

¡
1 − 1

¢0
1

¯̄̄
 
o
∩
n¯̄̄¡

1 − 1
¢0
1

¯̄̄

√

o´

≤ 
¡√


¯̄
0Γ ( −  )

¯̄
 
¢

+
³n¯̄̄

0Γ ( −  )
¡
1 − 1

¢0
1

¯̄̄
 
o
∩
n¯̄̄¡

1 − 1
¢0
1

¯̄̄

√

o´

≤ 
¡¯̄
0Γ ( −  )

¯̄

√

¢
+ 

³¯̄̄¡
1 − 1

¢0
1

¯̄̄

√

´

≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


2

¶1
¾

= 2 exp

½
1−

µ√


2

¶1
¾

Moreover, since, by definition,  ≥ (1 + ln 2) 2
1 

2

2, it follows that




2

2

≥ (1 + ln 2) 2
1 ≥ 1
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This, in turn, implies that when    that


³¯̄̄
0Γ ( −  )

¡
1 − 1

¢0
1

¯̄̄
 
´

≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2 exp

⎧⎨⎩1−
Ã



2

2

!1
2

⎫⎬⎭
= 2 exp

⎧⎨⎩1−
µ




¶1
2

Ã



2

2

!1
2

⎫⎬⎭
≤ 2 exp

(
1−

µ



(1 + ln 2)

2
1

¶1
2

) Ã
given that




2

2

≥ (1 + ln 2) 2
1

!

= 2 exp

(
1−

µ




¶1
2

(1 + ln 2)

)

= 2 exp

(
1−

µ




¶1
2

−
µ




¶1
2

ln 2

)

≤ 2 exp

(
1−

µ




¶1
2

− ln 2
) µ

since



 1 and

1
2

 0

¶

=
2

2
exp

(
1−

µ




¶1
2

)

= exp

½
1−

µ




¶¾ ³
by setting  =

1
2

´
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

On the other hand, when  ≤ 


³¯̄̄
0Γ ( −  )

¡
1 − 1

¢0
1

¯̄̄
 
´
≤ 1 ≤ exp

½
1−

µ




¶¾
= exp {1} exp

½
−
µ




¶¾
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

which shows part (b).
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To show part (c), note that, for any   0 and for any integer  such that 1 ≤  ≤  ,


³¯̄̄

¡
1 − 1

¢0
1

¯̄̄
 
´

= 
³n¯̄̄


¡
1 − 1

¢0
1

¯̄̄
 
o
∩ ©|| ≤ √ª´

+
³n¯̄̄


¡
1 − 1

¢0
1

¯̄̄
 
o
∩ ©||  √ª´¡

since
©|| ≤ √ª is the complement of the event ©||  √ª¢

≤ 
³√


¯̄̄¡
1 − 1

¢0
1

¯̄̄
 
´
+ 

¡||  √¢
= 

³¯̄̄¡
1 − 1

¢0
1

¯̄̄

√

´
+ 

¡||  √¢
= 

³¯̄̄¡
1 − 1

¢0
1

¯̄̄

√

´
+ 

¡|0 |  √¢¡
noting that, in this case,  =  and kk2 = 1

¢
≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾

(by part (a) of this lemma and Assumption (v))

≤ 2 exp

½
1−

µ√


2

¶1
¾ ³

since 2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1

given that  ≥ 1   1 and ‡  1
¢

When   , the inequality




2

2

≥ (1 + ln 2) 2
1 ≥ 1

364



further implies that


³¯̄̄

¡
1 − 1

¢0
1

¯̄̄
 
´
≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2 exp

⎧⎨⎩1−
Ã




2

2

!1
2

⎫⎬⎭
= 2 exp

⎧⎨⎩1−
µ




¶1
2

Ã



2

2

!1
2

⎫⎬⎭
≤ 2 exp

(
1−

µ



(1 + ln 2)

2
1

¶1
2

)
Ã
given that




2

2

≥ (1 + ln 2) 2
1

!

= 2 exp

(
1−

µ




¶1
2

(1 + ln 2)

)

= 2 exp

(
1−

µ




¶1
2

−
µ




¶1
2

ln 2

)

≤ 2 exp

(
1−

µ




¶1
2

− ln 2
) µ

since



 1 and

1
2

 0

¶

=
2

2
exp

(
1−

µ




¶1
2

)

= exp

½
1−

µ




¶¾ ³
by setting  =

1
2

´
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

On the other hand, when  ≤ , we have


³¯̄̄

¡
1 − 1

¢0
1

¯̄̄
 
´
≤ 1 ≤ exp

½
1−

µ




¶¾
= exp {1} exp

½
−
µ




¶¾
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢ ,
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which shows part (c). ¤
Lemma E-7: Suppose that Assumption S2-1 holds under Scenario 2 where  = . In

addition, suppose that Assumptions (iv) and (v) hold, and let 1 and 1 be the positive

constants defined in Assumption (v). Moreover, let 2 be some positive constant such that

2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1, where   1 and ‡  1 are the

constants defined in Assumption S2-1 and Assumption (iv). Under these conditions, for

 = 12  0, for some constant  ≥ (1 + ln 2) 2
1 

2

2  0, and for all   0; the following

statements are true.

(a) There exists a positive constant  ≥ exp {1} such that, for all  ∈ Z,


¡¯̄
( −  )

0

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾


where  =
¡
11  1

¢0
so that all components of  are nonzero in this case.

(b) There exists a positive constant  ≥ exp {1} such that, for all integer  with 1 ≤  ≤ 

and for all  ∈ Z,


¡¯̄
0Γ ( −  ) ( −  )

0

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾
.

(c) There exists a positive constant  ≥ exp {1} such that, for all integer  with 1 ≤  ≤ 

and for all  ∈ Z,


¡¯̄
 ( −  )

0

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾
.

Proof of Lemma E-7: The results given in parts (a), (b), and (c) of this lemma can be

shown using the same argument as that given, respectively, in the proof of parts (a), (b),

and (c) of Lemma E-6, except that we apply Assumption S2-1 instead of Assumption S1-1

and change the notations used in the proof of Lemma E-6 by setting

 = , 1 = , 1 =  , and 1 = ;

since, under Scenario 2 considered here, all available factors are relevant for the purpose

of forecasting and there is no reason to partition  =
¡
 0
1 

0
2

¢0
,  =

¡
01 

0
2

¢0
, and

 = (01 
0
2)
0
. ¤

Lemma E-8: Suppose that Assumptions (iv) and (v) hold, and let 1 and 1 be the positive

constants defined in Assumption (v). Moreover, let 2 be some positive constant such that

2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1, where 

‡  1 is a constant previously

defined in Assumption (iv) and where   1 is a constant such that max1≤≤
¯̄
1

¯̄
≤ .
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Under these conditions, for  = 12  0, for some constant  ≥ (1 + ln 2)
2
1 

2

2  0, and for

all   0; the following statements are true.

(a) There exists a positive constant  ≥ exp {1} such that, for all integer  with 1 ≤  ≤ 

and for all  ∈ Z,


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾

(b) There exists a positive constant  ≥ exp {1} such that, for all integers  and  with

1 ≤   ≤  and for all  ∈ Z;


¡¯̄
0Γ ( −  ) ( −  )

0
Γ0

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾
,

(c) There exists a positive constant  ≥ exp {1} such that, for all integers  and  with

1 ≤   ≤  and for all  ∈ Z;


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾

(d) There exists a positive constant  ≥ exp {1} such that, for all integers  and  with

1 ≤   ≤  and for all  ∈ Z;

 (||  ) ≤ exp
½
1−

µ




¶¾
≤  exp

½
−
µ




¶¾

(e) Let  ≥ 1 be a fixed finite integer. There exists a positive constant  ≥ exp {1} such
that, for all integer  with 1 ≤  ≤  and for all  ∈ Z,


¡¯̄
0Γ ( −  ) +

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾

(f) Let  ≥ 1 be a fixed finite integer. There exists a positive constant  ≥ exp {1} such
that, for all integer  with 1 ≤  ≤  and for all  ∈ Z,

 (|+|  ) ≤ exp
½
1−

µ




¶¾
≤  exp

½
−
µ




¶¾

Proof of Lemma E-8: To show part (a), let Γ() denote the ( )

element of Γ and note
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that, for any   0 and for all integer  with 1 ≤  ≤ 


¡¯̄
0Γ ( −  )

¯̄
 
¢

= 

Ã¯̄̄̄
¯
X
=1

Γ()
¡
· − ·

¢¯̄̄̄¯  

!
¡
where · and · denote the 

 element of  and  , respectively
¢

≤ 

Ã
X
=1

¯̄
Γ()

¡
· − ·

¢¯̄
 

!

≤ 

Ã
X
=1

¯̄
· − ·

¯̄




max1≤≤1≤≤
¯̄
Γ()

¯̄!

≤ 

Ã
X
=1

¯̄
· − ·

¯̄




‡

!
(by Assumption (iv))

≤ 

Ã
[
=1

n¯̄
· − ·

¯̄




‡

o!

≤
X
=1


³¯̄
· − ·

¯̄




‡

´
(by Bonferroni inequality)

≤  exp

½
1−

µ


1‡

¶1
¾

Note that 2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1 given that  ≥ 1,   1,
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and ‡  1. Hence, if   2, we further obtain


¡¯̄
0Γ ( −  )

¯̄
 
¢

≤  exp

½
1−

µ


1‡

¶1
¾

=  exp

(
1−

µ


2

¶1
µ

2

1‡

¶1
)

≤  exp

½
1−

µ


2
[1 + ln]

1
1

¶1
¾ ³

since 2 ≥ 1‡ [1 + ln]
1
1

´
=  exp

½
1−

µ


2

¶1

[1 + ln]

¾
≤  exp

½
1−

µ


2

¶1

− ln
¾ µ

since


2
 1 and 1  0

¶
=




exp

½
1−

µ


2

¶1
¾

= exp

½
1−

µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾ ¡

since  ≥ exp {1}¢
On the other hand, if  ≤ 2, we have


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ 1 ≤ exp

½
1−

µ


2

¶1
¾

= exp {1} exp
½
−
µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾ ¡

since  ≥ exp {1}¢ ,
which shows the result for part (a).

To show part (b), note that, by the result given in part (a) of this lemma, there exist

constants 1  0 and 2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1  0, such that

∀  0, for all integers  and  with 1 ≤  ≤  , and for all  ∈ Z;


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾


and


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ exp½1−µ 

2

¶1
¾
≤  exp

½
−
µ


2

¶1
¾
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It follows that, for any   0, for all integers  and  with 1 ≤  ≤  , and for all  ∈ Z;


¡¯̄
0Γ ( −  ) ( −  )

0
Γ0

¯̄
 
¢

= 
¡©¯̄

0Γ ( −  )
¯̄ ¯̄
( −  )

0
Γ0

¯̄
 
ª ∩ ©¯̄( −  )

0
Γ0

¯̄
≤ √ª¢

+
¡©¯̄

0Γ ( −  )
¯̄ ¯̄
( −  )

0
Γ0

¯̄
 
ª ∩ ©¯̄( −  )

0
Γ0

¯̄

√

ª¢

≤ 
¡√


¯̄
0Γ ( −  )

¯̄
 
¢

+
¡©¯̄

0Γ ( −  )
¯̄ ¯̄
( −  )

0
Γ0

¯̄
 
ª ∩ ©¯̄( −  )

0
Γ0

¯̄

√

ª¢

≤ 
¡¯̄
0Γ ( −  )

¯̄

√

¢
+ 

¡¯̄
( −  )

0
Γ0

¯̄

√

¢

≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


2

¶1
¾

= 2 exp

½
1−

µ√


2

¶1
¾
.

Moreover, since, by definition,  ≥ (1 + ln 2) 2
1 

2

2, it follows that




2

2

≥ (1 + ln 2) 2
1 ≥ 1
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This, in turn, implies that, if   ,


¡¯̄
0Γ ( −  ) ( −  )

0
Γ0

¯̄
 
¢

≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2 exp

⎧⎨⎩1−
Ã



2

2

!1
2

⎫⎬⎭
= 2 exp

⎧⎨⎩1−
µ




¶1
2

Ã



2

2

!1
2

⎫⎬⎭
≤ 2 exp

(
1−

µ



(1 + ln 2)

2
1

¶1
2

) Ã
given that




2

2

≥ (1 + ln 2) 2
1

!

= 2 exp

(
1−

µ




¶1
2

(1 + ln 2)

)

= 2 exp

(
1−

µ




¶1
2

−
µ




¶1
2

ln 2

)

≤ 2 exp

(
1−

µ




¶1
2

− ln 2
) µ

since



 1 and

1
2

 0

¶

=
2

2
exp

(
1−

µ




¶1
2

)

= exp

½
1−

µ




¶¾ ³
by setting  =

1
2

´
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

On the other hand, if  ≤ ,


¡¯̄
0Γ ( −  ) ( −  )

0
Γ0

¯̄
 
¢ ≤ 1 ≤ exp

½
1−

µ




¶¾
= exp {1} exp

½
−
µ




¶¾
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢ ,

which shows part (b).

To show part (c). note that, for any   0, for all integers  and  with 1 ≤  ≤  , and
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for all  ∈ Z;


¡¯̄
0Γ ( −  )

¯̄
 
¢

= 
¡©¯̄

0Γ ( −  )
¯̄
 
ª ∩ ©|| ≤ √ª¢

+
¡©¯̄

0Γ ( −  )
¯̄
 
ª ∩ ©||  √ª¢

≤ 
¡√


¯̄
0Γ ( −  )

¯̄
 
¢
+ 

¡©¯̄
0Γ ( −  )

¯̄
 
ª ∩ ©||  √ª¢

≤ 
¡¯̄
0Γ ( −  )

¯̄

√

¢
+ 

¡||  √¢
= 

¡¯̄
0Γ ( −  )

¯̄

√

¢
+ 

¡|0 |  √¢¡
noting that, in this case,  =  and kk2 = 1

¢
≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾

≤ 2 exp

½
1−

µ√


2

¶1
¾ ³

since 2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1

given that  ≥ 1   1, and ‡  1
¢


If   , the inequality




2

2

≥ (1 + ln 2) 2
1 ≥ 1

372



further implies that


¡¯̄
0Γ ( −  ) 

¯̄
 
¢ ≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2exp

⎧⎨⎩1−
Ã




2

2

!1
2

⎫⎬⎭
= 2exp

⎧⎨⎩1−
µ




¶1
2

Ã



2

2

!1
2

⎫⎬⎭
≤ 2 exp

(
1−

µ



(1 + ln 2)

2
1

¶1
2

)
Ã
given that




2

2

≥ (1 + ln 2) 2
1

!

= 2exp

(
1−

µ




¶1
2

(1 + ln 2)

)

= 2exp

(
1−

µ




¶1
2

−
µ




¶1
2

ln 2

)

≤ 2 exp

(
1−

µ




¶1
2

− ln 2
) µ

since



 1 and

1
2

 0

¶

=
2

2
exp

(
1−

µ




¶1
2

)

= exp

½
1−

µ




¶¾ ³
by setting  =

1
2

´
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

On the other hand, if  ≤ , we have


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ 1 ≤ exp

½
1−

µ




¶¾
= exp {1} exp

½
−
µ




¶¾
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢ .
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To show part (d), note that, for any   0, for all integers  and  with 1 ≤  ≤  , and

for all  ∈ Z;

 (||  )

= 
¡©{||  } ∩ ©|| ≤ √ªª ∪ ©{||  } ∩ ©||  √ªª¢

= 
¡{||  } ∩ ©|| ≤ √ª¢+ 

¡{||  } ∩ ©||  √ª¢
≤ 

¡√
 ||  

¢
+ 

¡{||  } ∩ ©||  √ª¢
≤ 

¡||  √¢+ 
¡||  √¢

= 
¡|0 |  √¢+ 

¡|0 |  √¢ ¡noting that kk2 = 1 and kk2 = 1¢
≤ exp

½
1−

µ√


1

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾

≤ 2 exp

½
1−

µ√


1

¶1
¾
.

If   , the inequality



21
≥ 


2

2

≥ (1 + ln 2) 2
1 ≥ 1 ¡given that 2 ≥ 1

¢
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further implies that

 (||  ) ≤ 2 exp

½
1−

µ√


1

¶1
¾

= 2 exp

(
1−

µ


21

¶1
2

)

= 2 exp

(
1−

µ




¶1
2
µ


21

¶1
2

)

≤ 2 exp

(
1−

µ



(1 + ln 2)

2
1

¶1
2

)
µ
given that



21
≥ (1 + ln 2) 2

1

¶
= 2 exp

(
1−

µ




¶1
2

(1 + ln 2)

)

= 2 exp

(
1−

µ




¶1
2

−
µ




¶1
2

ln 2

)

≤ 2 exp

(
1−

µ




¶1
2

− ln 2
) µ

since



 1 and

1
2

 0

¶

=
2

2
exp

(
1−

µ




¶1
2

)

= exp

½
1−

µ




¶¾ ³
by setting  =

1
2

´
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

On the other hand, if  ≤ , we have

 (||  ) ≤ 1 ≤ exp
½
1−

µ




¶¾
= exp {1} exp

½
−
µ




¶¾
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢ .

To show part (e), note that for any   0, for all integer  such that 1 ≤  ≤  , and for
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all  ∈ Z,


¡¯̄
0Γ ( −  ) +

¯̄
 
¢

= 
¡©¯̄

0Γ ( −  ) +
¯̄
 
ª ∩ ©|+| ≤ √ª¢

+
¡©¯̄

0Γ ( −  ) +
¯̄
 
ª ∩ ©|+|  √ª¢

≤ 
¡√


¯̄
0Γ ( −  )

¯̄
 
¢
+ 

¡©¯̄
0Γ ( −  ) +

¯̄
 
ª ∩ ©|+|  √ª¢

≤ 
¡¯̄
0Γ ( −  )

¯̄

√

¢
+ 

¡|+|  √¢
≤ exp

½
1−

µ√


2

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾

≤ 2 exp

½
1−

µ√


2

¶1
¾ ³

since 2 ≥ max
n
1 [1 + ln]

1
1  1‡ [1 + ln]

1
1

o
≥ 1

given that  ≥ 1   1, and ‡  1
¢

Since, by definition,  ≥ (1 + ln 2) 2
1 

2

2, it follows that if   , the inequality




2

2

≥ (1 + ln 2) 2
1 ≥ 1
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further implies that


¡¯̄
0Γ ( −  ) +

¯̄
 
¢ ≤ 2 exp

½
1−

µ√


2

¶1
¾

= 2exp

⎧⎨⎩1−
Ã



2

2

!1
2

⎫⎬⎭
= 2exp

⎧⎨⎩1−
µ




¶1
2

Ã



2

2

!1
2

⎫⎬⎭
≤ 2 exp

(
1−

µ



(1 + ln 2)

2
1

¶1
2

)
Ã
given that




2

2

≥ (1 + ln 2) 2
1

!

= 2exp

(
1−

µ




¶1
2

(1 + ln 2)

)

= 2exp

(
1−

µ




¶1
2

−
µ




¶1
2

ln 2

)

≤ 2 exp

(
1−

µ




¶1
2

− ln 2
) µ

since



 1 and

1
2

 0

¶

=
2

2
exp

(
1−

µ




¶1
2

)

= exp

½
1−

µ




¶¾ ³
by setting  =

1
2

´
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

On the other hand, if  ≤ , we have


¡¯̄
0Γ ( −  ) +

¯̄
 
¢ ≤ 1 ≤ exp

½
1−

µ




¶¾
= exp {1} exp

½
−
µ




¶¾
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢ ,
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which shows part (e).

To show part (f), note that, for any   0, for all integer  with 1 ≤  ≤  , and for all

 ∈ Z;

 (|+|  )

= 
¡©{|+|  } ∩ ©|+| ≤ √ªª ∪ ©{|+|  } ∩ ©|+|  √ªª¢

= 
¡{|+|  } ∩ ©|+| ≤ √ª¢+ 

¡{|+|  } ∩ ©|+|  √ª¢¡
since

©|+| ≤ √ª ∩ ©|+|  √ª = ∅ ¢
≤ 

¡√
 ||  

¢
+ 

¡{|+|  } ∩ ©|+|  √ª¢
≤ 

¡||  √¢+ 
¡|+|  √¢

= 
¡|0 |  √¢+ 

¡|+|  √¢¡
noting that, in this case,  =  and kk2 = 1

¢
≤ exp

½
1−

µ√


1

¶1
¾
+ exp

½
1−

µ√


1

¶1
¾

≤ 2 exp

½
1−

µ√


1

¶1
¾
.

If   , the inequality



21
≥ 


2

2

≥ (1 + ln 2) 2
1 ≥ 1 ¡given that 2 ≥ 1

¢
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further implies that

 (|+|  ) ≤ 2 exp

½
1−

µ√


1

¶1
¾

= 2exp

(
1−

µ


21

¶1
2

)

= 2exp

(
1−

µ




¶1
2
µ


21

¶1
2

)

≤ 2 exp

(
1−

µ



(1 + ln 2)

2
1

¶1
2

)
µ
given that



21
≥ (1 + ln 2) 2

1

¶
= 2exp

(
1−

µ




¶1
2

(1 + ln 2)

)

= 2exp

(
1−

µ




¶1
2

−
µ




¶1
2

ln 2

)

≤ 2 exp

(
1−

µ




¶1
2

− ln 2
) µ

since



 1 and

1
2

 0

¶

=
2

2
exp

(
1−

µ




¶1
2

)

= exp

½
1−

µ




¶¾ ³
by setting  =

1
2

´
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢

On the other hand, if  ≤ , we have

 (|+|  ) ≤ 1 ≤ exp
½
1−

µ




¶¾
= exp {1} exp

½
−
µ




¶¾
≤  exp

½
−
µ




¶¾ ¡
since  ≥ exp {1}¢ . ¤

Lemma E-9:

Let  =  − , where  ≥ 1 is a (fixed) finite integer. Suppose that Assumptions (i), (ii),
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(iv), and (v) hold. Let ∗ be a positive constant such that

∗ =
12

1 + 22

where 1 and 2 are the positive constants as defined in Assumption (v) and suppose that

(ln)
2
∗−1


→ 0 as   →∞.

Under these conditions, the following statements are true.

(a) There exists a constant †  0, not depending on  and  , such that



Ã
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1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥ †

r
ln



!
= 

µ
1

2

¶

(b) There exists a constant ‡  0, not depending on  and  , such that



Ã
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¯̄̄̄
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
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¯ ≥ ‡

r
ln



!
= 

µ
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2

¶
.

(c) There exists a constant (1)  0 that does not depend on  and  such that



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
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0Γ
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µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ (1)

r
ln



!

= 

µ
1

2

¶
.

(d) There exists constants (2)  0 and (3)  0, not depending on  and  , such that



Ã
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1≤ ≤ 

¯̄̄̄
¯ 1

X
=1
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¯ ≥ (2)

r
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µ
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¶
,



Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

 ( −  )
0
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r
ln



!
= 

µ
1

2

¶
.

(e) There exists a constant (4)  0 that does not depend on  and  such that



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

¡
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r
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µ
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¶
.
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where Σ() = 0Σ .

(f) There exists a constant (5)  0 that does not depend on  and  such that



Ã
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1≤ ≤ 
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¯ ≥ (5)

r
ln



!

= 

µ
1

2

¶
..

(g) There exists constants (6)  0 and (7)  0, not depending on  and  , such that



Ã
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1≤ ≤ 

¯̄̄̄
¯ 1

X
=1
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r
ln
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µ
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¶
,



Ã
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1≤ ≤ 
||
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¯ 1

X
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( −  )
0
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¯̄̄̄
¯ ≥ (7)

r
ln



!
= 

µ
1

2

¶
.

(h) There exists a constant (8)  0 that does not depend on  and  such that



Ã
max

1≤ ≤ 
|| || ≥ (8)

r
ln
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!
= 

µ
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¶
.

Proof of Lemma E-9:

To show part (a), note first that, by definition,  =  [] for all  ∈ Z, from which it

follows that


£
0Γ ( −  )

¤
= 0Γ ( −  ) = 0 for all  and .

Moreover, by the result given in part (a) of Lemma E-8, there exist constants 1  0 and

2  0, such that for any   0, for all integer  such that 1 ≤  ≤  , and for all  ∈ Z,


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ exp

½
1−

µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾

for some constant  ≥ 1. Next, let ∗ = 0Γ ( −  ), and let   = ( 
0
  

0
)
0
be

as defined in part (b) of Assumption (v). Note that F 
∗−∞ = 

¡
 ∗−2 

∗
−1 

∗


¢ ⊆
F 
−∞ = 

¡
  −2  −1  

¢
and F∞∗ + = 

¡
∗+ 

∗
++1 

∗
++2 

¢ ⊆ F∞+ =

¡
 +  ++1  ++2 

¢
. Hence, it follows by part (b) of Assumption (v) and Theorem

14.1 of Davidson (1994) that
©
∗
ª
∈Z is an -mixing process with  coefficient ∗ () =
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sup 
¡F 

∗−∞F∞∗ +
¢
satisfying the rate of decay

∗ () = sup



¡F 

∗−∞F∞∗ +
¢

≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1, for all ,

and for some positive constants 2,  and . Moreover, under Assumption (v), there exists

a constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) are fulfilled. It follows from this inequality that there exist positive

constants 1 2 3 4 and 5 that depend on , 2, , , and 2 such that for any   0

and for all integer  with 1 ≤  ≤ 


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¯ ≥ 

!
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Ã¯̄̄̄
¯
X
=1
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¯ ≥ 

!

≤  exp

½
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
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¾
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½
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¾
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2
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(
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5 (ln )

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Using Bonferroni’s inequality, we further obtain



Ã
max
1≤≤
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X
=1
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¯ ≥ 
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
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½
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¾
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(
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5 (ln )

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For some †  0, let

 = †

r
ln


.

By choosing † to be large enough, we can obtain the following three results, which we will
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show in turn:

(I)

 exp

½
−()


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¾
=  exp

½
−


†
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


2
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
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¾
= 

µ
1
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¶
.

(II)
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(
−()
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= 
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−  2

2

2 (1 + 3)

¾
=  exp
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³
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⎫⎬⎭ = 

µ
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¶
.

To show result (I), first write

3 exp

½
−()


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¾
= 3 exp
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
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

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µ
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Taking the log transformation, we have
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∙
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½
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
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2

Now, by assumption, (ln)
2
∗−1 =  ( ), where

∗ =
12

1 + 22
.

Since

 =
12

1 + 2


12
1 + 22

= ∗

it follows that (ln)
2
∗−1 =  ( ) implies that (ln)

2

−1
=  ( ). This, in turn, implies that
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2

Ã
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2

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
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(ln)
2

−1


→ 0 and given that




=



 − 
→ 1 as  →∞ since  is a fixed finite integer

¶
, (171)
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Making use of expression (171) and the fact that
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

2
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
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we further deduce that

3 ln + ln



2

 (ln)

2

=
3 (ln)

1−
2



2



+
ln



2

 (ln)

2

→ 0,

which, in turn, implies that
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Next, to show result (II), note that
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This, in turn, implies that
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Turning our attention now to showing result (III), we first write
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It, thus, follows that
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This, in turn, implies that
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which shows result (III).

Combining the results given in (I)-(III) above, we obtain
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To show part (b), note first that, by part (a) of Assumption (ii),  [] = 0 for all  and

. Moreover, note that  = 0 , where  is the  elementary vector, i.e.,  is an

 × 1 vector such that the  element equals 1 and all other elements are 0. Note further
that kk2 = 1; hence, we can set  =  in this case and apply part (a) of Assumption

(v) to deduce that there exist positive constants 1 and 1 such that for all  ∈ Z, for all
integer  such that 1 ≤  ≤  , and for all   0,
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¶1
¾
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where  is a positive constant such that  ≥ exp {1}. Now, let   = ( 
0
  

0
)
0
be

defined as in part (b) of Assumption (v), and note that F 
−∞ =  ( −2 −1 ) ⊆
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¢
. Hence, by applying part (b) of Assumption (v) and Theorem

14.1 of Davidson (1994), we see that {}∈Z is an -mixing process with  coefficient

satisfying the rate of decay
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≤  exp (−2) for all  ≥ 1, for all ,

and for some positive constants 2, , and . In addition, under Assumption (v), there exists

a constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) are fulfilled. It follows from this inequality that there exist positive

constants 1 2 3 4 and 5 that depend on , 1, , , and 2 such that for any   0

and for all integer  with 1 ≤  ≤  ,
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Using Bonferroni’s inequality, we further obtain


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For some ‡  0, let

 = ‡

r
ln


.

By choosing ‡ to be large enough, we can obtain the following three results, which we will
show in turn:
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To show result (I), first write

3 exp

½
−()



1

¾
= 3 exp

(
−


‡

1




µ
ln



¶
2

)
= 3 exp

½
−


‡

1



2

 (ln)

2

¾
Taking the log transformation, we have
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Now, by assumption, (ln)
2
∗−1 =  ( ), where

∗ =
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1 + 22
.
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it follows that (ln)
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2
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=  ( ). This, in turn, implies that
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


=



 − 
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¶
. (172)

Making use of expression (172) and the fact that
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

2
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we further deduce that

3 ln + ln



2

 (ln)

2

=
3 (ln)

1−
2



2



+
ln



2

 (ln)

2

→ 0

which, in turn, implies that
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It follows that
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Next, to show result (II), note that
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Turning our attention now to showing result (III), we first write
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Taking log transformation of the right-hand side, we get
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Now, let ‡ be a positive constant such that 2
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This, in turn, implies that

 exp

½
−  2

2

2 (1 + 3)

¾
=

µ
1

2

¶
3 exp

½
−  2

2

2 (1 + 3)

¾
= 

µ
1

2

¶
.

which shows result (III).

Combining the results given in (I)-(III) above, we obtain


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To show part (c), note first that we can rewrite
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Γ0
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from which it follows that the elements of the sum given above all have expectation equal

to zero, i.e.,


£
0Γ

©
( −  ) ( −  )

0 −
£
( −  ) ( −  )

0¤ª
Γ0

¤
= 0Γ

©

£
( −  ) ( −  )

0¤−
£
( −  ) ( −  )

0¤ª
Γ0

= 0

Next, let 1, 2, and  be positive constants as defined in Assumption (v). Note that, by part

(b) of Lemma E-8, there exists a positive constant  ≥ exp {1} such that, for all integers 
and  with 1 ≤   ≤  , for all  ∈ , and for any   0,


¡¯̄
0Γ ( −  ) ( −  )

0
Γ0

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾
,

where  = 12  0 and  ≥ (1 + ln 2) 2
κ1 

2

2  0 and where 2 is also a positive constant

which has been previously defined in Lemma E-8. Moreover, let ∗ = 12 (1 + 22), so

that
1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.

Now, the relationship between the positive constants 1, 2, and  as specified in Assumption

(v) implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1

so that, in particular, ∗ ∈ (0 1). In addition, let  = 0Γ ( −  ) ( −  )
0
Γ0 ,

and let   = ( 
0
  

0
)
0
be as defined in part (b) of Assumption (v). Note that F 

−∞ =

¡
 −2 −1 

¢ ⊆ F 
−∞ = 

¡
  −2  −1  

¢
andF∞ + = 

¡
+ ++1 +

F∞+ = 
¡
 +  ++1  ++2 

¢
. Hence, it follows by part (b) of Assumption (v) and

Theorem 14.1 of Davidson (1994) that
©


ª
∈Z is an -mixing process with  coefficient

 () = sup 
¡F 

−∞F∞ +
¢
satisfying the rate of decay

 () = sup



¡F 

−∞F∞ +
¢

≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1; for all  ;

and for some positive constants 2,  and .

Hence, all the conditions needed to obtain the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) are fulfilled. It then follows from applying the Bernstein inequality

for weakly dependent processes, originally obtained by Merlevède, Peligrad, and Rio (2011),

and restated here as Lemma C-1, that there exist constants 1 2 3 4 and 5 depending

on , , , ∗ and 2 (where  and  are positive constants defined in part (b) of Assumption
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(v)) such that for any   0 and for all integers  and  with 1 ≤   ≤  ,



Ã¯̄̄̄
¯ 1

X
=1

0Γ

½
( −  ) ( −  )

0 −
µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

0Γ

½
( −  ) ( −  )

0 −
µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

0Γ
©
( −  ) ( −  )

0 −
£
( −  ) ( −  )

0¤ª
Γ0

¯̄̄̄
¯ ≥ 

!

≤  exp

½
−()

∗

1

¾
+ exp

½
−  2

2

2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln)
∗

))

Applying Bonferroni’s inequality, we further obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ

½
( −  ) ( −  )

0 −
µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ 

!

= 2 max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

0Γ

½
( −  ) ( −  )

0 −
µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ 

!

= 2 max
1≤≤



Ã¯̄̄̄
¯
X
=1

0Γ
©
( −  ) ( −  )

0 −
£
( −  ) ( −  )

0¤ª
Γ0

¯̄̄̄
¯ ≥ 

!

≤ 2 exp

½
−()

∗

1

¾
+2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln)
∗

))

+2 exp

½
−  2

2

2 (1 + 3)

¾
For some (1)  0, let

 = (1)

r
ln


.

and, note that, by assumption, (ln)
2
∗−1 =  ( ). By choosing (1) to be large enough, we

can obtain the following three results, which we will show in turn:

(I)

2 exp

½
−()

∗

1

¾
= 2 exp

(
−

∗
(1)

1


∗
2

 (ln)
∗
2

)
= 

µ
1

2

¶
.
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(II)

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
,

(III)

2 exp

½
−  2

2

2 (1 + 3)

¾
= 2 exp

⎧⎨⎩− 
2

(1) ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

To show result (I), first write

4 exp

½
−()

∗

1

¾
= 4 exp

(
−

∗
(1)

1

∗


µ
ln



¶∗
2

)

= 4 exp

(
−

∗
(1)

1


∗
2

 (ln)
∗
2

)

Taking the log transformation, we have

ln

∙
4 exp

½
−()

∗

1

¾¸
= 4 ln + ln −


∗
(1)

1


∗
2

 (ln)
∗
2

Since
ln


∗
2

 (ln)
∗
2

→ 0 (given that ∗  0)

and since

4 (ln)
1−∗

2


∗
2



= 4

µ




¶∗
2

Ã
(ln)

2
∗−1



!∗
2

→ 0

Ã
given the assumption

(ln)
2
∗−1


→ 0

and given that



=



 − 
→ 1 since  is a fixed finite integer

¶
,

we see that
4 ln + ln


∗
2

 (ln)
∗
2

=
4 (ln)

1−∗
2


∗
2



+
ln


∗
2

 (ln)
∗
2

→ 0
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which, in turn, implies that

4 exp

½
−()

∗

1

¾
= exp

(
4 ln + ln −


∗
(1)

1


∗
2

 (ln)

2

)

= exp

(
−

∗
(1)

1


∗
2

 (ln)
∗
2

"
1− 1


∗
(1)

4 ln + ln


∗
2

 (ln)
∗
2

#)
=  (1)

It follows that

2 exp

½
−()

∗

1

¾
=

1

2
4 exp

½
−()

∗

1

¾
= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
.

Next, to show result (II), note that

4 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

= 4 exp

⎧⎪⎨⎪⎩−  2
4

Ã
(1)

r
ln



!2
exp

⎛⎜⎝ 
∗(1−∗)


5

³
ln
h
(1)

q
ln


i´∗
Ã
(1)

r
ln



!∗(1−∗)
⎞⎟⎠
⎫⎪⎬⎪⎭

= 4 exp

⎧⎨⎩−
2

(1)

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(1) (ln)

∗(1−∗)
2

5
¡
ln + ln(1) +

1
2
ln ln − 1

2
ln

¢∗
⎞⎠⎫⎬⎭

= 4 exp

⎧⎨⎩−
2

(1)

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(1) (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln(1) +

1
2
ln ln

¢∗
⎞⎠⎫⎬⎭

= exp

⎧⎨⎩− ln
⎡⎣2

(1)

4
exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(1) (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln(1) +

1
2
ln ln

¢∗
⎞⎠− 4

⎤⎦⎫⎬⎭
=  (1)

This, in turn, implies that

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
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Turning our attention now to showing result (III), we first write

4 exp

½
−  2

2

2 (1 + 3)

¾
= 4 exp

⎧⎨⎩−  2
2 (1 + 3)

Ã
(1)

r
ln



!2⎫⎬⎭
= 4 exp

⎧⎨⎩− 
2

(1) ln

2

³
1

+ 3

´
⎫⎬⎭

Taking log transformation of the right-hand side, we get

ln

⎡⎣4 exp

⎧⎨⎩− 
2

(1) ln

2

³
1

+ 3

´
⎫⎬⎭
⎤⎦ = 4 ln − 

2

(1) ln

2

³
1

+ 3

´
= 4 ln − 

2

(1)

23
ln

∙
1 + −13

1



¸−1
Now, let (1) be a positive constant 

2

(1)  42 (1 + 3), and set

∗ =

2

(1)

23
− 4.

Note that, by this choice of (1) and ∗, we have

∗ 
42 (1 + 3)

23
− 4 = 4

3
 0
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It, thus, follows that

4 exp

½
−  2

2

2 (1 + 3)

¾

= 4 exp

⎧⎨⎩− 
2

(1) ln

2

³
1

+ 3

´
⎫⎬⎭

= exp

(Ã
4 ln

∙
1 + −13

1



¸
− 

2

(1)

23
ln

!∙
1 + −13

1



¸−1)

= exp

(µ
4 ln

∙
1 + −13

1



¸
− [∗ + 4] ln

¶ ∙
1 + −13

1



¸−1)

= exp

(µ
ln

∙
4−13

1


− ∗

¸¶ ∙
1 + −13

1



¸−1)

= exp

(
−∗ ln

∙
1− 4

∗3

1



¸ ∙
1 + −13

1



¸−1)

 exp

(
−∗ ln

∙
1− 1



¸ ∙
1 + −13

1



¸−1)µ
since

4

∗3


34

43
= 1

¶
=  (1)

This, in turn, implies that

2 exp

½
−  2

2

2 (1 + 3)

¾
=

µ
1

2

¶
4 exp

⎧⎨⎩− 
2

(1) ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

which shows result (III)
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Combining the results given in (I)-(III) above, we obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ

½
( −  ) ( −  )

0 −
µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ (1)

r
ln



!

≤ 2 max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

0Γ

½
( −  ) ( −  )

0 −
µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ (1)

r
ln



!

≤ 2 exp

½
−()

∗

1

¾
+2 exp

½
−  2

2

2 (1 + 3)

¾
+2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln)
∗

))

= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

To show part (d), first note that, by part (a) of Assumption (ii),


£
0Γ ( −  )

¤
= 0Γ [( −  ) ] = 0 for all , , and .

Next, note that by part (c) of Lemma E-8, there exist constants 1  0 and   0 and a

positive constant  ≥ exp {1} such that, ∀  0, for all integers  and  with 1 ≤   ≤  ,

and for all  ∈ Z,


¡¯̄
0Γ ( −  )

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾
where  = 12  0. Moreover, let ∗ = 12 (1 + 22), so that

1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.

Now, the relationship between the positive constants 1, 2, and  as specified in Assumption

(v) further implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1

so that, in particular, ∗ ∈ (0 1). In addition, let  ∗ = 0Γ ( −  ), and let

  = ( 
0
  

0
)
0
be as defined in part (b) of Assumption (v). Note that F 

 ∗−∞ =


¡
  ∗−2 

∗
−1 

∗


¢ ⊆ F 
−∞ = 

¡
  −2  −1  

¢
andF∞ ∗ + = 

¡
 ∗+ 

∗
++1 

∗
++

F∞+ = 
¡
 +  ++1  ++2 

¢
. Hence, it follows by part (b) of Assumption (v) and
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Theorem 14.1 of Davidson (1994) that
©
 ∗

ª
∈Z is an -mixing process with  coefficient

 ∗ () = sup 
¡F 

 ∗−∞F∞ ∗ +
¢
satisfying the rate of decay

 ∗ () = sup



¡F 

 ∗−∞F∞ ∗ +
¢

≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1; for all  ;

and for some positive constants 2,  and .

Hence, all the assumptions needed to apply the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of this

Bernstein inequality then implies that there exist positive constants 1 2 3 4 and 5
depending on , , , ∗, and 2 such that for any   0 and for all integers  and  with

1 ≤   ≤  ,



Ã¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥ 

!

≤  exp

½
−()

∗

1

¾
+ exp

½
− 2 2
2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln )
∗

))

Using Bonferroni’s inequality, we further obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥ 

!

≤ 2 max
1≤≤



Ã¯̄̄̄
¯
X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥ 

!

≤ 2 exp

½
−()

∗

1

¾
+2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

+2 exp

½
−  2

2

2 (1 + 3)

¾
For some (2)  0, let

 = (2)

r
ln


.

and, note that, by assumption, (ln)
2
∗−1 =  ( ). By choosing (2) to be large enough, we
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can obtain the following three results, which we will show in turn:

(I)

2 exp

½
−()

∗

1

¾
= 2 exp

(
−

∗
(2)

1


∗
2

 (ln)
∗
2

)
= 

µ
1

2

¶
.

(II)

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
(III)

2 exp

½
−  2

2

2 (1 + 3)

¾
= 2 exp

⎧⎨⎩− 
2

(2) ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

To show result (I), first write

4 exp

½
−()

∗

1

¾
= 4 exp

(
−

∗
(2)

1

∗


µ
ln



¶∗
2

)

= 4 exp

(
−

∗
(2)

1


∗
2

 (ln)
∗
2

)

Taking the log transformation, we have

ln

∙
4 exp

½
−()

∗

1

¾¸
= 4 ln + ln −


∗
(2)

1


∗
2

 (ln)
∗
2

Since
ln


∗
2

 (ln)
∗
2

→ 0 (given that ∗  0)

and since

4 (ln)
1−∗

2


∗
2



= 4

µ




¶∗
2

Ã
(ln)

2
∗−1



!∗
2

→ 0

Ã
given the assumption

(ln)
2
∗−1


→ 0

and given that



=



 − 
→ 1 as  →∞ since  is a fixed finite integer

¶
,

we see that
4 ln + ln


∗
2

 (ln)
∗
2

=
4 (ln)

1−∗
2


∗
2



+
ln


∗
2

 (ln)
∗
2

→ 0
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which, in turn, implies that

4 exp

½
−()

∗

1

¾
= exp

(
4 ln + ln −


∗
(2)

1


∗
2

 (ln)
∗
2

)

= exp

(
−

∗
(2)

1


∗
2

 (ln)
∗
2

"
1− 1


∗
(2)

4 ln + ln


∗
2

 (ln)
∗
2

#)
=  (1)

It follows that

2 exp

½
−()

∗

1

¾
=

1

2
4 exp

½
−()

∗

1

¾
= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
.

Next, to show result (II), note that

4 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

= 4 exp

⎧⎪⎨⎪⎩−  2
4

Ã
(2)

r
ln



!2
exp

⎛⎜⎝ 
∗(1−∗)


5

³
ln
h
(2)

q
ln


i´∗
Ã
(2)

r
ln



!∗(1−∗)
⎞⎟⎠
⎫⎪⎬⎪⎭

= 4 exp

⎧⎨⎩−
2

(2)

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(2) (ln)

∗(1−∗)
2

5
¡
ln + ln(2) +

1
2
ln ln − 1

2
ln

¢∗
⎞⎠⎫⎬⎭

= 4 exp

⎧⎨⎩−
2

(2)

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(2) (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln(2) +

1
2
ln ln

¢∗
⎞⎠⎫⎬⎭

= exp

⎧⎨⎩− ln
⎡⎣2

(2)

4
exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(2) (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln(2) +

1
2
ln ln

¢∗
⎞⎠− 4

⎤⎦⎫⎬⎭
=  (1)

This, in turn, implies that

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
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Turning our attention now to showing result (III), we first write

4 exp

½
−  2

2

2 (1 + 3)

¾
= 4 exp

⎧⎨⎩−  2
2 (1 + 3)

Ã
(2)

r
ln



!2⎫⎬⎭
= 4 exp

⎧⎨⎩− 
2

(2) ln

2

³
1

+ 3

´
⎫⎬⎭

Taking log transformation of the right-hand side, we get

ln

⎡⎣4 exp

⎧⎨⎩− 
2

(2) ln

2

³
1

+ 3

´
⎫⎬⎭
⎤⎦ = 4 ln − 

2

(2) ln

2

³
1

+ 3

´
= 4 ln − 

2

(2)

23
ln

∙
1 + −13

1



¸−1
Now, let (2) be a positive constant such that 

2

(2)  42 (1 + 3), and set

∗ =

2

(2)

23
− 4.

Note that, by this choice of (2) and ∗, we have

∗ 
42 (1 + 3)

23
− 4 = 4

3
 0
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It, thus, follows that

4 exp

½
−  2

2

2 (1 + 3)

¾

= 4 exp

⎧⎨⎩− 
2

(2) ln

2

³
1

+ 3

´
⎫⎬⎭

= exp

(Ã
4 ln

∙
1 + −13

1



¸
− 

2

(2)

23
ln

!∙
1 + −13

1



¸−1)

= exp

(µ
4 ln

∙
1 + −13

1



¸
− [∗ + 4] ln

¶ ∙
1 + −13

1



¸−1)

= exp

(µ
ln

∙
4−13

1


− ∗

¸¶ ∙
1 + −13

1



¸−1)

= exp

(
−∗ ln

∙
1− 4

∗3

1



¸ ∙
1 + −13

1



¸−1)

 exp

(
−∗ ln

∙
1− 1



¸ ∙
1 + −13

1



¸−1)µ
since

4

∗3


34

43
= 1

¶
=  (1)

This, in turn, implies that

2 exp

½
−  2

2

2 (1 + 3)

¾
=

µ
1

2

¶
4 exp

½
−  2

2

2 (1 + 3)

¾
= 

µ
1

2

¶
.

which shows result (III)
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Combining the results given in (I)-(III) above, we obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  ) 

¯̄̄̄
¯ ≥ (2)

r
ln



!

≤ 2 max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥ (2)

r
ln



!

≤ 2 exp

½
−()

∗

1

¾
+2 exp

½
−  2

2

2 (1 + 3)

¾
+2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln)
∗

))

= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

Moreover, by the same argument we can also show that there exists a constant (3)  0 such

that



Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

 ( −  )
0
Γ0

¯̄̄̄
¯ ≥ (3)

r
ln



!
= 

µ
1

2

¶
.

To show part (e), first note that, by Assumption (ii),


£
 − Σ()

¤
= 0 for all , , and ;

where Σ() denotes the ( )

element of Σ. Next, note that by part (d) of Lemma

E-8, there exist constants 1  0 and   0 and a positive constant  ≥ exp {1} such that,
∀  0, for all  ∈ Z, and for all integers  and  with 1 ≤   ≤ 

 (||  ) ≤ exp
½
1−

µ




¶¾
≤  exp

½
−
µ




¶¾
where  = 12  0. Moreover, let ∗ = 12 (1 + 22), so that

1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.

Now, the relationship between the positive constants 1, 2, and  specified in Assumption

(v) further implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1
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so that, in particular, ∗ ∈ (0 1). In addition, let  †
 = , and let   = ( 

0
  

0
)
0
be as

defined in part (b) of Assumption (v). Note that F 
 †−∞ = 

³
 

†
−2 

†
−1 

†


´
⊆

F 
−∞ = 

¡
  −2  −1  

¢
andF∞

 † + = 
³

†
+ 

†
++1 

†
++2 

´
⊆ F∞+ =


¡
 +  ++1  ++2 

¢
. Hence, it follows by part (b) of Assumption (v) and The-

orem 14.1 of Davidson (1994) that
n

†


o
∈Z

is an -mixing process with  coefficient

 † () = sup 
³
F 
 †−∞F∞ † +

´
satisfying the rate of decay

 † () = sup



¡F 

 †−∞F∞ † +
¢

≤ sup



¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1; for all  ;

and for some positive constants 2,  and .

Hence, all the assumptions needed to apply the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of this

Bernstein inequality then implies that there exist positive constants 1 2 3 4 and 5
depending on , , , ∗, and 2 such that for any   0 and for all integers  and  with

1 ≤   ≤  ,



Ã¯̄̄̄
¯ 1

X
=1

¡
 − Σ()

¢¯̄̄̄¯ ≥ 

!

= 

Ã¯̄̄̄
¯ 1

X
=1

¡
 − Σ()

¢¯̄̄̄¯ ≥ 

! Ã
since

1



X
=1

Σ() = Σ() =
1



X
=1

Σ()

!

= 

Ã¯̄̄̄
¯
X
=1

¡
 − Σ()

¢¯̄̄̄¯ ≥ 

!

≤  exp

½
−()

∗

1

¾
+ exp

½
− 2 2
2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln )
∗

))
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Using Bonferroni’s inequality, we further obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

¡
 −Σ()

¢¯̄̄̄¯ ≥ 

!

≤ 2 max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

¡
 −Σ()

¢¯̄̄̄¯ ≥ 

!

= 2 max
1≤≤



Ã¯̄̄̄
¯
X
=1

¡
 −Σ()

¢¯̄̄̄¯ ≥ 

!

≤ 2 exp

½
−()

∗

1

¾
+2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

+2 exp

½
−  2

2

2 (1 + 3)

¾
For some (4)  0, let

 = (4)

r
ln


.

and, note that, by assumption, (ln)
2
∗−1 =  ( ). By choosing (4) to be large enough, we

can obtain the following three results, which we will show in turn:

(I)

2 exp

½
−()

∗

1

¾
= 2 exp

(
−

∗
(4)

1


∗
2

 (ln)
∗
2

)
= 

µ
1

2

¶
.

(II)

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
(III)

2 exp

½
−  2

2

2 (1 + 3)

¾
= 2 exp

⎧⎨⎩− 
2

(4) ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

To show result (I), first write

4 exp

½
−()

∗

1

¾
= 4 exp

(
−

∗
(4)

1

∗


µ
ln



¶∗
2

)

= 4 exp

(
−

∗
(4)

1


∗
2

 (ln)
∗
2

)
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Taking the log transformation, we have

ln

∙
4 exp

½
−()

∗

1

¾¸
= 4 ln + ln −


∗
(4)

1


∗
2

 (ln)
∗
2

Since
ln


∗
2

 (ln)
∗
2

→ 0 (given that ∗  0)

and since

4 (ln)
1−∗

2


∗
2



= 4

µ




¶∗
2

Ã
(ln)

2
∗−1



!∗
2

→ 0

Ã
given the assumption

(ln)
2
∗−1


→ 0

and given that



=



 − 
→ 1 as  →∞ since  is a fixed finite integer

¶
,

we see that
4 ln + ln


∗
2

 (ln)
∗
2

=
4 (ln)

1−∗
2


∗
2



+
ln


∗
2

 (ln)
∗
2

→ 0

which, in turn, implies that

4 exp

½
−()

∗

1

¾
= exp

(
4 ln + ln −


∗
(4)

1


∗
2

 (ln)
∗
2

)

= exp

(
−

∗
(4)

1


∗
2

 (ln)
∗
2

"
1− 1


∗
(4)

4 ln + ln


∗
2

 (ln)
∗
2

#)
=  (1)

It follows that

2 exp

½
−()

∗

1

¾
=

1

2
4 exp

½
−()

∗

1

¾
= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
.
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Next, to show result (II), note that

4 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

= 4 exp

⎧⎪⎨⎪⎩−  2
4

Ã
(4)

r
ln



!2
exp

⎛⎜⎝ 
∗(1−∗)


5

³
ln
h
(4)

q
ln


i´∗
Ã
(4)

r
ln



!∗(1−∗)
⎞⎟⎠
⎫⎪⎬⎪⎭

= 4 exp

⎧⎨⎩−
2

(4)

4
ln exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(4) (ln)

∗(1−∗)
2

5
¡
ln + ln(4) +

1
2
ln ln − 1

2
ln

¢∗
⎞⎠⎫⎬⎭

= 4 exp

⎧⎨⎩−
2

(4)

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(4) (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln(4) +

1
2
ln ln

¢∗
⎞⎠⎫⎬⎭

= exp

⎧⎨⎩− ln
⎡⎣2

(4)

4
exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(4) (ln)

∗(1−∗)
2

5
¡
1
2
ln + ln(4) +

1
2
ln ln

¢∗
⎞⎠− 4

⎤⎦⎫⎬⎭
=  (1)

This, in turn, implies that

2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
Turning our attention now to showing result (III), we first write

4 exp

½
−  2

2

2 (1 + 3)

¾
= 4 exp

⎧⎨⎩−  2
2 (1 + 3)

Ã
(4)

r
ln



!2⎫⎬⎭
= 4 exp

⎧⎨⎩− 
2

(4) ln

2

³
1

+ 3

´
⎫⎬⎭

Taking log transformation of the right-hand side, we get

ln

⎡⎣4 exp

⎧⎨⎩− 
2

(4) ln

2

³
1

+ 3

´
⎫⎬⎭
⎤⎦ = 4 ln − 

2

(4) ln

2

³
1

+ 3

´
= 4 ln − 

2

(4)

23
ln

∙
1 + −13

1



¸−1
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Now, let (4) be a positive constant such that 
2

(4)  42 (1 + 3), and set

∗ =

2

(4)

23
− 4.

Note that, by this choice of (4) and ∗, we have

∗ 
42 (1 + 3)

23
− 4 = 4

3
 0

It, thus, follows that

4 exp

½
−  2

2

2 (1 + 3)

¾

= 4 exp

⎧⎨⎩− 
2

(4) ln

2

³
1

+ 3

´
⎫⎬⎭

= exp

(Ã
4 ln

∙
1 + −13

1



¸
− 

2

(4)

23
ln

!∙
1 + −13

1



¸−1)

= exp

(µ
4 ln

∙
1 + −13

1



¸
− [∗ + 4] ln

¶ ∙
1 + −13

1



¸−1)

= exp

(µ
ln

∙
4−13

1


− ∗

¸¶ ∙
1 + −13

1



¸−1)

= exp

(
−∗ ln

∙
1− 4

∗3

1



¸ ∙
1 + −13

1



¸−1)

 exp

(
−∗ ln

∙
1− 1



¸ ∙
1 + −13

1



¸−1)µ
since

4

∗3


34

43
= 1

¶
=  (1)

This, in turn, implies that

2 exp

½
−  2

2

2 (1 + 3)

¾
=

µ
1

2

¶
4 exp

½
−  2

2

2 (1 + 3)

¾
= 

µ
1

2

¶
.

which shows result (III)
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Combining the results given in (I)-(III) above, we obtain



Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

¡
 − Σ()

¢¯̄̄̄¯ ≥ (4)

r
ln



!

≤ 2 max
1≤≤



Ã¯̄̄̄
¯ 1

X
=1

¡
 − Σ()

¢¯̄̄̄¯ ≥ (4)

r
ln



!

≤ 2 exp

½
−()

∗

1

¾
+2 exp

½
−  2

2

2 (1 + 3)

¾
+2 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln)
∗

))

= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

To show part (f), note first that by part (a) of this lemma, there exists a constant †  0
such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥ †

r
ln



!
= 

µ
1

2

¶
.
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Now, set (5) = 2
† , and we have



Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯
¯̄̄̄
¯ 1

X
=1

( −  )
0
Γ0

¯̄̄̄
¯ ≥ (5)

r
ln



!

= 

Ã
max
1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ max1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

( −  )
0
Γ0

¯̄̄̄
¯ ≥ (5)

r
ln



!

≤ 

Ã(
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥

q
(5)

∙
ln



¸ 1
4

)

∪
(
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

( −  )
0
Γ0

¯̄̄̄
¯ ≥

q
(5)

∙
ln



¸ 1
4

)!

≤ 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ ≥

q
(5)

∙
ln



¸ 1
4

!

+

Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

( −  )
0
Γ0

¯̄̄̄
¯ ≥

q
(5)

∙
ln



¸ 1
4

!
(by Bonferroni inequality)

≤ 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )
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It then follows, by part (a) of this lemma, that for all  and  sufficiently large,
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To show part (g), note first that by part (a) of this lemma, there exists a constant †  0
such that
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Now, set (6) = max
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It then follows, by parts (a) and (b) of this lemma, that for all  and  sufficiently large,
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Moreover, by the same argument, we can also show that there exists a constant (7)  0
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Finally, to show part (h), note again that by part (b) of this lemma, there exists a

constant ‡  0 such that
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Now, set (8) = 2
‡ , and note that
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It then follows, by part (b) of this lemma, that for all  and  sufficiently large,
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Lemma E-10: Suppose that Assumptions (i), (ii), (iv), and (v) hold. Let ∗ be a positive
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constant such that
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Proof of Lemma E-10: Note first that
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so that
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ª
where (1), (2), (3), (4), (5), (6), (7), and (8) are constants as defined in parts
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(c), (d), (e), (f), (g), and (h) of Lemma E-9. Given expression (173) and given the above
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definition of the constant 1, we can write
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It then follows, by applying the Bonferroni inequality, that
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Moreover, note that 1 ≥ 8max
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(1) (2) (3) (4) (5) (6) (7) (8)

ª
implies that

18 ≥ () for  = 1 2  8 and applying the results given in parts (c), (d), (e), (f),
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(g), and (h) of Lemma E-9, we further deduce that



Ã
max

1≤≤

¯̄̄bΣ() −Σ()

¯̄̄
≥ 1

r
ln



!

≤ 

Ã
max

1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ

½
( −  ) ( −  )

0 −
µ

Λ

11

¶¾
Γ0

¯̄̄̄
¯ ≥ (1)

r
ln



!

+

Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

0Γ ( −  ) 

¯̄̄̄
¯ ≥ (2)

r
ln



!

+

Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

 ( −  )
0
Γ0

¯̄̄̄
¯ ≥ (3)

r
ln



!

+

Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

¡
 − 0Σ

¢¯̄̄̄¯ ≥ (4)

r
ln



!

+

Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯
¯̄̄̄
¯ 1

X
=1

( −  )
0
Γ0

¯̄̄̄
¯ ≥ (5)

r
ln



!

+

Ã
max

1≤ ≤ 

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ || ≥ (6)

r
ln



!

+

Ã
max

1≤ ≤ 
||

¯̄̄̄
¯ 1

X
=1

( −  )
0
Γ0

¯̄̄̄
¯ ≥ (7)

r
ln



!

+

Ã
max

1≤ ≤ 
|| || ≥ (8)

r
ln



!

= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
. ¤

Lemma E-11: Suppose that Assumption S1-1 holds under Scenario 1. Let  =  − ,

where  ≥ 1 is a (fixed) finite integer; and suppose in addition that Assumptions (i), (ii),
(iv), and (v) hold. Furthermore, suppose that (ln)

2
∗−1 =  ( ), where

0  ∗ =
12

1 + 22
 1

and where 1 and 2 are positive constants as defined in Assumption (v). Under these

conditions, the following statements are true:
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(a) There exists a constant 4  0 such that
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(b) There exists a constant (1)  0 such that
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(c) There exists a constant (2)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1


¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥ (2)

r
ln



!
= 

µ
1

2

¶

(d) There exists a constant (3)  0 such that
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(e) There exists a constant (4)  0 such that
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Proof of Lemma E-11:

To show part (a), note first that, by definition 1 =  [1], so that
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Moreover, under the result given in part (a) of Lemma E-6, there exist constants 1  0 and

2  0, such that for any   0 and for all  ∈ Z,


³¯̄̄¡

1 − 1
¢0
1

¯̄̄
 
´
≤ exp

½
1−

µ


2

¶1
¾

≤  exp

½
−
µ


2

¶1
¾
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for some constant  ≥ 1. Next, let 
#
 =

¡
1 − 1

¢0
1, and let   = ( 

0
  

0
)
0
be

as defined in part (b) of Assumption (v). Note that F 
#−∞ = 

³
 

#
−2 

#
−1 

#


´
⊆

F 
−∞ = 

¡
  −2  −1  

¢
and F∞

# +
= 

³

#
+ 

#
++1 

#
++2 

´
⊆ F∞+ =


¡
 +  ++1  ++2 

¢
. Hence, it follows by part (b) of Assumption (v) and Theorem

14.1 of Davidson (1994) that
n

#


o
∈Z

is an -mixing process with  coefficient # () =

sup 
¡F 

#−∞F∞# +

¢
satisfying the rate of decay

# () = sup



¡F 

#−∞F∞# +

¢
≤ sup




¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1

and for some positive constants 2,  and . In addition, under Assumption (v), there exists

a constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.

Hence, all the assumptions needed to obtain the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) are fulfilled. It follows from this inequality that there exist positive

constants 1 2 3 4 and 5 that depend on , 2, , , and 2 such that for, any   0,



Ã¯̄̄̄
¯ 1

X
=1

¡
1 − 1
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1

¯̄̄̄
¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

¡
1 − 1
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1

¯̄̄̄
¯ ≥ 

!

≤  exp

½
−()



1

¾
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½
− 2 2
2 (1 + 3)

¾
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(
−()

2

4
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(
()

(1−)

5 (ln )


))

For some 4  0, let

 = 4

r
ln


.

By choosing 4 to be large enough, we can obtain the following three results, which we will
show in turn:

(I)

 exp

½
−()



1

¾
=  exp

½
−


4

1



2

 (ln)

2

¾
= 

µ
1

2

¶
.
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(II)

exp

(
−()

2

4
exp

(
()

(1−)

5 (ln [])

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= 

µ
1

2

¶
(III)

exp

½
− 2 2
2 (1 + 3)

¾
= exp

⎧⎨⎩− 2
4 ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

To show result (I), first write

2 exp

½
−()



1

¾
= 2 exp

(
−


4

1




µ
ln



¶
2

)
= 2 exp

½
−


4

1



2

 (ln)

2

¾
Taking the log transformation, we have

ln

∙
2 exp

½
−()



1

¾¸
= 2 ln + ln −



4

1



2

 (ln)

2

Now, by assumption, (ln)
2
∗−1 =  ( ), where

∗ =
12

1 + 22
.

Since, given Assumption (v), we have

1   =
12

1 + 2


12
1 + 22

= ∗  0;

it follows that (ln)
2
∗−1 =  ( ) implies that (ln)

2

−1
=  ( ). Moreover, since

ln



2

 (ln)

2

→ 0 (given that   0)

and since

2 (ln)
1−

2



2



= 2

µ




¶
2

Ã
(ln)

2

−1



!
2

→ 0

Ã
given that

(ln)
2

−1


→ 0 and

given that



=



 − 
→ 1 as  →∞ since  is a fixed finite integer

¶
,
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we see that
2 ln + ln



2
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2
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

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

+
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

2
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→ 0

which, in turn, implies that
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½
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
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½
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
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
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¾
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
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
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4
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
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2
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=  (1)

It follows that
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½
−()


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
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µ
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¶
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µ
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¶
.

Next, to show result (II), note that
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−()

2

4
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(
()
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
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
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This, in turn, implies that
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−()

2

4
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(
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(1−)
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=

1
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2
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µ
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¶
Turning our attention now to showing result (III), we first write

2 exp

½
− 2 2
2 (1 + 3)

¾
= 2 exp

⎧⎨⎩−  2
2 (1 + 3)

Ã
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³
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
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Taking log transformation of the right-hand side, we get
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⎡⎣2 exp

⎧⎨⎩− 2
4 ln

2

³
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³
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´
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4
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∙
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1
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Now, let 4 be a positive constant such that 2

4  22 (1 + 3), and set

∗ =
2
4

23
− 2.

Note that, by this choice of 4 and ∗, we have

∗ 
22 (1 + 3)

23
− 2 = 2

3
 0
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It, thus, follows that
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1
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1
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
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This, in turn, implies that
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½
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=
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¶
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½
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¾
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µ
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¶
.

which shows result (III).

Combining the results given in (I)-(III) above, we obtain
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
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½
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µ
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1
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µ
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¶
.

To show part (b), note first that, if we let  = (01 
0
2)
0
where 2 = 0; it is easy to see
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that we can rewrite

1



X
=1

Ã
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¢0 ¢µ 1

0

¶
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Γ1 Γ2
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0

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1


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
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

Ã
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1
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from which it follows that the elements of the sum given above all have expectation equal

to zero, i.e.,


h
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n
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¡
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= 0 for all  and .

Next, let 1, 2, and  be positive constants as defined in Assumption (v). Note that, by

part (b) of Lemma E-6, there exists a positive constant  ≥ exp {1} such that, for any   0,
for all integer  such that 1 ≤  ≤  , and for all  ∈ Z


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where  = 12  0 and  ≥ (1 + ln 2) 2

κ1 
2

2  0 and where 2 is also a positive constant

which has been previously defined in Lemma E-6. Next, let ∗ = 12 (1 + 22), so that

1

∗
=

1 + 22
12

=
2
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+
1
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=
1


+
1
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.
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Now, the relationship between the positive constants 1, 2, and  as specified in Assumption

(v) implies that

0  ∗ =
12

1 + 22


12
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so that, in particular, ∗ ∈ (0 1). In addition, let % =
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©
%
ª
∈Z is an -mixing process with  coefficient % () =

sup 
³
F 
%−∞F∞% +

´
satisfying the rate of decay

% () = sup



³
F 
%−∞F∞% +

´
≤ sup




¡F 

−∞F∞+
¢

≤  exp (−2) for all  ≥ 1, for all ,
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Hence, all the assumptions needed to apply the Bernstein inequality given in Lemma C-1

are fulfilled. Making use of this Bernstein inequality then implies that there exist positive

constants 1 2 3 4 and 5 depending on , , , , ∗, and 2 such that, for any   0
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Using Bonferroni’s inequality, we further obtain
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Now, for some (1)  0, let
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To show result (I), first write
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Taking the log transformation, we have
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Next, to show result (II), note that

3 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

= 3 exp

⎧⎪⎨⎪⎩−  2
4

Ã
(1)

r
ln



!2
exp

⎛⎜⎝
∗(1−∗)


³
(1)

q
ln


´∗(1−∗)
5

³
ln
h
(1)

q
ln


i´∗
⎞⎟⎠
⎫⎪⎬⎪⎭

= 3 exp

⎧⎨⎩−2
(1)

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(1)

(ln)
∗(1−∗)

2

5
¡
ln + ln(1) +

1
2
ln ln − 1

2
ln

¢∗
⎞⎠⎫⎬⎭

= 3 exp

⎧⎨⎩−2
(1)

4
(ln) exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(1)

(ln)
∗(1−∗)

2

5
¡
1
2
ln + ln(1) +

1
2
ln ln

¢∗
⎞⎠⎫⎬⎭

= exp

⎧⎨⎩− ln
⎡⎣2

(1)

4
exp

⎛⎝ 
∗(1−∗)

2

 
∗(1−∗)
(1)

(ln)
∗(1−∗)

2

5
¡
1
2
ln + ln(1) +

1
2
ln ln

¢∗
⎞⎠− 3

⎤⎦⎫⎬⎭
=  (1)

This, in turn, implies that

 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])


))

=

µ
1

2

¶
3 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))

= 

µ
1

2

¶
 (1) = 

µ
1

2

¶
Turning our attention now to showing result (III), we first write
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Taking log transformation of the right-hand side, we get
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This, in turn, implies that
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which shows result (III)

Combining the results given in (I)-(III) above, we obtain
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which shows the desired result for part (b).

To show part (c), first note that, by part (a) of Assumption (ii),
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Next, note that by part (c) of Lemma E-6, there exist constants 1  0 and   0 and a

positive constant  ≥ exp {1} such that, ∀  0, for all integer  with 1 ≤  ≤  , and for
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Now, the relationship between the positive constants 1, 2, and  as specified in Assumption
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satisfying the rate of decay
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≤  exp (−2) for all  ≥ 1, for all ,

and for some positive constants 2,  and .

Hence, all the assumptions needed to apply the Bernstein inequality given in Merlevède,

Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of this

Bernstein inequality then implies that there exist positive constants 1 2 3 4 and 5
depending on , , , ∗, and 2 such that, for any   0 and for all integer  with 1 ≤  ≤  ,



Ã¯̄̄̄
¯ 1

X
=1


¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥ 

!



Ã¯̄̄̄
¯
X
=1


¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥ 

!

≤  exp

½
−()

∗

1

¾
+ exp

½
− 2 2
2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln )
∗

))

437



Using Bonferroni’s inequality, we further obtain


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By choosing (2) to be large enough, we can obtain the following three results, which we will
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To show result (I), first write
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Taking the log transformation, we have
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It follows that
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Next, to show result (II), note that
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Turning our attention now to showing result (III), we first write
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Taking log transformation of the right-hand side, we get
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This, in turn, implies that
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which shows result (III).

Combining the results given in (I)-(III) above, we obtain
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To show part (d), first set (3) = max
©
2
†  

2
4
ª
, where †  0 is the constant given in

part (a) of Lemma E-9 and where 4  0 is the constant given in part (a) of this lemma. It

then follows by part (a) of Lemma E-9 and (a) of this lemma that, for all  and  sufficiently
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large,
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, where ‡  0 is the constant given in

part (b) of Lemma E-9 and where 4  0 is the constant given in part (a) of this lemma.
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Note that
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∙
ln



¸ 1
4

!

+

Ã¯̄̄̄
¯ 1

X
=1

¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥p(4)

∙
ln



¸ 1
4

!
(by Bonferroni inequality)

≤ 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1



¯̄̄̄
¯ ≥p(4)

r
ln



!

+

Ã¯̄̄̄
¯ 1

X
=1

¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥p(4)

r
ln



!
Ã
since

r
ln




∙
ln



¸ 1
4

given that
ln


=
ln

 − 
 1 for all  ,  sufficiently large

!

≤ 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1



¯̄̄̄
¯ ≥ ‡

r
ln



!
+ 

Ã¯̄̄̄
¯ 1

X
=1

¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥ 4

r
ln



!
¡
since (4) = max

©
2
‡  

2
4
ª
implies that

p
(4) ≥ ‡ and

p
(4) ≥ 4

¢
.

It then follows, by part (a) of this lemma and (b) of Lemma E-9, that for all  and 
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sufficiently large,



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1



¯̄̄̄
¯
¯̄̄̄
¯ 1

X
=1

¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥ (4)

r
ln



!

≤ 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1



¯̄̄̄
¯ ≥ ‡

r
ln



!
+ 

Ã¯̄̄̄
¯ 1

X
=1

¡
1 − 1

¢0
1

¯̄̄̄
¯ ≥ 4

r
ln



!

= 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
. ¤

Lemma E-12: Suppose that Assumption S2-1 holds under Scenario 2, where  = . Let

 =  −, where  ≥ 1 is a (fixed) finite integer; and suppose in addition that Assumptions
(i), (ii), (iv), and (v) hold. Furthermore, suppose that (ln)

2
∗−1 =  ( ), where

0  ∗ =
12

1 + 22
 1

and where 1 and 2 are positive constants as defined in Assumption (v). Under these

conditions, the following statements are true:

(a) There exists a constant 4  0 such that



Ã¯̄̄̄
¯ 1

X
=1

( −  )
0


¯̄̄̄
¯ ≥ 4

r
ln



!
= 

µ
1

2

¶

(b) There exists a constant (1)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

Ã
0Γ ( −  ) ( −  )

0 − 0Γ
Λp
11

!


¯̄̄̄
¯ ≥ (1)

r
ln



!

= 

µ
1

2

¶
(c) There exists a constant (2)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

 ( −  )
0


¯̄̄̄
¯ ≥ (2)

r
ln



!
= 

µ
1

2

¶
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(d) There exists a constant (3)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯
¯̄̄̄
¯ 1

X
=1

( −  )
0


¯̄̄̄
¯ ≥ (3)

r
ln



!
= 

µ
1

2

¶

(e) There exists a constant (4)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1



¯̄̄̄
¯
¯̄̄̄
¯ 1

X
=1

( −  )
0


¯̄̄̄
¯ ≥ (4)

r
ln



!
= 

µ
1

2

¶

Proof of Lemma E-12: The results given in parts (a)-(e) of this lemma can be shown

using essentially the same argument as that given, respectively, in the proof of parts (a)-(e)

of Lemma E-11, except that we apply Assumption S2-1 instead of Assumption S1-1 and also

apply parts (a)-(c) of Lemma E-7 instead of parts (a)-(c) of Lemma E-6. In addition, we

need to change the notations used in the proof of Lemma E-11 by setting

 = , 1 = , 1 =  , Γ1 = Γ, 1 = , and Λ1 = Λ;

since, under Scenario 2 considered here, all available factors are relevant for the purpose of

forecasting and there is no reason to partition  =
¡
 0
1 

0
2

¢0
,  =

¡
01 

0
2

¢0
, Γ =¡

Γ1 Γ2
¢
,  = (01 

0
2)
0
, and

Λ =

µ
Λ1 0

0 Λ2

¶
 ¤

Lemma E-13: Let  =  − , where  ≥ 1 is a (fixed) finite integer. Suppose that

Assumptions (ii), (iii), (iv), and (v) hold and suppose that (ln)
2
∗−1 =  ( ), where

0  ∗ =
12

1 + 22
 1

and where 1 and 2 are positive constants as defined in Assumption (v). Under these

conditions, the following statements are true as  →∞:

(a) There exists a constant (5)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  ) +

¯̄̄̄
¯ ≥ (5)

r
ln



!
= 

µ
1

2

¶
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(b) There exists a constant 5  0 such that



Ã
|| ≥ 5

r
ln



!
= 

Ã¯̄̄̄
¯ 1

X
=1

+

¯̄̄̄
¯ ≥ 5

r
ln



!
= 

µ
1

2

¶

(c) There exists a constant (6)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

+

¯̄̄̄
¯ ≥ (6)

r
ln



!
= 

µ
1

2

¶

(d) There exists a constant (7)  0 such that



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  )

¯̄̄̄
¯ || ≥ (7)

r
ln



!
, where  =

1



X
=1

+

(e) There exists a constant (8)  0 such that



Ã
max
1≤≤

|| || ≥ (8)

r
ln



!

= 

Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1



¯̄̄̄
¯
¯̄̄̄
¯ 1

X
=1

+

¯̄̄̄
¯ ≥ (8)

r
ln



!

= 

µ
1

2

¶

Proof of Lemma E-13:

To show part (a), first note that, by Assumption (iii),


£
0Γ ( −  ) +

¤
= 0Γ [( −  ) +] = 0 for all  and .

Next, note that by part (e) of Lemma E-8, there exist constants 1  0 and   0 and a

positive constant  ≥ exp {1} such that ∀  0, for all integer  with 1 ≤  ≤  , and for all

 ∈ Z,


¡¯̄
0Γ ( −  ) +

¯̄
 
¢ ≤ exp½1−µ



¶¾
≤  exp

½
−
µ




¶¾
where  = 12  0. Moreover, let ∗ = 12 (1 + 22), so that

1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.
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Now, the relationship between the positive constants 1, 2, and  as specified in Assumption

(v) implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1

which, in turn, implies that ∗ ∈ (0 1). In addition, let  =  + , and we can rewrite

0Γ ( −  ) + = 0Γ (− −  )  =   . Next, let   = ( 
0
  

0
)
0
be as defined

in part (b) of Assumption (v), and note that F
−∞ = 

¡
 −2 −1 

¢ ⊆
F +
−∞ =  ( +−2 +−1 +) and F∞+ = 

¡
 + ++1 ++2 

¢ ⊆
F∞+ = 

¡
 +  ++1  ++2 

¢
. Hence, given that  ≥ 1 is a fixed (finite) integer, it

follows by part (b) of Assumption (v) and Theorem 14.1 of Davidson (1994) that
©
 

ª
∈Z

is an -mixing process with  coefficient given by   () = sup 
¡F

−∞F∞+

¢
.

To analyze the rate of decay of   (), we first consider the case where  ≥  + 1. In

this case, note that

  ()

= sup



¡F

−∞F∞+

¢
≤ sup




¡F +

−∞F∞+
¢

≤  exp {− (− )
2} for all integers  ≥ + 1 and for all 

(by part (b) of Assumption 4-3)

=  exp

½
−2

µ
1− 



¶2
¾

≤  exp

½
−2

µ
1− 

+ 1

¶2
¾

(since  ≥ + 1)

=  exp

½
−2

µ
1

+ 1

¶2
¾

≤  exp
©−#2

ª
where # = 

µ
1

+ 1

¶2

 0 given that  is a finite positive integer.(174)

Next, consider the case where  ≤ . In this case, we have

  () = sup



¡F

−∞F∞+

¢
≤ 1

= exp
©
#2

ª
exp

©−#2
ª

≤ exp
©
#2

ª
exp

©−#2
ª

= ∗ exp
©−#2

ª
(175)

where ∗ = exp
©
#2

ª
 0 since #  0 and  ≥ 1. Moreover, note that ∗ =
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exp
©
#2

ª
∞ since  ∞ and since

# = 

µ
1

+ 1

¶2

∞

Let # = max { ∗}, and it follows by combining expressions (174) and (??) that

  () ≤ # exp
©−#2

ª
for all  ≥ 1 and for all .

Therefore, all the assumptions needed to apply the Bernstein inequality given in Mer-

levède, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of

this Bernstein inequality then implies that there exist positive constants 1 2 3 4 and

5 depending on #, , #, ∗, and 2 such that for any   0 and for all integer  with

1 ≤  ≤  ,



Ã¯̄̄̄
¯ 1

X
=1

0Γ ( −  ) +

¯̄̄̄
¯ ≥ 

!

= 

Ã¯̄̄̄
¯
X
=1

0Γ ( −  ) +

¯̄̄̄
¯ ≥ 

!

≤  exp

½
−()

∗

1

¾
+ exp

½
− 2 2
2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln )
∗

))

Using Bonferroni’s inequality, we further obtain



Ã
max
1≤≤

¯̄̄̄
¯ 1

X
=1

0Γ ( −  ) +

¯̄̄̄
¯ ≥ 

!

≤  max
1≤≤



Ã¯̄̄̄
¯
X
=1

0Γ ( −  ) +

¯̄̄̄
¯ ≥ 

!

≤  exp

½
−()

∗

1

¾
+ exp

½
− 2 2
2 (1 + 3)

¾
+ exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln )
∗

))

For some (5)  0, let

 = (5)

r
ln


.

By choosing (5) to be large enough, we can obtain the following three results, which we will

show in turn:
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(I)

 exp

½
−()

∗

1

¾
=  exp

(
−

∗
(5)

1


∗
2

 (ln)
∗
2

)
= 

µ
1

2

¶
.

(II)

 exp

(
−()

2

4
exp

(
()

∗(1−∗)

5 (ln [])
∗

))
= 

µ
1

2

¶
(III)

 exp

½
− 2 2
2 (1 + 3)

¾
=  exp

⎧⎨⎩− 2
(5) ln

2

³
1

+ 3

´
⎫⎬⎭ = 

µ
1

2

¶
.

To show result (I), first write

3 exp

½
−()

∗

1

¾
= 3 exp

(
−

∗
(5)

1

∗


µ
ln



¶∗
2

)

= 3 exp

(
−

∗
(5)

1


∗
2

 (ln)
∗
2

)

Taking the log transformation, we have

ln

∙
3 exp

½
−()

∗

1

¾¸
= 3 ln + ln −


∗
(5)

1


∗
2

 (ln)
∗
2

Since
ln


∗
2

 (ln)
∗
2

→ 0 (given that ∗  0)

and since

3 (ln)
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which, in turn, implies that
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It follows that
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Next, to show result (II), note that
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Turning our attention now to showing result (III), we first write
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Taking log transformation of the right-hand side, we get
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It, thus, follows that
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which shows result (III).
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Combining the results given in (I)-(III) above, we obtain
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To show part (b), note that, given that  is a fixed finite integer, we can let  =  + 

and, without loss of generality, write + =  . Now, by Assumption (iii),  [ ] = 0 for all

 ∈ Z. Moreover, by part (a) of Assumption (v), there exist positive constants 1 and 1
such that, for any   0 ,
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where  is a positive constant such that  ≥ exp {1}. Next, let   = (  
0
  

0
)
0
be as

defined in part (b) of Assumption (v), and note that F
−∞ =  ( −2 −1 ) ⊆ F
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
¡
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¢
and
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¢
. It follows

by part (b) of Assumption (v) and Theorem 14.1 of Davidson (1994) that {+}∈Z ≡ {}∈Z
is an -mixing process with  coefficient satisfying the rate of decay
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
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and for some positive constants 2,  and . Furthermore, under Assumption (v), there

exists a constant  ∈ (0 1) such that
1


=
1

1
+
1

2
.
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Thefore, all the assumptions needed to obtain the Bernstein-type inequality given in

Merlevède, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Applying

this Bernstein-type inequality then implies that there exist constants 1 2 3 4 and 5
depending on  1  and 2 such that, for any   0,
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To show result (I), first write
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Now, by assumption, (ln)
2
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Next, to show result (II), note that
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⎫⎬⎭

457



Taking log transformation of the right-hand side, we get

ln

⎡⎣2 exp

⎧⎨⎩− 2
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³
1
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´
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2

³
1
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´
= 2 ln − 2

5
23

ln

∙
1 + −13

1



¸−1
Now, let 5 be a positive constant such that 2

5  22 (1 + 3), and set

∗ =
2
5

23
− 2.

Note that, by choosing 5 and ∗ in this way, we have

∗ 
22 (1 + 3)

23
− 2 = 2

3
 0

It, thus, follows that
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½
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¾
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³
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´
⎫⎬⎭
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∙
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1
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¸
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1
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1
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1
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∙
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2
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

32
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This, in turn, implies that

exp

½
− 2 2
2 (1 + 3)

¾
=

µ
1

2

¶
2 exp

½
− 2 2
2 (1 + 3)

¾
= 

µ
1

2

¶
.

which shows result (III).

Combining the results given in (I)-(III) above, we obtain



Ã
|| ≥ 5

r
ln



!

= 

Ã¯̄̄̄
¯ 1

X
=1

+

¯̄̄̄
¯ ≥ 5

r
ln



!

≤  exp

½
−()



1

¾
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(
−()

2

4
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(
()

(1−)

5 (ln )

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+ exp

½
− 2 2
2 (1 + 3)

¾
= 

µ
1

2

¶
+ 

µ
1

2

¶
+ 

µ
1

2

¶
= 

µ
1

2

¶
.

To show part (c), first note that, by Assumption (iii),

 [+] = 0 for all  and .

Next, note that by part (f) of Lemma E-8, there exist constants 1  0 and   0 and a

positive constant  ≥ exp {1} such that ∀  0, for all 1 ≤  ≤  , and for all  ∈ Z,

 (|+|  ) ≤ exp
½
1−

µ




¶¾
≤  exp

½
−
µ




¶¾
where  = 12  0. Moreover, let ∗ = 12 (1 + 22), so that

1

∗
=

1 + 22
12

=
2

1
+
1

2
=
1


+
1

2
.

Now, the relationship between the positive constants 1, 2, and  as specified in Assumption

(v) implies that

0  ∗ =
12

1 + 22


12
1 + 2

=   1

which, in turn, implies that ∗ ∈ (0 1). In addition, let  = +, and we can rewrite + =

− = e . Next, let   = ( 
0
  

0
)
0
be as defined in part (b) of Assumption (v),

and note that F −∞ = 
³
 e−2 e−1 e´ ⊆ F +

−∞ = 
¡
  +−2  +−1  +

¢
459



and F∞ + = 
³e+ e++1 e++2 ´ ⊆ F∞+ = 

¡
 +  ++1  ++2 

¢
.

Hence, given that  ≥ 1 is a fixed (finite) integer, it follows by part (b) of Assumption (v) and
Theorem 14.1 of Davidson (1994) that

neo
∈Z

is an -mixing process with  coefficient

given by   () = sup 
³
F −∞F∞ +

´
. To analyze the rate of decay of   (), we

first consider the case where  ≥ + 1. In this case, note that

  ()
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´
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


¡F +
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¢

≤  exp {− (− )
2} for all integers  ≥ + 1 and for all 

(by part (b) of Assumption 4-3)

=  exp

½
−2

µ
1− 



¶2
¾

≤  exp

½
−2

µ
1− 

+ 1

¶2
¾

(since  ≥ + 1)

=  exp

½
−2

µ
1
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¾

≤  exp
©−#2

ª
where # = 

µ
1

+ 1

¶2

 0 given that  is a finite positive integer.(176)

Next, consider the case where  ≤ . In this case, we have

  () = sup



¡F

−∞F∞+

¢
≤ 1

= exp
©
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ª
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ª
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©−#2
ª

= ∗ exp
©−#2

ª
(177)

where ∗ = exp
©
#2

ª
 0 since #  0 and  ≥ 1. Moreover, note that ∗ =

exp
©
#2

ª
∞ since  ∞ and since

# = 

µ
1

+ 1

¶2

∞

Let # = max { ∗}, and it follows by combining expressions (176) and (177) that

  () ≤ # exp
©−#2

ª
for all  ≥ 1 and for all .
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Therefore, all the assumptions needed to apply the Bernstein inequality given in Mer-

levède, Peligrad, and Rio (2011) (restated here as Lemma C-1) are fulfilled. Application of

this Bernstein inequality then implies that there exist positive constants 1 2 3 4 and

5 depending on #, , #, ∗, and 2 such that, for any   0 and for all integer  with

1 ≤  ≤  ,


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Using Bonferroni’s inequality, we further obtain
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For some (6)  0, let

 = (6)

r
ln


.

By choosing (6) to be large enough, we can obtain the following three results, which we will

show in turn:
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(III)
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To show result (I), first write
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Taking the log transformation, we have
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It follows that
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Next, to show result (II), note that
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Turning our attention now to showing result (III), we first write
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Taking log transformation of the right-hand side, we get
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
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¶
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This, in turn, implies that

 exp

½
− 2 2
2 (1 + 3)

¾
=

µ
1

2

¶
3 exp

½
−  2

2

2 (1 + 3)

¾
= 

µ
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¶
.

which shows result (III).

Combining the results given in (I)-(III) above, we obtain


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!
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!
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½
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2
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½
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= 
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¶
+ 
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+ 
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= 
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¶
.

To show part (d), first set (7) = max
©
2
†  

2
5
ª
, where †  0 is the constant given in
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part (a) of Lemma E-9 and where 5  0 is the constant given part (b) of this lemma.


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¯̄̄̄
¯ ≥p(7)

∙
ln



¸ 1
4

!
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(by Bonferroni inequality)
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!
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!
¡
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2
5
ª
implies that

p
(7) ≥ † and
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¢
.

It then follows, by part (a) of Lemma E-9 and part (b) of this lemma, that for all  and 

sufficiently large,
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

!

= 
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1

2

¶
+ 
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= 
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¶
.

To show part (e), first set (8) = max
©
2
‡  

2
5
ª
, where ‡  0 is the constant given in
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part (b) of Lemma E-9 and where 5  0 is the constant given in part (b) of this lemma.


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It then follows, by part (b) of Lemma E-9 and and part (b) of this lemma, that for all 

and  sufficiently large,
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. ¤

Lemma E-14: Let

b =
1



X
=1

£
 − 

¤
+ where  =  − ,
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where  ≥ 1 is a (fixed) finite integer. Suppose that Assumptions (i), (ii), (iii), (iv) and (v)
hold. Let ∗ be a positive constant such that

∗ =
12

1 + 22

where 1 and 2 are the positive constants defined in Assumption (v) and suppose that

(ln)
2
∗−1


→ 0 as   →∞.

Under these conditions, consider the following two scenarios.

(a) Scenario 1 (1 ≤    Case): Suppose in addition that Assumption S1-1 is satisfied.

Then, there exists a constant 2  0 such that, for all  and  sufficiently large,


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

!
.

(b) Scenario 2 ( =  Case): Suppose in addition that Assumptions S2-1 is satisfied.

Then, there exists a constant 2  0 such that, for all  and  sufficiently large,


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!
.

Proof of Lemma E-14:
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To show the result for part (a), note first that, for  = 1   ; we can write
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obtain
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ª
where (1), (2), (3), (4), (5), (6), (7), and (8) are constants defined previously in parts

(b), (c), (d), and (e) of Lemma E-11 and in parts (a), (c), (d), and (e) of Lemma E-13. Given

470



expression (178) and given the above definition of the constant 2, we can further write
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It then follows, by applying the Bonferroni inequality, that
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Finally, note that 2 ≥ 8max
©
(1) (2) (3) (4) (5) (6) (7) (8)

ª
implies that 28 ≥

() for  ∈ {1 2  8}. Hence, by applying the results given in parts (b), (c), (d), and (e)
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of Lemma E-11 and also in parts (a), (c), (d), and (e) of Lemma E-13, we have
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The result in part (b) can be shown using essentially the same argument as that given

in the proof of part (a), except that we apply Assumption S2-1 instead of Assumption S1-1

and also apply parts (b), (c), (d), and (e) of Lemma E-12 instead of parts (b), (c), (d), and

(e) of Lemma E-11. In addition, we need to change the notations used in the proof of part

(a) above by setting

 = , 1 = , 1 =  , Γ1 = Γ, 1 = , and Λ1 = Λ;

since, under Scenario 2 considered here, all available factors are relevant for the purpose of

forecasting and there is no reason to partition  =
¡
 0
1 

0
2

¢0
,  =

¡
01 

0
2

¢0
, Γ =
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Γ1 Γ2

¢
,  = (01 

0
2)
0
, and

Λ =

µ
Λ1 0

0 Λ2

¶
 ¤

Lemma E-15: Suppose that Assumptions (i)-(iii), given at the beginning of Appendix E,

are satisfied.

(a) Scenario 1 (The 1 ≤    Case): Suppose that Assumptions S1-1 and S1-2 hold.

Then, there exists a positive constant 1 such that°°°° √
1

°°°°2
2

=
0

1
≤ 1.

(b) Scenario 2 (The  =  Case): Suppose that Assumptions S2-1 and S2-2 hold.

Then, there exists a positive constant 2 such that°°°° √
1

°°°°2
2

=
0
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Proof of Lemma E-15: To show the result under Scenario 1, note that°°°° √
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The result under Scenario 2 can be shown in the same way as follows°°°° √
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Lemma E-16: Let

 =

⎛⎜⎜⎜⎜⎝

1
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1 0 · · · 0

0 
3
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1

. . .
...

...
. . .

. . . 0

0 · · · 0 
− 1

2

1

⎞⎟⎟⎟⎟⎠ for  ∈ {1  }

Suppose that Assumptions (i)-(iii), given at the beginning of Appendix E, are satisfied.

(a) Under Scenario 1, where 1 ≤   , suppose that Assumptions S1-1 and S1-2 both

hold. Then, there exists some positive constant 1 such that
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for all  and  sufficiently large.

Under Scenario 2, where  = , suppose that Assumptions S2-1 and S2-2 both hold.

Then, there exists some positive constant 2 such that
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Then, there exists some positive constant 
‡
2 such that°°°°°−1


0√

1

°°°°°
2

2

≤ 
‡
2 ∞

for all  and  sufficiently large.

Proof of Lemma E-16
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Under Scenario 1, to show the first result of part (a), note that
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= 

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
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0
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≤ 1
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given that, by part (a) of Lemma E-15,

0

1
≤ 1 for some constant 1  0

¶
≤ 1 ∞ for some constant  ≥ 1 and for all  and  sufficiently large.

Now, to show the second result of part (a) under Scenario 1, note that°°°°°−1

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is positive definite as shown

in the proof of part (b) of Lemma E-2)
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¢ ¡
since 1 = max

¡
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≤ 1 (by the first result given above under Scenario 1)
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The two results under Scenario 2 can be proved in the same manner as the proof given

for Scenario 1, except that we set  =  and apply the result given in part (b) of Lemma

E-15 instead of part (a) of Lemma E-15.

To show part (b), we first consider Scenario 1 where 1 ≤   . In this case, we can

write
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so that°°°°°−1
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(given Assumption S1-1)
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(given that part (a) of Lemma D-3 implies that there exists an absolute constant
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³
for some positive constant 

‡
1 ≥ 22 (∗)2

´
The proof under Scenario 2 where  =  can be obtained in the same way. In particular,

in this case
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Remark E-17: Consider a diffusion index model written in the form

+ = +
¡
  − 

¢0
+ + (181)

 =  + Γ
¡
  − 

¢
+ , (182)

where

 =

⎛⎜⎝ 1
...



⎞⎟⎠ ,   =

⎛⎜⎝  ·1
...

 ·

⎞⎟⎠ , and  =

⎛⎜⎝ ·1
...

·

⎞⎟⎠ .
Suppose that  −  components of the  × 1 coefficient vector  = (1  )

0
are equal

to zero, whereas the remaining  × 1 components are nonzero, so that only    of

the available factors are relevant for predicting the target variable of interest +. Within

this context, we want to show that it is always possible to transform the model given by

expressions (181) and (182) above into the form

+ = +
¡
1 − 1

¢0
1 + +

 =  + Γ1
¡
1 − 1

¢
+ Γ2

¡
2 − 2

¢
+ .

where the  × 1 coefficient vector 1 =
¡
11  1

¢0
contain those components of  =

(1  )
0
which are nonzero and where the vector 1 contains those  factors which are

relevant for the purpose of predicting the target variable of interest +.

To formalize this situation more carefully, we need to develop some additional notation.

To proceed, first sort the indices {1 } into two groups:

{1  } and {1  −} 

where {1  } ∪ {1  −} = {1 }. Next, let


6= 0 for all  ∈ {1  } and 

= 0 for all  ∈ {1   − } 

so that 
and 

are, respectively, the -th and the -th component of the coefficient

vector  given in expression (181)9. Now, define
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⎞⎟⎠ =
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...

0

⎞⎟⎠
1
×1

=

⎛⎜⎝  ·1
...

 ·

⎞⎟⎠ , and 2
−×1

=

⎛⎜⎝  ·1
...

 ·−

⎞⎟⎠
9Note that our notations here allow the non-zero components 1    to be an arbitrary subset of

the components of the coefficient vector  = (1  )
0
.
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so that 1 is the subvector of factors which have nonzero coefficients and 2 is the subvector

of factors that are irrelevant for forecasting + because they all have coefficients equal to

zero. In addition, let


×1

=

µ
1
2

¶
=

µ
1
0

¶
and note that  is just a repermutated version of the original coefficient vector , so that

the nonzero coefficients now appear as the first  components of , and the remaining

components are all equal to zero. It follows that there exists a  × permutation matrix

P such that

P  =  =

µ
1
2

¶
, P =  =

µ
1
2

¶
,

P =  =

µ
1
2

¶
, and ΓP 0 = Γ =

¡
Γ1 Γ2

¢
and, using the fact that permutation matrices are orthogonal, we can transform the equations

(181) and (182) as follows:

+ = +
¡
  − 

¢0
+ +

= +
¡
  − 

¢0P 0P+ +

= + ( −  )
0
+ +

= +
¡
1 − 1

¢0
1 +

¡
2 − 2

¢0
2 + +

= +
¡
1 − 1

¢0
1 + + (since 2 = 0) (183)

 =  + Γ
¡
  − 

¢
+ 

=  + ΓP 0P ¡  − 
¢
+ 

=  + Γ ( −  ) + 

=  + Γ1
¡
1 − 1

¢
+ Γ2

¡
2 − 2

¢
+ . (184)

which gives the desired representation.

References

[1] Ahn, S. C. and J. Bae (2022): “Forecasting with Partial Least Squares When a Large

Number of Predictors Are Available," Working Paper, Arizona State University and

University of Glasgow.

[2] Bai, J. and S. Ng (2023): “Approximate Factor Models with Weaker Loading,” Journal

of Econometrics, 235, 1893-1916.

484



[3] Bai, J. (2003): “Inferential Theory for Factor Models of Large Dimensions," Economet-

rica, 71, 135-171.

[4] Bickel, P. J. and E. Levina (2008): “Covariance Regularization by Thresholding," An-

nals of Statistics, 36, 2577-2604.

[5] Billingsley, P. (1995): Probability and Measure. John Wiley & Sons, New York.

[6] Bradley, R. C. (2007): Introduction to Strong Mixing Conditions, vols. 1-3. Kendrick

Press, Heber City.

[7] Carrasco, M. and B. Rossi (2016): “In-Sample Inference and Forecasting in Misspecified

Factor Models," Journal of Business & Economic Statistics, 34, 313-338.

[8] Cook, R.D. (2018): An Introduction to Envelopes: Dimension Reduction to Efficient

Estimation in Multivariate Statistics. John Wiley & Sons, Hoboken, NJ.

[9] Cook, R.D. and L. Forzani (2019): “Partial Least Squares Prediction in High-

Dimensional Regression," Annals of Statistics, 47, 884-908.

[10] Cook, R.D., I.S. Helland, and Z. Su (2013): “Envelopes and Partial Least Squares

Regression," Journal of the Royal Statistical Society, Series B, 75, 851-877.

[11] Cook, R.D., B. Li, and F. Chiaromonte (2010): “Envelope Models for Parsimonious and

Efficient Multivariate Linear Regression," Statistica Sinica, 20, 927-1010.

[12] Davidson. J. (1994): Stochastic Limit Theory: An Introduction for Econometricians.

New York: Oxford University Press.

[13] De Mol, C., D. Giannone, and L. Reichlin (2008): “Forecasting Using a Large Number

of Predictors: Is Bayesian Shrinkage a Valid Alternative to Principal Components?"

Journal of Econometrics, 146, 318-328.

[14] Fagiolo, G„ M. Napoletano, and A. Roventini (2008): “Are Output Growth-Rate Distri-

butions Fat-Tailed? Some Evidence from OECD Countries," Journal of Applied Econo-

metrics, 23, 639-669.

[15] Fan, J. and R. Li (2001): “Variable Selection via Nonconcave Penalized Likelihood and

Its Oracle Properties," Journal of the American Statistical Association, 96, 1348-1360.

[16] Fan, J., Y. Liao, and M. Mincheva (2011): “High-dimensional Covariance Matrix Esti-

mation in Approximate Factor Models,” Annals of Statistics, 39, 3320-3356.

[17] Forni, M., M. Hallin, M. Lippi, and L. Reichlin (2005): “The Generalized Dynamic

Factor Model, Consistency and Rates,” Journal of Econometrics, 119, 231-255.

485



[18] Forni, M., M. Hallin, M. Lippi, and L. Reichlin (2005): “The Generalized Dynamic Fac-

tor Model, One-Sided Estimation and Forecasting,” Journal of the American Statistical

Association, 100, 830-840.

[19] Giannone, D., M. Lenza, and G.E. Primiceri (2021): “Economic Predictions with Big

Data: The Illusion of Sparsity," Econometrica, 89, 2409-2437.

[20] Groen, J. and G. Kapetanios (2016): “Revisiting Useful Approaches to Data-Rich

Macroeconomic Forecasting," Computational Statistics & Data Analysis, 100, 221-239.

[21] Helland, I. S. (1988): “On the Structure of Partial Least Squares Regression," Commu-

nications in Statistics - Simulation and Computation, 17, 581-607.

[22] Helland, I. S. (1990): “Partial Least Squares Regression and Statistical Models," Scan-

dinavian Journal of Statistics, 17, 97-114.

[23] Merlevède, F., M. Peligrad, and E. Rio (2011): “A Bernstein Type Inequality and

Moderate Deviations for Weakly Dependent Processes," Probability Theory and Related

Fields, 151, 435-474.

[24] Rothman, A. J., E. Levina, J. Zhu (2009): “Generalized Thresholding of Large Covari-

ance Matrices," Journal of the American Statistical Association, 104, 177-186.

[25] Samadi, S. Y. and H. M. W. B. Herath (2024): “Reduced-Rank Envelope Vector Au-

toregressive Model," Journal of Business and Economic Statistics, 42, 918-932.

[26] Samadi, S. Y. and T. P. De Alwis (2025): “Envelope Matrix Autogressive Models,"

Journal of Business and Economic Statistics, 44, 397-412.

[27] Stewart, G. W. (1969): “On the Continuity of the Generalized Inverse," SIAM Journal

on Applied Mathematics, 17, 33-45.

[28] Stewart, G. W. and J. Sun (1990): Matrix Perturbation Theory. Academic Press Inc,

San Diego.

[29] Stock, J. H. and M. W. Watson (1998): “Diffusion Indexes," Working Paper 6702,

NBER.

[30] Stock, J. H. and M. W. Watson (2002): “Forecasting Using Principal Components from

a Large Number of Predictors,” Journal of the American Statistical Association, 97,

1167-1179.

[31] Stoica, P. and T. Söderström (1998): “Partial Least Squares: A First-order Analysis,"

Scandinavian Journal of Statistics, 25, 17-24.

[32] Trzcinka, C. (1986): “On the Number of Factors in the Arbitrage Pricing Model,"

Journal of Finance, 41, 347-368.

486



[33] Wold, H. (1982): “Soft Modeling, the Basic Design and Some Extensions." In Systems

Under Indirect Observation: Causality-Structure-Prediction, Part II (H. Wold and K.-

G. Jöreskog, eds.). North-Holland, Amsterdam, 1-54.

[34] Wold, H. (1985): “Partial Least Squares." In Encyclopedia of Statistical Sciences, Vol.

6 (S. Kotz and N. L. Johnson, eds.). Wiley, New York, 581-591.

[35] Wold, S., H. Martens, and H. Wold (1983): “The Multivariate Calibration Problem in

Chemistry Solved by the PLS Method." In Proceedings of the Conference on Matrix

Pencils (A. Ruhe and B. Kagström, eds.). Lecture Notes in Mathematics, Springer

Verlag, Heidelberg, 286-293.

[36] Zou, H. (2006); “The Adaptive LASSO and Its Oracle Properties," Journal of the

American Statistical Association, 101, 1418-1429.

487


