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Abstract

This supplemental appendix contains the proof of Theorem 3 as well as the proof of part
(a) of Theorems 5 and 6. Due to similarity in the proofs of parts (a) and (b) of Theorems
5 and 6, we have placed the proof of part (b) of Theorems 5 and 6 in an Online Appendix.
In addition, the proofs of Theorems 1-2, 4, and 7 and the proofs of all the supporting
lemmas are also given in the Online Appendix. The Online Appendix can be found at
John Chao’s website (http://econweb.umd.edu/~chao/Research/research.html) and also at
Norman Swanson’s website (http://norman-swanson.github.io/papers.htm).
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Proof of Theorem 3: To proceed, note first that, by making use of the factor model repre-
sentation given by X; = iy +T (F} — pup)+uys, we can write (Xr — py)' 8 = (Fr — pp) T'B+
w}.3. Now, consider first the term /3. For this term, note that, since 8 = (I'1/\/A11) (¢1/1/A11)
in this case,
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so that, upon application of the Markov’s inequality, we deduce that
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Next, consider the term (Fr — pp) IV3. For this term, note that

upl'1

! —
’uTﬁ| - ALl

(FT - NF),F/5
Iy Y1 i L1 Y1
= (Fir—p T + (For — I
( ) 1\/31,1 VAL ( r2) I A \ VA
rr rLr
= (F1,T — MF,l)/ )\1 1<P1 + (F2,T - :LLF,2)/ )\2 1901
A1,1 21,1
"r rr
= (Fir-— ,uF,l)/ #1 (Since, by condition (i), )\1—1 = I, and )\2 L= 0) (2)
A11 A1l

It follows by expressions (1) and (2) that
(Xr—px)'B = (Fr—pp) '8 +urf
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where the last equality above follows by part (a) of Lemma D-3, given in Appendix D of the
Online Appendix, which shows that there exists an absolute constant ¢* > 1 such that

1
0<—< )\)\—1 < ¢* < oo for all N and T sufficiently large. [
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Proof of Part (a) of Theorem 5:
To proceed, first write 5d1pls B = Bdrpls B+ B — f3, where
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Since the last two terms cancel each other out, we further obtain
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Analyzing each term on the right-hand side of the above expression, we see that, by making
use of parts (c), (d), and (h) of Lemma B-4 given in Appendix B of the Online Appendix,
we obtain
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Appendix. Consider next 7. Applying parts (b), (c), and (h) of Lemma B-4, we get
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where the last equality above follows from parts (d), (e), (f), (g), and (h) of Lemma D-10,
given in Appendix D of the Online Appendix, and from the fact that 1/A\; = o(1). Now,



consider 73. Applying parts (c¢) and (d) of Lemma B-4 as well as expression (66), given in
the proof of Lemma B-4 part (f) of the Online Appendix, we obtain
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where the last equality above follows from parts (d), (e), and (f) of Lemma D-10, given in

Appendix D of the Online Appendix. For the term 7, we can apply parts (b) and (c) of
Lemma B-4 as well as expression (66) of the Online Appendix? to get
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In addition, for the term 75, we can apply parts (a), (d), and (h) of Lemma B-4 of the Online

2See the proof of Lemma B-4 part (f) given in Appendix B of the Online Appendix.



Appendix to obtain
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where the last equality above follows from parts (d), (e), (f), (g), and (i) of Lemma D-10
and from the fact that 1/A; = 0(1). Turning our attention now to the term 7g, we can apply
parts (a), (b), and (h) of Lemma B-4 in Appendix B of the Onlne Appendix to obtain
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where the last equality above follows from the fact that A2/} 2 = o(1) for all v > 0.

Finally, consider the term 77. For this term, we can apply parts (a) and (d) of Lemma B-4
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Combining the results given by the above calculations, we see that
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Proof of Part (a) of Theorem 6:
To proceed, note first that, in the case where the point forecast is based on 3, , we can
write the deviation of the point forecast from the conditional mean function of the forecast

equation as follows:
Urti = (o + [Xr — pux]' B)
= yTh + |:XT - yTh],ﬁdrpIS - (Oé + [XT - /’LX],B)
= o+ (YTh - Mx)//B +gTh + |:XT - yTh}/ﬁdrpls - (Oé + [XT — /’LX]/ /B)
~ _ , I~ B
= [XT - MX], <6drpls - 5) - (XTh - MX) <6drpls - 6) + €Ty, (4)
N _1 Th _ _1 Th .

where X7, =T, thl X and g7, =T, thl Eryn With T}, =T — h.

Consider the first term on the right-hand side of expression (4). To proceed, note first
that
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Hence, given that, by Assumption 6-4, tr {Swr} /N < C' for all N, T and, by As-
sumption 4-1, sup; Amax (Zut) < C for some positive constants CT and C, it follows that
E (N7Yr {[Xr — px] [Xr — px]'}) < C for some constant C' > CT + C. It then further
follows that for any € > 0, we can set C. = C'/¢; and, by Markov’s inequality, we have, for

all N and T sufficiently large,
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Consider now the second term on the right-hand side of expression (4), i.e., the term
(X7, — X)/ <Bdrpls - B). To proceed with the analysis of this term, first write

(yTh - MX), (Bdrpls - 5)
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1 O / -
?hZXt_:uX] LlL/l <5drpls _5>
t=1
1 -~

i (3o )| [k (=),

t=1 2

1 Th ! 1 Th ~ / ~
= \ (ﬁ ;XS — MX) LlLll (ﬁ ;Xt - MX) \/(ﬁdrpls - ﬁ) LlLll (Bdrpls - B)

Ty, Th ! N / ~

= \ tr ( ZXt ,U)() ( ZX > \/(5d1‘pls - 5) LlL,l <6drpls - 6)

Let A1 = Apax (EX), and note that

)\iltr Lll <Tih§[Xt —MX]> <TihZL[Xs —NX]> Ly

s=1

= )\iltr {L’ (7{;1 > Wi+ ut]) (Tih > WL+l L1> }

IA

th

Now, let e, ,, denote a k x 1 elementary vector whose " component equals 1 and all other

12



components are 0, and we can apply the inequality |xy| < (2%/2) + (y*/2) to obtain
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Making use of expressions (8) and (9), we can then bound expression (7) as follows
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Consider the first term on the right-hand side of expression (10). Let /; , denote the g
column of L;; and, taking expectation, we have
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< (' < oo for some constant C' > 2c*k.

It follows that for any € > 0, we can set C. = C'/¢; and, by Markov’s inequality, we have
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Next, consider the second term on the right-hand side of expression (10). For this term, we
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Combining the results given in expressions (11) and (12), we see that
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t=1 s=1

:f(rEem) ()} {350 ()

- % (%)Qi%tr{ymwmlpr— (i>2§:2tr{L wpul Ly}

t=1 s=1 t=1 s=1

IN
_I_
=

= 0,040, (57) =0, (0.

T T !
from which it follows that \/tr {L’l (Th’l Zt; (X — ,uX]> <T,;1 Zt; (X — MX]) L1} =

O, (\/)\_1) Applying the result of part (a) of Theorem 5 above, we then obtain

ZXt MX] Ly L} (Bdrpls ﬁ)

IN

Th ! Th / —~
\ tr {Lll (Tih ;Xﬁ - IUX) <Tih Z;Xs - ,UX) Ll}\/(ﬁdrpls - B) LlL,l <6drpls - 6)
1 & (1 & -~
_h < - ) <Th ;XS_MX) Ll Hﬁdrpls_ﬁHz
0, (max{ l ] (:L)\(N [mTN} 3(1- ), _ })]
1
o maX{co)(\N lnTN / lnN 3(1- %} | 13
1 1

Next, consider the term [T Z — i X] L, L (Bdrpls — ﬁ). By a similar argument,
we have, by the CS inequality,

[\
~
=
L3
N
~
ke
=
>

>
o

1 &
Ly (ﬁ Z Xy — MX)
t=1 2

T !

1 ~ G

T X - MX] Ll (5drpls - ﬁ) < Ly (ﬁdrpls a 5> H2
t=1
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Th ! Th ’ ~
() o (o o - i G-

Next, note that

)\iltr L (Tih z_: [Xi — MX]) (Tih Z (X — UX]) Ly

s=1

L[ (1 1 i L
i)

1 Th 1 1 Th 1
_ / - / - _ / i

—tr { (Th >y L ut> (Tih % W;L2> }
_tr { (Th S L2ut> (Tih ;ugL2> }

Now, let e; y_,, denote a (N — k) X 1 elementary vector whose i
all other components are 0, and we can write

th

1 1 &
h
1 N—k Ty
< )\—1; €i,N— m( ZL/VVt> (ThZUL2> &N —r
1 N—k 1 Ty,
S )\1 ;{2 zN /-c( ZL/Wt> (ThZWL2> ezN K

Th
1 . T
€N H< g L2ut> (Th E u;L2> e@N_,.i} (smce lzy| <
s=1

18

Ty Th !
1 1 ~ / ~
= tr LIQ (ﬁ E Xt — MX) (?h E XS — ,ux) L2 \/(ﬁdrpls - 6) L2Ll2 <6drpls - 6
t=1 s=1

)

(14)

component equals 1 and

)



Th Th
= —t L’W — WL
Ty
/ /
+2—)\1t7” { (Th ZL Ut> (Th Z'LLSLQ)

Similarly, we can show that

0 < —

[A
=
=
et
~
S
——

Eu)(pEe)l

Making use of expressions (15) and (16), we can then bound expression (14) as follows

1 (1 1
0 < )\—tr Ly (T )(Thz X]) Lo,

_tr { ( T 2ut> < TZW L2> } —tr { <ThTZ L2ut> (Tih;z;u;Lz) }
- _tr{ iL'Wt> ( zh:WL2>}+2—)\ltr (Th Zh:L'Wt> (%;W4L2>}

Th

L / L 1 / 1 /
+2)\1tr <Th ZLQW) T Zu L2> + 2)\1157“ { (Th > LW, T ;WSLQ

1 1 & 1 & 1 &
- — N — 'L —t L — 'L
i (7 2 (Z )} T{(Thz o) (75 s)

9 1 & 1 9 1 &
= Zir _ LW, — W'L + —tr — Liu ul L

ce () (m3me) e (7 ) (7 0 oo

Consider the first term on the right-hand side of expression (17). Let ly; be the j

19



column of L,, and, taking expectation, we have

0 <

IN

IN

IN

IN

<

e (me) (w2

2 1 2 T, Ty o Tn Ty Nes
< ) ZZ”{LQ (WW!| Ly} = — < ) ZZZI W,

t=1 s=1 t=1 s=1 j=1

) 1 2N—x Tp Tp
j=1 t=1 s=1

2 N—k 1 2 Th 2

At Th l/ W E$ (I3, W by CS i lit

M ; (Th> P 1\/ 2 t \/ {(2J ) }( y inequality)

1 &

1 \/E{ zgjwtvmgj)}>2

t=1

=
M(

1;
2
Th
J T Z E{(ly ,WiW/ly;)} (by Jensen’s inequality)

g N 9 N- L
o z ( ZE Wtw’> hi= 1 Z Uy Swla, <g1ven that Sy = — ZE WtW]>
j:l : t=1
N—k
2 ) _
X 2 1 Ao (since Iy Xwlay =1y LoDy Lylyj = €y Doejn_r = AQJ)
J:
2 9)\ +N_H 5 by Assumption 4-2(b), A, ; = S forj=o0+1,.,N—&
)\1 . 222,h = m (N) Y p sy 229 T m (N) J=20 )y

A 22 N 1
2(%1)[ 3ty N(Nzcj
1 hoq ALl _le( ) e
2¢* [Cy 4+ C1]  (applying Assumption 4-2(b) and also applying Lemma D-3 part(a) which

1
implies that 0 < — < % < ¢ < oo for all N, T sufficiently large for some contant ¢* > 1>
c* 1

C' < oo (for some constant C' > 2¢* [Cy + C])

It follows that for any € > 0, we can set C. = C/¢; and, by Markov’s inequality, we have

Th

2 (1)’
o (7) Xt wwinis)

t=1 s=1

'

.0)
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2 1\ & R C
— P(Z(Th) ;;tr{LQVVtWSLQ} 2?>
< tF 3<i)2i§:tr{L’WW’L }]
S0 M\ &&= 22
< gC’ze

so that
9 1 2 Tp T
o (7) Xt wwariia = 0,0) )
1 t=1 s=1

Next, consider the second term on the right-hand side of expression (17). For this term, we
can take expectation and get

2 1
o< fele{(FRe) (72|
9 1 2 Ty Ty
— )\—< ) ZZtr{LEutu Ly}
t=1 s=1
o /1 \2Tn Tu Nox
- 2 <Th) SOS S B [t o
t=1 s=1 k=1
2 1 2 N—k Tp 4 1 2 N—kTp—1Tp—t
= N <?) lé,kE A loy + o (?) Z Z E{(lék“t) (l;,kuﬂrm)}
1 h/ %1 =1 1 h7 %=1 t=1 m=1
9 /1\2N=r Th 4 71\ 2N T Tt
< <E) > by o2 [t b+ 5 (7) B { () (gt m) }
k=1 t=1 k=1 t=1 m=1
21V Ul
< )\—1 Th Z } 2kut‘
k=1 t=1
4 1\l 1 1_1_1 2 A\ 1
5 (7) T X X)) e (£ P
1 k=1 t=1 m=1
(by Corollary 14.3 of Davidson (1994))
2 N—k Tp 2 2N—rkThp—1Tp—t ) )
S < ) ZZ }l kut’ < ) Z Z (22+1) ( Z\/E|lgkut‘ O.)Z
k=

k=1 t=1 1 t=1 m=1

(applying Lemma D-6 part (b) by setting § = ly 1, noting that ||loxl, = /Iy lox = 1)
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A
|
9
o
+

%W = ”";}%Th “Ua (24 41) (€ 3 [ ()}

1
applying Liapunov’s inequality to show that {/ E ‘Z’Mutf < <E ‘l’27kut|4> f < (C’)i)

1 T
2 )2 N — 1 1 T2
< (i) T 1+4 (25 + 1) a1 mzz:l exp (— CTZ >] by Assumption 4-3 part (b)
1
2(C*)2 N — V2
< (i) T, r [1 +4 (2% + 1) a%C#} (smce Z exp ( an ) < O < oo for some
constant C* > 0 as shown in Lemma D-11 in Appendlx D of the Online Appendix)
Y
< ST (for some constant C* > 2 (C') [1 +4 <2% + 1) a%C#] and given that x > 1)
11h

It follows that for any € > 0, we can set C* = C*/¢; and, by Markov’s inequality, we have

M, i 2 Tn Ty
P( N ( ) ZZtT{LZUtu Lo} 203)

t=1 s=1

)\1Th i 2 Tp Ty Ci
— P( N < ) ZZtr{LQutuLg 2?

t=1 s=1

e MT) 2 Tp T
< N E ( ) ;;tr{LQUtuLg
< i)\lTh OiN .
- Ct N \NT,

so that
Ty

% (Ti)ziZtr{L ul Ly} = O, (A T) (19)

t=1 s=1

Combining the results given in expressions (18) and (19), we see that

)\iltr L (Tih Z (X, — MX]) (Tih Z (X — HX]) Ly

t=1 s=1
Th 2 Tp Ty

% (Tihyiz:tr{y WiW/Lo} + — (—) SN tr {Lyu, Lo}

t=1 s=1 t=1 s=1

— 0,(1)+0, (ANT)

IN
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T T !
from which it follows that \/tr {L’Q (Th’l Zt; (X — ,uX]) (T{l Zt; (X — MX]) L2} =

O, (max {\/)\71 , \/g }) Applying the result of part (a) of Theorem 5 above, we then obtain

1 & / -~
Th ;Xt - MX] L2Ll2 (ﬁdrpls - 5)

IA
g
—
AN
/N
~
]
s
=
5
=l
(]
P

1 & L — - —
T, - ) < y 2 — ,Ux> Lz}\/@drpls - ﬁ) Ly L, (5@15 _ 5)

1 & 1 & >
= 0, (max{ﬂ,\/?})

0 (200 [12) 7 AT )00 1)
.
A

ke |

o) B
[Fatafa] [Tam(er) 2 )

o (m {@(ﬂ)J o) (w0) /AT ()7

T
\/TTM\/@ <1HTN);<13>’%1’A_11%\/¥})_ (20)

Making use of expressions (6), (13), and (20), we see that

(YT;L - MX), (Bdrpls - 5)

1 & '
7 2% uX] LoLy (Bugs — B)

T !
1 .
Tht_let—“X] LlL,l <6drpls _6> +




= 3(1-%)
~ 0, [ max co(N) (InN ’ a(N) (InN ’i
)\1 T )\1 T )\l
co(N) (nN\"" Ja(V) (nN\F0E) TN ¢ (V) /lnN
FOp | max g == (T) N T VTa N T ’

_ 0, [ maxd @) (lnN)¥’ %(IDTN>

203) N 6 (N) /lnN\
Ny T ’

™ (21)

Finally, consider the last term on the right-hand side of expression (4), i.e., the term

TL . . . .
gr, =T, " Zt; e14p. For this term, it is easy to see that, under Assumption 4-3 part (b);

we have
2 T Ty
0 < E] :< ) ZZE Et+hEsth)
L & - 811 9 T —1T)—t
— ﬁZE[5?+h}+2(ﬁ) ZZE{€t+h5t+h+m}
Tt Ty
< T2 ZE 8t+h +2<Th> Z Z|E [et+nEtshaml|
< Tﬁ;E Etin) +2< ) ;;2(22+1> a(m)]' 27T\ Elewnl” (B leerniml )

(by Corollary 14.3 of Davidson (1994))

ﬁzZElwl +2( )2%1%2(2z+1){ (m)]* [ E el (C*)

<
h =1 t=1 m=1
(applying the first result given in part (b) of Lemma D-6 of the Online Appendix)
S L & .
¢ T+ 2B ot 1) ) 3 ol

m=1

NI

< (C*)

-
~

(applying Liapunov’s inequality to show that \/E |e;4n]* < (B |5t+h|4)

24



1

(C*)? T

IN

1 1 T Y2
1+14 (25 + 1) at Z exp <— an )] (by Assumption 4-3 part (b))

IN

(00)% TL [1 +4 (2% + 1> a%C#} (smce Z exp ( me) < 0% < oo for some

h

constant C* > 0 as shown in Lemma D-11 in Appendix D of the Online Appendix)

< % <for some constant C* > (C") [1 +4 (2% + 1) aig#])

It follows that for any € > 0, we can set C# = /C%/e, we have by Markov’s inequality

P(|Vhien| = c#) = P(Inid,| = (€¢#)) < B[] < CiThCi

so that, as T — oo, given that h is a (fixed) finite integer, we have

= Th =0 ! 22
ETh—Th;&%— P\ 7)) (22)

Putting the results given in expressions (5), (21), and (22) together, we see that, since
< N,

@‘%ﬂ‘r’}: — [Oz + (Xr — NX)IB}
_ [XT B ,UX]/ </Bdrpls _ B) _ (yTh _ ,UX)/ (Bdrpls - ﬁ) + e,

= 0, | max HEM In N = ﬁ a(N) (InN 3(1-4) VN
P A1A T ’ A A T 7)\%
1
+0, | m CO(N) _lnN_ = @(N) In N %(1*%) \/TC[)(N) In N 1g
p ax )\1 T ’ )\1 T ) T)\l )\1 T ,
1 N 3(1-4) N
Vo : LJE) <o, (L
)\1 )\2 T
N

o (max{cﬂ();\/]_v <lnTN) | a(jl\f)N (IHT )é(l_%),‘g}) +0, (%)

which shows the required result for part (a) of Theorem 6. [
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